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Abstract

If a code belongs to the set of the maximal self-complementary circular codes then it verifies or
that both its two permuted codes are circular codes or that they both admit a necklace, so that
no one of them is a circular code.






1. Introduction

Circular self-complementary codes, found in [13], and studied in [10], are 528. To every
self-complementary circular code Xy we can naturally associate two sets X; and X, (see the
following paragraph for the formal definitions). We know that (see [10]) for exactly 216 of the
528 self-complementary circular codes both X; and Xs are circular codes. For the remaining
312 codes, the circularity of X; and of X5 is not investigated in [10] and, prior, three cases can
oceur:

a) X is a circular code and X, is not a circular code;

b) X5 is not a circular code and X» is a circular code;

¢) X1 and X5 are not circular codes.

The purpose of this work is to prove that only case c) is verified. This result has been obtained
with a detailed analysis of 51 “forbidden configurations* corrisponding to 51 propositions that
are enunciated and proved in the following.

Considering together what is proved in [10] and what is proved in this work, we have that the
528 self-complementary circular codes are divided in two classes of 216 and 312 circular codes
respectively, the first contains circular codes Xy with X7 and X5 both circular codes while the
second contains codes Xy with X; and X5 both non circular codes. Therefore the following
proposition holds.

Proposition. If X is a self-complementary circular code, then or X; and X5 are both circular
codes or X; and X, admit both a necklace (and, cosequently, they are not circular codes).

2. Definitions

For the classical notions of alphabet, empty word, length, factor, proper factor, prefix, proper pre-
fix, suffix, proper suffiz, alphabetical order, we refer to the reader to [3]. Let Ay = {A,C,G, T}
denote the genetic alphabet, alphabetically ordered with

A< C<G<T,A; (respectively AJ) the set of words (respectively non empty words) over Ay
and A3 the set of the 64 words of length three (or trinucleotides).

We now recall two important genetic maps, the notions of code and circular code, and the
property of being C? for a code.

Definition 1. The complementarity map C: A — Af is defined by C(A) = T, C(T) = A,
C(C) = G and C(G) = C and by C(uv) =C(v)C(u) for all u,v € Af, e.g., C(AAC) = GTT.
This map on words is naturally extended to word sets: a complementary trinucleotide set is
obtained by applying the complementarity map C to all its trinucleotides.

Definition 2. The circular permutation map P: A3 — A3 permutes circularly each trinu-
cleotide l1lals as follows P(lylals) = lalsly. The k-th iterate of P is denoted Pk This map on
words s also naturally extended to word sets: a permuted trinucleotide set is obtained by applying
the circular permutation map P to all its trinucleotides.

Definition 3. Code: A set Xy of words is a code if, for each x1,...,xn, 2, ..., 2, € X, n,m >
1, the condition x1 - -z, = o) -+ -z, implies n = m and x; = =, fori=1,... n.
Definition 4. A trinucleotide code Xy is circular if, for each x1,...,xn, 2}, ..., 2, € X, n,m >

/

1, p € A}, s € A, the conditions szo---x,p = 2y --- 2\, and 1 = ps implyn = m, p = ¢

(empty word) and x; =, fori=1,...,n.



Definition 5. A trinucleotide code Xy is self-complementary if, for each y € Xy, C(y) € Xo.

Definition 6. A trinucleotide code X is C° self-complementary if Xo, X1 = P(Xq) and Xo =
P2(Xyg) are circular codes satisfying the following properties: Xo = C(Xo) (self-complementary),
C(Xl) == X2 and C(XQ) == Xl.

The concept of a necklace was introduced by Pirillo for circular codes in [12] to have an
equivalent condition for a trinucleotide code of being circular.

Let I1,lo, ..., ln_1,ln,... beletters in Ay, di,da, ... ,dp_1,dy,... diletters in A% and n > 2 an
integer.

Definition 7. Letter Diletter Continued Necklaces (LDCN ): We say that the ordered sequence
l1,d1,la,da, ... dy1,ln,dn, lns1 is an (n+1)LDCN for a subset X C A3 iflidy,lada, . .., lad, €
X and dila,dsls, ..., dy_1l,, dnln+1 e X.

Ml i J[l2]| d2 J[la] - [dus [ladf[ du [husd

Proposition 2.1. [12]. Let X be a trinucleotide code. The following conditions are equivalent.
(i) X is circular code.

(i) X has no 5LDCN.

][ d1 Jta][ d2 |[la][ da J[1a][ da |[15]

Now we use this proposition to prove that for every of the 312 non C3, maximal, self-
complementary circular codes, both X; and X5 admit a 5bLDC N, so that nor X; neither X5 are
circular codes.




o = {AAC,GIT} | b = {AAG,CTT ¢ = {AAT,ATT} | d = {ACA,TGT}
e ={ACC,GGT} | F = {ACG,CGT g = {ACT,AGT} | h = {AGA,TCT}
i ={AGC,GCT} | j ={AGG,CCT k = {ATC,GAT} | | ={ATG, CAT}
m = {CAA,TTG} | n = {CAC,GIG 0o = {CAG,CTG] | p = {CCA, TGG}
7 =1{CCG,CGG} | r ={CGA,TCG s = {CTA,TAG} | t={CTC,GAG}
w = {GAA, TTCY | v = {GAC,GIC w ={GCA,TGC} | « = {GCC,GGC}
v = {GGA,TCCY | z = {GTA, TAC 2= {TAA,TTA} | 7= {TCA, TGA}

Table 1. Partition of A3\ {AAA, CCC,GGG, TTT,ATA, TAT,CGC,GCG} into 28
self-complementary pairs.

Proposition 2.2. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the couple oy = {a,p} = {AAC,GTT,CCA,TGG} , then neither X1 = P(Xy) nor
Xo = P?(Xy) are circular codes.

Proof. If oy = {a,p} = {AAC,GTT,CCA,TGG} C X then
P{AAC,GTT,CCA, TGGY) = {ACA, TTG,CAC,GGT) C X1,

and we have that

[a][ca][c][Aac][a][ca|[c][ac ][]

is a 5LDCN in X7,
or, shifting,

(c][ac][a][ca][c][ac][a][ca][c]|

is a 5LDCN in X4, so that X7 is not a circular code;
we have also that

P2({AAC,GTT,CCA,TGG}) = {CAA, TGT, ACC,GTG} C X,

so that the dual of the first necklace above (that is the necklace to which the complementarity
map C is applied)

[T][eT]l6][TG][T][GT][G][TG][T]

is a 5LDCN in X5,
or, similarly, shifting,

(G][rc][T][cT][c][TG |[T][GT][G]

is a 5LDCN in X5, and we conclude that also X5 is not a circular code.

Proposition 2.3. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the couple ag = {b,y} = {AAG,CTT,GGA,TCC}, then neither X1 = P(Xo) nor
Xy = P?(Xy) are circular codes.

Proof. See proposition ( 2.2): here, similarly, we have that
A GA,G,AG,A,GA,G,AG, A
is a BLDCN in X7, and its dual necklace
T.CT,C,TC,T,CT,C,TC,T

is a BLDCN in Xs.



Proposition 2.4. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the couple as = {e,m} = {ACC,GGT,CAA, TTG}, then neither X; = P(Xo) nor
Xy = P?(Xy) are circular codes.

Proof. See proposition ( 2.2): here, similarly, we have that

(6][rG][T|[cT][c][TG][T][GT]|G]

is a 5LDCN in X7, and its dual necklace

(c][ac][a][ca][c][ac][a][cA]|c]

is a 5LDCN in X5.

Proposition 2.5. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the couple oy = {j,u} = {AGG,CCT,GAA,TTCY}, then neither X; = P(Xo) nor
Xy = P%(Xo) are circular codes.

Proof. See proposition ( 2.2): here, similarly, we have that

[c]lzc][T][ct][c][Tc][T][cT][C]

is a 5BLDCN in X1, and its dual necklace

[cJ[aG][al[cA][c][AG][a][GA]|G]

is a BLDCN in Xos.

Proposition 2.6. If a mazimal non C® self-complementary code Xo of the 312 in the list con-
tains the tern B = {a,r,w} = {AAC,GTT,CGA,TCG,GCA,TGC} then neither X1 = P(Xy)
nor Xo = P?(Xo) are circular codes.

Proof. 1f 51 = {a,r,w} = {AAC,GTT,CGA, TCG,GCA,TGC} C Xy then
PH{AAC,GTT,CGA, TCG,GCA,TGC}) ={ACA,TTG,GAC,CGT,CAG,GCT} C X,

and we have that

[A][cA]lg][Ac][A][ca][c][Ac][A]

is a 5LDCN in X7,
or, shifting,

[c][ac][a][ca][c][ac][a][cA]|c]

is a 5LDCN in Xy, so that X7 is not a circular code;
we have also that

PL{AAC, GTT, CGA, TCG,GCA, TGC}) = {CAA, TGT, ACG,GTC, AGC,CTG} C Xo,

so that the dual of the first necklace above (that is the necklace to which the complementarity
map C is applied)



[T]ler][cl[Tc][T][cT][c][TG [T]

is a 5LDCN in X5,
or, similarly, shifting,

(c][rG][T][cT][c][TG][T][cT][C]|

is a BLDCN in X5, and we conclude that also X5 is not a circular code.

Proposition 2.7. If a mazimal non C® self-complementary code Xo of the 312 in the list con-
tains the tern B = {a,s,2”} = {AAC,GTT,CTA, TAG,TCA, TGA} then neither X; = P(Xy)

nor Xo = P%(Xo) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

[Al[cal[T][Ac][a][ca][T][Ac][A]

is a 5LDCN in X4, and its dual necklace

(T[T ]Al[TG][T][GT|[A][TG][T]

is a 5LDCN in X5.
Proposition 2.8. If a mazimal non C® self-complementary code Xo of the 312 in the list con-
tains the tern B3 = {b,r,w} = {AAG,CTT,CGA,TCG,GCA,TGC} then neither X; = P(Xo)
nor Xo = P%(Xo) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that
[a][ca][c][ac][a][ca][c][AG][A]

is a 5LDCN in X4, and its dual necklace

(7]l cr][cl[Tc][T][cT|[c][TC [T]

is a BLDCN in Xos.

Proposition 2.9. If a mazimal non C? self-complementary code Xo of the 312 in the list con-
tains the tern By = {b,2,2”} = {AAG,CTT,GTA, TAC, TCA,TGA} then neither X1 = P(Xy)
nor Xa = P*(Xo) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

[A]lca][T][Ac][A][GA][T][AG ][A]

is a 5LDCN in X5, and its dual necklace

(7]l et J[A][Tc][T][cT |[a][TC |[T]

is a BLDCN in Xos.



Proposition 2.10. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern s = {c,5,2”} = {AAT,ATT,CTA,TAG, TCA,TGA} then neither X1 =
P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

(A][ A [[c][ AT J[A][ TA |[C][ AT |[A]

is a 5LDCN in Xy, and its dual necklace

[T][AT [G][ TA J[T][ AT |[G][ TA ||T]

is a 5LDCN in X5.
Proposition 2.11. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern Bg = {c,2,2”} = {AAT,ATT,GTA,TAC, TCA,TGA} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that
[A][TA |[G][ AT |[A][TA |[G][ AT [A]

is a 5BLDCN in X1, and its dual necklace

[T][AT |[c][ TA |[T][ AT |[C][ TA |[T]

is a 5SLDCN in Xs.
Proposition 2.12. If a mazimal non C? self-complementary code Xo of the 812 in the list con-
tains the tern 57 = {e,l s} = {ACC,GGT,ATG,CAT,CTA,TAG} then neither X1 = P(Xp)
nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that
[a][er][c][Tc][Al[cT][c][TC][A]

is a 5LDCN in X4, and its dual necklace

(c][rc][al[cT][c][TG |[A][GT]|G]

is a 5LDCN in X5.
Proposition 2.13. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern By = {e,o,r} = {ACC,GGT,CAG,CTG,CGA,TCG} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that
lclleT]lg][TG][c][cT][G][TC][C]

is a 5LDCN in X7, and its dual necklace




[c][ca][c][ac]|c][ca][c][ac][q]

is a 5LDCN in X5.
Proposition 2.14. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern By = {fi,m} = {ACG,CGT,AGC,GCT,CAA,TTG} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that
(cl[rc][r][cr][c][Tc][T][cT][c]

is a 5LDCN in X4, and its dual necklace

[G][ac][a][cA][c][ac][a][ca][q]

is a 5SLDCN in Xs.
Proposition 2.15. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern B0 = {f,i,u} = {ACG,CGT,AGC,GCT,GAA, TTC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

(G][zc][T][cT][g][Tc][T][cT][G]

is a 5LDCN in X3, and its dual necklace

cl[ac][a][cAa][c][AG[a][GA][c]

is a 5SLDCN in Xs.
Proposition 2.16. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the tern B11 = {f,0,2} = {ACG,CGT,CAG,CTG,GCC,GGC} then neither X1 =
P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

[A][cc]lcl[cc]la][ce][c][cG [A]

is a 5LDCN in X7, and its dual necklace

[T][ccl[c][cc][T][cG][c][cc][T]

is a 5LDCN in X5.

Proposition 2.17. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the tern B12 = {f,0,y} = {ACG,CGT,CAG,CTG,GGA,TCC} then neither X; =
P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that
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[c]lca]lcl[ac][c][ca][c][ac][C]

is a 5LDCN in Xy, and its dual necklace

[6][cT][cl[Tc][c][cT][c][Tc]|G]

is a 5SLDCN in Xs.
Proposition 2.18. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern 13 = {g,k,m} = {ACT, AGT,ATC,GAT,CAA, TTG} then neither X1 =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

[Al[rG][T][cT][A][TG][T][GT][A]

is a 5LDCN in X4, and its dual necklace

[T][ac][al[cA][T][Ac][a][cA]|T]

is a 5LDCN in Xo.
Proposition 2.19. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern B4 = {g¢,k,2"} = {ACT,AGT,ATC,GAT,TAA, TTA} then neither X; =
P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

(G][ A |[T][ AT |[G][ TA |[T][ AT ]G]

is a 5BLDCN in X1, and its dual necklace

[c][aT J[a][TA J[c][ AT |[A][ TA ||C]

is a 5SLDCN in Xs.
Proposition 2.20. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern B15 = {g,,u} = {ACT,AGT, ATG,CAT,GAA,TTC} then neither X1 =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. If See proposition ( 2.6): here, similarly, we have that

[al[zc][r][cTJ[a][Tc][T][CcT][A]

is a 5LDCN in X7, and its dual necklace

[T[AG][Al[GA][T][AG][A][GA]|T]

is a BLDCN in Xos.
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Proposition 2.21. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern B¢ = {g,,z} = {ACT,AGT,ATG,CAT,TAA,TTA} then neither X1 =
P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

(][ A |[T][ AT |[c][ TA |[T][ AT ][C]

is a 5LDCN in X4, and its dual necklace

(G][AT J[A][TA |[G][ AT |[A][ TA ][G]

is a 5LDCN in X5.
Proposition 2.22. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern 17 = {i,p,v} = {AGC,GCT,CCA,TGG,GAC,GTC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

[c]lac](c][ca][c][ac][c][ca][c]

is a 5BLDCN in X1, and its dual necklace

[6][rc][cller][g][TG|[c][cT][g]

is a BLDCN in Xos.

Proposition 2.23. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the tern f1g5 = {i,q,v} = {AGC,GCT,CCG,CGG,GAC,GTCY} then neither X; =
P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

[Al[ccl[c][cc][a][cc[c][Gc][A]

is a 5LDCN in X4, and its dual necklace

[T][cellgl[cc][T][cc][c][cG][T]

is a 5LDCN in X5.
Proposition 2.24. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern (9 = {j,k,z} = {AGG,CCT,ATC,GAT,GTA,TAC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.6): here, similarly, we have that

[A][cT][c][Tc][a][cT|[c][TC |[A]

is a 5LDCN in X5, and its dual necklace
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[T]lcA]lGl[ac][T][cA][c][AG][T]

is a 5LDCN in X5.

Proposition 2.25. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern [y = {j,v,w} = {AGG,CCT,GAC,GTC,GCA,TGC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

(c][zc]lgl[cr][c][Tc][c][cT]|c]

is a 5LDCN in Xy, and its dual necklace

[G]lac][c][ca][c][aG][c][GA][g]

is a BLDCN in Xos.

Proposition 2.26. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the tern o1 = {k,p,2} = {ATC,GAT,CCA,TGG,GTA,TAC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

[c]lac][T][cA][c][ac][T][cA][C]

is a 5LDCN in Xy, and its dual necklace

(c][rc][al[cT][c][TG |[A][GT]|G]

is a BLDCN in Xos.

Proposition 2.27. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern Poo = {l,s,y} = {ATG,CAT,CTA,TAG,GGA,TCC} then neither X1 =
P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

[G]lac][T][cA][G][AG][T][GA ][]

is a 5LDCN in X5, and its dual necklace

(c][zc][al[cT][c][Tc][a][cT]|C]

is a 5LDCN in X5.

Proposition 2.28. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern Pog = {o,r,a} = {CAG,CTG,CGA,TCG,GCC,GGC} then neither X1 =
P(Xo) nor Xo = P?(Xyg) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that



13.

[c][cc][T][cc]lc][cc][T][cc][q]

is a 5LDCN in X4, and its dual necklace

[c]lec]lal[cc][c][ce][a][cG[c]

is a 5LDCN in X5.

Proposition 2.29. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the tern foy = {q,v,w} = {CCG,CGG,GAC,GTC,GCA,TGC} then neither X; =
P(Xo) nor Xo = P?(Xyg) are circular codes.

Proof. See proposition ( 2.6): here, similarly, we have that

(c][cel[T][cc][c]lcc][T][cc][c]

is a 5LDCN in X5, and its dual necklace

[6][ccl[al[cc][c][cc[a][cc][g]

is a BLDCN in Xos.

Proposition 2.30. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the quatern v1 = {a,h,j,r} = {AAC,GTT, AGA, TCT,AGG,CCT,CGA,TCG} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. If vy = {a,h,j,r} = {AAC,GTT, AGA, TCT, AGG,CCT,CGA,TCG} C Xy then
PH{AAC,GTT,AGA,TCT, AGG,CCT,CGA, TCG}) =

= [ACA,TTG,GAA,CTT,GGA,CTC,GAC,CGT} C Xi,

and we have that

(c][rT]lcl[ca][c][TT][c][GA][c]

is a 5LDCN in X7,
or, shifting,

[G]lca][c][TT][c][cA][c][TT [G]

is a 5LDCN in X4, so that X7 is not a circular code;
we have also that

P2{AAC, GTT, AGA, TCT, AGG,CCT,CGA, TCGY}) =

= {CAA, TGT, AAG, TTC,GAG, TCC, ACG,GTCY} C Xo,

so that the dual of the first necklace above (that is the necklace to which the complementarity
map C is applied)

[G][Tc][c][aA][g][Tc][c][aA][q]
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is a 5LDCN in X5,
or, similarly, shifting,

(c][aa]lgl[Tc][c][aA][G][Tc]|C]

is a 5LDCN in X5, and we conclude that also X5 is not a circular code.

Proposition 2.31. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern v, = {a,h,n,w} = {AAC,GTT,AGA, TCT,CAC,GTG,GCA,TGC} then
neither X1 = P(Xg) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

(¢][cr][r][Tc][c][cT][T][TG]|C]

is a BLDCN in X1, and its dual necklace

[c]lca]lal[aG][c][ca][a][ac][C]

is a 5SLDCN in Xs.
Proposition 2.32. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern v3 = {a,h,n,2"} = {AAC,GTT,AGA, TCT,CAC,GTG,TAA,TTA} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

(G][aa][T][TG][G][AA][T][TG ]G]

is a 5LDCN in X4, and its dual necklace

(c][ca]la][TT][c|[ca][a][TT]|C]

is a 5LDCN in X5.
Proposition 2.33. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern v4 = {a,l,n,y} = {AAC,GTT,ATG,CAT,CAC,GTG} then neither X =
P(Xo) nor Xo = P?(Xyg) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[Al[cc][r][Tc][a][cc][T][TG][A]

is a 5LDCN in X5, and its dual necklace

[T][callal[cc][T][ca]lal[cG]|T]

is a BLDCN in Xos.
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Proposition 2.34. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern v5 = {b,d,e,w} = {AAG,CTT,ACA, TGT,ACC,GGT,GCA, TGC} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

(c][callg][TT][c][ca][c][TT][c]

is a 5LDCN in X4, and its dual necklace

(GJ[aa][c][TG][c][aA][c][TG][G]

is a 5LDCN in X5.
Proposition 2.35. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern v¢ = {b,d,r,t} = {AAG,CTT,ACA,TGT,CGA,TCG,CTC,GAG} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[c]ler][T][Tc][c][cT][T][TC][C]

is a 5BLDCN in X1, and its dual necklace

[G]lca][al[Ac][c][Ga][a][Ac][q]

is a 5LDCN in Xs.
Proposition 2.36. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the quatern v; = {b,d,t,2’} = {AAG,CTT,ACA, TGT,CTC,GAG,TAA,TTA} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that
[c][aa][z][Tc][c][aa][T][TC][C]

is a 5LDCN in X4, and its dual necklace

(G][calla][TT][c][GA][A][TT][G]

is a 5LDCN in X5.

Proposition 2.37. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern vg = {b,k,p,t} = {AAG,CTT,ATC,GAT,CCA,TGG,CTC,GAG} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

[A]lcG][T][Tc][Al[cG][T][TC |[A]

is a 5LDCN in X5, and its dual necklace
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[T]lca]lal[cc][T][ca][a][cc][T]

is a 5LDCN in X5.
Proposition 2.38. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern g = {c,d,t,u} = {AAT, ATT, ACA, TGT,CTC,GAG,GAA, TTC?} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[Al[aG][G][TT J[A][AG][G][TT][A]

is a 5LDCN in Xy, and its dual necklace

[T][AAJ[c][cT][T][AA][c][CT |[T]

is a 5LDCN in Xs.
Proposition 2.39. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern y10 = {c,h,m,n} = {AAT, ATT, AGA,TCT,CAA, TTG,CAC,GTG} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[A][ac][c][TT][A][Ac][c][TT |[A]

is a 5LDCN in Xy, and its dual necklace

[T][aa]lGl[cT][T][AA][G][GT]|T]

is a 5LDCN in Xo.
Proposition 2.40. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern vy11 = {d,e,t} = {ACA, TGT,ACC,GGT,ATG,CAT,CTC,GAG} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[A][Tc][c][cA][A][Tc][c][cA J[A]

is a 5LDCN in X5, and its dual necklace

[T][rc]lGl[cA][T][TG |[G][GA]|T]

is a 5LDCN in X5.

Proposition 2.41. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern vi2 = {d,e,q,t} = {ACA, TGT,ACC,GGT,CCG,CGG,CTC,GAG} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that



17.

[A]lcc]c][ca][a][cc][c][ca ][]

is a 5LDCN in Xy, and its dual necklace

[T][rG ]G] cc][T][ TG ][c][cc][T]

is a 5LDCN in Xs.
Proposition 2.42. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern y13 = {d,f,p,u} = {ACA, TGT,ACG,CGT,CCA,TGG,GAA, TTC} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

(c|[aa]lc][cT][c][aA][c][GT][c]

is a 5LDCN in X4, and its dual necklace

(6J[ac][c][TT][c][ac][c][TT][g]

is a 5LDCN in Xs.
Proposition 2.43. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern vi14 = {d,i,t,u} = {ACA, TGT, AGC,GCT,CTC,GAG,GAA,TTC} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

(Al[aG][G][cA][A][ac][c][cA][A]

is a 5BLDCN in X1, and its dual necklace

[T][rG[c][cr][T][ TG ][c][cT][T]

is a 5SLDCN in Xs.
Proposition 2.44. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the quatern vy15 = {d,p,t,x} = {ACA, TGT,CCA,TGG,CTC,GAG,GCC,GGC} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

(6J[eT][T][cc][c][cT][T][cc][g]

is a 5LDCN in X5, and its dual necklace

(c|[ccl[a][ac][c][cG][a][Ac][c]

is a BLDCN in Xos.
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Proposition 2.45. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern y16 = {d,p,t,z2} = {ACA, TGT,CCA,TGG,CTC,GAG,GTA,TAC} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

(6][eT][T|[AG][c][cT][T][AG]|G]

is a 5LDCN in Xy, and its dual necklace

(c][cT][al[Ac][c][cT][a][AC]|C]

is a 5LDCN in X5.
Proposition 2.46. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern vi7 = {e,s,t,u} = {ACC,GGT,CTA,TAG,CTC,GAG,GAA,TTC} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[A][ac][T][cc]lAl[aG][T][cc][A]

is a 5BLDCN in X1, and its dual necklace

[T]lcG]lAl[cT][T][GG][A][cT J[T]

is a BLDCN in Xos.

Proposition 2.47. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern y1g = {f,h,m,n} = {ACG,CGT,AGA, TCT,CAA, TTG,CAC,GTG} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

[al[ac][cl[ca][a][ac][c][cA]|A]

is a 5LDCN in X4, and its dual necklace

[r][zc]lcllcT][T][TC][G][GT]|T]

is a 5LDCN in X5.
Proposition 2.48. If a mazimal non C3 self-complementary code Xy of the 312 in the list
contains the quatern vi19 = {h,j,k,n} = {AGA, TCT,AGG,CCT,ATC,GAT,CAC,GTG} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[A][rc][Gl[GA][A][TG ][G][GA |[A]

is a 5LDCN in X7, and its dual necklace
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[T][Tc][c][cA][T][Tc][c][ca][T]

is a 5LDCN in X5.
Proposition 2.49. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern voo = {h,j,n,x} = {AGA, TCT, AGG,CCT,CAC,GTG,GCC,GGC} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that
[a][cc]lc][ca][a][cc][c][ca][A]

is a 5LDCN in X4, and its dual necklace

[T][Tc][cl[cG][T][Tc][c][GG][T]

is a 5SLDCN in Xs.
Proposition 2.50. If a mazimal non C3 self-complementary code Xo of the 312 in the list
contains the quatern vo1 = {h,i,m,y} = {AGA, TCT,AGC,GCT,CAA, TTG,GGA,TCCY} then
neither X1 = P(Xo) nor Xo = P?(Xy) are circular codes.
Proof. See proposition ( 2.30): here, similarly, we have that

[c]ler][cl[aA][c][cT[c][AA ][]

is a 5LDCN in X3, and its dual necklace

(6][rT][c][aG][c][TT[c|][AG][G]

is a BLDCN in Xos.

Proposition 2.51. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the quatern o0 = {h,n,q,y} = {AGA, TCT,CAC,GTG,CCG,CGG,GGA,TCC} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that

[c]ler][T][cG][c][cT[T][GG][C]

is a 5LDCN in X7, and its dual necklace

[c][ccllal[aG][c][cc][a][aG][g]

is a 5LDCN in X5.

Proposition 2.52. If a mazimal non C3 self-complementary code X of the 312 in the list
contains the quatern o3 = {h,n,s,y} = {AGA, TCT,CAC,GTG,CTA,TAG,GGA,TCCY} then
neither X1 = P(Xo) nor Xo = P%(Xy) are circular codes.

Proof. See proposition ( 2.30): here, similarly, we have that
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[c]ler][T][Ac][c][cT][T][AC][C]

is a 5LDCN in X7, and its dual necklace

(cJ[cT][Al[AG][c][GT][A][AG]|G]

is a BLDCN in Xos.

We now report a list of the couples, the terns and the quaterns named above and then a table
of their occurences in the 312 maximal non C? self-complementary codes, numbered in the order
refering to [10]. We write only an occurence for each code.

ar = {a,p}, a0 = {b,y}, a3 = {e;m}, ou = {j,u},

51 = {a’rfw}’/ﬁQ = {a,S,Z”},ﬁg = {b/r;w}’ﬁ‘l = {b,Z,Z”},ﬁg) = {C,S,Z”},ﬁﬁ = {CVZ’Z”}?

/87 = {67l75}7ﬁ8 = {6707T}7ﬁ9 = {f)ifm}7510 = {f)ifu}aﬁll = {f707x}7512 = {f)ofy}7

B3 = {g,k;m}, Bra = {g.k.2}, Bis = {g.L,u}, Bie = {9.0.27}, Bir = {i,p,v}, Big = {i,q.v},

519 = {j,k‘,Z},ﬂQO = {j,’U,’U]},,BQl = {k7p7z}7/822 - {l;Sy?/}7523 = {07r7x}7/824 == {q,’Uy’wL

1= {a,h,j,?"},’)’g = {a,h,n,w},'yg = {a7h7n;zj}7'74 = {a;l7n;y}7

V5 = {b7d767w}?76 = {b7d7T7t}”y7 = {b7d7t72;}5’78 = {bfk7pft},

Y9 = {c,d,t,u},’ylo = {c7h7m7n}7711 = {dyeyl;t}=712 = {d,e,q,t},

713 = {d}f}p}u}a’714 = {d;@tyu}ﬁm = {dyp’tyx}a’YlG = {d}p}tzz}’

Y17 = {67S7t7u}7718 - {f7h7m7n}7719 - {h7j7k7n}7'720 - {h’7j7n7x}7

Y21 = {h}i}m}y},r)QQ = {h'}nyq’y}a’YQ?) = {hznys}y}'
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abcegikvzry g abcegivzyz” g acfghjopqz” aq bedegivzyz” g cdfglopgtu B1s dgkpuvwzyz’ P14
abefgjlopg (<21 abcegkovzy g acfghlnogqy B1i2 bedfgikptz 8 cdflopgstu Yo dhjpvwzzz’z” B20
abcflopgst (<21 abceikvzyz g acghijknvz Y19 bedfopgstz” Bs cdghijkpvz B17 dgkpuvwzz 2z’ ay
abciknvzyz g abceivzyzz” g acghijkpvz a1 bedgikptoz B17 cdghijpvzz” B17 djopqrsuz’z” ay
abcknovzyz a9 abcekovzyz a9 acghijlngv Bis beefgijlmq as cdgigkpuvz oy djpgsuvwz’z” oy
abclopgstv o abcefgiglpg o acghijlpqu aq beefglmogt as cdgikptuvz B17 djpuvwzzz’z” ay
acegijkuve ay abcefgijpgz” a1 acghijpvrz” @ beefglmoqy g cefghigkmaz as dkpuvwzyzz’ B21
acfghijlpq (%1 abcefgjopqz” (%1 acgijknuvz ay beefjlmogs as cefghikmay as dpgstuvwz’z” Baa
acfghijpqz” aq abcfglnoqy ag acgijkpuve %1 beeflmogsy ag cefghilmaqy as dptuvwzzz’z” Y15
achigknvzz B1ig abcefglopgt (%1 acgikptuvz aq acikptuvzz (%1 cefghjlmoq as eghlmoqry z’ as
acigknuvzz ay abefjlopgs aq achijkpvzz %1 befglmnoqy ag cefghlmogqy as eghmoqryz’z” as
ahnrwaryzz’z” B1 abcfjopgsz” aq achijnvrzz” Be beflmnogsy ag cefgijkmuz ag eghmvwayz’z” ag
ahprwzyzz’z” aq abeflnogsy ag achijpvzzz” %1 begiglmnqu B18 cefgijlmaqu as egkmtuvwzz’ as
akptuvwzrzz’ aq abcfopgstz” aq achinvzyzz” Be bdektvwzzz’ 5 cefgikmtux as egkmuvwzyz’ as
apuvwryzz’z” aq abegijlpgu aq acigkpuvrz %1 bdeogrstz’z” Bs cefgjlmoqu as egmruwzyz’z” as
bedefgikzy g abegiknvzy g befgijlmng Bo bdeoqrsyz’z” g cefgkmotuz as egmuvwzyz’z” as
bedefgizyz” g abegikptvz (<21 aehrwzyzz’z” B1 bdeqrstwz’z” B3 cefglmogqtu as ehlmogqrsyz’ as
bedeflogst B7 abegjlopqu o ahjlnogrsz’ Y1 bdeqrswyz’z” a9 ceflmogstu as ehmogqrsyz’z” as
beefgjlmogq as abcgknovzy a9 ahjnogrsz’z” Ba bderwzyzz’z” g ceghijkmuz s ehmorzyzz’z” s
beeflmogst as abeglopgtv (<21 ahgnrwzrzz’z” B1 ahlnogrsyz’ Ba22 ceghikmuvzy a3 ehmvwzyzz’z” as
bdpgrstwz’z” B3 abcigknvzz B19 ahjnvwzzz’z” B2o bdevwzryzz’'z” g cegijkmuvz s ekmouvzyzz’ as
bdpgrswyz’z” g abcikptvrz o bdetvwzzz’z” Ba bdjpgrswz’z” B3 cegikmtuvz as ekmuvwzyzz’ as
blmnogrsyz’ a9 abcinvryzz” a9 ahjpqrswz’z” aq bdkptvwzzz’ B21 cegkmotuvz as elmogrstuz’ as
bmopgqrsyz’z” a9 abcjlopgsv o ahjprwzzz’z” aq bdopgrstz’z” Y6 cfghijlmpq Bo emogrstuz’z” s
cdefgijkux ay abkptvwzzz’ a1 ahjpvwzzz’z” @ bdopqrsyz’z” g cfghilmnqy Bo emoruxryzz’z” a3
cdefgiktux B1o ablnogrsyz’ g ahjopqrsz’z” aq bdpgstvwz’z” Boa cfghjlmnoq Y10 emotuvzzz’z” as
cefghijlmq as abnogrstz’z” Ba ahnoqrsyz’z” B2 bdprwzyzz’z” g cfghlmnoqy B12 emouvryzz’z” as
cfghijlmng Bo abnogrsyz’z” g ahnorzyzz’z” Bas bdptvwzzz’z” Ba cfgiglmnqu ay emruwxyzz’z” as
dgjpgqruwz’z” ay abnogstvz’z” Ba ahnvwzyzz’z” Y2 bdpvwayzz’z” g cfgjlmnoqu oy emtuvwrzz’z” a3
djpgrsuwz’z” ay abnorzyzz’z” g ahopqrsyz’z” @ belmogrstz’ as cfglmnogtu B1is ghjlmnoqrz’ Bie
dkptuvwzzz’ B21 abnotvrzz’z” Ba ahpqrswyz’z” @ belmogqrsyz’ g cghijkmnuvz B3 ghlmmnoqryz’ Bie
eghmrwzyz’z” as abnovryzz’z” ag ahpvwayzz’z” %1 bemogrstzz” as cghijlmnqv B18 ghlmopqryz’ Bie
ehmrwzyzz’z” as abnrwzyzz’z” a9 ajknuvwzzz’ ay bemogqrsyz’z” a9 cghikmnuzy Bis gjlmnogruz’ oy
ekmotuvzzz” as abntvwzzz’z” Ba ajkpuvwzzz’ aq blmopgrsyz’ a9 cgigkmnuvz oy gjlmopgruz’ oy
ekmtuvwzzz’ as abnvwzyzz’z” a9 ajnuvwzzz’z” ay bmnogqrsyz’z” g cgijlmnquv oy gjmopqruz’z” oy
emuvwzyzz’ z” s abopqrstz’z” o ajpuvwrzz’z” aq bmpgrstwz’z” B3 cgikmntuvz Bis gimpqruwz’z” oy
hlmnogrsyz’ Ba22 abopqrsyz’z” aq akpuvwzryzz’ aq bmpqrswyz’z” (D) cgjlmnoquv oy hymnrwzzz’z” Y20
Jlmnogrsuz’ oy abopgstvz’z” o anoruzyzz’z” Bas bmpgstvwz’z” B24 cgkmnotuvz B13 hjmnvwzzz’z” B20
jlmnogsuvz’ ay abpgrstwz’z” (<21 anruwzyzz’z” B1 cdefghloqy B12 cglmnogqtuv B1s hlmopqrsyz’ Bao
Jmopqrsuz’z” ay abpqrswyz’z” (<21 apruwzyzz’z” a1 cdefghoqyz” B12 chijkmnvzz B19 hmnoqrsyz’z” Y22
abcefgkotz B11 abpgstvwz’z” aq aptuvwzrzz’z” aq cdefgijlqu ay chikmnvzyz Y10 hmnorzyzz’z" Bas
abegijlngv B18 abprwzyzz’z” a1 bedefgkotz B11 cdefgikuzy B1io cigkmnuvrz ay Jkmnuvwzzz’ ay
acehivryzz” Be abptvwrzz’z” a1 bedefgkoxy asz cdefgjloqu ay deghoqryz’z” Bs jlmopqrsuz’ ay
bedfjopqsz” Bs abpvwryzz’z” a1 bedefglogt Y11 cdefgkotux B11 degktuvwzz’ B1a jlmopqsuvz’ ay
degkuvwzyz’ B1a acefgijkux ay bedefgloqy asz cdefglogtu Bis dehoqrsyz’z” Bs jmnogqrsuz’z” ay
ghjlmopqrz’ Bie acefgiktux B1o bedefgoqyz” B12 cdeflogstu Br deogrstuz’z” Bs jmnogsuvz’z” ay
mnoruxyzz’z” Bas acefgkotux B11 bedefjlogs B7 cdegijkuve ay deqrstuwz’z” Y12 Jmnuvwrzz’z” ay
mpgstuvwz’z” B2a acehijkvzz B1g bedefjogsz” Bs cdegiktuv Yo dghjpvwzz’z” B20 jmopqsuvz’z” ay
abcefgikxy (o) acehijvrzz” Be bedeflogsy ag cdfgigkpux ay dgjkpuvwzz’ ay Jmpgrsuwz’z” ay
abcefgizyz” g aceijkuvez ay bedefoqstz” Bs cdfgijlpqu ay dgjopgruz’z” ay jmpgsuvwz’z” ay
abcefgkoxy g acfghilnqy Y4 bedefoqsyz” asg cdfgikptuz B10 dgjpuvwzz’z” oy kmptuvwzrzz’ Ba1
abceflogst B acfghjlopq aq bedegikvry aso cdfgjlopqu oy dgkptuvwzz’ B1a Imnoqrsuyz’ Bao
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