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Abstract

We show a general method allowing the solution calculation, in the form of a power series, for a
very large class of nonlinear Ordinary Differential Equations (ODEs), namely the real analytic
om-ODEs (and, more in general, the real analytic om-reducible ODEs) in many indeterminates,
characterized by an ODE-function given by generalized polynomials of the indeterminates and
their derivatives, i.e. functions formally polynomial with exponents, though the exponent can
be any real number. The solution method consists in reducing the ODE to a certain canoni-
cal quadratic ODE, with a larger number of indeterminates, whose solutions include, as sub-
solutions, the original solutions, and for which a recursive formula is shown, giving all coefficients
of the solution power series directly from the ODE parameters. The reduction method is named
exact quadratization and was formerly introduced in another our article, where we considered
explicit ODEs only. In the present paper, which is self-contained to a large extent, we review
and complete the theory of exact quadratization by solving issues, such as for instance the glob-
ality of the quadratization, that had remained open, and also extend it to the more general
case of an implicitly defined ODE. Finally, we argue that the result can be seen as a partial
solution of a differential version of the 22nd Hilbert’s problem. Key words: Analytic ODE;,

exact quadratization, power series
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1. Introduction

Let us consider the following quadratic ordinary differential equation (ODE) in IR™, written

component-wise (i =1,...,m):
m

ii = ZU@]’IEZ‘.’L’]', (1)
j=1

where the 'time’ t € 7 C IR, 7 an open interval, (resp: = € IR™) is the independent (resp:
dependent) variable, the dot denotes time-derivative, x; denotes the ith component of the vector
x, and v; j are real functions of ¢ analytic on 7. Whatever we fix a point (z,s) € R" x T we
know that there exists an unique solution ¢ — x(¢) of (1) defined and analytic on some interval
I,s C T, which in general depends of the point (z,s), with s € I, ; and z(s) = «. Moreover,
since the solution z(t) is analytic, for any ¢y € I, s it can be written, component-wise, as the
power series:

ch Cotl i) = 2P o), (2)

where z(®) denotes the kth time-derivative, and (2) holds at least whereby all series, for i =
1,...,n, converge, which surely occurs for all ¢t € I(tg,r) C I, s, an open interval centered in tg
with ray r € RT U {+00}.

Now, let us pose the following question:

(q) is there a recursive (in k) formula giving the coefficients ¢y (i) of the power series (2) for
all k € IN directly from the coefficients v; ;7

The above question has an interest going far beyond the single case study, insofar one is able
to show that the quadratic ODE (1) is not really a particular differential equation, and it is in
fact a sort of nonlinear paradigm, a basic case to which a large class of analytic ODE can be
always reduced, in the sense we are going to explain below.

We say that a first order ODE of the type:

:i':f({l},t), (3)

where f : A — IR", is a function defined on the open set A € IR™™! and locally Lipschitz
therein, is globally, exactly (adjectives that hereinafter we omit whether clear from context)
quadratizable, or that undergoes a (global, exact) quadratization, if there exist an integer m > n,
and locally Lipschitz functions v; j : 7 — IR — with 7 an open interval of R and 7,5 = 1,...,m
— such that every solution is a local sub-solution' of a solution of a quadratic ODE of the type
(1), which is then accordingly referred to as a quadratization of (3).

Before going more in depth, we clarify some points of the definition given above. We define
the mazimal domain, A C R™*1, of (3) to be the largest (open) set such that for any (z,t) € A
there exist a unique solution of (3) whose graph passes through (z,¢). We always understand
that A is non void. If (z,t) € A, we denote by I,; C IR the largest (open) interval where the
solution s — x(s), such that xz(¢) = x is defined, and identify the solution with the point (z,1),

1'We state in a moment in which sense we talk about a sub-solution.



or even with the sole z, when ¢ is understood, obvious, or un-essential 2. We say that (z,t) € A
— solution of the ODE (3) — is a local (resp: global, or no adjective) sub-solution of a second
ODE, of the same type (3) but m-dimensional, with m > n, if it is equal, point-wise in I C I 4,
with I an open sub-interval, (resp: point-wise in I, ;) to n out of the m components of a solution
of the second ODE. If we collect the indices of the latter n» components in a set Z* C {1,...,m}
we can say that (z,t) is a sub-solution of the second ODE with respect to Z*.

Let us consider a map ® : Dom{®}(open) C A — IR"™, satisfying the following property: for
any (z,t) € Dom{®} there exists an open neighborhood U C Dom{®} of (z,t) such that, for
any (2/,t') € U belonging to the graph of the solution (x,t) of (3), (®(2',t'),¢') belongs to the
graph of the solution (®(x,t),t) of (1). We call such a map: locally compatible (with the ODEs
(3) and (1)), ® and the ODE (3) will be said (globally, exactly) quadratizable under ® if every
solution (z,t) of (3) is a local sub-solution of the type (®(z*,t*),t") — with (z*,t*) € Dom{®}
— of a quadratic ODE of the type (1). If (3) is quadratizable under ®, we always understand in
the following that ® is a locally compatible map.

If (3) is quadratizable under ®, and any of its solutions (z,t) is an analytic function on I,
— which is the case as f in (3) is analytic in all of its arguments — then any solution (z,t)
of (3) whose graph crosses Dom{®}, say (z(t*),t*) = (z*,t*) € Dom{®}, can be recovered (by
analytic prolongation) by the solution (®(x*,t*),t*) of (1). In other words: we can calculate at
least all solutions whose graph is not disjoint with the domain of ®, provided that we are able
to calculate, even only locally, the solutions of a quadratic ODE of the type (1).

In the paper [1] we have given a first answer to the question about which kind of ODEs can
be exactly quadratized. The basic result (stated in a rather different setting than the one we
use here) has been that all ODEs of the type (3) with f given component-wise by:

v

filx,t) =Y v Xi(2); Xi(e) =[], (4)

=1 j=1

where pﬁ’j are real exponents, v; € IN (if v; = 0 then f; = 0) and v;; are analytic functions
all defined on some open real interval, namely 7, undergo a dense quadratization (we clarify
in a moment what ’dense quadratization’ means) under the following real analytic map* ® :
Dom{®} ¢ A — R™ — A C R™ x T being the (open) analyticity domain of (4), and m =
V1 + ...+ vy, thus m > n — which can be written component-wise as follows:

(bi,l(xlv N ,I‘n) = xi_lXi,L (5)

In (4) the function f is a formal polynomial of x, that is to say: a polynomial writing where
the exponents are allowed to be any real number. In [1] we named this kind of functions om-
functions, and om-ODE the associated differential equation.

A dense quadratization under a map ¢ differs from the definition of (global) quadratization
(under @) given before in that it is not required that every solution-graph crosses Dom{®}, but

2For any pair of points in A we can say they are equivalent if they are connected by the graph of a solution.
Indeed, one readily verifies that this is an equivalence relation. This motivates the identification of the graph
(and, hence, of the solution) with any point (z,t) of the graph itself.

3In other words ¥ preserves (locally) the equivalence relation between points of the same solution, i.e. maps
(locally) solution of (3) into solution of (1). In a differential geometric framework (see for instance [2]) that is the
well known property of relatedness of the vector fields associated to the two ODEs.

“In §T1, it will be made clear that ® is meromorphic on 4, but analytic on A\ {x € R™|z; =0,i=1,...,n} =
Dom{®}



rather that the set of all solution-graphs that do not cross it form a zero-measure set in IR"*!,
i.e. the set AN Dom{®} has zero-measure, or, which is the same, Dom{®} is a dense subset in
A. Indeed, it can be at once inferred by (5) that Dom{®} is A\ S where S denotes the union
of the n hyperplanes in IR"*! described by the equation z; = 0, for i = 1,...,n, so, what has
been proven in [1] can be stated in other words as follows: every solution of a om-system, except
possibly a sub-set whose curves all lye in some (among the first n) coordinate hyperplane of
IR"*1 is a local sub-solution of an ODE of type (1) for some m > n (with different coefficients
V1)

We can similarly say that (3) is om-reducible (resp: under a map ®), if any solution (z,t) of it,
is a sub-solution (resp: a sub-solution of the type (®(x,t),t)) of the solution of some ow-ODE
(generally of a larger dimension). Obviously, the class of ODEs (3) that are exactly quadratizable
includes all those om-reducible, and as shown in [1] there are indeed many of such functions f,
for instance: (i) all finite compositions of on-functions, (ii) for x € IR, the functions e*,Inz,
and all the trigonometric functions sinz,cosz,tanz, (iii) all finite compositions of functions
from (i) and (ii). The problem of better characterize the largest set of functions that are densely
quadratizable (or, equivalently: om-reducible) in terms of the more usual concepts of algebraic
or differentially algebraic function, was therein only sketched, and we’ll not be concerned here
either with this important issue, but save it for another occasion. It should be stressed that, on
account that the class of om-ODEs is by itself quite large, the class of all quadratizable ODEs,
despite based on [1] has still vaguely defined outlines, appears to be huge as it is, because it
includes all ODEs that one encounter in practice, typically defined through finite compositions
of elementary, algebraic or transcendental functions of the type we have seen just above. With
that being said, the property for an ODE of being exactly quadratizable appears not ensuing
given some (substantially) restrictive condition, and in fact to be a somewhat universal property
of ordinary differential equations of the type (3), i.e. explicitable with respect to the first order
derivative.

The aim of the present paper is, first, to give an answer to some issues that remained unsolved
in [1]. The first of these issues is about whether an analytic om-ODE is globally quadratizable
(and not just densely quadratizable). In other words, this amounts to check whether solutions
(z,t) ¢ Dom{®} are still local sub-solution of an ODE of type (1). In the first part of the paper
we’ll prove a different, and more general (and even shorter) proof of the basic theorem (Theorem
2.5 1in [1]) on exact quadratization, showing that, any analytic cm-ODE is indeed globally exactly
quadratizable, and in particular all the solutions (z,¢) € Dom{®} can be calculated as well from
the solutions of a quadratic systems, different and smaller dimensional, but still of the same
type (1).

Another issue that remained open in [1] is about whether the exact quadratization can be
carried over to implicitly defined ODEs, of the type f(&,z,t) = 0 with both = and f in IR".
For f continuously differentiable with respect to all of its arguments, and having full rank (n)
with respect to the & indeterminates, the Dini’s theorem assures that, at least locally, one can
write & = ¢(x,t) for some continuously differentiable ¢. We can then talk about a solution (z, )
defined in some domain, in the same sense defined earlier for explicit ODE, carrying it over
to implicit ODE as well. When f is an analytic om-function, the local inverse ¢ is still not in
general a om-function. Nevertheless, we show in §2.9 that the local explicit ODE & = ¢(x,t) is
om-reducible, and therefore quadratizable. We perform in this way the extension of the exact
quadratization theory, at least up to an extent that includes the basic on case.

Even though it relies on the results of [1], the present paper is self-contained, and in fact the
definition given before for exact quadratization is new, and, in our view, is more general and



suitable for the present purposes®. In §II we review the basic results on exact quadratization, by
focusing om-ODEs, and introduce some new definitions, among which those of singular, reqular
and critical solution. We do not consider more general classes of ODEs, for which we still refer
readers to the results of [1]. As a matter of fact, the class of ODEs on-reducible considered in
[1] are all reduced to a om-ODE through maps ® that — unlike the quadratizing map (5) , used
for om-ODEs — have all Dom{®} C A (A is the initial domain, of the ODE to be put, in this
case, in on-form). In other words, all om-reducible ODEs considered in [1] are in fact globally
reduced to a om-ODE.

After having shown the globality of the exact quadratization, and its extension to implicit on-
ODEs, which represent the completion of the partial results of [1], in the final part of this work we
come back to the question (g) we posed at the beginning, and show that the answer is positive.
This is the central result of the paper, showing the importance of the exact quadratization
theory, since a joint application of the latter with it allows to write the solution of any analytic
om-reducible ODE in its own signature analytic form, a Taylor expansion, through an explicit
recursive calculation of the coefficients from the coefficients of a quadratization of the original
equation. A general formula is provided as well for a lower bound of the convergence ray of the
solution Taylor expansion.

In the last chapter, we sketch a possible development of the present research as well as show the
interplay of the results here presented with a differential version of the concept of uniformization
of the 22rd Hilbert’s problem.

2. A review, and Further Results, on the Exact Quadratization for cm-ODEs

2.1. A foreword on terminology: systems, sub-systems, and sub-solutions

Keeping all definitions and symbols given as yet, hereinafter we talk about a system defined
by an ODE of the type (3) (hereinafter: the ODE’) as a certain subset (and in particular the
whole) of his solutions set. If A is the maximal domain of the ODE, a system is given as soon
as a subset S C A is given, so that we talk about a system generated by S (associated to the
ODE, a specification that often will be omitted) meaning this the set of all solutions (x,t) € S.
We name the subset S a generating set of the system.

We say that S C A is an invariance set for the ODE, if for any (z,t) € S, (z(s),s) € S,
Vs € I,;. An invariance set S will be also named a domain (of the ODE). If S is not an
invariance set, we can always define the set S* D S, said the completion of S, collecting all points
of solutions graph passing through a point of S. Then, by construction, S* is an invariance set.
By reason of that, we often identify a system generated by a domain S, with the domain § itself,
and talk about the system as: the system S. The largest invariant set is A, and the ODE itself
is a system (the system .A). Whether there isn’t any pre-defined S, then the system associated
to the ODE is understood having domain .A. We also call the system A the total system. Note
that a generating set, or a domain, S C A is not necessarily open. In the following we usually
write the ODE component-wise:

.ji'i:fi($,t), (6)
understanding that ¢ € Z = {1,...,n}, where Z is named the set of indices (of the ODE).

Let S C A be a generating set, and Z* C Z be a subset of indices. We define the sub-system
generated by (S,Z*) — of the system (A,Z), which possibly is understood — to be the set of

°In [1], exact quadratization has been defined as a kind of systems immersion, a concept defined in [3] in a
framework of control systems



all functions {x;(-),j € Z*} which - following the definition given in §I — are local sub-solutions
of solutions in S with respect to Z* (we’ll also refer to them as solutions of (S,Z%)). If S is a
domain, than the sub-system generated by (S,Z*) will be simply said: the sub-system (S,Z*).
Of course, for any given & C S2 C A, system S is a subsystem of system Sy and so on, if one
understands that S, & = 1,2, is actually (Sk,Z), and A is actually (A,Z), in accordance with
our definition. A sub-system (S1,Z) of (Sz,Z) will be also said to be a full sub-system, whereas
if 7* is a proper sub-set of Z, (S1,Z*) will be said a index-proper sub-system — of system (Sz,7),
which is also named the hull system (of system (S1,Z%)).

Let S1,...,85, C S, and 14, ...,Z, C T be disjoint partitions of the sets S and Z respectively,
then the collection {(S;,Zm)}1m will be said: a partition, and the sub-systems generated by
(S1,Z,,) will be said parts, of the system generated by (S,Z). If S is a domain, we say that
the partition {(S;,Zm) }i.m, is disjoint, if the sub-systems generated by (S;,, Zm, ), (Siy, Zm, ), are
disjoint for Iy # ls, and m1 = mo, where ’disjoint sub-systems’ means that they haven’t solutions
in common. Note that a system partition in full sub-systems (namely a full system-partition) is
necessarily disjoint if all the parts are complete (i.e. are defined on sub-domains), but this not
necessarily occurs if the parts are index-proper sub-systems. Also note that, since every system
with generating set S; has a domain (the completion of &;: ) it follows that from any full
system-partition one can derive a disjoint partition, namely {(S;,Z)};, where [ =1,...,p* <p
(obviously completing all parts cannot increase the number of parts).

2.2. Autonomous sub-systems

A particular kind of sub-system of a given system (A,Z) occurs as the sub-system, say (S,Z*),
addresses (through 7*) equations of the ODE that includes indeterminates x; with j € Z* only.
We name these sub-systems autonomous sub-systems. In such a case, the sub-system solutions
are actually independent of the components x;, for j & Z*, of the point (x,t) € S. This means
that, denoting:

T={telR | FrelR": (z,t) €A}

S decomposes as follows
S=J Prxax{1}),
teT

where, if ¢ is the cardinality of Z*, for any ¢t € 7 we have P} C IR, and Q; C R"™". Thus,
provided that the canonical injection R‘T! — IR™*! is applied, an autonomous sub-system
(S,7*) (in R™™) can be identified with the system (P*, Z*) (in IR“™!), with P* = User (P x {t}).

An important case of autonomous subsystem, that we encounter in the following, is that given
by all sub-solutions zero in Z*, i.e. by solutions of a given system &, such that z; =0, Vi € Z*.
We call them sub-system projected on Z \ Z* which — provided is non-void — is described by the
scalar ODEs addressed by Z \ Z*, modified by setting x; = 0 for any ¢ € Z*. Let us denote by
SY i=1,...,n, the hyperplane x; = 0 in IR""!, and by S° their union:
S9 = {(z,t) € R/ oz = 0}, (7)

7

S0 = UZSZO (8)

The sub-system projected on Z \ Z* is the index-proper sub-system (S*,Z \ Z*), with

s =s| US*s|. (9)

JET*



of the projected total system (A*,T), where A* is defined by the same identity (9) but the symbol
A replaces the symbol S. Note that (A*,7) is an index-proper subsystem of (A,Z) in R™!.
Also, we can consider (S§*,Z \ Z*) as a full sub-system of the reduced system (A*,Z\ Z*) in
IR‘*!, as soon as S* and A*, which are defined as the traces on the hyperplanes z;=075€I"

of S and A respectively, are identified with subsets of IR®**! through the canonical injection
]Rn—L+1 N IRn+1.

2.3. Decomposition of analytic systems in regular and singular parts

Definition 2.1. For a given system S, we name ’critical set’ the set
C=35(5" (10)

The points of C are accordingly named: critical points. Let us consider the smallest subset of
indices i1,...,ip € {1,...,n} such that

L
0
cclysy. (11)
j=1
Then, i1, ...,ir will be called: criticality indices (of the system). The set of all criticality indices
s denoted
5 = {iy,... i} (12)

Stated in words, the critical set is the set of point of the ODE domain which are also points
of some coordinate hyperplane. Along with critical points and criticality indices, we also give
the following definition.

Definition 2.2. A solution, (z,t) € S is said to be 'reqular’ if the set T, C T defined as
T.={seT / x(s)eC}, (13)
has not limit points in T .

We suppose now that the ODE is analytic, i.e. the function f is real-analytic on the domain
A. Thus, the sub-domain & C A determines the analytic system S.

Theorem 2.3. A solution, (x,t), of an analytic system S is regular if and only if his curve
passes through a point in

S, =8\ 8 (14)

Proof. 1f T, has not limit points in 7, then, denoted I, ¢, as usual, the domain of the solution
(x,t), we can take an interval (o, 3) C I, C T, with (o, 8) N T, = 0, thus for any ¢ € (o, ),
z(t) € C and, hence, z(t) € S\ S°. Vice-versa, consider a solution passing through z € S\ S°,
and let x(-) be his curve . We have

i #£0, i=1,...,n. (15)

Since the ODE is analytic the curve z(-) is analytic on his domain I,;, and T, is the set of
zeroes of the maps z;(-) (we can consider just the components ¢ € Z*). All of these maps are



not identically zero, by reason of their continuity and by (15). The thesis follows by well known
properties of the analytic functions. °

Theorem 2.3 implies that any solution of an analytic system either is regular — hence, it pos-
sibly crosses the coordinates hyperplanes only at discrete points forming a non dense sub-set in
C — or it lies entirely in C. This motivates the following definition.

Definition 2.4. A solution (x,t) of an analytic ODE, is said to be ’singular’ (resp: ’‘singular
ini’)if x; =0, for some i € T* (resp: for i € I*). The set of all singular (resp: non singular)
solutions is named ’singular part’ (resp: ’'reqular part’) of the ow-ODE.

Let us denote by o (resp: o;) the set of all singular solutions (resp: in i). Then o is the
singular part of the ODE. Accordingly, we also call o; the singular part in i, or ith singular part.

We have
o= U gj. (16)
JET*

Note that, in (16), there well may be o; = () (there are not singular solutions in j). Now,
recall that the sub-system projected on {i} is the set of all solutions of the ODE obtained by
removing the i-th equation and by setting z; = 0 in all the others, thus it is nothing else than
the singular part in ¢. That said, and accounting of (9), the following proposition ensues.

Proposition 2.5. The singular part in i € T* of an analytic system S is either empty, or is
the sub-system projected on {i}. The domain of the ith singular part is

S; =8[58 (17)

Let us denote by Zs; C Z the set of all indeces j € Z* such that o; # (). Denote by S the
domain of o, by (16) and (17) we have

S = Sﬂ (Uiez.S7) - (18)

Since a solution is either regular or singular the following proposition holds.

Proposition 2.6. Let be given an analytic system S. Define R = S\ S. Then {S,R} is a
disjoint partition of the system S, where S (resp: R) is the singular (resp: regular) part.

Thus, by Proposition 2.6 the sub-domain R C S (the domain of the regular part, or the
regular part tout court, by our usual identification point-solution) is given, accounting of (17),
by

R=S8)\ (Uz'eIs SZQ) =S, U (UiEI*\Is SZQ) ) (19)



10.

where the last identity is obtained by exploiting (14). Note that the regular part has domain R,
but it can be described as well as a system generated by S,. As a matter of fact, S, is not (in
general) a domain, and R is the completion of S,. The generating set S, is a domain if and only
if 7% = 7, i.e. all criticality indices are singularity indices, in which case we have S, = R. The
latter case occurs as soon as all solutions (z,t) € S, have a curve that never crosses a coordinate
hyperplane, whereas any solution (z,t) € S?, for some i, has a curve all lying in S?. We denote
by Z,s the set of all non-singular criticality indices:

If Z,,s # (), there exist regular solutions (z,t) € S?, for some i € Z,s, and we call them critical
solutions.

2.4. Indices convention

Hereafter we adopt the following convention: a wector v in IR%, « a finite integer, is always
a column vector, and v’ his transpose. Another convention we make, which will help a lot in
reducing the length of the most used mathematical expressions, is the following indices conven-
tion: if a multi-indexed symbol, say &, . ;,, has been defined at some point of the paper as a
scalar quantity, then thereinafter the same symbol with the last index removed: &;, ;. , shall
denote the corresponding column vector gathering the scalars for all values of i,,. Also, if the
convention has been applied once, then it can be applied to the aggregated vector again, so that
&ir,...sin_» Will be the stack of all column vectors for all values of ¢,_1, and so on.

2.5. Writing cr-ODEs

By using this indices convention in (4), we can rewrite a om-ODE in the following short form:
.fi = 'UZ/'Xi; (21)

where i = 1,...,n. It should be noted that the ith equation of a cr-ODE may be null in many
ways, the extreme possibilities being: if v; = 0 (which means: there are not monomials), or the
vector v; = 0, but it cannot be X; = 0 though, which is never verified. Indeed, X;; is a function
(of x), so with X;; = 0 we shall mean that X;; is identically zero (on its maximal domain),
which is impossible by definition (there isn’t a choice of exponents pé’j such that X;; = 0 on
an open set of IR™). So, which and how many monomials a om-ODE consists of, is a choice ad
libitum rather than a material fact. Anyway, in the following, as we say that a om-ODE is given,
we shall mean that all the monomial numbers v;’s, coefficients v;;’s and monomials X;;’s have
been fixed.

2.6. Multipartite systems

We say that a system in n indeterminates is multipartite, and, precisely: m-partite, with an
integer m, if it is double-indexed as follows:

T = fia(x,t), (22)

where i = 1,...,m, Il = 1,...,v; (the index | depends in general of i), and v; are integers

such that v + ..., = n. Recall that, by the indices convention, =’ = [z],...,z],] where



11.

@, = [xi1,-.., iy In accordance with §2.1 we name parts, the m sub-systems composing (22).
In particular, the ith part will denote the sub-system — written in vector form, by applying the
indices convention:

x; = fi(z,t). (23)
We say that a system in n? indeterminates is reqularly partitioned, if it is n-partite with all parts
n-dimensional.

2.7. The domain of a or-system

For a om-system the system domain is § = D x T, where T is the common domain of the
coefficients v;;, and D is the maximal open set on which all the functions X;;, given in (4), are
well defined and C°°. In the following, with some abuse of terminology, we sometimes refer to
D (instead of S) as the system domain.

Every om-system is analytic whereby is C*° (and, in particular, locally Lipschitz therein).
Consider the following (open) sets in IR", (where j =1,...,n):

Sj ={z e R"z; >0} S; ={zreR"z; <Ok (24)
Let us see what is the structure of any possible D, for any given set of exponents pl . Let us

denote by D! ; ; the maximal set where the function n; J( x) = xf” is well defined. As directly
entailed by well known properties of real exponents, there are only four cases:

i) Dé,j = IR"™: for any pé,j > 0 rational, say paj = nj/ng, irreducible, and ny odd;
ii) Dﬁy ;= §j: for any pé ; > 0 irrational, or rational as in ) but ns is even;

iii) Dﬁ’j = S;r: as in 7) but pli’j < 0;

i) ij,j = S;r US;: asin i) but péd < 0;

In [1], it is shown that, by taking all intersections of the interiors of the above sets we obtain
D, and thus we can state the following proposition.

Proposition 2.7. The domain D of a ow-system of order n, is always an intersection of a
choice of m < n? 41 sets among the following n? + 1 sets: IR™, S;r, Sj, U Sj_,, 1<4,7 <n.

From Proposition 2.7 we can see that the domain D of a om-system is always an open positive
macro-orthant, namely Oy, ;. of IR", which is defined, for a choice L,i1,...,i, € {1,...,n},
as

Oil,...,iL :{QCGIRTL LTy >O,...,.T7;L >0}, (25)

to which possibly the points of some sub-family of the family of the coordinate hyperplanes x; = 0
for j & {i1,...,ir} are drown away. Note that the positive orthant of IR"™ is the macro-orthant
O;1,..n, whereas IR™ = O (i.e. no choice of the number L). Notice that a or-function has always
a non-empty domain and all ow-functions share at least the positive orthant in their domains.
As a consequence we have the following proposition.

Proposition 2.8. Any om-ODE has a solution (x,t) for allz € Oy, andt €T
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2.7.1. Example

Let us consider the following om-ODE withn =3, 11 =2, ro =1, v3 =4
1 _1
T =x3x3 + 7008(227#) Toxy °
ig = 6125373 (26)
1
T3 = 3$f8$2 +4+ x5 — %$1$3
1 _1

We have X11 = x;’l’g, X12 = 172.’E1 5, Xgl = .Tla?gl'g, X31 = CIZIBCL’Q, X32 = ]_, X33 = X
X34 = z123, and the coefficients v; j, i = 1,2,3, j = 1,2,3,4, are read out at once from (26).
The domain of the ODE (26) is S = D x T, with D given, according to the four cases i)-iv) (cf
supra) :

3 v
D=()(D, =R*ND},ND3 ND3s = {x € R® |a1 # 0,23 >0}
i=11=1

L
(recall that Dé,j is the domain of x?”, i.e. the jth term of the [th monomial in the ith equation,
_1 1
and the domains different from IR? are those of z; ® in Xjo, xl_g in X3, and =3 in X33). As for

T, it is the domain of vi3 = 2/ cos(27t) only:

+o00
T = U I, Ii={telR | —7w+2kn<t<mn+2kn}

k=—o00

The full system associated to ODE (26), i.e. the set of all solutions, is the union of a countable
family of sub-systems {(D x Ix,{1,2,3}) |k : integer} associated to the same ODE. In terms
of the set defined in (24) and (7) we have

D=S§\S)cR?

where the sets (7) are considered in IR™ (i.e. IR?), neglecting the time coordinate. Thus, D is the
macro-orthant of IR® z3 > 0, with the points of the hypher-plane z; = 0 removed. Clearly the
sub-systems D x I and D x I, for k # s, just differ by translation along the time coordinate.
The set C defined in (11) (identified with its time-neglecting projection in IR?) is the intersection
of D with the coordinate hypherplanes S thus:

C =259\ {zes? | 21 =0, and z3 <0}

and the set of criticality indices is Z* = {2}. We see that x5 = 0 is a sub-solution in the second
ODE of (26), thus the singular part, S is nonempty and equal to the singular part in {2}, which
in turn implies that S = C, 5 and R =D\ S.

Finally, and coming back to the notation in IR® x I, for any integer k we have that the
sub-system (D x I, {1,2,3}) can be decomposed in the two sub-systems (R x Iy, {1,2,3}), and
(S x I, {1,2,3}) (the regular and singular parts). The singular part is the sub-domain given
by the half-plane S for x3 > 0 without the line x1 = 0, and all solutions of it are given by the
projected (on {1,3}) sub-system: (S x I, {1,3}), which is associated to the ODE obtained from
(26) by setting zo = 0 and removing the second equation:

21 =0
! (27)

T3 =4+x5 — %1’11’3

SNote that S = C if and only if all criticality indices are singularity indices
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The projected system associated to (27) is regular (it has in fact an empty singular part) 7 and,
hence, R x I, and S x Ij collect all solutions of the kth sub-system D x Ij.

In conclusion, all solutions (z,t), for t € Iy, and z9 = 0, z1 # 0, and x3 > 0 are singular: they
all lie in the half-plane S. All solutions (x,t) with z1,29 # 0 and z3 > 0 are regular, and lie
entirely in R. Notice that, the regularity domain is composed by the four open disjoint ortants
of IR? with x5 > 0: a solution passing through an z € R remains in the same ortant and never
crosses the plane S9. This is because S9 includes the singular part, and all solutions passing
through a point of S have to lie entirely in S.

2.7.2. Example

Let us modify ODE (26) by adding the monomial z; to the second equation. Clearly the system
domain does not change, and the set of criticality indices is still {2}. What changes is that
the new system has no more a singular part, i.e. it is regular. In this case solutions (x,t) with
3 = 0 — i.e. solutions crossing the hyper-plane S§ — exist for any z € D N SY, but none of
them lies entirely in S9: for an enough small € > 0 the solution (z,t) € DN SY x I, satisfies
z(tte) € SY, i.e. escapesfrom SY, and we can identify (z,t) with (z(t+¢), t+€) (or (z(t—e), t—¢)).

2.8. Exact quadratization of ocm-ODE

The theorem we present now, is a version of the first statement of Theorem 2.5 in [1], in the
formalism of the present paper, and in accordance with the definition of exact quadratization we
have given in the Introduction. Let be given a om-ODE in n indeterminates with v; monomials
for i = 1,...,n, and consider the map ® : Dom{®} ¢ R"™ — IR? (recall d = vy + ... + 1)

®;(z,t) = ;' X (28)

(actually, constant in the second argument). Recall that [ = 1,...,1;, and whether v; = 0 the
corresponding equation is null (#; = 0) and there is no i-labeled entry ®;; in the aggregated
vector ®. Also, recall that the 7th equation may be zero with v; > 1, v; = 0 and X;; be any
monomial for [ = 1,...,1; (cf. §2.5). The zero system, in particular, i.e. the ODE &; = 0,
fori=1,...,n,is a or-ODE with an arbitrary domain. We conventionally assume IR" be the
domain of the zero system in n indeterminates.

Theorem 2.9. (Ezact Quadratization Theorem — non singular form) The regular part, S, =
D, x T, of any ow-ODE with domain S C R is exactly quadratizable. Moreover, it undergoes
the following quadratization under the map ®* : (x,t) — (x, ®(x,t)), with ® defined in (28):

i = (Vi Zi)xi (29)
n
Zig =Y i (0jZ)Zi (30)
j=1
where
™ =1k, — i (31)

"Notice that the full system in the indeterminates z1, z3 associated to (27), has the solution 21 = 0, and thus

1
a singular part in x3, given by #3 =4+ x7. However 21 = 0 is not a sub-solution of the sub-system S x Ij.
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d;,j being the Kronecker symbol: =1 (resp: =0) ifi = j (resp: i # j), and (29) is (i.e.: remains)
the zero equation, if v; = 0. Finally, the set of all solutions (®*(z,t),t) = (x, ®(z,t),t) €
R with (z,t) € Dom{®}, of the ODE (29)-(30) is the system (with domain) S* C
Rn+d+l:

S* :{<$7Z7t)€DTXIRd><T / Z:(I)(.Z',t)},

=D, x B(S,) x T = ®*(S,) x T. (32)

Remark 2.10. Of course the ODE (29)-(30) is a quadratization according to the definition
gwen in the Introduction, provided in the ODE (1) we set m = n + d, replace in (29)-(30) Z;,
with Tpys, where

i—1
S:Oéi+l, aizzyka (VOZO) (33)
k=0

and finally replace v; j of (1) with coefficients v; ; suitably defined as functions of the parameters
v in (29)-(50).

Proof of Theorem 2.9. Let us consider a solution (z,t) € R, the domain of the regular
part, in accordance with (19). The analyticity domain of the map ® in (28) — considered as
amap ® : R"" — IR — is S, defined in (14), and by Theorem 2.3 we can always choose
(z,t) € S;. Therefore the corresponding curve s — x(s) is defined and differentiable in an open
neighborhood of ¢, and the function

Z(t) = ®(x(t), t). (34)

is defined and differentiable in the same neighborhood. That said, let us calculate the time
derivatives of both sides of identity (34). By the chain rule, denoting by 0, the partial derivative
operator with respect to a real indeterminate z, and using (21) we have

n n

Zi,l = Z(@x] Zi,l)a'cj + atZ“ = Z(8x7 ZN)U}X]‘. (35)

j=1 j=1

Now, by using (31), and the definition of ® given in (28), we have that Z satisfies, component-
l

wise, the identity: Z;; = H?Zl 27, therefore

J
n l
l T -1 _ 1 -1
8;1;]- Zl,l = ﬂ—i,j H .%'7— xj = 7TZ7]Z/L7137] 3
=1

which yields:

Vj
/ 1 S AR _§ : l e .
(8x] ZZ,Z)/U]X_] — ﬂ-’i,jZl,lxj (UJXJ) — Wi,jZl,l‘Tj /U],SXJ,S

s=1

vj
1 l /
= E T j2i1V5,s 55,5 = Wi,j(Uij)Zi,l-
s=1
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Replacing the expression above in (35), the result is (30). The ODE (29) directly comes from
the o short form (21) on account of (34). Thus, not only (x,t) is a local sub-solution, in the
x components, of the solution ®*(x,t),t) of (29)—(30), but it holds (34) as well, at least in a
neighborhood of ¢, which proves that ®* is locally compatible. Therefore all the solutions of
(29)—(30) of the form (®*(z,t),t) = (z, ®(x,t),t) lie in the set S* defined in (32), which is then
a sub-domain for the ODE (29)—(30). This complete the proof of the theorem. .

Definition 2.11. We say that an analytic system S is ‘globally (exactly) quadratizable’ if it
can be partitioned by a finite collection, S1,...,S of disjoint sub-systems and there exist maps
®l. ..., &L with Dom{®'} NS; # (), such that the sub-system S; is quadratizable under the map
o' fori=1,...,L.

Theorem 2.12. (Ezact Quadratization Theorem — Global form) Any analytic ow-ODE is glob-
ally exactly quadratizable.

Proof. Asusual we consider a om-ODE in n indeterminates, with a maximal domain § = DxT.
Moreover we will write R(S), S(S) for the regular and singular part respectively of a system S.
Let us build up the following sequence of systems: Sy = S(S), Sx+1 = S(S) for k£ =0,1,...,
and let us suppose that S is singular (i.e. has a non empty singular part). By denoting Z7, the
singularity indices for the system Sy, we have Z} # (). Now, by definition Sy is S projected
on Z \ I}, thus Siy1 is a sub-set of solutions with at least one more zero component than Sy,
namely xz; = 0 with ¢ € Z}. Therefore there is an L < +oo, such that either Sy, is regular
(all of its solutions are regular) or it is constituted by the zero solution only x = 0 (the ’zero
system’). By denoting Ry = R(Sk), for £ =0,..., L, we have that system S can be partitioned
as (Ro, Sp), where Sy can be partitioned as (R1,S1) and so on, up to Sz—; which is partitioned
as (Rp,Sp). Finally, S is partitioned by (Rg,Ry1,...,Rr_1,S) where either Sy, = () or it is the
zero-system, which is trivially quadratizable under the identity map®. The theorem is proven
by applying the non-singular form of the Exact Quadratization Theorem to the regular systems
Ro,Ri,...,R;_1. °

From the proof of Theorem 2.11 we see that any solution non identically zero of an analytic
om-ODE is a regular solution of some of its sub-systems, and in particular of the sub-system
projected on the complement of a set of singularity indices. Thus, any non-trivial solution can
be calculated as analytic prolongation of a sub-solution of a suitable quadratic system. For this
reason, it will be without loss of generality the assumption we make hereinafter: as we talk about
"a solution’ of an analytic om-ODE, we always understand, unless explicitly specified, that it is
a regular solution.

2.9. Exact quadratization for implicitly defined on-systems
Let us consider the implicitly defined ODE:
f(z,2,t) =0, (36)

8Recall that conventionally the zero-system has domain R™.
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where € R" and f : U(open) C IR?**! — IR" is a continuously differentiable function having
full rank (n) in the # indeterminates, at a point z = (z,%,t) € U, i.e. (0zf)(z,,t) has rank n
(with 0; denoting the Jacobian with respect to ). Let U be the set in U where the algebraic
equation (36) is satisfied:

U=A{(xz,t)eU | f(z,&,t) =0} (37)

Then, by the Dini’s theorem (in many indeterminates), for any (z, &,t) € U there exist two open
sets Uy, Us, (x,4,t) > Uy C U, (x,t) > Uy € R™, and a continuously differentiable function
¢ : Uy — R"™, such that, denoting y = (z,1):

umUl :{($,¢($,t),t) ’ (.’E,t) € U2}7 (38)
-1
Oy)(e.1) = (@6, 0.0) " (@pN)(w.0(x0.0),  Vyelo  (30)

Therefore, the explicit ODE
T = ¢(xa t)? (40)

on the domain Uy C IR"*! has solutions that are local solutions of the implicit ODE (36). If
(0:f)(#) has full rank Vz € U, then all solutions of (36) are local solutions of some explicit ODE
of the type (40). Then we can naturally extend the definition given earlier of system (associate
to an explicit ODE) to implicit systems (associated to an implicit ODE), by defining an implicit
system as a domain S C R™!, and a solution (z,t) € S, as the maximal map s — z(s), with
x(t) = x, which solves the implicit ODE (36). From what said earlier it is S # (), since for any
(x,d,t) € U there is always an explicit ODE locally solved by (z,1).

These facts carry over to the analytic case, and we have an analytic local inverse ¢ associated
an analytic implicit system function f at each point of its own domain. Now, the question we
pose is the following: suppose f is an analytic on-function in 2n indeterminates, which means it
has the well known o7 expression with respect to the indeterminates x, , for some set of ana-
lytic coeflicients v; ;, then is any associated local inverse ¢ an analytic om-function as well? The
answer is in general negative, but the following Theorem shows that the explicit local system
given by (40) is always om-reducible (cf. §I) which is sufficient for our present purposes.

Theorem 2.13. Let be given an analytic ow-ODE in the implicit form (36), with f of full rank
(n) with respect to the & indeterminates, at a point z = (x,&,t) € U. Then, the associated
explicit local representation (40) is om-reducible.

Before proving the Theorem, some comments are in order. Recall that with ’om-reducible’
we mean that the ODE (40) has solutions that are all sub-solutions of a (larger-dimensional)
om-ODE;, i.e. there are additional indeterminates xy1, ..., Zptd, for some d € IN, and analytic
time-functions v;; such that:

v; n+d le
xi:Zv“ij”, 1=1,...,n+d, (41)
=1  j=1

such that any solution (x,t) € D C IR™*! where D is the domain of (40) is a local sub-solution
of (41) in the first n indeterminates. We can also say that the system D associated to ODE (40)
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is om-reducible if it is the sub-system (D, {1,...,n}) associated to the ODE (41). Clearly, a on-
reducible system undergoes a quadratization, and, hence, by Theorem 2 we can naturally build

up the extension of the exact quadratization theory to implicit analytic full-rank om-systems of
the type (36).

Some classes of om-reducible (explicit) systems have been studied in [1], these classes of systems
are defined by the class of functions the system-function belongs to. We here recall one of them,
which is very basic, referring reader to [1] for more detail: (system function given by) a finite
composition of om-functions, which in [1] is named, with some abuse of terminology, an algebraic
function. For instance, consider the following ODE:

_1

i = wfwy !
1 xl—i-r% (42>

To = x%azg

the first equation is not o, but the system function can be written as ¢10¢y, where ¢ (x1, x2, x3) =

_1
x%xQ 4mg1 and ¢o(x1,x2) = (21,22, 1 +22), and thus, it is the composition of two om-functions.

By taking the time derivative of x3 = =1 + :1:% we have &3 = 21 + 2x929, which is om, since
&1 = ¢1(x1, w2, x3) is om, 9 is om by the second of (42), and sums and products of om-functions
results in a on-function. By adjoining the equation for z3 to (42), and replacing x3 for z1 + 23,
we get a om-ODE in the three indeterminates 1, z2, x3. We recall also this (quite straightfor-
ward) result: let ¢ a scalar om-function in z € IR", then 0,, f, the partial derivative of f in x;,
is a om-function (in z).

Proof of Theorem 2.12. By the Dini’s theorem we get the explicit ODE (40) whose domain
Us is such that every (z,t) € Uz is a local solution of (36) as well. Moreover ¢ is continuously
differentiable, thus we can set z = ¢(z,t) and take the time-derivative, the result is

T =z,

2= (0u0) - =+ 0o = (020) - 2 + O

In (44), note that, for y = (x,t), 0yy = (0x7,0ry) (where the symbol v stands for ¢ or f) thus
(44) can be rewritten as

(43)

(0:0)(.1) = ~ (06w, 6(w,,8)) (@) 6(a,),1) "
-1

00) (1) = (@) 6. 1). 1)) (Ouf)(z. 6(x,1).1)).

Now, since f(x,%,t) is o with respect to x and &, any component of the matrix d; f or 0, f is a
om-function in z,# as well. Moreover, any component of (9, f)~! is the ratio of the determinant
of some minor and the determinant of the whole matrix, thus a ratio of polynomials — hence a
om-function — of the components of 0, f. Therefore, we can set

(0w 0(,0,0)) (@) 82 1),6) = A, 6 0) 1), (45)

where the matrix function h has finite compositions of onr-functions in all entries. The function
O f has the usual o expression (4) but the coefficients v; ; replaces v; ;, therefore is an analytic
om-function, and we can set

(@) 00 0,) (@) (62 1),0) = gl 00,1 (46)
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and g is still a finite composition of on-functions. By (44)—(46) eq.s (43) rewrite

T =z,
5 = i, 22 + g(w 2,1) = (2, 1) 47)
where 1) is clearly a finite composition of om-functions. In conlusion, the ODE (47) is on-
reducible, and since the solution (z,t) of the explicit ODE (40) is a sub-solution of (47), we
conclude that (40) is om-reducible as well. .

Theorem 2.12 implies in turn the following corollary.

Corollary 2.14. Any implicit analytic ow-ODE of the type (36), f having rank n in the &
indeterminates, for any z = (x,4,t) € U, is globally quadratizable.

It should be stressed that, unlike the case of an explicit om-ODE, any solution (z,t) in the
domain of an implicit analytic cm-ODE is, by Corollary 2.13, a local sub-solution of a quadratic
system of the type (1), but the latter is not in general unique, and in fact depends of the solution
(z,t) itself.

Remark 2.15. A more important remark is that, even if the function ¢ of the locally defined
explicit ODE (40) could be difficult to calculate, we have not to perform this calculation though
in order to calculate a solution of the original implicit ODE. For, by the proof of Theorem 2.12
we realize that any ODE solution is a sub-solution (in the first n components) of the explicit
ODE (47), which is defined by a vector field that can be calculated through (45), and (46), from
the initial implicit vector field f: we can then quadratize system (45), (46) and the solution of
the original implicit system is a fortiori a local sub-solution of the quadratized ODE, thus still
recoverable by analytic extension.

2.10. The structure of the canonical quadratization

As for the ODEs (29) and (30), we here follow the terminology introduced in [1], but accounting
as well of the new definitions given in the previous sections. Hereinafter we name the ODE (21),
with domain S, the original om-system.

Definition 2.16. We name the system (on R™* % x T ) defined by the ODEs (29) and (30), the
quadratic hull (of the original om-system)

Definition 2.17. We name ’quadratic image’ or ’image system’ or ’canonical quadratization’
(of a given om-system, that is referred to as ’original system’) — the system defined by the
ODEs (29) and (30), on the sub-domain S* defined by (32). Moreover, the two sub-systems
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of the quadratic image, given by the ODEs (29) and (30), are said the ’final stage’ (of the
quadratization) and the 'Driver’ (of the original system) respectively. °

Note that, in accordance with §2.6 the Driver is a n-partite system, whose ith part consists
of v; (scalar) equations. Moreover is an autonomous system, i.e. the sub-system (S*,Z9) of the
image system, where Z¢ C Z the sub-set of indices addressing the last d equations of the image
system, thus following §2.2, and accounting as well of the structure of S* given in (32), it can
be identified with the system (in IR? x T): (®(D, x T) x T,Z%). We can omit the (obvious)
symbol Z4, and consider the Driver with the full system: ®(D, x T) x T.

In the following, as we talk about a Driver, it shall be always entailed of which original (o)
system, that Driver is. By reason of that, we also name pre-Driver the original om-system,
insofar we move the focus from the original system to the associated Driver. In order to refer
ODE (30) as a sub-system of the quadratic hull we use the different term of Driver ODE, instead
of the single word "Driver’.

The canonic quadratization holds under the map ®*, which we call the canonic quadratizing
map or the quadratic immersion.

2.11. Non-canonical quadratizations, and some examples.

According to the definition given in the previous paragraph, the Driver is a part of the canonical
quadratization, as well as the final stage. Nevertheless, there is a kind of quadratization, that
can be always applied to the same original system, in which the final system is redundant, and
can be considered consisting of the sole Driver.

Definition 2.18. We say that the canonical quadratization (of a given ow-ODE) is ’inclusive’,
if all solutions of the original ODE are local sub-solutions of the Driver.

By the definition given above, a canonical quadratization is inclusive if and only if for ¢ =
1,...,n, ®;; = x; for some | = 1,...,v;, which is verified if for all ¢ there is an [ such that
X = xf If for some ¢ the original equation has not the monomial :UZQ one can always add the
fictitious term 0 - z7 in the ith equation. The addition of a fictitious term obviously doesn’t
change the solution of the ODE (4), but in the canonical quadratization it does change the
dimension (d) of the target space for the aggregate map ® given by (5), and in fact changes
the map @ itself, making redundant the quadratizing map ®*. Indeed, we can easily verify,
by applying formula (30) that the driver equation for Z;; = ®;; = z; (thus, associated to the
monomial X;; = z7) is equal to the ith equation of the final sub-system (29). For, let us add
0- :U? at the i¢th equation as the last term, then the new om-ODE has v = v; + 1 monomials,

and the Driver has the further variable Z; ,» = 1x? = z;. By (30) we have

n

. Vi,

Z@V; = E 7Ti7l]~(Uij)Zi7V;<,
Jj=1

9We chose, in the paper [1], the names Driver and final stage, since a canonical quadratization can be depicted,
in a similarity with electrical devices, as a cascade of systems, where the Driver actually 'drives’ the final stage
yielding the signal representing the original ODE solution.



20.

but from (31) ng = 0ij, (Xiwr = a7 = -2 jaaf - a) from which p;; = 0 for i # j

and p;; = 2) and thus Ziﬂ/f = (U;ZZ')ZLV; which is the ith final equation (29), since Ziyr =
and accounting as well that, with respect to the canonical quadratization, v; has the further last
component 0 and Z; has the further component Z; vr, which leaves the product v} Z; unchanged.

In conclusion, given any om-ODE, we naturally obtain an inclusive quadratization by applying
the canonical quadratization to the ODE modified by adding, for i = 1, ..., n, the fictitious term
0- a:zz in the ith equation, provided the monomial :c? is not therein yet present. Clearly, the new
quadratization has as many new Driver variables, say Z;,,+1 = w;, as the original ODE has
equations i-labeled lacking the monomial 2?. Correspondingly, a subset of the final equations
in the canonical quadratization turns out to be replied among the new Driver equations. Since
the natural inclusive quadratization is redundant, we usually omit the final stage, thus for an
inclusive quadratization we assume that the quadratic hull of the original om-ODE is the Driver
ODE, and identify the quadratization with the sole Driver.

2.11.1. Example
Let us consider the following om-ODE withn =3, 11 =2, 15 =1, v3 = 2:

. -1/3
T1 = Tox3 + 27, /

.i'g = 4x1x§x3,
i3 = 5x 2wy + 3.

The canonical quadratization is composed by a Driver in 5 indeterminates (as many as is the
number of monomials) defined as

—1, —4/3
Z11 = 1231 3 Lz =x; ',

5
Z91 = x513,

Z31 = $I3$2$51; 3o = 1751.
By (29 ), the final ODE is:

1= (Z11+2Z12)r1 (= (V] Z1)x1)
iz = 4221$2, ( = (UéZQ)xg) (48)
i3 = (57231 + 3Z32)x3, (= (v3Z3)x3).

By (30) we calculate the Driver ODE. A trick for calculating the equation of Z;; is looking at
the monomial which defines it: just write the linear composition of v§~ Zj using the corresponding
powers of x; in the monomial as coefficients, and finally multiply by Z;;:

Z1y = (VyZo + V323 — v\ Z1) Zv1s Ziz — (4/3)(V1Z1) Zaa,
Zo1 = (557 + v3Z3) Za,
Z31 = (=301 Z1 + vy o — v3Z3) Z31; Ly = —(v323) Zaa,
and the v}Zj, j =1,2,3, are given from (48). The natural inclusive quadratization is obtained

by simply introducing the new Driver indeterminates: Zi3 = x1, Zog = 9, Z33 = x3, whose
equations are directly given by (48) upon substituting xi, 2, x3.
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Adding a fictitious monomial is a method that was not investigated in [1]: we now show that
certain side results of [1] can be derived in a straightforward way, and even generalized, by using
this method. Let us consider a general monomial function of the n indeterminates of a given
om-ODE, namely g(x) € IR:

g(z) = Pz ... gl qi,---,qn € R, (49)
By using the exact quadratization we can prove that g satisfies a scalar quadratic ODE: let
us add the monomial 0 - g in the ¢th equation, and apply the canonical quadratization. With
the same symbols as above, we have Z; ,» = aci_lg, that is g = Z; ,»x;, and by taking the time
derivative:

9= Ziyi + 2y

and by the Driver and final equations we have

g =(Xiym qj(v§-Zj)+(qz‘—1)v§Zi> Ziyrwi + (Vi Zi)wiZiwy

" ) (50)
= Zj:l Qj(”jzj)> g=h-g

Let (z,t9) € D, x T be a solution of the om-ODE, and I, 4, C 7 be its maximal open interval
of definition. Then, there is an interval ¢, 3 I(open) C I+, where the time-functions

hy = qu(v§(t)Zj(t)); gt = g(x(t))

are well defined (and, hence, analytic). Using (50), h¢ in I is given by:

gt = elio " Gt (51)
which allows the calculation of g; from a Driver solution Z(t) (through h;). If g(z) = x;, and
thus ¢; = 0 for j # ¢ and ¢; = 1, (50) turns out into the well known ith final equation (we
come back in this way to the canonical quadratization). In the latter case, g; = z;(t), and it is
defined by definition on the whole of I, ;,, which is in general a larger interval than I. Thus,
the exponential solution formula (51) gives x; only on the interval I (where Z(t) is defined).
Outside of I, z(t) is determined though, by analytic prolongation.

We have found out in a very simpler way the same quadratization shown in [1], where a
further system: the medial system given by the ODE (50) for g = X;, is 'driven’ by Z(t) (by
the Driver) and gives all the monomial functions X;;(t), which in turn give the original solution
x(t) through integral action:

t
%@:/@mmmm
to

We name this kind of quadratization: a medial quadratization.

2.11.2. Example

Let a,b be two fixed positive real numbers, tg € IR, and let us consider the affine ODE:

T = —azx —b. (52)
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In our terminology, we are considering the system (IR?, {1}) associated to ODE (52). Since b # 0
there aren’t singular solutions, and the regularity domain is S, = D, x IR with D, = RT UIR".
As a om-system, (52) is characterized by n =1, v; =11 =2, v11 = —a, vi2 = —b, X1 =z,
Xi12 =1, pil =1, pil = 0. The components of the canonical Driver are Z11 =1, Z12 = x 1,

and by (30) we obtain the canonical Driver equations:

Zy1 =0, (53)
Z.Lg = aZl,lZLg + bZiQ. (54)

By (29) we get the final equation:
T = (—CLZ1’1 — bZLQ)Q?. (55)

The Driver map is ®(x,t) = (1,27 1), which has domain S,. The quadratic hull is the system,
with domain IR*, associated to the three equations (53)-(55), whereas the image system is given
by the same ODEs on the domain IR x ®(S,) x IR.

Let us consider the solution (z,ty) of (52), and denote t — x(t) the corresponding solution
curve. We can easily calculate x(¢):

b
x(t) = pe—ot=to) _ —(1- e_“(t_to)), (56)
a
and we have I, ;, = IR. Let us define T, = {t € IR : 2(t) = 0} which is the set (13) for the
case at issue. Ty, is a countable set, by Theorem 2.3, and we can calculate it by distinguishing
three cases:

(1) x > 0. In this case Ty, 3 = {t}, with

b

_ C
Feto+ S =] 0. 57
ot n(a:ﬁ+b)> (57)

and tg < t.
(11) —(b/a) < x < 0. In this case Ty, z = {t}, with ¢ as in (57), but ¢y > ¢.
(iii) © < —(b/a). In this case Toz = 0.

Now, consider the solution (®(z,t),t) = (1,21,¢) of the Driver. By (53) we have Z;; =1 for
any ¢t. The component Zs 9 is given by the ODE (54), which is a Bernoulli quadratic differential
equation, and thus the general solution can be calculated by a well known method: define
Wia = Zi;, then (as it is easy to verify) Wi o satisfies the affine equation:

WLQ = —CLZ171W172 —b. (58)

Notice that, since Z;; = 1, (58) is the same equation as the original system (52). Moreover
Wia(ty) = Zi%(to) = z. The solution is then equal to (56), and by Z;2 = WfQI, we get the

general expression for Zj o:
a

Z1a(t) = (az + b)e~alt=to) —p’

(59)



23.

The above function is (as expected) not defined for ¢t € T, ;. We can use formula (51) with
g(z) = x in order to express the solution given by the final system, i.e. ODE (55) driven by the

Driver: - .
x(t) = o 21y — ¢~ o (@Z11+b212) (60)

If x < —(b/a) — case (iii) above — (59) is always defined and non-zero on IR and (60) holds
Vt € IR, and gives back the time-function (56) V¢. Thus. according to the Exact Quadratization
Theorem, x(t) is a sub-solution of the quadratic image, and for z < —(b/a) in particular is a
global sub-solution (cf §I) defined on I, ;, = IR. If z > 0 (resp: —(b/a) < x < 0) — case (i) (resp:
(7)) — the solution (z, o) of the original ODE is a local sub-solution defined on the sub-interval
I = (—o0,t), (vesp: (t,+00)) with ¢ given by (57), and (60) — calculated for ¢t € I — gives the
restriction on I of the function (56). It should be stressed that, a strict-sense local sub-solution
of the original solution (x,tg) — which occurs as x > —(b/a) — is given by (60) only in I, and
it couldn’t be otherwise since the time function defined by (60) is either positive or negative
(which depends of the sign of x) everywhere in I. Outside I though, it shall be still equal to
(x,to) by analytic prolongation.

2.12. Inverse Driver

By the Exact Quadratization Theorem (any of the two forms) a Driver solution is a Z-sub-
solution of the quadratization i.e. the components from the (n + 1)th to the (n + d)th of a
solution lying in the domain S* defined in (32). Thus, we have pointwise Z(t) = ®(z(t)) for
any t € I, such that z(t) € D,, and hence — by (28) — Z~1(t) is defined for the same set of
tas Z(t) i.e. Vt € I, with the possible exception of a subset that hasn’t limit points. in I ;.
Therefore, we can define

Wi =2, (61)

so everywhere Z is defined and differentiable so does W as well. By taking the time derivative,
we have that W, ; satisfies the equation:

n
Wii=—Z; %1 = — ( > wﬁjjvgzj) Wi (62)
j=1

Thus, the aggregate W satisfies another om-ODE that we call the inverse Driver (associated to
a given original system) ' In accordance with the terminology introduced before, the inverse
Driver is the sub-system (W, Zyy) of the ODE (29), (62) where Zyy is the set of indices addressing
(62) and W is defined as

W ={zW,)eD, xRIXT | Wiy=2, Z=3&t)},

Wl 63
=D, x ®W(85,) x T, (63)

where @ : Dom{®"'} = Dom{®} = S, c R"*! — IR? has components (I)Z[l/ given by
oY (z) = (®iy(z,1)"", z €D, (64)

10We point out that the driver equations (30) are quadratic differential equation of the Bernoulli type (Riccati
type with no zero degree term). The ODE (62) is in fact consistent with the basic properties of this kind of
equations.
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We see that the inverse Driver, as well as its direct counterpart, entails the calculation of
the original solution, provided it feeds an inverse final system. Indeed, any (regular) solution
(z,t9) € D, x T is given by

Vi v t -1, .
ti = (Z Wiﬁlvz}l)xia xi(t) = Xzl Wi iy, (65)
=1

We name the system W associated to the ODEs (62), (65), an inverse quadratization of the
original om-system.

2.12.1. Bernoulli differential equations.

In the second example of §2.11 we have met a scalar Driver ODE belonging to a known class of
scalar differential equations, the Bernoulli differential equations, that are all solvable through a
change of variables that turns them into linear equations. Recall that a Bernoulli ODE, in our
notation, is a om-ODE with n =1 (it is scalar), v =2, X1; =z, X190 = 2* with 1 # « € R:

T = viz + vz (66)

Following the classic method, one divides (66) by x® and obtains =% = v12!~% + vg. Then,
by defining w = 2'~%, one has v = (1 — a)r~%%, and finally

w = (1—a)(nw+ v). (67)

Therefore, w can be found as solution of the linear ODE (67) and z = w'/(:=®).

We get the same result (even relaxing the hypothesis a # 1) by applying to (66) the exact
quadratization in inverse form given by the inverse Driver (62). For, the Driver components
associated to the om-ODE (66) are Z11 = 1, and Z15 = 2~ !, thus the inverse Driver components
are Wiy = 1, Wip = 27, and we see that Wiy = w. We get the ODE for Wiy directly from
its monomial, '~ by applying the inverse-Driver formula (62) : Wiy = (1 — a)(v'Z)Wiy =
(1 — a)(v1Z11 + v2Z12)Wia, then, since Z11 = 1, and Z13Wi2 = 1 we have

Wio = (1 - a)(viWia + va), (68)

which is the linear equation (67). For o = 1 the original ODE is linear, thus solvable with the
known classic methods, and unlike Bernoulli method, that fails for @ = 1, such solution is still
a local sub-solution of the inverse quadratization.

We can say that a om-ODE is a generalized version, in multiple indeterminates, of the Bernoulli
equation. Unfortunately though, besides the Bernoulli equation, there are very few particular
cases, and not really meaningful, for which the inverse quadratization leads to the solution cal-
culation via linearization.

2.13. The Driver of a linear ODE

A linear ODE is a om-ODE where all pij in (31) may be one or zero, and for any 4, there is

one and only one j such that péj = 1. For a linear ODE we can always assume that, for any ¢,
v; = n, which amounts to saying that all the n monomials: X;; = z1,...,X;, = x, of the i-th
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equation are actually written (otherwise, write it multiplied by a zero coefficient). This in turn
entails that the monomials do not depend of the equation index ¢. In such a framework we have
coefficients v; j, for 4,5 = 1,...,n and p;j =0;; fori,5,l =1,...,n, (not depending of 7). That
said, consider a linear system:

n n
T; = Zvi’jl‘j’ (l‘l = Zvi7in7j with XZ‘J' = xj> . (69)
p =1

Since (69) is a om-ODE, it undergoes a quadratization, and then it has an associated Driver,
that we readily compute by the general Driver expression (30). By (31): 7rll-7j = 0;,1 — 0 j, which
replaced in (30) yields _

ZN = (UZZ[ — U'EZ’L‘)ZZ',I (70)

The Driver lives on the domain S* ¢ IR"*¥*! given by (32) with ® given by

Zig =iz, t) = %, for I=1,...,n. (71)
2

As explained earlier, we get an inclusive quadratization by enlarging the Driver (70) with the
further n ODEs: ‘
Zins1 = (Vi Zi) Zims1, (72)

with Z; ,,41 = x;, which replaces the final equation.

2.14. Quadratic ODEs, Drivers and self-Drivers

We name Driver-type ODE (in n indeterminates) an homogeneous quadratic ODE of the type
n

.Ci}i e Z’L)Z'inxj ( = (U;.TU)ZCZ) (73)
j=1

where the v; ; are real analytic functions all defined on some open interval 7 C IR. Therefore,
a Driver-type system shall be the system IR"™ x T associated to the ODE (73).
This name is motivated by the following theorem.

Theorem 2.19. Any Driver-type ODE has always one sub-system that is the Driver of some
om-system

Proof. 1t is sufficient to prove that (73) is the Driver ODE of some om-ODE. For, let us choose

an integer m < n, and m integers vy, ...,V such that v1 +...,v,;, = n. Then we can rewrite
(73) as the following m-partite system with kth part 14 dimensional, for k =1,...,m:
m,vr
:tk,s = Z Vk,s,r,1Tk,sTr (74)
rl=1
where in the summation r = 1,...,m runs first, and s =1, ..., v, and we have simply replaced

i with (k,s), and j with (r,1). Now, let us decompose vy s ; as a product of real numbers Thr
and v}
’ *
Uk,s,rl = ﬂ-li,rvr,l? (75)
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and define the real number pj :
Phr = Ty + 0ig- (76)

By using (30), and (31) one readily verify that (74) — with x replaced by the symbol Z — is
the Driver ODE associated to the om-ODE with system function given by (4), where m replaces
n and v* replaces v. °

Notice, by the proof of the theorem, that there are indeed many different om-systems gen-
erating the same Driver ODE (73). Nonetheless, they generate each a different Driver as a
different sub-system of the (same) Driver ODE, in other words, as a set of sub-solution (in the
Z indeterminates) lying in a different domain &* — which is in fact realized by (32) through a
different map ®*.

We name self-Driver (in n indeterminates) any sub-system of the Driver-type ODE (73). Thus,
a sub-set F C IR"™ x T invariant with respect to the ODE (73), determines a self-Driver, and
the ODE (73) itself is a self-Driver (with domain IR™ x 7). The set of all self-Drivers associated
to the ODE (73) that are Drivers (of some pre-Driver) is a sub-set (in general proper) of the
set of all self-Drivers. Clearly, a self-Driver F C IR" x T is a Driver if and only if there exists
an integer m < n, m integers vy, ..., vy, such that vy + ...+ v, = n, and n monomial functions
Xig, fori=1,...,mand ! =1,...,u, such that F = ®(D, x T) with ®;; = z; ' X;.

Since (73) is quadratic, it is a om-ODE as well, of order n and with n? monomials. Thus,
it undergoes a canonical quadratization and has in turn an associated Driver. The name ’self-
Driver’ comes from the fact that any system associated with the ODE (73) has a Driver whose
solutions include, as sub-solutions, all the solutions of the system itself, and only these. Indeed,
we can prove the following theorem.

Theorem 2.20. Let us consider a self-Driver F C IR"™ x T, associated to the ODE (73). Then
the Driver of F is defined by the following ODE n-partite in the n* indeterminates Z; ;, i,j =
1,...,n:

Zij = (Vi Z;) Zi;, (77)

on the domain F4 c R™ x T :

Fi= U {(Z,t) eER”XxT | Zij=a, for (a1 e]—"}. (78)

(z,t)eF
Proof. Let us apply (30) to (73). We have wﬁyj = péyj — 0;,j, where péyj is the power of z; in
the monomial z;x;, and hence is 1 for j =1 or j =i # [. It follows that wa- = 1 if and only if
j = l. Therefore, the Driver ODE is (77). The Driver map ®, whose general formula is (28),
applied to the om-ODE (73) gives: Z;; = ®(z) = ;, and hence (78) is an invariant set for the
ODE (77), thus the Driver domain. o

Although the Driver of the self-Driver F has n? indeterminates, any solution has many equal
components, so that just suitably picking up n among the n? solution components, one get the
original self-Driver solution (x,t) € F. This motivates the following identification, stated by
the definition below, of a self-Driver with its Driver, which amounts to consider the latter just
a different (augmented) representation of the former.
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Definition 2.21. Given a self-Driver F C IR™ x T described by the ODE (713), we call the
system (in R™ x T ) defined by the ODE (77) on the domain F9 given by (78) the ‘augmented
representation’ of the self-driver F.

We finally give the following definition, acconding to which, s Driver-type ODE is character-
ized by its own matrix of coefficients v; ;-

Definition 2.22. We name ’the frame’ of a Driver-type ODE in n indeterminates, the matriz
Ve R™", V = (v;5), collecting all of its own coefficients.

3. The solution formula for Driver-type ODEs

3.1. Statement of the main theorem

The importance of Driver type quadratic ODEs, and, hence, of the exact quadratization, relies
on the result stated in the next theorem, showing that all solutions of a Driver type ODE can
be calculated through power series.

Let us consider an ODE of the type (73) with analytic coefficients defined on the interval
T C IR. The associated full system is then (IR" x 7, {1,...,n}), but on account of the properties
of analytic systems, described in §2.3, without loss of generality we can consider the sub-system
(D x T,{1,...,n}), where D = IR"\ S°, and S is the set of all coordinate hyperplanes in IR".
Indeed, any solution (x,t) € R™ x T with x; = 0 for some i, is either a regular solution, and,
hence, it can be rewritten as (z*,t*) € D x T, or is singular, and then it can be rewritten as
(x*,t) € D* x T, where D* x T is the domain of system projected on {1,...,n} \ {i}. Besides,
if the system is a self-Driver, its domain, say D x T C IR"™ x T, is the image: D = ®(D*)
where D* € IR™, for some m < n, D* N DY = () (D° denoting now the set of points of all
hypherplanes in IR™), and ® is an IR"-valued map whose components are all monomials of the
type 2" ... 20" with z1,..., 2, real indeterminates, and py,...py, real exponents. Thus, any
component of ® can be zero only on D°, which implies that D N SY = (). The hypothesis of a
domain not including any point of the coordinate hypherplanes, is then directly verified for the
more expected situation of our study: i.e. when the ODE is a quadratization of some original
om-reducible system.

With that being said, for the solution (z,ty) of the ODE (73) with coefficients v; j, where
(x,t9) € D x T, we can consider the Taylor expansion of the corresponding curve-solution, (),
witht € I, 40 C T

ch E=tol i) = a®(to), (79)

where 2(F)(.), defined for all ¢t € I, denotes the curve of the kth time-derivative of z(-).
Identity (79) holds for any ¢ € I, such that the series in the right hand side converges, which
happens in general on a sub-interval:

I(to, 7“) C IJL“,tO? (80)
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where I(tg,r) is the open interval centered in to with ray r > 0.
The following theorem gives the general formula for the coefficients c(i). In the following

the partial time-derivative operator d; will be used in place of the ’dot’ notation for symbols

including superscripts, thus 9,0 in place of v for v = v,

Theorem 3.1. The coefficients c (i) in the Taylor expansion (79) are given by
CO(i) = Ty, (81)

i) = Z Z Uf,z%iisq(to) STy %, ., L=A{l,...,n}, Vk>1, (82)

§=2141,..,0s—1€ZL

where iy € Z, for 1l =0,1,...,k (we set ig = 1), and the coefficients v,
t € I,4,) are given by the followmg recursive equations (k > 2):

k+1, k+1,
: st 1’ (: o (t),

1,81, 181505 —1

k+1,k+1

Ui,il,...,ik - 211, i E UZJ,Zk ) (83)
s—2

k?“l‘l,S _ ks 1 o ]{;73 _

/Ui7i17“-77:571 - 111, is—2 Zvljﬂs—l + 8tvi7i1,._,7i571) s = 37 SRR k7 (84)
J=0

o2 = gak?, (= a0k i), (85)

4,01

which are initialized by
1)'2’»2 = Vi, - (86)

1,21

3.1.1. Comments to the statement of Theorem 3.1

for any k, s, the number of coeflicients fuz 11 ._, Isn®. in order to calculate cx(i), i is fixed, and

one needs n+. . .+nF coefficients, one for any ﬁxed sequence i1,...,ts—1 € L, s =2,...,k+1. The
coefficients have to be multiplied each for the corresponding monomial x;x;, ---x;,_, obtained
by the components of the initial value x = z(tp). By using the index convention we have

fuf’s(t) € R™ !, and we can write (82) in vector notation as well:

k+1

c(i) = Z (vf’s(to)yx@“lx,

s=2

where z®! denotes the [-times tensor product = ® ... ® x. Note that the scheme (83)—(86) is
recursive in k: from the set of all coefficients involved in ¢x_1(7), namely:

Viltk—=1)={v,” | r=2,....k, s=2,...,1}

one directly calculates from (83)—(85) the set {vf“’s, |s = 2,...,k + 1}, which, joined to
Vi(k — 1), yields V;(k). Note that the coefficients vf * can be calculated independently of the
initial point z. If formula (79) is used numerically, then for any fixed approximation degree,
and initial point x € D, it allows to calculate separately each component x;(¢) of the solution,
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within the given approximation, and within the convergence interval I(¢g,r). One is able as
well to calculate a possible extension of the solution outside I(tp, ), by moving the initial time
to another ¢, € I(to,r) — provided that z(t;) € D, and I(t{,r") UI(to,r) \ I(to,r) # 0 — and
calculating the value at ¢, of always the same unique pre-calculated set of coefficients vf *,

3.2. A preliminary result

In order to prove Theorem 3.1 we need some additional definitions. Let us fix ¢ € Z, where Z is
the set of indices in (82). For any integer k > 2, we define PF to be the set of all homogeneous
polynomials of degree k of the n indeterminates x1,...,x,, with x; always in, and where the
coefficients are time-functions, defined on some open real interval, and having time-derivative of
any order. Therefore, p¥ € P¥ has the form:

k
p; (x) = Z ’Uz]'c,il,...,ik.,lxixil ceey Lig_q (87>

11,y —1E€L

Now, let us consider a Driver-type ODE with frame V', and, related to V', define a map A; :
Pik — Pf“, for any k£ > 2 as follows:

k—1
ko k41 E+1 o , : k1 ok o
Aipi =p; = E: Vg iy ig TiTiy - Ty, With w0 =i E Vig | > (88)

11,...,ix €L j=0

where Vi, k are coefficients of the frame V', and conventionally we set i = 7. Note that any Pf
is a vector space, with naturally defined operations and null vector, thus we can define P; as the
(infinite) direct sum of all P¥’s: P; = @ 5Ps. Therefore, for any g € P there is a k > 2 and
p; € P} for s = 2,...,k such that ¢; = 25:2 p®, and we say that k is the degree of g;. We can
naturally extend as follows the definition of A; given earlier, so that A; : P — P: let qf €P;a
k-degree polynomial, then qf = p?—i—. . .—i—pf, for some pj € P7, then we define Aiqf = 2522 Aips.
The exponent A} is defined at once as a composition of maps, and we have Aj : Pf — Pf +s
for any integer s > 0, provided we set AY = I (the identity map). Besides A; we make use of
the partial time-derivative operator 0, for which a similar convention is applied: 97, for s > 0
shall denote composition, and dY is assumed to be the identity. Note that O : Pl-k — Pik for any
k> 2,1 €7, and we have:

8?]9? = Z 8tvz]'€,i1,..‘,ik,1xixi1 ey Ty (89)
Ulyeeeyi—1
In the same way all compositions of the maps A and 0; are well defined, as well as the map

(A + 0;)* for any s > 0, and we have (A; + 9;)*P; C P;, and (4; + 0;)*PF C PZH'S.

(2
Now, hereinafter we fix the symbol pg € P? to be the polynomial whose coefficients are just

the components of the frame V:

pi(x) = Z Vi iy Ti(t) T, (1), (90)

which, in the formalism defined above means that we are taking v?> = v. It follows at once that
we can rewrite a Driver-type ODE with frame V as:

2V = pi(2). (91)
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The proof of Theorem 3.1 requires the following result, that we single out in a lemma because
it has a significance in its own right.

Lemma 3.2. There exists an open interval
I;kc,to - Iw,tm (92)

with to € Ik, , such that the kth time-derivative of the curve z(-) of the solution (x,ty) € D x T

x,to?
of (73), is given component-wise by

) =g @) k21 viel (9

x,to?
where qf € P;, is a kth degree polynomial for any k > 2 satisfying the recursive equation:

it = (A + 8 dF, q; = p:. (94)

Proof. Since t +— x(t) is continuous in I 4,, and x; # 0 Vi, there exists an interval I} ; C Iy 4,
with ¢y € I’ , , such that

z,t0”

wi(t) #0, Vtel,. (95)
Note that the recursive equation (94) is equivalent to
gt = (Ai + o), (96)
therefore, (93) is equivalent to
2P () = (A + 00)F 1 p2(a(t), VE>1,  Vteli,. (97)

We prove the lemma by induction. For k£ = 1 the lemma holds, since (97) turns into (91).
Suppose (97) is true, and let us prove (97) for k+ 1 replacing k. We have (D, denoting the total
time-derivative, replacing the dot notation upon symbols with other superscripts):

() = D) = 3 (0n2)

() + Bt (98)

: r=x(t)

rz=xz(t)

As for the last term, by using the inductive hypothesis, it results in

Oyz®) = Op(A;i + 00)F'pF (2(1)). (99)

x=x(t

By (96), qf“ is a polynomial of degree k + 1 in P;, therefore it has the form:

k+1
@t =>"pi, peP (100)
s=2

where the p;’s are homogeneous polynomials of the type (87). Thus, the first term in the left

hand side of (98) becomes, by replacing the polynomial expression (100) for qf“:

n k+1 n
DI UED DY (Zam)
=1

=1 S=241,0is—1

: xi(t)> (101)

rz=x(t)



Now, on account of (95), we have

n s—1
DOy i )| ) =D 0 )| ()
=1 7=0
s—1
—1 .
=) TiTiy o Ti Ty () oy, (1),

i
o
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thus, by replacing @;;, with the right hand side of (90) where we also rename i; after the new

index is, we can write

s—1
s e -1 L
Uiit,is—1 TiLiq xzs_lifij Vij,isTijLigs
J=0 is

Ulyeesls—1 r—a(t)
s—1
= o 50 S I . . -1 .. . .
- Viit,eis—1Tilia Lig_y :Uij Vij,isTi;Lig,
= o=a(t)
s—1
= E S - : “ .. . . E . .
N . . (Ui’i17'“7is_1$z$11 wls) :E:Z(t) N vzj’zs
P1yeenis =0
—A.S
= Aip®(x(t)),

where, in the last step, the definition of the map A;, given in (88) has been used. By replacing
the above identity in (101), and using again the inductive hypothesis — in the form (93) — we

obtain
k+1

e = 3 A} = Aightt = Ai(Ai + 00" p ()
s=2

i <8sz1(;k)>

=1

rz=xz(t

which used in (98) at once with (99) gives

¥ (1) = (4 + 0 Fp2(x(t)),

1

Q.E.D.

3.3. Proof of Theorem 3.1.

By Lemma 3.2 the coefficients ¢ (i) are given by
cr(i) = W (to) = ¢/ (x), k=0

and since qf“

s=2,...,k+ 1 such that

k+1 k+1

k+1 k+1,s k+1,s . )
% = Zpi - Z Z Ui it enyig_q TiTiy « o« Tig_y
s=2

§=2 141,151

(102)

is a k + 1 degree polynomial in P;, there exist £ — 1 polynomials pf“’s c P,

(103)
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which gives the general expression (82). In order to proof formulas (83)—(85), consider the
recursive formula (94). where ¢* has a similar expression like (103) but the degree is k:

k k

k k,s __ k,s

=2 P =D D U T T (104)
s=2

8=201,0yls—1
thus we have (omit all subscripts)

qZkJrl — pFLRRL LR kL2 Apkk L ApR kel A2

1
Laphk 4 gpkk—l 4 gk (105)

where in the right hand side, by definition given in (88), we have that Ap¥* ¢ P+l and
opFs € P3, for s = 2,..., k. By equating the homogeneous polynomials with the same degree,
(105) is equivalent to the following set of equalities:

k
pk+1,k+1 _ Apk’ ’
pk+1,s _ Apk’s_l 4 apk*q, s=3,...,k
PEHL2 = k2

which directly gives equalities (83)—(85), as soon as the definition of A, given in (88) is applied
to the polynomial expression of p** and p**t15 for s = 2,...k + 1, which can be read out from
(104) and (103). °

Let S € {1,...,n} be the set of indices:
S={je{l,...,n} | i, suchthat v;; # 0}, (106)

In other words, the set S is the set of indices addressing the non-zero columns of the frame V.
The following theorem can ease the calculation of formula (82).

Theorem 3.3. In formula (82) the indices i,i1,...,is—1, don’t have to run across all values
{1,...,n}: it’s enough they span just the subset S defined in (106).

Proof. The thesis is equivalent to say that for any k£ > 2 and 2 < s < k, the following condition
is satisfied:

Condition (C): Uzk,:ii,...,isfl = 0 if there is an m, 1 <m < s — 1 such that i,, € S.

Let is denote by v (1), with [ € IN, the set of all pair (k,s) withk > 2,2 <s<k,and k—s =1,
then the theorem is proven as soon as we prove, by induction over | € IN, that condition (C) is
verified by all pairs in Ujewv(l). For, let us consider first the pairs of v(0), which address the
coefficients v** generated by (83). Suppose that there is an index, say i,,, 1 <m < s—1 <k,
such that i, ¢ S. Then v;;,, = 0 (for any j) and by formula (83) for k = m, we have

681 5oy m 481 eyt —1

m—1
m+1m+l _  mm _
v = g Vijiim | =0,
J=0
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and, hence, again by the recursive formula (83):

k+1,k+1 m+1 m+1 2 : 2 : o
vi,il,...,ik - ’L7,17 im UZ]7Zm+1 UZj,Zk+1

Now, suppose that condition (C) is verified by all pairs in v(l), and let us prove that it is verified
by all pairs of v(I+1) as well. For, suppose that k—s = [ and there is an i,,, 1 <m < s—1 < k,
such that i, € S, then, by the inductive hypothesis, we have o

iitois 1 = 05 which simplifies
the recursive formula (84) as follows:

Uk—f—l,s _ ks 1 2 :'U
58] yeeyls—1 Z’Ll7 w3 Tjyds—1 )

from which, by successive substitutions up to m + 1 we obtain

s—2 m—1
k+1,s . m+l+1m o o o
Vitiins = Vit | D Vigdam | | D2 Vi | =0
Jj=0 j=0

since, again by the inductive hypothesis, v;;,, = 0 for all . We have proven that vFths = 0 for
k — s = I, which means v** =0 for k — s = [ + 1, i.e. for all pairs in v(I + 1), Q.E.D. .

3.4. The stationary case

Worth of mention is the stationary case, i.e. when the coefficients v;; are all constants, because
in this case the calculation of the coefficients ¢ (i) greatly simplifies, as shown in the following
theorem

Theorem 3.4. In the stationary case, the coefficients cy(i) in the Taylor expansion (79) are
constant and are given by

N k+1
ck(i) = Z Vg iy, Tiliy - Ty (107)
01, ik €S
where is = 1,...,n, for s =0,1,...,k (we set ig = 1), and the (constant) coefficients vle i

are given by the following recursive equatwn

k+1 _ o
Ui,il,...,ik - ’L’L17 w3 ZU’L],’Lk ) i =1. (108)

Proof. Let us prove that v** = 0, for k —s > 0 (note that k — s < 0 doesn’t apply). The
proof is by induction over k — s, thus consider first the case k — s = 1, which amounts to prove
that v*+1* = 0, Vk > 2. For, let us proceed by induction over k: for k = 2 by (85) we have

2 = 9;v>2 = 0 by the stationarity hypothesis. Suppose v**~1 = 0, then (84) for s = k yields
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vFtLE = 9RF = 0, since by (83) initialized by (85), and by stationarity, we have 9;v** = 0.
Coming back to the main induction, let us suppose that for k — s = [, v** = 0. Then by (84):

k+1,s o ks 1 2 :
’Ui,’il,...,is_l - 7,117 e Uzjﬂs 1 ) (109)

using which, we can prove that v** = 0 for k — s = [ 4+ 1, by induction over s: for s = 2 we
have k = [ + 3, and v'*32 = 0 by (85) and by stationarity. Then, suppose v**~! = 0, and
k—s+1=1+1,then k — s =1 and by (109) we have v**1* =0 and k +1 — s = [ + 1, which
completes the induction for kK — s > 0. In conclusion, there remains only the coefficients v**
given by (83), initialized by (86): the thesis follows, by renaming v** — v* and extending v
with v} = 1 — which makes (108) returning (86) for k = 1. o

Let of i, for m € IN be the number of times that [ = i; for j = 0,1,...,m. Thus, given

0401,.
the sequence of indices i, 11, ..., %m,, we have recursively:

1401, 0im 4,01, tm—1

and

“1, i Zélz] (111)

It is possible to reduce the computational burden of formulas (108) and (107) by avoiding the
calculation of many zero terms, as shown in the following corollary.

Corollary 3.5. Formula (108) can be rewritten as follows:

k k
v = Vi Vi i v =1, (112)
l
Vijir,oip = Z QG iy in_1 Ok (113)
lep(in)U{i}
where, for any j € S:
o) ={leS | wy#0) (114)

Proof. Define
ﬁ(]) = {l S {L"'vn} | Ul,j 7&0}

We see in (108) that the index i; for j # 0 (thus, with the exception of i) doesn’t have to take
values that are not in p(ig). Since i;, for j # 0, doesn’t have as well to take values that are not
in &, the thesis follows. .

Denote by o the cardinality of S, vy = max; jer |vij|, and for x € D, (thus, Vi, z; # 0)
xpr = max; |z;|. In the following Theorem, we find a lower bound, 7, for r, the convergence ray
of the series for all the functions ¢ — |z;(t)|, components modules of the solution (x,tg), as well
as an upper bound for all of them, in the interval (to — 7, tg + 7) C I(to, ).
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Theorem 3.6. For allt € (to — 7,to +7) C I(to,r), with
1
. — (115)
OUNMT M

and for any i =1,...,n we have:

o (t)] < ——M

—, 116
— 1 —ovpyzimt ( )

Proof. By (108) we have [vF*1| < |v¥|kvy; which, iterated, yields (on account that v' = 1):

|z(t)| < klok,.

Thus, by (107), we have
ek ()] < o™kl okt

which gives a geometric series whose generator is ovyrxprt, and we get the upper-bound (116).
The lower-bound 7 in (115), is readily derived by an application of the ratio criterion. °

3.5. Examples
3.5.1. The basic linear ODE

& = ax, with a € IR. The solution (z,0) € IR? is x(t) = we®. Then, let us verify that the Taylor
expansion of the solution, calculated by using Theorem 3.6 is:

() :mz% (117)

For, we have first to quadratize the ODE, which is readily done in this simple case by defining
the two indeterminates x1, o and setting

T1 = axr1T2,
. 118
iy =0, (118)

from which we can recover the original solution as the sub-solution (in x1) of the solution
((x1,1),0) of (118). Now, the frame of 118 is

V:<8 g) (119)

thus & = {2}, and by setting ¢ = 1, the indices 7,41, ..., 4 in (107) can take just the single value
1,2k, where we denote 2 = 2,...,2 (k-times). Therefore, formula (108) yields:

k+1 k

_ ok ok
Uiy, =Vig, (V12 +kvgo) =0Ty a=a

and by (107), recalling that xo = 1:

o0

o ik kg
k+1 a
z1(t) = E vy g, T1T2 - -~acgy =1 g o
k=0 ) k=0

which is (117).
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3.5.2. A simple linear non-stationary ODE.

Consider the ODE: & = 2tx, for which the solution (z,0) can be easily calculated as
x(t) = zelo 2rdr — zel”, (120)

whose Taylor expansion centered at 0 is:

12k 6
x(t):xzk!::p<1+t2+ +3,+ > (121)
k=0

To illustrate the point, we now apply Theorem 3.1 in order to calculate the first four coefficients
of the power series in (121). Note that we get the same quadratization (118), and frame (119), as
in the previous example, provided 2t replaces a, therefore we have to calculate the sub—solution
x1 of solution ((z1,1),0) of the quadratization. We have again & = {2}, and i = 1, thus, on
account of Theorem 3.3, in (82) the summation in 1,41,...,4s—1 has only one element, addressed
by the string 1,25_1, but the sum in s has k — 1 elements:

er(1) = (57 + i35 + g ] e (122)
For k =1 we have ¢1(1) = x; directly from (81). For any k& > 2 by (83) we readily have
vy = (2t (123)
By (122), (123), and (85), (86) we have:
ca(1) = (0775 +v13)| 71 = (8:(2t) + 28)|,_ 71 = (24 2t)|,_y71 = 211
thus the coefficient of ¢ is 271/2 = x1. By (84):
Vs o = U5 (2) + Oty 5 = 0y(26)(2t) + 0r(2t)? = 2(2t) + 4(2t) = 12t
therefore

c3(1) = (U12+U122+01222 ‘t 0T = (07(2t) + 12t + (2t)° |t 0%

which is the coefficient of ¢3 in (121). Let us calculate just another coefficient.

5.4 55
ca(l) = (U12+U122+U1222+”12222 1—oT1

for which we need to calculate v®3, v>%:

V00 = Vo (20) + Ovi’y o 5 = 126(2t) + 04(2)3 = 24t% + 6(2t)* = 48¢?
Uy = V15 (26) + Oty 5 = OF(26)(2t) + 912t = 12

and finally

ca(1) = (93 (2t) + 4812 + 12 + (20)Y)|,_ .z = 12

1o
thus the coefficient of t* is 121 /4! = x1/2.
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3.5.3. The basic stationary Driver-type ODE

i =az? for a € RT. We have S = {1}, V = a. The solution (,0) can be easily calculated by

variable separation, the result is
x

z(t) =

Let us calculate the solution through formula (107): all coefficients c;(1) have each only one
term in formula (108) : ¢x(1) = v} 11kv1 1, therefore, by successive substitutions:

(124)

1—axt’

cx(1) = Ulfﬁka = vlfylk_lk‘(k: —1)a®=... = kla*

replacing which in (107) yields

ch ——xZa 1—axt

which is (124). The convergence ray, r, is given by the ratio’s criterion:

1 ‘ak+1$k+1‘
— = lim

T kotoo  |aFak| = alel.

As expected, the convergence interval is (—1/alz|,1/a|z|): if x > 0 (resp: = < 0) the solution
goes to +00 on the right (resp: to —oo on the left) end point. The limit function is defined and
analytic for t < —1/alz| (resp: for t > 1/a|z|), thus, by analytic prolongation, it is the maximal
solution, defined on I,y = (—o0,1/alz|) (resp; on I, 0 = (—1/alx|, +00)).

3.5.4. The Airy equation

23 = tz. This is a second order linear ODE for which is not known a ’closed’ form of the solution
(x,0) — i.e. given through a finite composition of ordinary transcendental and/or elementary
functions — but the solution can be calculated by power series. The result'! is a function of two
parameters, namely p1, p2:

1 2 1-4 2.5 1-4-7
x(t) = prum+ymﬁ+ﬁm#+fymﬁ+ = pat” + mt®+ .. (125)

7! 9!
and an application of the ratio criterion readily yields an infinite convergence ray. In order to
find (125) by Theorem 3.1, we need first to quadratize the Airy equation. Let us introduce the
two indeterminates 1,z and set x1 = &, 9 = z, then the solution (z,0) of the Airy equation,
is the sub-solution x3, of the solution ((z1,x2),0) of the linear system:

.fl = th
To = I

(126)

Note that (0,0) is an equilibrium point of (126), and the zero solution x; = x3 = 0 is the only
one singular solution. Therefore, all solutions, but the trivial one, are regular, thus (cf: §2.3)

1A way for calculating the solution, which can be found in many exercise books of analysis courses, is to
set it equal to Y 7o axt® (the general form of a power series), and then calculating the second derivative (term
to term). By substitution, equating the terms with the same degree, we obtain a recursive equation for the
coefficients ax+1 = ar—1(k + 1)_1(k + 2)_1, relating every coefficient to the coefficient placed two times before,
which allows the calculation of all coefficients from ao and a;. By setting p1 = ao, p2 = a1 we obtain (125)
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they are equal to some solution ((z1,z2),0) with 21 # 0, and x5 # 0. Let us apply the Driver
formula (30) to (126). We have two Driver variables Z1 1 = 22 and Z31 = 7L. The equation for
Z1,1 is directly derived by the associated monomial xo = 292} from which (using the exponents
as coefficients):

Z'Ll = (7‘&'%’1’0321 + 77%,2v§Z2)Zlyl = (—tZ11+ Z21)Z11 (127)

The equation for Zs 1, in place of the Driver formula, can be directly derived observing that, by
definition, Zg 1 = Zill, thus, it is the component W7 ; of the inverse Driver (cf §2.12):

22,1 = (tZ1g — Z21)Z2,1. (128)

By renaming x3 = Zy 1, 4 = Z21, and gathering (126) — rewritten as a final ODE — (127), and
(128) we obtain the (inclusive) quadratization:

Ltl = tngL'l

i:g = X422

ig = 3T — tl‘% <129)

T4 = txyx3 — CL’?l

whose frame is
00 ¢ 0
0 0 O 1
V= 01 -t 0 (130)

00 t -1

Thus S = {2,3,4}. Now, let us verify that za(¢

~—

calculated through (121) agrees with (125). We

have ¢y(2) = 2, which is the zero-coefficient of (125) for p; = x2. As for ¢;1(2):
2,2 2,2 2,2 2,2
a(2) = Z VY, TaTiy = 112:23:% + V5'3T2T3 + Uy TaTa
i1e{2,3,4}

thus, recalling that x3 = % = x;l, and observing, in (130), that vao = vo3 = 0, v24 = 1, we
have:
C1 (2) =T

which agree with (125) provided that x5 = p;. Now, the coefficient of 2 in (125) is zero, so we
expect to obtain c3(2)]t=0 = 0. As a matter of fact:

2(2) =X epsa ”3,’1'215”2951‘1 + D i ine 2,34} “3:?1,1'2352951‘1%2
= vggx% + 'Ug:g.%'gflfg + v§:4x2x4
+v§’;§’72x§ + vg’:;gm%azg + 037’37435%374 (131)
—i—v;’:g’ﬁx%azg + 037’2733:23:% + v§:§74x2x3x4
—i—v;’:i’ﬁx%m + 0:2)’7’2’73332304903 + vg’,’i’Axgxi

from (85): vgi = Opg,, =0, for i1 = 2,3, 4, and from (83) we have

33  _ .
V9l iy = V2,2(V2,, + V2,4 io =2,3,4

)=20
U%gviz = v2,3(v2,i +v3,) =0 2 =2,3,4
1}%:%72 = ’1)2,4(’1)2,2 + 1)4’2) =0 (132)
U%:%,g = V24 (U2,3 + 1)4,3) =t
Ug'g g = v24(v24+v44)=1—-1=0
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therefore c2(2) = vg’:i”?):vguwg = txg and c2(2)|t=0 = 0 as expected. Clearly, the more k in-
creases the more difficult is carrying out the calculation by hand for ¢ (2). It’s still meaningful
though, and not too cumbersome, to perform the calculation of one more coefficient, cx(2), as
the parameters pp, p2 have been fixed, and we expect c¢3(2)|t=0 = x2. We have

— 4,2 . 4,3 . . 4,4 . . .
c3(2) = E VUg'y, T2Tiy + g Vo't ipT2Tiy Tiy + E V9iy inis T2Tin Tip Tig (133)

i16{27374} i17i2€{27374} i17i27i36{27374}
db DUy = vy By (132) vy} 4 = t is the onl
and by (83): vy 4 i = o'y iy (V25 + Vigis + Vigsig). By (132) vy 3 = t is the only non zero

. 4,2 . 2
element in the vector 03’3, moreover, vy; = O?ve,;, = 0, and since vg’ = 0, by (84) we have
v;"g = 8tvg’3, which is zero but v;"i’ 3 = 1. Therefore (133) turns into

43
3(2) = vy 3T2ma3 +1t E (V2,5 + Vais + V345 ) T2T4T3T4,
i36{2,3,4)

thus ¢3(2)|i=0 = U;L:Z’3.ZE2.CL'4$3 = x9, as expected. Worth to be stressed is the fact that, the
method of coefficients calculation we have pointed out in the latest note, applies just after hav-
ing fixed the initial time-point (¢o, which has been set to zero), whereas, through the new method
here presented we calculate the general expression, as a function of ¢, of ¢;(2) first, and then set
t = tg = 0. Therefore we can use the same formulas for calculating the Taylor expansion with
any different initial point ¢g.

4. Connection with the 22nd Hilbert’s Problem
and Further Developments

4.1. A partial solution to a differential form of the 22rd Hilbert’s problem

The exact quadratization-based solution method described in the present paper can be inter-
preted as a kind of uniformization of a sub-class of analytic differential equation and as such
it represents a (partial) solution, in the real case, of a differential version of the 22nd Hilbert’s
problem [7], as below explained. In the original formulation, the 22rd Hilbert’s problem consists,
given a set of complex polynomial (non differential) equations

C" > F(z,v) =0, (134)

in n complex indeterminates, z € C", with m complex parameters (say v the vector in C™
collecting them) in finding an open dense set in V C €™ and a surjective analytic function
f:V — C", such that f(v) solves (134), i.e. (f(v),v) describes the set of solutions of (134)
through v (which means that this set is "uniformized’). In the most general formulation, z and
v are both ’indeterminates’: it is the uniformization (f(v),v) that actually decides that v is a
set of 'parameters’. In other words: the uniformization is a parametrization of the solutions set
such that (by the surjectivity of f) for any z there is always a set of parameters v such that x
solves (134). We do not consider here this more general formulation, since throughout this paper
we have adopted, the more general differential setting on the one hand, but a more restrictive
one on the other hand, in which all quantities are real, but we always know in advance what is
a parameter and what an indeterminate, and that an unique solution always exists whatever we
choose a set of parameters. A complete solution of the (non differential) uniformization problem
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has so far not been obtained, except for the one dimensional case, whereas the solution proposed
by Poincairé in 1907 [8] is considered a partial one.
Now, provided we move to the real analytic case, and generalize the equations by allowing
them 1) to be ODEs:
R" 5 G(w,x,d,t) =0, (135)

depending on a set w of real parameters (which can be even analytic functions of ¢) 2) for any
fixed w, G to belong to the class of analytic om-reducible functions (thus, properly including
the polynomials), of rank n with respect to the & indeterminates, then Theorems 3.1, and
3.6, provide a solution of this generalized uniformization problem. For, note first that for any
given w, a solution (z,ty) of (135), which is a real analytic function defined on some open
interval I, ;, C IR, can be identified with the sequence of coefficients of its Taylor expansion:
c = {cr}i2y, where ¢ = (cr(1)(t0), ..., cr(n)(to)). Let Sy, the set of all sequences ¢ such that
the corresponding Taylor series centered at g has a convergence ray r > 0. Now, as we have
shown in §2.9, (135) is quadratizable, thus (z,tp), for fixed w is a sub-solution of some Driver
in d indeterminates (d > n), and such a Driver is characterized by a frame V(w) € V — where V
denotes the set of all d x d matrices — which is a function (analytic) of the original coefficients
w. Theorem 3.1 defines an analytic map V — &y, giving the solution in the form of a sequence
¢ € V. Therefore the quadratizing map combined with the recursive equations (83)—(85) defines
amap f :w — ¢, such that ¢ = f(w) is the solution (x,ty) of (135). The latter is a kind of
generalized (to the differential case) uniformization for the ODE (135).

Such differential uniformization, clearly does not imply that the problem is solved as well in
the non differential case, but surely that, if an uniformization exists for the set of solutions of
the real analytic equation (134), for F' in the class of differentially ow-reducible functions (i.e.
such that the associated ODE is on-reducible), then the same uniformization is the differen-
tial uniformization of the ODE (135), for G(v,x,0,t) = F(z,v), thus of the set of all constant
solutions of the ODE, i.e. of its equilibrium points. By the theory developed in the previ-
ous section, the latter problem amounts to finding the x, if any, such that ¢ = 0 Vk > 0 in
(83)—(85), so that ¢y = z and x(t) = x, where x(-) is the curve of the solution (x,tg) of the ODE.

4.2. Control problems, and differential flatness

We sketch here few guidelines for a possible development of the present research, by showing
that the results of §3 can be used for finding a flat output for a control system. Differential
flatness for control systems has been first introduced in [10], [11], in the context of differential
algebra, and more recently defined in a more geometric Lie-Béacklund framework relying on the
paper [12]. Most of the latter approach can be found in the textbook [13]. We point out as
well a further approach in which flatness can be described in terms of the notion of absolute
equivalence defined by E. Cartan in [5], [6], and where a nonlinear control system is viewed as
a Pfaffian system on an appropriate space [14]. The discussion below, mirrors the Lie-Backlund
framework of [13], but it is translated in the setting of the present paper.

Let y = y(©, and y®), k integer, be a countable set of indeterminates in IR™, and consider the
following countably infinite ODEs:

Ay®) = y* D e N, (136)

We denote by (y,to), where y is the sequence {y(k)}ke]N, the generic solution of (136) passing
through ty € 7 C IR, 7 an open interval, i.e. the function ¢t — y(t), such that y* (ty) = y*.
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Note that any map t — y(t), which is analytic on 7 in all components, determines a solution of
(136), where y(®) is the kth derivative of y for any k. By reason of that (136) is in fact said the
trivial system. Now suppose that the ODE

= f(z,t), (137)

is a Driver, with domain D x 7 C IR"*!, of some pre-Driver (i.e. it is a quadratization of some
om-system, cf. §2.14). In the most general situation, in turn, the latter om-system includes as
sub-solutions all solutions of some original on-reducible system. Let v; ; the n? coefficients of
(137), all defined and analytic on 7, and suppose there exist analytic functions h; ; : U(open) C
R™ — ]R"Q, with m < n?, such that v;; = hij(u), where u € U, is a vector of controls, analytic
time-functions defined on 7T, that can be arbitrarily chosen.

A control problem can be set as follows, given a function ¢ +— z(t), find u(t) such that z(t) is
the solution of (137) such that x(tg) = z, for some x € D and tg € T. '2 Now, let us rewrite
(137) by defining g(x,u) = f(x,t), which makes explicit the dependence on u, define the new
indeterminates u®), k € IN, with (%) = u, and consider the infinite dimensional ODE:

&= g(z,u),
o = u,
OuM) = (2 (138)

N

whose solutions ((z,u),ty) — u denoting the sequence {u®},cy — include the solution (x, ) of
(137) for v; j = h; j(u) (and in fact it is the sub-solution of (138) in the first n components). We
denote D* (resp: )) the domain of (138) (resp: of (136)) given by'3:

D*=DxUxRZ, (139)
Y=RL. (140)

Note that, by the recursive equations (83)—(85), there exist analytic functions ¢*** such that
0P = s (MR s =2,k k> 2 (141)
then Lemma 3.2 and Theorem 3.1 prove that there exists a map

(& ((x’u)atO) = (yatO)a (142>

such that z = y. As a matter of fact, such map is given by y*) = ¢"*1(z), k > 0, where
¢'(x) = x, and for k > 2, the ¢*’s are the polynomials given recursively by (94). Then, formula
(94), the definition of A; given in (88), and the differential formula (89), shows that p**! is a
polynomial in x and in v, dsv, ... dFv. Therefore, by (141) for any k € IN there exist, and can be
calculated, analytic functions ¥, such that

y® =z, u,u® . u®) (143)

12We use here some abuse of terminology, in that what we call a ’control problem’ is actually a kind of inversion
problem, whereas what is actually of interest in control theory is the tracking of a trajectory t — z(¢t). Moreover,
we are considering just an open loop perspective.

131R™ denotes the infinite product IR™ x IR™ x ...
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and the map W in (142) is given by the infinite aggregate of the maps (143). The control problem
is solved, as soon as one is able to show that the map (142) is invertible, and, in particular, it is
a diffeomorphism from D* onto its own image in ). Here we are assuming a setting similar as
in [13], and we consider D* and Y as differentiable manifolds (in infinite dimension), with the
underlying topology generated by sets of the type: U x IRY, — for the manifold (139) — with U
open set in D x (IR™)N (for some positive integer N), and U x IR, — for the manifold (140)
— with U open set in D x (IR")". A diffeomorphism ® between manifolds endowed with the
topology defined above, is said a Lie-Backlund isomorphism: it has components depending on
a finite set of arguments only [13], thus, there exist analytic maps «, 8, and an integer p, such
that

=a(y,y™,...,y") (144)
u - 5(y7 y(1)7 A 7y(p)) (145)

Note that (144) in our setting is always verified by = y, which is given by the inverse of
the first n components of the map ¥ in (142) (which is the identity in IR™), thus, the solution
to the control problem in open loop, amounts to finding £ in (145) only. Generally speaking,

Theorem 3.1 suggests a principle way for calculating §: noticing that (i) = yi(k), one has to,
first, find an integer p, and p equations among (81), (82), that are solvable with respect to a
finite number, upper bounded by p, of v**, and next in solving — on account of (141) — a finite
set of differential equations, extracted from (83)—(85), with respect to u. It should be noted
that, a necessary condition for the map ® to be a Lie-Béacklund isomorphism, is that the flat
output y has the same dimension of the input w [13]. This is verified in our scheme, where
x = y, only in a situation (not usual for control systems) where m = n. As a matter of fact,
since (137) is a self-Driver, the original system has a lower number of indeterminates, say [ < n,
and since (137) is a quadratization of the original system, there are just [ out of the n x;’s which
we are interested to, and typically m < [ (the number of controls is lower than the number of
states). Nevertheless, Lemma 3.2 holds component-wise, therefore we can even set y € R™, and
yl(k) = qul, and obtain a trivial system as well, for a suitable choice of i1,...,%,, such that

s

yﬁf) = ng), Vk € IN, and z;,, s = 1,...,m are m out of the | indeterminates associated to the
solution of the original system. By using this setting, the jet-manifold (140), i.e. the domain of
the trivial-system, becomes } = IR7}, the necessary condition for a Lie-Bécklund isomorphism
can be verified, a in (144) is no more an identity, but the problem is well-posed in any realistic
situation.

We highlight that, as noted in [13], flatness can be seen as a solution of another kind of
generalized (in the framework of manifolds of jets of infinite order) uniformization problem of
the 22rd Hilbert’s problem.

5. Conclusion

The goal of this paper was twofold: first, to give new results (generalizations and/or improve-
ments) and further insight on the topic of exact quadratization, first issued in the article [1], and
second, which is the main result, to show that exact quadratization allows to write the solution
of any analytic quadratizable ODE (roughly speaking: practically all analytic ODEs) as a power
series, directly from the ODE coefficients.

Sections I and IT has been devoted to the first task. In §I we have summarized the basic result
of [1], but using a quite different terminology, which in our intention aimed to focus the strictly
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essential features of quadratizable ODEs. In §2.3 we have given the definitions, of singular and
regular part of an analytic system. which are used to prove one of the two most important new
results of the section, which is Theorem 2.11 showing the globality of the exact quadratization
of om-systems. Theorem 2.11 relies on Theorem 2.9, which is a re-formulation, in the setting
of the present paper — and where also a shorter proof is offered — of the basic result on exact
quadratization for om-systems of [1]. The second most relevant result of the section is given in
Theorem 2.12, which is the generalization of exact quadratization to implicitly defined om-ODEs.
A lot of top-up issues on exact quadratization — that were not given or not enough scrutinized in
[1] — are given throughout the rest of the section, such as: definitions and properties of the inverse
Driver (§2.12) which allows to view exact quadratization as a multi-variable generalization of
the Bernoulli-type ODEs (Ibid.), as well as the concept of inclusive quadratization (Definition
2.16), Driver-type ODE, and self-Driver (given in §2.14),

In §IIT we have given the main result of the paper, stated in Theorem 3.1. The general
recursive formula (83)—(85) allows the calculation, directly from the coefficients v; ;, of the
coefficients ¢y (i), for any k € IN, of the Taylor expansion (79) of the ith component z;(t) of the
solution of any Driver-type ODE, and, hence, by Theorem 2.17, and by the exact quadratization
theorem, of the solution of any ow-reducible ODE. Theorem 3.6 yields the stationary case, in
which the recursive formula for the coefficients calculation, simplifies in (108). Theorem 3.1.is
proven on the basis of a preliminary result, given in Lemma 3.2, which has an importance in its
own right, since formula (93) allows to write any om-reducible ODE as a trivial system, a fact
that we have highlighted in the final section, §4, where the interplay of exact quadratization
with the 22rd Hilbert’s problem has been discussed, as well as with the concept of differential
flatness, used in control theory.
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