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Abstract

We address the problem of finding the optimal dose fractionation for cancer radiotherapy sched-
ules of the kind one fraction/day, five fractions/week. Using the LQ model with exponential
repopulation to represent the radiation response of tumour and normal tissues, we formulate a
constrained nonlinear programming optimization problem in terms of the dose fraction sizes and
of the total number of dose fractions. Constraints are imposed to guarantee that the damages to
the early and late reacting normal tissues do not exceed maximal tolerable levels, as well as to
limit the size of the daily dose fractions. The optimal solutions are found in two consecutive steps.
The first step is the analytical determination of the optimal dose sizes for a fixed, but arbitrary
number of fractions. The optimal protocols are classified according to the values of the tumour
radiosensitivity ratio, α/β, and of the daily dose upper bound, while the optimal fraction sizes
are expressed as a function of the normal tissue parameters. The second step of the optimization
consists in the numerical computation of the optimal number of dose fractions, and then of the
optimal overall treatment time, considering specific tumour classes identified by the values of α/β.
We prove that the optimal number of fractions is finite so that it can be determined by a limited
number of direct comparisons among the cost function values obtained for the sequence of optima
with fixed length. While the radiosensitivity and repopulation parameters of the early and late
responding tissues are set according to the literature, we investigate the behaviour of the optimal
solution, even in comparison with standard clinical protocols, for wide variations of the tumour
parameters and of the daily dose upper bound, evidencing the influence of the model parameters
on the optima. In particular, we recognize that the value of the tumour α/β ratio compared to
the the normal tissue radiosensitivity determines the hypo- or equi-fractionation of the treatment
scheme. The crucial role of the product of the radiosensitivity coefficient α and the tumour cell
doubling time TP on the optimal duration of the whole treatment has been highlighted.
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1. Introduction

Many different approaches have been proposed to improve the outcome of cancer radiotherapy
treatments, including the development of accurate diagnostic techniques, treatment planning and
clinical dosimetry, as well as novel modalities of radiation delivery. All the methods, both ex-
perimental and theoretical, share the goal of achieving the best compromise between the efficacy
and the safety of the treatment by means of the maximization of the tumour damage along with
the minimization/limitation of the toxicity to the surrounding normal tissues. The proposed ap-
proaches are mainly based on optimization methods of the irradiation protocol and on techniques
of spatial optimization of the dose distribution. The protocol optimization methods search for
the optimal size and number of dose fractions, as well as for the optimal overall treatment time.
Conversely, the spatial optimization techniques explicitly account for the geometry of the tumour
and of the surrounding normal tissues to provide the optimal volume distribution of the radiation
dose intensity (see for instance the book by Li et al. (2012)).

As far as the protocol optimization methods are concerned, a wide variety of different empirical,
analytical and numerical approaches have been proposed in the last three decades, usually based
on mathematical models of the radiation response of tumour and normal cells. The model most
regularly used to represent the relation between a single radiation dose d (Gy) and the fraction S
of cells surviving the irradiation is the linear-quadratic (LQ) model (Thames, 1985; Fowler, 1989;
Jones and Dale, 1999)

S = exp(−αd− βd2) , (1)

where α and β are the radiosensitivity parameters. In (1), the linear term accounts for non
repairable lesions to the DNA, while the quadratic term accounts for lethal misrepair events
following DNA double strand breaks (Hlatky et al., 1994).

The reason of the wide acceptance of the LQ model, and of its extensive use in radiotherapy,
lies in the combination of the simple formalism derived from biophysical principles, with the
flexibility of the model in representing the radiation response of different kinds of tissues, either
healthy and tumoural, in the clinically meaningful dose range (Brenner, 2008; Kirkpatrick et al.,
2008).

Although the radiation response is dominated by the instantaneous cell killing following a single
irradiation (given by the argument of the exponential in Eq. (1)), other fractionation/protraction
effects underlying the cell response have to be taken into account when multiple sessions are de-
livered. The LQ model has also been largely exploited in its extended LQR version proposed by
Brenner et al. (1995), that includes other processes characterizing the cell response to multiple
irradiations. Such processes are the repair of the radiation damage, the resensitization mecha-
nisms, i.e. the redistribution of cells among the cell-cycle phases and the reoxygenation of tissues,
and the repopulation due to the regrowth of cells surviving irradiation (Wong and Hill, 1998).
Concerning the cell redistribution within the replicative cycle, simulation models with cell-cycle
structure have been proposed to account for the different phase-specific radiosensitivities of cells
(Dionysiou et al., 2004; Ribba et al., 2006). The kinetic effects of repopulation and reoxygena-
tion have been modeled in studies where the geometry of the tumour mass was explicitly taken
into account (Düchting et al., 1992, 1995; Bertuzzi et al., 2008, 2010). A very recent study has
been proposed by Harriss-Philips et al. (2016) to predict cell kill during radiotherapy, taking into
account the effects of tumour hypoxia and reoxygenation. Comparisons of different (high-dose
versus conventional) radiotherapy schemes are provided, incorporating probabilistic parameter
distributions and using both linear-quadratic and linear-quadratic-cubic models.
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While the resensitization process, as well as the sublethal damage due to incomplete repair
among fractions, have been shown to scarcely affect the optimal treatment schedules, the re-
population effect is a crucial factor in evaluating the efficacy of radiation treatments (Yang and
Xing, 2005; Bertuzzi et al., 2013). A recent review by O’Rourke et al. (2009) examines the LQ
formalism with emphasis on the modelling of redistribution mechanisms and repopulation laws,
such as exponential, Gompertzian and logistic laws.

On the basis of the LQ and the LQR models, different approaches looking to the optimization
of the radiotherapeutic strategy have been proposed. For instance, Fowler (2007, 2008) used the
LQ model with the repopulation term to investigate optimal schedules for head and neck cancer,
taking into account both the early reacting normal tissues and the late complications. The au-
thor proposed an empirical procedure to optimize the total duration of the treatment, keeping
the late tissue damage fixed and using uniform fractionation schedules. The importance of the
radiosensitivity ratio α/β in determining the optimal fractionation strategy is pointed out and
relationships between kick-off time and optimal treatment length are evidenced. The findings
about the optimal treatment time agree with the results reported by Yang and Xing (2005), who
investigated optimal radiotherapy schemes for fast proliferating and slowly proliferating tumours
by means of a simulated annealing procedure, using the complete LQR model with parameter
values taken from the literature. The optimization procedure searches for the highest tumour bi-
ologically effective dose (BED) over the total treatment length (with constant late normal tissue
BED) and optimal fractionation scheme not necessarily uniform are obtained. In particular, while
equi-fractionated schemes proved to be optimal for fast proliferating tumours, hypofractionated
schedules are required for slowly proliferating tumours. This numerical result has been confirmed
by Mizuta et al. (2012) who used the LQ model, not including the repopulation term, to represent
the response of tumours and a single normal tissue. In particular, the expression of the optimal
dose fraction size was analytically derived for tumours characterized by a radiosensitivity ratio
higher or lower than the radiosensitivity ratio of the considered normal tissue. Bortfeld et al.
(2015) exploited the results by Mizuta et al. (2012) to explicitly study the effect of tumour repop-
ulation on the optimal dose delivery, by considering different tumour growth models (exponential
vs Gompertzian growth) and a single organ at risk constraint. In case of Gompertzian growth,
the optimal fractionation schemes are found to consist of larger fraction sizes towards the end of
the treatment.

The analytical expression of the optimal solution was obtained also by Bertuzzi et al. (2013),
who considered an optimal radiotherapy problem, describing the tumour and normal tissue re-
sponses by the LQ model including the repopulation term and the sublethal damage term due
to incomplete repair. Assuming that the number of treatment weeks was fixed and that it was
assigned some rule to distribute over the weeks the total tolerable damage to healthy tissues,
the optimization problem was formulated with respect to the fraction sizes of a single week (one
fraction/day, five fractions/week). A similar radiotherapy optimization problem over a fixed
treatment length was considered by Bruni et al. (2015), where a new constraint consisting of
an upper bound for the daily fraction was introduced in order to strengthen the normal tissue
constraints, especially with respect to late complications possibly occurring months or years after
irradiation.

In the recent study by Badri et al. (2016) heuristic optimization techniques are used to find
radiation delivery schedules providing survival benefit over standard fractionation schedules. The
study combines the LQ framework with a dynamic model of glioblastoma, a fast proliferating
brain tumour, accounting for two separate populations of cells: stem-like radio-resistant glioma
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cells and differentiated radiosensitive glioma cells. Two kind of normal tissues are considered
(early-responding tissue, such as skin, and slow-responding tissue, such as neurons) and two
constraints are imposed to guarantee that the radiation damage to normal tissue does not exceed
prescribed levels. The optimal total dose, number of fractions, dose per fraction and inter-fraction
intervals are identified considering schedules constrained to have a fixed treatment duration and
lower limits on the fraction sizes and inter-fraction intervals.

Saberian et al. (2015) presented the mathematical formulation of an optimal fractionation
problem based on the LQ model that includes exponential tumour regrowth after a time-lag. The
model takes into account sparing factors resulting from a spatially optimized fluence-map which
is the input for the protocol optimization problem. The formulation incorporates maximum
dose, mean dose and dose-volume constraints on multiple normal tissues leading to a mixed-
integer, non-convex quadratic programming problem with multiple quadratic constraints. Based
on the prevalent estimates of tumour and normal tissue parameters, the authors simplify the
problem by establishing sufficient conditions for the optimality of a single dose fraction or of an
equi-fractionated protocol. Numerical simulation of tumour test cases satisfying the conditions
previously established are performed to find the optimal number of fractions.

It is worth mentioning studies related to optimization techniques in radiotherapy, where the
geometry of tumour and organs at risk are explicitly taken into account to perform the spatial op-
timization of the dose distribution, namely the studies focusing on intensity-modulated radiation
therapy (IMRT). For instance, the LQR model has been used by Lee et al. Lee et al. (2006) in
a mixed integer programming procedure for improving the 3-D distribution of the radiation dose
by determining the optimal beam angles and intensities in IMRT. Optimal adaptive fractionation
schemes accounting for variations of the relative positions between tumour and healthy tissues
during the treatment have been derived by Lu et al. (2008a,b). A further application of cancer
treatment optimization has been presented by Ledzewicz and Schättler (2012), where a model of
the tumour dynamics under radio and anti-angiogenic therapy is analyzed, and an optimal con-
trol problem is set up with the objective of minimizing the tumour volume subject to constraints
limiting the negative effects on healthy tissues.

In the context of external beam radiotherapy (EBRT), the present work aims to find the op-
timal sheme of dose fractionation, in terms of daily size and number of fractions, as well as
the optimal treatment duration of radiotherapy protocols of the kind one fraction/day, five frac-
tions/week with weekend breaks. It originates from the paper by Bruni et al. (2015), extending
the analytical study of the protocol optimization over a single week of treatment proposed in that
paper. In particular, we provide i) the analytical solution for the optimization problem of the
dose fractionation over a fixed but arbitrary treatment duration, ii) the numerical search of the
optimal number of fractions and therefore of the optimal treatment time. This partly analytical
and partly numerical approach is similar to that followed by Saberian et al. (2015) and Badri
et al. (2016), although some differences are present in the problem formulation. In particular,
the protocol optimization problem is formulated considering constraints on the maximal tolerable
damage to two kind of normal tissues (early and late responding), and including an additional
constraint on the maximal value of the daily fraction size (Section 2). We represented the tumour
and healthy tissue responses to radiation by means of the LQ model assuming that accelerated
exponential repopulation occurs after a time-lag, thus disregarding kinetic effects related to frac-
tionation/protraction of the dose as well as any possible spatial heterogeneity in the cell response.
Exponential regrowth is also taken into account for early reacting normal tissues. By means of
this formulation, and in view of the type of protocols considered, in Section 3 we provide a frame-
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work for determining analytically the optimal fractionation of the radiation dose as a function of
tumour type. In particular, the optimal protocol structure is completely identified by the tumour
radiosensitivity ratio, while the sizes of the daily doses only depend on the normal tissue pa-
rameters and on the daily fraction upper bound. Finally, the numerical simulations presented in
Section 4 focus on three tumour classes characterized by different radiosensitivity ratios. For all
the classes considered, we set nominal normal tissue parameters, according to indications derived
from the literature (Thames et al., 1990; Yang and Xing, 2005; Fowler, 2010), and we investigate
how the optimal solution is affected by changes of both the tumour parameters and the upper
bound on the daily dose.

A remarkable result emerging from the present study is that the tumour α/β ratio affects
the fractionation scheme, in that the conventional uniform fractionation is optimal for tumours
having large radiosensitivity ratio while hypofractionation is convenient for small α/β ratios. It
is shown in the following how the extent of tumour repopulation influences the optimal treatment
length.

2. Formulation of an optimal constrained radiotherapy problem

The aim of this work is to determine optimal fractionated protocols in EBRT, typically admin-
istered during weekdays with weekend breaks. We formulate a general problem of radiotherapy
optimization, which consists in determining the therapeutic protocol that maximizes the tumour
damage while keeping the damages to normal tissues below assigned tolerable levels. We consider
two kind of normal tissues that is early and late responding tissues, typically associated to α/β
ratios of 10 Gy and 3 Gy respectively (Thames et al., 1990; Fowler et al., 2003a; Yang and Xing,
2005). In principle, such an optimization problem should be formulated with respect to three
decision variables: size and number of dose fractions, and total treatment time. However, we
consider protocols of the kind one fraction/day, five fractions/week, so that we can assume the
following relationship between the overall treatment time, T (n) (days), and the maximal number
n of dose fractions deliverable over this time:

T (n) = 7
[n

5

]
− 1−

{
2, n/5 integer,
5
[
n
5

]
− n, else.

(2)

Such a fixed relationship allows to consider as the only decision variables of the optimization
problem the number and the sizes of the dose fractions. Obviously, expressions of T (n) different
from (2) could be envisaged in the problem formulation to represent different schemes of radio-
therapy administration, such as for instance two fractions/day or without weekend interruptions,
without substantially altering the solving procedure.

The problem formulation is based on the LQ model of the tumour and normal tissue survival
including tumour regrowth after a constant lag time, with a constant exponential rate over the
treatment length. The choice on the growth law might be questionable as saturating growth laws,
like the logistic or the Gompertzian laws, could appear more appropriate. However, O’Rourke
et al. (2009) found that tumours following exponential or logistic repopulation mechanisms re-
sulted in similar survival outcomes, although generally higher than those obtained assuming a
Gompertzian nature of repopulation. Moreover, it is widely accepted that exponential growth
can adequately represent the tumour kinetics over limited time lengths, such as the typical ra-
diation treatment lengths. For the sake of simplicity, we do not consider the redistribution and
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reoxygenation effects, since they scarcely affect the optimal treatment schedules (Yang and Xing,
2005; Bertuzzi et al., 2013).

Let us consider a homogeneous cell population subject to a radiation treatment consisting
of n not necessarily equal dose fraction dk, k = 1, . . . , n, administered over a total time T (n).
According to the LQ model, the logarithmic fraction of cells surviving the treatment is given by

ln(S) = −α
n∑

k=1

dk − β
n∑

k=1

d2
k +

ln(2)

TP

(
T (n)− TK

)
H(T (n)− TK) , (3)

where α and β are the radiosensitivity parameters accounting for non-repairable lesions to DNA
and, respectively, for the lethal misrepair events occurring in the repair process of DNA double
strand breaks, TP is the repopulation doubling time, TK is the kick-off time at which compensatory
proliferation starts, and H(·) is the unitary step Heaviside function accounting for the onset of
repopulation after TK . The overall radiation damage M is defined as M = − ln(S).

Representing by the LQ model the response to radiation of both tumour and surrounding normal
tissues, the problem is that of minimizing the logarithmic tumour survival (3) with respect to
the dose fraction sizes dk, k = 1, . . . , n, as well as to their number n, under the constraint of
keeping the damages to the early and late responding normal tissues below maximal admissible
levels Me,Ml > 0:

αe

n∑
k=1

dk + βe

n∑
k=1

d2
k −

ln(2)

TPe

(
T (n)− TKe

)
H
(
T (n)− TKe

)
≤Me , (4)

αl

n∑
k=1

dk + βl

n∑
k=1

d2
k ≤Ml , (5)

where the parameters have been indexed by subscripts “e” and “l” when referring to the early and
late tissues respectively. The cell repopulation term is absent in constraint (5) as it is negligible
for late responding tissues (Fowler, 2012).

While the LQ model is widely accepted to describe the acute cell reaction induced by the
exposure to radiation, the prediction of late complications by means of the same model is contro-
versial, especially for high fraction doses (Yang and Xing, 2005; Astrahan, 2008; Brenner, 2008;
Kirkpatrick et al., 2008, 2009; Macchia et al., 2010; Ling et al., 2010). For this reason, in addition
to the constraints (4) and (5) we introduce a constraint directly limiting the daily radiation dose
and we set, as done in the paper by Bruni et al. (2015), an upper bound dM on the dose fraction
size.

Let us introduce the notation

ρ =
α

β
, ρe =

αe

βe
, ρl =

αl

βl
, (6)

ke(n) =
1

βe

[
Me +

ln(2)

TPe

(
T (n)− TKe

)
H
(
T (n)− TKe

)]
, (7)

kl =
Ml

βl
, (8)

with ρe > ρl (Fowler, 2012).
We can set the following optimization problem, in terms of the variables n (number of fractions)

and d, the vector of the dose fractions dk, k = 1, . . . , n.
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Problem 2.1. Minimize the function:

J(n, d) = −ρ
n∑

k=1

dk −
n∑

k=1

d2
k +

ln(2)

βTP

(
T (n)− TK

)
H
(
T (n)− TK

)
, (9)

on the admissible domain :
D = N×Dn (10)

where

N = {n ∈ N|1 ≤ n ≤ nM} , (11)

Dn = {d ∈ Rn | ge(n, d) = ρe

n∑
k=1

dk +
n∑

k=1

d2
k − ke(n) ≤ 0 ,

gl(n, d) = ρl

n∑
k=1

dk +
n∑

k=1

d2
k − kl ≤ 0 ,

0 ≤ dk ≤ dM , k = 1, . . . , n} . (12)

We decompose Problem 2.1 into a finite collection of nM optimization subproblems to be solved
in cascade with respect to d ∈ Dn for n fixed, and then with respect to n, for any n ∈ N . Recalling
the espressions (10)–(12) of the feasible set D, we can write

min
(n,d)∈D

J(n, d) = min
n∈N

(
min
d∈Dn

J(n, d)

)
. (13)

The cost function J(n, d) can be written as the sum

J(n, d) = Jn(d) + E(n) , (14)

with

Jn(d) = −ρ
n∑

k=1

dk −
n∑

k=1

d2
k , (15)

and

E(n) =
ln(2)

βTP

(
T (n)− TK

)
H
(
T (n)− TK

)
. (16)

Observing that E(n) in (16) does not depend on the doses, the problem of minimizing J(n, d)
on Dn is equivalent to that of minimizing Jn(d) on the same set. So, we consider the following
optimization problem.

Problem 2.2. For any fixed n ∈ N , minimize the function Jn(d) in (15) with respect to d on
the admissible set Dn in (12).

The decomposition (13) evidences that the Problem 2.1 admits an optimal solution. Indeed,
the compactness of Dn and the continuity of Jn(d) on Dn guarantee, according to the Weierstrass
Theorem, the existence of an optimal solution for Problem 2.2 for any given n ∈ N . Let us denote
by d?n such an optimal solution, defining

J?(n) , J(n, d?n) = min
d∈Dn

J(n, d) . (17)
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Next, being N of finite cardinality equal to nM , it is possible to determine the optimum of
Problem 2.1 by means of a finite number of direct comparisons among the values of J?(n) for
n ∈ N . In Section 4, we seek the optimum over N by means of numerical simulations, under
different parameter settings taken from the literature.

However, finding the optimal solutions of Problem 2.1 through the decomposition (13), namely
by optimizing firstly with respect to the dose sizes, and then with respect to the dose number,
means to take separately into account the contributions to the cell response owed to the radiation
LQ damage and to the compensatory repopulation. We remark that with n set to a fixed integer,
the overall treatment time T (n), and consequently ke(n), are constant in Problem 2.2. Therefore,
all the radiation treatments which are candidates to the optimum of Problem 2.2 have the same
duration T (n). In other words, T (n) represents the time after which the damages produced by
all protocols of length n are evaluated, even though, as a consequence of the constraints dk ≥ 0,
some dose fractions can be zero.

3. Optimal solutions for a fixed n

The optimal solutions of Problem 2.2 can be derived by extending to a generic dose number
n ∈ [1, nM ] the results demonstrated by Bruni et al. (2015) for the problem formulated over
a week of treatment, that is with n = 5. In fact, we obtained the optimal solutions of that
problem by solving the system of necessary and admissibility conditions provided by the Karush-
Kuhn-Tucker Theorem (KKT). Because of the particular problem structure, where either the cost
function and the constraints are symmetrical with respect to the n-dimensional line

` = {d ∈ Rn : di = di+1, i = 1, . . . , n− 1} , (18)

when n increases, the necessary and admissibility conditions increase in number while their struc-
ture remains unchanged. In Appendix A, we report the complete set of Karush-Kuhn-Tucker
conditions for Problem 2.2 with a generic n, whereas in the present section we give some results
and properties relevant to the optimal solutions of Problem 2.2, omitting the proofs when they
are straightforward extensions of the results proved in the paper by Bruni et al. (2015).

The first property concerns the admissible domain of Problem 2.2 and precisely the region
defined by the early and late normal tissue constraints. The inequalities ge(n, d) ≤ 0, gl(n, d) ≤ 0
represent two hyperspheres of Rn that have centers on the negative half of the line ` and that
certainly contain points of the positive orthant of Rn including the axis origin, since ke(n) > 0,
kl > 0. The insersection region between these positive parts of the hyperspheres, may coincide
with the region identified in the positive orthant of Rn by just one of the normal tissue constraints,
which is then prevalent. We remind that the geometric prevalence of one constraint means that
points satisfying the prevalent constraint make the other strictly satisfied, so that the latter
constraint becomes unnecessary. The geometry of the early and late constraints, and in particular
whether there is a prevalent contraint or not, depends on the sign of the differences ke(n) − kl,
ρekl − ρlke(n), and on the global parameter v defined as

v ,
(ke(n)− kl)2

(ρe − ρl)(ρekl − ρlke(n))
. (19)

For a generic fixed n, the relation between normal tissue parameters and geometry of the corre-
sponding constraints is illustrated in Table 1, with ke(n) and kl computed according to (7),(8)
and ρe > ρl > 0.



10.

Table 1: Relationship between normal tissue parameters and geometry of the admissible domain.

Geometry Model parameters

Prevalent early constraint ke(n)− kl ≤ 0

ke(n)− kl > 0, ρekl − ρlke(n) > 0, v < 1

No prevalent constraint ke(n)− kl > 0, ρekl − ρlke(n) > 0, 1 ≤ v ≤ n
Prevalent late constraint ke(n)− kl > 0, ρekl − ρlke(n) > 0, v > n

ke(n)− kl > 0, ρekl − ρlke(n) ≤ 0

We note that the constraints di ≤ dM , i = 1, . . . , n, have no influence on the geometric situations
depicted in Table 1, since the dose upper bound has the effect of clipping out of the feasible
region portions of the early and late hyperspheres with points exceeding the dose limit, without
modifying their relative position.

In order to examine the interaction between the upper limit dM and the normal tissue con-
straints, we introduce the set

Bn = {d ∈ Rn : 0 ≤ dk ≤ dM , k = 1, . . . , n} , (20)

and the disjoint sets

H1 = Bn ∩ {d ∈ Rn : ge(n, d) = 0, gl(n, d) = 0} ,
H2 = Bn ∩ {d ∈ Rn : ge(n, d) < 0, gl(n, d) = 0} ,
H3 = Bn ∩ {d ∈ Rn : ge(n, d) = 0, gl(n, d) < 0} ,
H4 = Bn ∩ {d ∈ Rn : ge(n, d) < 0, gl(n, d) < 0} ,

(21)

such that Dn = H1 ∪H2 ∪H3 ∪H4. We deal with the more general case in which there is not a
prevalent normal tissue constraint and the optimal solution may in principle belong to any of the
sets (21). When, on the contrary, one of the normal tissue constraints is more restrictive than
the other for any d ∈ Dn, some set in (21) is empty irrespective of dM : certainly, it is H1 = ∅,
while it is H2 = ∅ for prevalent early constraint and H3 = ∅ for prevalent late constraint.

We report some extensions of the results of Bruni et al. (2015) (Theorem 1, Corollaries 1-4).

Property 1 If the dose upper bound is such that

dM ≥ min{Ae(n, 0), Al(n, 0)} , (22)

where

Ae(n, 0) = −ρe
2

+

√(ρe
2

)2
+
ke(n)

n
, Al(n, 0) = −ρl

2
+

√(ρl
2

)2
+
kl
n
, (23)

the optimal solution must satisfy at least one of the equality constraints ge(n, d) = 0 or gl(n, d) =
0, so as to produce the maximal admissible damage to one or both the normal tissues. Therefore
the optimum must belong to one of the sets Hi, i = 1, 2, 3.

On the contrary, if
dM < min{Ae(n, 0), Al(n, 0)} , (24)
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it is Hi = ∅, for i = 1, 2, 3, Dn ≡ H4 ≡ Bn, and the only optimal solution is the vector d?n = d̃,
with dk = dM , k = 1, . . . , n.

According to this result, the optimal solution of Problem 2.2 is completely specified when dM
satisfies the condition (24). Let us add some comments about the sets H1, H2, H3 under the
opposite and more meaningful condition (22) for dM .

All the points belonging to H1 have sum of the doses and sum of the squared doses independent
of the point itself and given by

n∑
k=1

dk =
ke(n)− kl
ρe − ρl

, S , (25)

n∑
k=1

d2
k =

ρekl − ρlke(n)

ρe − ρl
, Q . (26)

This property is immediately deduced from the equations of the normal tissue constraints that
define H1, upon representing the sum of the doses and the sum of the squared doses in explicit
form. Similarly, it can be seen that points of H2 satisfy gl(n, d) = 0 and the inequalities

n∑
k=1

dk < S ,
n∑

k=1

d2
k > Q , (27)

while points of H3 are such that ge(n, d) = 0 and

n∑
k=1

dk > S ,

n∑
k=1

d2
k < Q . (28)

We observe that the definitions (25) and (26) lead to the further interpretation of the quantity v
in (19) as

v =
S2

Q
. (29)

Two further properties relevant to the solution structure under (22) can be deduced developing
the necessary and admissibility conditions for Problem 2.2.

Property 2 The system of necessary and admissibility conditions admits a finite number of
isolated solution points in H1 ∪ H2 ∪ H3. Solution points of this kind contain at most three
values: the limit values 0 and dM , and an intermediate value that can be univocally determined
by solving the equation related to the normal tissue constraint being active. Thus, such solutions
are completely characterized by their “structure”, i.e. by the number of dose fractions equal to
the three values mentioned above. We denote by de(i, j) and dl(i, j) the structured solutions
satisfying the equalities ge(n, d) = 0, and respectively gl(n, d) = 0, that have j entries equal to
the upper bound dM , i entries equal to the intermediate value and, consequently, n− i− j zero
entries. The intermediate values in the vectors de(i, j) and dl(i, j) are given by

Ae(i, j) = −ρe
2

+

√(ρe
2

)2
+
ke(n)− jdM (dM + ρe)

i
, (30)
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and

Al(i, j) = −ρl
2

+

√(ρl
2

)2
+
kl − jdM (dM + ρl)

i
. (31)

It is evident from the formulation of Problem 2.2 that vectors de(i, j), dl(i, j) having the same
pair of indexes i, j are indistinguishable, that is equivalent with respect to the cost function.
Therefore, for a fixed i, j, the notation de(i, j), dl(i, j) refers to a whole class of equivalent struc-
tures.

In addition to the mentioned solutions, if ρl ≤ ρ ≤ ρe, the KKT system has an infinite set
of solutions without a particular structure and all cost-equivalent. Such a solution set coincides
with the set H1 for ρl < ρ < ρe, with H1 ∪H2 for ρ = ρl, and with H1 ∪H3 for ρ = ρe.

Property 3 Given a pair i, j, only one of the vectors de(i, j), dl(i, j) is admissible (unless
Ae(i, j) and Al(i, j) coincide) and in particular the vector containing the smallest intermediate
dose. Such a property is easily verified noting that de(i, j) is a feasible vector if and only if
gl(n, de(i, j)) ≤ 0, which amounts to say Ae(i, j) ≤ Al(i, j) and, similarly, dl(i, j) is admissible if
and only if ge(n, dl(i, j)) ≤ 0, which amounts to say Al(i, j) ≤ Ae(i, j).

For j = 0, as there are no dM values in the vectors, it is easy to establish which vector of the
pair de(i, 0), dl(i, 0) is admissible. To this end, we rewrite ge(n, ·) and gl(n, ·) as functions of a
generic variable x, for a given 1 ≤ i ≤ n,

ye = ix2 + iρex− ke(n) , yl = ix2 + iρlx− kl , (32)

and we compare the positive zeroes of ye, yl which are respectively given by

Ae(i, 0) = −ρe
2

+

√(ρe
2

)2
+
ke(n)

i
, Al(i, 0) = −ρl

2
+

√(ρl
2

)2
+
kl
i
. (33)

The functions (32) have the unique intersection point

xi =
ke − kl
i(ρe − ρl)

> 0 , yi =
1

i

(
ke − kl
ρe − ρl

)2

+
ρlke − ρekl
ρe − ρl

,

so that the ordering of Ae(i, 0) and Al(i, 0) depends only on the sign of yi. It can be noticed that
setting i = v, where v is defined in (19), the intersection ordinate becomes equal to zero and the
two roots coincide. So, if i < v, we have yi > 0 and it is Al(i, 0) < Ae(i, 0), whereas if i > v, it is
yi < 0 and Ae(i, 0) < Al(i, 0). In short, we have

min{Ae(i, 0), Al(i, 0)} =

{
Al(i, 0) , i = 1 . . . [v] ,

Ae(i, 0) , i = min{[v] + 1, n}, . . . , n .
(34)

The expressions (33) show that Ae(i, 0) and Al(i, 0) decrease as i increases which, along with
the partition (34), imply the following ordering among the n minima in (34):

Ae(n, 0) < . . . < Ae([v] + 1, 0) < Al([v], 0) < . . . < Al(1, 0) , (35)

where [v] ≤ n−1 has been implicitly assumed, or in (35) only “late” solutions Al(i, 0), i = 1, . . . n,
are present.
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Some results suitable to determine which values of dM allow set (21) to contain the optimal
solution in the absence of a prevalent constraint are given below.

Lemma 3.1. For ke(n) − kl > 0, ρekl − ρlke(n) > 0, and 1 ≤ v ≤ n the following conditions
about the non-emptiness of the sets (21) hold:

i) H1 6= ∅ if and only if dM ≥ R1[v],

ii) H2 6= ∅ if and only if dM > R1[v] and v 6= 1,

iii) H3 6= ∅ if and only if dM ≥ Ae(n, 0) and v 6= n,

iv) H4 6= ∅ for any dM ,

where

R1[v] =
S

[v] + 1

(
1 +

√
[v] + 1− v

v[v]

)
, (36)

with v defined by (19) and S by (25), and Ae(n, 0) given by (23).

Proof. The implication {H1 6= ∅ ⇒ dM ≥ R1[v]} of point i) can be proved by contradiction
showing that if dM < R1[v], H1 must be empty. Because of the symmetry of H1 with respect to
the line (18), we decompose H1 into the union of n! subsets, each obtained selecting a possible
ordering among the n doses dk. Thus, without loss of generality, we consider the subset

Ω̃1 = {d ∈ Rn : ge(n, d) = 0, gl(n, d) = 0 , dM ≥ dn ≥ dn−1 ≥ . . . ≥ d1 ≥ 0} , (37)

and we prove that dM < R1[v] implies Ω̃1 = ∅. Since the same implication is true for any subset

of the kind (37), proving the property in Ω̃1 is sufficient to prove it in the whole H1. Let us write
Ω̃1 = Bn ∩ Ω1, with

Ω1 = {d ∈ Rn : ge(n, d) = 0, gl(n, d) = 0 , dn ≥ dn−1 ≥ . . . ≥ d1 ≥ 0} . (38)

The validity of the property in Ω̃1 can be seen by proving that

min
d∈Ω1

dn = R1[v] . (39)

An outline of the procedure to solve the optimization problem (39) is given in Appendix B. More
details can be found in the report by Conte et al. (2015) where it is also shown that the unique
minimum point is the vector dR composed by [v] components equal to R1[v], one component equal
to S − [v]R1[v] (this entry is absent for v = n), plus n− [v]− 1 components equal to zero (absent

if v ≥ n − 1). Therefore, if dM < R1[v] the set Ω̃1 (as well as any other set obtained taking a
different dose ordering) is empty. Hence, H1 is empty.

We notice that the vector dR satisfies by construction both the early and late constraints with
the equality sign. This property also constitutes a direct proof of the implication {dM ≥ R1[v] ⇒
H1 6= ∅} of point i), in that for any dM ≥ R1[v] we have dR ∈ Bn and then dR ∈ H1.

Moreover, let us underline that, according to Conte et al. (2015), R1[v] is such that

Ae([v] + 1, 0) < R1[v] ≤ Al([v], 0) , (40)
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with the equality sign holding if and only if v is an integer number, i.e. v = [v]. Then, it is

R1[v] = Al([v], 0) = Ae([v], 0) =
S

[v]
, (41)

the intermediate dose of the vector dR, S − [v]R1[v], vanishes (or is absent for v = n), and we

have dR = de([v], 0) = dl([v], 0).

Concerning the proof of point ii), we start by showing that for v = 1, the set H2 is empty.
Recalling (29), v = 1 means S2 = Q. Since the dose fractions dk are non negative quantities, and
being the constraints (27) valid in H2, points of H2 are such that

S2 >

(
n∑

k=1

dk

)2

>

n∑
k=1

d2
k > Q ,

which is conflicting with the condition v = 1.

Let us now prove that dM ≤ R1[v] implies H2 = ∅. Proceeding similarly to the previous point
i), we can prove (see Appendix B and Conte et al. (2015)) that the minimization problem

min
d∈Ω1∪Ω2

dn , (42)

with Ω1 in (38) and

Ω2 = {d ∈ Rn : ge(n, d) < 0, gl(n, d) = 0 , dn ≥ dn−1 ≥ . . . ≥ d1 ≥ 0} , (43)

again admits the unique optimal solution R1[v] attained at the point dR, which belongs to Ω1

as seen above. Denoting by Ω̃2 = Ω2 ∩ Bn, this result is sufficient to state that dM ≤ R1[v]

implies Ω̃2 = ∅. So, if dM < R1[v], both the sets Ω̃1 and Ω̃2 are empty, while if dM = R1[v], it is

Ω̃1 ∪ Ω̃2 ≡ {dR}, so that Ω̃2 is empty. Then, for dM ≤ R1[v] the set H2 is empty.

The non-emptiness of H2 for dM > R1[v] and v 6= 1 can be proved showing the existence of
at least one vector that belongs to H2 when dM exceeds R1[v]. Since for dM = R1[v], the vector

dR ∈ H1 actually equals the structure dl(1, [v]) = de(1, [v]), we construct the sought vector of
H2 starting from this structure, letting dM increase above R1[v] and moving along gl(n, d) = 0 or

ge(n, d) = 0. It is necessary to distinguish between v 6= [v] and v = [v] because dR has [v] + 1
non zero entries for v 6= [v], and [v] non zero entries for v integer. Also, it is useful to recall that
Al(i, 0) ≤ Ae(i, 0), for i ≤ [v] in view of (34).

For v 6= [v], set dM = R1[v] + ζ, with 0 < ζ ≤ Al([v], 0) − R1[v], and consider the vec-
tors dl(1, [v]), de(1, [v]) having [v] entries equal to dM and the intermediate entries Al(1, [v]),
Ae(1, [v]) respectively given by (31), (30). We intend to show that Al(1, [v]) < Ae(1, [v]) for
ζ ∈ (0, Al([v], 0) − R1[v]], so that dl(1, [v]) is the requested vector of H2. Indeed, Al(1, [v]),
Ae(1, [v]) are decreasing functions of ζ in the mentioned interval and for ζ → 0+, both Al(1, [v])
and Ae(1, [v]) tend to S − [v]R1[v]. Moreover, it is easy to see that the derivative of Al(1, [v]) is
strictly smaller than the derivative of Ae(1, [v]), which proves

Al(1, [v]) < Ae(1, [v]) , for R1[v] < dM ≤ Al([v], 0) , (44)

meaning that dl(1, [v]) is a point of H2.
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When instead v = [v] and the vector dR has only [v] non zero entries equal to R1[v], we still set
dM = R1[v] + ζ, but choosing 0 < ζ ≤ Al([v]− 1, 0)−R1[v]. By repeating the previous argument,
we get the admissible vector dl(1, [v]− 1) such that Al(1, [v]− 1) < Ae(1, [v]− 1). We note that,
as v 6= 1 by hypothesis, dl(1, [v] − 1) is well defined. Thus, for any R1[v] < dM ≤ Al([v] − 1, 0),
dl(1, [v]− 1) belongs to H2, which is then non-empty.

Coming to point iii), we start proving that H3 = ∅ for v = n. Each vector of H3 satisfies the
inequalities (28) as well as Cauchy-Schwartz inequality n

∑n
k=1 d

2
k ≥ (

∑n
k=1 dk)2. Then, for v = n

(and thus S2 = nQ), points of H3 should simultaneously satisfy

nQ > n
n∑

k=1

d2
k ≥

(
n∑

k=1

dk

)2

> S2 ,

which is absurd.

Let us now consider v 6= n. To demonstrate that dM ≤ Ae(n, 0) implies H3 = ∅, let us consider
the optimization problem

min
d∈Ω3

dn, (45)

with

Ω3 = {d ∈ Rn : ge(n, d) = 0, gl(n, d) < 0 , dn ≥ dn−1 ≥ . . . ≥ d1 ≥ 0} . (46)

Recalling that in view of (34), Ae(n, 0) = min{Ae(n, 0), Al(n, 0)} and following the procedure
adopted for the similar problems in (39), (42), we obtained the minimum point de(n, 0) which
proves the implication {H3 6= ∅ ⇒ dM ≥ Ae(n, 0)}. The inverse implication {dM ≥ Ae(n, 0) ⇒
H3 6= ∅} of point iii) is verified as the vector having elements dk = Ae(n, 0), k = 1, . . . , n, belongs
to H3 by its very definition.

In view of (35) and (40), it is Ae(n, 0) ≤ R1[v] and, collecting the results obtained so far for
points i)-iii), we conclude that for dM < Ae(n, 0) the sets Hi, i = 1, 2, 3 are empty and the optimal
solution must belong to H4.

Finally, the non-emptiness of H4 for any dM is guaranteed by the existence of the trivial null
vector: dk = 0, k = 1, . . . , n.

Lemma 3.2. For ke(n)−kl > 0, ρekl−ρlke(n) > 0, and 1 ≤ v ≤ n the optimal solution changes
as dM and ρ change, and it belongs to the sets (21) according to the following Tables 2–4.

Table 2: Sets of (21) containing the optimal solution for 1 < v < n.

dM

(
0, Ae(n,0)

) [
Ae(n,0), R1[v]

)
R1[v]

(
R1[v],∞

)
ρ<ρl H4 H3 H1 H2

ρ=ρl H4 H3 H1 H1 ∪H2

ρl<ρ<ρe H4 H3 H1 H1

ρ=ρe H4 H3 H1 ∪H3 H1 ∪H3

ρ>ρe H4 H3 H3 H3
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Table 3: Sets of (21) containing the optimal solution for v = 1.

dM

(
0, Ae(n,0)

) [
Ae(n,0), R1[v]

) [
R1[v],∞

)
ρ<ρe H4 H3 H1

ρ=ρe H4 H3 H1 ∪H3

ρ>ρe H4 H3 H3

Table 4: Sets of (21) containing the optimal solution for v = n.

dM

(
0, Al(n,0)

)
Al(n,0) ≡ R1[v]

(
R1[v],∞

)
ρ<ρl H4 H1 H2

ρ=ρl H4 H1 H1 ∪H2

ρ>ρl H4 H1 H1

Proof. The first column of Tables 2–4 for dM < Ae(n, 0) is directly obtained from Property 1.
In Table 4, being v = n, it is Ae(n, 0) = Al(n, 0).

For dM ≥ Ae(n, 0), the optimum belongs to H1 ∪ H2 ∪ H3 and the proof is based on the
comparison of the values taken by the cost function within the sets H1, H2, and H3, supposing
initially that they are all non-empty and then verifying their actual non-emptiness, which depends
on the limiting value dM (Lemma 3.1).

We begin observing that all the points of H1 enjoy the properties (25) and (26), so that they
all give the same constant value of Jn(d), here denoted by C1:

Jn(d)|d∈H1 , C1 = −ke(n)
ρ− ρl
ρe − ρl

− kl
ρe − ρ
ρe − ρl

. (47)

Concerning Jn(d) in H2 and H3, when the equality provided by the late, or respectively early,
constraint is imposed, the cost function becomes a function of s ,

∑n
k=1 dk only. Let us denote

by C2, and respectively C3, the functions so obtained in H2 and H3. We have

Jn(d)|d∈H2 , C2(s) = −kl + (ρl − ρ)s , s < S , (48)

and

Jn(d)|d∈H3 , C3(s) = −ke(n) + (ρe − ρ)s , s > S , (49)

where the definition intervals of s derive from the constraints (27) and (28), respectively holding
in H2 and in H3. It can be seen that both the functions C2(s), C3(s) tend to the same value
C1, i.e. the value of the cost function in H1, for a total dose s → S. So, in order to select
the optimum, the cost function provided by any candidate of H2 or H3 has to be compared to
the constant C1. Moreover, (48) and (49) show that the relative ordering among C1, C2 and C3

depends on the sign of the differences ρe − ρ and ρl − ρ.
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Precisely, for ρ < ρl (slowly proliferating tumours), both C2 and C3 are increasing functions of
the total dose s and, for s in the appropriate intervals, it is

C2(s) < C1 , C1 < C3(s) .

For tumours with ρ > ρe (rapidly proliferating), both C2 and C3 are decreasing functions of the
total dose and we have

C3(s) < C1 , C1 < C2(s) .

When ρ = ρl or ρ = ρe, we get limit conditions in which the LQ responses of tumour and normal
tissue coincide. For ρ = ρl, any point of H2 yields the same cost function value C2 = −kl, and
we have C2 = C1 < C3(s). For ρ = ρe any point of H3 yields the same cost function value
C3 = −ke(n), with C3 = C1 < C2(s).

For tumours characterized by a radiosensitivity ratio such that ρl < ρ < ρe, C2 decreases while
C3 increases with s. Then points of H1 provide the minimum value of Jn, namely

C1 < C2(s) , C1 < C3(s) .

Merging the information about Jn(d) related to ρ with the results of Lemma 3.1 about the value
of dM , we obtain the picture of the sets containing the optimal solution schematized in Table 2.
Indeed, Lemma 3.1 states that for dM > R1[v], H1, H2 and H3 are all non-empty, for dM = R1[v],
H1 and H3 are non-empty, while for dM < R1[v], only H3, is non-empty. Therefore, when more
than one set Hj j = 1, 2, 3, is non-empty, the ordering among the related Cj (dependent on the
value of ρ) determines the set containing the optimum.

Tables 3 and 4, respectively referring to v = 1 and v = n can be obtained in a similar way
taking into account Lemma 3.1 and the ordering relations among the cost function values in the
sets (21).

The following theorem establishes, by selecting the minimum-cost vector within the sets iden-
tified by means of Lemma 3.2 (Tables 2–4), the optimal solution as a function of ρ and dM , in
the absence of a prevalent normal tissue constraint.

Theorem 3.3. For ke(n) − kl > 0, ρekl − ρlke(n) > 0, and 1 ≤ v ≤ n, the optimal solutions of
Problem 2.2 in terms of ρ and dM are reported in Tables 5a–5c.

Proof. Let us begin by deriving Table 5a from Table 2 for 1 < v < n. The optima in the
first column come directly from Property 1, which states that the unique optimal solution for
dM < Ae(n, 0) is d̃, with dk = dM , k = 1, . . . , n.

It is also rather simple to assess the optimal solutions for ρl ≤ ρ < ρe, dM ≥ R1[v] and for ρ = ρe,
dM ≥ Ae(n, 0). Indeed, as seen in Property 2, when ρl ≤ ρ ≤ ρe the system of KKT conditions
admits an infinite set of solutions all cost-equivalent. The definition of this infinite set, which
depends on ρ, is the following: H1 for ρl < ρ < ρe, H1 ∪H2 for ρ = ρl, and H1 ∪H3 for ρ = ρe.
The non-emptiness of these sets, for the values of dM mentioned above, is guaranteed by Lemma
3.1. Furthermore, as proved in Lemma 3.2, all the points of these solution sets result in the lowest
cost function value, compared to other possible admissible points. So, for dM decreasing, as long
as each solution set does not reduce to the empty set, the optimum can be chosen arbitrarily,
and we adopt the choice of selecting the candidate surviving for the largest interval of dM values.
In particular, we select the following representative optimal solutions: i) for ρl ≤ ρ < ρe (second
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and third row) and dM ≥ R1[v], the vector dR ∈ H1; ii) for ρ = ρe and dM ≥ Ae(n, 0), the vector
de(n, 0).

Going to all the remaining values of ρ and dM in Table 2, still on the basis of Property 2, only
structured solutions, either of the kind de(i, j) ∈ H3, or dl(i, j) ∈ H2, or de(i, j) ≡ dl(i, j) ∈ H1,
can exist. Then, for dM ≥ Ae(n, 0), the optimum changes as dM takes values in the intervals
delimited by the values (34) plus R1[v], which are ordered according to (35) and (40). Therefore,
the last three columns of Table 2 have been split accordingly in Table 5a. The 3rd and 7th column
are possibly multiple columns to be repeated or omitted depending on the value of v, as indicated
in the table.

When only structured candidates exist, to determine the optimum it suffices to compare the
cost function values over a finite set of discrete solutions, taking into account the cost function
expressions (47)–(49). While Jn(d) is constant in H1, (48), (49) show that the cost function is a
(linear) function of the sum s of the dose fractions, either increasing or decreasing depending on
ρ. The minimal cost function is then given by vectors with minimal s when J increases, and by
points with maximal s otherwise.

Among the totality of the structures de(i, j), dl(i, j) (not simultaneously acceptable, unless
de(i, j) = dl(i, j)), with i = 1, . . . , n, j = 0, . . . , n − i, we are now interested in determining the
subset of indexes i, j such that min{Ae(i, j) , Al(i, j)} ∈ [0, dM ].

To this aim, let dM belong to one of the intervals identified by the n minima in (34). Without
specifying if such minima are “early” or “late” values, we prove what follows.

If

dM ∈
(

min{Ae(u+ 1, 0), Al(u+ 1, 0)}, min{Ae(u, 0), Al(u, 0)}
)
, u = 1, . . . , n− 1 , (50)

only the structured vectors, de(i, j) or dl(i, j), with

j = 0, . . . , u , i = u+ 1− j, . . . , n− j , (51)

have entries in [0, dM ].

In order to prove (51), we need to preliminary settle some properties holding for both Ae(i, j),
Al(i, j). Without loss of generality, we consider the values Ae(i, j). We have

dM ≤ Ae(m, 0) ⇔ Ae(i, j) ≥ 0 , j = m, (52)

for any index m = 1, . . . , n− 1, and

dM ≥ Ae(h, 0) ⇔ Ae(i, j) ≤ dM , i+ j = h , (53)

for any h = 1, . . . , n. Noting that the inequality dM ≤ Ae(m, 0) coincides with md2
M +mρedM −

ke ≤ 0, while dM ≥ Ae(h, 0) coincides with hd2
M + hρedM − ke ≥ 0, (52) can be proved starting

from the equation that defines Ae(i, j):

iA2
e(i, j) + iρeAe(i, j) + jd2

M + jρedM − ke = 0 . (54)

In fact, if dM ≤ Ae(m, 0), setting j = m in (54) we obtain Ae(i,m) ≥ 0, for any i. Conversely,
given a pair i, j such that j = m and Ae(i, j) ≥ 0, from equation (54) we obtain md2

M +mρedM −
ke ≤ 0, so that dM ≤ Ae(m, 0).
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To prove property (53), we rewrite (54) for j = h − i and, taking into account that hd2
M +

hρedM − ke ≥ 0, we obtain

i (dM +Ae(i, j) + ρe) (Ae(i, j)− dM ) ≤ 0 , i+ j = h , (55)

which, being (dM +Ae(i, j) +ρe) > 0, implies Ae(i, j) ≤ dM for any admissible pair i, j such that
i+ j = h. Moreover, from (54), given i, j such that i + j = h and Ae(i, j) ≤ dM , the inequality
dM ≥ Ae(h, 0) follows.

Since Ae(i, 0) decreases as i increases (see (30)), property (53) implies the following admissibility
condition for Ae(i, j):

dM ≥ Ae(h, 0) ⇒ Ae(i, j) ≤ dM , h ≤ i+ j ≤ n , (56)

while (52) implies

dM ≤ Ae(m, 0) ⇒ Ae(i, j) ≥ 0 , 1 ≤ j ≤ m, (57)

which, being Ae(i, 0) positive by definition, can be extended including j = 0 becoming

dM ≤ Ae(m, 0) ⇒ Ae(i, j) ≥ 0 , 0 ≤ j ≤ m. (58)

From (52), (53), also the opposite conditions about the non-admissibility ofAe(i, j) can be derived:

dM < Ae(h, 0) ⇒ Ae(i, j) > dM , 1 ≤ i+ j ≤ h , (59)

dM > Ae(m, 0) ⇒ Ae(i, j) < 0 , m ≤ j ≤ n− 1 . (60)

Now, we can prove that when dM is chosen as in (50) for u = 1, . . . , n − 1, from properties
(56)–(60) it follows min{Ae(i, j), Al(i, j)} ∈ [0, dM ] for j = 0, . . . , u, i = u+ 1− j, . . . , n− j, while
it follows min{Ae(i, j), Al(i, j)} /∈ [0, dM ] for all the remaining pairs i, j. This is equivalent to
prove (51).

Let us denote by Ap(u + 1, 0) and AP (u, 0) the quantities min{Ae(u + 1, 0), Al(u + 1, 0)} and
respectively min{Ae(u, 0), Al(u, 0)}, where the subscripts p, P can be equal to ‘e’ or ‘l’, depending
on being the minimum of ‘e’ or ‘l’ type (which in turn depends on the value of v in (1, n)). Let
us similarly denote by Ap̄(u + 1, 0) and AP̄ (u, 0) the quantities max{Ae(u + 1, 0), Al(u + 1, 0)}
and max{Ae(u, 0), Al(u, 0)}. Reminding that 1 ≤ i + j ≤ n and 0 ≤ j ≤ n − 1, in what follows
we intend that a given property has to be disregarded whenever i + j or j is out of its allowed
range, as the related structure is missing.

Let us initially assume dM within the open interval (Ap(u+ 1, 0), AP (u, 0)). Then, it is dM <
AP (u, 0) ≤ AP̄ (u, 0), and (59) implies Ae(i, j), Al(i, j) > dM , for 1 ≤ i + j ≤ u, indicating
that the related structures are not admissible. Moreover, (58) guarantees Ae(i, j), Al(i, j) > 0,
for j = 0, . . . , u. Furthermore, being dM > Ap(u + 1, 0), from (60) it results Ap(i, j) < 0, for
j = u + 1, . . . , n − 1, and the related structures have to be excluded. The structures dp̄(i, j),
with j = u + 1, . . . , n − 1, have to be excluded as well, either directly, because Ap̄(i, j) < 0, or
because, being Ap̄(i, j) > 0 > Ap(i, j), they are not minimal. Exploiting again dM > Ap(u+1, 0),
from (56) it certainly is Ap(i, j) < dM , for u+ 1 ≤ i+ j ≤ n, but not necessarily Ap̄(i, j) < dM .
Nevertheless, it is guaranteed that min{Ap(i, j), Ap̄(i, j)} < dM , for u+ 1 ≤ i+ j ≤ n.

Summarizing, it is min{Ae(i, j), Al(i, j)} ∈ (0, dM ), for j = 0, . . . , u, i = u + 1 − j, . . . , n − j,
whereas min{Ae(i, j), Al(i, j)} /∈ (0, dM ) for all the remaining indexes; then the vectors (51) are
all (and only) the structured extremals.
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The set of structured extremals is given by (51), even for dM = AP (u, 0). Since, it is AP̄ (u, 0) ≥
AP (u, 0) = dM , from (52), (53) we get AP̄ (i, j) ≥ AP (i, j) = dM for i + j = u, and AP̄ (i, j) ≥
AP (i, j) = 0 for j = u, which means that the structures dP (i, j) with i + j = u, and dP (i, j)
with j = u, are extremals (dP̄ (i, j) can be extremal only when it coincides with dP (i, j) for the
same index pair). Note that the vectors dP (i, j), with i + j = u, and the vectors dP (i, j), with
j = u, are all equal to the vector having u entries equal to dM and n − u zeroes, so that it is
unnecessary to explicitly include dP (i, j), with i+ j = u, in the set (51). By means of a parallel
argument, it can be seen that the index set (51) identifies all the structured extremals even for
dM = Ap(u+ 1, 0).

Linking together all the intervals in (50) for u = 1, . . . , n − 1, we get the total variability
range of dM , except the interval (Al(1, 0),∞). However, it is evident from (56) and (60) that for
dM > Al(1, 0) only the structures with j = 0, and precisely dl(i, 0), i = 1, . . . , [v] and de(i, 0),
i = min{[v] + 1, n}, . . . , n, can be extremals. So, as it could be expected, setting dM > Al(1, 0),
we find the same structured extremals found by Bertuzzi et al. (2013) for n = 5 and in the absence
of a dose upper bound.

The properties (56)–(60) define the (finite) set of indexes (51) identifying the only structured
vectors, de(i, j) or dl(i, j), that have entries in [0, dM ], for Ae(n, 0) ≤ dM ≤ Al(1, 0). We intend
now to study the behaviour of the sum of the dose fractions, se(i, j) or sl(i, j), related to de(i, j)
or dl(i, j), so as to show that the minimal total dose is attained for i = 1, j = u, whereas the
maximal for i = n, j = 0. We refer, for instance, to de(i, j).

Let us study the behaviour of se(i, j) letting i vary and for a fixed j. Considering i as a
continuous variable z > 0, we have

se(z, j) = z

(
−ρe

2
+

√(ρe
2

)2
+
ke(n)− jdM (dM + ρe)

z

)
+ jdM , (61)

which is physically meaningful for z such that ke − jdM (dM + ρe) > 0 (namely Ae(z, j) real and
positive). Introducing the function

R(z) =
(ρe

2

)2
+
ke(n)− jdM (dM + ρe)

z
, (62)

the derivative of (61) with respect to z is given by

∂se(z, j)

∂z
=

(√
R(z)− ρe

2

)2

2
√
R(z)

, (63)

which is clearly non-negative.
Consider now the index h = i + j in order to study the behaviour of se(i, h − i) fixing h and

letting i vary. As done before, we substitute i with a continuous variable z > 0, so as to compute
the derivative ∂se(z, h− z)/∂z. It is easy to see that it is ∂se(z, h− z)/∂z ≥ 0. In summary, the
total dose se is non-decreasing as i increases either for j fixed and for h fixed. Therefore, the
minimal total dose is attained for the smallest i, namely i = 1, which, from (51), is given by the
largest j, i.e. j = u. The maximal total dose is given instead by the largest i that corresponds to
the pair i = n and j = 0.

We can now examine the remaining parts of Table 5a. For ρ > ρe and for any dM ≥ Ae(n, 0),
the optimum belongs to H3 and it is given by the vector with maximal sum of the doses, that
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is de(n, 0). Indeed, we notice that, since Ae(n, 0) < Al(n, 0) in view of (34), the “early” vector
de(n, 0) is actually admissible.

To complete the proof of Table 5a, it remains to examine three cases: i) ρ < ρe, dM < R1[v];
ii) ρ < ρl, dM > R1[v]; iii) ρ < ρl, dM = R1[v]. From Lemma 3.2 we know that the optima belong
respectively to: i) H3, ii) H2 and iii) H1. Concerning i), ii), since minimizing C3(s) for ρ < ρe
or minimizing C2(s) for ρ < ρl is equivalent to minimize s (see (48), (49)), we must select the
structured vector with the minimal s among the points of H3 and, respectively, H2. As seen
above, the minimal s is provided by the pair i = 1, j = 0, . . . , n − 1, so the optimal solutions
are: i) de(1, u) ∈ H3, u = [v], . . . , n − 1; ii) dl(1, u) ∈ H2, u = 0, . . . , [v], provided they actually
belong to H3 and H2, respectively. Let us then prove that the vector de(1, u), u = [v], . . . , n− 1,
belongs to H3 by observing that in view of Lemma 3.1 the sets H1, H2 are empty for dM < R1[v],
and then it is Al(1, u) > dM , while in view of (50), (51) it is 0 ≤ Ae(1, u) ≤ dM . It follows
Ae(1, u) < Al(1, u) which implies de(1, u) ∈ H3, u = [v], . . . , n− 1. Next we prove dl(1, u) ∈ H2,
u = 0, . . . , [v], by reminding that it is sl(1, 0) < . . . sl([v], 0) < S in view of (34) and (27).
Recalling that sl(i, h − i) is a non-decreasing function of i with h fixed, setting h = u + 1 and
i = 1, u + 1 we have sl(1, u) < sl(u + 1, 0) < S, which proves dl(1, u) ∈ H2, u = 0, . . . , [v] − 1.
Moreover, dl(1, [v]) ∈ H2 is guaranteed by (44). Finally, we have to show that for ρ < ρl and
dM = R1[v] the optimum is dR ∈ H1. The proof is immediate as dR is the only vector of H1 for
dM = R1[v] (see Appendix B for details).

The situations v = 1 and v = n mean de(1, 0) ≡ dl(1, 0) ≡ dR and, respectively, de(n, 0) ≡
dl(n, 0) ≡ dR. The related optimal solutions are reported in Tables 5b, 5c, which can be easily
be obtained from Tables 3, 4 by the same argument used to derive Table 5a.

Tables 5a–5c confirm the optimality of hypofractionated treatments for slowly proliferating
tumours with ρ < ρl. In particular, if dM is larger than min{Ae(1, 0), Al(1, 0)}, the optimal
solution is unaffected by the dose upper bound and the optimal treatment consists of a single
dose of radiation producing the whole maximal tolerable damage to normal tissues. Apart from
some analytical interest, this solution is quite infeasible in practice, which provides a further “a
posteriori” justification of the introduction of the upper bound dM .

From a geometrical point of view, v = 1 means that the surfaces ge(n, d) = 0 and gl(n, d) = 0
are tangent in the point dl(1, 0), while for v = n they are tangent in de(n, 0). Except for the
points of tangency, only points belonging to ge(n, d) = 0 are admissible for v = 1, whereas only
points on gl(n, d) = 0 are admissible for v = n. Therefore, v = 1 and v = n are in fact similar to
the situation of prevalent early constraint and prevalent late constraint, respectively. Therefore,
Tables 5b and 5c are still valid to represent the optimal solutions when one of the normal tissue
constraints is prevalent on the other.

Because of the dependence of the repopulation term (and in particular of the maximal early
damage ke(n)) on the number n of fractions, the geometrical situation of a given radiotherapy
problem can change as n changes, as we see in the next section.

A final observation can be made about the damage to normal tissues which, as it is known, can
be reduced by spatially modulating the radiation intensity using suitable technological devices
(Lee et al., 2006; Lu et al., 2008a,b). A suitable coefficient f < 1 accounting for the attenuation of
the doses received by normal tissues can be included in the model and the problem constraints can
be rewritten in terms of the portion of dose actually received by normal tissues, fdk, k = 1, ..., n,
with the effect of increasing ρe, ρl, ke(n), kl, and dM (Bertuzzi et al., 2013). Then, the optimal
solutions turn out to be structurally identical to those of Tables 5a–5c with f = 1 but, with
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respect to ρ, are characterized by a downward shift of the solution patterns as well as by larger
fraction sizes.

4. Numerical simulation of the optimal solutions for variable n and determina-
tion of the optimal treatment time for specific tumour classes

Aim of this section is to determine by means of numerical simulations the optimal number of dose
fractions, denoted by n◦, the optimal vector d◦ of the fractionated dose, and the protocol duration
T (n◦) for the treatment of tumours having different proliferative behaviours - from fast to slow
- and different radiosensitivities. After determinining the optimal solution d?n to Problem 2.2 for
each n fixed ranging from 1 to nM , the sequence J?(n), n = 1, . . . , nM , is computed according to
(17) in order to find the optimal number n◦ that provides the minimal value of the cost function.

The results of the current section are obtained assuming parameter values of the early and
late normal tissues commonly found in the literature (Fowler et al., 2003a; Yang and Xing, 2005;
Fowler, 2010). For the early responding normal tissue, we set ρe = 10 Gy, αe = 0.35 Gy−1,
TKe = 7 days and TPe = 2.5 days. As for the late normal tissue, the radiosensitivity ratio is
set to ρl = 3 Gy, while the other parameters do not need to be specified, as the compensatory
repopulation is negligible (Fowler, 2012).

We express the maximal tolerable damages to normal tissues by means of the Biologically
Effective Dose (BED), a quantity originally introduced by Barendsen (1982), defined as the total
radiation dose proportional to the logarithmic cell kill globally produced by a given reference
protocol. Denoting by BEDe, BEDl the quantities related to the early and late reacting tissues
respectively, the maximal tolerable damages to the normal tissues are given by Me = αeBEDe

and Ml = αlBEDl, so that referring to conventional equi-fractionated protocols of the kind one
fraction/day, five fractions/week, delivered in n̄ fractions of size d̄ over the time T̄ , we can write

Me = n̄αed̄

(
1 +

d̄

ρe

)
− ln(2)

TPe
(T̄ − TKe)H(T̄ − TKe), (64)

Ml = n̄αld̄

(
1 +

d̄

ρl

)
. (65)

In view of (7) and (8), ke(n) and kl are computed as

ke(n) = n̄ρed̄

(
1 +

d̄

ρe

)
− ln(2)

βeTPe

(
T̄−TKe

)
H
(
T̄−TKe

)
+

ln(2)

βeTPe

(
T (n)−TKe

)
H
(
T (n)−TKe

)
, (66)

kl = n̄ρld̄

(
1 +

d̄

ρl

)
. (67)

Expression (66) shows that ke(n) is the sum of two parts: one independent of n attributable to
the reference protocol, i.e. k̄e = Me/βe, and the other non-decreasing with n that accounts for
the exponential regrowth occurring after TKe.

We stress that the dependence of ke(n) on n leads to changes in the geometry of the admissible
domain, possibly modifying the relative prevalence of the normal tissue constraints according to
Table 1. We also observe that, for any given reference protocol, it is BEDl > BEDe and, being
ke(n̄) − kl > 0 with ke(n) non-decreasing, it is ke(n) − kl > 0 for any n ≥ n̄. The difference
ρekl − ρlke(n) is instead non-increasing with n and certainly positive for 1 ≤ n ≤ n̄, as it can be
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easily seen from (66), (67). For reference protocols with T̄ > TKe, when n increases beyond n̄ the
quantity ρekl − ρlke(n) decreases monotonically and it eventually becomes negative. Therefore,
there exist a real value a, with n̄ < a < +∞, such that ρekl − ρlke(a) = 0. For n ≥ a, being
ρekl − ρlke(a) ≤ 0, any optimization problem with n fixed is going to be solved with prevalent
late constraint (see Table 1).

As to the value of the daily upper bound, it is reasonable to assume d̄ ≤ dM < min{Āe(1, 0), Al(1, 0)},
where Āe(1, 0) is computed setting ke(n) = k̄e and i = 1 in (33). This condition guarantees the
admissibility of the reference protocol and ensures optimal treatments consisting of at least two
fractions.

Let us now consider the cost function J?(n) defined by (17), recalling that, in view of (14)–(16),
it is given by

J?(n) = Jn(d?n) + E(n) , (68)

where d?n is the optimal solution of Problem 2.2, which varies with the model parameters as
depicted in Tables 5a–5c.

Below we give some properties of Jn(d?n) and E(n) used in the following to prove the bound-
edness of the minimum point n◦ of J?(n).

Property 4 For any pair ρ, dM , and for n ≥ 1, the functions Jn(d?n) and E(n) enjoy the following
properties:

1. Jn(d?n) is a negative, non-increasing function of n, i.e. Jn+1(d?n+1) ≤ Jn(d?n) < 0;

2. Jn(d?n) has a finite lower bound;

3. E(n) is a non-negative, non-decreasing function of n, i.e. E(n+ 1) ≥ E(n) ≥ 0;

4. E(n) ≥ ln(2)((n− 1)∆− TK)/(βTP ), with ∆ = 1 day.

Consider the optimum d?n of the problem with dimension n ≥ 1, denoting by (d?n)k its entries for

k = 1, . . . , n. Point 1 can be derived by constructing the vector d†n+1, with entries (d†n+1)k = (d?n)k,

k = 1, . . . , n and (d†n+1)n+1 = 0, and showing that it is an admissible vector, i.e. d†n+1 ∈ Dn+1.
From the admissibility of the optimum d?n, taking into account ke(n + 1) ≥ ke(n) > 0 and the

identities
∑n

k=1(d?n)k ≡
∑n+1

k=1(d†n+1)k,
∑n

k=1(d?n)2
k ≡

∑n+1
k=1(d†n+1)2

k, we get

ρe

n+1∑
k=1

(d†n+1)k +
n+1∑
k=1

(d†n+1)2
k − ke(n+ 1) ≤ ρe

n∑
k=1

(d?n)k +
n∑

k=1

(d?n)2
k − ke(n) ≤ 0,

ρl

n+1∑
k=1

(d†n+1)k +

n+1∑
k=1

(d†n+1)2
k − kl = ρl

n∑
k=1

(d?n)k +

n∑
k=1

(d?n)2
k − kl ≤ 0,

0 ≤ (d†n+1)k ≤ dM , k = 1, . . . , n+ 1,

(69)

which imply d†n+1 ∈ Dn+1. Thus, from the very definition of d?n+1, which is the optimum of the
problem with dimension n+ 1, we have

Jn+1(d?n+1) ≤ Jn+1(d†n+1) ≡ Jn(d?n) . (70)

Finally, the negativity of Jn(d?n) for n = 1 guarantees Jn(d?n) < 0 for n > 1.
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As seen above, for n ≥ a the late constraint is prevalent and the optimal solutions necessarily
satisfy the constraint gl(n, d

?
n) = 0. According to Table 5c, for ρ < ρl, the optimum is d?n =

dl(1, u), where u is independent of n and, for any given dM , it is identified by the relationship
Al(u + 1, 0) ≤ dM < Al(u, 0). Moreover, u must be strictly smaller than n̄, since it is dM ≥
Al(n̄, 0) = Ae(n̄, 0) = d̄. For ρ ≥ ρl, the optimal vector is d?n = dl(n, 0). So, for n ≥ a, exploiting
the relation

∑n
k=1(d?n)2

k = −kl + ρl
∑n

k=1(d?n)k, we have

Jn(d?n) =

{
−kl − (ρ− ρl)(Al(1, u) + udM ) , ρ < ρl , u s.t. Al(u+ 1, 0) ≤ dM < Al(u, 0) ,
−kl − (ρ− ρl)nAl(n, 0), ρ ≥ ρl .

(71)
It can be noticed that, when ρ < ρl, Jn(d?n) is constant for n ≥ a. In view of point 1, the constant
value in (71) constitutes the sought lower bound of Jn(d?n) for any n ≥ 1. Concerning ρ ≥ ρl,
substituting the expression of Al(n, 0) (see (33) with i = n) in Eq. (71), it can be easily verified
that Jn(d?n) is a decreasing function of n, which, for n increasing, tends to the finite limit −ρkl/ρl.
So, as a consequence of point 1, the value −ρkl/ρl is a lower bound for Jn(d?n), for n ≥ 1.

Item 3 derives from the definition of T (n) in (2) and from the Heaviside function definition.
Indeed, we have

E(n) =

 0, for T (n) ≤ TK ,
ln(2)

βTP

(
T (n)− TK

)
, for T (n) > TK .

Since from Eq. (2) it is T (n + 1) > T (n), we get E(n) = 0 for n such that T (n) ≤ TK and
E(n+1) > E(n) > 0 otherwise. Finally, provided that TK is finite, the inequality T (n) ≥ (n−1)∆
implies

E(n) ≥ ln(2)

βTP

(
T (n)− TK

)
≥ ln(2)

βTP

(
(n− 1)∆− TK

)
.

Property 4 allows us to establish the boundedness of the optimal number of fraction n◦ for any
tumour type. In the following, nK denotes the number of fractions that can be delivered during
the time TK according to the scheme one fraction/day, five fractions/week, i.e. nK denotes the
integer such that T (nK) ≤ TK < T (nK + 1).

Remark 4.1. The minimum point n◦ of the function (68) on the open interval n ≥ 1 exists and
it is finite both for ρ ≥ ρl and for ρ < ρl. Based on Property 4, for ρ ≥ ρl, we have

J?(n) > −ρkl
ρl

+
ln(2)

βTP
[(n− 1)∆− TK ] . (72)

Let us now note that, if tumour repopulation occurs at a finite time TK , the right hand side of
(72) is an increasing function of n and let us denote by ñ the real value at which it vanishes. We
have

ñ =
1

ln(2)

αkl
ρl

TP
∆

+
TK
∆

+ 1 , (73)

which is clearly finite. Therefore, since J?(n) is negative and non-increasing until the onset of
repopulation, that is for T (n) ≤ TK , while it is positive for n ≥ ñ, the function J?(n) attains its
minimum at n◦ such that nK ≤ n◦ < ñ.
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In the presence of accelerated tumour repopulation, the optimal treatment time T (n◦) must be
greater than, or at least equal to, TK . Therefore, in the numerical simulations we choose nM
such that T (nM ) > TK , based on literature indications about the value of TK . Indeed, if nM were
chosen such that T (nM ) ≤ TK , we would get a trivial optimum n◦ = nM .

For tumours having ρ < ρl, even in the absence of tumour repopulation, the optimal number
of fraction doses n◦ is limited by the value a defined by ρekl − ρlke(a) = 0. In fact, unlike the
previous case, the dose dependent term of J?(n) remains constant and equal to its lower limit
for n ≥ a, i.e. Jn(d?n) = −kl − (ρ − ρl)(Al(1, u) + udM ) with u the fixed integer such that
Al(u + 1, 0) ≤ dM < Al(u, 0). As J?(n) cannot decrease for n ≥ a, it must attain its minimum
at n◦ such that n◦ ≤ a.

In the following remark, we further examine some properties of the normal tissue constraints in
order to extend to n ≥ n̄ the interval in which the optimal solution lies on the late constraint
boundary.

Remark 4.2. It is possible to find a sufficient condition, involving the normal tissue parameters,
that guarantees that the late constraint is the most restrictive constraint even for n̄ < n < a.
Since in the mentioned interval of n, it is ke(n)−kl > 0 and ρekl−ρlke(n) > 0, it suffices to find
a condition implying that the global parameter v (defined in (19)) satisfies v > n. Indeed, for n
such that T (n) > TKe and n < a, v is positive and equal to

v =
[(ρe − ρl)n̄d̄+ ln(2)(T (n)− T̄ )/(βeTPe)]

2

(ρe − ρl)[(ρe − ρl)n̄d̄2 − ρl ln(2)(T (n)− T̄ )/(βeTPe)]
=
n̄[1 + c(T (n)− T̄ )]2

[1− ρl
d̄
c(T (n)− T̄ )]

, (74)

where

c =
ln(2)

βeTPe(ρe − ρl)n̄d̄
> 0 .

First of all, from (74) it is easy to see that for n = n̄ it is v = n̄, which implies that d?n belongs
to the late constraint boundary even for n = n̄ (see Theorem 3.3). Moreover, it can be proved
that if 2n̄c ≥ 1, it is v > n for n̄ < n < a. This can be done, for instance, by substituting to n
a continuous variable z, computing the derivative of v with respect to z, and verifying that it is
greater than 1 in the mentioned interval of n. Thus, recalling the expression of c, we can write
the following condition sufficient to guarantee v > n for n̄ < n < a:

2 ln(2)

βeTPe(ρe − ρl)d̄
≥ 1 . (75)

In summary, under the condition (75), all the optimization problems with n ≥ n̄ are characterized
by an optimal solution d?n satisfying gl(n, d

?
n) = 0 (as in Table 5c). Therefore, the function Jn(d?n)

is defined as in (71) even for n ≥ n̄, with n̄ < a. As a consequence, for tumours having ρ < ρl,
Jn(d?n) equals its lower bound for n ≥ n̄, which implies that the optimal number of fraction doses
n◦ is now limited by the number of fraction doses of the reference protocol n̄. In other words, if
condition (75) holds, hypofractionated protocols shorter than the reference protocol are expected to
be optimal for slowly proliferating tumours. We finally observe that the parameter values chosen to
perform the following numerical simulations are such that the sufficient condition (75) is fulfilled.

To quantify the maximal admissible damages to normal tissues, as well as to rate possible
advantages obtainable by our optimal schedules, we choose as a reference protocol one of the
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protocols most commonly used for the clinical treatment of fast proliferating tumours, namely
the “strong standard” fractionation schedule 35 F×2 Gy = 70 Gy/46 days. Setting n̄ = 35, d̄ = 2
Gy, T̄ = 46 days, we get BEDl = 116.7 Gy, BEDe = 53.1 Gy (Fowler, 2008; Yang and Xing,
2005), and then kl = 350 Gy2, k̄e = 531.05 Gy2.

Figure 1: Global parameter v as a function of n and consequent geometry of the admissible
domain. The quantity v is computed as in (74) for n ∈ [1, 100] with normal tissue parameters
given in the text and for the “strong standard” reference protocol.

Fig. 1 illustrates the plot of v for n ∈ [1, 100], for the assumed healthy tissue parameters and
the chosen reference protocol, evidencing the changes with n in the geometry of the admissible
domain. As stated above, for n ≥ n̄, the whole sequence of optimal solutions for n fixed belongs
to the boundary of the late constraint (Table 5c), and in our parameter setting, the vertical
asymptote of v is at a = 64.23. For n ∈ [3, 34], it is 1 < v < n, so that none of the normal tissue
constraints is prevalent and the optimal solution for each n can be found in Table 5a.

The admissible domain for each n is obviously trimmed by the daily upper bound, dM , and
since one purpose of these simulations is to compare the obtained optima to real radiotherapy
protocols, we selected some values of dM following the clinical literature, especially relevant to
prostate cancer. Precisely, we set dM to 3 Gy (Ritter et al., 2009), 5 Gy (Menkarios et al., 2011),
6 Gy (Collins et al., 1991), and 7 Gy (Tang et al., 2008). We observe that the chosen dM values
satisfy d̄ ≤ dM < min{Āe(1, 0), Al(1, 0)}.

In the following, we focus on three cumulative tumour classes identified by the radiosensitivity
ratio intervals ρ < ρl, ρl ≤ ρ < ρe, and ρ≥ ρe. Note that, with the choice of the representative
optimal solutions made in Tables 5a–5c, the limit cases ρ = ρe and ρ = ρl can be merged into
the open intervals ρl<ρ<ρe and ρ>ρe, respectively. For a given tumour class, the repopulation
parameters are set according to indications coming from the literature, both experimental and
theoretical. Furthermore, we investigate how changes of the tumour parameters affect the optimal
solutions.

The procedure adopted to determine the optimal solutions is the same in all the next subsections
and it is structured as follows:
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1. set the normal tissue parameters ρe, αe, TKe, TPe, and ρl (as indicated above in the text);

2. fix a tumour class setting the radiosensitivity and repopulation parameters ρ, α, TP , TK ;

3. select a clinical radiotherapy protocol (n̄F×d̄Gy = n̄d̄Gy/T̄ days) as the reference protocol
in order to compute the maximal tolerable damages Me, Ml through (64), (65);

4. set the daily dose upper bound dM , with d̄ ≤ dM < min{Āe(1, 0), Al(1, 0)};

5. for each n = 1, . . . , nM

(a) compute ke(n), kl from (66), (67) and v from (19);

(b) compute R1[v] in (36), and the quantities in (34);

(c) select the optimal solution d?n from Tables 5a–5c and compute the related J?(n) =
J(n, d?n);

6. pick out the optimal fraction number n◦ providing the minimum among the values J?(n)
in {1, . . . , nM};

7. calculate the optimal treatment length T (n◦) from (2).

It is interesting to compare the effect of the optimal protocols so obtained to the effect produced
by real clinical schedules taken from the literature. The comparison among protocols is often
based on the “log cell kill”, a quantity proportional to our cost function, commonly used to
evaluate the tumour damages induced by radiation treatments. The log cell kill (LCK) is defined
as

log10

(
1

S

)
= α log10(e)

[
n∑

k=1

dk +
1

ρ

n∑
k=1

d2
k −

ln(2)

αTP
(T (n)− TK)H(T (n)− TK)

]
. (76)

We incidentally observe that minimizing J?(n) with respect to n is equivalent to maximizing the
quantity in square brackets in (76).

4.1. Fast proliferating tumours

Rapidly proliferating tumours are characterized by relatively high radiosensitivity ratios (Fowler,
2012) that we locate in the range ρ ≥ ρe. Collecting the results of Tables 5a–5c related to this
case, we see that, for any given n, the optimal protocol is uniformly fractionated and made of
n equal non-zero doses given by min{Ae(n, 0), Al(n, 0), dM}, where the item being the minimum
depends on the constraint geometry for that n. The optimality of equi-fractionated protocols and
the analytical expression of the dose fraction for the treatment of tumours of this class have been
reported by many authors, see for instance Mizuta et al. (2012); Saberian et al. (2015); Badri
et al. (2016).

Most human tumours are reckoned to belong to the class of fast proliferating tumours, like for
instance head and neck, lung and cervical cancers (Thames et al., 1990; Qi et al., 2006; Fowler,
2012; Oliveira et al., 2012; Halperin et al., 2013). Thus, indications about the parameter values
coming from the literature are widespread, and unavoidably the estimates are highly uncertain.
For the numerical simulations, we select a “nominal” set of parameter values, related to head and
neck cancer, as the most recurrent in the literature: ρ = 10 Gy, α = 0.35 Gy−1, TK = 21 days,
TP = 3 days (e.g. Fowler (2007)). Then, to illustrate our procedure evaluating the sensitivity of
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the optimal solutions to variations of the parameter values, still following the literature, we focus
on the parameter intervals: ρ = 10÷ 50 Gy, α = 0.2÷ 0.5 Gy−1, TK = 7÷ 28 days, TP = 1÷ 9
days.

In the first example we assume the nominal parameter set. For these values, the standard
protocol yields a tumour log cell kill equal to 9.55. Moreover, we set nM = 100 for the computation
of the sequence J?(n). As long as dM ≥ d̄, the optimal number of fractions is n◦ = 35 with optimal
fraction size 2 Gy and optimal treatment time 46 days. Therefore, the resulting optimal protocol
coincides with the chosen reference protocol. This basic example allows us to highlight some

Figure 2: Profiles of J?(n), ge(n, d
?
n), and gl(n, d

?
n) for fast proliferating tumors with nominal

values of the parameters. dM = 3 Gy, dashed lines; dM = 7 Gy, solid lines.

aspects of the behaviour with n of J?(n) and of the related quantities ge(n, d
?
n), gl(n, d

?
n), as

depicted in Fig. 2. For comparison, the level of the cost function corresponding to the reference
protocol is also reported. We notice that for any n at least one constraint in Dn is active, so
that either the solution produces the maximal tolerable damage to at least one normal tissue
or it equals d̃. Apart from changes in the trend of the cost function owing to weekend breaks
(negligible in this context), changes in the slope of J?(n) occur at values of n where the solution
switches from one constraint boundary to another. Finally, changes in the trend of J?(n) are
determined by the onset of the accelerated repopulation occurring at kick-off time, either of the
early normal tissue (TKe = 7 days, n = 6) and of the tumour (TK = 21 days, n = 16).

If the tumour parameters are changed one at a time around the nominal value, the standard
reference protocol keeps its optimality for rather broad variations of the parameters. As detailed
in the following of this section, we verified, in agreement with previous results, that the sensitivity
of the optimal fraction number to variations of TK (spanning the estimated range 7÷28 days) is
rather low, except for low values of α and TP (Yang and Xing, 2005; Saberian et al., 2015). On
the contrary, the sensitivity of the optimal solution to variations of α (for ρ fixed) and of TP is
high, especially for negative variations with respect to the nominal value. Indeed, as it is evident
from the expression (76) of the log cell kill, a reduction of α or TP makes the repopulation term
steeper, thus decreasing the value of n◦ and increasing the gain achievable in terms of LCK with
respect to the standard protocol. We notice that LCK, and then J?(n), actually depend on the
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product αTP .

Numerical examples to analyze in detail how the optimum changes when α, TP , and ρ are
supposed to change around the nominal value are illustrated in Tables 6a, 6b where, for each
given pair α, TP , the columns report the results for ρ = 10 Gy (left value) and ρ = 50 Gy (right
value). When a single value is reported, the same optimum is obtained for any ρ ranging from
10 to 50 Gy (with 1 Gy steps). Also, the values of LCK and per cent LCK gain, defined as the
relative LCK with respect to the reference protocol LCK, of the optimal solutions are reported.
In these examples, we separately fixed α and ρ, for which more consistent estimates are available,
while β is evaluated as β = α/ρ.

Table 6a depicts the results for TK = 21 days, while Table 6b reports the results for TK = 7
days. Both tables have been obtained setting dM = 7 Gy. In broad outline, Table 6a reveals
that the results are substantially grouped in “blocks” corresponding to three types of optimal
protocols: i) shorter than the reference and made of about 16 (or anyway less than 20) fractions of
3.1 Gy (or smaller) per fraction; ii) 35 fractions of 2 Gy, i.e. the reference protocol; iii) protracted
protocols made of 40 fractions or more (up to 80) with size 1.8 Gy or less (up to 1.1 Gy).

So, an accelerated schedule of the kind 16F×3.1Gy proves to be optimal when a very fast
tumour repopulation (short TP ) is accompanied by a rather low tumour intrinsic radiosensitivity
α, clearly resulting in the most critical situation for the treatment outcome. Interestingly, for
group i), it is n◦ = 16 and T (n◦) = 21 days, so that the optimal treatment time equals the tumour
kick-off time TK .

Therefore, we can associate the inverse of the product αTP to a tumour “aggressiveness scale”
and we see that the optimality of the standard reference protocol is confirmed for intermediate
values of αTP . Large values of αTP require instead to adopt longer protocols covering the quite
wide range 40÷80 fractions, with dose per fraction of moderate intensity (1.8÷1.1 Gy). However,
it can be noticed that the latter group of optimal schedules (type iii), though scattered, results
in relatively concentrated LCK values, which are not too different from the reference LCK and
reach a 7.9% gain only for the barely practicable case of 80 fractions, indicating as a possible
sub-optimal strategy a standard treatment of this tumour class. By contrast, the short optimal
schedule group can give remarkably high gains in terms of LCK with respect to the standard
protocol (up to 123%). We note that for the smallest values of αTP adopted in our simulations
the reported LCK gain is infinite. Actually, in this case the standard reference protocol gives LCK
≤ 0 since, according to the LQ model, the tumour repopulation term overcomes the radiation
damage term in expression (76), paradoxically implying that the therapy favours the tumour
regrowth.

A similar pattern of the optimal number of fractions n◦ is obtained by changing the value of
TK , for instance setting TK = 7 days (see Table 6b), as well as TK = 14 or 28 days (results not
shown). Clearly, for the same αTP , the gain achievable in terms of tumour cell kill increases as
the difference |T̄ −T (n◦)| is increased and, as shown by Table 6b, it can exceed 600% for TK = 7
days in protocols of type i).

It is important to remark that changing the fraction upper bound does not affect the solutions
as long as dM is greater than the largest optimal dose per fraction, which is equal to 3.1 Gy in
Table 6a and 5.7 Gy in Table 6b. Indeed, if dM = 5 Gy, for instance, Table 6a remains unchanged,
while in 6b, being the solution 6F×5.7 Gy not admissible, the optimum would become 7F×5 Gy
or 8F×4.7 Gy with LCK gains that can exceed 600%. Generally, as dM decreases, the optimal
protocol becomes longer with smaller LCK gains.

Similar results on the relationship between optimal treatment time and kick-off time have
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been reported by Yang and Xing (2005); Fowler (2012). As pointed out by Fowler (1989, 2012),
accelerated radiation therapy may be convenient for doubling times shorter than 2-3 days. The
author also observed that only a minority of tumours would be expected to proliferate as fast
as that, unless proliferation becomes even faster during the treatment than it was measured, for
instance by flow cytometry, before the treatment starts. Indeed, the doubling time in a tissue

 0

 20

 40

 60

 80

 100

 0  1  2  3  4  5

O
pt

im
al

 tr
ea

tm
en

t t
im

e 
T

(n
°)

 (
da

ys
)

α Tp

TK=28 days
TK=21 days
TK=14 days
TK=7 days

 0

 20

 40

 60

 80

 100

 0  1  2  3  4  5
O

pt
im

al
 tr

ea
tm

en
t t

im
e 

T
(n

°)
 (

da
ys

)
α Tp

TK=28 days
TK=21 days
TK=14 days
TK=7 days

Figure 3: Optimal treatment time T (n◦) as a function of αTP for ρ = 10 Gy (left panel) and for
ρ = 50 Gy (right panel). Daily dose upper bound dM = 7 Gy.

during radiotherapy, TP , is probably somewhat shorter than the pre-treatment potential doubling
time, because a surviving fraction of previously resistant non-proliferating cells can return to cycle
and rapidly repopulate, as a consequence of the reoxygenation following the irradiation (Bertuzzi
et al., 2008, 2010).

A more complete and concise description of the results of this section is given by Figure 3,
where it is shown how the optimal treatment time changes with the product αTP , for ρ = 10, 50
Gy, TK = 7, 14, 21, 28 days, and dM = 7 Gy.

4.2. Slowly proliferating tumours

The most slowly proliferating tumours that are currently known are prostatic cancers, which,
containing very low proportions of cycling cells (Brenner and Hall, 1999), exhibit long potential
doubling times and low radiosensitivity ratios, the latter typically lower than the surrounding late-
responding normal tissues identified by ρl = 3 Gy. For prostate tumours, Brenner and Hall (1999)
estimated ρ = 1.5 Gy, with 95% confidence interval equal to [0.8, 2.2] Gy, and α = 0.036 Gy−1

(CI 95% [0.026, 0.045]). After Brenner and Hall (1999), many authors and major analyses agree
in finding average α/β ratios smaller than 2 Gy, also reporting that ρ does not vary significantly
with the tumour risk factors (Fowler, 2001; Fowler et al., 2003b; Gao et al., 2010; Proust-Lima
et al., 2011; Miralbell et al., 2012; Dasu and Toma-Dasu, 2012; Fowler et al., 2013). However,
other authors report higher estimates of α, 0.1÷0.15 Gy−1 (see e.g. Wang et al. (2003); Yang and
Xing (2005)) and some evidences of prostate cancers with higher radiosensitivity ratios falling in
the range (ρl, ρe) can be found in the literature, as we will see in the next section.

Concerning the estimation of the tumour repopulation rate, an average potential doubling
time (i.e. before any cell loss was induced by the treatment) of 40 days, with variability range
between 9 and 60 days, was measured by Fowler et al. (2003b). However, the doubling time
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during radiotherapy, TP , is likely to be shorter than the potential doubling time because of the
repoulation of radiation resistant non-cycling cells. In fact, Gao et al. (2010) report estimates
of the doubling time, obtained by best fitting of clinical literature data, which are shorter and
varying from 6 to 39 days. In the same study, the lag time TK was estimated in the range [27, 49]
days. Other studies assume much longer kick-off times, up to 300 days (Yang and Xing, 2005).

On the basis of these results, we assume as nominal parameter values for the simulations ρ = 1.5
Gy, α = 0.1 Gy−1, TP = 28 days, TK = 35 days.

As shown by Tables 5a–5c, for tumours with low radiosensitivity ratios (ρ < ρl) the optimal
solution tends to be hypofractionated, i.e. composed by few fractions of large size, and it would
be made by a single fraction if dM could exceed min{Āe(1, 0), Al(1, 0)}. Hence, the choice of the
limit dM is expected to strongly affect the optimal schedule, and if dM is allowed to increase,
higher tumour cell kill and lower normal tissue BED compared to conventional regimes can be
achieved by means of hypofractionated regimes.

One of the most consolidated protocols in prostate cancer treatment is the already mentioned
“strong standard” protocol that we therefore keep as the reference for the computation of the
tolerable BEDl = 116.7 Gy and BEDe = 53.1 Gy, as well as to perform the comparison among
optimal schedules isoeffective with respect to the normal tissue complications. However, on the
basis of our analytical results, hypofractionated schedules, like some schedules actually adopted
in the clinical treatment of prostate cancer, are expected to be more “competitive” than the
standard reference protocol.

The results of numerical simulations for the nominal parameter values are shown in Table 7,
where dM takes the values 2, 3, 5, 6, 7 Gy. When dM increases, the optimal protocol consists in
delivering a smaller total dose in a lower number of fractions, providing increased log cell kill, as
well as higher LCK gain with respect to the standard 2 Gy protocol (up to 23%). We remark that
in all the optimal protocols, the optimal number of non-zero fractions, in the following denoted by
ν◦, is smaller than n◦, so that the optimal treatment time T (n◦) is longer than the time strictly
necessary to deliver the non-zero dose fractions only. We observe that this kind of solutions comes
from the trade-off between shortening the treatment and keeping the daily dose fraction within
the admissibility constraints. Indeed, protracting the treatment enables the early normal tissue
to repopulate, which makes ke(n) larger, allowing comparatively larger fraction sizes.

Table 7: Optimal protocols for the nominal parameter set ρ = 1.5 Gy, α = 0.1 Gy−1, TP = 28
days, TK = 35 days, and for different upper bounds dM . Reference protocol: 35 F × 2 Gy =
70 Gy/46 days Fowler et al. (2003b).

dM n◦ T (n◦) ν◦ d◦ Total dose LCK Gain
(Gy) (days) (Gy) (%)

2 35 46 35 35F × 2 Gy 70 7.0 0

3 27 36 20 19F × 3 Gy + 1.69 Gy 58.69 7.57 8.56
5 19 24 9 8F × 5 Gy + 4.18 Gy 44.18 8.21 17.77
6 16 21 7 6F × 6 Gy + 3.82 Gy 39.82 8.40 20.49
7 13 16 5 5F × 7 Gy 35 8.61 23.49

It is interesting to compare the optimal solutions of Table 7 to real clinical protocols which, as
seen before, suggested us plausible values of dM . Table 8 summarizes the characteristics of these
protocols, with ν̂ and d̂ denoting number and size of the non-zero fraction doses, respectively,
and T̂ equal to the overall treatment length. From the comparison between Tables 7 and 8,
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Table 8: Examples of hypofractionated clinical schedules for prostate cancer radiotherapy. ν̂, d̂
are the number and size of non-zero fraction doses; T̂ is the overall treatment time; F/w is the
number of fractions delivered per week; BEDl, BEDe are computed as Ml/αl, Me/αe according
to (65), (64) with the fixed normal tissue parameters.

Protocol ν̂ d̂ F/w Total dose T̂ BEDl BEDe Reference
(Gy) (Gy) (days) (Gy) (Gy)

Princess Margaret 20 3 5 60 25 120 63.74 Martin et al. (2007)
Gunma Univ. 23 3 3 69 50 138 55.64 Akimoto et al. (2004)
Montreal Hosp. 9 5 1 45 56 120 28.68 Menkarios et al. (2011)
St. Thomas Hosp. 6 6 2 36 15 108 51.26 Collins et al. (1991)
Toronto Univ. 5 7 1 35 28 116.7 42.86 Tang et al. (2008)

it emerges that the optimal solution obtained for dM = d̂ is very similar to the real schedule
adopting the same dose d̂, particularly with respect to the number of fractions actually delivered
(ν◦ ' ν̂). Small differences between these numbers (e.g. ν◦ = 7 vs. ν̂ = 6 of St. Thomas protocol
for dM = d̂= 6 Gy) can be attributed to the difference between the tolerable BEDe, BEDl that
we have fixed, and those computed for the clinical schedules. Another example is given by the
Gunma protocol for d̂ = 3 Gy that contains 23 fractions, but allows a larger BEDl compared
to both Princess Margaret protocol and our optimal solution (ν◦ = ν̂ = 20 with dM = d̂ = 3
Gy). By contrast, not so small differences, and not always with the same sign, can be observed
between the optimized and real treatment times, although the overall protocol patterns look
similar since additional weekday breaks are envisaged (except for “Princess Margaret” protocol),
that is T̂ > T (ν̂). Looking for example at the 5F×7 Gy protocol (Toronto University), which
has BEDl = 116.7 equal to that reached by our optimal solution, we observe that the optimal
protocol is shorter, as it includes less null dose fractions. Increasing n◦ by adding zero fractions,
i.e. increasing T (n◦) from 16 to 28 days, would actually give a sequence of optimal solutions
all equivalent with respect to J?(n) (no repopulation until TK = 35 days) and producing the
maximal late damage, Ml, but producing reduced early damages diverging from the permitted
limit Me.

We now investigate how the optimum obtained for a given dM changes if the tumour parameters
deviate from the nominal values. In the next simulations, starting from the nominal parameters,
we compute the optimal protocols combining the following couples of parameter values: ρ =
1.5 ± 0.7 Gy, α = 0.1 ± 0.05 Gy−1, TP = 28 ± 14 days, TK = 35 ± 7 days. We assume ρ and
α as independent parameters, so that β is computed as α/ρ. In Tables 9, 10 we report the
results obtained for both ρ = 0.8 Gy and ρ = 2.2 Gy, and different combinations of the other
parameters. Estimates of TP and TK taken from the literature indicate that rapid proliferation
is usually associated to early repopulation onset (Gao et al., 2010), so that Tables 9, 10 refer to
the pairs of the extreme values of TP = 14 days, TK = 28 days and TP = 42 days, TK = 42
days. First of all, we recognize that for the triples α, TP , TK assumed in these calculations, we
get identical solutions either for ρ = 0.8 Gy and ρ = 2.2 Gy, as well as we verified to happen
for any intermediate ρ in this range, even though the optimal LCK decreases continuously when
ρ increases. On the whole, the optimal solutions are only slightly different from those of Table
7 and the only variation occurs for dM = 3 Gy in T (n◦) that passes from 36 days (Table 9,
TK = 28 days) to 37 days (Table 10, TK = 42 days). We mention (without reporting the results)
that, apart from a different value of LCK, optimal solutions identical to those of Table 9 are
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obtained keeping TK = 28 days but setting TP = 42 days, while the results of Table 10 remain
identical for TP = 14 days, TK = 42 days. To further analyse how variations of the tumour
parameters around their nominal values possibly affect the optimal solutions, we searched the
optimum for a sequence of problems with tumour parameters varying in the ranges ρ ∈ [0.8, 2.2]
Gy, TK ∈ [10, 100] days and, still supposing alpha ∈ [0.05, 0.15] Gy−1, we let αTP vary in the
interval [0.05, 10] days/Gy. Figure 4 shows in fact the optimal solution as a function of αTP for
dM = 3 Gy. We recall that in this section all the optima take the form dl(1, u) or de(1, u), with
u dependent on dM and such that u+ 1 = ν◦ ≤ n◦ (see Tables 5a–5c). So, to identify an optimal
protocol we have to specify not only n◦ (or T (n◦)), but also ν◦ and the size of the only fraction
possibly different from dM (residual fraction). For dM = 3 Gy, the behaviours of these quantities
at the optimum, reported in Fig. 4 for different TK and for the extreme values of ρ, show a low
sensitivity of the solution to parameter variations. Actually, appreciable variations with respect
to the nominal solution of Table 7 can be noticed only for αTP < 0.5 days/Gy, or namely for
TP < 0.5/α ≤ 10 days which, according to the literature, represents an atypically short prostatic
tumour doubling time. For αTP > 0.5 days/Gy, the number of radiotherapy sessions and the dose
sizes do not change, while a one-day gap in T (n◦) between 36 and 37 days can be noticed. This
fact can be explained observing that if the tumour repopulation were absent, namely if TK →∞,
we would get T (n◦) = 37 days. Hence, as long as TK ≥ 37 days, the same optimum overall time
is expected since no repopulation takes place for n ≤ n◦. For TK < 37 days, the optimal time
T (n◦) tends to become shorter (and mostly equal to 36 days) because in J?(n) the increasing
repopulation term contrasts the descent of the dose-dependent terms. For very small αTP values,
when the repopulation effect is remarkable, T (n◦) tends to equal TK . The patterns of the optimal
quantities looks fairly similar for any chosen value of ρ, except for an increase in the threshold
value of αTP below which, when αTP decreases, T (n◦) shortens tending to TK , while ν◦ reduces
and the optimal residual dose fraction varies with respect to the “nominal” value 1.69 Gy.

For dM = 7 Gy, a similar behaviour of the optimal solution is observed, as shown in Fig. 5.
Here, for TK →∞ the optimal treatment time would become T (n◦) = 16 days, which is therefore
the same optimal value obtained for any TK ≥ 16 days. The behaviour of T (n◦) with respect
to αTP and TK , already observed for dM = 3 Gy, can still be noted, including the one-day gap
occurring between 15 and 16 days in this case. Moreover, the values of αTP below which T (n◦)
approximates TK are too small to be realistic for slowly proliferating tumours (less than 0.12
days/Gy for ρ = 0.8 Gy and less than 0.3 days/Gy for ρ = 2.2 Gy). On the contrary, the values
of αTP at which T (n◦) switches from 15 to 16 days fall within the meaningful range of αTP , i.e.

Table 9: Optimal protocols for TP = 14 days, TK = 28 days, α = 0.05, 0.15 Gy−1, ρ = 0.8, 2.2
Gy, and for different dM values.

α = 0.05 Gy−1 α = 0.15 Gy−1

dM T (n◦) d◦ LCK Gain LCK Gain
(Gy) (days) (%) (%)

3 36 19F × 3 Gy + 1.69 Gy 5.8–2.8 18.0–12.1 17.8–8.8 14.4–5.8
5 24 8F × 5 Gy + 4.18 Gy 6.9–3.1 39.1–23.5 20.6–9.3 32.2–12.0
6 21 6F × 6 Gy + 3.82 Gy 7.1–3.1 44.4–24.9 21.4–9.4 37.2–13.2
7 16 5F × 7 Gy 7.4–3.2 50.2–26.4 22.2–9.5 42.7–14.6
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Figure 4: Sensitivity of the optimal protocol for slowly proliferating tumours to variations of αTP ,
ρ and TK . Daily dose upper bound dM = 3 Gy.

1.58 days/Gy for ρ = 0.8 Gy and 3.96 days/Gy for ρ = 2.2 Gy. Also, it can be noticed that the
optimal number of non-zero fraction doses does not change at all in these simulations (ν◦ ≡ 5).
A behavior of the optimal quantities analogous to that reported for dM = 3 and 7 Gy can be
expected for intermediate values of the dose upper bound.

In view of the great uncertainty affecting the tumour parameter estimates, the fact that, for
given values of the parameters related to normal tissues and dM , the optimal solution is sub-
stantially insensitive to the tumour parameter changes appears to be a very favourable feature of
the problem we are dealing with. Indeed, from a modelling point of view, the problem becomes
that of providing a sufficiently accurate description of the healthy tissue constraints, along with
reliable maximal damage bounds and a dose upper bound dM .

For the case of two quadratic normal tissue constraints considered in the present study, the
obtained results suggest the possibility of adopting, for each given dM , a unique radiotherapy pro-
tocol for the treatment of tumours described by parameter values included among those assumed
in this section. We propose to adopt, for each dM , the possibly sub-obtimal solution holding in
the largest interval of tumour parameter values. In particular, we can resolve the one-day uncer-
tainty in the value of T (n◦) choosing the largest value, which is always admissible. Moreover, we
can disregard the changes of the solutions observed for small αTP , obtaining the nominal solution
of Table 7 (except for dM = 3 Gy where we substitute T (n◦) = 37 days). The chosen solution,

Table 10: Optimal protocols for TP = 42 days, TK = 42 days, α = 0.05, 0.15 Gy−1, ρ = 0.8, 2.2
Gy, and for different dM values.

α = 0.05 Gy−1 α = 0.15 Gy−1

dM T (n◦) d◦ LCK Gain LCK Gain
(Gy) (days) (%) (%)

3 37 19F × 3 Gy + 1.70 Gy 6.0–3.0 13.3–4.1 18.0–9.0 12.9–3.4
5 24 8F × 5 Gy + 4.18 Gy 6.9–3.1 29.7–8.1 20.6–9.3 29.2–7.4
6 21 6F × 6 Gy + 3.82 Gy 7.1–3.1 34.6–9.3 21.4–9.4 34.1–8.6
7 16 5F × 7 Gy 7.4–3.2 40.0–10.6 22.2–9.5 39.5–9.9
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Figure 5: Sensitivity of the optimal protocol for slowly proliferating tumours to variations of αTP ,
ρ and TK . Daily dose upper bound dM = 7 Gy.

beyond being robust, is always a safe solution, as it can be verified that it is compatible with the
normal tissue constraints.

However, once the optimal hypofractionated protocol is determined for a given dM , the choice
of the inter-fraction time intervals, i.e. how to distribute the ν◦ fractions different from zero over
the whole treatment course T (n◦), remains undetermined as any dose spacing is equivalent within
our formulation. In fact, the LQ model with exponential repopulation term that we adopted to
describe the tumour response does not include kinetic effects due to multiple sequential irradi-
ations, such as the effects originated by the non instantaneous sublethal damage repair and the
resensitization process (LQR model by Brenner et al. (1995)). The main reasons that led us to
adopt a “basic” LQ model were keeping the analytical formulation of the optimization problem
simple and reducing the number of unknown biological parameters of the model. However, previ-
ous results on radiotherapy optimization indicate that including a term representing the sublethal
damage due to incomplete repair in the LQ model affects the optimal schemes only negligibly
(Yang and Xing, 2005; Bertuzzi et al., 2013), since typical values of the repair time (< 2 hours)
are small compared to a one day inter-fraction time (Fowler et al., 2003b). With regard to the
resensitization process, which includes both redistribution and reoxygenation, Yang and Xing
(2005) investigated the effect of changing the resensitization time in the range of 1 ÷ 3 days,
observing that the optimal fractional dose distribution and the inter-fraction intervals actually
do not change with the resensitization time. The authors also report the result that the optimized
hypofractionated protocols contain two or three fraction doses per week, with nonzero fractions
almost equally spaced over the entire treatment time.

Concerning the comparison among radiation schemes that differ only in the time spacing of the
nonzero fractions, let us consider the (equivalent) optimal solutions exemplified in Fig. 6, obtained
with dM = 7 Gy and for the nominal parameter values used above to represent tumours with
ρ < ρl. Incidentally, we observe that the treatment time of these solutions cannot be compressed,
as delivering the same dose fractions during a time shorter than T (n◦) = 16 days would result
in the violation of the early constraint. We searched the literature for clinical studies exploring
the patient-assessed tolerance of real hypofractionated regimens. Among all, we mention some
very recent works in which advancements in radiation therapy for prostate cancer management,
including dose escalation (Brower et al., 2016), moderate and extreme hypofractionation (Koontz
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Figure 6: Two equivalent optimal protocols 5F×7 Gy with different dose spacing. Nominal values
of tumour parameters and dM = 7 Gy.

et al., 2015; Dulaney et al., 2016), are reviewed. In these papers, the efficacy, grade of toxicity,
and quality of life outcomes of many hypofractionated protocols are evaluated and compared to
standard fractionation schemes.

The comparison of our solutions with hypofractionated schedules used in prostate cancer treat-
ment has to be restricted excluding, first of all, interstitial brachitherapy schemes and considering
only examples of external-beam radiotherapy. So, we consider some IMRT applications of mod-
erate (2.5-4 Gy per fraction) or extreme (5-10 Gy in 4-7 fractions) hypofractionation taken from
the mentioned reviews. A further limitation, as reported by Koontz et al. (2015); Dulaney et al.
(2016); Brower et al. (2016), concerns the prostate cancer stage, in that improved disease control
has been obtained for low-risk and intermediate-risk stages only. High-risk prostate cancers, with
high biological heterogeneity, appears to require combined approaches and therapy personaliza-
tion (Dulaney et al., 2016; Dearnaley et al., 2016), so that our problem formulation might prove
to be simplistic. Although short-term (rather than long-term) toxicity profiles are often available,
summarizing the clinical data collected by the mentioned reviews, we see that only schemes with
no more than two or three fractions per week, and almost uniformly spaced along the treatment
time, have been considered and have produced acceptable toxicity rates. As an explicit example,
King et al. (2012), for a 36.25 Gy/5F course of radiotherapy, observed a reduction of late urinary
and late rectal toxicity for treatments with doses delivered three times a week on alternating
days, versus consecutive daily treatments. So, diluted treatment schemes, like the one in the left
panel of Fig. 6, appear to be preferable.

4.3. Tumours with intermediate radiosensitivity ratio

The behaviour of tumours characterized by values of ρ included between ρl and ρe may shift from
fast (compared with late normal tissues) to slow (compared with early normal tissues). Therefore,
the optimal radiotherapy strategy may noticeably vary depending on all the tumour parameters.
The trade-off situation for ρl ≤ ρ < ρe is reflected in the different optimal structures provided
by Tables 5a and 5c, as well as in the possible existence, for some n values, of an infinite set
of equivalent optimal solutions formed by the points on the intersection of the early and late
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constraint boundaries that satisfy the limit dM .
The first example to illustrate the solution behaviour for the class of tumours with ρl ≤ ρ <

ρe concerns breast cancer. Conventional schedules for whole-breast irradiation after breast-
conserving surgery consist of 1.8 to 2 Gy daily fractions given 5 times a week to a total dose
of 45 to 50 Gy over 5 weeks (Whelan et al., 2008). So, in the current example, we assume the
reference values n̄ = 25, d̄ = 1.8 Gy, T̄ = 32 days for the computation of the maximal tolerable
adverse effect on late and early normal tissues. Then, keeping the normal tissue parameters to
the values used in all the numerical simulations, we have BEDl=72 Gy and BEDe=33.3 Gy.

Following the introduction and validation of the mentioned reference schedule, experimental
evidences of a rather low radiosensitivity ratio for breast cancer, along with the technical ad-
vancements in radiotherapy, have drawn a growing interest for hypofractionated schedules in
which a total dose approximately equal to that of the reference protocol (45 Gy) is delivered over
a shorter time length (Yarnold et al., 2005; Whelan et al., 2008; Qi et al., 2011). Examples of
such hypofractionated schedules consist of daily fractions ranging from 2 to 3.3 Gy delivered in
16 fractions over 22 days (three weeks), with an optional boost of 10-16 Gy in 1-1.5 weeks. As
to the upper bound dM , taking values of the fraction doses from the clinical literature, we set:
dM = 2, 2.25, 2.5, 3, 3.3 Gy.

Concerning the tumour parameters, the best estimate ρ = 4 Gy is reported by Whelan et al.
(2008) and confirmed by Yarnold et al. (2005) and Qi et al. (2011), even though the coefficient of
variation of the estimates can be as high as to give α/β close to ρe = 10 Gy or even falling below
ρl = 3 Gy. We will consider for ρ the values 4 and 8 Gy. Qi et al. (2011) used the generalized
LQ model to fit survival data from a series of randomized clinical trials, obtaining the estimates
α = 0.08 ± 0.02 Gy−1 and TP = 14 ± 7.8 days. Hence, we assume the following nominal set of
tumour parameters: ρ = 4 Gy, α = 0.12 Gy−1, TP = 14 days, and TK = 28 days (TK is set to
an intermediate value between the kick-off times of slowly and fast proliferating tumours in the
absence of experimental indications).

Table 11: Optimal protocols for the nominal parameter set ρ = 4 Gy, α = 0.12 Gy−1, TP = 14
days, TK = 28 days, and for different values of dM . Reference protocol: 25 F×1.8 Gy = 45 Gy/32
days (Whelan et al., 2008).

dM n◦ T (n◦) ν◦ d◦ Total dose LCK Gain
(Gy) (days) (Gy) (%)

1.8 25 32 25 25F × 1.8 Gy 45.4 3.31 0

2 24 31 23 22F × 1.94 Gy + 1.08 Gy 43.76 3.32 0.20
2.25 22 29 19 18F × 2.21 Gy + 1.91 Gy 41.69 3.33 0.61
≥ 2.5 21 28 18 17F × 2.36 Gy + 0.41 Gy 40.53 3.34 0.82

Table 11 shows the results obtained for the nominal values of breast cancer parameters and
for different dM values. In this example, the optimal solution is given by any of the vectors on
the intersection between the late and early constraint boundaries, among which for each dM we
choose the representative vector dR reported in Table 11.

We remind that, for each n, dR is the n-dimensional vector with entry sum S (see Eq. (25)),
and containing [v] entries equal to R1[v] (Eq. (36)). In view of the dependence of v on n, R1[v]

can be seen as a function of n, which is defined as long as v ≤ n. We also note that in our
setting, because of Eqs. (66) and (67), any reference protocol satisfies both the early and late
constraint with the equality sign and it actually coincides with the vector dR at n = n̄. Fig. 7
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Figure 7: Profile of v for n ∈ [1, 50] and R1[v] for n ∈ [2, 25].

shows the plots of v (left panel) and R1[v] (right panel) in suitable intervals of n, computed using
the reference protocol 25 F × 1.8 Gy = 45 Gy/32 days. It can be noted that R1[v] is defined for
v ≤ n, that is for n ∈ [2, n̄], with n̄ = 25 in Fig. 7.

Comparing the results of Table 11 and the pattern of R1[v] in Fig. 7, it can be observed that,

as long as dM ≤ 2.5 Gy, the optimal solution for a certain dM is given by the vector dR having
the largest entry R1[v] consistent with the constraint R1[v] ≤ dM . This maximal value of R1[v]

identifies on the R1[v] vs. n plot the value of n corresponding to n◦, as shown by the box in
the right panel of Fig. 7 where R1[v] is detailed for n ∈ [20, 25]. However, the optimal solution
obtained for dM > 2.5 Gy is the same obtained for dM = 2.5 Gy. This can be explained by noting
that if dM is so large as to intercept the R1[v] plot for n < nK , where J?(n) is certainly non-
increasing, then the optimal solution is always n◦ = nK , with nK = 21 in our example. Looking
at the LCK gains in Table 11, we also notice that very small gains (less than 1%) are obtained
with respect to the reference protocol for any dM , although increasing dM has the advantage of
permitting shorter treatment lengths and smaller total doses.

Because of the uncertainty affecting the parameter estimates, it is opportune to evaluate the
sensitivity of the optimal nominal solutions to variations of the parameter values. Table 12 reports
the optimal solutions for ρ = 4 Gy, TK = 28 days, dM = 2.5 Gy and for α = 0.1, 0.12, 0.14 Gy−1

with TP variable in [7, 28] days with one day step. For these parameter values, we found that
vectors on the intersection of the boundaries of the normal tissue constraints (represented by dR)
are optimal. Denoting by dRn◦ the vector dR at n = n◦, only two optimal protocols are recognized
in Table 12: dR21 for small values of the product αTP , and dR25, i.e. the reference protocol, for αTP
large.

To further investigate the solution behaviour when the tumour parameters vary, we simulated
the optimum as a function of αTP , for different values of TK , for ρ = 4 Gy and setting dM = 2.5
Gy. Figure 8 reports the values of n◦ obtained with αTP ranging with 0.01 steps in 0.05÷10
days/Gy. As the value of n◦ alone does not identify the entire optimal schedule, we need to
supplement the results of Fig. 8 with the following comments. As expected, large variations
of the parameter values can result in different types of optimal schedules. The first distinction
concerns the kick-off time TK since, as illustrated by Fig. 8, the optimal protocol depends on
whether TK is shorter (left panel) or longer (right panel) than T̄ . For TK ≤ T̄ (left panel of
Figure 8), similarly to Table 12, the optimum is of the kind dR, with n◦ = 21 or 25 for the
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Figure 8: Sensitivity of the optimal protocol to variations of αTP and TK for ρ = 4 Gy. Left
panel: TK ≤ T̄ ; right panel: TK > T̄ . Daily dose upper bound dM = 2.5 Gy. Reference protocol:
25 F× 1.8 Gy = 45 Gy/32 days.

majority of αTP values (from 0.86 to 8.73 days/Gy). For small αTP , n◦ is smaller than n̄ and the
solution can be either d̃ or of the kind de(1, u), depending on dM . The solutions obtained for low
αTP , being rather different from the reference fractionation, can reach very high LCK gain with
respect to the reference protocol. Such solutions are reported in Fig. 8 for completeness of the
analysis, although the estimated values of α and TP for tumours having ρl ≤ ρ < ρe indicate that
the product αTP is likely greater than about 0.4 day/Gy (Whelan et al., 2008). On the other
hand, if αTP is large, the solution becomes equi-fractionated and equal to dl(n

◦, 0), with n◦ > n̄,
providing only little gain with respect to the reference protocol (LCK gain < 1%).

As depicted in the right panel of Fig. 8, when TK is longer than T̄ , the optimal fractionation
pattern is given by dl(n

◦, 0), and the optimal fraction number n◦ turns out to be equal to nK for
almost all the considered αTP interval, or slightly greater than nK if accelerated repopulation is
weak (αTP not small). However, the achieved LCK gain is only about 3.2% at most, for TK = 70
days and αTP = 10 days/Gy. Moreover, we notice that such prolonged optimal treatments, like
for instance T (n◦) = TK = 70 days, are not easily feasible in practice.

Table 12: Sensitivity of the optimal solution to variations of TP and α for ρ = 4 Gy, TK = 28
days, and dM = 2.5 Gy. Optimal protocols: 25 F× 1.8 Gy = 45 Gy/32 days (dR21 ≡ Ref.); 17F ×
2.36 Gy + 0.41 Gy = 40.53 Gy/28 days (dR21).

α = 0.1 Gy−1 α = 0.12 Gy−1 α = 0.14 Gy−1

TP d◦ LCK Gain d◦ LCK Gain d◦ LCK Gain
(days) (%) (%) (%)

7–17 dR21 2.78 4.62–0.78 dR21 3.34 3.5–0.36 dR21 3.9 2.72–0.05
18–20 dR21 2.78 0.64–0.51 dR21 3.34 0.24–0.04 Ref. 3.9–3.91 0
21–24 dR21 2.78 0.3–0.04 Ref. 3.34–3.35 0 Ref. 3.91–3.92 0
25–28 Ref. 2.79 0 Ref. 3.35–3.36 0 Ref. 3.92 0



42.

Taking the same variability range of αTP and the same values of TK , we investigated the
behaviour of the optimal solution increasing the radiosensitivity ratio up to ρ = 8 Gy (results
not shown). A behaviour similar to ρ = 4 Gy is obtained for this larger ρ, although the optimal
solution becomes equi-fractionated with n◦ ≥ n̄ for the majority of αTP values (≥ 0.98 days/Gy).
The longest of such solutions has n◦ = 65 but the resulting LCK gain is lower than 5.5% for
TK ≤ T̄ , and lower than 10.1% for TK > T̄ .

Overall, the simulations for ρ = 4 Gy and ρ = 8 Gy assuming dM = 2.5 Gy, show that for the
majority of αTP values, the optimal solutions are characterized by n◦ ≥ n̄ and d◦ ≤ d̄, so that
they are not affected by a different choice of the daily upper bound. Moreover, as seen above,
optimal solutions strictly longer than n̄ do not provide significant advantage in terms of LCK.
Therefore, as the knowledge about the actual parameter values is scarce, we deem it useful to
treat breast tumours exploiting the reference fractionation usually adopted in clinical practice.

It is of note to consider, as a final numerical example for ρl ≤ ρ < ρe, ρ = 6 Gy that can suitably
represent prostatic cancers not assimilable to slowly proliferating tumours (Oliveira et al., 2012).
In fact, since the work by Brenner and Hall (1999) who estimated an α/β ratio lower than that
of late responding normal tissues, the value of the radiosensitivity ratio of prostatic cancer has
been long debated. The paper by Oliveira et al. (2012) gives a comprehensive survey of the
literature on this subject, reporting several estimates of α/β, obtained both from clinical and
experimental data of prostate cancers, and discussing factors that potentially contribute to the
uncertainty about the estimation of this value. Such factors include: heterogeneity of tumors,
interpatient variations, clinical tumour stage, hypoxia, presence of clonogenic cells, effectiveness
of external-beam radiotherapy, and measurement modality. Without going into the details of
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Figure 9: Sensitivity of the optimal protocol to variations of αTP and TK for ρ = 6 Gy. Left
panel: TK ≤ T̄ ; right panel: TK > T̄ . Daily dose upper bound dM = 7 Gy. Reference protocol:
35 F× 2 Gy = 70 Gy/46 days.

these evaluations (that can be found in the exhaustive bibliography of the paper by Oliveira et al.
(2012)), we refer to some results reporting values of ρ in [ρl, ρe), and precisely giving the average
estimate ρ = 6 Gy, together with the estimate α = 0.1÷ 0.35 Gy−1 (Nahum et al., 2003; Carlson
et al., 2004). Moreover, Wang and Li (2005) have shown, by means of in situ measurements of
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prostate cancer patients, that the potential doubling time of tumor cells has a large variation,
ranging from 15 to 170 days. On the basis of these findings, we assume the following nominal
parameter values for the prostate example: ρ = 6 Gy, α = 0.2 Gy−1, and TP = 14 days, while
TK is set to 28 days, which is an intermediate value between the nominal values of slowly and
fast proliferating tumours.

As for the reference protocol, we switch back to the “strong standard” protocol 35 F× 2 Gy =
70 Gy/46 days, commonly used for prostate cancer treatment. Setting the tumour parameters
to the mentioned nominal values, we computed the optimal solutions for different values of dM .
The reference protocol proved to be optimal irrespective of dM . Figure 9 reports the results of
the numerical simulations assuming ρ = 6 Gy, dM = 7 Gy, and different values of TK (TK ≤
T̄ , left panel, and TK > T̄ , right panel), with αTP ranging in 0.05÷10 days/Gy (step 0.01).
Figure 9 shows that for the majority of αTP values, the optimal solutions are characterized by
n◦ ≥ n̄ and d◦ ≤ d̄. So, for ρ = 6 Gy, the tumour behaves like a fast proliferating tumour
(similarly to the breast cancer example with ρ = 8 Gy). We note that ρ = 6 Gy was also
assumed for prostate cancer cases in the theoretical paper by Saberian et al. (2015) concerning
the fractionation optimization in radiotherapy. Although multiple normal tissue constraints are
considered, the results obtained in that paper are comparable to ours, in that the tumour behaves
like a fast proliferating tumour with respect to the (most restrictive) late responding tissue.

In summary, this numerical example again suggests to adopt the standard fractionation scheme
since the optimal solutions strictly longer than T̄ provide LCK gains not higher than 5.7%.

5. Concluding remarks

We addressed the problem of finding the optimal dose fractionation for cancer radiotherapy
schedules of the kind one fraction/day, five fractions/week, representing the tumour and normal
cell responses to radiation by means of the LQ model with exponential repopulation. The problem
is formulated as a constrained nonlinear programming problem in terms of the vector of the dose
sizes, d, and of the total number of dose fractions, n. Based on the chosen radiotherapy scheme,
the total treatment duration is expressed in terms of the number of fractions by a fixed relationship
and it is not an independent decision variable. Two types of healthy tissues, namely the early and
late responding tissues are considered, and both linear and quadratic constraints are imposed to
limit the adverse effects of the irradiation.

We proposed a procedure to solve the optimization problem in two consecutive steps: i) ana-
lytical determination of the optimal fractionation protocol, dk, k = 1, . . . n, as a function of the
model parameters for a fixed, but arbitrary number of fractions n; ii) numerical computation
for specific parameter settings of the optimal number of treatment sessions, and of the optimal
treatment time, by means of a finite number of direct comparisons among the cost function values
obtained for the sequence of the optima with n fixed, n = 1, . . . , nM .

The analytical study developed in part i) provides a framework to determine the optimal
fractionation schedule over a given treatment length as a function of the tumour type and of the
fraction upper bound, as well as of the normal tissue parameters. The generality of the approach
at step i) relies on the representation of the tumour response by means of a cumulative LQ model
with a set of four parameters. Such a simplified representation can be adopted in the external
beam radiotherapy planning for the management of early-stage disease cases (Dearnaley et al.,
2016). As a further assumption concerning the normal tissue constraints, we suppose that the
maximal admissible levels of early and late complications, as well as the maximal size of the daily
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dose dM , are assigned. However, the study is developed without restrictions about the parameter
values, in order to give the optimal solution in terms of general (positive) values of the model
parameters.

Despite the simplified modelling assumptions, the analytical determination of the optimal so-
lutions for n fixed proved to be rather complex. The results are in agreement with our previous
works (Bertuzzi et al., 2013; Bruni et al., 2015) and the solutions hold for any value of n. Provided
that dM is not so restrictive as to make the early and late constraints unnecessary, a first property
of the solutions is that, the optimal protocols produce the maximal tolerable damage to at least
one normal tissue, with optimal fraction sizes dependent on the normal tissue parameters and
on the daily upper bound, but independent on the tumour radiosensitivity ratio ρ. However, the
value of ρ compared to the radiosensitivity ratio of normal tissues, influences the optimal scheme
of dose fractionation. In particular, when dM is sufficiently large, hypofractionated protocols are
convenient for tumours with low ρ values, such as most prostatic cancers, whereas the uniform
fractionation tends to be optimal for tumours with high ρ. As expected, even for small ρ, if the
dose upper bound gets “stricter”, the optimal protocol becomes more prolonged, and eventually
uniform when dM is very low. This result is consistent with the clinical and bio-mathematical
literature (Fowler, 2010; Yang and Xing, 2005; Brenner and Hall, 1999; Fowler et al., 2003b) and
confirms the results obtained by Bertuzzi et al. (2013) and by Bruni et al. (2015). Finally, we
complete the analytical picture of the optima by showing the existence of a possibly infinite set
of equivalent optimal schedules for tumours having radiosensitivity ratios intermediate between
those of the early and late responding normal tissues.

In part ii) of the work, we performed the numerical simulations focusing on the three mentioned
tumour classes characterized by radiosensitivity ratios belonging to the intervals ρ ≥ ρe, ρ < ρl
and ρl ≤ ρ < ρe. For all the classes considered, we fixed the normal tissue parameters according
to the literature (Yang and Xing, 2005; Fowler, 2010) and we investigated how changes of the
remaining tumour parameters, along with the value of the daily dose upper bound, affect the
optimal solution.

To quantify the maximum admissible damages to the normal tissues, the quantities ke(n) and kl
are expressed by means of the Biologically Effective Dose (Barendsen, 1982; Yang and Xing, 2005;
Fowler, 2010), so that these values become dependent on the model used to represent the damage
and on a tolerable clinical protocol chosen as the reference protocol. However, this choice allowed
us to establish some properties related to the geometric prevalence of the constraints for each
optimization problem with n fixed. This fact implies that the geometry of all the optimization
problems can be known “a priori”, before performing the numerical comparisons. Furthermore,
we were able to easily establish the boundedness of the optimal number of fractions for the
tumour classes considered in the numerical simulation section. The optimization of the number
of treatment sessions led to optimal schedules that confirm the results highlighted in the first
part of the work concerning the influence of ρ on the fractionation scheme. Aim of the numerical
simulation section was to provide the optimal solution investigating broad ranges of the parameter
values, while providing a schematic summary of the results. It should however be stressed that
the practical applicability of the obtained results is limited by the difficulty in assessing the model
parameter values for highly heterogeneous populations such as the human tumours. Moreover,
the role of the product αTP in determining the optimal treatment length has been evidenced.
The quantity αTP can be seen as an inverse measure of the tumour aggressiveness, in that small
values of this product are associated to very fast tumour repopulation accompanied by a rather
low intrinsic radiosensitivity of the tumour.
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Let us now discuss in further detail the main results obtained for the three classes of tumours.
For tumours having ρ ≥ ρe, such as the head and neck cancer, the reference “strong standard”
protocol, 35 F × 2 Gy = 70 Gy/46 days, is optimal for the majority of the considered tumour
parameter values. However, for the same tumour class, we also found that tumours characterized
by low values of the product αTP should be treated by accelerated schedules since the achievable
LCK could be very high compared to the reference protocol.

For tumours having ρ < ρl (e.g. prostate cancer), hypofractionated schedules are more “com-
petitive” then the “strong standard” protocol, frequently used also for the treatment of prostate
cancer. As shown by the numerical simulations, when the daily dose upper bound increases the
optimal protocol consists in delivering a smaller total dose in a lower number of fractions, provid-
ing a higher LCK gain with respect to the standard 2 Gy protocol. Such solutions are generated
by the trade-off between shortening the treatment and keeping the daily dose fraction within
the admissibility constraints. We proposed a specific protocol for different values of the upper
bound dM and we verified that such protocols remain optimal for a wide range of the tumour
parameters. The evidence that the optimal solution is substantially insensitive to the tumour
parameter changes is a favourable feature as the tumour parameter values are characterized by
high uncertainty. The proposed optimal solutions are always safe solutions, i.e. compatible with
the normal tissue constraints, and they are similar to the hypofractionated protocols already used
in the clinical treatment of prostate cancer. We also found that for very small αTP values, when
the repopulation effect is remarkable, the optimal treatment time T (n◦) tends to be equal to the
kick-off time TK . However, the values of αTP for which T (n◦) approximates TK are too small to
likely represent slowly proliferating tumours.

For tumours having ρl ≤ ρ < ρe, e.g. breast cancer or prostate cancer not assimilable to slowly
proliferating tumours, either the structure and the length of optimal solutions strongly depend
on the tumour parameters. The optimal solutions may result in different types of schedules, close
to fast-like schedules or to slow-like schedules, depending on their radiosensitivity/proliferative
behaviour which may shift from fast (compared with late normal tissues) to slow (compared
with early normal tissues). However, for the tumour types considered and for the majority of
the related tumour parameters, we obtained equi-fractionated optimal solutions, which are either
equal to or longer than the reference protocol. Moreover, as the optimal solutions longer than
the standard treatment do not provide significant advantage in terms of LCK, we suggest to treat
both the considered tumours by means of the related standard scheme of fractionation actually
used in clinical practice. Also for these examples, low values of αTP provide short schedules
rather different from the reference fractionation. As noted for slowly proliferating tumours, such
solutions, despite high LCK gains with respect to the reference protocol, can be neglected since
the estimated values of α and TP found in the literature indicate higher values of the product
αTP .

We finally remark that for most of αTP values two have been found to be optimal: the standard
2 Gy protocol for ρ ≥ ρl and the hypofractionated protocols for ρ < ρl, provided that large doses
may safely delivered. When experimental or clinical evidences indicate very low αTP values,
different (shorter) protocols may be optimal.
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Appendix A. KKT necessary and admissibility conditions of optimality for
Problem 2.2

In this section we provide the set of Karush-Kuhn-Tucker conditions for Problem 2.2 used to
derive some results characterizing the structure of the optimal solutions. Because of the non-
convexity of Problem 2.2, we can only use the optimality necessary conditions provided by the
Karush-Kuhn-Tucker Theorem (Pierre, 1969). The existence of optimal solutions is guaranteed
by the Weierstrass theorem.

Recalling that n is a fixed integer in Problem 2.2, let us write the Lagrangian function associated
to Problem 2.2 as

L(d, λ0, ηe, ηl, η, µ) = λ0Jn(d) + ηege(n, d) + ηlgl(n, d)−
n∑

k=1

ηkdk +

n∑
k=1

µk(dk − dM ) ,

where λ0, ηe, ηl are scalar multipliers and η, µ are n-dimensional vectors with components
ηk, µk, k = 1, . . . , n, respectively. Introducing the notations

δ(λ0, ηe, ηl) = −λ0ρ+ ηeρe + ηlρl , σ(λ0, ηe, ηl) = 2(−λ0 + ηe + ηl) , (A.1)

the necessary and admissibility conditions are

∂L

∂dk
= δ(λ0, ηe, ηl) + σ(λ0, ηe, ηl)dk − ηk + µk = 0 , k = 1, . . . , n , (A.2)

ηkdk = 0 , k = 1, . . . , n , (A.3)

µk(dk − dM ) = 0 , k = 1, . . . , n , (A.4)

ηege(d) = 0 , (A.5)

ηlgl(d) = 0 , (A.6)

ge(d) ≤ 0 , gl(d) ≤ 0 , (A.7)

0 ≤ dk ≤ dM , k = 1, . . . , n , (A.8)

λ0, ηe, ηl, ηk, µk ≥ 0 , k = 1, . . . , n , (A.9)

with λ0, ηe, ηl, ηk, µk, k = 1, . . . , n, not simultaneously equal to zero.
Let us now examine the subsystem made of equations (A.2), (A.3) and (A.4) considering as the

only unknowns d, η, µ, and assuming λ0, ηe, ηl fixed. Fixing the triple λ0, ηe, ηl, the quantities
δ and σ in (A.1) become fixed coefficients of equations (A.2). In such a way, it is easy to derive
some structural properties of the optimal solutions in terms of δ and σ.

Theorem 5.1. For any fixed integer n, Problem 2.2 admits two sets of solutions: “structured”
and “non-structured”. The set of structured solutions is associated to values of λ0, ηe, ηl such
that σ 6= 0 and it consists at most of 3n structures (including the trivial vector d = 0) that can be
grouped into (n+1)(n+2)/2 mutually exclusive classes. Structures in each class are characterized
by the number of doses equal to zero, dM and A ∈ (0, dM ), with

A = − δ
σ
, (A.10)
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independently of the dose positions. Having the same value of the cost function Jn(d), all the
structures of the same class are equivalent. All the classes are summarized by the set of represen-
tative vectors {d(i, j), i, j = 0, . . . , n, 0 ≤ i + j ≤ n}, where i denotes the number of doses equal
to A and j the number of doses equal to dM . Being the intermediate dose A dependent on the
class, A(i, j) denotes its value for the structure d(i, j), i 6= 0.

The set of non-structured candidates is associated to values of the multipliers λ0, ηe, ηl such
that σ = δ = 0, and consequently η = µ = 0, making Eqs. (A.2) identically satisfied.

Proof. Let us multiply each equation
∂L

∂dk
= 0 in (A.2) by dk (dk − dM ). In view of (A.3) and

(A.4), we obtain
dk (dk − dM )(δ + σdk) = 0 , k = 1, . . . , n ,

and, for values of the multipliers λ0, ηe, ηl such that σ 6= 0, we get three values for dk:

dk =0 , dk =dM , dk =− δ
σ

= A . (A.11)

For A ∈ (0, dM ), the values (A.11) are distinct and their 3n dispositions with repetition in a
vector d ∈ Rn give all the possible structured solutions. As vectors containing the same number
of A and dM are indistinguishable with respect to Jn, i.e. they are equivalent, the vectors can
be grouped into (n + 1)(n + 2)/2 mutually exclusive classes of equivalent structures, in which a
single structure can be chosen as a representative.

Let us now reconsider the original system (A.2)–(A.4) supposing that the fixed values of the
multipliers λ0, ηe, ηl are such that σ = 0. If δ 6= 0 it can be verified that the solutions are
d(0, 0) and d(0, n), already present among structures. If instead δ = 0, Eqs. (A.2)–(A.4) imply
ηk = µk = 0, k = 1, . . . , n, and the system is identically satisfied, providing no information
about the value of dk or the structure of d. Therefore, when σ = δ = 0 the system of necessary
conditions admits a set of “non-structured” solutions associated to multipliers η = µ = 0 with
dose values defined only by constraints (A.5) and (A.6).

Appendix B. Minimum value of the maximal entry of n-dimensional vectors
with constant sum of the entries and of the squared entries

Recalling that S > 0, v ∈ [1, n] (see their definitions in Eqs. (25), (19)) and considering the
ordering dn ≥ dn−1 ≥ . . . ≥ d2 ≥ d1 ≥ 0 , among the entries of the vector d, we can formulate the
following optimization problem.

Problem 5.2. Minimize the function:

J̃(d) = dn, (B.1)

on the admissible set:

D̃ = {d ∈ Rn|
n∑

k=1

dk = S ,
n∑

k=1

d2
k =

S2

v
, dn ≥ dn−1 ≥ . . . ≥ d2 ≥ d1 ≥ 0 , v ∈ [1, n]} . (B.2)

Firstly, we note that D̃ is non-empty as v ∈ [1 , n]. Secondly, Problem 5.2 certainly admits an
optimal solution as the admissible set (B.2) is compact and the cost function (B.1) is continuous
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on it (Weierstrass theorem (Pierre, 1969)). Moreover, it is evident that the Problem 5.2 is not
convex so that we can only use the optimal necessary conditions provided by the Kuhn Tucker
Theorem (Pierre, 1969). The Lagrangian function associated to the problem is

L̃(d, λ0, λs, λq, η)=λ0dn+λs

(
n∑

k=1

dk−S

)
+λq

(
n∑

k=1

d2
k−

S2

v

)
−η1d1+

n−1∑
k=1

ηk+1 (dk−dk+1) , (B.3)

where λ0 , λs , λq are scalar multipliers and η is the n-dimensional vector of multipliers ηk, k =
1, . . . , n, related to the inequality constraints.

Let us now write the necessary and admissibility conditions

∂L̃

∂dk
= λs + 2λqdk − ηk + ηk+1 = 0 , k = 1, . . . , n− 1 , (B.4)

∂L̃

∂dn
= λ0 + λs + 2λqdn − ηn = 0 , (B.5)

η1d1 = 0 , (B.6)

ηk(dk−1 − dk) = 0 , k = 2 , . . . , n , (B.7)
n∑

k=1

dk = S , (B.8)

n∑
k=1

d2
k =

S2

v
, (B.9)

dk ≥ dk−1 ≥ 0 , k = 2 , . . . , n , (B.10)

ηk ≥ 0 , k = 1 , . . . , n , (B.11)

λ0 ≥ 0 , (B.12)

with λ0 , λs , λq , η never simultaneously equal to zero. The vectors d, and the related multipliers
λ0 , λs , λq , η that satisfy system (B.4)–(B.12), are the extremals of Problem 5.2, that is all the
possible candidates to the optimal solution.

Let us multiply each equation
∂L̃

∂dk
= 0 in (B.4)–(B.5) by the corresponding dk , k = 1 , . . . , n,

and let us add together the n equations so obtained, taking also into account Eqs. (B.6)–(B.9).
We get the relation

λ0dn + λsS + 2λq
S2

v
= 0 , (B.13)

which constitutes a constraint on the values of the multipliers λ0 , λs , λq. Exploiting Eq. (B.13),
together with Eqs. (B.4)–(B.7) and (B.10)–(B.12), it is possible to characterize the structure
of the solution pairs d , η. The main emerging property is that the vector d (associated to a
specific triple λ0 , λs , λq and to a specific multiplier vector η) can contain at most two different
positive entries (the details of this analysis are reported in the Technical Report by Conte et al.
(2015)). Denoting these entries by x, y, with y > x > 0, and recalling the assumed ordering
dn ≥ dn−1 ≥ . . . ≥ d2 ≥ d1 ≥ 0, all the solution vectors d can only have two possible structures
characterized by: i) the last j entries equal to a positive value, y, and (possibly) the first n − j
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entries equal to zero; ii) the last j entries equal to y, the preceding i entries equal to x and
(possibly) the first n− i− j entries equal to zero. When d contains only positive entries equal to
y, Eqs. (B.8) , (B.9) lead to the system  jy = S ,

jy2 =
S2

v
,

(B.14)

which admits the real positive solution y = S/v only for v integer and equal to j. Conversely,
when d contains two different positive values x, y, in order to satisfy the constraints (B.8) , (B.9),
it is necessary to solve the system  ix+ jy = S ,

ix2 + jy2 =
S2

v
.

(B.15)

As it must be y > x > 0, system (B.15) admits a unique real positive solution

x = R−j,i , (B.16)

y = R+
i,j , (B.17)

for each pair i, j such that j < v < i+ j, where

R−j,i =
S

i+ j

(
1−

√
j(i+ j − v)

vi

)
, (B.18)

and

R+
i,j =

S

i+ j

(
1 +

√
i(i+ j − v)

vj

)
. (B.19)

Indeed, it is easy to verify that the quantities R−j,i, R
+
i,j are real and positive, with R+

i,j > R−j,i, if
and only if j < v < i+ j.

As it is proved in Conte et al. (2015), the set of structured extremals of Problem 5.2 depends
on the value of v. Table 13 summarizes the extremals of the optimization problem for each sub-
interval of v in [1, n]. We note that, when v = [v], if j = [v] it is R−[v],i = 0, R+

i,[v] = S/[v], so that

extremals coming from system (B.15) with j = [v] coincide with the vector having [v] entries equal
to S/[v] and n− [v] zeroes, that is the solution of system (B.14). In order to actually determine
the optimal solution in each interval of v reported in Table 13, we need to evaluate the cost
function J̃ in (B.1) for all the extremals of the interval itself, identifying the minimum among the
selected structures. To this purpose we preliminary study the behaviour of R+

i,j defined in (B.19)
keeping fixed the sum s = i+ j but letting i vary, and then fixing the index j but letting s vary.
Rewriting R+

i,j as a function R+(i, s− i) and considering i, s as positive continuous variables, we
have

∂R+(i, s− i)
∂i

=
S

2

√
s− v

vi(s− i)3
, (B.20)

which is strictly positive since v < s. On the other hand, rewriting R+
i,j as a function R+(s− j, j)

and considering s, j as positive continuous variables, we have

∂R+(s− j, j)
∂s

=
S
(√

v(s− j)−
√
j(s− v)

)2

2s2
√
vj(s− j)(s− v)

, (B.21)



55.

which is strictly positive as v > j. Therefore, for a fixed sum i+ j, R+
i,j increases as i increases,

while for a fixed j, R+
i,j increases as the sum i+ j increases.

Taking into account (B.20) and (B.21), it is easy to determine, in each interval of v, the optimal
solutions of Problem (5.2) which are listed Table 14.

In conclusion, the optimum of Problem (5.2) is the vector dR having the last [v] entries equal
to R1,[v] , R+

1,[v] (equal to S/v if v = [v]), one entry equal to R−[v],1 = S − [v]R1[v] provided v < n

(equal to zero if v = [v]) and the remaining n− [v]− 1 entries equal to zero provided v < n− 1.
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Table 13: Extremals of Problem 5.2 classified on the basis of v sub-intervals.

v d

(0 0 . . . 0 0 R−
1,1 R+

1,1)

(0 0 . . . 0 R−
1,2 R−

1,2 R+
2,1)

[1, 2)
...

(0 R−
1,n−2 . . . R−

1,n−2 R−
1,n−2 R+

n−2,1)

(R−
1,n−1 R−

1,n−1 . . . R−
1,n−1 R−

1,n−1 R+
n−1,1)

(0 0 . . . 0 R−
1,2 R−

1,2 R+
2,1)

(0 0 . . . 0 R−
2,1 R+

1,2 R+
1,2)

(0 0 . . . 0 R−
1,3 R−

1,3 R−
1,3 R+

3,1)

[2, 3) (0 0 . . . 0 R−
2,2 R−

2,2 R+
2,2 R+

2,2)

...

(R−
1,n−1 R−

1,n−1 R−
1,n−1 R−

1,n−1 R+
n−1,1)

(R−
2,n−2 R−

2,n−2 R−
2,n−2 R+

n−2,2 R+
n−2,2)

...
...

(0 R−
1,n−2 . . . R−

1,n−2 R−
1,n−2 R+

n−2,1)

(0 R−
2,n−3 . . . R−

2,n−3 R+
n−3,2 R+

n−3,2)

...

(0 R−
n−2,1 R+

1,n−2 . . . R+
1,n−2 R+

1,n−2)
[n− 2, n− 1)

(R−
1,n−1 R−

1,n−1 . . . R−
1,n−1 R−

1,n−1 R+
n−1,1)

(R−
2,n−2 R−

2,n−2 . . . R−
2,n−2 R+

n−2,2 R+
n−2,2)

...

(R−
n−2,2 R−

n−2,2 R+
2,n−2 . . . R+

2,n−2 R+
2,n−2)

(R−
1,n−1 R−

1,n−1 . . . R−
1,n−1 R−

1,n−1 R+
n−1,1)

(R−
2,n−2 R−

2,n−2 . . . R−
2,n−2 R+

n−2,2 R+
n−2,2)

[n− 1, n) (R−
3,n−3 . . . R−

3,n−3 R+
n−3,3 R+

n−3,3 R+
n−3,3)

...

(R−
n−1,1 R+

1,n−1 . . . R+
1,n−1 R+

1,n−1 R+
1,n−1)

n (S/n S/n . . . S/n S/n S/n)
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Table 14: Optimal solution of Problem 5.2 as a function of v. When v = [v] it is R+
1,[v] = S/v,

R−[v],1 = 0.

v d

[1, 2) (0 . . . 0 0 R−
1,1 R+

1,1)

[2, 3) (0 . . . 0 R−
2,1 R+

1,2 R+
1,2)

...
...

[n− 2, n− 1) (0 R−
n−2,1 R+

1,n−2 . . . R+
1,n−2 R+

1,n−2)

[n− 1, n) (R−
n−1,1 R+

1,n−1 R+
1,n−1 . . . R+

1,n−1 R+
1,n−1)

n (S/n S/n . . . S/n S/n S/n)


