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Abstract

This paper addresses modelling and estimation of a class of finite state random processes called hidden
reciprocal chains (HRC). A hidden reciprocal chain consists of a finite state reciprocal process, together
with an observation process conditioned on the reciprocal process much as in the case of a hidden Markov
model (HMM). The key difference between Markov models and reciprocal models is that reciprocal mod-
els are non-causal. The paper presents a characterisation of a HRC by a finite set of hidden Markov
bridges, which are HMMs with the final state fixed. The paper then uses this characterisation to derive
the optimal fixed interval smoother for a HRC. Performance of linear and optimal smoothers derived
for both HMM and HRC are compared (using simulations) for a class of HRC derived from underlying
Markov transitions. These experiments suggest that, not surprisingly, the performance of the optimal
HMM and HRC smoothers are signifcantly better than their linear counterparts, and that some per-
formance improvement is obtained using the HRC smoothers compared to the HMM smoothers. The
paper concludes by mentioning some ongoing and future work which exploits this new Markov bridge
characterisation of a HRC.
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Optimal Smoothing for Finite State Hidden

Reciprocal Processes

Langford B White,Senior Member, IEEE and Francesco Carravetta

. INTRODUCTION

Reciprocal processes (RP) are one-dimensional Markowrarféelds (MRF), although they
are not Markov processes in the usual sense. However, ankoMarocess is reciprocal.
Reciprocal processes share the fundamental property ofsMiiREhat their statistical proper-
ties may be specified by mearest neighboucondition. Reciprocal processes were originally
studied in detail in the 1930s, in particular by S. Bernsfdéihwho formulated in concept
of a RP, and also by E. Schrodinger [2], who studied the qumannhechanical behaviour of
an electron on a finite interval of the real line. The study efiprocal processes became
prominent in the 1960s and 1970s, when several researchelnsas D. Slepian [3] and B.
Jamison [4] studied Gaussian RPs. The general theory of RBgresented by B. Jamison

in [5] where important relationships between RPs and Mankmcesses were established.

In the last 2 decades of the twentieth century, a consideratvlount of related work was
published by A. Krener [6], A. Krener, R. Frezza and B. Levy4id M. Adams, A. Willsky
and B. Levy [8] in particular. These papers dealt speciffcaith continuous time reciprocal
processes with the underlying models being constructed $tochastic differential equations.
Optimal linear estimation was addressed in [8]. An intengsexample which demonstrates
one significant application of RPs is described in [9] whid¢towed how tracking with
predictive information may be dealt with in the RP framewdrkis paper also deals with the

continuous time, Gaussian case. We also note related wafyisics also by B. Levy and A.
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Krener [10], [11] where relationships between reciproqalcpsses and quantum mechanics

are explored.

In [12], a complete description of discrete time Gaussiamprecal processes from a mod-
elling and optimal estimation perspective is given by B. y,eéR. Frezza and A. Krener. In
particular, it is shown that any Gaussian reciprocal pre@as be represented by a second
order difference equation driven by an Gaussian movinga@er(MA) noise process of
order one. A global matrix-vector equation describing ttagesof the process is derived and
a forward-backward procedure for generating realisatadriee process in a causal manner is
obtained from the global equation via LU factorisation.igsa similar approach, the optimal
fixed-interval smoother is obtained, and is realised by alainfiorward-backward method,

not unlike the familiar fixed-interval smoother for Gaussilov processes.

More recently, D. Vats and J. Moura [13] also considered tlaegSian reciprocal case. In
their approach, they also used an LU decomposition of a gioioael to derive a forward-
backward representation which, unlike [12], incorporditeel boundary conditions explicitly

into these recursions. Optimal smoothing was also additassg 3].

This paper is the first to be concerned withite statediscrete time reciprocal processes,
although non-recursive models for finite state MRFs in twmehsions were considered in
[14]. In the sequel, we shall sometimes refer to a finite setgrocal process asraciprocal
chain Analogously to a hidden Markov chain (HMC), a HRC considta oeciprocal chain,
and an observation process statistically dependent on @elRe main contributions of this
paper are twofold. Firstly we show that any RC can be comigieted uniquely specified by
a finite set of discrete statdarkov bridges(MB). A Markov bridge is a MC with one end
fixed to a specified value with probability one. Secondly, vge this representation and a
Bayesian approach to derive the optimal smoother for a hideeiprocal chain. In particular,
we show that the optimal smoother for a HRC can be constriobed a finite set of optimal
smoothers, one corresponding to each (hidden) Markov &riEid/B). We note that there is
a close relationship with the methodology and characti#visaf reciprocal processes used
by Jamison in [5]. Optimafiltering (in continuous time) for a hidden Markov bridge was
considered in [15], where the optimal filter for a hidden Markmodel was modified to

take into account the known information about the final st8taoothing was not addressed.
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Optimal smoothing for HRC was also considered in a workshegep[16], but a less general
case corresponding to those HRC generated from a specifigdrstry Markov chain was

considered there. This paper extends [16] to the general EHRE.

One of the main motivations for the use of reciprocal proegss their suitability fomon-
causalprocesses. Indeed, many of the papers we have referred ém leemtain examples
of such processes, in particular, processes where the iseleis not time, but a spatial
variable, or a combination of temporal and spatial varigblmportantly, in problems where
the index set of the process has dimension greater than beeartifical imposition of
causality often used to permit standard causal processamgbe overcome by using nearest
neighbour models, these being higher dimensional vereibrRC. We don’t address higher
dimensional models in this paper but refer readers to [118],[[19] as important examples

of the two dimensional MRF case.

The layout of the paper is as follows. In section I, we ddsrihe basic models for RC
and HRC, stating the various statistical assumptions ariten their definitions. This section
also proves an important and fundamental characterisatioeciprocal chains - that they
can be uniquely represented by a finite set of Markov bridizesection 1ll, we derive the
optimal fixed-interval smoother for a HRC using a Bayesiamfework not dissimilar to the
approach used for hidden Markov chains. Simulations whialstrate the potential benefits
for the use of both a reciprocal model, and a finite state madethen presented in section
IV. Finally we draw some conculsions and refer to ongoing fndre related work in some
detail to further illustrate the significance of the finite BMtharacterisation of a HRC in

related identification and control problems.

[I. MODELLING AND CHARACTERISATION OF HIDDEN RECIPROCAL CHAINS

Consider a random process = {Xy,..., Xy} indexed on the sef0,1,...,7} C Z for
some integefl’ > 2. We assume that the process takes values in some finit§ sath
N > 1 elements. Without loss of generality, we can take the stptzesto be the set
S={1,...,N} C Z. The processX; is said to bereciprocal if

P{X\|X,,s #t} = P{Xy|X;1, X1}, (1)

for eacht = 1,...,7 — 1. Thus X; is conditionally independent ofX,..., X; -,
Xiyo, ..., X given its neighboursX, ; and X;,;. The RC model is specified by the set
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of 3 point transition functions (1) together with a givennpdistribution on the end points
P { Xy, X7}.

A reciprocal process (RP) is a one-dimensional version ofaaklblV random field (MRF),
although it is not necessarily a Markov process. However,Markov process is reciprocal
([5], Lemma 1.2).

It has been shown ([5], Lemma 1.4) that fixing the end point &@Ragenerates a Markov
bridge. So for the finite ) state case, a RP can be regardedVadlarkov bridges, one
correponding to each of the possible final states takeXpyWe will derive the models for
each of these Markov bridges from the RC model utilising Wiefving important property
of a reciprocal process ([5], property (a3), p. 80). Ret s <t <u <wv <T. Then

P{X,| X, X,} P{Xi| X, X} = P{Xy| X, X,} P{X,| X, X,} . (2)

Lets=t¢t—1,u=t+1, andv =T, then, formally, fort =1,..., T — 1,

P{X[Xs—1, Xos1}
P {X1| X, X7}

P {Xt‘Xt717 XT} P {Xt+1|Xt717 XT} . (3)

For1<t<T -1, let
Qijet) = P{Xi=¢;|Xim1 =€, Xor1 = e},

denote the RC three point transition functions. We assumsifoplicity that all such three
point transitions are strictly positive, although this w@aeption may not be necessary. Then
(3) yields a backwards recursion which fully specifies theadeV MB transitions fort =
T—-2T-2,...,0:

-1
Bi(t) = P{Xpp =jlXi=i,Xr =k} = Q”t:l <Z lee ) , (4)
the last term on the right being the normalisation constaitialisation is with B} ,(T—1) = 1
if j = k and zero otherwise. Observe that the quantity on the rhs)ois(thdependent of
the index/. As mentioned in [5] (p. 80), this important property is th€ Rnalogue to
the Chapman-Kolmogorov equation for Markov processes. 8ve lalso found this property
particularly useful in the context of stochastic optimahtol [22] for hidden reciprocal
chains. Now since the term@ﬁj(t) form a probability distribution (ie they are non-negative

and sum to unity) for each k andt, there is at least one indexfor which Bf,(t + 1) is
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non-zero. So this index may be selected on the rhs of (4), lansl @) is well defined.

The Markov bridge with final staté is given an initial probabilitiy distributionr” given by
the conditional distribution

Ik
Zj‘vﬂ IL; 1 ’

wherell, , = P {X, =i, X; = k} is the specified RC end points distribution. Thus we have

= P{Xo=i|Xr=k} = (5)

demonstrated that any RC may be uniquely specified by a fiattefsMarkov bridges with

probability transition matrices given by (4) and initiakttibutions (5).

We now assume there is an observation progéss {Yy, ..., Yr}, conditionally dependent

on the RCX with the conditional independence property that

T
P{Yy,....Yi|Xo,....Xr} = [[P{VIX:} . 6)
t=0

The procesg’ is called ahidden reciprocal proces@4RP) or hidden reciprocal chain (HRC)
because the property (6) is analogous to the usual assumpgde for hidden Markov chains
(see eg [14]). Let

Ci(t) = P{Y|Xy =i} (7)

denote the (conditional) observation likelihoods of theGiR he observations may be either
discrete or continuous random variables defined on an appteprobability space, however,
for reasons of simplicity, we don't introduce any matheceatiechnicalities associated with
the observation space. It suffices for our purposes thatdhdittonal observation likelihoods

(7) are well defined and may be evaluated.

[1I. OPTIMAL SMOOTHING FORHRC

Optimal smoothers for HRC were first addressed in a less gkesetting in a workshop
paper [16], where only those RC determined by a stationamk®etransition function were
considered. The approach of [16] is made general, and mewsprby this paper. We define

the quantities
af(t) = P{X;=4Y,,.... Y| Xy =k}

BEt) = P{Yir,....,Y7| Xy =i, X7 =k} |

May 27, 2011 DRAFT
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with initialisations
af(0) = P{Xo=1,Yo|Xr =k}
= m Gi(0),
the first term coming from the RP end-points distributiond an
BIT —1) = P{Yy| Xy =i, Xr =k}
= Ci(T),

which is identical for eachi = 1,..., N. We formally defines®(T") = 1 for all i, k.

These quantities are computed recursively via

N
ai(t+1) = ZP{XtJrl =14, X = J, Yo, ..., Yo | Xr = k}

j=1

N
= Ci(t+1) > P{Xpy =ilX, = j Xp =k} P{X, =} Yy,....Yi|Xr = k}

J=1

= Gi(t+1) Y BE(t) of(t)

fort =0,...,7 — 2. Here we have applied the property that the RC pinned at= k is
a Markov bridge with initial state distributiom and transition probability matriceB},(t).

Similarly,

N
BEt) = > P{YVir, ... Yy, Xppy = j|X, =i, Xr = k}
j=1
N
= Y Ci(t+1) P{Yiso,..., Yy, Xopy = j| Xy =i, Xp = k}

j=1

N
= > Ci(t+1) P {Yiga, ..., Yol Xy = j, Xp = k} P{Xop1 = jIXs =i, Xp =k}

fort=T-2,...,0.

Thus we can compute the un-normalised hidden Markov bradgesterioriprobabilities for

state X; given X = k by
Yt = P{Yo,... . Y5, X, =il Xp =k} = of(t) BF(1) ,
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and thus the un-normalised HR&LCposterioriprobabilities

wilt) = P{Yo,....Yr, X, =i} = > af(t) Bi(t) P{Xr =k} ,

the last term being the marginal obtained from the RP endtpdlistribution. These quantities
may then by used to determine maximarposterioriprobability (MAP), or conditional mean

(minimum variance) state estimates in the usual mannerraw@mputational complexity

is O(N3T) compared taD(N?T') for the HMC optimal smoother.

We thus observe that the optimal smoother consist¥ aiptimal Markov bridge smoothers,
each corresponding to a fixed final state. Bayes’ rule thewslmow these may be combined
in a natural way by averaging over thepriori final state distribution which is the marginal

obtained from the specified RC end points distribution.

IV. SIMULATIONS

In this section, we perform simulation experiments on a HRi@w the underlying RC is
derived from a stationary Markov process. These simulateme in no way meant to be an
exhaustive study of the relative performance of the optiHRC smoother and other estima-
tors, which would constitute another paper in itself. Hoarethis rather simple experiment
does provide some anecdotal evidence that the use of HRCIsnodey be beneficial in

some circumstances. We firstly describe the constructioa siibclass of RCs arising from

an underlying stationary Markov chain.

Supposea is the transition probability matrix for & state stationary Markov chain, then a

reciprocal process can be constructed with three poinsitians given by [5]

Aii Ais
Qi jk(t) - (8)
’ Sy Aie Ack
for t = 1,...,T — 2, together with a specified boundary points distribution

I, ; = P{Xo =1, Xr =j}. Indeed, Jamison [5] shows that such a process is in general
non-Markovian if X, and X+ are not statistically independent. Importantly, (8) ddelsald

in general at the final transition= 7" — 1. The process for generating sample paths of this
RC is to draw the initial and final point¥, and X, from the boundary points distribution

I1, and then construct the Markov bridge transitions corredpg to the chosen final point
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say X1 = k. These transitions are given By

Bf(t) = P{Xy1=jlX, =i, Xp =k}
P{Xr = kX1 = j} P{Xops = j|X; =i}
P{Xr=Fk|X, =1}
Aij (AT—t—}—l)j’k
(AT*t)i,k ’
fort = 0,...,T — 2. The RC is then constructed in the usual way starting fr&m

and necessarily terminating &, = k. Although the underlying Markov and three point
reciprocal transitions are stationary (apart front at 7' — 1), the Markov bridge transitions
are not, although some reflection on the Perron-Frobenemryhfor Markov processes will
show that whert << T', the Markov bridge transition8*(¢) are close to the Markov chain
transitions A, and so the RC behaves in a Markovian manner. Thus for the dfC
derived from Markov chains as above, the “reciprocal” béhavonly becomes evident as
t — T. This has important ramifications for RC modelling which discussed in detail in
work as yet to be published [23]. Thus, for the following slations, the length of the HRC

sequences are somewhat small so that the reciprocal prapertade more apparent.

The observations were chosen to be independent Gauss@donmarariables with mean given
by the state value (i¢,2, ..., N), and constant variance’. The Markov transition matrix
was given by a “discretised” Gaussian

o—(i—0)?/(20%)

Ai i = 9
! SN e =h?/(202)

where the variance? controls the variability of the RC.

The initial distributionm, was chosen to be uniform. The RC boundary distribution was
specified to emphasis the source-destination gai®¥ — i+ 1) for i = 1,..., N. Thus the
conditional distributionP {X; = i|X, = j} was zero unlesg = N — i+ 1 in which case it

was unity. The boundary distribution was thus specified byeBarule.

We implemented the following four estimators :

« Optimal HRC smoother,

1We thank Robert Elliott for pointing out these calculatidnsus.

May 27, 2011 DRAFT



REPORT IASI 9

« Optimal HMC smoother,

« Linear optimal HRC smoother (see [12]), and

« Linear optimal HMC smoother.
In order to sensibly compare the linear and non-linear sheyst mean-square state estimation
error (MSE) was used as the performance metric. althoughrmem a posterioriprobability
(MAP) estimates would be generally used if the states wemvknto be discrete, and not
have arisen from the discretisation of a continuous statélepm. We assume that readers
are famiiar with the construction of the HMM based smootl{eex eg [20]), but for reasons
of completeness, we include a derivation of the linear (oreaorrectly, the affine) HRC

smoother in the appendix.

For the simulations, we chose the number of stdtes- 20, and varied both the additive
observation noise variane€’, and the signal sequence length In all cases, 10,000 inde-
pendent realisations were averaged to obtain the MSE dssmiigure?? shows the MSE
for each of the 4 smoothers fof = 0.5,1.0,1.5,2.0. Here we chose? = 0.75, andT = 10.

It is evident that (i) the optimal estimators both perforntté&ethan the corresponding linear
estimators, and (ii) in both the linear and optimal case,HRC based estimators perform
better than their HMM counterparts, with the performandgedénce increasing as the additive

noise increases.

In the second set of simulations, we investigated the efiéatarying the HRC sequence
length7'. Figure?? shows the MSE performance of the 4 estimatorsifer 5, 10, 15, 20. We
observe the general trend that the HMC and HRC estimatooipeaince becomes similar (in
both the linear and optimal cases) Asncreases. This is because of the behaviour inherent
in the underlying RC, which has been derived from a statypiarkov transition function.

As previously alluded to, this is because the reciprocabhbielur becomes apparent only as

t — T, and thus the per-sample MSE for the HMC and HRC will be simitet a large
proportion of the signal a8 becomes larger. It is thus of interest to examine the morengén
case where the MB transitions are determined from specifi@dhiRee point transitions. Such

an application is considered in [23].
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V. CONCLUSION

Thus paper has addressed the problem of optimal fixed intemaothing for finite state
hidden reciprocal processes (also termed a hidden reapobain or HRC). A HRC is a
naturalnon-causalgeneralisation of a hidden Markov model (HMM). A HRC is shieci by

a set of three point state transition functions, a boundespability distribution, and a set of
conditional (on the state) observation distributions. Aque representation of such a process
in terms of a finite set of hidden Markov bridges is obtainekisTrepresentation is used to
derive the optimal fixed interval smoother for a HRC. This sther is constructed as a set
of hidden Markov bridge smoothers, each similar to the feanfbrward-backward smoother
for HMMs. They are combined in a natural way using a Bayesigpr@ach, to yield the
optimal HRC smoother. A simple simulation is presented ltesitate potential utility of the

model and associated smoother.

The Markov bridge model of a HRC appears to also be partiguleseful in related problems

which we are have completed or are currently working on. kanele, in [21], the authors

show how to derive a descriptor state space model for a HR@jws1 approach motivated

by Markov bridges. The significance of this work is that itoals the derivation of many

of the results from the Gaussian reciprocal case presentfl®], but applied to finite state

reciprocal chains. This highlights the fact that the Garggy of the processes consided in
[12], and the associated linearity of models is not sometimihereht to the Gaussian nature
of the signals, but truely reflective in a more general seas¢he reciprocal nature of the

process. System identification for HRC is addressed in [2diElvpresents a generalisation
of the EM algorithm as applied to the identification of HMM®éseg [14]).

Finally, we mention two other interesting applications.[22], we consider the reciprocal
generalisation of partially observed Markov decision psses (POMDPSs) which have found
application in many areas. Not surprisingly, we have terrex$e processdzartially Ob-
served Reciprocal Decision Proces$BORDPSs). We have derived a Bellman type optimality
equation which is second order rather than first order inreaas for the POMDPs. This
is not surprising given the generic second order nature o€ HRbdels. One particularly
simple class of such control problems is the determinatioth® maximum likelihood state

sequence the RC generalisation of the familiar Viterbi algorithnr fimaximum likelihood
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state estimation of HRCs. It is suggested that this approaght be generalised to obtain a
reciprocal generalisation of the continuous-time, camduns state Hamilton-Jacobi-Bellman

optimality equation. The RP models of [6], [7] would proveefid in this context.

The second idea of significance is explored in [23], and isneoted with the fact men-
tioned above, that for those reciprocal chains generatuh farkov transitions, there is
a “forgetting” property which means that the effect of theposed probability distribution
on the final state becomes less significant at the start of theeps. Indeed, as the start,
the reciprocal process may behave in a Markovian mannerndiging on the form of
the transition dynamics. Thus one is motivated to “glue”etibgr sets of “short” HRC,
appropriately matching boundary conditions at each endcabthe reciprocal property can
be maintained despite underlying Markovian dynamics. We thase reciprocal waypoint
modelsand they lead in a very natural way to the idea afnaltiscalereciprocal process.

Navigation applications of such models are also address¢2i3].
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APPENDIX
DERIVATION OF THE OPTIMAL LINEAR SMOOTHER FORHRC

Consider the RCY and observations proce3s The optimal linear (or more correctly, affine)

estimator ofX’ given the observation¥ is given by the familiar formula
X = E{X}+Cov(X,Y)Cov(¥,¥)"" (¥ -E{}}) . 9)

Thus we need to evaluate the following probability disttibns : P {X; =i}, P {Y:},
P{X,=14Y,}, andP {Y;, Y,} for s, =0,...,T. Again, we don’t want to get involved in
mathematical technicalities regarding the observatiabability space, but we assume that
the conditional likelihoods”;(t) = P {Y;|X; = i} are well defined and can be evaluated.

The Markov bridge (MB) approach can be used to evaluate theastities. Firstly, consider
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the MB a priori probabilities
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Tt +1) = P{X =i|Xr =k}

N
= ZP{XtJrl :i,Xt:j‘XT:k}

j=1
N

= > P{Xi =X, =j, Xp =k} P{X, = j| Xy =k}

Jj=1

SIHORCR

for t = 0,...,T — 1. Initialisation is with7*(0) = P {X, = i| X7 = k} which is obtained

from the RC boundary points distribution. The RCpriori probabilities are then given by

n(t) = PIX, =i}

— S 7)) P{Xr =k} .
k=1

the last term being the marginal distribution ai}- obtained from the RC boundary points

distribution. We also require the joint MB state distrilauts for0 <t < s < T,

¢, From these quantities, we

k
(I)i,j(ta 5)

= P{X,=1i,X,=j|[Xr =k}
P{X,=j|X;=1i,Xr =k}
P{X, =i|Xr =k}
(Bk(s —1)B¥(s—2) - B’“(t))
i (t)
can derive the joint RC stataldisbns for0 <t < s < T

/[:7j

N
(I)Z'J(t,S) = P{XT:Z,XSIJ} = Z(I)ﬁ](t)P{Xt:k} .
k=1

Now we can derive expressions for the several mean and eoxariexpressions appearing

in the optimal affine estimation formula (9) :

May 27, 2011

E{X}
E{Y;}
E{X/}

E{Y7}

N

= > m(t) S(i)

~ E{E{VIX)}} = E{X}

= Y m(t) S(i)

i=1

= E{E{V?|X:}} = E{X?}+0°

DRAFT
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for0 <t <T, and
BLY,V} - E{GE{VX)) - E{X X)
— 300 YS0) B
BT - BB B - E(% X

for 0 <t < s <T. with the usual symmetry properties applied fox ¢. The mean vectors
and covariance matrices can then be constructed by suitaldyging these terms in the
usual manner. Herg(i) is the value taken by the RC when in stateassumed to be real

scalars.
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