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Abstract

In this paper we study a system of nonlinear hyperbolic equations, with nonlocal boundary
conditions and a free boundary, arising in the modelling of epidermis growth. The model was
introduced in a previous paper [9] where conditions for the existence of a steady state were
investigated. The present paper is devoted to prove existence and uniqueness of a solution to
the evolution problem and of the related moving boundary representing the external surface of
the epidermis. The proof of the theorem is based on the integration along characteristic curves
in order to obtain suitable estimates allowing to set up a fixed point procedure. The modellistic
aim of the paper is a description of the structure of the epidermis as a layered aggregate of
different type of cells.

Key words: Nonlinear hyperbolic PDE; nonlocal conditions; free boundary; population dynam-
ics; epidermis growth.
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Abstract. In this paper we study a system of nonlinear hyperbolic equations, with nonlocal bound-
ary conditions and a free boundary, arising in the modelling of epidermis growth. The model was
introduced in a previous paper [9] where conditions for the existence of a steady state were investi-
gated. The present paper is devoted to prove existence and uniqueness of a solution to the evolution
problem and of the related moving boundary representing the external surface of the epidermis. The
proof of the theorem is based on the integration along characteristic curves in order to obtain suitable
estimates allowing to set up a fixed point procedure. The modellistic aim of the paper is a description
of the structure of the epidermis as a layered aggregate of different type of cells.
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1 Introduction

In this paper we study a problem arising in the modelling of epidermis growth, namely a system of
nonlinear hyperbolic equations, with nonlocal boundary conditions and a free boundary.

*This work is done within the projects PRIN 2009-2009RNH97Z_001 financed by MIUR, Italy and CNCS —-UEFISCDI
project PCCE-55/2008 of the Romanian National Authority for Scientific Research. G.M. acknowledges the fellowship
of CIRM Fondazione Bruno Kessler, Italy, for November 2012.



The model we consider aims to describe the epidermis as an aggregate of different cells. In fact, the
epidermis is formed by epithelial cells, arranged in multiple layers, undergoing a continuous renewal
process. Cells in the innermost layer (basal cell layer) detach after proliferation from the underlying
basement membrane and move outward forming the suprabasal layers [13, 19]. Suprabasal cells pro-
gressively mature, by a process during which the fibrous protein keratin accumulates in the cells. At
the end of such a process, cells filled of keratin die, and the dead cells (corneous cells or corneocytes)
form the stratum corneum [10]. Although the deepest cells of stratum corneum retain their intercellu-
lar bonds, corneocytes gradually lose their adhesion when are slowly pushed to the surface by newly
born cells, and are eventually shed from the surface through a process named desquamation.

Whereas many mathematical models have been proposed for cell aggregates, including age structure
[4, 7, 17, 18] and biophysical properties [3, 5, 6, 8, 14], few models have been devoted to the spatial
organization of stratified epithelia [1, 15, 16]. We recently proposed a model with age and spatial
structure to describe the evolution of suprabasal epidermis [9]. In this model, which briefly will
be illustrated in the following, the cell proliferation in the basal layer is simply summarized by the
boundary conditions. In [9] the existence of a stationary solution was studied.

In our model, we assumed a planar idealized geometry, so that the Cartesian coordinate x, per-
pendicular to the epidermis plane, is the only spatial variable. The boundary x = 0 represents the
interface with the basal cell layer, whereas © = A(t) (¢ denoting time) defines the epidermis outer
boundary which coincides with the end of the stratum corneum in most conditions. The boundary
A(t) is not known a priori.

Although in normal skin cell proliferation occurs almost exclusively in the basal layer [19]), where
stem cells generate transiently proliferating cells that after 4-5 rounds of proliferation become (qui-
escent) differentiated cells, in pathological cases the proliferation can even extend to the suprabasal
layers, [12]. In order to account for moderate hyper-proliferation, we assumed that the last round
of division may occur in the suprabasal region. The maturation process of the differentiated cells is
supposed to evolve with their age, as well as the final transition to the corneous state.

The model includes proliferating cells, differentiated cells, corneous cells, and apoptotic cells. These
classes are respectively indexed by ¢ = 1,...,4. The class of apoptotic cells includes all the dead cells
caused by pathological mitosis and/or by external damaging agents (e.g chemicals or UV radiations).
We denote by n;(t, a;, z,) the density with respect to the age a; € [0,a; ] of the number of cells of type
i per unit volume, at position z and time ¢. Thus, n;(¢, a;, z)da;dz gives the number of cells with age
between a; and a; + da; in a cylinder of unit base that extends from x and = + dz.

All cells at a given position are assumed to move with the same velocity u(t, x), positive in the
outward direction.

The local fraction of volume occupied by cells at time ¢ around the point z, denoted by ®(¢, z),
can be expressed by

O(t,x) = Z/Oai vi(a;)n;(t, a;, x)da;. (1)

where v;(a;) > 0,4 = 1,...,4, is the mean volume of a cell of type ¢ at age a;. From its definition,
(¢, x) is obviously meaningful if 0 < ®(¢,2) < 1. The function ®(¢,x) is supposed to be constant
O(t,x) =%, (t,x) €[0,T] x [0, A(t)], (2)

with 0 < ®* < 1. This assumption appears quite adequate for the viable layers as well as for most of
the stratum corneum [2, 11], where cells are closely packed with very small extracellular space.

We also consider a phenomenological quantity, I'(¢, ), that represents (in arbitrary unit) the degree
of cohesion of the tissue at position x and time t. We assume that cells differently contribute to the
tissue cohesion by means of their adhesion bonds, according to their type and, possibly, according to
their age. Thus, we define the cohesion function I'(¢, x) as:

8 jaf
I(t,x) = Z/o ~i(a;)ni(t, a;, x)da;, (3)

where ;(a;) > 0, i = 1,2,3, is the adhesiveness of cells of type i at age a; (apoptotic cells do not
contribute significantly to the cohesion). We suppose 71 and ~2 constant, whereas, to represent the



progressive loss of adhesion among the corneocytes, we take 3 continuously differentiable and such
that
v3(a3) <0, 73(az) =0 for a3 € [a3, a7}, (4)

with ag > 0. We assume that the epidermis maintains its cohesion as long as I' is greater than a critical
value I'*. Thus, the outer boundary A(t) will be such that

I(t,xz) >T* for z € [0,A(t)),

and
Dt A(H)) = T, (5)
By taking into account that the constraint
dA
ult, A(t)) 2 —- (1) (6)

must be satisfied to avoid the nonsense of an epidermis boundary that “detaches”from the cells, two
regimes are possible. In the first case it is
dA

SH0) <ult.A@), T A®) =T, (7)

and the equation I'(¢, A(t)) = I'* defines the boundary A(t). In the second case

920 = ult AW), DA =T, 0

the boundary A(t) moves solidly with the cells (it is a “material boundary”). Note that in (7) the
strict inequality I'(¢, A(t)) > I'* cannot hold because, if I'(¢t,A(t)) > I'*, the boundary necessarily
should move together with the cells and dA/dt = u(t, A(t)).

The system proposed in [9] to describe the nonstationary growth of the epidermis reads

0 0 0
% + a—Zi + %(u(t,x)m) = —filar)n — pa(t, a1, x)ng, 9)
ni(t,0,2) = 0,
ni(t,a1,0) = Ni(t,a1),
n1(0,a1,2) = nyolar,z),
0 0 0
% 8—22 + %(u(t,x)ng) = —fa(a2)ne — pa(t, az, x)na, (10)

ay
na(t,0,2) = r(t,x)/ Bi1(a1)ny(t, a1, x)day,
0

ng(t,ag,()) = Ng(t,ag),
n2(0,a2,2) = ngo(az,x),
on on 0
(’)—tg + 8—a§ + %(U(t,x)m) = —f3(az)ns, (11)
af
n3(t,0,z) = / Ba(az)na(t, az, x)das,
0
ng(t,a3,0) = 0,
n3(0,a3,7) = mn3oas,x),



ony ony 0 —
v + E + g(u(t,x)m) = —fBalas)na, (12)

2 ot
na(t,0,2) = Z/ wilag, ©)n;(t, a;, z)da;
=170

+(27T(t,x))/ " B1(a)na(t, a1, x)das,
0
n4(t,a4,0) = 07

n4(0,a4,2) = ngo(as,x),

for t € [0,T), z € [0,A(t)], ai € [0,a]],i=1,...,4.

In the above equations, 5 denotes the rate of division of proliferating cells, 85 the rate of transition
of differentiated cells to corneous cells, 83 represents the rate of degradation of corneocytes, 84 the
rate of degradation of apoptotic cells. All these (per cell) rates are age dependent and are assumed to

blow up at a; = aj < 400,11 =1,...,4, in such a way that foai+ Bi(a;)da; = +oo. Thus, the respective
cell density n; will vanish at a; = aj. The loss rate f3 is introduced only to guarantee a priori the
above property also for the density of corneous cells. We suppose, however, that the support of the
function (5 is confined to an interval (as, agr) with ag > as, i.e with as sufficiently large so that the
loss B3 does not actually influence the evolution of the outer boundary A. The function r(¢,z) is the
mean number of viable cells originated at the division of one proliferating cell. Under normal, non
pathological conditions r(t,z) = 2, otherwise, r(t,z) € [0,2). Finally, u1(¢t,a1,2) and us(t, aq, ) are
the mortality rates, induced by external causes, of proliferating and, respectively, differentiated cells.

Thanks to the one-dimensional geometry, the hypothesis (2) allows us to determine the velocity
field u(t,x) that has the following expression depending on the cell densities (see for the derivation

[91),
u(t,z) = Uo Z/ / t aza& nz(t az,f)dazdf, (13)

where wug(t) is given. The function wug(t) is the velocity by which cells leave the basal layer. The
expressions of the coefficients k; are given in [9] and depend on the cell volumes v;, and the vital
parameters (;, pu; and 7.

The age densities N;(t, a;), i = 1,2, prescribe the boundary conditions at z = 0, and must be such
that ®(¢,0) = ®*. Since there is no input of cells of type 3 and 4 from the basal layer, the corresponding
boundary conditions are zero. Finally, the initial conditions n;y must satisfy ®(0, z) = ®* in the interval
[0, Ao], where AO = A(O)

The purpose of this work is to prove the existence of a solution to (9)-(13) and to interpret the
conditions under which this result is possible. To this end, in Sections 2 and 3 we shall give some
intermediate results, considering that the space variable z is in [0, L], with L finite and fixed. Theorem
3.1 relies on the Banach fixed point theorem and provides the arguments that will be used in Section
4, where we shall prove the final result of existence to (9)-(13).

2 Preliminary results: the linear problem

In this section we deal with the following problem written for a scalar function, generically denoted
w(t, a7 x)?

wi + We + aw, + (o +mw = f in (0,T) x (0,a™) x (0, L), (14)
w(0,a,x) = wo(a,x n (0,a™) x (0, L), (15)

w(t,0,2) = F(t,z) in (0,7) x (0, L), (16)

w(t,a,0) = G(t,a) in (0,T) x (0,a™), (17)

where « depends on ¢t and x and 7 and f are functions of ¢, a, x. For simplicity, the partial derivatives
of a function are indicated by a subscript.



We shall study the existence and uniqueness of a solution to this problem and establish some
estimates for a later use.

To solve the above system we use the method of characteristics and, due to the special structure
of the equation, we may consider only the spatial characteristic, namely the function ¢(¢, o, ) which
is the solution to the problem

oi(t,o,x) = a(t,e(t, o)), (18)
olo,o,x) = .

As it is known, ¢ has the evolution property
p(t,o1,9(01,0,7)) = p(t, 0, 7). (19)

We have
Lemma 2.1. Let « € C([0,T]; C*[0, L]),

a(t,0) >0, for any t € [0,T]. (20)

Then, the solution to (18) exists, it is unique and

pu(t, 0, 1) = exp (/Ut (s, w(s,a,w))d8> : (21)

The function o — p(t,0,0) is decreasing and

a(o,0)
vz(0,t,9(t,0,0)) .

Po(t,0,0) = — (22)

Proof. Since o € C([0, T]; C[0, L]) the solution to (18) exists on a maximum time interval [0, Tinax (o, 7)].
Actually, Thax(0o,x) is either T or such that ¢(Tiax(o,2),0,z) = L. Differentiating the equations in
(18) with respect to x we have

(,Dmt(t,o',fﬂ) = SDZ(t,O',(E)CYm(t,SD(t,U,(E)),
pz(o,0,) = 1,

whence we get (21) by integration with respect to t.
For obtaining (22) we start from the equality

¢(o,t,¢(t,0,0)) =0
and differentiate it with respect to o,
Pt (07 ta w(tv a, 0)) + Pz (Ja tv QO(t, g, 0))500' (ta g, 0) = 0.

Therefore, using (18) and (19) we get (22) and note that ¢, (t,0,0) < 0. O

Since for a fixed ¢ the function o — ¢(t,0,0) is decreasing it follows that, for x < ¢(¢,0,0), the
equation
o(t,0,0) =2

can be uniquely solved in terms of o, and provides a solution ¢ = C(t, z) < t, such that
o(t,C(t,x),0) = a. (23)
Note that by writing o(t',t,2) = o(t',t, (t, C(t, ),0) we get

ot t,z) = p(t',C(t,x),0), V&' € [0,T]. (24)



Moreover, by differentiating (23) with respect to z,
o (t, C(t,2),0)Cy(t,x) =1,
whence, using (22) and (21) we obtain

— 1 _ @I(C(t,x),t,ga(t,C(t,:c),O)
Colt,z) = o) (C(t.2).0) (25)

C(t,x)
= —m exp </t O‘z(saW(satv@(ta C(t,l‘),O)dS)

C(t,x)
= _m exp </t az (s, (s, C(ﬁ,x),O)dg) )

For generic functions f(¢,a,x), g(a,x), g(t,x) or g(t,a) we shall denote

flo = flleqomxpoatixo.r) s floo,00 = Iflleqo,m:nr0,a+:c00,00) -

9l0e = ||g||C([O7B*]><[07C*])a (26)

where B*, C* can be the pairs (a™, L), (T, L) or (T,a™).

The next result provides the existence of the solution to (14)-(17) and the estimates |w(t)|, and
|wy(t)],, that will be necessary in Theorem 3.1. Since only |w(t)|,, will be useful in the case with a
nonvanishing f, the estimate |w,(t)|,, will be computed for f = 0.

For simplicity, we shall use the following notations:

E(t, a, (E) — e fé(t’x)[ax(s,gp(s,C(t,x),O))Jr?r(s,aftJrs,O))]ds

By (t,a,z) = e fialoa(sp(sta)in(sstate(otalds,

E_(t,a,z) = e~ Jolos(sp(s.tm)+m(s.a—trsp(sta)lds

fit.a,z) = / f(t = 0,0 — 0,0t — 0,1, @))e™ i lealtmetomta) 4n(tramrplt=rto)lir g,
0

t—C(t,x)
f[[(t,a,(E) = / {f(t—O',a,—U,(,D(t_O',C(t,ZE),O))
0

x e~ Ji low (=T (t=7,C (1,2), 0)) 4 m(t=T,a=T,p (t=7,C (£,3),0))}dTY, 1

t
frrr(t,a,z) = / Flt—o,a— 0,0t —1,t,x)e Jo lowlt=relt=Tto)tr(t=ra=Tp(t=7.t2)dr g,
0

frv(t,a,x) = fr1(t,a,x).
Then we have

Proposition 2.2. Assume

wo € CY[0,aT] x[0,L]), FeCY0,T] x[0,L]), feC0,T] x[0,a™] x [0, L]),
G ¢ CY[0,T] x[0,a™]), =€ C*([0,T] x [0,a™] x [0, L])),

w(t,a,x) >0 for any (t,a,x) € [0,T] x [0,a™] x [0, L],
o€ Cl([O,T];C’Q[O,L]), a(t,0) >0 for any t € [0,T],

with the compatibility conditions

F(t,0) = G(t,0), wo(0,2) = F(0,x), wo(a,0) = G(0,a), (27)



F,(t,0) = G4 (t,0), woe(0,z) = F(0, ), woyz(a,0) = G¢(0,a). (28)
Then, system (14)-(17) has a unique solution w € C*([0,T] x [0,a™] x [0, L]) given by

F(t*aq(p(t* aatvx))EJr(taav'r) +f[(t,a,$),
if t>a, x> p(tt—a,0)

G(C(t,x),a —t+ C(t,x))E(t,a,x) + fr1(t,a,x),

if t>a, x<p(tt—a,o)
w(t,a,x) = (29)
wola —t,0(0,t,2))E_(t,a,x) + frr1(t, a, ),

if t<a, x> p(t0,0)

G(CO(t,x),a—t+ C(t,x))E(t,a,x) + frv(t,a,x),
if t <a, z<(t0,0)

which satisfies

(). < <|wo|m + 1Pl + 1l + | ) ds> exp(T |aal.), (30)
and
(B, < T x (1t ol + 7)oy + T(amel . + 72l.0)) (31)
{|w0z|oo + | Felo + lwoly, + |Fy + |Gl + ‘%L + aiao) ’OO + Q(G70) Lo}

for any t € [0,T].

Proof. We consider a solution w € C*([0,7] x [0,a™] x [0, L]) to problem (14)-(17) and use the
characteristics (18) to derive its necessary form. To this purpose we define the function

V(S) :w(to+55a0+55¢(t0+57t07x0))' (32)

It can be easily verified that it satisfies the problem

V(s) = —laa(to+s,e(to+ s,to,z0)) + m(to + 5,00 + s, 0(to + 5,0, 0))] V(s)
+f(t,a,z),
V(0) = w(to,ao, o).
Therefore

V(s) = w(to,ao, zo)e” Jo Lo (bo+7,(to+7,t0,20)) +7 (to+7,a0+7,0(to+T,t0,20))dT (33)

S
+/ {f(to+o,a0 + o, 0(to + 0,10, 70))
0
xe~ J; [am(t0+7',</7(t0+7',t0Jo))+7T(t0+7'7ao+"'790(t0+7'7t0,Io))]d"'}do-.
In order to compute w(t, a, ) we have four cases depending on the central characteristics.

First we consider the case t > a, illustrated in Fig. 1, where the central characteristic ¢(¢,t — a,0)
is shown. We have two situations.



x> 0(t,t-a,0)
(O,t‘a,Xo) P\/_‘
"
O(t,t-a,0) —
/‘ X< q)(tlt_alo)
(0,t-a,0) t
a (aDrtOIO)

(a,t,0)

Fig. 1 Characteristics scenario for ¢t > a (cases I and II)
LIft>aand > ¢(t,t — a,0) then we choose
ap =0, s=a, to=t—a, xg = p(t —a,t,x)
which are replaced in the above expression of V(s), to get

w(t,a,z) =w(t —a,0,p(t —a,t,x)) X (34)

e~ Jo aw(t—a+7,0(t—at7,t—a,p(t—a,t,x)))dr e~ Jo m(t—a+7,7,0(t—at7,t—a,p(t—a,t,x)))dr

—l—/a{f(t—a—i—a,a,(p(t—a—i—a,t—a,(p(t—a,t,x)))
0

s~ o loa(t=atrp(i-atri=ap(i-ab o)) tr(t=atr,ro(t—atri-ap(t—ate) ) g

Then, taking into account the initial and boundary data in (14)-(17) and the relations in Lemma 2.1
we compute the integrals by changing the variables. In fact, taking into account (19) we get

’LU(t - a, 07 gO(t - avta ZL')) = F(t - a, Qﬁ(t - avta ZL')),
e J§ az(t—a+7,0(t—at7,t—a,0(t—a,t,x))dr
- e foa ag(t—a+7,p(t—a+7,t,x))dr — e f:f@am(a,zp(o’,t,z)da,
and
e~ J§ m(t—a+7,7,0(t—at7,t—a,0(t—a,t,x))dr

= e joa w(t—a+7,7,0(t—a+7,t,x))dr — e f:ia7r(o’,<7+a—t,<p(o’,t,m))da

For the second term in the sum (34) we have

/ f(t —a+o0,o0, (p(t —a+o, t,x))e_ f;[ozm(t—a+‘r,<p(t—a+‘r,t,m))+7r(t—a+7',T,cp(t—a-l—r,t,z))]drdo_
0

—0o

= / flt—a+0,0,0t —a+o,t,z))e Jo lost=rel=r"ta)tn(t=r"a r"pt=r"t.0)]dr g

0
a ’
_ / f(t o O'I, a— O'I, Qﬁ(t - O'/, t, x))ef Iy [OLI(t*‘l‘l,(p(tf‘l',,t,I))Jrﬂ'(th/,afT/,(p(tf‘l',,t,m))]d‘l'/do_/
0

= fi(t,a,x).

In conclusion we obtain the first line in (29).



II. If t > a and = < ¢(t,t — a,0) we choose
x0=0, to =C(t,x), ap=a—t+C(t,z), s=t—C(t,z),

because by setting g = 0 then ¢y should be necessarily determined from the equation ¢(t,tg,0) = x,
according to (23), see again Fig. 1. Then, proceeding by similar computations we get the second
expression in (29).

When t < a, the central characteristic is ¢(t,0,0), as seen in Fig. 2, and we have the following two
situations:

IIL. If t < a and = > ¢(¢,0,0) then we choose

to=0, s=t, ap=a—t, zg = ¢(0,t,x).
IV. If t < a and x < ©(t,0,0) the choice is exactly as in the case II,
20 =0, to =C(t,x), ap=a—t+C(t,x), s=t— C(t,x).

In these cases performing a few changes of variables in the integrals we obtain the third and fourth
lines in (29).

Finally, the explicit form (29) for w(t, a, x) is the necessary form of the solution to problem (14)-(17).
In turn we can check that (29) provides a solution to (14)-(17). Thus we have proved existence and
uniqueness for (14)-(17) in the form (29). Actually, (29) also allows to deduce directly the estimates.
Actually, since m > 0, we have

|E+|oo < e—ftt;a ag(s,p(s,t,x))ds < eftta\am\oods < e\ozgn|ooa+ < e\am\ooT,

and similarly
|E_|, <eTloele, |B| < eTlowle,

X x> $(t,0,0)

L
(a_tfofxo )

0 (t,0,0) —

(a-t,0,0)
pa~ N __—- X< d)(t,0,0)

(ao Itolo)

» (a,t,0)

Fig. 1 Characteristics scenario for ¢t < a (cases IIT and IV)

Moreover,

1F1(8)] o

IN

a t
Tle / f(t—o')|_ do’ = Tl / 1 (0)],, do
0 t—a

IN

t
T|ar|oo d
e /0 £ (o) do



and for fr;r = frv and fr;; we get the same estimates. Thus,

¢ |F|, in case I
lw(t)|,, < efloele / 1f(s)].ds+{ |G|, in case Il or IV
0 |wo|, in case III

which leads to (30).
In order to obtain (31) we need to differentiate with respect to = in (29) where we set f = 0. In
the first case, when t > a and z > ¢(t,t — a,0), we get

wy(t,a,x) = Li(t,a,z) + La(t, a, ),

where
Li(t,a,z) = Fp(t —a,o(t — a,t,2))p.(t —a,t,2)E4(t,a, ),

Lo(t,a,z) = —F({t—a,pt—a,t,x)EL(ta,x)
X /t_ [azz (8, 0(8,t, ) + T2 (8, a, (8,8, 2))] v (s, t, 2)ds.

Then, since t > a, we have

L1 ()] o < |Folo €107l Jimad < Ty eloelt < |y |eloelT

¢
Bl < 1P [ (ol + bl
t—a
< Tllowaloo + melo0) [Flog €297
The other cases are similar and can be evaluated using the relations (21)-(25) to obtain (31). O

We note that the explicit form (29) is also meaningful if the data satisfy weaker conditions, namely
if we only assume

wo € CO([0,aT] x[0,L]), FeC([0,T] x [0,L]), feC(0,T] x [0, L]),
G e C(0,7] x [0,a™]), m € C([0,T] x [0,a™] x [0, L]),
w(t,a,z) > 0 for any (¢,a,z) € [0,T] x [0,a™] x [0, L],
a e C([0,T];C0, L)), at,0) > 0 for any t € [0,T]

with the compatibility conditions (27).
Thus, (29) provides a generalized solution to problem (14)-(17) satisfying (30). We will refer to
this kind of solution when dealing with the nonlinear problem in the next section.

3 Preliminary results: the nonlinear problem
In this section we provide the basic result that will be used to discuss the epidermis evolution theory.

Namely, using the results of the previous section, we prove the existence of a solution to the following
auxiliary problem, in the domains [0, 7] x [0,a;] x [0,L], i = 1, ..., 4, with L fixed:

op1 32?1 0 _
TR 4+ = 5 Ut,z;p)p1) = —pai(t,a1,2)p1, (35)
pi(t,0,2) = 0,
pi(t,a1,0) = Pi(t,a1),
p1(0,a1,2) = pio(ar,x),

10



8p2 8p2 0

815 + o 8(12 + 5= O (U(t 5 p)pQ) = _MQ(taGan)an (36)
af
p2(t,0,7) = T(t,iﬂ)/ Bi(a1)Mi(a1)pi(t, ar, z)das,
0
p2(t,a2,0) = Pa(t,az),
p2(0,a2,7) = pao(az,z),
Ops  Ops 0O , _
ot aag or (U(t,x,p)p3) = 0, (37)
p3(t,0,z) = / Ba(az) Mz (az)p2(t, az, v)das,
0
p3(taa350) = 07
p3(0;a35$) = p30(a3ax)a
8p4 8p4 8 . o
ot " aa, T o2 (U(t,z;p)ps) = 0, (38)

pa(t,0,3) = Z / gt 0, ) M (a5)pit, as, ) da

(2 r(t2) / ! a(an) M (@) 6, a1, ),

p4(t;a450) = Oa
p4(0a Gy, 1') = p40(a4, :C),

where P = (plap23p3ap4) and

U(t; :L';p) = uO Z/ / t NNS pz(t auf)dazdg (39)
We note that this system is related to (14)-(13) being obtained through the variable transformation
Uz (tv Qq, ZL')
i(t, @i, ) = —————, 4
plt.aiz) = Pl (40)

Ki(t, as, @) = ki(t, az, x) My (az),

Mo = exw (- [ pi(syas)

pio € C([0,af];C*0,L]), P; € C*(0,T] x [0,a]]), uo € C[0,T],
i € C([0,T};C([0,a);CH[0, L])), 7 € C*([0,T] x [0, L]), (41)

ki € C([O,T],Ll( )y &y ,Cl[o L]))

where

Let us assume

and

wit,a;,x) > 0, r(t,x) €10,2], uo(t) >0, (42)
€ [0,7)x0,a;7] x [0, L].

We make the following notations that will be used in the sequel:

) (43)

for any (¢,a;,x)

Eix

ki

1/~
Caa;<

+

00,1,00

11



Ca=C" (14 |pulo + T |1l o) (44)

4 2
P Pit ]Dia
X i0lo + Dioc]o0) + P; I i B ,
{;UPOL,O |Dioe | o ;<| loo wl T lwl w OO>}
where
+: g x b + 3 €T 5 45
ot = max fai}, rt = max Il lralohs it = e il } s (45)
Ct=4(1+a")A+77)21 +pta™), (46)
and pio, = 222, Py = 98 Py, = &L i=1,..,4. We have

Theorem 3.1. Let Ry > 0, R > 0 be fized and assume that Cq, Cy and T are such that the following
inequalities
Ce3TCa

Ri(1+ CoRy +TCy(R1 + Ry))
hold. Then, system (35)-(38) under the hypotheses (41)-(42) has a unique solution

Ry, (47)

<
< Ry

pi € C([0,T] x [0,a] x [0, L]). (48)
Proof. We consider the spaces
4
v =[] co.af] x [0, 1)), X = C([0,7];Y),
i=1

respectively endowed with the norms

||h’HY = Z|h’ |oov hla-'-ah ) GY;
lzllx = sup [[2()]ly, for z € X.
t€[0,T]
We define the subsets of X,
My = {z=(z1,22,23,24) € X; 2z € C([0,T];C([0,a]]; C*[0, L)),

|zil o < R1, 2i(t,ai,0) = Pi(t,a;), |ziz|lo < Ra}
and

M = {z=(z21,22,23,21) € X; 2 € C([0,T];C([0,a]]; W">(0,L))),
|Zl|oo S R17 Zi(taaiao) = Pi(tvai)a |Z’LCE|L00 S R2} .

We note that M is closed and M = M,.
Let z € X and fix p = z in the expression of U(¢t, z; p) in (35)-(38), getting

a(t,z) = U(t,x;z) = uo(t Z/ / i(t, ai, &)zi(t, aq, §)dadE. (49)

We note that a(t,0) = uo(t).
We obtain the following problem with the solution denoted Z;(t),

oz 071 | 0

8t a—al + — 8x (U(t T, Z)Zl) = 7ul(tﬂa’17x)Z17 (50)
Zl(t 0 ,T) = 0,
Zl(tvah ) = Pl(alﬂt)v
Zl(ova’lv ) = plo(al’z)’

12



0Zy 0Zy 0

922 (9% | 9 7)) = — Z
ot + 8(12 +az(U(t’$7Z) 2) MQ(taGQa'T) 2,
af
Zg(t,O,:z:) = r(t,x)/ ﬁl(al)Ml(al)Zl(t,al,x)dal,
0
ZQ(taG‘?aO) = PQ(taa‘?)a
ZQ(O,(J,Q,:L') = pQO(G‘?v:C)v
0Z3 073 0
g il — t. 7 _
ot ey T o U T2 = 0,
az
Z3(t,0,2) = / Ba(a2)Ma(az)Za(t, az, x)das,
0
Z3(t;a350) = 0)
Z3(07a351') = pgo(&g,.f),

9Zs  0Zy | 0

B + Bas + g(U(tVT;Z)ZO =0,
2 at
Z4(t,0,2) = Z/ wilas, ) M;(a;)Z;(t, a;, x)da;
i=1 70
af
+ (277’(@1‘))/ ﬂl(al)Ml(al)Zl(t,al,x)dal,
0
Z4(ta aq, O) = Oa

Z4(0, ayg, x) = pao(aa, x).

(51)

Since U (t, x; z) is continuous in [0, T] x [0, L] and continuously differentiable with respect to z, we can

apply Proposition 2.3 to produce a solution to (50)-(53), allowing us to define the mapping
VX 5 X, U(z) = Z.
Indeed, according to Proposition 2.3, problem (50) with
po=p0, F=0,G=P, f=0, 1=111

has a unique solution Z; given by (29). By (30) we have

1Z1]5 < €1l (P10l + [Pil) -
Stepping forward, problem (51) is (14)-(17) in which

po=p2, G=PF, f=0, 7= p

and

F(t,2) = r(t,z) /0 By (a1) My (a1) Za (t as, x)day.

(54)

Of course, F' is known on the basis of the previously determined function Z;. This problem has a

solution satisfying

eTloeloo (Ipoo] o + 171 Z1] o + | Pal o)
2

< eTlele (14 0%) > (Ipiol o + |Pil o)

i=1

1Z2 o

IN

Finally, the subsequent two systems are still (14)-(17) in which

po=pio, G=0, f=0, m=p3

13



F(t,x)/o " Ba(as) Ms(as) Zs(t, as, @)das,

and respectively, m = uy4,
2 af
F(t,z) = Z/ wilag, ©)M;i(a;) Zi(t, a;, x)da;
i=1 70

+(2 - T(tax))/oal B1(a1)My(a1)Z1(t,a1,z)day.

In both cases F' is again known because Z; and Z3 have been previously determined. We have

IN

%3] o el (Ipsol . + 17 (22,

3 2
3Tlowlo (1 4 p1)2 (Z Piolos + ) IR-IOO> ,
1=1 1=1

IN

2
|24 o < €TI0 <|p40|Oo AT VAN |Zl|oo> ;

i=1

whence we can write
4 2
|Zi| o < 3Tlele ot Z Ipjols + Z 1Pil | (55)
j=1 j=1

forany i =1,...,4.
Once we have defined the mapping ¥ : X — X we show that

U : X — X is continuous, (56)
\If(Mo) C Mo, (57)
(=(8) = ¥EO)y < C/O 12(5) = Z(s)[ly ds, Y2,z € My, (58)

with C' a constant that will be specified.
The property (56) is a consequence of the continuity of the characteristics (18) with respect to
a(t,x). Namely, if
Zn € X, zp — 2 strongly in X, asn — oo

then
Ul(t,z; zn) = U(t, x; 2) strongly in C([0,T] x [0, L]), as n — oo.

Denoting ¢, (t, 0, x) the characteristics relative to ay (¢, 2) = U(t, x; z,,) we have
on(t,o,2) = p(t,o,x) as n — co.
This convergence plugged into the solution to (50)-(53), according to (29), shows that
U(z,) = U(z) strongly in X, as n — oo.

In order to prove (57) we note that if z; is continuously differentiable with respect to x (as it is if
z € My), then
alt,r) = U(t,x;2) € C([0,T); C?[0, L])
and we have that Z; € C1([0, T]; C([0,a;]; C1[0, L])), by Proposition 2.3. Therefore, when considering
problem (51) the term (54) also belongs to C'*([0,T; C[0, L]) and we have Zy € C*([0,T]; C([0,a]]; C1[0, L])).
Going farther we get the same regularity for Z3 and Z,.

14



Finally, following the computations of | Z;; | in each equation (50)-(53), on the basis of the estimate
(31), we get after some algebra

| Zia(t) oo < Tl (T4 lplo + T bl + |ow| oo + T |0‘rr| )

4
Piq
. {Zupmm ¥ Ipioslo. +Z G \— o | )} ,
=1 o]
for any ¢ € [0, T]. Thus, by the notations (45)-(44) we have
| Zi| o < Cqe®Tlowloe, (59)
Zizloo < Call + |z, + T sl )21 . (60)

On the other hand, since z € My, we have |z;| < Ry and |z;|,, < Ro and we can evaluate o, and
Q. In fact

| (t, )| < <I)* Z/ i(t, ai, x)| |2i(t, ai, x)| da;
1 &~ 1 ~
< — kl ta'a ‘ A ta'a <= kl i < CozR )
< g R e < g Rl 5 Gt
for any (¢,z) € [0,T] x [0, L], hence
0| . < CoRy. (61)

We also have

4 +
1 A~
N 3 / Fi(t,ai,2)| |t a1, 2)| day
Z/ t y Qs T |Zzz(t A, T )|daz
1 & -
< — (f , (t. - .
< g 2 (ftteo] ol + [ ool )
S e
- (I)*zl ZzooloozzOO Zooloochoo
< Ca (|2il o + |2zl ) » for (t,z) € [0,T] x [0, L],
hence
By (59), (60), (61), (62) and (47) we finally have
1 Zi|,, < CaePTCFr < Ry, (63)
| Zix] o Cae®T M (1 + Co Ry + TCo(Ry + R)) (64)

<

< CueTCR (1 4 CyuRy + TCW(Ry + Ry)
< Ri(14CoR1 +TCw(R1 + R2) < Ry,
hence Z = (Z1, Z2, Z3, Z4) € My and we have got (ii).

To prove (58), let z,Z € My and Z = ¥(z), Z = ¥(Z) be the corresponding solutions to (50)-(53).
Denoting W = Z — Z and w = z — Z, we get the system

Wit + Wiq + mWi + U(t, 25 2)Wip + Uy (8,25 2)W; = fi(t, a, ), (65)
Wi(t,0,2) = Fi(t,z)— F(t,z),
Wi(t,a,0) = 0,
Wi(0,a,2) = 0,
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where

filt,a;,x) = — {U(t,x;w)zm + Uz(t,z;w)Z} ,i=1,..,4.

Then using estimate (30) we get for i = 1,

t
Wil <" [ i)
0
Using this estimate we obtain for i = 2,

(W2 (#)] oo

o= (v [ oantan e + [t )

< (14 rH)eloels /|fz

IN

Proceeding further we finally get for any ¢ = 1, ..., 4,

i t
W’L C’+ 4T|O¢m‘oo .
Wi(t)]., < CFe g / 1£5(5)

Then, taking into account (49) and (43), we have

|U<tww|_¢*2//
< Z/

el 23

=

i(t,ai, & ‘|wl (t,ai, &)| da;dE

(t,-,6)| lwi(t)] d€

IN

k;
00,1

L@l

and

i(t, ai,x |wl(t a;, x)| da;

le( Moo dai < Co [lw(®)]y -

Concerning the norms of f; we write

[filt,a,2)] < Ut 230)] [ Zg| + |Us(t, 230)] |Z]
< ColL|Zig|  + |Zi] ) lw(®)]ly -

Thus, by (67), (63) and (64) it follows that
i t
Wi(t)] o < CaCTetTIole Z/O (L[ Zixl| o +1Zil ) Nw(s)lly ds
J

t
< 4C,CHATORN (LR, 4 Ry) / lw(s)ly ds.
0

Therefore, we obtain (58), i.e
[P (z(1) = ¥EO)y < C(Rl,Rz)/O 12(s) = Z(s)lly ds,

16
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where

C(R1, Ry) = 16C,CTe*C=F1 (R, + LRy).

Once (56)-(58) are established we proceed to prove the existence of a fixed point of ¥. Actually we
change to norm in X by defining the equivalent norm ||-[| - by

vl x, = ts[up]{e‘"t o)y}, Yo € X.

)

Then, for z,Z € My, by (72), we get

e "0 (2(t) = ¥(ED)|ly < C(R, Rz)@‘”t/o e |z =2l x, ds (73)

1—e™ M
< C(R1,R2)T lz —Zllx,

and so
19() = W@y, < pllz~ 2y, » for 2,7 € Mo,

with p = @ < 1 for i chosen sufficiently large.

By continuity and (57) it follows that
U(M)C M

and
[U(2) =@ x, <pllz—Zlx, . V2,2€ M.

In conclusion, we have proved that ¥ is a contraction on M and so its fixed point is the unique
solution to (50)-(53). O

4 Back to the problem of epidermis evolution

We now go back to the original problem (9)-(13) to discuss how the model may represent epidermis
evolution.

The model parameters described in Introduction reflect the intrinsic structure of the epidermis. In
particular, the cohesion functions «;(a;) are constitutive parameters of the cohesivity I'(¢, ) defined
in (3). Moreover, the average volume of cells is given by v;(a;), ¢ = 1,...,4 and these volumes enter
the total volume fraction ®(¢,2) which is taken constant according to (2).

The distributions N;(t, a;) ¢ = 1,2, are data of the model, accounting for the boundary condition
at x = 0, i.e., at the upper boundary of the basal layer. At this boundary the cells leave the layer
with the velocity ug(t) which is another datum of the problem. In the standard case in which cell
production at the basal layer is not externally influenced, N; and u can be independent of t.

The value of the cell volume fraction ®*, is also a parameter of the model and the condition

2 a:r
Z/ vi(ai)Ni(t, ai)dai = q)* (74)
i=170

must be fulfilled.
At time ¢ = 0 we consider an initial distribution of cells, concentrated in a space interval [0, Ag],
i.e., nio(ai, ), a; € [0,a;], x € [0, Ag], assuming that the volume fraction condition is satisfied

4 aj
Z/ vi(ai)nio(ai, ZL')d(J,Z = (I)*, S [0, Ao] (75)
i=1"0

Moreover, we assume that the initial cell distribution is such that

3 ot
r0,z) = Z/o vi(ai)nio(ai, x)da; > T, x € [0, Ag], (76)
i=1
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with T'(0,0) > I'*, i.e., we suppose that the cohesion condition is satisfied by the initial datum. We
consider all data and parameters of the problem as defined for ¢ € [0,00) and = € [0, 00), though we
expect to have a solutions on finite intervals.

Proposition 4.1. Assume that

no € C([0,af1:CM0, Ao]), T € C([0,0]1:CM[0, Ao,

N; € CY[0,00) x [0,a]]), uo € C([0,0)), uo(t) >0,
wi € C([0,00);C([0,a™];C*[0,00))), pi(t,as,z) >0
r € CY[0,00) x [0,00)), r(t,x) €[0,2],

ki € C([0,00); L0, a7 CH[0,00))),

with the proper compatibility conditions corresponding to (27)-(28).
Then problem (9)-(13) has a unique solution, local in time, n; € C([0, Tmax] % [0,a]] x [0, A(t)]),
where the free boundary A(t) is defined by

A(t) = sup {:c € [0,A()]; T(t,z) > r*} (77)

and A(t) is the solution to N N N
AN (t) = u(t,A(t)), A(0) = Ay. (78)

Proof. In order to apply Theorem 3.1, we fix L > Ag. We set p;o as the C'-extension of the function

%, defined for = € [0, Ag], to the whole interval [0, L] and P;(t,a;) = %

For such an initial distribution, the constants Cy and C,, (recall (43) and (44)) are determined and
we can choose R1 and Rs such that

Ry > Cd, Ry > Cd(l + CaCd)- (79)

Then, (47) if fulfilled for T small.
Consequently, problem (35)-(39) has a unique solution p; € C([0,T7; C([0,a; ]; C1[0, L]) satisfying

Piloe < R1, [Pialo < Ro. (80)

The solution we have found provides the velocity U(t,z;p) and the set of characteristic curves
©(t, 0, x) satisfying

e = Ult,oip),
plo,o,) = .
Let us consider the spatial characteristic originating at = Ao, i.e., K(t) = ¢(t,0,Ap)., and define

Tiax = sup {t e [0,7]: A(t) < L} .

The other characteristics ¢(¢,0,x) with > Ag are not related to the physical data n;g, but only to
its mathematical extension, so that we are only interested in the solution p;(t,a;,x) for a; € [0,a]],
and (t,z) € Q, where

Q = {(t,2);t € [0, Tmax], x € [0, A(t)]}.

Setting
ni(t, ai, x) = Mi(a;)pi(t, ai, )

we get a solution to (9)-(13) in the space domain [0, A()].
We are left with determining the physical moving boundary A(t) satisfying (7) or (8). Now, the
function I'(¢, z) is well defined in Q and we can identify the boundary A(t) as

A(t) = sup {z € [0,A()]; D(t,2) > r*} :

18



as claimed. g
Remark. We observe that 0 < A() < A(t) and note that
O(t,z) = P*

in the domain {(¢,z); t € [0, Tmax], * € [0,A(t)]}. This property is guaranteed by the form of the
constitutive equation for u(t, z), whenever (74),(75) are satisfied (see [9]).
As an example of boundary evolution we can choose Ay and the initial distribution n;y such that

3 rat
T(0,2) = Z/O viai)nio(as, ¥)da; > T*, @ € [0, Ao,
=1

setting all the parameters to be time invariant. Then, equation (78) provides a solution A(t) having
the same property B
(¢, A(t)) > T

at least for ¢ in a small interval [0,¢*], with
t* = inf{t:; T(¢t,A(t)) <T*}.

Then, by (8) we have

A(t) = A(t) for t € [0, "]

and the boundary A(t) moves.
If T'(¢t, A(t)) < T'* then the boundary A is defined by

(¢, A(t)) =T
Thus, the boundary A(¢) is different from /N\(t) and proceeds at a speed
N(t) <u(t, A)),

according to (7).
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