Extended Formulations in Integer Programming (and
Combinatorial Optimization)

Michele Conforti
Universita di Padova

November 2008



Projections

The projection of a set S of points (z,2) € R™P onto the x-space is the set:
proj.(S)={r e R": Iz e RP s.t. (x,2) € S}.
The following two programs are equivalent

max{ f(x) : x € proj,.(S)} and max{f(z)+0z: (z,2) € S}



Extended formulations

We study sets of the type:
X={zeR": Az <V, z; integer,i € I C N}
We wish to find a dimension p and a polyhedron
Q={(r,2) € R"P: Ax + Bz < b}
such that:

0 proj,(Q) = conv(X).
O The linear program max{hx + gz : Ax 4+ Bz < b} is easy to solve.

This is an extended formulation.



Union of Polyhedra

Theorem 1 (Balas) Given k polyhedra

Li--svy )+ cone(ri,...,r
) Lo

+ cone(ry,...,

T,
[

Aly < bl = conv(v
P? = A?x <b* = conv(l)

P = Afg <V =conv(vy,...,vf ) + cone(rf,...,ri ) AFx <0

Consider the polyhedron Y in the space of variables (z,x",5") defined by:

( Azt < ie K
2. :L‘Z. p— T
Y = $ 1€ K ;
ZieK 5, = 1
00 > 0:€ K.

Then

proj,.(Y) = conv( U (V2. .. ,v;i)) + cone( U (rt, ... ,réi))
€K €K



Union of Polyhedra
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Given conv(vy, ..., v,) + cone(r,...,r,) find v}, ... v
1 <17 < k such that
O (v1,...,0p) = UieK(UZiv . 7”17:9@-) and (ry,...,7ry) = UieK(T%v .. .,fréi)
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¢.) admit an easy

O The polyhedra conv.(vzi, . ,v;i) + cone(r,...,r
description Atz < b°.



All-even subsets

We consider the set:
EVEN"™ ={x € {0,1}" : x has an even number of 1°}

Jeroslow proves the following:

Theorem 2

conv(EVEN") ={zeR":0<z; <1,i€ N,

d wi— Y x;<|S| -1, S| odd}.

€S iEN\S



All-even subsets

Let S, = {z € {0,1}" : x has k 1°}. Then EVEN" =, ayen Sk-
So we can apply Balas theorem. Since

conv(Sy) ={xr e R":0 <z < 1,2332- =k},
ieN

consider the polytope Y defined by the following system:

Ti— Y even?i = 0 €N

7
Zz‘eN xf — kM k even
k
Zk even AT =1
¥ < A i€ N,k even
> 0 1 € N, k even
\e> 0 k even

Then conv(EV EN™) = proj,.(Y).



Mixed Integer Programming
X ={(s,y,2) ERLXRY xZ" : s +yp +a¢ > by, 1 <t <n}.

Lemma 1 Let (s*,y*,x*) be a vertex of conv(X“MIX)  Define by = 0.
Then

1. s* =b; mod 1 for some 0 <t <n.

2. For1 <t <mn, eithery; =0 or y; = b — s mod 1.

For 0 < ¢ < n, define
X; ={(s,y,z) € XM . 5 =p, mod 1}.
Then

Vert(conv(X)) = UVert(conV(XZ-)) Rays(conv(X)) = Rays(conv(X;)).



Mixed Integer Programming

Let fi; = (by — fi) — [bs — fi].

Theorem 3 The following set of inequalities gives a formulation for
conv(X;):

s> fi
sty +ax >0, 1 <t <n
Ye + fri(xe +5) > fru(|be — fil + fi), 1 <t <n
seRL,ye R}, z e RY.



The size of an extended formulation

Given polytope

P={zecR": Az =b", A~z < b~} = conv{v',..., 0P}

where v!, ... vP are the vertices of P, and the inequalities in A<z < b<

correspond to the facets of P. Let f be the number of rows of A<.
We define the slack matrix of P to be the f X p matrix SM whose z'j entry is
b — av’, that is, the slack taken by vertex v/ in the inequality a<x < b<.

Theorem 4 (Yannakakis) Let m be the smallest number such that SM can
be written as the product of two nonnegative matrices of size f X m and

m X p.

The minimum number of variables and constraints that defines a polyhedron
() such that proj..(Q) = P is of order ©(m + n).



The spanning tree polytope

SP(G) is the convex hull of the incidence vectors of spanning trees of G.

/

DoecpTe=n—1, )
SP(G): < x € R™: ZeGE(S)ZCGS‘S’—l, ScV >
\ 'CCGZO) BEE y

The slack matrix corresponding to the inequalities ¢ pgyZe < [S| =1 s
the following. Given a node k € V, let A;. be the arborescence obtained by

rooting 1" at k. Then one can readily verify that, if k£ € 5, the slack is is the
number of nodes of S whose father in Az is not in S. Let

Akij = 1 if j is the father of 7 in Ay, 0 otherwise, 7,5,k € V

then

SMgsT = Z Akij -
i€S,jeEV\S



The spanning tree polytope

This yields a factorization of the slack matrix SM of SP(G) and the
following extended formulation:

Zz‘,je\/ Tij =n — 1,

Tij = 0, ij € F,
Tij = Akij + Akji; 1<i,j,k<n
ZjAkijzla 1<i1,k<n,t#k



A general idea

S={(z,y) eR" | Az + Gy >b,y >0, x € Z"}
O A : least common multiple of the subdeterminants of G;
O k : smallest number such that kb is integral.
then, given a vertex (z,y) of conv(S), (kA)y is integral.
Proof. i must be a vertex of {y > 0|Gy > b — Az} ...

If G is totally unimodular, i.e. A=1, we can write y; as the average of k
integer variables

1 _
yi = E( )
/ﬁf?a---;/lf_lzo

k—1
,ug,...,,ui c 7
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An example
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Projections

P={(z,p)|Cz+Dp = f, p>0}

Given A > 0 s.t. AD <0, then
(ANC)z > \f
is valid for P and for proj,(P).

Theorem 5
proj,(P) ={z|(AC)z > \f, V) € extr@Q}
where () is the projection cone

Q={\|A>0,\D <0}.
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Example: projecting out the us

A y— @+ =0
(A") r+pt > L%J =0,

(A") r+pt > T

:uoa "7:uk_1 Z 0

Projection cone:
¢ 1y

)\_E)\ < 0 t=0,...,k—1;
Xo> 0 t=0,....k—1;

Choosing \ = k, Ne=h —1 Xt =0t =+ k — h we get

h
xr+ ky > (%} (MIR inequality)



The mixing set

h.
T, +y =2 ?Z v =1,
y =2 0
x e L"
we get
1 _
y— (W’ +tp) =0
P, pf >0
t hz’ :
Ti+ ;> L?J, i =1,
hi .
T+ pp > [EZL i =1,



The mixing set

y +r1 > 3/4 3/4
Y +I9 > 2/4 y
Yy +x3 > 1/4 2/4
Y > 0 /4
r1, X2, I3 c 4
Y
0
U
1
u
2
u
3
U




The mixing set

NS SN S

+I1

+I9

el x,
2/4

x2
/4

X

dy —p° —p' — p® — p?

> 3/4
> 2/4 Y
+23 > 1/4
> 0
I3 e Z
X
X,
X

3

dy +x1 + 22 + 223 > 3

p'+
W+
W+ s
u’ + w3

(Mixing inequality)

AVARRAVARRAVARRAV]

O = =



Mixed-integer vertex covers

0 G = (V, E): bipartite graph;

O 1 C V: set of integer variables;

X (G, b, I) set of mixed-integer vertex covers x € R" i.e.

Ti 1+ T > bz'j 19 € B
X; > () 1eV
x; Integer j €l

There is an extended formulation whose size is polynomial on |V, |E| and k
(where k is the smallest number s.t. kb is integral).
[Conforti, Di Summa, Eisenbrand, Wolsey]



Extended Formulation (for & = 2)

Since any vertex T of convX (G, b, I) is half-integral, we can write

1
v = o (1 + 1)

where 1Y, i1 > and integer. We will express z; € Z by 1! = .

1 1
5 i+ 1) + 5 (7 + 15) = big
For integral u's this is equivalent to
M? 1 + ,ug) 1 > 1 bij | } if {b;)} = 1
H; + > i | ! 2
0 1
I +u; = by } :
if {b;;+ =0
pi + 1 > by tbij
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Projection: I-path inequalities

Tyy + 2(Tyy + -+ Ty, )+ Xy, > [b1 + 0o+ -+ + by

[Conforti, Gerards, Zambelli]



A conjecture

O The complexity status of solving mixed integer vertex cover problems on
bipartite graphs is open.

[0 The problem is polynomial on acyclic graphs.

Conjecture 2

conv(X (G,b,1)) ﬂconv (T,0,1))

taken over all subtrees of G where all nodes of V(') N I are leaves of T

This would imply that the problem is in NP N coNP.



