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Abstract

In this paper we propose a model for the evolution of a tumour spheroid assuming a structure
in which the central necrotic region contains an inner liquid core surrounded by dead cells that
keep some mechanical integrity. This partition is a consequence of assuming that a finite delay
is required for the degradation of dead cells into liquid. The phenomenological assumption of
constant local volume fraction of cells is also made. The above structure is coupled with a
mechanical two-phase model that views the cell component as a Bingham-like fluid and the ex-
tracellular liquid as an inviscid fluid. By imposing the continuity of the normal stress throughout
the whole spheroid, we can describe the spheroid evolution and characterize the possible steady
state. Depending on the values of mechanical parameters, the model predicts either an evolution
toward the steady state or an unbounded growth. An existence and uniqueness result has been
proved under suitable assumptions, along with some qualitative properties of the solution.
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Abstract

In this paper we propose a model for the evolution of a tumour spheroid
assuming a structure in which the central necrotic region contains an inner liquid
core surrounded by dead cells that keep some mechanical integrity. This partition
is a consequence of assuming that a finite delay is required for the degradation
of dead cells into liquid. The phenomenological assumption of constant local
volume fraction of cells is also made. The above structure is coupled with a
mechanical two-phase model that views the cell component as a Bingham-like
fluid and the extracellular liquid as an inviscid fluid. By imposing the continuity
of the normal stress throughout the whole spheroid, we can describe the spheroid
evolution and characterize the possible steady state. Depending on the values
of mechanical parameters, the model predicts either an evolution toward the
steady state or an unbounded growth. An existence and uniqueness result has
been proved under suitable assumptions, along with some qualitative properties
of the solution.

1 Introduction

Cells from different tumour cell lines can be grown in vitro to form spheroidal masses,
called multicellular tumour spheroids, currently considered valuable experimental
models of avascular tumours [46, 36, 29, 37]. Multicellular tumour spheroids have
been, and are, the object of comprehensive investigations since they provide a useful
model to assess the effects of oxygenation, nutrition and external mechanical actions
on tumour growth, as well as the effects of anticancer treatments with drugs and
radiation.

During the spheroid growth the fraction of proliferating cells decreases, and when
cells in the inner region become deprived of oxygen, glucose and other nutrients,
and/or metabolic waste accumulates, cell death occurs. Thus, in a late growth stage,
the spheroids consist of an outer viable rim (whose thickness takes values in the



typical range 100 + 250um) surrounding a central necrotic region. The spheroid
growth is initially exponential and then it tends to saturate. Examples of spheroids
reaching the stationary state (with final diameter of 1 + 3mm) have been reported
24, 26].

Multicellular spheroids have been studied quite extensively under different view-
points and adopting different modelling approaches (for a review see [3, 6, 34]). The
so-called two-fluid scheme, in which not only extracellular fluid, but also the cell ag-
gregate is treated as a fluid, has been used quite frequently because of its simplicity
[14, 16, 17]. In that framework the seemingly simple problem of predicting the size
of a stationary spheroid has been reconsidered in [23] and in [20, 21], with the aim
of formulating a model keeping most of the physics but involving just a small num-
ber of parameters (see [22] for an extended discussion). In [23] a heuristic argument
based on energy balance was introduced, while in [20] a more rigorous approach was
pursued, based on a finer stress analysis. Here we want to describe the evolution of
the spheroid from some initial non-necrotic stage, basically in the same framework
as [20], though with some nontrivial changes. The main novelty is that the cells ag-
gregate is represented as a Bingham fluid. Such a choice makes the two-fluid scheme
much more realistic, since the yield stress characterizing the Bingham fluid mimics
reasonably well the nature of cell-cell adhesion forces, exerted by bonds having a
rupture threshold. It is not surprising that in the new mechanical framework the
scheme becomes considerably more complicated. We will illustrate how the present
paper relates to the previous literature including similar effects during the model
development. At the same time we will point out both the original aspects and the
limitations of the model.

The outline of the paper is the following. Modelling assumptions are discussed in
Section 2, in which the partition of necrotic region in a liquid core surrounded by a
”solid” shell is introduced, and the Bingham model for the cell aggregate is presented
in Section 3. Section 4 describes the partition of the spheroid into proliferating, quies-
cent and necrotic regions by level sets of the oxygen concentration. The fundamental
balance equations are given in Section 5, and the spheroid evolution is described in
Section 6. The mathematical problem of existence of the solution after the onset of
the liquid core is studied in Section 7. Section 8 describes the steady state, and some
numerical simulations of the spheroid growth are illustrated in Section 9.

2 Model assumptions

The main assumptions made in [20], and still maintained in the present paper, are
listed below:

e Throughout the spheroid just two components occupy volume: cells (indepen-
dently of their state) and interstitial liquid. From the mechanical point of view
the spheroid is considered to be a mixture of two incompressible fluids: the
extracellular fluid, schematized as an inviscid fluid, and a different kind of fluid
(to be specified) representing the cells. Their mutual interaction is assumed to



be consistent with the possibility of describing the liquid/cell relative motion
by means of Darcy’s law.

e The spheroid is partitioned in a viable region and in a necrotic core. The
interface is identified as the surface where the limiting nutrient (oxygen) takes
a given critical value.

e The viable region is divided in an outer proliferating shell and an inner quiescent
region, the interface being the surface where oxygen concentration crosses a
given threshold for proliferation.

e The necrotic core is also partitioned in a ”liquid” core (namely an immobile
region at uniform pressure), surrounded by an outer shell whose mechanical
behaviour is still described according to a two-fluid scheme. This picture is
the consequence of an extreme idealization of the dead cells degrading process,
turning ”solid” cells to ”liquid” (i.e. destroying their membrane and intracel-
lular organelles) in a given finite time 6p.

e Throughout the viable region and the ”solid” necrotic zone the cells adhere to
each other, and the volume fraction they occupy, v, is constant.

e Both the cell velocity field u and the extracellular liquid velocity field v are
radially directed and depend on the radial coordinate r only (of course also on
time ¢ if we consider evolution).

e A surface tension effect is postulated at the outer spheroid surface.
e The spheroid metabolism enters the model just through oxygen consumption.

While an external proliferating zone always exists, the presence of the other regions
depends on the spheroid size. In fact, during the spheroid evolution from an early
fully proliferating stage, the various interfaces will be generated progressively.

The partition of the necrotic zone into a ”liquid” core and a ”solid” shell may
look arbitrary. Nevertheless, there is some experimental evidence that our picture
may be realistic. Nuclear magnetic resonance (NMR) measurements of self-diffusion
of water in EMT-6 spheroids [38] have shown that the central necrotic core looks
as a single compartment characterised by a single diffusion coefficient, whereas the
water in the viable rim appears to be confined into two compartments with different
diffusion coefficients (intracellular and extracellular water). Moreover, NMR imaging
evidences an intermediate zone between the viable rim and the centre of the necrotic
region. This intermediate zone also shows two diffusion compartments, although the
volume fraction of the diffusion-restricted compartment was found to be lower than
the corresponding fraction in the viable rim.

Both in [23] and in most of [20], in the framework of the two-fluid model, all shear
stresses are attributed to the viscosity of the cellular fluid. Actually, cells mutually
interact not just by friction, but through links that are broken and reconstituted to
allow some relative motion while keeping cells in mutual contact. The time scale



of the regeneration of intercellular links is much shorter than the one of the flow.
This is a strong motivation to propose an alternative description of the cell aggregate
as a Bingham fluid (characterized by the presence of an yield stress) rather than a
Newtonian fluid, an idea that was already discussed to some extent in [2, 41] and
marginally brought forward in [20]. As we shall see in the next Section, adapting the
Bingham scheme to the growing spheroid is a rather delicate question. Concerning
the mechanical behaviour of the necrotic region, we note that cell death will eventu-
ally switch off the mechanism of replacement of the adhesion molecules on the cell
membrane. We suppose that this phenomenon is faster than the membrane disrup-
tion, responsible for the later disappearance of viscosity. Summarizing, in our model
we assume that:

e In the viable region the cell fluid is represented as a Bingham fluid with a
constant yield stress. In the solid necrotic region the yield stress decreases
linearly with the cell age counted from cell death, reaching zero at the age
0. <0p.

If 8. < 0p, in the part of solid necrotic region where the yield stress is absent, the
cell fluid is considered to be Newtonian .

Clearly, all disaggregation processes are progressive and randomly distributed in
time and we are just arguing in terms of comparisons between the time scales of
different phenomena. The problem arises of how to define viscosity in the necrotic
region. It is certainly variable and decreasing inwards, but it would be anyway
arbitrary to speculate about such a detail. In our view, the ”solid” necrotic region
is the one in which we can still count cells in an aggregate. Once aggregation is lost,
most probably because of the membrane degradation, the system comes to rest and
stress is isotropic.

Unlike most of the papers using the two-fluid scheme, here we have assumed the
additional simplification of the constancy of the local cell volume fraction v. Indeed
in the two-fluid models it is customary to postulate a one-to-one correspondence
between v and the so-called extra-pressure acting on cells as a consequence of their
mutual contact, in addition to the one exerted by the liquid. Such an approach implies
the necessity of defining a potential for cell-cell interaction. Instead, we require

e The pressure po of the cell fluid is larger than the pressure pg of the extracel-
lular liquid.

This requirement, as we shall see, implies a constraint on the parameters. It is
motivated by the fact that tractions cannot be properly accounted for in a two-fluid
scheme (see also [33]).

We have adopted the assumption v = constant not just because of its simplicity,
but also because models involving a finer description of cell-cell interactions require
the knowledge of hardly measurable parameters. The advantage of imposing the
constraint v = constant is quite substantial, since in that case, before the onset of
the liquid necrotic core, both the kinetic fields u and v can be calculated explicitly



in terms of the location of the various interfaces (in turn to be found by solving the
oxygen diffusion-consumption problem). The inspiring principle is that simplicity
is preferable to a more accurate picture that involves additional parameters whose
determination is very uncertain. We recall that in [2], where Bingham-like schemes
were considered in the more general framework of the theory of evolving natural
configurations [31, 43|, also elastic properties have been superimposed, according
to the assumed variability of the cell volume fraction. Such a deformability is not
allowed in our case.

It is important to note that, under the constraint v = constant, growth is the
only cause of shear rate. It is also important to point out that, in the context of a
constant cell volume fraction, we are forced to introduce an analysis of stresses only
because of the appearance of an inner liquid necrotic core. Models in which the whole
necrotic core is assumed to keep a constant cell volume fraction while cells degrade
to liquid, i.e. it is “solid”, need no stress computation since the cell velocity field can
be derived just from the mass balance [28, 1, 15, 19, 8, 7]. The drawback of such an
approach is that it implicitly requires the existence of some mechanism that forces
mutual cell contact during the whole degradation process, which is hard to justify on
a biophysical basis.

A substantial criticism might be addressed to selecting oxygen concentration
as the discriminating quantity for the onset of necrosis. As a matter of fact cell
metabolism is far more complicated to be reducible to just oxygen consumption. For
instance, both insufficient ATP production rate and high acidity level (related to the
anaerobic pathway of glucose consumption) can be considered responsible for necro-
sis occurrence. Such aspects have indeed received a lot of attention in the recent
literature [47, 10, 11, 45, 44, 12]. We decided to keep the naive picture of one lim-
iting nutrient to avoid accumulation of phenomena that are intrinsically difficult to
model. Such a choice allows instead to emphasize the mechanical aspects. A similar
argument can be brought to justify the introduction of an interface between the pro-
liferating and the quiescent region, instead of some transition law between the two
species, regulated by oxygen concentration.

Finally we note that the presence of intercellular bonds allows the onset of tensile
stresses. To such action it is usually attributed a surface tension effect at the outer
surface of the spheroid, which is known to play an important role in the two-fluid
scheme. While adopting a two-fluid scheme we are still borrowing, perhaps with
excessive ease, some concepts from solid mechanics: for instance, the implicit use
of tensile stresses in the definition of surface tension, and the use of Darcy’s law
to describe the motion of the extracellular liquid relative to the cells. This choice
not only characterizes the cells as the solid matrix in a porous medium, but it also
attributes a viscosity to the extracellular fluid, otherwise treated as inviscid (it is
true, however, that its viscosity is many order of magnitude less than the one of the
cell fluid).



3 The Bingham model

In the spirit of mixture theory (see [42]) the Cauchy stress tensor T in the spheroid
is the sum of two tensors Tg, T, associated to the extracellular fluid and to the cell
aggregate, respectively. We recall that the cell volume fraction v is taken constant
and that the density of the liquid and of the cells is considered equal. As we said,
extracellular fluid is modelled as an inviscid fluid. Therefore, the corresponding stress
tensor is simply
Tg=(1-v)[—pel], (1)

where pg is the pressure and I is the identity tensor.

Passing to modelling the cellular fluid, we make a preliminary remark. Let u be
the cell velocity field. We denote by D = %[Vu + (Vu)7] the strain rate tensor and
by IIp the frame invariant quantity

1

IIp = 5I&D2 . (2)

If we take a constitutive law of the type
Tce =v|—pcl+ AIIp)(TrD)I + 2nc (1 + 9(1p))D)] ,

when the above defined invariant of the stress tensor exceeds some threshold, we
are faced in particular with the problem of selecting the coefficient A(IIp) (leaving
aside for the moment the definitions of the positive coefficient 1o and of the function
Y(IIp). It is well known that this problem is linked to the entangled question of
defining a bulk viscosity. We consider the decomposition D = D’ + %(TrD)I and
we impose that any non-rigid motion must be accompanied by energy dissipation,
meaning that TC:D > 0, where 'i‘c = T¢ + vpcl. Since

%TC:D = 2nc(1+9(Ip))D":D' + [A(Ip) + ;nc(l +9(Ip))] (TrD)?,

it turns out that the factor multiplying (TrD)? must be non-negative. When 9 = 0
(Newtonian fluids) the customary choice is A + %770 = 0 (Stokes’ assumption), which
amounts to supposing that variations of specific volume are not dissipative, thus
minimizing dissipation.

The presence of a yield stress for Bingham fluids (¢ > 0) suggests that in the
expression of the energy dissipation rate the term %77019([[ p)(TrD)? should be kept,
since the corresponding volume increment rate in the spheroid is anyway associated
with bonds rupture, and is therefore accompanied by the loss of some energy (the
one accumulated in the bonds tension before rupture). At the same time we keep the
assumption A = —%nc, eliminating the viscosity contribution to dissipation caused
by volume changes. In the ordinary case of incompressible fluids (TrD = 0) the
choice of the parameter A is clearly immaterial. In the case of spheroids, while
the overall system remains incompressible, mass conversion from extracellular fluid
to cells during proliferation produces a nonvanishing TrD, accompanied by energy
dissipation.



The above remarks are the motivation of the following Bingham-like model that

was proposed in [20]. The cellular Cauchy stress tensor in the viable region is given
by

2
Tc=-—v <pc+§ncv'u>1+w, (3)

where

r= <2nc + \/E_D> D (4)

if \/I; > 79, while D = 0 otherwise. Note that, for D # 0,
VI = 2nc+/ I p + 719, if IIp > 0. (5)

More complicated variants have been considered in [2], which are suitable to the
mechanical framework of that paper, using in place of D the strain rate tensor cor-
responding to deformations not simply attributable to growth and that therefore are
by definition traceless. When V-u > 0, as it happens in the presence of proliferation,
the question of formulating a Bingham-like model in a self-consistent way is far from
being obvious. For instance, in [4] the authors propose that for Bingham flows which
are not divergence free a possible choice can be (using our symbols)

~ T0 2
T=v|1l+ (——nCTrDI + 2170D> ,
< o(—2ncTrD I+ 2nCD)> 3

where ¢ is simply the square root of the invariant of its argument, according to (2).
However, it is easy to check that for a radial velocity field of the form u = kr the
function ¢ vanishes, while the tensor D does not, and this is certainly not suitable
for our modelling (by the way, that kind of velocity field is precisely the one arising
in the first stage of evolution, in which the whole spheroid is proliferating). The
constitutive law we have selected bypasses that difficulty, since IIp in the form (2)
vanishes if and only if D = 0.

Finally, we remark that in Eqgs. (1) and (3) different pressures were considered
for the two phases. This is consistent with the fact that, either because of surface
tension or by external actions applied selectively to the cells, the two pressures can
take different values at the outer surface. This is clearly another contradiction to the
two-fluid scheme which we add to our list of compromises.

4 Oxygen consumption and the inner structure of the
spheroid

The oxygen diffusion-consumption problem can be considered quasi-steady with ex-
cellent approximation, due to the large diffusivity of oxygen (1.82 - 107° cm?/s [35])
in the system and the relative small size of the tumour spheroid (external radius not
much larger than 1 mm). Thus it can be solved at each time t if the spheroid radius
R(t) is known.



We partition the spheroid according to the value of the oxygen concentration
o. Denoting by o* the concentration at r = R(t), in a generic configuration we
distinguish the following regions:

e (P) proliferating region, pp(t) < r < R(t), corresponding to op < 0 < o*;
e (Q) quiescent region, py(t) < r < pp(t), corresponding to on < 0 < op;
e (N) necrotic region, 0 < r < py(t), corresponding to o < op.

The interfaces pp, py may or may not exist, depending on the size of the spheroid.
Assuming ¢* > op, the concentration ¢ and the various interfaces for R large enough
are found by solving the following free boundary problem:

Do,Ac(r,t) = f(o(rt))r, in P, (6)
Do, Ao (r,t) = %f(a(r, t))v, in @, (7)
o(R,t) =0", (8)
o(pp,t) =op, 9)
o(pn,t) =oN, (10)
or(pn,t) =0, (11)

where f(o) is a Michaelis-Menten type function and m > 1 (quiescent cells need less
oxygen than proliferating cells). The last condition expresses no oxygen flux to the
necrotic core. The problem has a hidden additional unknown, which is the spheroid
external moving boundary r = R(t).

Remark 4.1 We have already noticed that partitioning the spheroid according to
oxygen concentration is a rather extreme picture, that contrasts with the stochastic
nature of the various processes involved. In particular, transition rates from one class
to another (not only between P and @, but also from P, @ to N) are usually introduced
[27]. The interfaces are generated by a limiting procedure, sharpening thin transition
TegLoOns.

In the papers [8, 9] we have discussed a similar free boundary problem for the
pair (o, pn(t)) (with overlapping regions P, Q). The extension to the present case is
not difficult. We can summarize the main results concerning problem (6)-(11) in the
following statement.

Theorem 4.1 There exist two monotonically increasing continuous functions Rp(c*),
Ry (0*) such that:

i. for R(t) < Rp system (6),(8), with the additional condition 0,(0,t) = 0, has
one unique solution o(r,t) > op;

ii. for Rp < R(t) < Ry there exists one unique pair o(r,t), pp(t) solving (6)-(9)
with 0,(0,t) =0, i.e. the necrotic region has not yet appeared;



iii. for R(t) > Ry there exists one unique triple, o(r,t), pp(t), pn(t), solving (6)-
(11). O

It is clear that pp and py are functions of the radius R, and that they actually
depend on ¢ through R(t).

We will write the right hand side of (6) in the form

o
H+o’

f(O’,V):nQ

where @) is the maximum oxygen consumption rate per cell and n is the cell con-
centration. In the following simulation we will take @ = 8.3 - 107" mol/(cell:s) [25],
n=>5-10% cell/cm? [25], H = 4.64 - 1073 mM [18], m = 2 [13], D = 1.82 - 10~ %cm? /s
[35], op = 0.05mM, on = 0.0l mM. Fig. 1 shows the radii pp, pn as functions of R,
in case of 0* = 0.28 mM [26]. Note that the differences R — pp and py — pny tend to
be constant for R large enough.
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Figure 1: pp and py as a functions of R. Parameter values indicated in the text.

We still have to deal briefly with the necrotic region. In a generic configuration,
we suppose that it contains a ”liquid” core (region NL) for 0 < r < pp(t), meaning
just a region of uniform pressure, and a ”solid” shell (region NS) for pp(t) < r <
pn(t), having the mechanical properties of a mixture of cells in mutual contact and
extracellular liquid. Such a picture comes from the idea that, (a) as long as dead cells
have a membrane, we can still use a mechanical scheme similar to that adopted for
living cells, while membrane degradation leads to a uniform incompressible material,



and (b) from the assumption that all necrotic cells undergo degradation after the
same time 0p.

To the region NS we extend most of the properties of the viable zone, in particular
the constancy of the cell volume fraction v (with the same value). We do not take for
NS exactly the same rheological properties we attributed to the viable region, since
intercellular bonds are also degrading. As stated above, we take in NS a Bingham
model with a yield stress gradually going to zero.

According to the picture above, the interface r = pp(t) is located by following
the motion of cells as they enter the necrotic region and computing how long they
travel during the prescribed degradation time 6p. Such a calculation requires the
knowledge of the velocity field, and will be done later on. Of course the liquid core
will appear only when the spheroid has grown sufficiently large.

5 Balance equations

From the mass balance, and assuming the same mass density for the cells and the
liquid, we obtain the following equations:

V.ou=y, in P, (12)

V-u=0, in QUNS, (13)
v .

V-v——xl_y, in P, (14)

V-v=0, in QUNSUNL. (15)

The above equations express the incompressibility of the mixture, since we have
V-vu+ (1 —-v)v]=0,

which provides a simple relationship between u and v. It turns out that the total
flux vu+ (1 — v)v is identically zero during the whole process, so that

v
1—v

V = —

u. (16)

Concerning the momentum balance, since inertia is absolutely negligible and T
and Tg are given by Egs. (3) and (1), respectively, in all regions which are not static
we write the equations

V- Tc+mec=0, (17)

V-Tg+mg=0, (18)

where mg, mpg are the interaction forces between the components. By assuming that
the motion of the liquid relative to the cells is governed by Darcy’s law we have

v—u=-KVpg, (19)

10



with (1—v)K representing the hydraulic conductivity. Arguing as in [20], we conclude
that

mpg — (20)

u
K
and, with very good approximation,

mc—l—mEZO, (21)

since the interaction force generated by the momentum exchange rate between the
species is negligible.

In the following we have to write down equations (17), (18). To this end we
must keep in mind that in our polar coordinate frame of reference and for any radial
velocity field u(r,t):

e the tensor D is diagonal: D = Diag(2%, %, %),

or>ror

e TrD = V - u is either x or 0, depending on whether proliferation is active or
not;

e (V-D)y =Au—-275, (V-D)g=(V-D)y=0;
e V- u = constant implies V- D = 0;

e where V- D = 0, we have

R

and the other components are zero.

The presence of motion indicates that stress is beyond the threshold, so that (3)
has to be applied.

We establish now the expression of the cellular pressure at r = R. If the spheroid
is grown in water, then the external normal stress reduces to the atmospheric pres-
sure peg. If the outer medium is a gel [30], then an extra compression due to the
deformation of the polymer network forming the gel skeleton is exerted on the cells,
i.e., on the solid component of the spheroid. Surface tension acts exclusively on the
cells as well. While we just have pressure continuity for the liquid component, the
boundary condition for pc can be stated by imposing a jump condition, accounting
for the surface tension, to the total stress in the radial direction. So, using (-)' = %
we can write

2 70 /

v (pe(Rt) + Znox ) +v | 210 + ——— | W/(R, 1) — (1 — 1)peat =

V<pc( ) 3770X> V(Uc IID(R,t)>u( ) = (1 = V)Pext
2y

—Pext — VQZJ(R) - VE )

11



where 7 is the surface tension and ¥ (R) is a function that represents the gel action,
increasing from 0 for R = 0 to some upper value 1,4, (the gel has a plastic behaviour,
since its internal polymeric network breaks when deformed beyond some limit). From
the above equation we have

2 T , 27y
pc(R )_ 3770X+ < nc + i (R,t))u(R )+p t—i—T/J(R)‘f‘ R ( 3)

Remark 5.1 Surface tension related pressure can be given the form 2v/R (with ~
constant) only if R is sufficiently large. When R becomes very small the tensile
stresses producing such a pressure are no longer present. So if we want to keep that
term, v should be considered a function of R which vanishes for R — 0, e.g. quadrat-
ically, and is constant for R sufficiently large.

6 Spheroid evolution

6.1 Stagel

In the first stage of evolution only the P zone is present and Eq. (12) holds with zero

velocity at the centre. Thus
X

=Zr.

3
As a consequence, the outer boundary, which is a material surface, moves according
to

u(r,t) (24)

R(t) = %R(t). (25)
If Ry is the initial radius, we have the exponential growth
R(t) = Ry exp(%t) : (26)

and Stage I will end at the time

when quiescence first appears at the centre.
For the velocity field (24) we have
2
X X
D==21 IIp ==
3 ) D 6 7
V-r=V-D=0.

The tensor T¢ is

2 6
Tc=—v (pc + —nox) I+v (2770 + \/;TO) D, (27)

3

12



and equation (17) becomes (nonradial components are trivial)

X .
From (28) we obtain
X 2 2
= £+ -2 (R%— 2
pc(?",t) pC(Rv )+6KI/(R 7"), ( 9)
and, recalling (23),
po(r,t) = 7'0\/? + Deat + V(R) + 2 X (R* —r?). (30)
7 3 R 6Kv

Similarly, from (18) we get

pE(T7 t) = Pext —

6.2 Stage 11

For t > tp, a quiescent core with 0 < r < pp(t) grows, where cells have no velocity
in view of (13) and of u(0,¢) = 0. In the region P equation (12) has to be integrated,
imposing that u vanishes at r = pp(t). Thus

X pr(t) 3
u(r,t) = §T[1 - (T) ] (32)
From the previous section we recall that pp(t) can be found as a continuous, though
not explicit, function of R(t). Therefore, the equation for the motion of the outer
boundary

: X pr(t)\3
R(t)=Z=R(t)|1 — 33
0 =Sron - 220y @)
can be integrated (numerically), knowing that R = Rp at time ¢t = tp. Stage II
comes to an end at the time ¢ = ¢ty when R reaches the value Ry and necrosis first
appears at r = 0.

For the velocity field (32) in the region P we have

1 = X; [% + (557, (34)

Equation (17), in view of (22), becomes

1 ! u
o / _ 2 _0.
ve i ()~ g =0 (35)

To integrate the above equation from r to R, we perform the integration by parts:

R R R "
1 1
/u’( )/ds:u’ —/ Y ds,
- IIp 1Ip |, - IIp




with

: el
For pp(t) < r < R(t), integrating (35) we can write
70 1—1—2(%) R pp 1 PP\6711/2 R
pe(r,t) =pe(R. t)—%{ﬂw(pﬂ |, 2 (C+ 3+ D7)}
X RZ — 2 1 1
tog o G )] (36)
where
1+2(22
pC(R7t):§nCX (%)3+TO g i (R) 172 +pemt+¢( ) 2,.}/ (37)

3 [1 +2(22) ]

For 0 < r < pp(t), i.e. in the region Q, we have u(r,t) = 0 and then D =
0. Therefore Tc = —vpcl, from which we deduce Vpe = 0 and then po(r,t) =
pc(pp,t). To derive the value of pc(pp,t), we impose the continuity of the normal

stress at r = pp. Taking into account the continuity of the extracellular liquid
pressure, we prescribe

- [pC(Ppt) + gncx} + <2770 + F)

From the above equation we obtain the extent of the pressure jump at r = pp

u'(ph.t) = —pc(pp,t). (38)

~ 4
pc(ph,t) — pe(pp,t) = SIOX + V2. (39)

Thus, we get the complete profile of pc(r,t):

4 pr\3 2y
pc(r,t) =3oX <E) + Peat + V(R) + 7

Far (5 - %)
e

FVIM[(22) 4 g+ (20)) ] ’

T

b o)

for pp < r < R, and

4
pc(r,t) = polph,t) — 370X — V27, (41)

for 0 < r < pp. Concerning the extracellular fluid pressure, we have

X R+r p?l’g
_ A (R_ _rp < r< R
Pest = 3770 =y B T)( 2 TR>’ pp TSR

pE(r7t) =
pE(ppvt)v 0<7"<pp.
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In conclusion, moving inwards from the periphery, the cell pressure p, increases
in region P, drops crossing pp and remains constant in Q. The liquid pressure pg,
instead, decreases in P and is constant in Q.

Finally, we may compare the two pressure fields. For pp < r < R we have

4 3 2
po(r,t) —pu(rt) =gnex (5) +w(R) + 3

X R+r p3
+3y(1 - I/)K(R B T)< 2 é)
p)\3 ep)3 1 ep)\6
—H’o\/g{—l—i—Q(pT) 4 va ) V2t () e
L+2(%)" (%) + 5+ (5)"

and, for 0 <r < pp,

po(r,t) — pe(r,t) 2 Y(R) — é?7c><[1 - (p—Pﬂ

R 3 R
X _ 2(1  pp
A or e (2 * R)
1+4/3
—lToln 2 . (44)

We remark that if the condition pc > pg is satisfied for 0 < r < pp, then it is
satisfied also for pp <7 < R.

6.3 Stage III

As the spheroid radius increases, the oxygen concentration will reach the threshold
on at the time ¢ty. In the time interval (¢y,tny + 0p) the necrotic region consists
of the subset NS only. Neither dead nor quiescent cells move, so that the boundary
r = pp(t) carries the zero velocity condition, while (12) has to be integrated in the
region P, yielding once more (32). The radius R(t) still obeys (33). The pressures
pc and pg take the same expressions (40), (41) and (42), as well as the difference
pc — pg is still given by (43), (44). Stage I1I ends at the time tp = tx 4 6p, at which
R(tp) = Rp, when the region NL appears. The positivity of the r.h.s. of (44) for
Rp < R < Rp imposes a constraint on the parameters.

6.4 Stage IV

For t > tp the region NL will be present for r in the interval (0, pp), changing the
whole structure of the velocity field, since we only know that the material filling the
region NL has zero velocity, but we lose the boundary condition for u at r = pp. The
missing condition has to come from the stress analysis.

15



Let us introduce the unknown cell velocity at » = pxy as a function of time,
wn (t) = u(pn(t),t), which is zero for ty <t < tp. By continuity, we put wy(tp) = 0.
We are able to describe the whole kinematics in terms of wy, still remembering that
pN, pp are functions of R via Egs. (6)-(11):

u(r,t) = A Wn(t), oo <r<pp, (45)
3
u(r,t) = T—lzp?v(t)wN(t) + %(7’ - pl;gt)) , pp <r<R. (46)

From the above equations we obtain the differential equation for R:
: X
RE()R(t) = piy (Hwn (t) + g(R?’(t) —pp(1). (47)

In order to find pp we integrate r’u = p?VwN, interpreting u as 7 with the
condition 7|, = pn(t — 6p), obtaining

3b) ~ skt~ 00)) = [ phlrion(r)dr. (18)

t—0p
Note that if wy = 0 in [t — 0p, ], then pp is just a translation of py as expected.
Since we have assumed a linearly decreasing yield stress in the region NS, we have
for the yield stress at the generic (r,t) the expression

~ 70, PN <r< R7
t) = 49

where 6(r,t) is the age from death of cells at position r and time t. The age 6(r,t) is
defined implicitly by
1 t

3= —06.0)] = | . e (50)

If 0 < 6, < 0p a new boundary, r = p.(t), arises in NS between Bingham and
Newtonian fluids and it is defined by
1 t
S0 == = [ phirun(r)dr. 61)
t— T
This boundary obviously coincides with r = pp if 0, = 0p.

The condition allowing to determine wy for t > tp is the continuity of normal
stress at r = pp. In the inner liquid core the stress is uniform and isotropic and, since
pE is continuous across the interface, it reduces to the pressure pp(pp,t). Therefore,
the normal stress continuity at » = pp takes the form

vpc(ph,t) — 2vne/(p},t) + (1 = V)pe(pp,t) = pe(pp,t)

16



that is,
pc(pht) — 2nc (ph,t) = pe(pp,t) . (52)

We remark that, under the continuity of normal stress, we have pc(p}'), t)>p E(PB; t)
if and only if wx(t) < 0, which is a very natural physical condition. Since we require
pc > pg in all the ”solid” spheroid, wy must be negative for ¢ > tp. On the other
hand, it can be seen that if the inequality pc > pg is satisfied at r = pf), then it is
satisfied also for pp < r < R. So we can conclude that wy < 0 for ¢t > tp is necessary
and sufficient to have po > pg for pp < r < R during the stage IV.

By computing the pressures po and pg at r = pp, as reported in the Appendix,
and taking into account that we are looking for negative wy, (52) takes the following
explicit expression:

2% = —(R) + dncpiwn (% - %) + %UCx[l - <p_P)3]

- ar e (- 7) H 3w 5+ )
pp\3 X2pp
e {1 (pT> 1+ 6(%/)?;:—\/3/)?va)2+1 3/pN9(r7t)d}
—=T704 In - — r
B ey 117 I

6(250%h — V33wn)’
(53)

The spheroid evolution will then be described by the system of equations (47), (48),
(50), (51), and (53), coupled with (6)-(11).

The whole profile of the pressures pc and pg could be computed, given wy,
according to the same procedure followed for stages II and III. Here we only note
that the cell pressure has a jump at r = pp, given by Eq. (A.2) in Appendix, whereas
it is continuous at r = py and also at r = p, when 6, < 0p.

It can be of interest to consider the case 6, — 0. In this case p; — pxn. By using
the mean value theorem, for the integral in (53) we have

%/:N 0(: t) dr — PN(t)0: pr(t) 9(7;, t) e pt), pu()]. (54)

The first fraction in the r.h.s. of the previous equation can be rewritten as

pN(t) —pr(t) _ pn() —pn(t=0r) | pn(t—0r) = pr(t)

0. 0, 5, (55)

When 6, — 0 the first addend in the r.h.s. of (55) tends to pn (), which is finite,
whereas the second addend, taking into account (51) and factoring the difference

17



p2(t) — pX(t — 0;), can be seen to have a finite limit. Therefore the limit of (54) is
zero since 7 — py(t) and O(py,t) = 0. Thus (53) reduces to

%7 = —¢(R) + 4ncpiwn (% - pl ) gncx[l - (%)3]

R G e IR DN CR )
(p—P>3[1+ X0l S+1

PN ( P — V/3p3 wN)
2 P N
+ —=7mln Vs . (56)

V3 2,6
(%)3 * 6(%;)?;3 i C%p%[wN)? * (%)6

We note that, while limg__o(pc(p, t)—pc(pyst)) = 0, the cell pressure at r = py
is no longer continuous for 6, = 0, exhibiting the jump

pe () — pelprat) = %m. (57)

The continuity of normal stress is still expressed by (56) (see Appendix).

Concerning the unknown wy(t), Eq. (53) confirms that wy(tp) = 0. Indeed, in
the opposite case the singularities wy/p?, and wx/pp appearing in (53) for t — ¢},
could not be balanced by any other term. We have in fact:

Proposition 6.1 The ratio wy/p% is bounded as t — t},.

Proof If 0 < 9 < Op, let us take the limit as t — ¢}, (pD — 07) in (53), and set
2o = limy|¢,, =3*. Arguing as if 2z is bounded, then hmt Itp pry = = 0. So we obtain
D

2 (R) — dnepkno + %”CX[l B (%P)g]

R
1 X 1 p
- s @ 5 )

} , (58)

that evaluated for t = tp allows the actual computation of zy, which turns out
to be bounded. If instead 6, = 6p and then p, = pp, let us write In(pp/pp) =

In(pp/pNn) +In(pn/pp) noting that
1 PN t PN 1
lnp_N__/ o, )dr:/ —(1—9(r’t))dr. (59)
pD p

pp Op r LT 0p

+
S
3
-
B
| — |
~
NN
~—
—~
=R
~—
w
—+ =
+
DN
—|- NI
ve
’U
;l
b\.,
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By taking the expansion

00
O(r,t) =60p + — (r—pp)+o(r—pp),

or r=pp
where
oo _
orlr=pp  p(pNy —wn)’
as obtained by (50), we see that the integral in the right-hand side of (59) is bounded
also for t — t},. So z in (58) is still bounded. O

Remark 6.1 In order to have a solution with wy < 0, and consequently pc > pg,
for t > tp, it is necessary that zg < 0. The inequality zg < 0 implies a constraint
that can be made explicit from (58). If 0 < 0, < 0p, a sufficient condition for zyp < 0
s given by

2wt~ - ()] s+ )
_o2 [y Ve ]
50l [(pT) <%>3+ %+(%’)6 >0, (60)

where R, pp, pr are evaluated att =tp. If 0, — 0, the above condition becomes
2y 4 pp\3 1 X 2(1  pp
bl _= 1 (PP ] - Xp_ type

g HUER) 377”‘[ (R) T oa= oK s e <2+R)

2 3 14 4/3
. ﬁmn[(g_;) o ;(pﬁ)ﬁ]m, (o1

and it is also necessary.
Since the factor multiplying Ty is positive, this constraint is actually limiting the
choice of v and Ty (if the viscosity and permeability terms have much less influence).

Note that (61) implies pc(Rp,tp) > pe(Rp,tp) as given by (44).

7 Analysis of system (47), (48), (56)

For simplicity, we confine to the case 6, — 0. The system (47), (48), (56) must be
studied for ¢ > tp. Eq. (47) is accompanied by the condition R(tp) = Rp. The
interfaces pp, pn are also known for 0 < ¢ < tp, and by definition pp(tp) = 0. In
the following we shall strengthen condition (61) by requiring

(al) Inequality (61) is satisfied for all R > Rp in the strict sense.
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Let us rewrite the system (47), (48), (56) with the substitutions

1 1
X:§R37 Zzgp?7 QNZP%VWN, Z:QN/YDM
where i = P, N, D. The advantage of introducing Z is just to emphasize that it is
bounded and that terms like ZY}} with n > 0 vanish for R — RB, ie., for t — ti’;.
For ¢t > tp we get

. 1
X =Qn+x(X -Yp), X(tp) = gR% = Xp, (62)
t
YD(t):YN(t—HD)—I—/ Qn(s)ds, (63)
t—0p
2y 4 Yp 1 xX2/3 Yp\2/3  _Yp
T _y(X)+ - 1- =) — 1-3(=— 2
(3X)1/3 () + gnox(1- 57) y(l—u)K2-31/3[ (%) +2%]
4 YD 1 1 2/3 YD 1/3
Z|gre(s X)+u(1—y)K31/3YD <1 (%)
1+4/i¢2+1
+ ?Ta lnYi—Hn 2 (64)
N

1+ %(%CY +1
where ¥(X) = 4((3X)"/?) and

1
<: QN

xYp

In the system (62)-(64) Yp, Yy are known functions of X. Moreover Qn(t) =0
for ty <t < tp, and for t > tp it is looked for as a negative continuous function
such that Z(tp) = 3p}(tp)z0 = Zo. In the time interval (tp,tp + 6p) the free term
Yn(t —6p) in (63) is known from the previous stage since R is known. As long as
the constraint Qy < 0 is fulfilled, from (63) we have the inequality

YD(t) §YN(t—9D), t>1p. (65)
We have the following:

Lemma 7.1 Given 0 < Yp,Yn,Yp < X, the right-hand side of (64) is a decreasing
function of Qn for Qn < 0, which tends to +oo for Qy — —oo. As long as X >
Xp, under the assumption (al), Eq. (64) provides a unique determination of Qn in
(—00,0).

Proof The first statement is trivial, although it requires some lengthy calculations.
The second is a consequence of the just established monotonicity and of the fact that,
thanks to (al), (64) can be satisfied only once when Qy ranges from 0 to —oco. O
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On the basis of the preceding Lemma we can say that {5 can be expressed from
(64) as a function of X, Yp(X), Yy(X) and Yp (which is in turn a functional of Qy
and X).

At this point we have to investigate the dependence of Yp, Y over X, which has to
be deduced from system (6)-(11), in which both ¢ and R play the role of independent
parameters (the actual time dependence is through R(t)). The following analysis
refers to some fixed ¢t > tp and R variable (R > Rp), so we will denote the oxygen
concentration by o(r, R). We represent the oxygen absorption rate in the form

f(o) = f(o) +[f]H (o —op), (66)

where f (o) is continuous, with a bounded continuous derivative on both sides of op,
H is the Heaviside function, and [f] is the jump of f across op:

[f]=(m—=1)f(op). (67)

Integrating the oxygen diffusion-consumption equation over (py,r), with the con-
dition o,(pn, R) = 0, we obtain

=3 3

oo 1 /’" 2 p TH — Pp
— == [ " flo)dr' +[f] : (68)
or r2 o 3r2

where 7p = max(r, pp) is a Lipschitz continuous function of r. A further integration
over the interval (r, R) with the condition o|,—p = ¢* yields

o —o(r,R) = /R<m - %)r'zf(a) dr’

PN

L/ o o 1 45(1 1
+ /] 6<R —TP) —§PP<5—E> (69)
On the basis of (69) we are able to show the boundedness of the derivatives
do api .
_— = E = PZ ; - P7N .
aR (T7 R) ) 8R (R) ?
Lemma 7.2 Under the condition
1 1/pn\2 | 1/pNn)3 >
2= 2 (HEN - (PN /
Rl5-3(F) +3(F)] s 1F1<1 (70)

o€(on,0*)

for all R > Rp, and if [f] is sufficiently small, the quantities ¥ and P; are a-priori
bounded.

Proof By differentiating (69) with respect to R and recalling that

687‘—5:0 if r>pp, ?—g:Pp if r<pp,
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i.e., Orp/OR = PpH(pp —r), we obtain

o 1 R 12 7 / = 1 1 12 71 /
-y = ﬁ/pNT (O’)d?” +/ (W—E)T f(O’)ZdT

PN
- (3- ) Peiefom +1A{GRI - ()] - e - 5) }- ()

Thus we conclude that X is a continuous function of r.
Now, differentiating with respect to R the identities

olpn,R) =on,  olpp,R)=0p,
and making use of (68), we get the equalities
ersz - 07 (72)
1

PP -
Pp— / r2f(o)dr + 2|,—pp = 0. (73)
Pp

After some algebra, system (72)-(73) can be put in the form

Pr [t forae = (o ) Puskfon) = [ (- D)o, @)

PP PN pn PP T
Pp [f]PP(plp - %) + (i - R>PNPNf(UN)
];2/ dr+/p 2o )2dr+[f]%R[1— (%)3}, (75)

which can be regarded as a linear algebraic system in Pp,Py, with determinant
p% f(on)D*, where

1,1 1 PP 1 1 1 1
D*=—(——-= °f(o)d H—-=)(—-—)>0. (76
(o R)//)N 2 feydr + 11 (o= 1) )>0. (1)
The triple (Pp, Py, X) has to be derived from the system (71), (74), (75). We remark
that, comparing (68) and (71) for r = R, we see that the identity

do

+E|7‘=R =0
or r=R

is satisfied.
The explicit expressions of Pp, Py in terms of known functions of R and of
integrals of 3 are the following

Pp = %(L_i){%/}zr%g(a)dr-i-[ﬂ

1
3
" /:<pip_F) r*fo )Edr+(piN_pLP>



Py flow) = Di% rf(0) dr{ﬁ/,,R”f(a) ar +[f1zR[1 - (2]}
+ % [% /p:,P r2f(o)dr /p:(% - %)7‘%}‘”(0)2(17"
b g) [ Gy ) fesal. (78)

With the help of (77)-(78), from (71) we deduce the following integral equation
for X(r, R):

-y = %/Rrﬂf(a)dr'—l—/}%(m - %)r'zf'(a)Edr'—l— [f]%R[l - <%3>3}

- G-Rpg [ il [ iomga)- ()]}
P R -
DAL o [ Derone
1 1 -
N
- 1A= -3 5 G- /pjr?ﬂo—) ar+ 1R - (2)])
- A7) - 7) / (5= 2)r " Fzar’

G ) [ G ) riomar] &

The structure of this equation is of the type

YX(r,R) + RK(T, RS, R)dr' = M(r,R), (80)

PN

where K, M are continuous and bounded for py <r < R, and R € (Rp, Rpas) for
some fixed R,,q.. Thus, for each R we are dealing with a Fredholm equation of the
second kind.

The kernel K(r,r’, R) has the expression:

K(r,r',R) = K(r,»',R)r"*f'(c(+', R)),
with
S S S S AV N /’”’ 27
Krr', B) = max(r,7’) R (r R)D*p%(r’ R) p rflo)dr

il 1) G2 - )
1



Neglecting [f] in (81) we define a reduced kernel

atror 1) = (e~ W (g~ @3 . G Fora].

N

where D* is obtained from (76) setting [f] = 0. Kj is positive since

o )5 ). Vi< (- F) 5 [ i<
(r,7") D* Jpy PP PN D* Jon PP

N N
and the latter inequality holds in view of (76). Moreover the inequality

. 1 1
Ko(r,7”,R) < — — — 82
ol B) < — = (52)

can be easily seen. If we impose that Kor'2f has L' norm (w.r.t. /) less than
1, i.e. condition (70), then, for [f] sufficiently small, the kernel K has the same
property and Eq. (80) has a unique solution in the space of continuous functions. An
a priori bound for this solution can be found, depending on (1 — ||K||;)~", where
|K[x = sup(,. gy 1K (r, -, R)|| -

Under the choice
~ 1 o

f(ff):?ma

we get | f'| < 1/¢?, where ¢ is a length.
Once an estimate has been obtained for 3, going back to (77) and (78), bounds
on Pp, Py follow. O

Remark 7.1 Using the L? in place of the L' norm of Kor’Zf’, a condition milder
than (70) can be obtained.

We now proceed supposing that bounds on Pp, Py are known. Since

. 23
gif;:H’(%) . i=PN, (83)

it turns out that Yp, Yy are uniformly Lipschitz continuous functions of X in a
compact set such that X > Xp. We keep writing Yp, Yy to denote both the functions
of X and the functions of ¢ through X (¢). As functions of ¢, their Lipschitz norm
depends also on sup | X | in a given interval [tp, T]. The function Yp(t) is also Lipschitz
continuous with a norm estimated by the sum of the Lipschitz norm of Yy () and of
the product 0p|Q2n||, with || - || denoting the sup-norm in [tp,T].

Remark 7.2 The difference Yy — Qn = P?V(/)N — wn) equals ﬁ times the volume
feeding rate of the necrotic core. At the beginning of stage IV we have wy = 0 and
pN > 0, while at a possible steady state we will have py = 0 and necessarily wy < 0
as, thanks to (62), the two speeds cannot vanish simultaneously. We can verify that
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the difference Yy — Qn is positive and bounded away from zero for any t. Indeed,
recalling (83) and (62), the requirement Yy — Qn > p for some p > 0 is equivalent
to

Yn\2/3 Yn\2/3
WX =Ye) Py () > ur v [1- Py ()], (84)
which is automatically satisfied for Qn < 0 if
Y\ 2/3
PN(7> <1 (85)

Numerical simulations suggested that, for X > Xp, inequality (85) holds true for the
solution of the diffusion problem (6)-(11).

Now we want to prove an existence result for system (62)-(64). Besides (al) that,
rewritten in the new variables, becomes

2y 4 Yp 1 xX2/3 Yp\2/3 Yp
s (X)) 4+ - 1——)— 1-3(=— 2——
BX)E )+ gnex(1- ) y(l—u)K2-31/3[ (%) +2x%
12

2./3 X 144/5¢¢+1
n im[ln——l—ln 2 } X > Xp, (86)

3 YN 1{ x 2

1+/3(£¢) +1
we impose

(a2) the function ¥, besides being nonnegative and nondecreasing, is Lipschitz con-
tinuous.

Condition (86) implies that 2x = 0 is never a solution of (64) when X > Xp,
Yp > 0. We will prove the following:

Theorem 7.1 Under the assumptions (al)-(a2) and of Lemma 7.2, system (62)-
(64) has a unique solution in some time interval [tp,T|, tp <T <tp+6p.

Proof We still denote by Zy the limit of Qn/Yp for t — t},. Assumption (al)
implies Zy < 0, and we look for Qx(t) in the form

On(t) = ZoYp(t)[1 + £(1)] (87)

with
£(tp) =0,  1+(1)>0. (88)

Accordingly, (64) is rewritten with the factor Z replaced by Zy[1 + £(¢)] and

 ZyYp(1+9)]

xYp (89)

(=1

25



Our new unknown is {(t), and we look for it in the following compact set

AT, Z,L) = {£€Ctp,T), tp <T <tp+0p : &(tp) =0,0<14+E < E,

£(t) - £(t)
tl,tzseu[fD,T}‘ t1 — to | <L} (90)

for some = > 1 and L > 0 to be chosen together with T'. We set up a fixed point
argument. For a given £ € A we consider the equations

X = ZoYp()[1 + &) + x[X(t) = Yp(t)], t>tp (91)
YD(t) :YN(t—HD)-F/: Z()YD(S)[l-i-f(S)] ds, t>1tp, (92)

derived from (62)-(63) and we compute the functions X, Yp. We point out that when
t € (tp,tp +0p] the lower limit of the integral in (63) reduces to tp, since Qn(t) =0
for t < tp, and that the function Yy (¢ — 6p) is a known positive, increasing function
of order (t —tp)3.

Owing to (92), Yp(t) < Yn(t—0p) for t > tp. We can force X (¢) to be increasing
if we impose that

ZolY (b~ 0p)[1 + €] < x_inf (X ~Yp) = V",
Remembering that Yy (tp — 0p) = 0 (which is nothing but the definition of ¢tp) we
can find some Tp € (tp,tp + 0p| such that

. v
|Zo|YN(Tp — 0p)

[1]

> 1. (93)

Therefore, we take = > =* and, for the moment, " < Tp in (90). For X we have the
trivial estimate
Xp <X < Xpexp[x(T —tp)]. (94)

Since & has been given in A, (92) is actually an integral equation of Volterra type.
We can see that Yp(t) is positive like the free term in (92), and that, irrespective
of the choice of £, for t — tp small and positive it behaves like Yy (¢t — 0p), which is
O(t — tp)®. Moreover, it is easy to obtain a bound for Yp(t) of the type

|Yp|| < A+ BE (95)

for some positive constants A, B, uniformly with respect to the choice of £ in A.

At this point we go back to (64), where X (¢), Yp(t) are the functions just found
and, in view of Lemma 7.1, we know that from it we can deduce a new determination
of our unknown, that we call £(t). Thus we have defined the mapping

£§—=¢.
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In order to study such a mapping it is convenient to give a new form to (64). To this
end, let us define

2y 4 Yp 1 xX2/3
MX) = ——=+¥(X) - = 1—-— h(X
X) = GxE H X 371ex( X)+y(1—y)K2-31/3 (X)
2v/3 X
— TTO In Y_N (96)
with 2/ Yo
h(X) = 1—3<y> 2,
and introduce
14+4/3¢2+1
9(X,¢) =In (97)

Then (64) takes the form

B 4 Yo 1 1 s Yy 1/3
) =23 (1-32) + et (- ()|
25 g(X.0). (98)

which, for X — XB, provides

4 23
~Zy - 3nc = M(Xp) = == Ing(Xp,1). (99)

Putting Z = Zy(1 4 &) in (98) and using (99) we have
YD 1 2/3 YD 1/3
e (1 X>+V(1—V)K31/3Y ( (%)

4 Yp 1 2/3 Yp\1/3
3% T o= )K31/3Y ( (%)

o 2 g, 0) ~ ng(Xp. 1)) = M(X) — M(Xp).

— Zof

— Z

and, dividing by —Zg%ﬁc, we obtain

2\/§T0 Ing(X,{) —Ing(Xp,1)
3 T M(Xp) - 2mIng(Xp,1)

§E 1+ NYp,X)]+NYp,X)+

__ M(X) - M(Xp) 100
M(Xp) — 287 Ing(Xp, 1) oo
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where

NYp,X)=-L2 4y~ — v (2 101
(¥, X) X+V(1—V)K31/3D < <X) ’ (101)

and ( is given by (89). Equation (100) is the desired new form of (64) on which the
mapping & — §~ is based.

From (91) and (95), and using Lemma 7.2, we deduce that for any & € A the
functions X, Yp, Yn, Yp have a Lipschitz norm which is bounded by a constant that
depends on = only. In addition, we remark that Yé/ % s Lipschitz and O(t — tp), as

it can be inferred from (63), where the integral of Qy is O(t —tp)* and Yy (t —0p) =
O(t — tp)3. The Lipschitz norm of Y3 has also a bound dependent on = only. The

same property is transferred to YD2/ 3 appearing in (101). Thus, from (100), it is easy
to infer that £ is Lipschitz with a norm bounded by L(Z). At this point in (90) we
choose E = Z* and we take L = ﬁ(E*) We conclude that the function € has the
following properties:

(p1) &(tp) =0;
(p2) ¢ has a Lipschitz norm Lg < L;
(p3) 1+ £(t) cannot vanish for ¢ > tp, owing to (86), i.e., to assumption (al).
Thanks to (p2), (p3), we have
0<1+E&(t) <1+L(t—tp). (102)
Therefore, if we define T so that
1+ L(T* — tp) < =*, (103)

and we take T' < min(Tp, T*), then we can say that £ € A(T,E, L) as well.

Now we prove that the mapping & — £ is a contraction. To this aim we estimate
the difference 8¢ corresponding to the difference ¢ of two functions &, & taken in
A. Tt is easy to establish the following inequalities (remember that 6Yx(t —6p) = 0):

t
16l < 4 [ max(y$(s). v, ()l6¢]l. ds, (104
tp
t t
J5X1 < Ar [ 3X[.ds+ By [ 16 ds, (105)
tp tp
where § denotes variation, || - ||s is the sup-norm in the interval (¢p,s), and Y[()j ),

j = 1,2, denote the two determinations of Yp under consideration. A, A;, By are
positive constants independent of the choice of the two functions &1, £». All constants
that will be introduced in the sequel are meant to have the same property. From (105)
we deduce that

t
16X]l, < Cy / 166115 ds, (106)
tp
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and therefore .
18lls < Calt — tp) / 15¢ . ds (107)
tp

We remark that the derivatives dM/dX, dg/0X, 0g/0(, and ON/OX are bounded

in the range of interest, while ON/0Yp is not, owing to the term containing Yg/ 3
(remember that YD_1/3 ~ (t—tp)™t).

In order to estimate 5YD2/ ? we not only need (107) but also a lower estimate for
YD, which can be deduced directly from (63):

Yp(t) > Yn(t = 0p) — | Zol[YDll: Z°(t — tp) -

The inequality makes sense for ¢t — tp small enough, since the negative term is one
order of magnitude smaller than Yx(t — 6p) (remember that ||Ypl|; has the same
order as Yy (t — 0p)). Reducing 7', the above inequality can be written

YD(t) > bYN(t — 9[)) s

for some b € (0,1). Thus, if we take a pair of functions &;, & in A and consider the

corresponding functions Yl()l), Y]:()z), recalling that, irrespective of &, for t — tp small
Yp(t) behaves like Yy (t — 6p) which is O(t — tp)3, the ratio

max(YS) (1), Yg) (t)
min(Y[()l) (1), Y[()2) ()

is bounded by a constant a which is close to 1 as we like, provided T' — tp is small
enough.
From this analysis we conclude that

t
16V < s / 15¢1]. ds (108)
tp

where, to simplify notations, from now on we write ||-|| meaning ||-||;. In the following

we set | Yp|| = max;=; 2 HYl()i) || and similarly for the norms of functions corresponding
to either & or &. Thus,

Yol WX 1 # e, [ Y
SN| < + + Cs | 118¢]]s ds +
i) < B2 Pl e 0 [ oteas+ L0
Y t
+ LB816x1| < culvoliovol + oloxl + G [ oelas. oo
D tp

Moreover, writing

- [ ZYp(1+8]17!
C(X’YD’g)_[l_XT] ,
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and knowing that ¢ < 1 for t — tp small enough, we find

\Zo!~ (E?Yp 1 ) Zo|I YDl | <2
o] < Yp||l[6 X + 0Y] + ——16¢]| . 110
¢l < s (1 YD IIOXT + s I8¥p] ) + S5 a0 agl] . (110)
At this point, from (100) we deduce
- _ 1 2V/3
6] < ZloN]| + — (28015 1sx)
M(Xp)+ 237 Ing(Xp,1)
1% |ruacu]+u S naxn} (111)

and exploiting (109), (110) together with (106), (107) we obtain

. 23, 99 1ZolIYDll, .+ !
LI e 2 el )+ [ ol as.
M(Xp) + 27 Ing(Xp,1) 9 X (tp) tp

Hence, recalling that ||Ypl| is infinitesimal with ¢ — ¢p, we conclude that by suitably
reducing the time T we can make the mapping £ — £ a contraction. Existence and
uniqueness follow from the Banach fixed point theorem. O

Using in combination the Shauder’s theorem, exploiting the compactness of A, con-
tinuation of the solution is readily obtained.

8 Stationary state

At a possible steady state we have R =0, all the interfaces are stationary, and the
cell velocity and the pressure fields are time independent. Thus, from Eq. (47) we
obtain

X 3 3

wy = —=— (R’ — pp) . (112)

Moreover, taking into account (112), from Eqs. (48) and (51) we have
b =Pk — XOp(R® — pp) (113)
pi = pi = x0-(R® — pip). (114)

and from (50)
P — 1’

o(ry=-—LN""__ pp<r<pn. 115
") X(R2 — p}) (115)
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The equation (53) for the continuity of normal stress at r = pp, in view of (112)
and (115), becomes

4 R —p}, 1 xR)R ppy3, 3 pP\2
2y + R(R) = gnoxR—== 4 Sa— s {p—D[l—(f)]—E[l—(E)}}

’Y L 1y (r)S
+ ngoR{ln(Zi)?’(pP) 1_—1_\2/%_(@)

303 1 .
- m[ln%—g(l— (5—N)3)}}= (116)

where pp and p, are given by (113) and (114). Since pp and py are functions of R
after the solution of Problem (6)-(11), the above equation determines the value of R
at the equilibrium.

From (113) it is easy to see that pp vanishes at a certain value, R,, of the radius
R. Therefore, the right-hand-side of Eq. (116) tends to +oc for R — Rf. The
presence of a vertical asymptote at R = R, imposes a lower bound to the possible
values of R at the steady state, which is independent of the values of v, 79, no and K,
and only depends on y, fp and the parameters of problem (6)-(11). As 6p decreases,
from (113) we also see that R, approaches Ry and, for fp small, pp ~ px, namely,
the whole necrotic region will be liquid as expected. If §p — oo, then R, — o0.

It is possible to show that the right-hand-side of Eq. (116) tends to infinity also
for R — oo, because of the term depending on the hydraulic conductivity. Hence,
the right-hand-side has a positive minimum. Numerical simulations showed that the
minimum is unique. Recalling the assumed properties of 1(R), we can conclude that
(116) has either one or two solutions or no solutions at all. When two solutions exist,
the physical one is the smaller (for a spheroid that has grown to the steady state
from a small size). If ¢)(R) = 0, i.e. for spheroids growing in aqueous suspension,
Eq. (116) can only have zero or two solutions. This latter case will be illustrated in
the section of the numerical results.

9 Numerical results

All the numerical results refer to the case 8, — 0. First of all, we illustrate the
stationary state by showing the behaviour of Eq. (116). When 6, — 0, in (116)
pr = pn and the last term in the r.h.s. vanishes. In the following simulations, the
parameters of oxygen consumption have the same values of those given in section 4.
As to the mechanical parameters, we chose as reference values K = 1077 cm?®-s/g,
nc = 10* g/(cm-s) and v = 0.6. For the hydraulic conductivity, values two or three
orders of magnitude less have been reported for solid tumours [39]. However, we may
observe that the cell number density and the ECM content of in vivo tumours are
likely to be higher than in the in vitro spheroids. The chosen value of cell viscosity
was suggested by measurements reported in [32].
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Fig. 2, left panel, shows the left and the right-hand-side of (116), whose intersec-
tion determines the value of R at the steady state, for ¢(R) = 0 and v = 1 dyne/cm,
70 = 10dyne/cm?. With these parameter values, the necessary condition (61) is
satisfied and we have po > pg in stages II and III. The predicted stationary R is
966 pm, a value in the experimentally observed range. The plot shows the vertical
asymptote for R = R,. For very large R, beyond the range of the figure, the r.h.s. of
(116) attains a minimum and then slightly increases. Since the intersection is on the
branch approaching the asymptote, the value of pp will be small. Note that, owing
to the presence of the asymptote, the stationary R has a very mild dependence on ~y

in the whole range v > 0.6 dyne/cm. The right panel of Fig. 2 reports the different
terms whose sum gives the r.h.s. of (116).
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Figure 2: Left panel: Profile of right-hand-side (solid) and left-hand-side (dashed)
of (116) as a function of R. Right panel: Plot of the different terms of the right-
hand-side of (116). v = 1dyne/cm, 7o = 10dyne/cm?. Other parameters indicated
in the text. The predicted stationary radius is R = 966 pm.

The time evolution of the spheroid starting from R(0) = 125 um, with the pa-
rameters as above and xy = In2/24h~!, §p = 48h is reported in Fig. 3. Note that
the stationary radius (whose value agrees with the prediction given by Eq. (116)) is
attained at about 30 days and that the radius of the liquid core is only 1/5 of the
radius of the whole necrotic region.

Since the factor multiplying 79 in Eq. (116) is positive, for a given value of v and
Tp increasing the stationary radius is predicted to increase. However, since both ~
and 7y are due to the intercellular adhesion bonds, we cannot infer that the stationary
radius increases as the number and /or the strength of the intercellular bonds increase.

It is evident from Fig. 2 that, when v decreases, as long as the constraints en-
suring existence are satisfied, the stationary radius increases until no intersection
can be found. In this case an unbounded evolution would take place. However,
with 79 = 10dyne/cm? and the reference values of the other parameters, the neces-
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Figure 3: Upper panel: Time evolution of the external radius and of all the interfaces.
The velocity wy is reported in the lower panel. v = 1dyne/cm, 79 = 10 dyne/cm?.
Other parameters indicated in the text.

sary condition (61) is not satisfied for the values of v providing no intersection (e.g.,
v = 0.25dyne/cm). By analyzing the region of the (v, 7y) plane in which condition
(61) is satisfied, a zone can be found where the constraint is satisfied and the evo-
lution is unbounded. In particular, with K = 10~8cm3-s/g, v = 0.02dyne/cm and
10 = 0.2dyne/cm?, we get the profile of the r.h.s. of (116) shown in Fig. 4 and the
time evolution shown in Fig. 5. In this case, the velocity wy was found to be rather
small in absolute value.

Experimental measurements of the rupture force of a single cadherin-cadherin
bond — cadherins are the main family of cell membrane molecules mediating cell
adhesion — indicate a mean value of 30 pN for N-cadherins (70 pN for E-cadherins)
[40] (see also [5]). A crude estimation of the yield stress in a cell aggregate can be
given by 79 = Fn?/3, where F is the force needed to detach two adhering cells and
n is the cell number density. According to the above estimate and setting n to the
value of 2.8-10°% cells/cm? [26], the contribution to yield stress by a single N-cadherin
bond is 1.29 dyne/cm?. As multiple bonds are likely to be involved in cell adhesion,
small values of 7y (and ) as in Figs. 4 and 5 appear to be not physical. Therefore,
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Figure 4: Left panel: Profile of right-hand-side (solid) and left-hand-side (dashed)
of (116) as a function of R. Right panel: Plot of the different terms of the right-
hand-side of (116). v = 0.02dyne/cm, 79 = 0.2dyne/cm?, K = 10~8cm?:s/g. Other
parameters indicated in the text.

although the model in principle allows either evolutions toward the steady state
and unbounded evolutions, only the former seem to be permitted with physically
reasonable parameter values.

10 Concluding remarks

The present model, based on a two-fluid approach in which the cell component is
represented by a Bingham-like fluid and on the assumption that a finite delay is
required for degradation of dead cells to liquid, predicts two possible spheroid be-
haviours: the evolution toward the steady state or an unbounded growth, depending
on the values of the mechanical parameters (mainly on the surface tension and the
yield stress). This result parallels the prediction of the model proposed by Landman
and Please [33]. However, our numerical results suggest that, with reasonable values
of the parameters, only the attainment of the steady state is possible.

It is absolutely obvious that most of the assumptions we have made are question-
able from the biological point of view under many respects and, moreover, they do
not have all the same importance. A critical point is that biological processes that
are essentially stochastic are given a deterministic description. The general strat-
egy which was pursued in the present paper was not to deal with each detail of the
enormously complex biological structure, but rather to synthesize from it some lean
schematic picture, still retaining the principal biological information but playing with
the least possible number of parameters.

The presence of interfaces in the model is of course a quite arbitrary approxima-
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Figure 5: Upper panel: Time evolution of the external radius and of all the interfaces.
The velocity wy is reported in the lower panel. v = 0.02dyne/cm, 79 = 0.2 dyne/cm?,
K =10"%cm3-s/g. Other parameters indicated in the text.

tion, but we do not expect that it may greatly influence the qualitative behaviour of
the system. It complicates the numerical calculation (and the mathematical struc-
ture), but it represents an advantageous conceptual simplification, providing a neat
compartmental partition of the spheroid and allowing in some cases the explicit com-
putation of the velocity fields. Besides performing numerical simulations, emphasiz-
ing the important influence of the physical parameters, we have carried out a rigorous
analysis of the differential system, obtaining existence and uniqueness results.

The model could be extended in various directions, for instance including glucose
metabolism and related effects of acidity. Perhaps the most important extension
would be to include the inhibition of proliferation caused by a mutual compression
among cells beyond some threshold. This aspect might be integrated in the model by
making the proliferation rate dependent on the pressure of the cell fluid. The mathe-
matical analysis, however, would result remarkably more complicated. The interface
between proliferating and quiescent cells might, indeed, become dependent on the
mechanics instead of being simply dependent on the oxygen diffusion-consumption
process.
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Appendix

With the aim of computing pc(pj{), t) during stage IV, we recall that in each of the
intervals (pp, R), (pn,pp) and (pp,pn), V - u is constant and then the momentum
balance equation (17) becomes

(T
pc+u< —IID> = 0. (A.1)

At the interfaces r = pp and r = py, we impose the continuity of the normal stress.
Then, in view of the continuity of pg, at r = pp we must have

2
_ + = / +
(pc(pp,t) + 3ncx) + ( \/T> u'(pp,t)
= —pc(pp,t) + <2nc + ) u'(pp.t),
\/H oz
from which we obtain
_4 1 i
[pclp, 37CX +1o ( - >U’(pp7t)+$ , (A2)
Vb0 t) A/ Ip(pp.t) 1Ip (1)

where [pcl,, = pc(ppit) — pc(pp,t). At r = py, instead, since V - u, v/, Ip,
and Ty are continuous (together with pg) with respect to r, the cell pressure p¢ is
continuous. When 6, < 0p, the same continuity holds at the boundary r = p.

Thus, integrating (A.1) from pp to R and taking into account the jump [pc]
we get

pe(oht) = pe(RO-lncle— [ (=) ar /Ruf(_l )/m/R v g
C ) = pPC ) —\PC - —T0 - ,
D PP i VIp o VIIp op VK

(A.3)
where, in the last two integrals of (A.3), the velocity u and the invariant IIp are

intended to have different expressions in the regions P and QQ U NS.
Taking into account (A.3), and that

R u
pE(pr t) = Pext — / ————dr,
o0 (1-v)K

PP
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Eq. (52) can be rewritten as:

prP 1 /
pC(R7 t) Pext — pC / d?”‘ — 7'0/ u,<—> dr
pr IIp

PN

R 1 U
—7‘0/ u dr + / ————dr — 2ncu'(p};,t) = 0. (A.4)
op (./[[ ) op V(1 —1V)K b

By performing the integration by parts
T2 1 , 1 T2 72 u//
o ds =u'——| — / ds,
/,,1 (\/IID) VIp|,, rn VIp

and recalling (23) and (A.2), Eq. (A.4) reduces to

2_fy+1/}( )—27]0X+2770(u,(R7t)_u,(PD,t))—/pNu/< 7o )’dT
pr

VIp
+70 o dr —1—7'0/ r+ Riu dr — 2ncu’ (ph,t) = 0.
» Vi o VI VA=K

(A.5)

Recalling (49) and integrating by parts we have

r P
PN T\ _ 1-— 9(9;” , N PNy 0 [PV O(r,t)
U dr =19 ——=u — 70 ——dr+ — dr .
. i) oy | . VIID Ip)

Since 0(pn,t) = 0, 0(pr,t) = 0, and u = pAwn /r?, VIIp = V3p%lwn|/r3, we obtain

PN 2 ON

dr = — —_7psgn(wy) — 2v3mpsgn(wy) In ==

/p, V3 (o) n) pr

PN 9 t
+2\/§;——Osgn(wN)/ #dr. (A.6)
Similarly we obtain
PP Mt pp
dr = 2v/3sgn(wy) In == . A7
/ - (o) In 22 (A7)
In region P, in view of (46), we have instead
6 X
" __ 2 3
u = ﬁ(PNWN - gPP)a
2 2
X L X
IIp = (5 pp — 2xphwnpp +3pNwh) =5 + %

and then we can write

£ 1 1
dr:\/ixA ———dr,

4
RO )

o
pp V1D
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where

= %(\/gP?VWN — %p‘})- (A.8)

By setting z = 1/r3, the above integral becomes

1/pp
\/_ //R‘i 1 +A2Z2

and, setting also |A|z = sinh(§), we get

1
/R u g — ) A ;}g
e VI T B L
Moreover, taking into account (45) and (46), we have
R
U 1 1 1 X 1 pp
Y r=—— JR2un(— = )+ X (r -2 (2 + 22
/pD v(l-v)K " V(l—l/)K{prN(pD R)+3( 22 <2+ R>}
(A.10)

Finally, from Egs. (A.6), (A.7), (A.8), (A.9) and (A.10), and expressing v’ (R, t),
u'(ph,t) by means of (46), (45), Eq. (A.5) can be written as follows:

)
2% = —Y(R) +4UCP?VWN<% - pl ) i??cx[l - (%)3}

- s e (5 - )+ R (5 + )}

— pp 1 2 X 3
+ 2\/§7’0[ sgn(wy) In o 3sgn<\/§prN \/gpp>
() + oy )
pp 6(%p% — V3piwy)® ‘PP .
V3 1 0(r,t)
X In + —sgn(wn) dr
X2 RS 0- pr r
1+ . 5 5 +1
6(Z50p — V3pRwn)

(A.11)

By imposing wy < 0, (A.11) reduces to (53).

Let us consider now the special case 6, = 0, in which 7y = 0 for pp < r < py and
the whole region NS behaves as a Newtonian fluid. At r = py, the continuity of the
normal stress writes as

—pelit)+ (2 + )| w0 = =polat) + 20,

pN
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from which we obtain

70

[pc] ’rsz = \/T_D

2
u'(p;(,, t) = ——=mosgn(wn),
r=p, V3

where [pc]lr=p, = pc(pX,t) — po(py,t). By integrating (A.1) we then have

R !
pe(pht) = pe(Rot) — [pclpr — POl — 7o / UI(L) dr +

R

u
—dr,
le/K

PN vIIp

and, proceeding as above, we still get Eq. (56) after assuming wy < 0. Substantially,
this result relies on the fact that the limit of (A.6) for 6, — 0 is exactly equal to

[pclpn as given by Eq. (10).
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