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I Outlineof the talk

» A chapter from the theory of age-structured populations
#» Gurtin-McCamy model
#» Structured logistic growth

#» Juveniles-adults dynamics

» Some recent results :
#» A numerical method for the analysis

#» Exploration of the models
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I Outlineof the talk

» A collaboration with
#» F. Milner, Arizona University, Tempe, Mathematics Departm  ent
#» C. Cusulin, Vienna University, Mathematics Department
#» S. Maset, Trieste University, Mathematics Department
]

D. Breda and R. Vermiglio, Udine University, Mathematics

Department

o + ...

focused on numerical treatment of the Gurtin-McCamy model
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I Gurtin-MacCamy

The Gurtin-MacCamy system

Op
Ot

(a,t) + %(a,t} + p(a, S1(t), ..., S,(t))pla,t) =0,

p(0, 1) = / U 8@, Su(0), .., Sult))plas t) da,
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The Gurtin-MacCamy system

Op
Ot
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5,(t) = / (@plat)da, i=1,... .n,
’ fertility

IAS]. Roma. Januaryv 26. 2009



I Gurtin-MacCamy

The Gurtin-MacCamy system

Op
Ot

(a,t) + %(a,t} + p(a, S1(t), ..., S,(t))pla,t) =0,

L p(08) = / U 8@, Su(0), .., Sult))plas t) da,

IAS]. Roma. Januaryv 26. 2009



I Gurtin-MacCamy

The Gurtin-MacCamy system

Op
Ot

(a,t) + %(a,t} + p(a, S1(t), ..., S,(t))pla,t) =0,

p(0, 1) = / U 8@, Su(0), .., Sult))plas t) da,

IAS| Roma. Januarv 26. 2009



I Gurtin-MacCamy

The Gurtin-MacCamy system

Op
Ot

(a,t) + %(&, t) + u(a, S1(t), ..., S.(t))pla,t) =0,

p(0, 1) = / B0, S1(0), . Sult) () da,
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I Gurtin-MacCamy

The basic ingredients

N p(@, t) age-distribution of the population

(
N S’L (t) — / ﬁY’l (@)p(a, t) d@ weighted selection of the population
0

o ﬁ(a, Sl (t), Cee Sn(t)) fertility
9 u(@, Sl (t), Cee Sn(t)) mortality




I Structured.logistic growth

Logistic growth
@

® onesinglesize:  S(t) :/ v(a)p(a,t)da
0

» fertility: B(a,r) = RoBo(a)®(x)
» mortality: w(a,z) = po(a) + m(a)¥(x)
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I Structured. logistic growth

Logistic growth

at
® one single size: S(t):/ v(a)p(a,t)da
0

» fertility: B(a,z) = RoPo(a)®P(x)
» mortality: w(a,z) = po(a) + m(a)¥(x)
with

®» ~(a) non-decreasing
® ®(z) decreasing

® U(x) increasing
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I Structured. logistic growth

Logistic growth

at
® one single size: S(t):/ v(a)p(a,t)da
0

» fertility: B(a,z) = RoPo(a)P(x)
» mortality: w(a,z) = po(a) + m(a)¥(x)
with

®» ~(a) non-decreasing
®(x) decreasing
U ()

9
9o increasing
9

Bo(a) and m(a) describe how crowding impacts on different ages
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I Structured. logistic growth

Logistic growth

at
® one single size: S(t):/ v(a)p(a,t)da
0

» fertility: B(a,z) = RoPo(a)P(x)
» mortality: w(a,z) = po(a) + m(a)¥(x)
with

®» ~(a) non-decreasing
®(x) decreasing
U(x) increasing

Bo(a) and m(a) describe how crowding impacts on different ages

Ry = basic reproduction number
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I Structured. logistic growth

Logistic growth

at
® one single size: S(t):/ v(a)p(a,t)da
0

» fertility: B(a,z) = RoPo(a)P(x)
» mortality: w(a,z) = po(a) + m(a)¥(x)
with

®» ~(a) non-decreasing

(x

P decreasing
U(x

) increasing
Bo(a) and m(a) describe how crowding impacts on different ages

Ry = the number of off-springs produced during the whole life
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I Structured.logistic growth

The search for a stationary state p*(a)

*

Op
Oa

9

(@) + p(a, S7)p*(a) =0

_fa:u(a7s)d0
— p*(a) = (a, S*)p*(0), Il(a,S)=e¢e ©

@
o1 :/ﬁ(a,s*)ﬂ(a,s*)da, P (0) = &
0
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I Structured.logistic growth

at

L = Ry®(S") / fo(ae Jo rololtoe= S Jamio)o g

O T

decreasing as a function of S
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I Structured.logistic growth

bifurcation graph
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bifurcation graph
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bifurcation graph \
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I Structured.logistic growth

Stability by linearizatonat ~ p*(a)

deviation from the steady state  v(a,t) = p(a,t) — p*(a)
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I Structured. logistic growth

Stability by linearizatonat ~ p*(a)

deviation from the steady state  v(a,t) = p(a,t) — p*(a)
“ra,0)+ 50 (0, t) + (e 7)ol )+
57 (& 5, (@ p(a, S*)v a,aJr

1" (@) 9 (0,5) [ (@)oo =0

< (0,1) = 75@, S*Vo(a, t)da+
+7p S*) 77(@)@(@ t)d
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I Structured. logistic growth

Stability by linearizatonat ~ p*(a)

deviation from the steady state  v(a,t) = p(a,t) — p*(a)

( %(a,t) + %(a, t) + p(a, S*)v(a,2+
+p*(a )gg(a S*)/ (a)v(a,t)da =0
< y :
v(0,t) = /6(@,5*)v(a,t)da+
+/p (0,5%)d /v(a)v(a,t)da

IAS|. Roma. Januarv

26. 2009



I Structured. logistic growth

Characteristic equation

1 — Koo(\) —=b* — Kp(\)
det =0
—Kio(\) 1= EKn(\)

Koo(t) = B(t, S, 57) Kio(t) = ~v(¢)II(E, S™)

Kou(t) = 0 (0) [ 2(0.5%) Kon(t + 0)do

0
aTal/L
Ki1(t) = —p*(0
0= |5
i aS(US) (0,5")do

—(0,85")K19(t + o)do

b* = py(0)




I Structured. logistic growth

Characteristic equation

AN

1 — Koo(\) —b* — Ko (\)
det =0

AN

~Kip(\) 1=K\

Koo(t) = B(t, S™)II gt S*) Kio(t) = ~y(@)II(Z, S7)
K()l(t) — —p*(O)/ gg (O’ S* )Koo(t -+ J)dO’
K11(t) = —p*(0)

0
a
Op o, S")K1o(t + o)do
a+ aﬁ
b*:p*O/ o, S (o, 5%)do

05(




I Structured. logistic growth

Characteristic equation

1 — Koo(\) —=b* — Kp(\)
det =0
—Kio(\) 1= EKn(\)

Koo(t) = B(¢, SN, 5™)  Kio(t) = v(O)I(E,57)

Kou(t) = 0 (0) [ 2(0.5%) Kot + 0)do

0
aTal/L
Ki1(t) = —p*(0
0= |5
i aS(US) (0,5")do

—(0,85")K19(t + o)do

b* = py(0)




I Structured. logistic growth

Characteristic equation

1 — Koo(\) —=b* — Kp(\)
det =0
—Kio(\) 1= EKn(\)

Koo(t) = B(t, S")II gt S*) Kio(t) = ~v(@)IL(E, S7)
Ko1(t) = —p*(0) - 2o (0,57) Koo(t + o)do

0S
K11 () = —p*(0) / (0.5 ) Kot + 0)do

0
G/Ta/j/
aTaﬁ
b*—p*O/ o, S (o, 5%)do
0) [ Ge(o 5o, 5)




I Structured. logistic growth

Characteristic equation

1 — Koo(\) —=b* — Kp(\)
det =0
—Kio(\) 1= EKn(\)

Koo(t) = B(t, S, 57) Kio(t) = ~v(¢)II(E, S™)

Ko1(t) = —p*(0) 0 T g—g(a, S*)Koo(t + o)do

Ki1(t) = —p*(0) T g—g(a, S*)K1o(t + o)do
ay aﬁo

b* = py(0) — (0, S™)1I(o, S*)do




I Structured. logistic growth

Characteristic equation
1 — Koo(\) —=b* — Kp(\)

det — ()
—Ki9(A) 1 — K11(\)

If all characteristic roots have negative real part
then the steady state p*(a) is stable.

If at least one of the characteristic roots has a
positive real part then the state Is unstable.
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stable
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stable unstable
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stable unstable
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stable unstable
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stable unstable

Y
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stable unstable

Y
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Structured.logistic growth

bifurcation point:
two complex conjugate roots cross
the imaginary axis and a periodic

solution arises by Hopf bifurcation

stable unstable
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I Juveniles-adult dynamics

The example of juveniles-adults dynamics

*

J(t):/ p(a,t) da, juveniles
0

two selected groups

aj
A(t):/ p(a,t) da, adults

*
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I Juveniles-adult dynamics

The example of juveniles-adults dynamics

J(t):/ p(a,t) da, juveniles
0

two selected groups
at

A(t):/ p(a,t) da, adults

*

a* is the maturation age
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I Juveniles-adult dynamics

The example of juveniles-adults dynamics

J(t):/ p(a,t) da, juveniles
0

two selected groups

ai
A(t):/ p(a,t) da, adults

*

#» separated niches
» Allee effect

» cannibalism
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I Juveniles-adult dynamics

The case of two different ecological niches

Bla,J, A) = Robx[a*’a”(a)e—(bljerzA)

ula, J, A) = po(a) +mixoa(a)t + maXjer o (a)A
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I Juveniles-adult dynamics

The case of two different ecological niches

Bla,J, A) = Robx[a*’a”(a)e—(b1j+bzA)

ula, J, A) = po(a) +mixoa(a)t + maXjer o (a)A




I Juveniles-adult dynamics

The case of two different ecological niches

Bla,J, A) = Robx[a*’a”(@)6—(61J+b2A)

ula, J, A) = po(a) +mixoa(a)t + maXjer o (a)A




I Juveniles-adult dynamics
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I Juveniles-adult dynamics

The case of two different ecological niches

Bla,J, A) = Robx[am”(@)6—(61J+b2A)

ula, J, A) = po(a) +mixoa(a)) + maXjer o (a) A




I Juveniles-adult dynamics

The case of two different ecological niches

f

J
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I Juveniles-adult dynamics

The Allee effect

6(% J, A) = RObX[a*,aT] (a)e—(b1J+b2A)

,u(CL, J, A) - /i()(a) + M1X[0,a*] (CL)J + mM2Xa*,a4] (CL)A—I—
— 01p0(a) + O2miJ] x(0,q4+) (@) (A)

A positive effect (a decrease of mortality) on

juveniles, due to adults presence
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The Allee effect

6(% J, A) = RObX[a*,aT] (a)e—(b1J+b2A)
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I Juveniles-adult dynamics

The Allee effect
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The Allee effect
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I Juveniles-adult dynamics

Cannibalism (of adults on juveniles)

B(a, J, A) = Robx[gs ay) (a)e™ P17 T2

A
1+0J

M(CL, *]7 A) — IIL()(CL) T mM1X[0,a*] (Cl,)

A negative effect (increase of mortality) on
juveniles, due to predation by adults, regulated by a

functional response of Holling type

IAS| Roma. Januarv 26. 2009



I Juveniles-adult dynamics

Cannibalism (of adults on juveniles)

6(&, J7 A) — R()bX[a*’aT] (a)e_(blj+b2A)

A
14+6J

M(CL, ‘]7 A) — M()(CL) T le[O,a*] (CL)

A negative effect (increase of mortality) on
juveniles, due to predation by adults, regulated by a

functional response of Holling type
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I Juveniles-adult dynamics

Cannibalism (of adults on juveniles)
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I A numerical method for stability analysis

The starting point:  linearization at a steady state  p*(a)

([ Ov ov

100 ) 08"l )+
+7(0) Sa(0.5") [ 2(@)ola,tyda =0
0
< /
(0,) = | Bla,)v(a, t)dat
! a a-l-
+ [ 1(0) 55 (0.5 [ A(a)ela.
\ 0 0
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I A numerical method for stability analysis

The starting point: the resulting characteristic equation

1— Koo(\) —b* — Ko1(\)
det =0
—Kig(\)  1—Ki(\)

The goal: to approximate the roots
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I A numerical method for stability analysis

The starting point: the resulting characteristic equation

1— Koo(\) —b* — Ko1(\)
det =0

—Kig(\)  1—Ki(\)

The goal: to approximate the roots

P reformulation of the linearization as an abstract Cauchy pr oblem

P discrete approximation of the generator

» computation of the spectrum of the approximated generator
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem
([ Ov

)+
ay
+p*(a )gg(a S*)/ (a)v(a,t)da =0
0

Ay
¢ v(0,t) = [ B(a,S*)v(a,t)da+
O/ at at
n / p*(a)g—g(a, $*)do / ~(@)v(a, )da
0 0
(a,0) = vo(a)
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

([ Ov Ov .
E(aﬂt)_'_ 8a(a,t)+u(a S ) ( aT)_l_
+'(0) S (0.5") [ (@ela,tida =0
0
ay
¢ v(0,t) = | Bla,S*)v(a,t)da+
O/ at at
+ / p*(a>§—5(a, $*)do / ~(@)v(a, )da
0 0
' o(a,0) = wola)
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

( 0v ov
a(a,t) + %(a,t) + (Hv(-,t))(a) =0

\ v(0,t) = Kov(-, 1)
v(a,0) = vo(a)
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

( 0v ov
E(a,t) + %(a,t) + (Hv(-,t))(a) =0

y v(0,t) = Kov(-, t)
v(a,0) = vo(a)

(d
U(O) = ug € X.

\
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

( 0v ov
E(a,t) + %(a,t) + (Hv(-,t))(a) =0

y v(0,t) = Kov(-, t)
v(a,0) = vo(a)

- L' ([0, ai).R)

—u(t) = Au(t), t > 0
dt
u(0) = up € X. /

'\

\
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I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

( 0v ov
E(a,t) + %(a,t) + (Hv(-,t))(a) =0

v(0,t) = Kov(-, 1)
| v(a,0) =vg(a)

) %u(t) _«W/‘/M uy = vo(+)

U(O) = ug € X.

/"

'\

\

IAS| Roma. Januarv 26. 2009



I A numerical method for stability analysis

Reformulation as an abstract Cauchy problem

( Ov ov

ot —(a,t) + %(a t) + (Hv(-,t))(a) =0

y v(0,t) = Kou(-, 1)
; v(a,0) = vp(
/«490——90 — Hyp

’%@)AA< Cee e
! dt -
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I A numerical method for stability analysis

Discrete approximation of the generator
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I Recent results: a numerical method for stability analys

Discrete approximation of the generator

S

X [O,aT]wQN:{HZ-:%COS(NA? 7T)+%: i:O,...,N}
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I A numerical method for stability analysis

Discrete approximation of the generator

9o [O,CLT]WQN:{QZ':%COS(NA?Z‘W)—I—%Z i:O,...,N}
®» pcXwwycXyxClV
® sety, =p(0;),1=1,...,N
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I A numerical method for stability analysis

Discrete approximation of the generator

®» pcX~w—yecXy=CclV

® sety;, =p(0;),i=1,...,N
» AWAN:XN%XN,

9

build ¢ an interpolating polynomial through Y; such that
pN(0) = Kopn

» compute z; = —¢'y (0;) — (Hen) (6;),i=1,...,N
» set (Any), = 2
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I A numerical method for stability analysis

Discrete approximation of the generator

the eigenvalues of A approximate the eigenvalues of A

If \is an eigenvalue of A with multiplicity v, then for N sufficiently large,

AN has exactly v eigenvalues \;,7 = 1,..., v, such that

1/v
02 1/v 1 Cl N
msi-ai< ()" (o 75 (F)
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I Exploration of juveniles-adults dinamics

Back to adults-juveniles competition:
the case of separate niches

A

J
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

30t *
*
20¢ ¥
*
10f
< 0 =
_10 L
*
-0t *
*
30t ¥
_40 *\ 1
-8 -6 -4 2 0 2
o)
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

40

301
20F

10f

_10 L
_20 L
_30 L

-40

>
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

A 40  J— B
30t ¥
*
200
stable "
- . *
B bifurcation 1}
< 0 -
_10,
*
*
_20,
*
-30} *
_40 1 * 1
-8 -5 -4 2 0 2
-> o
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

J o} ¢ %
stable 20f
* *
@ bifurcation i

1

_\_‘<_© unstable
S

—_
o

Om)

_10 L
_20 L

ol g

-40
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I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

J 30} y ¥
stable 20f
¥ *
@ bifurcation i

1

_\_‘<_© unstable

R

: -10}
@ bifurcation -2}

-0} * *

—_
o

Om)

-40

IAS| Roma. Januarv 26. 2009



I Exploration of juveniles-adults dinamics

Separate niches: exploring the bifurcation graph

‘J 30t ¥ ¥
unstable
two complex roots stable 20} .
*
@ bifurcation i

1

- *
_‘-\<—© unstable S0
S *

—_
o

(¢

_10,
* %
@ bifurcation -20¢

-40
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I Exploration of juveniles-adults dinamics

A complete pattern

5 A
J
4,
3,
1
\
—~ \
< e ) '
~ 2 -
1r _-" ”
0 [ \\\\\\\\\
BRI ROR T
1 ) 01 0,2 Ro
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I Exploration of juveniles-adults dinamics
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I Future work

» systematic use of the numerical method for a complete

analysis of some specific population models

» extension of the method to age structured models with

diffusion
» extension to epidemic models

$» building of a (friendly enough) simulation system includin g
# numerical methods for the computation of the solution
# computation of steady states

# stability analysis via numerical computation of

characteristic roots
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