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Abstract

A self-complementary trinucleotide circular code has two permuted sets which are either both
circular codes or both not circular codes.
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1. Introduction

We continue our study of the combinatorial properties of maximum trinucleotide circular codes,
i.e. circular codes with 20 trinucleotides. A trinucleotide is a word of three letters on the 4-letter
alphabet {A,C, G, T}. The set of 43 = 64 trinucleotides is a code in the sense of language theory,
more precisely a uniform code, but not a circular code. In order to have an intuitive meaning of
these notions, codes are written on a straight line while circular codes are written on a circle,
but, in both cases, unique decipherability is required.

In the past 50 years, circular codes have been studied in theoretical biology, mainly to un-
derstand the structure and the origin of the genetic code as well as the reading frame (con-
struction) of genes, e.g. [6, 9, 10, 14]. In 1996, a circular code of 20 trinucleotides was
identified statistically on two large and different gene populations, eukaryotes and prokary-
otes [1]. Furthermore, this code has two properties: it is self-complementary and its two per-
muted sets are also circular codes. During the last years, circular codes are mathematical
objects studied in discrete mathematics, theoretical computer science and theoretical biology,
e.g. [2,13,4,3,25,11, 7, 19, 16, 24, 8, 15, 20, 17, 18, 21, 12, 22, 23|.

Among the 12,964,440 trinucleotide circular codes, only 528 of them are self-complementary
[1, 24, 18]. New propositions are identified here with these 528 self-complementary trinucleotide
circular codes.

The 528 self-complementary trinucleotide circular codes are divided into two classes: a class
of 216 circular codes where each code has two permuted sets X; and Xy which are circular
codes [1, 18] and a class containing the remaining 312 circular codes, denoted C3, for which the
circularity of the permuted sets X; and of X5 were not investigated so far.

For the C3 class, three cases are possible:

(i) X; is a circular code and X3 is not a circular code;

(ii) X is not a circular code and Xs is a circular code;

(iii) X; and Xy are not circular codes.

The main proposition of this paper will prove that only the case (iii) is verified. This re-
sult was obtained with a detailed identification of 51 “forbidden configurations”corresponding
to 51 propositions which are collected in three groups (section Results). Thus, the 528 self-
complementary trinucleotide circular codes are divided into two classes for which a certain
symmetry holds. Indeed, even if these two classes have different cardinality (216 and 312), the
first class contains 216 circular codes where X7 and X5 are both circular codes while the second
class contains 312 circular codes where X; and X9 are both non-circular codes.

2. Definitions

For the classical notions of alphabet, empty word, length, factor, proper factor, prefix, proper
prefiz, suffix, proper suffir, alphabetical order, we refer to [5]. Let Ay = {A,C,G, T} denote
the genetic alphabet, lexicographically ordered with A < C < G < T. We use the following
notation:
- A; (vespectively AJ) is the set of words (respectively nonempty words) over Ay;
- A2 is the set of the 16 words of length 2 (or diletters or dinucleotides) and
- A3 the set of the 64 words of length 3 (or triletters or trinucleotides).

We now recall two important genetic maps, the definitions of code and circular code [14, 5],
and the C? self-complementary property of a circular code [1].



Definition 2.1. The complementary map C: Al — Af is defined by C(A) = T, C(T) = A,
C(C) =G and C(G) = C and by C(uv) =C(v)C(u) for all u,v € Af, e.g. C(AAC) = GTT. This
map on words is naturally extended to word sets: a complementary trinucleotide set is obtained
by applying the complementary map C to all its trinucleotides.

Definition 2.2. The circular permutation map P: A3 — A3 permutes circularly each trinu-
cleotide 111513 as follows P(lylal3) = lylzly. The k-th iterate of P is denoted P*. This map on
words s also naturally extended to word sets: a permuted trinucleotide set is obtained by applying
the circular permutation map P (or the k-th iterate of P) to all its trinucleotides.

Definition 2.3. Code: A set Xo of words is a code if, for each x1,...,xn,2},... 2}, € X,
n,m > 1, the condition x1 - - - x, =z} -z}, implies n =m and z; = x} fori=1,...,n.

We consider in this paper only codes consisting of trinucleotides.

Definition 2.4. Trinucleotide circular code: A set Xg of trinucleotides is a trinucleotide cir-
cular code if, for each x1,...,xn,2},..., 20, € Xo, n,m > 1, p € A}, s € A, the conditions
STy xpp = x)---x), and x1 = ps imply n = m, p = € (empty word) and x; = x} for
1=1,...,n.

Definition 2.5. A trinucleotide circular code Xq is self-complementary if, for each y € X,
C(y) € Xp.

Definition 2.6. If Xq is a trinucleotide circular code, we denote by Xy the permuted trinu-
cleotide set P(Xo) and by Xo the permuted trinucleotide set P?(Xy).

Definition 2.7. A trinucleotide circular code Xg is C self-complementary if Xo, X1 = P(Xo)
and Xy = P?(Xo) are circular codes satisfying the following properties: Xo = C(Xo) (self-
complementary), C(X1) = Xa2 and C(X2) = X1.

The concept of necklace was introduced by Pirillo [20] for circular codes in order to have
an algorithmic characterization of circular codes. Let l1,lo,...,l_1,ln,... be letters in Ay,
di,ds,...,dn 1,dy,... be diletters in A2 and n > 2 be an integer.

Definition 2.8. Letter Diletter Continued Necklaces (LDCN ): We say that the ordered se-
quence ly,dy,lo,da, ... dp1,ln,dn,lns1 is an (n+1)LDCN for a subset X C A3 if l1dy, lads,
c. ,lndn € X and dils, dsls, . .. ,dnflln, dnln+1 e X.

Proposition 2.9. [20]. Let X be a trinucleotide code. The following conditions are equivalent:
(i) X is a circular code.
(i) X has no 5LDCN.

There are 528 self-complementary circular codes (Table 3 in [24] and Table 2(d) in [1]). There
are 216 O3 self-complementary circular codes (Tables 4a, 5a and 6a in [18] and Table 2(d) in
[1]). Thus, there are 528 — 216 = 312 circular codes which are self-complementary but not C?
self-complementary. We denote them by C3. Using the three following propositions, we will
prove that, for each C3 self-complementary circular code Xy, the sets X; and X5 have both a
necklace 5LDC N, so nor X; neither X5 are circular codes.

There are 28 self-complementary pairs of trinucleotides which are codified according to Table
1 (as in [24, 18]), giving to each pair the name of a letter of the english alphabet augmented by
the two supplementary letters 2’ and z”.



AAG,CTT} AAT, ATT] ACA, TGTY

b=1{ c= d={
e = {ACC GGTY f={ACG,CGT} g = {ACT, AGT} h = {AGA, TCT}
i={AGC,GCT} j =1{AGG,CCTy} k = {ATC, GAT 1= {ATG,CAT}
m = {CAA, TTG n ={CAC,GTG o= {CAG,CTG p={CCA TGG}
q={CCG,CGG r={CGA,TCG s = {CTA, TAG t = {CTC, GAGY}
u={GAA, TTC v={GAC,GTC w={GCA, TGC = {GCC,GGCy}
y = {GGA, TCC 2= {GTA, TAC} 2/ = {TAA, TTA} z” = {TCA, TGA}

Table 1. The 28 self-complementary pairs of trinucleotides.

3. Results
Proposition 3.1. If a circular code Xy contains one of the four doublets

ar = {a,p}, a2 = {b,y}, as = {e,m},aq = {j, u}, (3.1)
then neither its permuted set X1 = P(Xq) nor its permuted set Xo = P%(Xy) are circular codes.

Proof. We prove the first case, the other cases being similar. If oy = {a,p} = {AAC,GTT,
CCA,TGG} C Xy then P(ay) = {ACA, TTG,CAC,GGT} C X;. So, A,CA,C,AC, A,CA,C,
AC,A is a 5SLDCN for P(aq), hence also for X; which, consequently, is not a circular code.
Furthermore, P%(ay) = {CAA, TGT,ACC,GTG} C X3 and T,GT,G, TG, T,GT,G, TG, T is
a 5LDCN for P?(aq), hence also for X5 which, consequently, is not a circular code. B

Proposition 3.2. If a circular code Xo contains one of the 24 triplets

51 = {G,T,U)},,BQ = {a737zu}7/83 = {b7 T',’I,U},ﬂzl = {b,Z,Z”},ﬂ5 = {07372”}7/86 = {07272”}7
(3.2)

57 = {G,Z,S},ﬁg = {6,0,7"},59 = {fai,m}aﬁlo = {fai)u}a/ﬁll = {fa O,ﬂ?},ﬁlQ - {f, 0,!/},

/813 = {gakam}7514 = {gakaz/}7ﬂl5 = {gal7u}7/816 - {97172/}7/817 = {i,p,’l)},ﬂlg = {i,q,?}},

/819 = {j7 ]{?,Z},,BQQ = {j7vaw}7/821 = {kapa 2}7522 - {las7y}7/823 = {O,T,I’},ﬂg4 == {q,U7w}7

then neither its permuted set X1 = P(Xq) nor its permuted set Xo = P%(Xy) are circular codes.

Proof. We prove the first case, the other cases being similar. If g = {a,r,w} = {AAC,GTT,
CGA,TCG,GCA,TGC} C X then P() = {ACA, TTG,GAC,CGT,CAG,GCT} C X;. So
A, CAG,AC,A,CA,G,AC, A is a 5LDCN for P(/31), hence also for X; which, consequently,
is not a circular code. Furthermore, P%(81) = {CAA, TGT, ACG,GTC, AGC,CTG} C X5 and

T,GT,C, TG, T,GT,C,TG,T is a 5LDCN for P?(31), hence also for X5 which, consequently,

is not a circular code. i
Proposition 3.3. If a circular code Xy contains one of the 23 quadruplets

m ={a,h,j,7},v2 = {a,h,n,w},v3 = {a,h,n, '}, 74 = {a,l,n,y}, (3.3)
V5 = {b,d,e;w}, 6 = {b,d,r t}, 7 = {b,d.t, 2"}, 98 = {b, k., p, t},

v = {c,d,t,u}t,y1i0 = {c,h,m,n},v11 = {d,e,l,t},712 = {d, e, q,t},

Y13 = {d, f,p,u},v1a = {d,i,t,u},m15 = {d, p,t, 2}, 716 = {d,p, 1, 2},

17 = {e, s, t,ul, v1is = {f, h,m,n},v19 = {h, j,k,n},v20 = {h, j,n, z},

Vo1 = {h,i,m, y}, 722 = {h,n,q,y}, 723 = {h,n, 5y},

then neither its permuted set X1 = P(Xq) nor its permuted set Xo = P*(Xy) are circular codes.



Proof. We prove the first case, the other cases being similar. If v; = {a, h, j,r} = {AAC,GTT,
AGA, TCT,AGG,CCT,CGA,TCG} C Xgthen P(y1) = {ACA, TTG,GAA,CTT,GGA,CTC,
GAC,CGT} C X;. So, C,TT,G,GA,C,TT,G,GA,C is a 5LDCN for P(7), hence also for X;
which, consequently, is not a circular code. Furthermore, P2(vy,) = {CAA, TGT, AAG, TTC,GAG,
TCC,ACG,GTC} C X5. Then G,TC,C,AA,G, TC,C,AA,G is a 5SLDCN for P?(~1), hence
also for Xs which, consequently, is not a circular code. i

Table 2 reports the complete combinatorial study of the 312 C3 circular codes (self-complementary
circular codes but not C?). They are listed using the same order of Tables 4b, 5b and 6b in [18].

abcegikvay as abcegivryz” g acfghjopqz” @ bedegiveyz” g cdfglopqtu Bis dgkpuvwzyz’ B1a
abefgjlopg @ abcegkovzy g acfghlnoqy Bi2 bedfgikpta ~8 cdflopgstu ~Yo dhjpvwzzz’z” B20
abcflopgst a1 abceikvryz g acghijknvz Y19 bedfopgstz” Bs cdghijkpvz B17 djkpuvwzzz’ ay
abciknvzyz asg abceivzyzz” g acghijkpvz a1 bedgikptoz B17 cdghijpvrz” B17 djopqrsuz’z” ay
abcknovzyz ag abcekovzyz a9 acghijlngv Bis beefgijlmq as cdgijkpuvz oy djpgsuvwz’z” oy
abclopgstv aq abcefgijlpg o acghijlpqu aq beefglmogt as cdgikptuvz B17 djpuvwrzz’z” ay
acegigkuve ay abefgijpgz” (<21 acghijpvzz” a1 beefglmoqy g cefghijkmz as dkpuvwzyzz’ Ba1
acfghijlpq al abefgjopqz” (<21 acgijknuvz ay beefjlmogs asg cefghikmazy as dpgstuvwz’z” Bog
acfghijpqz” a1 abefglnogy g acgijkpuvz a1 beeflmogsy g cefghilmqy as dptuvwzrzz’z” Y15
achijknvzz B1io abefglopqt o acgikptuve aq acikptuvzz o cefghjlmoq as eghlmogryz’ as
acijknuvrz ay abefjlopgs %1 achijkpvzrz aq befglmnoqy a9 cefghlmogqy as eghmogqryz’z" as
ahnrwayzz’z” B1 abcfjopgsz” aq achijnvzrzz” Be beflmnogsy g cefgijkmux as eghmvwzyz’z” as
ahprwzyzz’z” %1 abeflnogsy ag achijpvzzz” %1 begiglmnqu Bis cefgijlmaqu ag egkmtuvwzz’ as
akptuvwzrzz’ %1 abcfopqstz” aq achinvzyzz” Be bdektvwzzz’ 5 cefgikmtux ag egkmuvwzyz’ ag
apuvwryzz’z” %1 abegijlpqu aq acigkpuvrz %1 bdeogrstz’z” Bs cefgjlmoqu as egmruwzyz’z” as
bedefgikzy ag abcgiknvxy ag befgijlmng Bo bdeoqrsyz’z” g cefgkmotux as egmuvwryz’z” as
bedefgizyz” ag abegikptvz aq aehrwzyzz’z” B1 bdeqrstwz’z” Bs cefglmoqtu as ehlmogqrsyz’ as
bedeflogst Br abegjlopqu aq ahjlnogrsz’ Y1 bdeqrswyz’z” ag ceflmogqstu as ehmogqrsyz’z” as
beefgjlmogq asg abegknovzy ag ahjnoqrsz’z” Ba bderwayzz’z” g ceghijkmuvx as ehmorxyzz’z” as
beeflmogst asg abceglopqtv aq ahgnrwzzz’z” B1 ahlnogrsyz’ Bas ceghikmuzy as ehmowzyzz’z” as
bdpgrstwz’z” B3 abcijknvzz B19 ahjnvwzzz’z” B2o bdevwzryzz’'z" g cegijkmuvz as ekmouvzyzz’ as
bdpgrswyz’z” ag abcikptvzz o bdetvwzzz’z” Ba bdjpgrswz’z” B3 cegikmtuvz as ekmuvwzyzz’ s
blmnogrsyz’ ag abcinvzyzz” g ahjpqrswz’z” aq bdkptowzzz’ B21 cegkmotuvz as elmogrstuz’ s
bmopgrsyz’z” a9 abcjlopgsv %1 ahjprwzzz’z” aq bdopgrstz’z” Y6 cfghijlmpq Bo emogrstuz’z” as
cdefgijkuz ay abkptvwzzz’ o ahjpvwzzz’z” aq bdopgrsyz’z” a9 cfghilmnqy Bo emoruzryzz’z” s
cdefgiktuz B1io ablnogrsyz’ g ahjopqrsz’z” g bdpgstvwz’z” B24 cfghjlmmnoq Y10 emotuvrzz’z” as
cefghijlmq as abnoqrstz’z” Ba ahnoqrsyz’z” Ba bdprwzyzz’z” g cfghlmnoqy Bi2 emouvryzz’z” as
cfghijlmng Bo abnoqrsyz’z" g ahnorzyzz’'z" Bas bdptvwzzz’z’ Ba cfgiglmnqu ay emruwzyzz’'z” as
dgjpgqruwz’z” ay abnogstvz’z” Ba ahnvwzyzz’z” Y2 bdpvwayzz’z” g cfgjlmnoqu ay emtuvwzzz’z” as
djpgrsuwz’z” ay abnoraxyzz’z” g ahopqrsyz’z” @ belmogrstz’ as cfglmnogtu Bis ghjlmnoqrz’ Bie
dkptuvwzzz’ B21 abnotvrzz’z” Ba ahpqrswyz’z” @ belmogqrsyz’ g cghijkmnuz B13 ghlmnogryz’ Bie
eghmrwzyz’z” as abnovryzz’z” ag ahpvwayzz’z” %1 bemogrstzz” as cghijlmnqu B18 ghlmopqryz’ Bie
ehmrwzyzz’z” as abnrwzyzz’z” ag ajknuvwrzz’ oy bemogrsyz’z” g cghikmnovzy B13 gjlmnogqruz’ ay
ekmotuvzzz” as abntvwrzz’z” Ba ajkpuvwrzz’ @ blmopqrsyz’ g cgigkmnuvz ay gjlmopgruz’ ay
ekmtuvwzzz’ as abnvwzyzz’z” g ajnuvwrzz’z” ay bmnoqrsyz’z” g cgiglmnquu ay gjmopqruz’z” ay
emuvwryzz’z” as abopqrstz’z” a1 ajpuvwrzz’z” @ bmpqrstwz’z” Bs cgikmntuve B13 gimpgruwz’z” ay
hlmnoqrsyz’ Bao abopqrsyz’z” a1 akpuvwzryzz’ @ bmpgrswyz’z” g cgjlmmnoquu ay hjmnrwzzz’z” Y20
Jlmnogrsuz’ ay abopgstvz’z” o anoruzyzz’z” Bas bmpgstvwz’z” B24 cgkmmnotuvz B13 hjmnovwzzz’z” B20o
jlmnogsuvz’ ay abpgrstwz’z” (<21 anruwzyzz’z” B1 cdefghloqy B12 cglmnogqtuv B1s hlmopqrsyz’ Bao
Jmopqrsuz’z” ay abpgrswyz’z” (<21 apruwzyzz’z” a1 cdefghoqyz” B12 chijkmnvzz B19 hmmnoqrsyz’z” Y22
abcefgkotz B11 abpgstvwz’z’ (<21 aptuvwzrzz’z” a1 cdefgijlqu ay chikmnvzyz Y10 hmmnorzyzz’z” Bas
abegiglngv B1is abprwzyzz’z” (<21 bedefgkotz B11 cdefgikuzy Bio cigkmnuvzz ay Jkmnuvwzzz’ ay
acehivryzz” Be abptvwzzz’z” (<21 bedefgkoxy asg cdefgjloqu ay deghoqryz’z" Bs jlmopgrsuz’ ay
bedfjopgsz” Bs abpvwryzz’'z” (<21 bedefglogt Y11 cdefgkotux B11 degktuvwzz’ B1a jlmopgsuvz’ ay
degkuvwzyz’ B14 acefgijkuz ay bedefglogqy asg cdefglogtu B1s dehoqrsyz’z” Bs Jgmmnogrsuz’z” ay
ghjlmopqrz’ Bie acefgiktuz B10 bedefgoqyz” Bi2 cdeflogstu Br deogqrstuz’z” Bs Jjmmnogqsuvz’z” ay
mnoruxyzz’z” Bas acefgkotux B11 bedefjlogs Br cdegijkuve ay deqrstuwz’z” Y12 Jmnuvwrzz’z” ay
mpqstuvwz’z” Bog acehijkvzz Big bedefjogsz” Bs cdegiktuve Y9 dghjpvwzz’z” B20 jmopqsuvz’z” ag
abcefgikzy ag acehijvrzz” Be bedeflogsy ag cdfgijkpux ay dgjkpuvwzz’ ay Jmpgrsuwz’z” ay
abcefgizyz” az aceijkuvrz ay bedefoqstz” Bs cdfgijlpqu ay dgjopqruz’z” ay Jmpgsuvwz’z” ay
abcefgkoxy az acfghilnqy Y4 bedefoqsyz” ag cdfgikptuz B10 dgjpuvwaz’z” ay kmptuvwzzz’ B21
abceflogst B7 acfghjlopq a1 bedegikvry az cdfgjlopqu ay dgkptuvwzz’ B1a Imnoqrsuyz’ Bao

Table 2. Complete combinatorial study of the 312 C3 circular codes. Only one “forbidden
configuration”with one doublet (3.1), triplet (3.2) or quadruplet (3.3) is given for each C3
circular code.

Using the results of [1, 18] and Table 2, the following proposition can be deduced.

Proposition 3.4. If a set of 20 trinucleotides is a self-complementary circular code then either
its two permuted sets are both circular codes or its two permuted sets are both non-circular codes.




Proof. Let Xg be a self-complementary circular code among the 528 ones. If X is one of the
216 C? self-complementary circular codes then both its permuted sets X; and Xy are circular
codes [1, 18]. If Xy is one of the 312 C3 self-complementary circular codes then a “forbidden
configuration” (a 5LDCN necklace) is identified (Table 2). If this “forbidden configuration”is a
doublet (triplet and quadruplet, respectively) then Proposition 2 (3 and 4, respectively) applies.
All the 312 C3 circular codes X have a “forbidden configuration” proving that their permuted
sets X7 and X5 are all non-circular codes. i
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