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Abstract

This paper investigates the state estimation problem for a class of stochastic nonlinear differential
systems. A novel algorithm is proposed, denoted as Observer Follower Filter (OFF), based on
a mixed approach that can be summarized in two steps: the first step makes use of a high-
gain observer-based estimator for nonlinear systems, applied to the system equations in order
to provide the trajectory around which a -degree Carleman approximation of the stochastic
differential system is achieved. This second step defines an approximation of the stochastic
nonlinear system as a bilinear system (i.e. linear drift and multiplicative noise), for which a
suboptimal filtering algorithm is available from the literature.In principle, the first step can be
performed by using other high-gain estimators, but in this note we prove that the proposed
estimator provides an estimate with a bounded mean square error. Numerical simulations show
the effectiveness of the proposed methodology, and the improvements of the OFF algorithm with
respect to the standard Extended Kalman-Bucy filter obtained by increasing the order of the
Carleman approximation.

Key words: Nonlinear systems; Observers; Kalman filtering; Polynomial filtering.
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g: IR" — IR™ and h : IR" — IR? are analytical non-
linear maps, smooth enough to ensure the existence and
uniqueness of the stochastic solution of (1). It is more-
over required the finiteness of the moments of the state
variable x;. The initial state Z is an Fy-measurable ran-
dom vector, independent of both W}! and W7. In order
to avoid singular filtering problems, see [5], the stan-
dard assumption of nonsingular output-noise covariance
1) is made here, i.e. rank(GGT) = q.

1 Introduction

This work considers the filtering problem for nonlinear
stochastic differential systems described by the It6 equa-
tions:

dxy = ¢(mt)dt + g(xt)(utdt + Fthl), To = T,

dy; = h(x)dt + GAWE, 3o =0, a.s.,

It is well known that the minimum variance state esti-
mate requires the knowledge of the conditional proba-
bility density, whose computation, in the general nonlin-
ear case, is a difficult infinite-dimensional problem (see,
e.g., [6], [22], [23], [24], [28]). Only in few cases the op-
timal filter has a finite dimension, such as in [27] or in
the recent papers on polynomial systems (see [3] and

defined on a probability space (92, F, P), where x; € IR"
is the state vector, y; € IR? is the measured output, u; €
IR? is a deterministic input, W}! € IRP and W? € IRY
are independent standard Wiener processes with respect
to a family of increasing o-algebras {.7-}, t > 0} (i.e.,
the components of vectors W} and W2 are a set of in-

dependent standard Wiener processes). ¢ : R" — IR",

Email addresses: £.cacace@unicampus.it (Filippo
Cacace), alfredo.germani@univaq.it (Alfredo Germani),
pasquale.palumbo@iasi.cnr.it (Pasquale Palumbo).

references therein). For this reason a great deal of work
has been devoted to devise suboptimal implementable
filtering algorithms (see, e.g., [14], [15], [20]). In a recent
paper, [18], a generalization of the classical Extended
Kalman-Bucy Filter (EKBF) has been proposed, based



on the v-degree Carleman approximation (see [21], [26])
of the nonlinear stochastic differential system, instead
of the usual first-order approximation exploited in the
EKBF. The Carleman approximation provides an ap-
proximate representation of the system by means of a
bilinear system (i.e. linear drift and multiplicative noise)
with respect to a suitably defined extended vector, made
of the Kronecker powers, up to a given degree v, of the
original state. The Carleman approximation has been
successfully applied also to filter nonlinear discrete-time
systems by the same authors [17].

A recent research area is to investigate the application
of high-gain observers as filters of stochastic systems
[1,2,4]. The aim of these works is to use the global conver-
gence property of high-gain observers to overcome the
limitations due to the local nature of the EKBF. Condi-
tions of convergence of the high-gain observer have been
studied in [1,2]. The common feature of these works is
that the correction gain is computed offline. Since there
is a trade-off between a large gain, required to ensure
convergence, and the amplification of the measurement
noise due to the observer gain, an adaptive gain observer
has been proposed in [4].

In the present work we extend this approach by using a
two-step method called Observer Follower Filter (OFF).
The first step makes use of an high-gain stochastic state
estimator, inspired to state observers for nonlinear de-
terministic systems. The second step uses a suboptimal
polynomial filter based on the Carleman approximation
around the approximate state trajectory provided by the
high-gain estimator. The idea behind of the OFF algo-
rithm is to use the high-gain estimate to ensure global
convergence, whereas the filter has the task of provid-
ing more accurate estimates. Within this research line
we may cite [13], concerning a standard EKBF applied
to a first-order approximation around the state estimate
provided by a state observer.

An important result of the paper is that the high-gain
state estimator has a bounded error in the mean square
sense: this is a crucial result for the effective applica-
tion of the proposed methodology, since the high-gain
estimator provides the trajectory around which the fil-
ter is used. Another contribution of our work is to show
that, using the extended state needed by the Carleman
approximation, the dynamics of the estimate error of
the high-gain observer can be represented as a bilinear
stochastic system, for which it is possible to use existing
suboptimal filters.

It is worth highlighting that the proposed methodology
can be straightforwardly extended to the more general
case of different input maps g(z) for the deterministic
and stochastic state disturbances, corresponding to the
state equation:

dz; = qﬁ(xt)dt + g1 () udt + gg(xt)Fthl. (2)

However, for the sake of simplicity, in this paper we con-
sider the more restrictive system (1), which has the fol-
lowing interpretation: equations (1) model the case of a
deterministic plant where both inputs and outputs are
affected by a measurement noise: therefore, in this frame-
work u; is a measured input and it is affected by the
Wiener process W} (see Fig. 1). Preliminary versions of
the present paper have been presented in [7,8].

The paper is organized as follows. Section 2 provides
an overview of the method, endowed with the adopted
notations, whereas the high-gain estimator is presented
in Section 3. Section 4 describes the filtering part and
presents some features of the approach. Numerical simu-
lations are reported in Section 5 to show the effectiveness
of the proposed methodology and the improvements of
the OFF with respect to the standard Kalman-Bucy Fil-
ter applied to the linear approximation of the stochastic
nonlinear system.

2 Overview and basic notations

A sketch of the method is illustrated in Fig. 1. A high-
gain estimator algorithm is used at first as a filter for
the stochastic system, by suitably exploiting the noisy
measurements. Besides a necessary observability condi-
tion concerning the inversion of the observability map,
a set of sufficient hypotheses guarantees the bounded-
ness, in the mean square sense, of the estimate error.
Among these, the strong relative degree property will de-
serve some interest, since it may be considered as a spe-
cial version of the usual relative degree property.

From the high-gain estimate, denoted z¢, we define ¢, =
xy — &¢, whose estimate is the task of the displacement
filter. To this end, we derive the approximate stochastic
equation of ; by suitably applying the r-degree Car-
leman approximation of the original nonlinear system
around the high-gain estimate 2. The Carleman ap-
proximation provides a bilinear system (i.e. linear drift
and multiplicative noise), with respect to an extended

state Uy = [1y, 1/1t[2], o P']}, where z/;t[i] denotes the -
th Kronecker power of ¢;. Then, the optimal linear filter
available from the literature is applied, providing the es-

timate ’([Jt. The final estimate of z; is obtained as z¢ —l—’([Jt,
where 1), is the first component of W,.

We introduce the basic notations adopted throughout
the paper. Given a set of matrices {M; € R™*™i, j =
1,...,r} we define diagj_, {M;} € R"*"r, with n, =
> j=1 Mg, My = 375 my; as the block diagonal matrix
composed by the blocks M;.

Let LiX(x) denote the Lie derivative of order k > 0 of
the scalar function A(z) : IR™ — IR along the vector field
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Fig. 1. Overview of the proposed approach.

f(x): R™ — IR", recursively defined as

o i AL}~
LiA(x) = (), LiA(x) = — x). (3)
Define the multi-index 5 = {s1,...,54}, s; = 1,2,...

such that 25:1 s; = n. Then, for each j = 1,...,q and
for each integer s; € 5, consider the scalar output func-
tions h;(x) : IR™ — IR and define the vector function
@j—j : IR" — IR

0% (z) = [hj(z) Lghj(z) ... L;j_lhj(ff)}Ta (4)

according to which the vector map Oz : IR" — IR" is
built:

Os(z) = [67'" (2) 0" (2)]" ()

Further notations involving the multi-index 5 are L‘zh :
IR™ — IR? such that

Shiz) = [L3 b (x) Lihg(@)]",  (6)

and LyL3 'h 0 R™ — IRT** such that

Lo L3~ hy(x)
LyLi 'h(z) = : , (7)
LyLy' ™" hy(x)

where, given a scalar function A : R™ — IR, it is:

dA

Lg)‘(x) = iz

Ly, )\(37)] ,
(8)

(91 9s] = [La M=)

with g; the i-th column of g.

3 The high-gain observer-based state estimator

Consider the state-transformation z; = Oz(x;) defined
by (4-5). Function Oj is said to be an observability map
in a set ) C IR™ if it is a diffeomorphism in an open
set that contains or coincides with €. In case system (1)
admits an observability map Oz in Q C IR™ for a given
5 it is said to be drift-observable in €, since the invert-
ibility of Oz(x) guarantees the state reconstruction from
the vector of the output derivatives, in a deterministic
framework (see [12] for more details).

Denote 2§ the high-gain state estimate and assume that

©O;(x) is an observability map. Then the following equa-
tions for the high-gain estimator are well defined for £{:

dif =¢(£7)dt + g(&9)urdt + Q (27K (dyy — h(])dt)

b 3QT ) BHn ()i, (9)

where Q(x) is the Jacobian of the observability map (4-
5), and Hyp () is defined as:

Hon(x) = 3 diag]_ {F['g" ()} Hn(2)g(@) F; (10)

with F;, i =1,...,p columns of F', and Hyp () a matrix
of the Hessians of sz_lhj, i=1,...,¢

T

Hyp(x) = [Hgp, (@) Hf, ()], (11)
62 Sj*l .
[Hon, ()] ;1) = m% hj(x), i,k=1,...,n.

(12)
Matrix Bz belongs to a triple of Brunowski-block matri-
ces {As, Bs,Cs} defined as:

As = diag?-:l{Aij b Bs= diag?:1{Blfj )

_ N (13)
Cs = dlaggzl{CbJ },

with A;7, B;’, C;’ Brunowski matrices of size s;.
Finally, the gain matrix I is a block-diagonal matrix
K = diag!_, {K} (14)

where the gain matrices K; € IR**1 j =1,...,qassign
the eigenvalues of A, — K;C,?. The choice of Kj is
related to the stability in the square mean sense of the
estimate error as discussed in Section 4.2.

The high-gain estimator equations (9)-(14) have been
derived according to the following conceptual scheme:



i) rewrite (1) in the transformed state coordinates z;

ii) define the estimate Z; of z;, and let & be the inverse
transformation 29 = 051 (%,);

iii) derive an algorithm to compute ¢ without the inter-

mediate step of Z;.

In order to ensure that the equations for z; do not contain
the derivatives of the input — both deterministic and
stochastic — the usual full relative degree property is not
sufficient. Instead, the following property is necessary.

Definition 1 The jth output h; of system (1) is said to
have a strong k; relative degree property if:

Vr,&,€ R", 0<i<k;—2

(15)

(s zine) st©) =0
and

(d‘i,L’“ ‘1hj<x>>g<§>¢o7 Vo, &,. € R"  (16)

Remark 1 Notice that Definition 1 defines a stronger
property than the usual relative degree property, which
requires conditions (15-16) hold true for x = £. Never-
theless, there are many significant cases for which k;-
relative degree is equivalent to strong kj-relative degree,
such as the case of a constant function g(x) = g, Va.

Definition 1 is used in the following Lemma, that solves
step 1).

Lemma 1 Consider the vector function z, = ©z(x;) de-
fined in (4-5) and assume the following hypothesis on the
relative degree property holds true:

HO) for each j — th output of system (1) either the strong

r; relative degree property holds with r; > s;, or (15)
holds for any i.

Then, the differential dz; can be written as:
s 1
dZt = (Agzt -+ Bngh(Z't)) dt -+ §B§H¢h(1't)dt

+ BsLy Ly h(wy) (widt + FdW) (17)
Proof. See Appendizx.
Step ii) uses the following estimator of z;:

4z, = (Agzt + BsLih (05 (2))
+ B Lo L5 h (05 (20)) ) dt

(20)) dt + K(dy,

1

In step iii) the observer equations (9-14) are derived from
(18), as detailed in Appendix (proof of Theorem 2).

Note that checking the observability condition requires
to invert the observability map, which is equivalent to
solve a set of nonlinear equations. This is not necessary
because the observer equations (9) only require the ma-
trix inversion of the Jacobian Q(Z7).

4 The OFF estimate
4.1 Filter equations

The displacement i, = z; — 27 has equation

iy =dmt—dfc§=(¢( ) = 8(@7) + (gler) = (@) ur
— Q7 @)K (h(a ))dt+g z)FdW}
(

-Q7H @)K GdW?**Q H(@7) BsHggn (27 )t

(19)

The proposed OFF algorithm makes use of the v-degree
Carleman approximation of the displacement equation
(19) and of the output equation (1) around the high-gain
estimator trajectory 9 generated by (9).

To this aim, we extend the state space with the variables

wt[k] to exploit the Taylor expansion of the nonlinear
maps ¢(-), g(+), h(-) in (1). Under standard analyticity
hypotheses, this Taylor expansions around Z7 can be
written as g(-) and h(-):

O(x1) = ¢(2F + 1)

o (gl
Z< ®¢( ) = ~S e @l 20

1=0 =0

g(xe)ug = Zgg (27 + te)us,j

j=1
= Z Z sz % Ut,j Z FZ (i';f)7 Ut)th? (21)
j=114=0 =0



I = 1,2, according to the following matrices definitions:

Vi @ ¢(x)

il

vl @ h(z)

®;(z) = , Hi(x) = T (24)

~ (4] )
) — Vi ® gj(z)

Al ’ (z,u) Z uﬂ’ 25)

_ Vi e (¢ @)F)

. 1=1,2.  (26)

7!

By using eq.s (20)-(23) we can rewrite eq. (19) as

dipe =Y M(#7, u)eildt + D(a9)dt

=1
+ZZJ(1) Npllaw} +ZN AWE;,
1:=0
" (21)
where

M (89, up) =0 (£7) + Ty (20, ue) — Q~H(&9)KCH; (27),
(28)
Di) =~ 3Q7 (3)BiHon (37), (29)
N;(#7) = — Q™1 (#7)KG;. (30)

The differential of the Kronecker power wikk k > 1 can
be written, following [18], as

d@k]) = (Vzp ®¢£k]) (ZM T )dt

+ (Vw ® wt[k]>D(5£t)dt

1 P
+5 (Vi o) <Zg (& + v Y + No(xt)> dt

p oo
+ (Voo el) SN gD @nellawy,
Jj=11=0
q
+ (Vo 2 ul) Z N, (#9)dW2,, (31)
with No(27) = >, N;(7). Through suitably defined

matrices OF, U¥, whose explicit computation is reported
in the Appendix for the ease of the reader (see also [18]),
together with the properties of Kronecker algebra (69)
and (70) reported in the Appendix as well, the differen-

tial d( t[k]) in (67) can finally be written as:

) = UES (Milag,u) @ L )ul T Var

i=1

+UE (D(ito) ® Inkfl)wt““‘”dt

Ok ZZ (J(2)

1=0 j=1

) ® I 2) t[k—H_Q}dt

1

+-0F (No(fcg) ® Inkfz)wl[tk*z]dt
2
P oo
+UEY S (J(l) (39) ® Iye- ) -t
j=1i=0
- 1]
JFUSZ(NJ@?) ® Lpe-1) ¥y th2_]’

(32)

The v-degree Carleman approximation of (19) around
the trajectory 7 given by the high-gain estimator equa-
tions (9)-(14) is obtained by using the new state vector

v, = @7 ... w77, whose components UF ¢ R""
are such that
v—k+1 )
AU = 3" My(a9,u) O dt + T (29) W dt
ij}kQ ‘
+ Z Grs (B2)UF T2t 4+ N (20) TR 24t
zi:?/ k+1
+Z Z \Ijk+l ldwl
_] 1 =0
+Zuk] B U AW,
(33)
with:
Mki(i'?aut) = Urlf (Ml(ijgvut) & I'rL’“*l)
(34)

)—%
o
—~
>
=0
I
d
Ea
/N

D(@9) ® Jnk,l),

PIACEY

)@IH),1<k

Gri(27) =
0k xmb+i-2, k=1
1
O No(z ®In 2 ,1<k’
Ni(@9) = (Mot & 1us-s)
onkxn,ﬁz, k=1
(35)
2@) = Uk (I @9) @ L) )

Uy (27) = UY (Nj(&7) @ Lyn-)



Comparing (33) with (32), it is clear that UF € R™ is
aimed to approximate z/;t[k ,k=1,...,v by neglecting in
(27) and (32) the terms of order higher than v. Therefore,
the extended state ¥, evolves according to the following
differential system:

d\Ilt = A(i’to, ’U,t)\Idet + ’D(Zi'g)dt
P

+3° (B{ 2V, + Fl(2 ))dwt{j
= (37)
q
+ > (BhE0)w, + F(@9) ) aw?,,
Jj=1
where:
A - A Dy
A= D= (38)
Avl e Am/ DV
with A; € ZR"kX"i, D) € R X1 given by
Mki(:i'?7ut) +gk7,(§j?)7 1 Z k
o Gri(22) + T (29), i=k—1
A (50, uy) = (At) (At) '
Gri (82) + Ny (29), i=k—2
0, otherwise.
(39)
T1 (i‘to)a k= 1,
Dk('%?) = gQO(i'?) +N2(1’t)a k - 2a (40)
Onk‘xla k > 2
and
Th T - o Ty,
Ty Ty -, Tio
j . j O'r12><1
81: On3><n ‘73]0 \731_/] 2 ‘7:1:
. . On”><1
0n“><1 e On”Xn”_2 sz lfl
‘ ' (41)
Oan On><n2 Onxn" j
Z/{27 0,2 xn2 - 02 5mv ul
) ) .10,
By=|0nsxn U3 Opsome | Fi=| "
_ 0,,0x1
_On’/xn On”xn’/*2 Uﬁ On”XnV_
(42)

The measurement equation in (1) can be written using
(23) as

dyy = h(&] +y)dt+ GdW? = 2ylldt + GAW?

Z H,(#
(43)

The v-degree Carleman approximation of the output
equation (43) around the trajectory ¢ given by the high-
gain estimator (9)-(14) is obtained using the state vector
U, together with a new output vector Y; € IR?

NWidt + h(20)dt + GdW 2

dy, = ZH

= C(29)Wydt + h(&

q (44)
)t + Y GdW7;,

j=1

with C(27) = [Hi(27) Ha(&7) H,(27)]. Tt is
straightforward that vector Y; is aimed to approximate
the original measurement vector y;.

Using the v-degree Carleman approximation (37) of the
original nonlinear system around the high-gain estima-
tor state-trajectory z¢, we formally define the OFF es-
timate as follows.

Definition 2 The OFF estimate of the state of the non-
linear system (1) is given by

= H(I\/t + Zi’g, II= [In Onxn2+~~~+n”] (45)

where Wy is the optimal linear estimate of the extended
state Uy in (37), with respect to the output vector' Yy given
by (44), that is the projection of ¥y onto the space L(Y})
of all the affine transformations of the random variables
{Y:, 0 <7<t}

Motivations for Definition 2 stems from the fact that
the Carleman approximation (37), endowed with the ap-
proximate measurement equation (44), is a bilinear sys-
tem (i.e. linear drift and multiplicative noise), whose op-
timal linear filter is available in the literature, [10]. Let
my = E[\I/t] be the mean value of W, that obeys the
equation

mt = A(ig, ut)mt + D(CE?), (46)
and let =, = Cov(¥;) be the covariance matrix £ [(¥; —

my) (¥, —my)T], for which:

:';:t = A(i’?, ’U,t)Et + EtAT(ii’g, Ut) + Q(mt, Et) (47)



with ! ;(29) = Bj(&0)m, + F(#9) and 4 ;(37) =
Bz(xt)mt-l-fj( 2).

The optimal linear estimate \f't of the process ¥, is pro-
vided by

AV, = A(#9,u,)U,dt + D(& g)dt+ (PtCT(xt ) + )

R~ (dlﬁ C(&9) W, (xt)dt)
(49)
with
q
R=GG", = i, (@)GT (50)
j=1
and P, = JE[(\I/t — \f/t) (\I/t — ‘i/t)T] the error covariance

matrix evolving according to the following equation

Pt = A(l’t s ut)Pt + Pt.A( ’LLt) + Q(mt, —‘t)
(@) + PC (@) ) R (@(39) + PtCT(fg))
P() = EO
(51)

Remark 2 Note that when implementing the \f/t-ﬁlter
equations, one has to substitute the available measure-
ment process y; in (49) instead of the fictitious output Y.

4.2 Structural properties

According to the OFF estimate definition, the error es-
timate in the mean square sense obeys the following in-
equality:

E [llve = &[] = B [|(2¢ — &7) + (27 — &0)[|?]
<2 [l — 3] + 2B [0, )?) 2 (52)

Note that the error is split in two contributes: the for-
mer is directly related to the error of the high-gain es-
timator and the latter is related to the estimate of the
displacement filter with the v-degree Carleman approx-
imation around the high-gain estimator trajectory. In
this section we provide sufficient conditions that ensure
that the first term is bounded in the mean square sense
(i.e. boundedness of the high-gain estimate error in the

H1) the map z; =

mean square sense). This result motivates the use of the
OFF estimate algorithm: indeed, besides using a higher
order degree polynomial approximation (with respect to
the standard linear one of the EKBF), it suitably ex-
ploits the approximation around a a trajectory whose
displacement from the real state is stable in the mean
square sense. This property cannot be guaranteed, and,
on the contrary, it does not hold in general, when the
trajectory is given by a linear approximation as in the
EKBEF. Of course, the closer is the high-gain estimator
trajectory to the real one, the smaller are both the con-
tributes in inequality (52). However, a convergence re-
sult for OFF cannot be provided in the general case, as
it also happens for the EKBF.

The following Theorem provides an upper bound for the
error of the high-gain state estimate in the mean square
sense.

Theorem 2 Assume that HO) and the following hy-
potheses hold true:

Os(zy) defined in (4—5) is a global diffeo-
morphism, with the inverse map O3 '(-) globally Lips-
chitz, with szschztz coefficient vo;

H2) function L, Lg_ h(z) is bounded in the mean square

sense, that 18: there ezists a positive constant 1 such
that
SupHL Ly h(z)|? <m (53)

H3) functions Lyh(z), L, LS Yh(z) and Hyn(x) are glob-

ally szschztz with szschztz coefficients vy, 3 and vy,
respectively;

H4) w, is uniformly bounded, that is: there exists a positive

constant Ups such that

sup |Jue||* < Unr. (54)
>0

Then, there exists a gain vector KK € IR™™? such that
the high-gain estimator defined by (9-14) has a bounded
error (in the mean square sense), that is: there exists a
positive constant L such that

B[||lz - 27]*] < L. (55)

Proof. See Appendix.

Remark 1 It has to be stressed that the global Lipschitz
hypotheses in Theorem 2 guarantee also existence and
uniqueness of the solutions of (9).

Remark 2 The global Lipschitz property is restrictive.
However, when the state evolution is bounded to a com-
pact set in IR™, as frequently happens in practical appli-
cations, the hypotheses of Theorem 2 can be substituted
by a local Lipschitz requirement.



As a first approximation, the algorithmic complexity of
the OFF filter can be characterized through the size of
the resulting filter as a function of n and v (spatial com-

plexity). Let S5 be the size of \fl,

Sg = in (56)
=1

Since the high-gain estimator has size n, it is easy to
show that the overall dimension of OFF is S(n,v) =
n+5g(Sg+2), where the evolution of the state and error
covariance matrices, as well as of the system estimate,
has been accounted for. The function S(n,v) is polyno-
mial with respect to n and exponential with respect to
v, yielding a much larger filter (for example S(5,3) =
24340) than the EKBF, whose size n + n(n + 1)/2 in-
creases quadratically with n. However, since the filter
matrices (38),(41),(42) have a vast majority of null el-

ements and the estimate W;, due to the properties of
the Kronecker power, contains many repeated terms,
the computational burden can be drastically reduced by
means of an efficient implementation based on sparse
matrices, as well as on the properties of the reduced Kro-
necker algebra, that aims at eliminating the redundant
terms [10].

The time complexity of the algorithm depends on the
complexity of each step, since the number of iterations
will approximately be the same for any algorithm for
time continuous system. Each iteration step in OFF only
involves multiplications between matrices and matrices
and vectors, thus it is proportional to the size of the data
objects and then to S@. Thus, also in this case we have
that it is polynomial with respect to the system size n
and exponential with respect to v. Notice that the inde-
pendent variable is n, whereas v is a design parameter,

5 Simulations
5.1 HIV model

Numerical simulations are reported here in order to show
the effectiveness of the proposed OFF algorithm. We
consider a basic mathematical model, [25], that has been
widely employed to describe the virus dynamics of pri-
mary HIV infection through a system of nonlinear dif-
ferential equations

dzy, = (s — dyx1, — Br1,23,) dt
dll?gt :(/B.Iltxgt — 5$2t)dt (57)
dxs, = (pxe, — cxs,)dt

where z1, is concentration of target cells, s is the con-
stant influx rate of target cells, d, the target cell loss

rate, 3 the target cells infection rate, x9, the concentra-
tion of infected cells, § their loss rate, x3, the serum vi-
ral concentration, p the viral production rate and c the
viral clearance rate. With a realistic choice of parame-
ters and for ¢ large enough the model predicts that the
viral load reaches steady state through damped oscilla-
tions. With respect to the original deterministic model
we have added a noise term on z;, and on the measure-
ment equation so that, the first equation becomes:

dx1, = (s — dyx1, — fr1,73,) dt + FdW} (58)
and, moreover, considered a measurement equation:
dy; = x3,dt + GAWE, (59)

where W, W2 € IR are independent standard Wiener
processes. The resulting output y; clearly satisfies the
strong full (i.e. equal to 3) relative degree hypothesis.
Notice that in the physical system all state variables
must be positive, thus is it necessary to choose the am-
plitude F' of the state noise small enough to satisfy this
constraint, as it actually happens in the simulations.

The results have been obtained simulating the system
(57-58) in the time interval [0, 100] according to the
Eulero-Maruyama method, [19], with integration step
A = 1072, The parameters were set at s = 102, d, =
1073, =1,3=1.3-10"% p =10%, and ¢ = 3. The ini-
tial state was set at x8 = [5-103, 5-107%, 1.4-10%]. We
have compared the performance of the observer-based
estimator and the second order (v = 2) OFF state esti-
mator, with respect to the standard Extended Kalman-
Bucy Filter.

In Fig. 2 the estimate error and its variance, for a time
sample of 1 sec and averaged over 100 simulations, are
shown for variables x; and x5 of the system. Notice that
the scale of vertical axes is logarithmic, due to large
interval spanned by the values of the system variables,
whose time course is shown in the top left boxes. We
have used ¢ > 10 to exclude the transient phase. In these
simulations we have used F' = 5 and G = 0.5, and a gain
corresponding to an largest eigenvalue of A = —0.2 for
the observer. In these conditions, the observer and the
EKBF have comparable performance, whereas the OFF
method has the smallest error and variance in the whole
time interval. Notice that the error estimate is reduced
by a factor of 50-100 (the scale is logarithmic).

We have compared the performance of the three methods
in the same conditions for a set of choices for F' and G by
using the mean of the squared relative estimation error
(MSRE) defined as



8e-01 T
\
S 6e-01
o
2 4e-01
g
S 2e-01
0e+00 L
time
T T T T T
1.2
—
1.0
(o
o
—~ 0.8
L
2 0.6
=
0.4
0.2
O . O 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
time
1e+03 -
. QOe+00 P b
o \
o 8 -2e+00
x 5e+02 I 1 < 3
o —4e+00
e)
~ —6e+00
0e+00
time
1.5 T T T T T T T T
observer ——-—--
1.0 R OFF -—=--= 8
A EKBF
\
0.5 1\ B
\‘— //_/‘*\\
& 0.0 Ty / \ .
c \ / AN e
o -0.5 \\ 7 N 2 a
— N ! \\_ ///
T 1.0} \ / Sl T 1
g L \\. /// ~——
= =1.5 F A ; E
AN A\, Vi ////“\"x\ -
2.0 }F h '\.\_ . _ 7 . pros \—\\\\\\” o -
,2 . 5 - \/\\\\7 //\_/‘»w,'/;//il - -
73 . 0 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
time

Fig. 2. Estimate error for z1 (top) and z2 (bottom) at F'=5, G=0.5. The evolution of the corresponding system variable and
variance of the estimation error is shown in top boxes.



-3.5
-4.0
@ -4.5
'
0
o B
2 o { } X dinanneme
P PR 5
- R G e ;
[P X -
=6.5 [ . —
| EKBF
7.0 |

.0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

measurement noise amplitude G

Fig. 3. Comparison of MSRE (logarithnmic scale) at F'=1.

The MSRE for the observer alone (1°), the OFF (u@FF)
and the reference EKBF filter (u”%BF) averaged over
100 simulation runs are reported in Table 1 for a few
choices of state and measurement noise amplitudes.

It may be noticed that it is more efficient for the OFF
algorithm to use a low gain in the observer, since this
reduces the measurement noise amplification introduced
by the observer.

A comparison of MSRE at F' = 1 and 0.2 < G < 2
is shown in Fig. 3. It may be noticed the improvement
of the filter with respect to the observer alone and that
the MSRE is consistently reduced by a factor 10 with
respect to the EKBF.

5.2 Scalar example

In this section we use a scalar example to investigate the
improvements in the performances of the OFF algorithm
by increasing the order v of the Carleman approxima-
tion.

Consider the scalar stochastic system

kxf’d+F 1

dxt = th ) (61)

2 +e€ 2 +e
dyt = ((1,4£U;5L + agl'? + (121'? + alxt) dt + GdWE, (62)
with a non-gaussian state noise and a nonlinear output
function.

With the following choice of parameters: k = —2, € = 3,
Ao = a3 = Q4 = 1, a1 = 3, F = 1, G € [008, 012],
xo = 0, numerical simulations with integration step A =
5 - 1072 show that the estimation error of the EKBF
is not bounded, with a failure ratio between 0.80 (for
G = 0.08) and 0.15 (for G = 0.12). On the other hand, by
choosing A = —0.8, the OFF algorithm is always stable
for v > 2, whereas the linear version (v = 1) displays the
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Fig. 4. Comparison of MSE at F'=1.

same unstable behavior of the EKBF'. To investigate the
performances of the OFF algorithm at different choices
of v we use the mean squared estimation error (MSE)
defined as

N
uzNi_lz_:(ik—fEk)Qy (63)

k=1

which, for a scalar system, is reliable and simpler than
the MSRE. The MSE for the observer, 11°, and the OFF
pY, with v = 2, 3, 4 averaged over 100 simulation runs
in the time interval [0, 100] are reported in Table 2.
The corresponding MSE for the OFF state estimates
are plotted in Figure 4, where the improvement in the
error estimate obtained with a higher value of v can be
appreciated.

6 Conclusions

In this paper a novel algorithm has been proposed, de-
noted as Observer Follower Filter (OFF), for the state
estimate of nonlinear stochastic differential systems. It
is based on a mixed approach, that combines a high-
gain estimator with a filter for bilinear systems (i.e. lin-
ear drift and multiplicative noise) based on the Carle-
man approximation. The main strength of the approach
is that the filtering part of the algorithm is applied to
the trajectory provided by the high-gain estimator, and
this trajectory has a displacement which is stable (in
the mean square sense) with respect to the given sys-
tem. The complexity of the algorithm can be tuned by
choosing the degree v of the Carleman approximation.
In the simplest cases of v = 1, 2 the computational over-
head of the OFF approach with respect to the EKBF
is negligible, the performance is similar, but the OFF
approach yields better stability. This feature makes it a
good choice for systems with high nonlinear behavior or
poor initial estimates.



rlc]

OFF

EKBF

W
02102 234+14-1077 | 3.840.9-107% | 2240.1-107°
0212 334+48-10°|724+1.4-1077 | 474+0.4-107°
05]02| 1.1+£05-107° | 894+2.2-107% | 1.1+0.1-107*
05|20 1.0£14-107°% | 214+04-107° | 24+0.2-107*
1.0 02| 42+19-107° | 21+04-1077 | 26+0.1-107*
1.0 [ 20| 1.2+12-107° | 25+05-107¢ | 7.0£0.5-107*
Table 1
Comparison of MSRE for the HIV model.
’ G H 1 e JE it
0.08 || 0.0493 +£0.0111 | 0.0087 & 0.0017 | 0.0084 + 0.0011 | 0.0083 £ 0.0013
0.09 || 0.0493 £0.0112 | 0.0092 £ 0.0019 | 0.0090 £ 0.0013 | 0.0087 £ 0.0015
0.10 || 0.0494 £0.0112 | 0.0100 £ 0.0020 | 0.0098 % 0.0015 | 0.0095 £ 0.0017
0.11 || 0.0494 +0.0112 | 0.0108 & 0.0022 | 0.0107 #0.0016 | 0.0103 £ 0.0019
0.12 || 0.0495+0.0112 | 0.0117 £ 0.0024 | 0.0115 4 0.0018 | 0.0111 + 0.0021

Table 2
Comparison of MRE for the scalar example.

Several points need further investigation, such as the re-
lationship between the amplitude of the state and mea-
surement noises and the optimal gain for the high-gain
estimator, the possibility of introducing variable gain as
well as extended stability results for the combination of
the high-gain estimator with the filter.

Appendix

Given a pair of integer (a,b), the symbol C,; denotes
a orthonormal commutation matriz in {0, 1}%°*% such
that, given any two matrices A € IR"™*%% and B €
RTbXCb

B A=CT

Ta,Th

(A® B)Ce, ¢, (64)

The matrices U/ and O” used in Section 4 are recursively
computed as

Uh
Oh

I h +Onh 1n(Uh71®I )
UhCnh 1 ((Uh 1Cnh 2’!1)@[ )C

n2 nh

(65)

with the initial value U} = I,,. From the definition it
follows that U2(I,, @ ¥) = I,, @ ¥ + U @ I,,.

Lemma 3 Foranyx € IR™ the following identities hold:

V., ® zlhl = U (1, @ zlh=11)
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The use of U and O allows to rewrite (31) as

() = U (Lo vl ™) (ZMi(i’?, w) i”)dt

+Uk(I @y~ ”) (29)dt

p oo
g0k (ol ) (3557 vt

The following property of the Kronecker algebra has
been used in the derivation of the filter equations. For
any matrices A, B, C', D of suitable dimensions it is

(A-B)®(C-D)=(A®C)-(B® D), (68)

where A - B denotes the standard matrix product.

The following equalities, also used in the filter derivation,
hold true for any pair of integers h,k = 0,1,..., any



vectors x € IR™, £ € IR™ and any matrix A € Rmxm"

(Lex®) - A- X" = (I, @ yM) - ((Ax[h]) ® 1)
= (Ax™) @ XM = (4 %) & (Le - X))
— <A®Imk) .X[k+h]

(In®X[k]) = ([n ®X[k]) . (€® 1) :§®X[k]

= (6 1)@ (LX) = (€@ Lx) - X (70)

(69)

Proof of Lemma 1. By applying the It6 formula, ac-
cording to the Kronecker formalism (cfr. [18] and refer-
ences therein), it is:

dzy = <(Vz ® O5) . (fi)(ft) + g(xt)ut)
+ %(v[f] ® O53) grz(xt)> dt
+ (V. ®05)| glx,)FdW} (71)

where, with Fy = >°F_, FZ.[Q]7

Go(z) = (ge)F)? = PRy, (T2)

-

i=1

and the differential operator Vg]@) applied to a generic
function f : IR™ — IRP is defined as follows:

VWefr=f vitlef=v.e(Vllef), izl

(73)
with V, = [0/0z1 --- 0/0x,] and V., ® f the Jacobian
of the vector function f (see [18] for more details). The
square brackets at the exponents of vectors and matri-
ces denote the Kronecker power (see [9]). Note that, by
suitably exploiting the observability map definition, it
is:

B [@ ALy ' hy dhg L " hy o
T ldx dx dzr dz

Sq T
Lyhg - Ly'hg)

[Lohy - L5 hy

= Ath + BgLih(.’Et), (74)
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and, accordingly, by hypothesis HO), it is:

(Vx ® 95) CEtg(l’t)

dhi
dx g

dijl’lh1
dx )

By LyL3 thy

=BsLyL}, 'h(xy).

dhy

Sq sq—1
“dx Bb L9L¢ hq

ALy hg
dz 9

(75)
It has to be stressed that equation (75) is achieved with-
out using the strong relative degree property, but just
the standard one. The strong relative degree property
will be required in the following. Indeed, rewrite the sec-
ond order derivative term in (71) as follows:

(VE] ®05)| - gPl(y)

(g(xe) @ g(z4))

Tt

— {(m ® (Vs ® eg(x))) (9@ g(ﬁ))}

Py

(76)
If we formally apply the Kronecker product property
(68) to eq. (76) we have

.9[2] (2¢)

- {(Vz g(8)) ® ((Vx ® O5(x)) -g(ﬁ))}

(VP @ 65)

Tt

where (V, - g(€))® the differential operator which ap-
plied to a function n(z) : R™ — IR™** is such that:

(V:r : g(f)) ® 77(37>

=[(Ve 51(9) @n(2) (Va - 9:(6)) @ ()]

(78)

with:

(V. 0©) @n@) = Y gu© 20 (70
j=1 /



Then, according to the strong relative degree property
HO0), it is:

Bt (23 (@) 9(6)

(Ve ®O5(2)) - (&) = :

Byt (L5 hal@)) 9(6)
(30)

so that, by taking into account that V,® does not dif-
ferentiate g(&), it is:

(%2 9:) & (9 0 04(0) -9(6))]

F o d . . -
Bblzgji(xt) @@L‘; 'hy () g(zt)
= L .

Sq - [ 0 d Sq— ]
By Zgji(ft) %%Qp lhq(x) g(wt)
L j=1 L J i

Bytg) (@) Hon, (24)g (1)

BsqgiT(xt)H(zShq (w¢)g ()

By exploiting the following property of the stack of suit-
ably dimensioned matrices (recall that the stack of a ma-
trix A € IR"*¢ is the vector in IR™¢ that piles up all the
columns of matrix A, and is denoted by st(A), [9]):

st(A-B-C) = (CT @ A) -st(B) (82)
we have
<V£02] ® O5) G2(we)
Byt (g1 Hong +++ 95 Hon, 9]
- : F,
Blfq [Q¥H¢hqg e ng¢hqg]
T
(st (gTH¢hlg)) Fy FOTst <9TH¢hlg)
T
(St(gTH¢hqg)> F, Ffst(g" Hyn,g)
r e .
Z (F7,T & FlT) (gT ® gT)St(H¢h1)
i=1

(FiT X FZ.T) (gT ® gT)St(Hqghq)

-

r

o
Il
—

(Fig") Pst(Hon, )

Mw

1

.
Il

(Frg") [Q]St(Hqshq)

-

=1

Finally, by exploiting again (82), it is:

- -
> st(F g Hon, gF)
)
(Vg] ® 0) i Ga(w¢) = Bs
! P
ZSt(FiTgTH¢hngi)
. =y i
Z FzTgTH¢h1gFi
i=1
— B§
p
Z Flg"Hyn,gF;
Li=1 i

(84)
which completes the proof. O

Proof of Theorem 2. According to H1), ©3(-) is an
observability map, and we write the high-gain estimator
for z; as in (18). According to hypothesis HO), Lemma
1 holds and for the error ¢; = z; — 2; we have

dﬁt = (.Ag - ICCg)ﬁtdt—FBgAE(Zt, Zt“t, ut)dt
(85)
+B§Lng_1h (6;1(zt)) FdW} — KGdW,
where the following notation has been adopted:
Ac(zt, 2, up) = Lih (Ggl(ztD + LgLiilh (@gl(zt)) Ut
—L3h (051 (20)) — Loy 'h (051 (20)) w

5 Hon (671 (0) — 3Hon (07 (20).

(86)
According to the Brunowski matrices definition, each
pair (A,,C}?), j = 1,...,q, constitutes an observable

pair, so that matrices K; can be set in order to choose
negative real and distinct eigenvalues for A’ — K;C,° .
Denote such spectra as o; = {Xj;, i = 1,...,s;}, ac-
cording to which the Vandermonde matrices are defined:

i—1
AT gt

Viley)=| & b ] (87)
)\Sj_l )\jsj 1

Js;

13



By definition, Vj(o;) are nonsingular matrices, which
diagonalize A;’ — K;C,?, that means:

Aj = diag;Z, {Nji} = Vi(o;) (47 — K;Cp7 )V, (o).
(88)
By setting the observer gain K as in (14), taking into
account the block-diagonal form of the pair (As, Cs), we
can define the following coordinate transformation:

& =VY(Ne,  V(A) =diagj_{V;(0;)}  (89)
which diagonalizes As; — KCjs, that is
A =diag?_, {A;} = V) (As —KC)VH(N),  (90)

so that, according to (85) the € dynamics is given by:

dgt = Agtdt + ]IAG(Zt, 2’t, ut)dt
i (91)
+UL LY h (05 (21)) FAW! — VEGAW,

where I = diagf_,{1%} and 1% = [1 1 1]7 is the
sj-dimensional column vector of ones. Then, the integral
equation associated to (91) is:

t
€t:eAt€0+/ A IA(2y, 27y ur )dT
0
Pt )
+> / AL LS h (05 (2,)) FidW},
i=170

q t
-> / AMTIVNKGdWE,
j=1"0

(92)
where th,i) i=1,...,p, is the i-th component of vector
Wi, Wt%j, j=1,...,q,is the j-th component of vector
W2 and Gj is the jth column of matrix G. Since dW}!

and dW? are uncorrelated, the expected value of the

14

square norm of € can be written as
Ella)?) = B[fa) < B[]
t
ey [Hemeou y HeA(t_T)IAE(zT,2T,uT)HdT]
0

t t
e [ [ s e 5
0 0

|[eAE=DTA (29, 20, ue)Hdee]

+IF

p t
Z/O HeA(t—T)]ILngjlh (051 (2r)) Fi|\2d7
=1

q t
+Z / ||eA<t*T>V(A)/CGj||2dT.
j=1"0

(93)
Let us take into account the terms in the right hand side
of (93). As far as the first term, it is:

E|[lMe|] < e B )], (94)

where Aj; denotes the largest eigenvalue of A.

As far as the second term in the right hand side of
eq.(93), note that hypotheses H1) and H3) imply that
L3R (051(2)), LyLy 'h(©5'(2)) and Hen (05 '(2))
are Lipschitz with Lipschitz constants 279, v379 and
Y479, respectively. Indeed:

L5(07 (=) - L5(67 ()|

(95)
<7205 (1) = 05 (22) | < 2v0llz1 — 2]

and analogously for the other two functions. Therefore,
according also to hypothesis H4), it is

1Azt 2, un) | < yalle)? (96)
with
Y4
YA =0 (72 +73Unm + §> . (97)

Moreover, note that, by setting sy = max{si,...,s,}
and by exploiting the T definition, it is ||X|| = /sas-



p

. t
Then: gZ/sMe”M“ DE|||Ly L (07 (2| arl Bl
0

t 1=1
2IF [He/\ta)“ / He/\(t’T)][AE(zT,éﬂuT) dT:|
0 t p
t <is [ a3
<om [eAMtn%on / eAM“T>\ﬁsm||v1<x>-|a||df} 0 =
0
t
180 (1 — €2 Y1SM
< \/smAHV‘l(A)Ile*Mt/ M (=) = 2|A—Z”F”2 = 3 |Z|| %,
0
. o (100)
'(JE [l€oll?] + Ellél ])dT and, finally, for the fifth term in the right hand side of

eq.(93) it is:

1fe>‘M‘]E[H€O||2]

< F’MMIV”(A)HGAM'E( o

t
+/ e)‘M(t_T)]E'[HgTHQ]dT)
0

q t
5> [ Irvoe [
j=170
" q
</ P Iy YO IGI2 (101)
0

_ E||&]? =
< VsV 1<A>||e*Mt(|[Mi] =
IVVK|? IC 23

t

+/ AT B[, 2] dr
0

(98)

where the property 2|[a|| - [|b]| < [|a||* + ||b]|* has been
used. As for the third term in the right hand side of By re-arranging the inequalities (94,98-101) we have

eq.(93), it is:

tr _ VErralVEOIN s
E[/ ) |2 AA (2, 21y ur) | I ]|&]1°] Se”“(” = |AAM| )E[HEOHQJ
2 V_l )\ 2
A0 XA e, ) ) + (vamalv-ioye + 20812 )

t
/ M B()|6, )12 dr
0

t t
< / / A=) A (=0 gy 2 =T () 2 s Sy B2 + IVOOKN S0 16,1
0 JoO + 2|)\ | :
~ _ M
Blle: - | doar

< SM7A||V ||2/ / e (E=7) A (t-6)

(102)

Note that, by denoting 3(t) = e ' E[||&]?], it is:

: FE dod !
( [lE- 1] + {11 ]) ’ B(t) < ay + age™ M +a3/ B(r)dr (103)
0
1 — ettt 5 with
< s IV P [ DB e
0
2 -1 \)||2 L VEu ayallVE |l X
< suYAIVH V)| / M (t=7) I [HgT”Q] dr. (99) ap = < o] )E[HEOHQ}
A 0
As for the fourth term in the right hand side of eq.(93), PEI2 £ IVOOKIZ S (G2
according to hypothesis H2), it is: Qg = sum 2iz 1B [VOOKl ijl 1G]
2[An|
Pt ) 2 2 (Ip—-1 2
A(t—T7 5-1 -1 ) VA

15



By applying the Gronwall’s Lemma we have

t t
ﬁ(t) < a1+062@—>\Mt+/ ag(al—i—age_’\Ms)efs agdrds
0

=1 + age M 4 oy (eo‘3t - 1)

i [eDHI %} (e(a3+>\k{)t o 1)6_)\Mt, (105)
oz + A

from which

E[&]?] < are?’ +as + (e‘”‘St - 1)6“”

203 [ (ag+Am)t 1) 106
a0 (c - (106)

Now, if az + Ay < 0, we finally have

Qo3

—_ 107
las + Ans] (107)

E[HQHQ] <201+ ag +

Notice that the requirement az+ Ay < 0is equivalent to

VSMYA

VaurallV T VI 1+
[An]

+ Ay <0, (108)

and since it is possible (see [11]) to fix Aps and choose
the remaining eigenvalues ); in order to have |[V=1(\)||
arbitrarily close to 1, the left-hand side of (108) can as-
sume any prescribed negative value. This way it is shown
that there exists a bound for ZE[||'€,5||2]7 eq.(107), and,
therefore, the z;-observer defined in (18) has a bounded
error in the mean square sense, with bound given by:

a0 )

‘Oég + )\M| '
(109)

As far as the x;-observer defined in (9-14) is concerned,

let us first show that its equations comes out by coupling
eq.(18) with 22 = ©5'(%;). Indeed:

Efle]2] < V002 (2a1 Fant

des!
dity = =~ - d3. (110)
2 lz=05(29)
Since, by exploiting (18):
de;! dos1" .
z = - =Q " (z¢ 111
| o L =Qren. o
it is:

diy = Q (&) (Ag@g(i“f) + Bs L3 (&)
: 1
+ BngLjflh(:Ef)ut)dt Q) BsHn (37t
+ Q@)K (dys — CsO5(29)dt).  (112)
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By suitably exploiting the full relative degree property,
it is from (74-75):
Q(x)p(x) = AsOs(x) + BsLyh(x) (113)

and .

Q(a)g(x) = BsLy Ly h(x) (114)
so that the x;-observer equations (9) are readily ob-
tained.

Finally, since ©3 *(-) is Lipschitz,

El|lz:— #2)*] <vE[l|lz — 2] <L (115)

with
L:2v—1A2<2 + +O‘20‘3>, 116
BV IO (200 40+ 220 (a1e)

which completes the proof. O
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