L/\KT IsTITUTO DI ANALISI DEI SISTEMI ED INFORMATICA
“Antonio Ruberti”

of N Bn.
L_I_\l\ CONSIGLIO NAZIONALE DELLE RICERCHE

F. Carravetta

ON THE EQUIVALENCE BETWEEN
NONLINEAR- AND FRACTIONAL BILINEAR-
CONTROL SYSTEMS

R. 13, 2011

F. Carravetta — Consiglio Nazionale delle Ricerche, Istituto di Analisi dei Sistemi ed Informatica “A.
Ruberti”, Viale Manzoni 30, 00185 Rome, Italy. francesco.carravetta@iasi.cnr.it.

ISSN: 1128-3378



Collana dei Rapporti dell’Istituto di Analisi dei Sistemi ed Informatica “Antonio Ruberti”, CNR
viale Manzoni 30, 00185 ROMA, Italy

tel. ++39-06-77161

fax ++39-06-7716461

email: iasi@iasi.cnr.it

URL: http://www.iasi.cnr.it



Abstract

Stated in a few word, the aim of this paper is to give evidence to the following author’s conjecture: ’any’
nonlinear control system is equivalent to a (larger dimensioned) bilinear fractional differential system.
The main purpose is to motivate a new approach in nonlinear control, and for this reason, in this paper,
some simple examples, nevertheless yet meaningful, are given, where the above conjecture holds. Starting
with a simple scalar example, in order to present the basic feature of the method, the paper is endowed
with a case consisting in a two dimensional control system, which is nevertheless amenable to be readily
generalized to a general state-space dimension. A sub-result of this paper is interesting by itself: for
classical polynomial systems, where just positive integers powers are involved, the result holds always,
and the equivalent system result in an ordinary (non-fractional) bilinear system.






1. Introduction

In this work my aim is, first of all, to formulate a conjecture which in my opinion has a big importance
in Nonlinear Control, from both a theoretical than a practical point of view, and second, to give evidence
that the conjecture is actually true in some meaningful cases. I express the conjecture with the following,
somewhat rough, statement: ’any’ nonlinear control system in the form:

&(t) = f(x(t)) + g(x(t))u(t), (1)
is equivalent to a bilinear system, possibly fractionary, of the following kind:
Dz(t) = L(2(1))z(t) + B(z(t), u(t)), (2)

where, z(t) € R", z(t) € R", (with N > n in general), L(-) is a matrix-valued linear map, B(-,-) is
bilinear, z(t) = ®(x(¢)), ® an invertible map, and D is a row-vector of fractional-differential operators,
namely D™ ..., D"V where —1 < r; < 1 are real numbers for ¢ = 1,..., N, denoting the order of the
derivative, with the noticeable particular cases of r; = 1, —1 which correspond to a ordinary first deriva-
tive, and an ordinary Riemann integral, respectively.

By saying ’any’ I actually mean 'to a large extent’, and in particular to such an extent covering all cases
of interest from an engineering application point of view. The system functions f, g are supposed to be
infinitely differentiable in an open set of the state space, and possibly additional conditions are supposed
verified in order to guarantee the existence of an unique solution for any initial condition in such open
set.

In the present paper the above conjecture will be proven true in some meaningful particular cases: for f
polynomial, g constant, and for a second order system, and in a simple scalar case with f = z®, with «
any positive real. These cases are in some sense prototypical, in that the method I introduce for building
up the above mentioned transformation ® is easily explained in these two simple cases. Also, we will see
that the bilinear system which such classes of nonlinear system are reduced to, does reveal an even more
regular, and simple, structure than one can infer from (2).

Reducing a nonlinear system such as (1), which indeed is an huge class, to an unique class of structurally
simpler, and allegedly yet studied, systems, is a common approach in Control Theory. To this purpose
peraphs the most meaningful work is the textbook of Isidori [1], which includes all the main results in
Nonlinear geometric Control. The first chapter of this book is devoted to ’establishing a number of inter-
esting analogies with ... linear control systems.’” and indeed the characterisation of a nonlinear system is
carried thoughout out successfully by extending from linear-algebraic classical concepts/characterisations
for linear systems (controllability, observability etc.) to analogous differential-geometric concepts for non-
linear systems. More relevant for us is the topic of ’exact linearisation’; aiming to find conditions under
which a nonlinear system is equivalent to a linear one in another state-space. Such conditions (necessary
and sufficient) are indeed found, but the class of nonlinear systems undergoing that appears to be quite
small for many application purposes.

In this perpective, the main idea, and the proposal, of the present paper, which also could open a new
way in Nonlinear Control, is to slightly weaken the ’goal’-class of systems which have to be reduced to
from nonlinear systems, in the sense of accepting bilinear, besides linear, system’s functions, as well as
the order of differentiation, by accepting to be faced with fractional integral/differential systems.
Fractional systems have been studied by many authors in the engineering area and have found a direct
application as for electrochemical processes, viscoelasticity, colored noise, long distributed lines, and for
studying chaos [2]-[10]. Fractional systems are in particular used in control, when the controlled sys-
tems and/or the controller are described by fractional differential equations. A lot of work has indeed
been devoted in recent years to control and identification of fractional systems, which has becoming a
growing-interest research area. As for the problem of stability/stabilisation, I point out the survey paper
of Petras [11], which also includes a large set of references. Much of the nice features of ordinary linear
systems, such as undergoing to frequency-response based analysis/syntesis, have resulted applyable to
the fractional case as well, see for instance [14] as for the root-locus method, as well as [12], [13], [15],
as for using PI and PID fractional-order controller, and [15] for stabilisation of fractional delay systems.
In [2] a large account of PID controller for fractional systems, as well as of other related topics is given,



especially from an application point of view. The problem of identification has been recently studied as
well to some extent. To this purpose it should be stressed that the identification issue results often in
more complex problem than for integer-order case, in that even the number of frational operators, as
well as the order of derivation is to be estimated from data [16]. As for the interpretation and physical
meaning of fractional differentiation/integration, the article [17] can be pointed out for more insight.

As for (integer-order) bilinear systems, their feature of being, in a structural-complexity scale, the simpler
class of dynamic systems after the linear ones, is a well known and long-established fact in systems and
control theory. For the more classical result on control,stability, identification and structural properties
of bilinear systems, I point out the paper [18] and the reference therein, for a more recent account see
[19].

The article is organized as follows. In §I a brief account is given about the basic definition and properties
of the concept of fractional derivatives and fractional-order differenial equation, just enough for make
self-contained the paper. In §II the basic idea of the reduction method is explained, in simple cases.
Section III is devoted to present a first generalizion of the reduction method to a more meaningful vector
non-linear system. Section IV includes some conclusive remarks.

2. Some preliminaries about fractional derivatives

In this section some basic definitions and properties from fractional differential equations theory — which
will be used in the following — are given. The main reference for our purposes is the textbook of Podlubny
[3]. Besides the earlier attempts dating back to 18-th century, performed successfully to some extent,
the issue of generalizing to real numbers the order of a derivative has undergone considerable advance in
particular in past decades, as for giving a very general definition of fractional' derivative, i.e. an a-order
derivative of a function f(z), covering even the cases of a complex a, and for f(z) being an analitic
complex function of the complex variable z. Many approaches have been developed, differing from each
other as for the basic definition of fractional derivative, nevertheless mostly equivalent to each other. The
brief account here presented is limited to the case of real number «, and a real function, namely f(t),
t € IR, having all positive-integer-order derivatives in some open interval of IR. The Gruenwald-Letnikov
definition of fractional derivative will now given just below, by showing the way it is actually built up.
Consider the general formula of the p-th order derivative of f(t), for p € IN:

n

FP(E) = Tim = 3 (-1 (”) Ft—rh), 3)

which is defined for any n > p, because when r > p, the binomial coefficient vanishes. We assume that
the binomial coefficient is defined as

(p)p(pl)m(pwrl)’ ()

r r!

which is the ordinary definition, but one avoids using p! therein. The advantage is that formula (4) can be
still used even if p is a negative integer. By this setting the following problem gets well posed: calculate,
for p negative integer, the limit in the r.h.s. of (3) as the limit for n — 400, with h = t/n. It can
be proven that such limit does exist, and is equal to the well known Cauchy expression for the |p|-fold
integral:

@ (p) = 1 L AR (g
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which is exactly what a 'negative’-order derivative has to be (the folded integral). Now, consider the
Gamma function:

+oo
I'(z) = /o e 7 dt, (6)

IThe word ’fractional’ is somewhat misleading, because the concept is not actually restricted to a rational order, however,
as Podlubny commented in his textbook, giving misleading names is a very common and recurrent fact in mathematics.



which is defined and analitic for Re{z} > 0. Also, it has the important property of being an extension
of the factorial of a positive integer n, in that I'(n + 1) = n!l. By using the Gamma function one can
extend as well the definition of the binomial coefficient in (3) for any real number p > 0. Thus we define,
for p > 0 real, or p < 0 integer, the p-order Gruenwall-Letnikov derivative of the function f, namely
DY f(t) = f®)(t) as the r.h.s. of eq. (3), where the limit is taken in such a way (above described) that
n — 400 as h — 0. It can be shown that the Gruenwall-Letnikov derivative indeed exists (under the
assumptions been made, i.e. infinite differentiability of the function f) for any positive real value of p,
and satisfies the following formula (see [3], p. 55):

I et
P
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where? m = [p]. Besides the Gruenwall-Letnikov, another definition of fractional derivative, and overall
the most widely known, is the following, which we denote D?:

DLf(t) = (%)mﬂ/ot(t—f)mpf(r)dr. m<p<m+1, (8)

which is called the Riemann-Liouville p-th order fractional derivative. By performing repeatedly inte-
gration by parts and differentiation in the Lh.s. of (8) one obtains the l.h.s. of (7), thus showing the
equivalence between the Gruenwall-Letnikov and the Riemann-Liouville definitions.

The definition of pth order fractional derivative with p real and negative (thus actually the fractional
integral), is obtained in a similar way by further extension of the definition above given in formula (5)
for p negative integer, and replacing as usual I'(|p|) for (|p| — 1)!.

With the p-th order derivative being defined for all real p, one can consider fractional (integral)-
differential (F(I)D) equations as well, and raising the issue of existence/unicity for their solution. Impor-
tant for our purposes is the so called one-term equation:

Diy(t) = f(t) 9)

where « is a real positive number, and f(¢) is another (known) funtion. As is well known (see [3] pp.
153-154) the solution of eq. (9), for y(0) = 0 is given by 3

Y0 = 5 / (f (T)dr_ (10)

t— 7))l

3. A simple scalar case

In order to make clear how the reduction method works, in this section I show first the very simple case
of a system described by a single, scalar, differential equation:

& =aP, z(0) = 0. (11)
where p € IN. Let us set :
Zy = aP, (12)
and 4 % .
x

2[-] denotes integer part.
3This directly follows by formula (5) generalized to negative real numbers as described just before.



Then, taking the derivatives in (12), one has:

2

. Z,
Zo = paP ™' Zy = p=> = pZ1 Zy. (14)
T
Now, let’s define
Zo
Z2 = Fa (15)
and take the derivatives in eq. (13):
. Zo Zy: 7
Z1:_07_02:p 120 _ 72
x T x
2 2 2 i
=pZi\"—Zi=(p-1)Zi = (p*1)§
Once more, for more clearness: let’s define
Zy
Zg == F, (17)
and take the derivatives in eq. (15):
. Ly L ZE 0 zR 72 Z2
It’s clear that the above procedure can be iterated, if p is integer the last two steps are:
Zypr = ZpZo (19)
and P
_ %0 _
ZP - P - 1a (20)
which follows by (12). Thus last differential equation, endowing the scheme, is
Z, =0. (21)
As a result, a p + 2-dimensioned vector ZT = [z, Zy, Z1, ..., Z,,]T gets defined, such that
Z=A2)Z, (22)

where A(Zp) is a matrix depending linearly by the 2th entry of Z, i.e. Zy, and has the following structure:

0 1 0o ... 0
0 0 pZy
AZy)=|0 . . . (23)
: W g
L 0 0 ]

Thus, when p is a positive integer, the simple nonlinear system (11) can indeed be reduced to a system
of ordinary differential bilinear equations.
Now consider the case of a scalar system

T =z, z(0) ==z (24)

where « is a positive real number. In such case we can define p = [a], thus « = p 4 r, where r € [0, 1) is
the real number denoting the remainder of the division a;/p. In the following theorem it’s shown that the



result above proven for integer powers can be extended as well to any « > 0, provided that the bilinear
differential system which the system is reduced to is intended in the fractional sense.

Theorem 1. The ordinary differential system (24) is equivalent to the following couple of bilinear
differential systems, the first of which is an ordinary-sense one:

§=A(Z0)E+b(Z0) 2y, £(0) =, (25)
where ~ _
0 1 0 0
0 0 (Oé)ZO .
aizy=|0 0 0 lemDA : (26)
0
0 (7’ + 2>Z0
L 0 0 -
0
b(Zo) = (:) (27)
(7’ + 1)Z0
& is the p — 1-dimensioned vector
¢ =[x, Zo, ooy Zpa]", (28)
and the vector & of initial conditions is given by:
& =[x,z 77 L T (29)
the second one is fractional, described by the following two differential equations:
D} T"W = Z,74, W(0) =0, (30)
D;Z, =W + ¢(t), Zp(0) =2z, (31)
with
z"t"
)= —— 32
o0 = 51—y (32)

Proof. Let us apply a similar procedure as in (12)—(20), where Z;, for i = 1,2,...,p has the same

definition as before, that is:
Zy

Zi ’ 33
- (33)
but now we define:
ZO = z%. (34)
Thus taking the derivatives in (34), one has:
. 7>
Zo=az*"'Zy = a"—— = aZ1Z. (35)
x
Again, take the derivatives of Z;:
. Zo Z 0 Z0  Zo?
Zy=———F%= - =
x x x x
2
=(a—1)=2 = (a—1)Z2Z (36)



Thus we have for 0 <7 <p—1: '
Zi = (a — 1) Zi11 2o, (37)

but now Z, is no more equal to the unity, and in fact, by recalling that o« = p +r, by (33) it is:

Z,=a" (38)

Equations (37) can be aggregated by defining the vector £ as in (28), and eq. (25) ensues. The initial
conditions follows by Z; = 2®~%, the latter coming directly from definition.

Let us calculate the r-th order derivative of Z, in (38). This can be done using formula (7) where, on
account that 0 < r < 1, we can set m = O:

z't"

r(1-r)

1 ! —rd T
ZW/O@—T) E(x (7)) dr

1 ! —r..r—1 .
— m/o (t—r)""ra"" (1)z(1)dr

_ T L) Zo(7) )
_F(l—r)/o (t—7)"z d

__ . ["A0am,
N 1“(1—7«)/0 (t—7)" ar. (39)

D} Z, —

Now let us set:

wi = r(llf r) /0 ZZEET)Z;)(TT) " o)

then by (10) and (9) one has (30), whereas eq. (39) becomes (31). .

It has thus proven that the scalar nonlinear system (24) is equivalent to a couple of mutually intercon-
nected bilinear system, the first one (integer order) having state-space dimension p+ 1, and given by (25),
the second one two-dimensional, fractional, and given by (30), (31. Note in particular that (31) is linear,
however has a forcement funtion ¢(¢) which is unbounded, in that its limit for ¢ — 0 goes to infinity.
Whether this actually constitute or not a problem is too early to say at this stage (initial) of the present
research. What has to be stressed is that the original conjecture stated in the introduction, at least in
the simple case of a scalar system is indeed verified in the prototypical case of a polynomial system with
a positive power. More, if the power is integer, the equivalent bilinear system will be ordinary, whereas
for a non-integer power — which case hugely increases the class of tested systems — such reduction does
work as well, provided the addition of a couple of fractional auxiliary equations.

4. Towards the general case: a two dimensional nonlinear control system

A scalar system is of course too much simple for applications in control, thus the reduction method
described in the previous section has to be developed for general systems in IR™. To this purpose, a more
complicated system function, meaningful for showing the capability in the vector case* of the reduction
method depicted in the previous section, is now presented for integer powers. Let us consider the system

(in IR?):
z = axPy? + uq, (41)
§ = baP Pyt 4, (42)

4No particular theoretical problems indeed arise in considering a system of the same kind in IR™, but of course this
complicates a lot the calculations.



where a, b are real coefficients, u1, us are two (known) functions and p, ¢, k, m are integers, with 0 < &k < p,
0 <m < q. The following theorem holds.

Theorem 2. The two dimensional nonlinear system (41), (42), is equivalent to the following bilinear
control system in the new vector state Z(t) of dimension N = (¢+ 1)(p + 1):

where A(+) is a bilinear map in RN >N, with

A(Z) =
A(Zo) qZk,mIp—i-l 0
0 A(Zo) (q— 1)Zk,mI]nJrl
A(ZO) Zk,mlp—i-l
0 0 A(Zy)
(44)
with A(-) : RIT! — RTVXHY pitinear, and given by
apZLO 0 ... 0
a(p - 1)22,0 0o ... 0
A(Zy) = : Do I (45)
aZp10
0 0 ... 0
I, denoting the identity in R", Z., r =0, ...,q given by
Z8 = Zow Zip oo Zew ], (46)
and
B; = bldiag{B, ..., B}; (47)
0 ¢ 0
0 0 (¢-1)
32 = <. ’ (48)
0 1
0 0
with the matriz B defined as
0 p 0 0
0 0 p—1 0
B = . . (49)
1
0 0
Moreover Z has the following structure
2T = z8 z7 ... 7zl ]" e RO, (50)

where ' ‘
Z; 5 =Py, 0<i<p, 0<j<q. (51)
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Proof. From the definition of the variables Z; ;, given above in (51), the following relation immediately
follows, for any 0 < s <p, 0 <r < ¢:

g _Zig. g _Zig
i+s,j — 5 3 1,7+r —

(52)

b
Let’s take the derivative of Zj ,, with 0 <r < ¢:

q—r—1,_
Y

Zo,r = paPliy? " + (g —r)zPy
Z
= apwp%yq’r +0(g —1)aPy T 2y
+pZ1pur + (g — 1) Zo g 1u2
=apZ1,0Zo,r +b(q — 1) Z0,r+1Z1,m
+pZy pur + (g — 1) Zo r41u2.

Differentiating Z ., on account of (52), gives

Zl,r =

,T
2 U

d (Zor Zor ZorZoo  Zo
@ — Z0r _ 207200 _
dt x x 2 x

21,050, 20,0 +1%k,m ZorZ0,0
ap———= +b(g—1) +x —a——

X
ZOT

)

Zl,r
2 uy +p . up + (g —r)
=a(p—1)Z20Zor +b(q — 1) Z1 125, m
+(p - 1)ZQ,TU1 + (q — T)Z17T+1’u2.

ZO,TJrl
T,

Then, it’s clear that the following system of differential equation can be derived:

Zs,r = a(p - S)Zerl,OZO,T + b(q - T)Zs,rJrle,mv
+(p — S)Zs-l-l,rul + (¢ — T)Zs,r-‘rlu%
for 0<s<p. (53)

Now define, for 0 < r < ¢, the vector Z, € IRP*! as in (46), then eq.ns (53) can be aggregated as follows:

Z, = (A(Zo) + Bul)Zr +(g—r) (bZk,m + uz)ZTH,
0<r<g-1, (54)
2y = AlZ0)Zq, (55)

with A(Zy) given by (23), B given by (49) By defining Z as in (50) we finally obtain the bilinear system
(43). °

The solution, x(t),y(t) of the system (41), (42), can be strightly recovered by addressing the entries
Zp—1,4(t), and Z, ,—1(t), which by (51) are equal to z(t) and y(t), respectively. Note that A(Z) depends
actually only of p + 1 components of Z, i.e.: Z;p, 4 = 0,...,p — 1, and Zj ,,, and is a sparse N x N-
matrix, such that the product A(Z)Z is O(N) as for the computational complexity (instead of O(N?)).
The same considerations holds for the B, B2 matrices, so we can say that the equivalent augmented
bilinear system has a basic computational complexity (where simulated) of O(N) and does not increase
the execution time for simulation with respect to the original nonlinear system. What is gained, and
what more important, is obviously the fact of reducing a very large class of nonlinear systems to a basic
kind of system, the bilinear one, which comes just after the linear in a scale of conceptual complexity.
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5. Conclusion

The results of the paper are expressed by Theorems 1,2. Theorem 1 shows that a scalar ordinary differ-
ential equation with a system function being any positive real power of the function z(¢) can be always
expressed as the ordinary bilinear system (25) endowed by the couple of fractional bilinear differential
equations (30), (31). In Theorem 2 is proven that any two dimensional polynomial system (with integer
powers) is equivalent to an ordinary bilinear system. This result is new in my knowledge, and interesting
by itself. Nonetheless it represent a first step towards the desired result, proving the conjecture formu-
lated in the introduction in a vector case: whatever are the powers (i.e. real) such nonlinear system
is equivalent to a set of fractional integral/differential equations. This constitute the subject of future
research.
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