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Abstract

We consider the problem of minimizing a continuously differentiable function of several variables subject
to simple bound and general nonlinear inequality constraints, where some of the variables are restricted
to take integer values. We assume that the first order derivatives of the objective and constraint functions
can be neither calculated nor approximated explicitly. This class of mixed integer nonlinear optimization
problems arises frequently in many industrial and scientific applications and this motivates the increasing
interest in the study of derivative-free methods for their solution. The continuous variables are handled by
a linesearch strategy whereas to tackle the discrete ones we employ a local search-type approach. Nonlin-
ear constraints are handled by using a quadratic penalty function approach. We propose two algorithms
which are characterized by the way the current iterate is updated and by the stationarity conditions
satisfied by the limit points of the sequences they produce. We report a computational experience both
on standard test problems and on a real optimal design problem. We also compare the performances
of the proposed methods with those of a well-known derivative-free optimization software package, i.e.
NOMAD.

Key words: Mixed-integer nonlinear programming, derivative-free optimization, nonlinear constrained
optimization.






1. Introduction

In the paper we consider the following Mixed Integer Nonlinear Programming (MINLP) problem
min f(x)
g(z) <0
[ <x<u
T €4 1€,

(1)

where x € R, l,u € R, and I, C {1,...,n}. We assume I; < u;, for all i = 1,...,n, l;,u; € Z, for all
t€l,and f: R" - Rand g; : R" = R, j=1,...,m, to be m + 1 continuously differentiable functions
with respect to x;, i & I,. We define the following sets,

X={zeR":l<x<u}, F={zeR":g(x)<0}nX, Z={zxeR':x;€Zicl,}
Further, we introduce the set of indices of continuous variables

L={1,....,n}\ L

and assume

I # 0.

Given a vector v € R" we introduce the following subvectors v, € R/’¢l and v, € RI*| given by
Ve = [ilser. vz = [viliey, -

For every continuously differentiable function h : R" — R, we use the notation V.h(z) € R/l to denote
the gradient of the function with respect to the continuous variables, namely:

oh
Vch(z) = [ﬂ] .
Ozi e
We introduce the following definition of neighborhoods with respect to continuous and discrete vari-
ables. Given a point T € R™, let us define

Be(z,p) = {z€R":z.=2., |lzc—Zcll2 < p},
N.(Z) = {2 €R":x.=7 ||, — T2 =1}.

In [1, 2, 5, 12] a problem more general than (1) has been considered by allowing also for the presence
of categorical variables. The algorithms proposed in the papers [1, 2, 5, 12] are based on the idea of
alternating between a local minimization with respect to the continuous variables and a local search with
respect to the discrete variables. The common feature of the methods is represented by the fact that the
discrete neighborhood structure (that is needed to define the local search) is fixed a priori at every iterate.
The cited papers substantially differ in the definition of the continuous minimization phase and in the way
the constraints are handled. In [2] a pattern search strategy combined with a filter approach [4] to tackle
general nonlinear constraints has been proposed. In [1] for the general nonlinear constrained problem
an extreme barrier penalty is adopted and a mesh adaptive direct search strategy [3] is used to force
convergence. In [5] the continuous minimization phase is carried out by a pattern search strategy for box
constrained problems [8, 16]. Whereas, in [12] a linesearch strategy for linearly constrained problems [15]
is adopted. The methods proposed in [5] and [12] are characterized by how they manage feasibility with
respect to general constraints. In particular, feasibility is forced explicitly throughout the optimization
by an appropriate definition of discrete neighborhoods so that all the iterate they generate are feasible.

To conclude we cite the paper [17] where a definition of implicitly and densely discrete problems is
considered. Namely, problems where the variables lie implicitly in an unknown “discrete” closed set (i.e.



a closed set of isolated points in R™). In [17] a modification of a direct-search algorithm is presented to
tackle this kind of problems and a theoretical analysis is reported.

In this paper we extend the approach proposed in [9] for box constrained mixed integer problems by
using a sequential quadratic penalty approach like that proposed in [10]. For the continuous variables
we adopt a well-studied linesearch with sufficient decrease strategy [13]. For the discrete variables we
propose the use of different local search procedures. They explore a discrete neighborhood of points
whose structure is not defined a priori but it is adaptively determined by a linesearch-type procedure.

The paper is organized as follows. In Section 2 we introduce some definitions and relevant notations.
Sections 3 and 4 are the main part of the paper and are devoted to the definition and analysis of two
different algorithms for the solution of Problem (1). A computational experience of the methods proposed
and comparison with NOMAD is reported in Section 5 both on test problems and on a real optimal design
problem. Finally, in Section 6 we draw some conclusions and discuss future developments.

2. Definitions and notations
We begin this section by introducing the following sets of directions.
D ={tey,...,ten}, D¢ ={+te;: ie€l.}, D* ={+e;: i€l,}
where e;, ¢ = 1,...,n, is the unit coordinate vector.
Given z € X, we denote by
Lz)={ie{l,...,n} 2z, =1} U@)={ie{l,...,n}x; =u;}.

Given z € X, let
D(xz)={deR":d;>0Vie L(z),d; <0VieU(x)}.

We report two technical propositions whose proofs can be found, respectively, in [10] and [6].
Proposition 2.1. For every x € X, it results
cone{D N D(z)} = D(z). (2)

Proposition 2.2. Let {x} be a sequence of points such that xy, € X for all k, and xy, — T for k — oo.
Then, for k sufficiently large,

Due to the mixed-integer nature of Problem (1), different definitions of a local minimum point can be
envisaged. In this paper, we consider the following definition of minimum points for Problem (1).

Definition 2.3 (Local minimum point) A point 2* € F is a local minimum of Problem (1) if, for
some € > 0,
f(z*) < f(z), Vo €Be(z*e)NF,

3)
flx*) < f(x), Vo e N (z*)NF,

and, every point T € N, (xz*) N F such that f(T) = f(z*) satisfies (3) for some € > 0.

Let us introduce the Lagrangian function associated to Problem (1), that is

Lz, \) = f(z) + Z)\zgz(x)



Proposition 2.4. Let 2* € FN Z be a local minimum of the problem (1). Then there exists a vector
A* € R™ such that

V. L(z*, )T (z — 2%). >0, VzeX (4)
(A\)Tg(z)=0 A >0 (5)
fz*) < f(=) VxeN(@)NF. (6)

Further, for every point & € N,(x*) NF such that f(Z) = f(x*) a A € R™ exists such that the pair (T, \)
satisfies (4), (5) and (6).

Proposition 2.4 essentially states that a minimum point of Problem (1) has to be stationary with respect
to the continuous variables and, with respect to the discrete variables, it must be a local minimum within
the discrete neighborhood N, (z*). The same requirement must hold also for those points z € N, (z*)NF
such that f(z) = f(z*).

With reference to Problem (1), we introduce the following definitions of stationary point and strong
stationary point.

Definition 2.5 (Stationary point) A point 2* € FNZ is a stationary point of Problem (1) if a vector
A* € R™ exists such that the pair (x*,\*) satisfies (4), (5) and (6).

Definition 2.6 (Strong Stationary Point) A point z* € FNZ is a strong stationary point of Problem
(1) if a vector \* € R™ exists such that the pair (z*,\*) satisfies ({), (5) and (6), and, for all T €
N (z*) N F such that f(Z) = f(x*), it is possible to find a X € R™ so that

V.L(z, N (z —%). >0, VzeX (7)
MNTg@) =0  A>0 (8)
f(@) < f(2) VaeN(T)NF. (9)

In the paper we consider the following penalty function
1 m
P(x; = - {0 i )
(5:6) = f(0) + £ Y mox? (0. 052))
where ¢ > 1. We also introduce the following approximation of multiplier functions.
Aj(z;€) = gmaLX{O,gj(ac)}q*l, Vi=1,...,m. (10)
€

Throughout the paper we consider the following assumptions to hold true.

Assumption 2.7. The set X is compact.

Assumption 2.8. For every x € X there exists a vector de D(x) such that d; =0, for allie I,

and .
Vegi(x)Td, <0, VYielI(z),

where I (z) = {i: g;(x) > 0}.
Assumption 2.9. One of the following conditions holds:
(i) for all j =1,...,m we have g;(x) = g;(xc);

(i) For every sequence of points {wy} such that wi € X N Z, for all k and converging to the point
w e FNZ, for all the sequences wy € X N Z such that for all k

(W )e = (Dk)e [(wr — wr)=| =1

there exist an index k such that either Wi € F for all k > k or Wy & F for all k > k.




Assumption 2.7 is a standard assumption is constrained optimization and is mainly needed to guarantee
existence of a solution. Assumption 2.8 also is quite standard and is needed to guarantee existence and
boundedness of the lagrange multipliers. We note that Assumption 2.8 is well-posed thanks to the
standing assumption that I, # (). Finally, Assumption 2.9 is a more technical. Part (i) states that the
constraints does not depend on the discrete variables. Part (ii) basically states that neighboring points
of a feasible limit point w must not be on the boundary of the feasible set and is connected with forcing
feasibility of points in the discrete neighborhood of the limit point.

We are now ready to define different algorithms for the solution of Problem (1) and to analyze their
convergence properties. The first algorithm (i.e. DFL) is convergent towards stationary points of the
problem. It explores the coordinate directions and updates the iterate whenever a sufficient reduction of
the penalty function is found. Hence it performs a minimization of the penalty function distributed along
all the variables. The second algorithm, which is called SDFL, is convergent to strong stationary points.
To achieve such a result, Algorithm SDFL performs a deeper investigation of the discrete neighborhoods
by means of a local search procedure.

3. A line search algorithm model

In this section, we define a first derivative-free algorithm for MINLP, namely Algorithm DFL. The
proposed method combines two basic ingredients, that are a derivative-free optimization for bound con-
strained mixed integer problems and a penalty function approach for handling of nonlinear constraints.
In particular, integer variables are tackled by a Discrete search procedure which is similar to that defined
in [9]. The presence of nonlinear constraints is accounted for by means of a derivative-free penalty ap-
proach like that described in [10]. The main parts of the method are the Continuous search and Discrete
search procedures and the Penalty parameter updating rule. The Continuous search and Discrete search
procedures are needed to explore the coordinate directions associated with, respectively, continuous and
discrete variables. The current point is updated as soon as a sufficient reduction of the objective function
is achieved by one of the procedures. The Continuous search procedure is quite standard in a derivative-
free context and we refer the interested reader to [13]. The Discrete search procedure is similar to that
defined in [9] and is governed by a control parameter £, which is reduced during the optimization process.
In particular, the control parameter £ is reduced whenever no discrete variable has been updated by the
Discrete search procedure and the tentative steps along the discrete variables are equal to one. When
no discrete variable has been updated during the iteration and the tentative steps for discrete variables
are all equal to one, the method check if the penalty parameter has to be updated. All this considered,
the convergence properties of Algorithm DFL can be characterized only with respect to a particular
subsequence of iterates. The algorithm is described as follows.



Algorithm DFL

Data. 0 € (0,1),¢> 1,6 >0,& >0, 10 € XNZ,a) >0,i€ 1., al=1,i€ I, set d = e, for
i=1,...,n, and a sequence {n} | 0.

For k=0,1,...
Set yi = zg.
Fori=1,...,n

If i € I, then compute « by the Continuous Search(d};, y};, d};, €k Q)

If o = 0 then set of, = 0 and &}, = 0a},.
VRS R i i
elseset o =, ap, =aand dy | =d;.

else compute « by the Discrete Search(dl,,yi,di, &k, €x; @)

If @ = 0 then set o}, = 0 and aj,, = max{1, [4}/2]}.
elseset o}, =, a3,y =a and dj | = dj,.
Set yzﬂ
End For
If (yp*!), = (z1). and &% = 1,7 € I, then
set Ekr1 = 0k,  (Penalty parameter updating rule)
If (max;er {af,ai} < el)and (||g7 (k)| > mk), choose ex1 = Oep.
Else set €41 = €.
else set &1 = &k
Find 241 € X N Z such that P(zrq1;€r) < P(yZ'H;ek).
End For

=yl +alds.

Then we report the Continuous search and Discrete search procedures (see [9]).

Continuous search (&,y,p, € ).
Data. v >0, § € (0,1).
Step 1. Compute the largest @ such that y +ap € X N Z. Set « = min{a, a}.
Step 2. If a > 0 and P(y + ap;¢) < P(y;€) — va? then go to Step 6.
Step 3. Compute the largest @ such that y —ap € X N Z. Set « = min{a, a}.
Step 4. If a > 0 and P(y — ap;e) < P(y;€) — va? then set p = —p and go to Step 6.
Step 5. Set @ = 0 and return.
Step 6. Let 5 = min{a, («/d)}.
Step 7. If a« = @ or P(y + Bp;€) > P(y;¢€) — v5? return.

Step 8. Set a = f and go to Step 6.




Discrete search (a,y,p, &, ¢ ).

Step 1. Compute the largest & such that y + ap € X N Z. Set & = min{a, a}.
Step 2. If @ > 0 and P(y + ap;e) < P(y;e) — £ then go to Step 6.

Step 3. Compute the largest & such that y —ap € X N Z. Set & = min{a, a}.
Step 4. If @ > 0 and P(y — ap;e) < P(y;€) — £ then set p = —p and go to Step 6.
Step 5. Set a = 0 and return.

Step 6. Let 8 = min{a, 2a)}.

Step 7. If a = & or P(y + Bp;e) > P(y;€) — & return.

Step 8. Set a = 3 and go to Step 6.

At every iteration k Algorithm DFL, starting from the current iterate xy, explores all the coordinate
directions and produces the intermediate points yi, i = 1,...,n. When i € I., that is for the continuous
variables, the actual steps a}; are computed and the tentative steps d}; are updated as described in [13].
When i € I, the algorithm performs a Discrete search which is very similar to the Continuous search
procedure except for the fact that the sufficient reduction is governed by the parameter . The updating
formula of tentative steps @ is such that 1 < &% € Z. After having explored all the coordinate directions
and if no discrete variable has been changed, the algorithm checks if the penalty parameter has to be
updated.

Lemma 3.1. Algorithm DFL is well-defined.

Proof. In order to prove that Algorithm DFL is well defined, we have to ensure that both the Contin-
uous search and Discrete search procedures, when performed along a direction dj, with ¢ € {1,...,n},
terminate in a finite number j of steps. This is clearly true since, by the instructions of the two procedures,

yi+67ad, € X  forallicl,
yi+2ad, € X forallic€ I,
and X, by Assumption 2.7, is a compact set.
Lemma 3.2. Let {{;} and {e;} be the sequences produced by Algorithm DFL. Then:
()
lim &, = 0; (11)
k—o0

(i1) the set
K ={k: &1 <&}

has infinitely many elements. Moreover, if limg_, o €, = 0, then also
K' ={k: &1 <&k, €epp1 < €k}
has infinitely many elements.

Proof. First we prove point (i). By the instructions of Algorithm DFL the sequence {£x} is monoton-
ically non-increasing, that is, 0 < &1 < &, for all k. Hence {&} converges to a limit M > 0. Let us
suppose, by contradiction, that M > 0. If this were the case, then an index k > 0 would exist such that



€kp1 =& = M and €1 = €, = € for all k > k. Moreover, for every index k > k, a index 7 € I, (possibly
depending on k) would exist such that

Plas1:6) < P(yj £ ajdj@) < Py €) — M < Playie) — M, (12)

otherwise the algorithm would have set 11 = 0¢. Relation (12) implies P(zy;€) — —oo thus contra-
dicting the assumption that P(-;€) is continuous on the compact set X, and this concludes the proof.

Finally, we prove point (ii). Point (i) and the updating rule of parameter & in Algorithm DFL imply
that the set K is infinite. Furthermore, if limy_, ., € = 0, the updating rule of Algorithm DFL for & and
€x implies that the set K’ is infinite as well.

Proposition 3.3. Let {x} be the sequence of points produced by Algorithm DFL and let K and K' be
defined as in Lemma 3.2. Then,

(i) if limg_oo € = €, every limit point of {xr}k is stationary for Problem (1) with respect to the
continuous variables;

(i) if limg—oo € = 0, every limit point of {xr}k: is stationary for Problem (1) with respect to the
continuous variables.

Proof. Let us note that, by the instructions of Algorithm DFL, for all k € K, (y,?"’l)z = (x1), and
a; =1,1 € I,. Hence, for all £ € K, the discrete variables are no longer updated.
We recall that, by the instructions of Algorithm DFL, at every iteration k, the following set of directions
is considered ' '
Dy = {d;, —d},}icr, = D°.
At every iteration k, Algorithm DFL extracts information on the behavior of the penalty function along
both di and —ds. _
In particular, along all dj, i € I, the algorithm identifies the following circumstances:
if the initial stepsize &}, fails to produce a decrease of the penalty function we have:
either yi 4+ akds ¢ X, (13)
or Py +apdi;er) > Plyk; er) —1(a})% (14)
if, instead, the initial stepsize 64}; produces a decrease of the penalty function we have:
both  yi +aid; € X, (15)
and  P(yj + a4di; ex) < P(yp; en) — v(a4)7, (16)

and a stepsize o, is produced by the Continuous search such that:

cither  yj + =Edj ¢ X, (17)
i O[_;-c i i. _ O[_;-c 2.
or Py, +—diser) > Plyiien) —7(5)% (18)

As regards the behavior of the penalty function along the opposite direction —dy, if (13) or (14) holds
the algorithm investigates along the direction —d}. Similarly to the analysis along di it determines that
the initial stepsize d}; satisfies:

either yi +ak(—di) ¢ X, (19)
or Py, +ap(—dp)ser) > Plyp; er) — v(@)% (20)

or it computes a stepsize af, such that

either y,i—f—%(— )¢ X, (21)
P Q% v iy Qe
or P+ S (i) > Plusa) — (%) (22)



10.

If (15) and (16) hold the algorithm does not consider the opposite direction —d;, directly, but it can extract
information on the behavior of P along —di by using relation (16). In fact by setting gi = yi + aids,
relation (16) can be rewritten as:

P(fi + & (=di)s ex) = P(5i; ex) = 7(=(01)°)- (23)
Now let us consider the following (sub)sequence {zy} z where
K=K if limy_ oo € =€> 0,
K = K’ if limj,_, o0 € = 0.

The instructions of Algorithm DFL imply that 2 € X, for all k, so that, the sequence {xy}; admits
limit points. Then, let Z € X be a limit point of {x;} . By using Lemma A.2 in Appendix we have:

lim ol =0 foriel, (24)
k—oo,keK
lim &, =0 fori€l,. (25)
k—oo,keK
By recalling the definitions of the search direction d};, i=1,...,n we obtain:
DND(z)C Dyg. (26)

Now by using (24), (25), (26) and Proposition 2.2 we have that, for sufficiently large k and for all di €
DN D(Z), neither (13) nor (17) can happen and that, for sufficiently large k and for all —d} € DN D(Z),
neither (19) nor (21) can happen.

Now we prove the theorem by showing that all the requirements of Proposition A.1 in Appendix hold.
Let us consider all the direction d* € D N D(Z).

If d = di, assumptions (59), (60) of Proposition A.1 in Appendix follow, for sufficiently large k, by setting
ni, = ak, yi, = yi, and o(n}) = y(&j)? if (14) holds or by setting nj, = <&, yi = yj, and o(n}) = (5)? if
(18) holds.

If d* = —d}, assumptions (59), (60) of Proposition A.1 in Appendix follow, for sufficiently large k, by
setting 7712 = d};, y}C = y}C and 0(77};) = 7(&};)2 if (20) holds, by setting 7712 = O‘TL, y}C = y}€ and o(n,i) = V(O‘T;“)Q
if (22) holds or by setting ni = at, yi = gi and o(ni) = —vy(ai)? if (23) holds.

Now, from the definitions of 7}, yi and the fact that yi = x), + Z;;ll aidi, we obtain

max{nj, llze —wil} o o i
< — max { ma {ak,ak},Zak , Vi:d' € DN D(z). (27)

€k (5ek icl. -
Jj=1

If K = K and limj_,o €, = € > 0, point (61) of Proposition A.1 in Appendix follows from (24), (25) and
(27).
If K = K’ the instructions of Step 2 imply that, for all k € K,

max{dj,, o, }

i€l o . p—1
© < 7 7 28
r > ?éz}i({aka a} P (28)
Then by (27) and (28) we obtain
maXier, {nla ka - yl ||} 1 . . p—1 n . )
c k k S — max max{d};,a}c}T,Za-}c , VZdlEDﬂD(j), (29)
€k 1) icl, =

which, along with (24) and (25), shows that (61) of Proposition A.1 in Appendix holds.
Finally, (62) of Proposition A.1 in Appendix follows from the updating rule of the penalty parameter
€ of Algorithm DFL. i



11.

Proposition 3.4. Let {1} be the sequence of points produced by Algorithm DFL. Let K C {1,2,...}
and K' C K be defined as in Lemma 3.2. Then,

(1) if limy_ o0 € = €, every limit point x* of {xk}k is a local minimum for Problem (1) with respect to
the discrete variables, namely f(z*) < f(z), for all T € N, (z*) N F;

(1) if img 00 € = 0, every limit point x* of {xi}k is a local minimum for Problem (1) with respect
to the discrete variables, namely f(x*) < f(Z), for all T € N (z*) N F.

Proof. Let us denote
R . K lf hmk_>oo €L — g,
o K’ if 1imk_>oo € = 0.
Let K C K be an index set such that
lim o =2a".

k—o0,k€K
For every k € K, it results
W) = (zn)s
&, = 1, iel,,

that is, no discrete variable is updated by the Discrete search procedure.
Let us consider any point & € N, (z*) N F. Then a direction d € D(z*) N D? exists such that

T=2z"+d. (30)

Recalling the definition of yi in Algorithm DFL and the definition of the discrete neighborhood N (z),
we have, for all k£ € K and sufficiently large, that

(@%): = (zk). = (y,’;)z, 1=1,...,n.
Further, by Lemma A.2 in Appendix, we have

lim yp=2% i=1,...,n.
k—oo,ke K

Then, (30) implies

(szcm)j :(kaqLJ)j = (1'*+d)j :(f)j, iil,...,n,jEIZ.

Now, Proposition 2.2 guarantees that for k € K and sufficiently large, a direction d;. € D(z) N D* exists
such that dj, = d, so that

(@ +dy); = (yr +di); = (@ +di); = (3);, JEL,
for all k € K and sufficiently large. Hence, for k sufficiently large and k € K,
Y +d, € XNZ.

Then, we have ) ) )
Py, + disex) > Py ex) — . (31)

Recalling the expression of the penalty function P(z;€) and the functions A;(x;€) (defined in (10)), we
can write

P(yier) = f4l) + izmaxq{o,gmy@} — f) + 32/\1(%; e )max{0, i (y1)}.
=1 =1
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By using Proposition A.1 in Appendix and recalling that z* € F, we have

lim  Ai(y; ex)max{0, gi(y;) } = 0. (32)
k—oo,ke K
Therefore we obtain:
lim  Plylier) = f(a"). (33)
k—oo,keK

Now if part (i) of Assumption 2.9 holds we have

A (yi + dy; ex)max{0, gi(yi, + di.)} = Mi(yy; ex)max{0, gi1(y;) },

which yields

lim _ P(y;, + dj;ex) = f(7). (34)

k—o0,ke K
If part (ii) of Assumption 2.9 holds, for sufficiently large k € K, we have
A(yk + dis er)max{0, gi(yy + dj,)} = 0
and, hence, we obtain again

lim Py, + dj;er) = f(2). (35)

k—o0,k€ K

Finally, by making the limit in (31) and by using (34) and (35) we obtain

f(@) = f(z7).
which completes the proof of the proposition.

Theorem 3.5. Let {xr} and {ex} be the sequences generated by Algorithm DFL. Let K C {1,2,...} and
K’ C K be defined as in Lemma 3.2. Then, {x} admits limit points and

(i) if limg— o0 € = €, every limit point of {xk} K is stationary for Problem (1);
(i1) if im0 € = 0, every limit point of {xy} K+ is stationary for Problem (1).

Proof. By the instructions of Algorithm DFL, every iterate zj belongs to X which, by Assumption 2.7,
is compact. Hence {zx} admits limit points. Then, the proofs of Points (i)and (ii) follow by considering
Propositions 3.3 and 3.4. 11

4. An algorithm converging toward strong stationary points

In this subsection we propose another algorithm for the solution of Problem (1) and we prove that it
is convergent to strong stationary points. In order to guarantee this stronger convergence property, a
deeper investigation of the discrete neighborhood is carried out by a so-called “local search” procedure.
The local search procedure first performs a line search along the direction related to a discrete variable.
Then, if a point yielding a sufficient decrease of the penalty function is found, it becomes the current
point. Otherwise, if a point z is found which is promising, that is, not significantly worse in penalty
function value than the current point, a distributed search is performed starting from z.
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Algorithm SDFL

Data. 0 € (0,1),¢>1,6 >0,& >0, 20 € XNZ,a} >0,i€ I, & =1,i€I,, and set dj) = ',

fori=1,...,n and a sequence {n;} J 0.
For k=0,1,...

Set yi = zg.

Fori=1,....,n

If i € I, then compute « by the Continuous Search(d};, y};, d};, €k Q)

If o = 0 then set q}c =0 and &, , = 0.
else set aj, = a, ;. 4; = a.
Set dj,_, = dj.

else compute « by the Local Search(al,,yi, di, &k, ex; o, Z)

If o =0 and Z # yj, then o, =0, &, = &}, set Yt =2, di ., = dj, and Exit For
If a = 0 then
compute « by the Local Search(al,,yi, —ds., &k, €x; @, Z)
If « = 0 and % # y} then set af = ' '

ypt =2, di,, = —dj and Exit For

If a = 0 then set o, =0, aj,,, = max{1, |a}/2|} and d} ,, = d}.

0, af 11 = g,

- elsesetaj, =, &, = aand dj, = —d}.
elseset o =, ap ), =aand dj | =dj.
Endif
Set yi"t = yj, + ajd.
End For
If (ypt!), = (z1). and &} = 1,7 € I, then
set g1 = O, (Penalty parameter updating rule)

If (max;er, {af,ai} <el) and (||g*(xk)| > k), choose ex1 = Oeg,
Else set €x+1 = €.
else set &1 = &k
Find 241 € X N Z such that P(zrq1;€r) < P(yZ'H;ek).
End For
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Local search(&,y,p, &, ¢ a, 2).
Data. v > 0.
Initialization. Compute the largest @ such that y +ap € X N Z. Set a = min{a, &} and
Z =Y+ ap.
Step 0. If « = 0 or P(z;¢) > P(y;¢€) + v then Set Z =y, « = 0 and return.
Step 1. If &« > 0 and P(z;¢) < P(y;¢) — £ then go to Step 2.
Else go to Step 5.
Step 2. Let 8 = min{a, 2a}.
Step 3. If « = @ or P(y + Bp;e) > P(y;e) — £ then Z = y + ap and return.
Step 4. Set a =  and go to Step 2.
Step 5. (Grid search) Set z =y + ap.
Set w! = z.
Fori=1,...,n
Let ¢° = €’.
If i € I, compute & by the Discrete Search(a, w', ¢', &, €; &)
If & # 0 and P(w' + aq';e) < P(y;e) — € then
set Z = w' + a&¢’, o = 0 and return
If i € I. compute & by the Continuous Search(a®, w', ¢', €; &)
If & # 0 and P(w' + aq';e) < P(y;€) — € then
set Z =w' + aq¢’, o = 0 and return
Set w't! = w' + ag¢'.

End For

Set z =y, @ = 0 and return.

Algorithm SDFL along with the Local search procedure, generates some sequences and, in particular,
the following ones: {zy}, {&}, {vi}, {di}, {ai}, {ai}, {zi}, for i = 1,...,n. Moreover, we remark that
the Local search procedure can be viewed as a Discrete search enriched by a Grid search (see Step 5 of the
Local search). More precisely, the Grid search is used to better explore the neighborhood of a promising
point z with respect to the current point y, that is a point z such that f(y) — & < f(2) < f(y) +v.

Lemma 4.1. The Local search procedure is well-defined.

Proof. In order to prove that procedure Local search is well-defined, we need to show that the condition
at Step 3 is eventually satisfied. Let us assume, by contradiction, the condition at Step 3 is never satisfied.
If this was the case, then we would get a contradiction with the compactness of set X. O

Lemma 4.2. Algorithm SDFL is well-defined.

Proof. In order to prove that Algorithm SDFL is well defined, we have to ensure that, when performed
along a direction d},, with ¢ € {1,...,n}, Step 1 and 2 of the Local search procedure are executed a
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finite number j of times, since by Lemma 3.1 we already have that the Continuous search procedure is
well-defined. By the instructions of the Local search procedure, when Step 2 is executed, we have

yi +0Jadi € X forallic I,
then, the proof follows by recalling that X, by assumption, is a compact set.
Lemma 4.3. Let {&x} and {e;} be the sequences produced by Algorithm SDFL. Then,
(i)
lim &, = 0; (36)
k—o0
(ii) the set
K ={k: &1 <&}

has infinitely many elements. Moreover, if limg_, o € = 0, then also
K'={k: &1 <&k, ers1 < e}
has infinitely many elements.

Proof. First we prove point (i). By the instructions of Algorithm SDFL the sequence {{x} is mono-
tonically non-increasing, that is, 0 < {g41 < &, for all k. Hence {{;} converges to a limit M > 0. Let
us suppose, by contradiction, that M > 0. If this was the case, then an index k > 0 would exist such
that £x1 = & = M and €x41 = €, =€, for all k > k. Moreover, for every index k > k, and index 7 € I,
(possibly depending on k) would exist such that

P(zy115€) < P(yp + ahdy; €) < P(yj;€) — M < P(ay;€) — M, (37)

otherwise the algorithm would have set ;11 = 0¢;. Relation (37) implies P(xzy;€) — —oo thus contra-
dicting the assumption that P(-;€) is continuous on the compact set X, and this concludes the proof.

Now, we prove point (ii). Point (i) and the updating rule of parameter & in Algorithm SDFL imply
that the set K is infinite. Furthermore, if limy_,o € = 0, the updating rule of Algorithm SDFL for &
and ¢ implies that the set K’ is infinite as well. il

Proposition 4.4. Let {z} and {e;} be the sequences produced by Algorithm SDFL. Let K C {1,2,...}
and K' C K be defined as in Lemma 4.3. Then, {xx} admits limit points and

(i) if limg— o0 € = €, every limit point of {xr} K is stationary for Problem (1);
(i1) if limg o0 € = 0, every limit point of {xy} K+ is stationary for Problem (1).

Proof. Since the Local search procedure is an enrichment of the Discrete search procedure used in the
definition of Algorithm DFL, the proof follows easily from Theorem 3.5. I

Proposition 4.5. Let {z;} and {e;} be the sequences produced by Algorithm SDFL. Let K C {1,2,...}
and K' C K be defined as in Lemma 4.5. Then, {x} admits limit points and

(1) if im0 € = €, every limit point of {xy} i is strong stationary for Problem (1);
(i) if limg_ oo €, = 0, every limit point of {xy} i is strong stationary for Problem (1).
Proof. Let us denote
K= K if limg o0 € = €,
o K if 1imk_>oo € = 0.

By the instructions of Algorithm SDFL, every iterate xj belongs to X which, by Assumption 2.7 is
compact. Hence {z}} admits limit points.
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Let * be a limit point of {1} ; and K C K be an index set such that

By recalling the definition of Strong Stationary Point, we have to show that a A* € R™ exists such that
the pair (z*, \*) satisfies (4), (5) and (6). Recalling the fact that the Local search is an enrichment of
the Discrete search defined in subsection 3, the limit points produced by Algorithm SDFL surely satisfy
(4), (5) and (6) which can be derived by using point (i) of Proposition 3.3 and Proposition 3.4.

Now we have to show that, for all £ € N,(z*) N F such that f(z) = f(z*), it is possible to find a
A € R™ such that the pair (z,\) satisfies (7), (8) and (9). For any choice of Z € N, (x*) N F such that

f(z) = f(z*), and, reasoning as in Proposition 3.4, we can find a subsequence {z} } 5, for some index
7€ {1,2,...,n}, such that, .
lim _z =z, (38)
k—oo,ke K

and, for all k € K and sufficiently large, that
(%) = (24)=
Let us consider any point Z € NV, (&) N F. Then a direction d € D(Z) N D* exists such that

FP=T+d. (39)

Then, (39) implies L ~
(2 +d); = (@ +d); =(F);, je€lL.

Now, Proposition 2.2 guarantees that for k € K and sufficiently large, a direction d{; € D(z) N D* exists
such that df; = d, so that

(zi + )y = (@ +d}); = (&);, jeL,
for all k € K and sufficiently large and

lim 2z} +dj, = 7. (40)
k—oo,ke K

Hence, for k sufficiently large and k € K,
Z+d, €XNZ.
Then, we have ) ) )
P(zj, + dy; k) > P(y; ex) = &k (41)
Recalling the expression of the penalty function P and the functions A; (defined in (10)), we can write
7 7 1 - 7 7 1 - 7 7
P(yi;er) = flye) + ;Zmaxq{(),gz(yk)} = flyr) + az/\l(yk; ex)max{0, gi(yx)},
=1 =1

By using Proposition A.1 in Appendix and recalling that z* € F, we have

lim _ A\(yh; ex)max{0, g,(y};.)} = 0. (42)
k—o00,k€ER
Therefore we obtain:
lm Pyl ex) = /(o). (43)
k—oo,k€K

Now we show that the following limits hold.

lim (2 er)max{0, gi(2})} =0, (44)
k—oo,keK
lim  \(z), + d},; ex)max{0, gi(z}, + d}.)} = 0, (45)

k—oo,k€ K
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foralll=1,...,m.
Now, if part (i) of Assumption 2.9 holds and considering that z} = y; + d}, and 7, € I,, we have
N(zp + dis e )max{0, gi(z + d})} = Ny + dis er)max{0, gu(yi + dj.)}
= iz ex)max{0, gi(z;)}
= Ni(yp; er)max{0, gi(y)}-
Relations (44) and (45) follow from (42).
If, on the other and, part (ii) of Assumption 2.9 holds, by (38), (40), and the fact that & € F and
T € F, for sufficiently large k € K, we can write
M(e; exmax{0, gi ()} =0,
(2}, + di; ep)max{0, gi(z}, + d7)} = 0.

Finally, by (40) and (45), we can write
lim _ P(z), +d};ex) = f(2). (46)

k—oo,ke K
Now, recalling (38) and that, by Lemma A.2 (in Appendix) and Lemma 4.3,

lim gy, =a*, lim & =0, (47)
k—oo,ke K k—oo,ke K

=l

relation (9) follows by taking the limit for & — oo,k € K in (41), and considering that, by assumption,
f(z) = f(z).

Then we show that point Z is stationary with respect to the continuous variables.

For every k € K, it results that

P(zsex) = P(wg;er) > P(wiser) > ... > P(wiiser) > Pyiier) — & (48)
From (38) and (44) we obtain .
lim _ P(z;ex) = f(T). (49)
k—oo,ke K

Then, by (43), (47), (49) and by considering that, by assumption, f(z) = f(z*), we get

lim  P(w;er) = f(7), i=1,..

.. (50)
k—oo,ke K

For every ¢ € I, such that
P(wy, + agdi er) > P(wi; ex) —7(ap)?,
we have that w?l = w! and, by Lemma A.2 in Appendix, &i — 0, for all i € I...
On the other hand, for those indices i € I. such that

P(witse) = P(wj, + diap e) < Plwpsen) — 7(64)%, (51)

we have that &% — 0, by (50) and (51). Hence, recalling that w}, = 2} by definition of the Local search
procedure, by (38), and the fact that d}; — 0 and d}; — 0, we have that
lim _wj =Z. (52)
k—oo,keK
Now, for k sufficiently large, D(Z) C D(zy). Since the grid search step in the Local search procedure

explores, for every index ¢, both the directions e’ and —e’. Thus, for every i € I, and d’ € D(Z), we can
define 7;, as follows:

AT

2
) _ . 53
if P<w,@+%dz;ek> >P(w}c;ek)7<7) . (53)

=
=
|
1
Sgl |$§ wQN-
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Then, we can write . o . '
P(wj, + nid'sex) > Plwjs er) — v(n;)° (54)
By Lemma A.2 in Appendix, we have, for all ¢ € I.., that

lim 7ni =0. (55)
k—oo,keK
From (38) and (52) it follows that ) '
lim |z} —w | =0 (56)
k—oo,ke K

for all i € I... Since, for k € K and k > k, ¢, = € and by (38) and the fact that Z € F, we can write

lim ellgt (L)l = 0. (57)
k—oo,keK
Thus, considering that for k sufficiently large wi + nid’ € X N Z, (54), (55), (56) and (57) prove that
the hypotheses of Proposition A.1 in Appendix are satisfied. Hence, Z is stationary with respect to the
continuous variables. il

5. Numerical results

In this section we report the numerical performance of the proposed sequential penalty derivative-free
algorithms DF L and SDF'L both on a set of academic test problems and on a real application arising in
the optimal design of industrial motors. Moreover, a comparison with NOMAD, which is a well-known
software package for derivative-free optimization [3], on the same set of test problems is carried out.
The proposed method has been implemented in double precision Fortran90 and all the experiments have
been conducted by choosing the following values for the parameters defining Algorithm DFL: v = 1075,
0=05,p=2,
max 10*3,mm{1,|(x0)i|}}, i€l

ah = ,
0 max 1,min{2,|($0)’|}}, 1e1,.

As concerns the penalty parameter, in the implementation of Algorithm DFL we use a vector of penalty
parameters € € R™ and choose

/ 1072 if gj(zo)* < 1 .
J_ y 7 ~
(co)” = { 10~! otherwise. j=1...,m. (58)

In order to preserve all the theoretical results, the test at Step 2 of Algorithm DFL maxi:17,,,,n{d§c, a};} <
el has been substituted by
‘max {a},a;} < max {(ex)'}”.
1=1,..., n 1=1,..., m
As termination criterion, we stop the algorithm whenever max;er, {a4, o)} < 107 As a consequence
of this stopping condition and of the initialization (58), we have that the final values of the penalty
parameters are greater than 1076, Finally, we allow a maximum of 5000 function evaluations.

5.1. Results on test problems

We selected a set of 50 test problems from the well-known collections [7, 14] which have been suitably
modified by letting some variables assume only a finite number of values. In particular, for every even
index i, variable 2 € X with

i

ut —

. . [*
XZ:{lz+h(270)} fOYhZO,...,2O.

In Table 1 we report the details of the selected test problems. Namely, for each problem we indicate by
n the number of variables and by m the number of nonlinear plus general linear constraints; fo denotes
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[PROBLEM [ n [ m | 7o ] violp |
HS 14 2 3 | 3.00B+00 1.0000000E+00
TS 15 2 2 | 3.00E+00 1.6090000E+03
HS 16 2 2 | 0.00B+00 5.8500000E+ 01
HS 18 2 2 | 0.00B+00 6.2504000E+02
TS 19 2 2 | 2.14B103 2.8030301E+04
HS 20 2 3 | 1.25B+00 8.5000000E+00
TS 21 2 T | 0.00E+00 | -9.9960000E+01
HS 22 2 2 | 4.00B+00 1.0000000E+00
TS 23 2 5 | 3.00B+00 9.0000000E+00
HS 30 3 T | 0.00E+00 2.0000000E+00
HS 31 3 1T | 0.00E+00 4.8250000B+01
TS 39 1 4 | 1.60B+01 | -2.0000000E+00
HS 40 1 6 | 1.29B+00 0.0000000E+00
TS 42 1 4 | 2.00B+00 2.4000000E+01
HS 43 1 3 | 0.00B+00 0.0000000E+00
HS 60 3 2 | 9.76E+00 2.1000000E+01
HS 64 3 1T | 3.20E+06 7.2001940E+09
HS 65 3 1T | 0.00E+00 6.7400000E+01
s 72 1 2 | 5.75B+00 2.0000300E+05
HS 74 1 8 | 1.40B+03 1.3440000E+03
HS 75 1 8 | 1.40B+03 1.3440000E+03
HS 78 5 6_| 8.00B+00 0.0000000E+00
HS 79 5 6 | 1.06B+01 4.1000000B+01
HS 80 5 6_| 8.00B+00 1.0000000E+00
TS 83 5 6 | 2.77BE+00 | -3.2217431E+04
HS 95 6 4 | 9.49B+101 1.0946900E+00
HS 96 6 4 | 1.75B+102 1.0946900E+00
HS 97 6 4 | 9.49B+01 1.0946900E+00
HS 98 6 14 | 2.85B+102 1.0946900E+00
HS 100 7 4 | 0.00B+00 1.1570000E+03
HS 101 7 6 | 3.70B+02 2.2063241E+03
HS 102 7 6 | 3.70BE102 2.2077641E+03
HS 103 7 6 | 3.70B102 2.2105837E 103
HS 104 8 6 | 5.19B+00 6.7868285B-01
HS 106 8 6 | 1.355106 1.5500000E+04
HS 107 9 6 | 1.35B+00 2.0120000E+03
HS 108 9 | 13 | 3.00E+00 0.0000000E+00
HS 113 10 8 | 9.30B+01 1.3250000E+03
HS 114 10 14 1.18E403 2.1914400E+03
HS 116 13 | 15 | 7.90E+02 2.2500005E+02
TS 223 2 2 | 0.00E+00 ~1.0000000E-01
TS 225 2 5 | 3.00B+00 9.0000000E+00
HS 228 2 2 | 0.00B+00 0.0000000E+00
TS 230 2 2 | 1.00B+00 0.0000000E+00
HS 263 1 6 | 2.20B+03 | -1.0000000E+01
HS 315 2 3 | 0.00BE+00 0.0000000E+00
HS 323 2 2 | 1.00B+00 4.0000000E+00
HS 343 3 2 | 5.69E102 | -1.9416706E+01
HS 365 7 5 | 7.34B+00 6.0000000E+00
HS 369+ 8 6 | 5.45B+401 6.6000000E+03
TS 372 9 | 12 | 561E+02 3.5871700E+05
HS 373 9 | 12 | 1.01E+03 3.8151800E+05
HS 374 10 | 35 | 9.61E+00 0.0000000E+00

Table 1: Test problems characteristics

the value of the objective function on the initial point, that is fy = f(x¢); finally, violy is a measure of the
infeasibility on the initial point, that is violg = Z;nzl gj(xo)T. In the table we evidenced (by a ‘*’ symbol
after the name) the problems whose initial points are infeasible with respect to the bound constraints.
In those cases we obtained an initial point by projecting the provided point onto the set defined by the
bound constraints. In Table 5 we report the results obtained by using the three codes NOMAD, DFL
and SDFL. In particular, we denote by:

e xpr and xy; the best feasible and infeasible solutions found by NOMAD;

e z* the best solution found by the proposed algorithms DFL and SDFL;

h(z) the measure of the constraints violation;

f(z) the objective function value;
e nf the number of function evaluations.

We run NOMAD by using its default settings except for the MIN_.MESH_SIZE which we set to 1076 in
order to be comparable with our stopping criterion.

As we can notice by taking a look at Table 5, NOMAD finds a feasible point (i.e. h(z) < 107°) in 24
problems, while DLF and SDFL find a feasible solution respectively in 34 and 35 problems. With respect
to the number of function evaluations, it can be seen that DFL and SDFL perform better than NOMAD



20.

on the average. Furthermore, SDFL is more costly than DFL but on seven problems (HS 65, HS 75, HS
102, HS 107, HS 114, HS 223, HS 343) is able to find points with a better objective function value than
those found by DFL. We also report that on one problem (HS 83) SDFL converges to a point with a
worse objective function value than that found by DFL.

Discrete variables

Lb. ub. step
x1 | Stack length [mm)] 60 90 1
x2 | Outer stator diameter [mm] | 100 130 1
x14 | Angle of flux barrier [deg. -10 10 1
x15 | Angle of flux barrier [deg. -10 10 1
x16 | Number of wires per slot 4 14 1
x17 | Wire size [mm)] 1.0 2.0 0.05

Table 2: Lower and upper bounds of discrete design variables

Continuous variables

lb. ub.
x3 | Inner stator diameter [mm)] 72 80
x4 | Stator tooth width [mm)] 20 3.0
x5 | Stator yoke thickness [mm] 3.0 5.0
x6 | Slot opening width [mm 1.2 1.6
x7 | Slot opening depth [mm 1.0 20
x8 | Bottom loop radius [mm] 03 08
x9 | Upper loop radius [mm] 03 0.8
x10 | PM thickness [mm] 20 4.0
x11 | Ratio of PM width to barrier width | 0.80 0.95
x12 | Magnet position [mm] 40 8.0
x13 | Rotor tooth width [mm)] 40 6.0

Table 3: Lower and upper bounds of continuous design variables

5.2. Results on an optimal design problem

In this section we report the results obtained by the three codes (NOMAD, DFL and SDFL) on a real
optimal design problem. In particular, we consider the optimal design of Interior Permanent Magnet
(IPM) synchronous motors [11] which are built with magnets placed inside the rotor body and are
attracting great attention in several variable speed applications, such as electric vehicles, industrial and
domestic appliances. The most challenging requirements are high efficiency, high torque density, good
overload capability and extended speed range. In Tables 2 and 3 we report the meaning of the optimization
variables along with their upper (u.b.) and lower (L.b.) bounds. For discrete variables, in Table 2 we
also specify the allowed step. Figure 1 depicts a cross section of 1 pole of the considered motor and the
related design variables. Table 4 reports the nonlinear constraints considered during the optimization
and their imposed bounds. Finally, we mention that the objective function employed is given by the
following expression:

f(z) = fi(z) — fa(x) — f3(2),

where f1(x) is the gross weight of the motor (to be minimized), fo(x) is the torque at base speed (to be
maximized) and f3(x) is the torque at maximum speed (to be maximized).
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Nonlinear constraints
name bound
gl | stator slot fill factor [%] <40
g2 | max flux density in the stator tooth [T] | < 1.80
g3 | max flux density in the stator yoke [T] <1.80

g4 | linear current density [A/cm] < 400
gb | efficiency at base speed [%] >90
g6 | maximum speed [rpm] > 20000
g7 | back EMF at maximum speed [V] <120

Table 4: Bounds on the nonlinear constraints

We remark that all of the constraints and objective function nonlinearly depend on the design variables.
Furthermore, since their values are computed by means of a finite element simulation program, they are
black-box-type functions.

As concerns the solution of this real problem, DFL requires 915 function evaluations to locate a feasible
point z* with f(a*) = 187.837 whereas SDFL requires 3886 function evaluations to find a feasible point
a* with f(x*) = 187.497.

Finally, we ran NOMAD on the optimal design problem by using the same parameter settings as those
used for test problems experimentation. NOMAD stopped for maximum number of black-box function
evaluations (i.e. 20000 evaluations) reporting a feasible point 2* with f(z*) = 187.982. In order to
better understand the behavior of NOMAD, it is worth noting that it finds a feasible solution & with
f(z) = 194.124 with 87 black-box function evaluations. Moreover, NOMAD finds z* after 17701 function
evaluations.

6. Conclusions

In this paper we have addressed MINLP problems. First, we have introduced the definition of station-
ary and strong stationary points and then we have proposed two algorithms and proved their conver-
gence properties. The first algorithm, namely DFL, converges toward stationary points whereas the
second algorithm, SDFL, converges toward strong stationary points. The proposed algorithms are of the
linesearch-type, in the sense that along the continuous variables we adopt a well-studied linesearch with
sufficient decrease strategy. The two algorithms differ in the way the discrete variables are updated. DFL
manages the discrete variables by means of a Discrete search procedure whereas SDFL performs a deeper
investigation of the discrete neighborhood by using a Local search procedure which is a Discrete search
enriched by a so-called Grid search phase. All the methods proposed use a sequential penalty approach
to tackle general nonlinear constraints thus forcing feasibility of the iterates in the limit as the penalty
parameter goes to zero.

The two algorithms have been tested both on a set of known test problems and on a real optimal
design problem and their performances have been compared with those of the well-known derivative-free
optimization package NOMAD. The numerical experimentation proves the efficiency of the proposed
methods and shows that SDFL is able to find better solutions than DFL at the cost of a higher number
of function evaluations.

A. Technical results

In this section we report some technical results which are needed to prove convergence of DFL and SDFL.
First we report the following general convergence result concerning continuous variables only.

Proposition A.1. Let {e;} be a bounded sequence of positive penalty parameters. Let {xi} be a sequence
of points such that x, € X N Z for all k, and let T € X N Z be a limit point of a subsequence {xy}xk for
some infinite set K C {0,1,...}. Suppose that for each k € K sufficiently large,
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(i) for all d* € DN D(z), i € I., there exist vectors yi and scalars ni, > 0 such that

yzk + U;icdi e XNZ, (59)
P(y;, + nid's ) > P(y; ex) — o(1p), (60)
im maXiEIc:diEDﬁD(i){nkv ler — ka} _o; (61)
k—oo,keEK €L
(i)
. i o
G ellg® ()| = 0 (62)
(i) |
(Wr)z = ()=, for alli € I.. (63)

Then T is a stationary point for Problem (1) with respect to the continuous variables, that is T satisfies
(4) and (5) with A € R™ given by

k—)og,rliel( )\_] (-Tkyek) k—)oﬁ%GK )‘] (yk7€k) )‘]a Viel andj ) y Ty

where Aj(z;€), 7 =1,...,m, are defined in (10).

Proof. Counsidering point (iii), namely that the discrete variables are held fixed in the considered
subsequence, the proof is the same as that of Proposition 3.1 in [10]. B

In the following lemma we show that the sequences of step sizes {a}} and {a%}, i € I., produced by
DFL and SDFL with respect to the continuous admit a subsequence which converges to zero.

Lemma A.2. Let {z}, {& ), {ex}, {vi}, {ai}, {at}, i € I. be the sequences produced by Algorithm
DFL or SDFL. Then:

(i) If the monotonically nonincreasing sequence of positive numbers {e} is such that

lim e, =€ >0, (64)
k— oo

then, for all i € I,
lim of, = 0, (65)
k— o0
lim &, = 0. (66)
k—o0

(i) If the monotonically nonincreasing sequence of positive numbers {e;} is such that

lim €, =0, (67)
k—o0
then, for all i € I,
kaiggeH a =0 (68)
kaiggeH a =0 (69)

where H = {k : €p41 < €x}.
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Proof. First we prove assertion (i). By (64), a k > 0 exists such that
€+l = € =€ =€ for all k > k.

For every i € I.., we prove (65) by splitting the iteration sequence {k} into two parts, K and K. We
identify with K those iterations where .
a;, =0 (70)

and with K those iterations where a}; = ( is produced by the Continuous search. Then the instructions
of the algorithm imply

~ i I i N2y 702 ~ N2y 72
P(zp41;€) < Py + apdy; €) < P(yg;€) — v(ag) dill” < Plak; €) — (o) il (71)

Taking into account the compactness assumption on X, it follows from (71) that {P(z;€)} tends to a
limit P. If K is an infinite subset, recalling that ||d| = 1 we obtain

lim ol =0. (72)
k—oo,keK

Therefore, (70) and (72) imply (65).
In order to prove (66), for each ¢ € I. we split the iteration sequence {k} into two parts, K7 and Ky. We
identify with K7 those iterations where the Continuous search procedure, along the direction d};, returns
an o > 0, for which we have: _ _

Qjyq = Q. (73)
We denote by Ka those iterations where we have failed in decreasing the objective function along the
directions d and —d}. By the instructions of the algorithm it follows that for all k € K>

i, < 6al, (74)

where 6 € (0,1).
If K is an infinite subset, from (73) and (65) we get that

li At =0. 75
k—>ool,r£€K1 Fh+1 ( )
Now, let us assume that K5 is an infinite subset. For each k € Ko, let mj (we omit the dependence from
1) be the biggest index such that my < k and my € K;. Then we have:
&g <OFFIWGEL <ap, (76)
(we can assume my, = 0 if the index my, does not exist, that is, K is empty).

As k — oo and k € Ko, either mj, — oo (namely, K is an infinite subset) or (k+ 1 —my) — oo (namely,
K is finite). Hence, if K5 is an infinite subset, (76) together with (75), or the fact that 6 € (0,1), yields

k—>oloi,r£eK2 0~é£+1 =0, (77)
so that (66) is proved, and this concludes the proof of point (i).

Now we prove point (ii). If (67) holds, there must exist an infinite subset K C {0,1,...} such that
€x+1 < € for all k € K. From the instructions of Algorithm DFL the penalty parameter is only updated
when

?éz}x{a};, ag} < ef. (78)

Then the proof follows from (78) and (67). i
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Figure 1: Cross section of the considered IPM motor (1 pole) and design variables, except for the wire
size (x17).



NOMAD DFL SDFL
PROBLEM F(zuy) F(xpi) h(zpi) nf F(z™) h(z™) nf F(z™) h(z™) nf
HS 14 1.000000E+01 9.169918E4-00 1.42E-01 59 1.000488E+-00 2.50E-01 77 1.000488E+00 2.50E-01 77
HS 15 3.065000E4-02 3.071846E4-02 3.91E-03 54 3.065000E4-02 0.00E+400 28 3.065000E4-02 0.00E+400 28
HS 16 7.711097E-01 1.000391E+00 1.95E-04 90 5.850000E4-01 0.00E+400 21 5.850000E4-01 0.00E+400 21
HS 18 5.636114E401 1.000625E+02 8.28E-03 387 1.562900E+402 0.00E+00 31 1.562900E+02 0.00E+00 31
HS 19 - -9.520350E4-02 6.53E-01 52 | -7.951430E+403 8.93E-01 84 | -7.951430E403 8.93E-01 84
HS 20 5.850000E+4-01 1.585000E4-02 7.50E-01 33 5.650000E+01 0.00E+00 30 5.650000E+01 0.00E+00 30
HS 21 -9.996000E+01 - - 33 | -9.996000E+01 0.00E+00 23 | -9.996000E+01 0.00E+00 23
HS 22 1.000000E+00 9.745295E-01 2.88E-02 65 1.000000E+00 0.00E+00 50 1.000000E+00 0.00E+00 50
HS 23 3.001264E4-01 2.994430E4-01 5.57E-02 78 1.000000E+400 1.00E+00 61 1.000000E+400 1.00E+00 61
HS 30 1.000000E+00 - - 122 1.000000E+00 0.00E+400 66 1.000000E+400 0.00E+400 83
HS 31 6.104042E4-00 7.152371E400 5.72E-06 3377 1.000000E+401 0.00E+400 88 1.000000E+401 0.00E+400 88
HS 39 - -1.652565E4-00 1.37E400 257 -3.515625E-05 1.24E-09 157 -3.515625E-05 1.24E-09 157
HS 40 - 0.000000E+00 1.23E-03 180 0.000000E+00 0.00E+00 92 0.000000E+00 0.00E+00 92
HS 42 1.400000E4-01 1.499908E+01 6.02E-04 681 1.400000E+401 0.00E+400 92 1.400000E+401 0.00E+00 100
HS 43 -4.400000E+4-01 -3.997727E401 8.62E-05 1946 | -2.577788E4-01 0.00E+400 136 | -2.577788E+01 0.00E+00 136
HS 60 - 1.526250E+02 7.36E-03 63 1.528679E+402 7.62E-07 147 1.528679E+402 7.62E-07 147
HS 64 2.299848E+-04 2.351047E4-04 7.65E-03 300 6.385192E4-03 0.00E+400 422 6.385192E4-03 0.00E+400 545
HS 65 9.588401E-01 1.379304E+00 1.11E-04 1659 5.224990E4-00 0.00E+400 98 1.064343E4-00 0.00E+400 654
HS 72 2.058468E4-09 1.410032E+15 1.21E-04 5501 2.022679E4-04 0.00E+00 430 2.022679E4-04 0.00E+00 394
HS 74 - 4.864848E+03 7.70E401 328 5.159206E4-03 2.03E+401 620 5.159206E4-03 2.03E+401 620
HS 75 - 5.219100E4-03 7.84E4-00 367 5.518396E4-03 4.84E+01 5005 5.099690E+03 2.95E4+01 4083
HS 78 0.000000E+00 0.000000E+00 1.33E-03 223 0.000000E+00 0.00E+00 131 0.000000E+00 0.00E+00 131
HS 79 - 9.789800E+-01 1.24E400 269 1.919152E4-01 1.58E-02 218 1.919152E+401 1.58E-02 218
HS 80 - 1.000000E+00 8.52E-04 215 1.000000E+400 1.00E+00 290 1.000000E+400 1.00E+00 290
HS 83 - -3.098811E4-04 5.71E-01 396 | -2.997681E4-04 0.00E+400 265 | -2.988572E4-04 0.00E+400 566
HS 95 - 3.722298E4-00 2.44E4-01 478 3.722298E4-00 2.44E+401 154 3.722298E4-00 2.44E+401 181
HS 96 - 3.914600E4-00 7.23E+401 411 3.914600E4-00 9.72E+01 112 3.914600E4-00 9.72E+401 116
HS 97 - 3.722298E+-00 2.44E401 478 3.722298E4-00 2.44E+401 154 3.722298E4-00 2.44E+401 181
HS 98 - 3.914600E4-00 1.48E402 416 3.914600E4-00 2.07E+02 112 3.914600E4-00 2.07E+02 116
HS 100 6.934424E402 6.934418E4-02 1.27E-05 14118 6.909346E4-02 0.00E+00 261 6.909346E4-02 0.00E+00 261
HS 101 2.612381E403 2.765071E403 1.33E-05 3960 2.677980E4-03 0.00E+00 805 2.677980E4-03 0.00E+00 745
HS 102 - 1.437486E+03 1.26E-01 1247 1.867129E403 0.00E+400 465 1.849884E+03 0.00E+400 402
HS 103 1.371082E+03 1.465500E+03 4.41E-05 3140 1.233989E+-03 0.00E+400 430 1.233989E+-03 0.00E+400 410
HS 104 - 4.199728E4-00 1.40E-02 636 4.200000E4-00 1.25E-01 1228 4.200000E4-00 6.59E-03 461
HS 106 - 4.417678E403 7.49E-01 792 4.006764E4-03 1.73E+00 443 4.003999E+03 1.75E+00 841
HS 107 5.679358E+4-03 5.679358E4-03 3.50E-06 15828 9.333333E+03 2.28E-01 523 6.394794E4-03 0.00E+00 1570
HS 108 -5.000000E-01 -4.998474E-01 1.57E-07 6558 -5.000000E-01 0.00E+00 218 -5.000000E-01 0.00E+00 218
HS 113 6.598558E+4-01 6.956341E4-01 2.11E-04 20000 1.535013E+4-02 0.00E+00 450 1.535013E+402 0.00E+00 450
HS 114 - -6.229771E4-02 2.90E-01 1271 -6.545246E4-02 1.85E-02 609 | -6.793286E402 6.09E-02 646
HS 116 - 1.025303E+02 5.41E-01 3873 5.000000E4-01 1.25E-01 515 5.000000E4-01 1.25E-01 1418
HS 223 -8.335205E-01 -8.424316E-01 1.96E-01 112 -4.758835E-01 0.00E+400 52 -8.340317E-01 0.00E+400 70
HS 225 6.002336E+00 5.985787E4-00 1.42E-02 91 2.000000E+00 0.00E+00 49 2.000000E4-00 0.00E+00 49
HS 228 -3.000000E+00  -2.999999E+00 9.54E-07 92 | -3.000000E+00 0.00E+00 29 | -3.000000E+00 0.00E+00 33
HS 230 1.000000E4-00 1.000000E4-00 1.84E-03 78 1.000000E+00 0.00E+00 64 1.000000E+00 0.00E+00 66
HS 263 0.000000E+00 -1.562357E-02 2.75E-04 151 1.414215E4+00 7.01E-06 327 1.414215E400 7.01E-06 333
HS 315 0.000000E+-00 1.000000E+00 1.53E-07 43 0.000000E+-00 0.00E+400 37 0.000000E+-00 0.00E+00 37
HS 323 5.000000E+-00 4.898660E4-00 6.50E-04 311 5.000000E4-00 0.00E+400 63 5.000000E4-00 0.00E+400 63
HS 343 -5.684000E400  -5.682464E400 1.79E-06 2403 | -2.861894E+00 0.00E+400 96 | -5.646711E4-00 0.00E+400 273
HS 365 * - 2.826911E4-01 9.16E-01 620 0.000000E4-00 2.00E+400 1476 0.000000E4-00 2.00E+400 1436
HS 369 * 2.100000E+4-03 2.554287E+-03 1.48E-05 2229 2.100000E4-03 0.00E+00 249 2.100000E+-03 0.00E+00 283
HS 372 * - 3.981150E4-05 1.03E+402 20000 1.787733E+04 0.00E+00 918 1.782128E+04 0.00E+00 1128
HS 373 - 2.118780E4-05 3.56E402 20000 1.161109E+405 8.75E-02 840 1.161109E+405 8.75E-02 840
HS 374 1.000000E4-00 1.000000E4-00 1.55E-04 273 2.000000E4-00 0.00E+00 335 2.000000E4-00 0.00E+00 335

Table 5: Comparison between NOMAD, DFL and SDFL
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