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outward forming the suprabasal layers [21,29,10] (see Fig. 1). Suprabasal cells undergo

a progressive maturation, called keratinization, during which the fibrous protein keratin

accumulates in the cells. At the end of this process, cells filled of keratin die, and the

dead cells (corneocytes) form the stratum corneum [13]. The deepest cells of stratum

corneum retain their bonds but, when they are slowly pushed to the surface by newly

forming cells, the corneous cells gradually lose their bonds and are eventually shed

from the surface, through a process named desquamation.

The proliferative activity in the basal layer of epidermis has been extensively stud-

ied by means of computational models and comparison with experimental labelling

data [16,22,17]. A comprehensive agent-based computational model for the simulation

of cell proliferation, cell migration and multi-layer formation in epithelia was devel-

oped in [25]. Simulation models for the particular cellular and spatial organization of

intestinal crypts have been presented in [20,19]. More recently, a multi-scale modelling

approach for the study of crypts dynamics has been proposed in [26].

After the pioneering study of the age structure in a stratified epithelium proposed in

[3], an age-structured mathematical model of the hierarchical cell population of epider-

mis was presented in [24]. This model considers the steady-state of the subpopulations

of stem cells, transiently proliferating cells, and post-mitotic cells committed to termi-

nal differentiation, but disregards their spatial organization. An age-structured model

has also been introduced to describe the cell populations in the epithelial crypts of the

colon and their homeostasis [14]. In the general field of population dynamics, since the

papers by Gurtin [11] and Gurtin and MacCamy [12], a number of investigations have

been devoted to propose and study models with age and spatial structure (see [28] for a

recent survey). Here we mention only some models developed to describe the diffusion

of populations in a multilayer environment [7], and the growth of cell populations in

tumours [4,27,8,9].

Fig. 1 Diagram of the cell layers of epidermis. http://en.wikipedia.org/wiki/File:Skinlayers.png

In the present work, we propose a model with age and space structure for the

evolution of the suprabasal epidermis. The age structure of the model is motivated

by the need of representing the following three phenomena: (1) the variability of the

duration of the cell cycle of proliferating cells; (2) the maturation process of non-

proliferating, differentiated cells that leads to their transformation into corneous cells;

(3) the progressive loss of bonds among the corneous cells that leads to their ultimate

shedding. Although the cell activity in the basal cell layer is of fundamental importance

for the homeostasis of the epidermis, a precise description of the basal cell population
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is beyond the scope of this work. As we shall see, the basal layer activity will be simply

summarized by a boundary condition in our model.

Concerning the analysis of the model, we will focus on the stationary problem as

a first step in the analysis that will be further developed, in a future work, with the

study of the dynamical case. Actually, the stationary problem is a model in itself and

has an interest of its own, since it possibly describes the spatial organization of the

normal, unperturbed epidermis, or the new state that might be reached in the response

to a long-lasting and time-invariant external injuring action. On the other hand the

mathematical techniques that we set up to study the stationary problem are somewhat

preliminary to the study of the dynamical case.

The paper has the following structure: the mathematical model is presented in

Sect. 2, and the stationary-state problem, related to the normal state of epidermis or

to long lasting time-invariant pathological states, is formulated in Sect. 3. The proof

of existence and uniqueness of a stationary solution begins in Sect. 4 through the

proof of a preliminary result and is completed in Sect. 5 for the case of assigned outer

boundary of the spatial domain. A discussion of the determination of this boundary at

the stationary state is given in Sect. 6.

2 The mathematical model

As previously mentioned, we shall study the growth of the epidermis, focusing on the

description of the suprabasal region. We assume a planar idealized geometry, so that

the Cartesian coordinate x, perpendicular to the epidermis plane, is the only spatial

variable. We denote the time by t ∈ (0, T ). The variable x will range from x = 0, the

interface with the basal cell layer, to x = Λ(t), the epidermis outer boundary which

coincides with the end of the stratum corneum in most conditions. The boundary Λ(t)

is not known a priori.

In normal skin cell proliferation occurs almost exclusively in the basal layer (see

[29], [17]) where stem cells generate transiently proliferating cells that after few (4-5)

rounds of proliferation cease to divide, thus producing non-proliferating (quiescent),

differentiated cells. In pathological situations, however, the proliferation extends also

to the suprabasal layers, [18]. In order to account for (moderate) hyper-proliferative

disorders we will assume that the last round of division may occur in the suprabasal

region. The maturation process of the differentiated cells is supposed to evolve with

their age, and we assume that the final transition to the corneous state occurs at a rate

dependent on this age.

The model will include different classes of cells: proliferating cells, differentiated

cells, corneous cells, and apoptotic cells. These classes will be respectively indexed by

i = 1, . . . , 4. The last class, apoptotic cells, includes all the dead cells produced by

pathological mitosis of proliferating cells, as well as by the death of proliferating and

differentiated cells due to external causes.

Adopting a continuous approach to describe these cell subpopulations, we denote

by ni(ai, x, t) the density with respect to age (ai ∈ [0, a+
i ]) of the number of cells

of type i per unit volume, at position x and time t. Thus, ni(ai, x, t)daidx gives the

number of cells with age between ai and ai + dai in a cylinder of unit base and height

from x and x+ dx.

All cells at a given position are assumed to move with the same velocity, and u(x, t)

denotes the velocity field, positive in the outward direction. Moreover, we assume that
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the local volume fraction ( i.e. the ratio between the volume of all cells in an elementary

reference region around a given position and the volume of that region, see Eq. (7)

below) is constant in space and time. As we will see, thanks to our one-dimensional

geometry, this hypothesis will enable us to determine the cell velocity (see for instance

[2]). This assumption appears quite adequate for the viable layers [15] as well as for most

of the stratum corneum in the case of normal epidermis [1], since cells are closely packed

there, with a very small extracellular space. In the presence of external damaging

agents, when it cannot be excluded that variations of the extracellular space may

occur, the above assumption must be considered as a simplifying approximation. In

[4], [8], [27], the cell velocity field was derived in a similar way by assuming that the

number of cells per unit volume is constant, which is equivalent to assuming, when

all cell classes have the same volume, that cells have constant local volume fraction.

In our case, however, different cell types have significantly different cell volumes, thus

it is necessary to explicitly consider the local volume fraction occupied by the cells.

Without such phenomenological hypothesis, determining the constitutive equation for

the velocity field, would require a complete mechanical model describing the forces

involved in the interactions among individual cells and between the cells and the extra-

cellular matrix (see [2], [6]). This would lead to far more complex models relying on

additional assumptions and parameters.

According to the above assumptions, we can write the following system of balance

equations, one for each cell subpopulation, in the domains (0, a+
i ) × (0, Λ(t)) × (0, T ),

i = 1, ..., 4, with their respective boundary and initial conditions:

∂n1

∂t
+
∂n1

∂a1
+

∂

∂x
(un1) = −β1(a1)n1 − µ1(a1, x, t)n1,

n1(0, x, t) = 0,

u(0, t)n1(a1, 0, t) = S1(a1, t),

n1(a1, x, 0) = n10(a1, x),

(1)

∂n2

∂t
+
∂n2

∂a2
+

∂

∂x
(un2) = −β2(a2)n2 − µ2(a2, x, t)n2,

n2(0, x, t) = r(x, t)

∫ a
+
1

0

β1(a1)n1(a1, x, t)da1,

u(0, t)n2(a2, 0, t) = S2(a2, t),

n2(a2, x, 0) = n20(a2, x),

(2)

∂n3

∂t
+
∂n3

∂a3
+

∂

∂x
(un3) = −β3(a3)n3,

n3(0, x, t) =

∫ a
+
2

0

β2(a2)n2(a2, x, t)da2,

u(0, t)n3(a3, 0, t) = 0,

n3(a3, x, 0) = n30(a3, x),

(3)

∂n4

∂t
+
∂n4

∂a4
+

∂

∂x
(un4) = −β4(a4)n4,

n4(0, x, t) =

2∑

i=1

∫ a
+
i

0

µi(ai, x, t)ni(ai, x, t)dai

+(2 − r(x, t))

∫ a
+
1

0

β1(a1)n1(a1, x, t)da1,

u(0, t)n4(a4, 0, t) = 0,

n4(a4, x, 0) = n40(a4, x).

(4)
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In the above equations, β1(a1) denotes the rate of division of proliferating cells,

β2(a2) is the rate of transition of differentiated cells to the corneous state, β3(a3)

represents the rate of a possible degradation of corneocytes, β4(a4) the rate of degra-

dation of apoptotic cells to a liquid waste. All these (per cell) rates are age dependent

and are assumed to blow up at ai = a+
i < +∞, i = 1, ..., 4, in such a way that

∫ a
+
i

0
βi(ai)dai = +∞. Thus, each age ai will be limited by the finite upper bound a+

i

and the respective cell density will vanish at ai = a+
i . The loss rate β3(a3) is introduced

mainly for the technical reason of guaranteeing a priori the above property also for the

density of corneous cells. We suppose, however, that the support of the function β3 is

confined to an interval (ā3, a
+
3 ) with ā3 > a+

i , i = 1, 2, 4, i.e with ā3 sufficiently large

so that the loss β3 does not actually influence the evolution of the outer boundary Λ,

as it will be made clear later.

The function r(x, t) is the mean number of viable cells originated at the division

of a proliferating cell. Under normal, non pathologic conditions r(x, t) ≡ 2. Otherwise,

r(x, t) ∈ [0, 2). The functions µ1(a1, x, t) and µ2(a2, x, t) are the mortality rates of

proliferating and differentiated cells induced by external causes. The explicit depen-

dence on x and t of these functions reflects the possible dependence of the effects of

physical agents like radiation or chemicals on space and time. The functions S1(a1, t)

and S2(a2, t) represent the flow of proliferating and, respectively, differentiated cells

from the basal layer, and are the physical inputs of the system. We actually sup-

pose that at the basal layer we have no input of cells of type 3 and 4 (thus we set

S3(a3, t) = S4(a4, t) = 0). Alternatively, the boundary conditions at x = 0 can be

directly assigned as

ni(ai, 0, t) = Ni(ai, t), i = 1, . . . , 4 (5)

where Ni(ai, t) is related to Si(ai, t) by

Ni(ai, t) =
Si(ai, t)

u(0, t)
, (6)

as long as u(0, t) > 0. Some compatibility conditions will have to be specified, as we

will discuss later.

The local fraction of volume Φ(x, t) occupied by all cells at time t around the point

x can be expressed by

Φ(x, t) =

4∑

i=1

∫ a
+
i

0

vi(ai)ni(ai, x, t)dai. (7)

where vi(ai), i = 1, . . . , 4, is the mean volume of a cell of type i at age ai. The cell

volumes vi(ai) do not vanish in [0, a+
i ], and we disregard the possibility that these

volumes depend on x and t. Obviously, from its definition, Φ(x, t) is meaningful if

0 ≤ Φ(x, t) ≤ 1 (notice that ni(ai, x, t)dai is a number of cells per unit volume).

We also introduce a phenomenological positive quantity, Γ (x, t), that represents (in

arbitrary unit) the level of cohesion of the tissue at position x and time t. We assume

that cells contribute to tissue cohesion by means of their adhesion bonds, differently

according to their type and, possibly, according to their age (i.e. to their degree of

maturation). Thus, we define the cohesion function Γ (x, t) as:

Γ (x, t) =

3∑

i=1

∫ a
+
i

0

γi(ai)ni(ai, x, t)dai, (8)



6

where γi(ai) ≥ 0, i = 1, . . . , 3, is the coefficient that expresses the specific contribution

of a cell of type i at age ai (we disregard cells of type i = 4 because unlikely they con-

tribute significantly to cohesion). In the following, we will suppose γ1 and γ2 constant,

whereas, to represent the progressive loss of bonds among the corneocytes, we assume

γ3 continuously differentiable and such that

γ′3(a3) < 0, γ3(a3) = 0 for a3 ∈ [â3, a
+
3 ], (9)

with â3 < ā3. We assume that the epidermis maintains its cohesion as long as Γ is

greater than a critical value Γ ∗. Thus, after imposing Γ (0, t) > Γ ∗, the outer boundary

Λ(t) will satisfy

Γ (x, t) > Γ ∗ for x ∈ [0, Λ(t)),

and

Γ (Λ(t), t) ≥ Γ ∗. (10)

By taking into account that the constraint

u(Λ(t), t) ≥ dΛ

dt
(t) (11)

must be satisfied to avoid the obvious nonsense of the epidermis boundary that “de-

taches” from the cellular material, two regimes are possible. In the first case it is

dΛ

dt
(t) < u(Λ(t), t), Γ (Λ(t), t) = Γ ∗, (12)

and the boundary Λ(t) is defined by the equation Γ (Λ(t), t) = Γ ∗. In the second

case

dΛ

dt
(t) = u(Λ(t), t), Γ (Λ(t), t) ≥ Γ ∗, (13)

and the boundary Λ(t) is a “material boundary”(as it moves solidly with the cells), and

obeys to the first equation in (13). Note that in (12) the strict inequality Γ (Λ(t), t) > Γ ∗

cannot hold because, if it is Γ (Λ(t), t) > Γ ∗, the boundary will necessarily move with

the cells and then dΛ/dt = u(Λ(t), t).

In a different biological context, the role of constraints like (10)-(11) on determining

the nature of a free boundary has been considered in [5]. As we will see in the following,

the first case (12) will hold for the epidermis at the stationary state.

Next, we shall deduce a conservation equation for Φ which will provide the deter-

mination of the velocity u under the hypothesis that the local volume fraction occupied

by the cells is constant. Indeed we assume

Φ(x, t) = Φ∗, (x, t) ∈ [0, Λ(t)] × [0, T ], (14)

where, strictly speaking, Φ∗ < 1 since extracellular fluids are present in the tissue.

However Φ∗ = 1 can be a good approximation, because the volume fraction of the

extracellular space appears very small in normal epidermis [15]. To deduce such an
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equation, first we multiply each equation in (1)-(4) by vi(ai), integrate it over (0, a+
i ),

and sum up over i = 1, ..., 4. We obtain

∂Φ

∂t
+

4∑

i=1

∫ a
+
i

0

vi(ai)
∂ni

∂ai
(ai, x, t)dai +

∂

∂x
(uΦ)

+

4∑

i=1

∫ a
+
i

0

vi(ai)βi(ai)ni(ai, x, t)dai

+

2∑

i=1

∫ a
+
i

0

vi(ai)µi(ai, x, t)ni(ai, x, t)dai = 0.

(15)

Performing the integrations by parts, and taking into account the boundary conditions

at ai = 0, as well as that ni(a
+
i , x, t) = 0 and that βi(ai)ni(ai) must be integrable (as

we expect for a solution), after some algebra we get the equation

∂Φ

∂t
+

∂

∂x
(uΦ) =

4∑

i=1

∫ a
+
i

0

ki(ai, x, t)ni(ai, x, t)dai, (16)

where

k1(a1, x, t) =
∂v1
∂a1

+ β1(a1) (v2(0)r(x, t) − v1(a1))

+µ1(a1, x, t)(v4(0) − v1(a1))

+β1(a1)(2 − r(x, t))v4(0),

(17)

k2(a2, x, t) =
∂v2
∂a2

+ β2(a2)(v3(0) − v2(a2))

+µ2(a2, x, t)(v4(0) − v2(a2)),
(18)

k3(a3, x, t) =
∂v3
∂a3

− β3(a3)v3(a3), (19)

k4(a4, x, t) =
∂v4
∂a4

− β4(a4)v4(a4). (20)

We note that the k3 and k4 are actually functions of age, only.

Taking into account assumption (14), we can deduce from (16) the following equa-

tion that must be satisfied by u

∂u

∂x
=

1

Φ∗

4∑

i=1

∫ a
+
i

0

ki(ai, x, t)ni(ai, x, t)dai, u(0, t) = u0(t), (21)

and therefore we get

u(x, t) = u0(t) +
1

Φ∗

4∑

i=1

∫ x

0

∫ a
+
i

0

ki(ai, ξ, t)ni(ai, ξ, t)daidξ, (22)

where the function u0(t) can be determined from the boundary conditions at x = 0 in

(1)-(4), multiplying by vi(ai), integrating over (0, a+
i ), summing up over i = 1, ..., 4,

and imposing (14). We deduce that it does not depend on ni and is given by

u0(t) =
1

Φ∗

2∑

i=1

∫ a
+
i

0

vi(ai)Si(ai, t)dai, (23)
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so that u0(t) > 0 as far as S1 and S2 do not vanish simultaneously. Alternatively, u0(t)

must be prescribed if the boundary conditions at x = 0 are given in the form (5).

We see that u(x, t) depends in fact on all the functions ni, and we have obtained a

constitutive form based on the assumption that the local volume fraction occupied by

the cells is constant.

On the other hand, we easily see that, with the constitutive form (22), a solution

of system (1)-(4) with boundary conditions satisfying

Φ(0, t) =

2∑

i=1

∫ a
+
i

0

vi(ai)Ni(ai, t)dai = Φ∗, (24)

and

Φ(x, 0) =

4∑

i=1

∫ a
+
i

0

vi(ai)ni0(ai, x)dai = Φ∗, (25)

actually satisfies (14). In fact, by direct calculation from (7), using (1)-(4) and (17)-

(21), we get
∂Φ

∂t
+ u

∂

∂x
Φ = 0

and, integrating along the characteristic lines, by (24) and (25) we have (14). Therefore

the regime we are dealing with is characterized by the fulfillment of this assumption.

Simplified expressions of the terms ki’s can be obtained taking, as a first approxi-

mation, vi constant. We obtain in this case

k1(a1, x, t) = β1(a1) (r(x, t)v2 − v1))

+µ1(a1, x, t)(v4 − v1) + β1(a1)(2 − r(x, t))v4,
(26)

k2(a2, x, t) = β2(a2) (v3 − v2) + µ2(a2, x, t)(v4 − v2), (27)

k3(a3, x, t) = −β3(a3)v3, (28)

k4(a4, x, t) = −β4(a4)v4. (29)

Biological evidence [23] suggests that v2 > v1 and v3 < v2. The value of v4 could be

different for different modalities of cell damage.

3 The stationary case

In this work we will focus on the stationary state of the model, proving its existence

and uniqueness. The analysis of the stability properties will be the object of a future

study. As we already noticed in Section 1, the stationary state possibly describes the

spatial organization of the normal, unperturbed epidermis, or the new state that might

be reached in the response to a long-lasting and time-invariant external injuring action.

Thus, we assume that the source terms S1 and S2, the coefficient r and the exogenous

mortality rates µ1 and µ2 are not influenced by time. Moreover, in order to have a

meaningful solution we suppose that S1 and S2 are not both equal to zero.

Introducing now the survival probability functions

Mi(ai) = exp

(
−
∫ ai

0

βi(ξ)dξ

)
, i = 1, ..., 4
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we will change the state variables ni(ai, x) into the normalized densities

pi(ai, x) =
ni(ai, x)

Mi(ai)
(30)

and adopt the following constitutive form for the velocity (see (22)), as a function of

the solution p ≡ (p1, . . . , p4),

U(x; p) = u0 +
1

Φ∗

4∑

i=1

∫ x

0

∫ a
+
i

0

ki(ai, ξ)Mi(ai)pi(ai, ξ)daidξ, (31)

where u0 > 0 is assigned and is related to the flux at the basal layer by

u0 =
1

Φ∗

2∑

i=1

∫ a
+
i

0

vi(ai)Si(ai)dai. (32)

Then, considering the age-densities (6) of the number of cells per unit volume at the

basal layer, rather than the cell fluxes, as input data of the problem, we get the following

system of equations for pi in the respective domains (0, a+
i ) × (0, Λ∗),

∂p1
∂a1

+
∂

∂x
(U(x; p)p1) + µ1(a1, x)p1 = 0

p1(0, x) = 0,

M1(a1)p1(a1, 0) = N1(a1);

(33)

∂p2
∂a2

+
∂

∂x
(U(x; p)p2) + µ2(a2, x)p2 = 0

p2(0, x) = r(x)

∫ a
+
1

0

β1(a1)M1(a1)p1(a1, x)da1,

M2(a2)p2(a2, 0) = N2(a2);

(34)

∂p3
∂a3

+
∂

∂x
(U(x; p)p3) = 0,

p3(0, x) =

∫ a
+
2

0

β2(a2)M2(a2)p2(a2, x)da2,

p3(a3, 0) = 0;

(35)

∂p4
∂a4

+
∂

∂x
(U(x; p)p4) = 0,

p4(0, x) =

2∑

i=1

∫ a
+
i

0

µi(ai, x)Mi(ai)pi(ai, x)dai

+(2 − r(x))

∫ a
+
1

0

β1(a1)M1(a1)p1(a1, x)da1,

p4(a4, 0) = 0;

(36)

where the functions N1, N2 satisfy (24), and Λ∗ represents the (free) border to be

determined by the condition

Γ (Λ∗) =

3∑

i=1

∫ a
+
i

0

γi(ai)Mi(ai)pi(ai, Λ
∗)dai = Γ ∗. (37)
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Concerning condition (37), we remark that, since at the stationary state it is
dΛ
dt

(t) = 0, the constraint (11) implies U(Λ∗; p) ≥ 0. Then, in principle, two cases

would be possible: either

U(Λ∗; p) > 0, Γ (x) > Γ ∗, x ∈ [0, Λ∗), Γ (Λ∗) = Γ ∗, (38)

or

U(Λ∗; p) = 0, Γ (x) > Γ ∗, x ∈ [0, Λ∗), Γ (Λ∗) ≥ Γ ∗. (39)

However, as we will show in Sect. 6, only the case (38) is compatible with the existence

of a stationary state. Thus Λ∗ will be determined from condition (37). Moreover, it will

be also shown in Sect. 6 that a solution such that (38) holds is necessarily characterized

by U(x; p) > 0 in [0, Λ∗].

We also note that, for the stationary problem, condition (14) provides the following

constraint
4∑

i=1

∫ a+
i

0

vi(ai)Mi(ai)pi(ai, x)dai = Φ∗, (40)

which is necessarily satisfied by the solution of (33)-(36), with U(x; p) given by (31).

We append to the system compatibility conditions that ensure the continuity of

the solution in age and space and express the continuity of the biological processes

between the basal and the suprabasal layers. Namely we assume first that

Ñi(ai) =
Ni(ai)

Mi(ai)
, ai ∈ [0, a+

i ], i = 1, 2 (41)

belong to C2[0, ai], then we require

Ñ1(0) = 0, Ñ1(a+
1 ) = 0, (42)

Ñ2(0) = r(0)

∫ a
+
1

0

β1(a1)M1(a1)Ñ1(a1)da1, (43)

∫ a
+
2

0

β2(a2)M2(a2)Ñ2(a2)da2 = 0, (44)

2∑

i=1

∫ a
+
i

0

µi(ai, 0)Mi(ai)Ñi(ai)dai

+(2 − r(0))

∫ a
+
1

0

β1(a1)M1(a1)Ñ1(a1)da1 = 0.

(45)

The first condition is equivalent to supposing that no proliferating cell of zero age or of

maximal age can be released from the basal layer. The second condition corresponds

to assuming that the last round of cell division is characterized by the same mitotic

rate function β1 and the same value of r, independently of the fact that it occurs in the

basal or in the suprabasal layer. The third and the fourth conditions are guaranteed

by assuming:

supp(Ñ2) ⊆ [0, a∗2), supp(β2) ⊆ (a∗∗2 , a+
2 ), a∗2 < a∗∗2 < a+

2 , (46)

where supp(f) = {a; f(a) 6= 0}, and

µ1(a1, 0) = µ2(a2, 0) = 0, r(0) = 2. (47)
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Assumption (46) means that the differentiated cells coming from the basal layer are

far from the maturation level at which they begin to transform into corneous cells.

Assumptions (47) says that the exogenous causes of cell death and of abortive mitosis

are taken mild enough to not affect the basal layer.

The mathematical approach to problem (31)-(36) will be split in two parts. In the

first step, which will be developed in Sect. 5, we shall consider the problem in a fixed

interval [0, L] proving the existence of a solution under some conditions, independently

of L being equal to Λ∗ or not, i.e. condition (37) being satisfied or not. In the second

step, performed in Sect. 6, we will determine Λ∗ by condition (37). The next section

is instead devoted to some preliminary results.

It is easy to see that model (31)-(37), using arbitrary reference length and time, can

be made non-dimensional without changing the form of the equations. In the following,

we will consider the model in the non-dimensional form maintaining, for simplicity, the

same symbols. The mathematical hypotheses assumed to the study this model are:

βi ∈ L1
loc(0, a+

i ),

∫ a
+
i

0

βi(ai)dai = +∞, βi ≥ 0 a.e. ai ∈ (0, a+
i ), (48)

µi ∈ C2([0, a+
i ] × [0,+∞)), µi ≥ 0 a.e. (ai, x) ∈ [0, a+

i ] × [0,+∞), (49)

r ∈ C1[0,+∞), 0 ≤ r(x) ≤ 2 x ∈ [0,+∞) (50)

Ni ∈ C2[0, a+
i ], Ni ≥ 0 ai ∈ [0, a+

i ], (51)

vi ∈ C1[0, a+
i ], vi > 0 ai ∈ [0, a+

i ], (52)

γi ∈ C1[0, a+
i ], γi ≥ 0 ai ∈ [0, a+

i ]. (53)

Note that we have

βiMi ∈ L1(0, a+
i ), (54)

and, defining

k̃i(ai, x) = ki(ai, x)Mi(ai), (55)

recalling (17)-(20) we have

k̃i ∈ L1(0, a+
i ;C1[0, L]), for any L < +∞. (56)

4 Preliminary results

We shall begin by proving an intermediate result that will be used in the main existence

theorem in the next section. This result refers to the well-posedness of the generic

problem
∂v

∂a
+

∂

∂x
(α(x)v) + π(a, x)v = 0 in (0, a+) × (0, L),

v(a, 0) = G(a) in (0, a+),

v(0, x) = F (x) in (0, L),

(57)

under the hypotheses

α ∈ H2(0, L), α(x) > 0 for x ∈ [0, L], (58)

G ∈ C2[0, a+], F ∈ H1(0, L), F (0) = G(0), (59)
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π ∈ C2([0, a+] × [0, L]). (60)

We look for a strict solution v to (57), which means that

v ∈ C1([0, a+];L2(0, L)) ∩ C([0, a+];H1(0, L)) (61)

and satisfies (57).

Since we will embed our problem in the space L2(0, L), we will denote the scalar

product and norm in this space, respectively by ((·, ·)) and ‖ · ‖. When dealing with

other spaces we will indicate the space itself by a subscript.

Our preliminary result is an existence theorem for problem (57) with some estimates

depending on the constant

ω =
3

2
‖αx‖∞ +

√
L ‖αxx‖ + π+L, (62)

where

π+ = ‖π‖C1([0,a+]×[0,L]) .

We have

Theorem 1 Let (58)-(60) hold. Then, problem (57) has a unique strict solution which

satisfies the estimate

‖v‖C([0,a+];H1(0,L)) ≤ eωa+
{
‖F‖H1(0,L) +

√
a+
√
α(0) ‖G‖C[0,a+]

}
. (63)

If moreover

F (x) ≥ 0 for x ∈ [0, L], G(a) ≥ 0 for a ∈ [0, a+], (64)

then the solution of problem (57) satisfies

v(a, x) ≥ 0 for (a, x) ∈ [0, a+] × [0, L]. (65)

Proof We first perform a function transformation by denoting

q(a, x) = v(a, x) −G(a) (66)

and replace it in (57), obtaining the system

∂q

∂a
+

∂

∂x
(α(x)q) + π(a, x)q = f(a, x) in (0, a+) × (0, L),

q(a, 0) = 0 in (0, a+),

q(0, x) = q0(x) in (0, L),

(67)

where

f(a, x) = −Ga(a) − αx(x)G(a) − π(a, x)G(a), (68)

q0(x) = F (x) −G(0). (69)

From the above assumptions we get

f ∈ C1([0, a+];H1[0, L]), q0 ∈ H1(0, L), q0(0) = 0. (70)

We define the linear operator B : D(B) ⊂ L2(0, L) → L2(0, L) by

Bθ = (αθ)x, D(B) = {θ ∈ H1(0, L); θ(0) = 0}.



13

We notice that B is well defined because (αθ)x ∈ L2(Ω) for any θ ∈ D(B) and that

D(B) = L2(0, L). Moreover, the operator B is quasi m-accretive on L2(0, L). Indeed,

we have

((Bθ, θ)) =

∫ L

0

(αθ)xθdx =
1

2
α(L)θ2(L) +

1

2

∫ L

0

αx(x)θ2(x)dx

≥ −1

2
‖αx‖∞ ‖θ‖2 for any θ ∈ D(B).

Then, by setting

ω0 =
1

2
‖αx‖∞ , (71)

we get

(((λI +B)θ, θ)) ≥ (λ− ω0) ‖θ‖2 ,

for λ > ω0, proving that B is quasi-accretive.

Next, we prove the quasi m-accretivity of B, i.e., that

Range(λI +B) = L2(0, L) for λ large enough.

Let η ∈ L2(0, L). We must prove that the equation

λθ + (αθ)′ = η

has a solution in D(B). We multiply the equation by α, denote θ̃ = αθ and get

λθ̃ + αθ̃ ′ = αη.

Its solution

θ̃(x) =

∫ x

0

e
−λ
∫

x

σ

1
α(ξ)

dξ
η(σ)dσ

implies that

θ(x) =
1

α(x)

∫ x

0

e
−λ
∫

x

σ

1
α(ξ)

dξ
η(σ)dσ, (72)

and it is easy to see that it belongs to D(B).

Since B is quasi m-accretive, the operator (−B) is the generator of a linear C0

-semigroup e−Ba such that

∥∥∥e−Ba
∥∥∥
L(L2(0,L),L2(0,L))

≤ eω0a for any a ∈ [0, a+].

Thus, we can consider the Cauchy problem

dq

da
(a) +Bq(a) + T (a)q(a) = f(a),

q(0) = q0,
(73)

where

T (a)q(a, ·) = π(a, ·)q(a, ·). (74)

Since

q0 ∈ D(B), T ∈ C2([0, a+];L(L2(0, L);L2(0, L))), (75)
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we get that (73) has a unique strong solution

q ∈ C1([0, a+];L2(0, L)) ∩ C([0, a+];D(B)), (76)

whence, going back to v(a, x) = q(a, x) + G(a), we obtain that it is a strict solution

to (57). In order to establish the estimate we multiply directly (57) by v and integrate

over [0, L] and over [0, a] obtaining

1

2
‖v(a)‖2 +

1

2

∫ a

0

α(L)v2(s, L)ds− 1

2

∫ a

0

α(0)v2(s, 0)ds

+
1

2

∫ a

0

∫ L

0

αx(x)v2(s, x)dxds+

∫ a

0

∫ L

0

π(s, x)v2(s, x)dxds =
1

2
‖v0‖2 ,

so that
‖v(a)‖2 ≤ ‖F‖2 + a+α(0) ‖G‖2

C[0,a+]

+(‖αx‖∞ + π+)

∫ a

0

‖v(s)‖2 ds

and, via Gronwall’s lemma, we get

‖v(a)‖2 ≤ e2ωa
(
‖F‖2 + a+α(0) ‖G‖2

C[0,a+]

)
, a ∈ [0, a+],

with ω given by (62). Finally we can write

‖v(a)‖ ≤ eωa
(
‖F‖ +

√
a+
√
α(0) ‖G‖C[0,a+]

)
, a ∈ [0, a+]. (77)

In order to estimate the derivative vx, we first gain some regularity considering the

sequences Fn ∈ H2(0, L) and Gn ∈ C3[0, a+] such that

Gn −→ G, in C[0, a+]

Fn −→ F, in H1(0, L), Fn
x (0) = 0, Fn(0) = Gn(0).

Then, the corresponding problems (73), with q0 and f respectively replaced by

qn
0 (x) = Fn(x) −Gn(0)

and

fn(a, x) = −Gn
a (a) − αx(x)Gn(a) − π(a, x)Gn(a),

have solutions qn ∈ C2([0, a+];L2(0, L))∩C([0, a+];D(B2)), because qn
0 ∈ D(B2) and

fn ∈ C2([0, a+];L2(0, L)). Thus the corresponding solution vn to problem (57) satisfies

vn ∈ C2([0, a+];L2(0, L)) ∩ C([0, a+];D(B2)), vn
x (a, 0) = 0 (78)

and, since the problem is linear, estimate (77) yields

vn −→ v, in C([0, a+], L2(0, L)).

We also get an estimate for wn = vn
x starting from the problem

∂wn

∂a
+

∂

∂x
(α(x)wn) + (αx(x) + π(a, x))wn(a)

+(αxx(x) + πx(a, x))vn = 0,

wn(a, 0) = 0,

wn(0, x) = Fn
x (x),

(79)
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accounting for the derivative of (57) based on (78). In fact, multiplying by wn and

integrating we get

1

2

∥∥wn(a)
∥∥2

+
1

2

∫ a

0

∫ L

0

αx(x)(wn(s, x))2dxds

+

∫ a

0

∫ L

0

(αx(x) + π(s, x))(wn(s, x))2dxds

≤ 1

2

∥∥Fn
x

∥∥2 −
∫ a

0

∫ L

0

(αxx + πx)vn(s, x)wn(s, x)dxds.

Then, noticing that
∥∥(αxx + πx) vn(a)

∥∥ ≤
(√

L ‖αxx‖ + π+L
) ∥∥vn

x (a)
∥∥

L2(0,L)
,

where we took into account that

‖θ‖C[0,L] ≤
√
L ‖θx‖ , for any θ ∈ D(B), (80)

finally we get
∥∥wn(a)

∥∥2 ≤ 2ω

∫ a

0

∥∥wn(s)
∥∥2
ds+

∥∥Fn
x

∥∥2
,

and consequently ∥∥wn(a)
∥∥ =

∥∥vn
x (a)

∥∥ ≤ eωa
∥∥Fn

x

∥∥ . (81)

Since problem (79) is linear, this estimate implies that wn is a Cauchy sequence and

we conclude

vn −→ v in C([0, a+],H1(0, L)),

so that, going to the limit in (81) and adding to (77), we have (63).

Finally, to prove (65), we consider the negative part of v

v−(a, x) = max
(a,x)∈[0,a+]×[0,L]

{−v(a, x), 0} ,

and, multiplying the equation by v− and integrating, by the Stampacchia lemma we

get

1

2

∫ ai

0

∫ L

0

∂

∂ξ
(v−(ξ, x))2dxdξ +

1

2

∫ ai

0

∫ L

0

∂

∂x

(
α(x)(v−(ξ, x))2

)
dxdξ

+
1

2

∫ ai

0

∫ L

0

αx(x)
∂

∂x
(v−(ξ, x))2dxdξ −

∫ ai

0

∫ L

0

π(a, x)(v−(ξ, x))2dxdξ = 0.

Then

‖v−(a)‖2 − ‖F−‖2 + α(L)

∫ a

0

(v−(ξ, L))2dξ

−α(0)

∫ a

0

(G−(ξ))2dξ ≤ (‖αx‖∞ + 2π+)

∫ a

0

‖v−(ξ)‖2dξ,

so that, since (64) implies F− ≡ 0, G− ≡ 0 and α(L) > 0, we get

‖v−(a)‖2 ≤ (‖αx‖∞ + 2π+)

∫ a

0

‖v−(ξ)‖2dξ,

which means v− ≡ 0 and (65) is proved.
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5 Existence results in a given interval [0, L]

In this section, we fix a space interval [0, L] and consider problem (33)-(36) in this

interval, with the definitions (31)-(32), under the assumptions (48)-(53), and the com-

patibility conditions (42)-(45).

We stress that, at this stage, we do not include condition (37) which instead will

be used later to determine the physical boundary of the cell tissue. Actually, we note

that the problem is local in space, and a solution in an interval [0, L], if restricted to an

interval [0, L1], with L1 < L, is still a solution to the problem in the smaller interval.

Thus we will determine a solution in [0, L] with the purpose of subsequently finding

Λ∗ < L fulfilling condition (37).

We preliminarily note that, in order to have a positive velocity U(x; p), for all

x ∈ [0, L], we need to put some a priori restrictions on the solution. Namely, we look

for a solution pi(a, x) satisfying the bound

‖pi‖
C([0,a

+
i

];H1(0,L))

<
u0√
LCα

(82)

where (see (56))

Cα =
1

Φ∗

4∑

i=1

∥∥∥k̃i

∥∥∥
L1(0,a

+
i

;C1[0,L])
. (83)

This is just a sufficient a priori condition in order to guarantee a positive velocity as

we expect to occur in the biological process, at the stationary state.

Our purpose is to obtain the solution of (33)-(36) via a fixed point procedure in a

suitable space. To this aim we define

Vi = C([0, a+
i ];H1(0, L)) and Hi = C([0, a+

i ];L2(0, L))

with the norms

‖ψ‖Vi
= max

ai∈[0,a
+
i

]
‖ψ(ai)‖H1(0,L) , ‖ψ‖Hi

= max
ai∈[0,a

+
i

]
‖ψ(ai)‖L2(0,L) ,

and consider the space

Y =

4∏

i=1

C([0, a+
i ];L2(0, L)),

endowed with the norm

‖z‖Y =

(
4∑

i=1

‖zi‖2
Hi

) 1
2

,

where z ≡ (z1, z2, z3, z4) ∈ Y.

Then we consider the set

M =
{
z ∈ Y; zi ∈ Vi, ‖zi‖Vi

≤ R, zi(a, x) ≥ 0, zi(ai, 0) = Ñi(ai)
}
, (84)

where Ñi(·) are defined in (41) for i = 1, 2 and Ñi(·) ≡ 0 for i = 3, 4. Moreover, in (84)

R > 0 is a fixed constant that, in order to fulfill (82) is chosen such that

R <
u0√
LCα

. (85)
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We easily note that M is a closed subset of Y. Our purpose is to build a mapping

Ψ : M → M by fixing z ≡ (z1, z2, z3, z4) ∈ M and replacing U(x; p) by

U(x; z) = u0 +
1

Φ∗

4∑

i=1

∫ x

0

∫ a
+
i

0

k̃i(ai, ξ)zi(ai, ξ)daidξ. (86)

in problem (33)-(36).

Concerning the function U(x; z), since zi ∈ M, we have

U(·; z) ∈ H2(0, L), (87)

and

|U(x; z) − u0| ≤
√
L

Φ∗

4∑

i=1

∥∥∥k̃i

∥∥∥
L1(0,a

+
i

;C1[0,L])
‖zi‖Hi

≤
√
LCαR, (88)

hence

−
√
LCαR ≤ U(x; z) − u0 ≤

√
LCαR.

Therefore, by the choice (85) for R, we ensure

0 < U(x; z) < 2u0, for any x ∈ [0, L]. (89)

From the equality

zi(ai, x) = zi(ai, 0) +

∫ x

0

(zi)x(ai, ξ)dξ

we get

|zi(ai, x)| ≤
∣∣∣Ñi(ai)

∣∣∣+
√
L ‖(zi)x‖Hi

≤
∥∥∥Ñi

∥∥∥
C[0,a

+
i

]
+

√
L ‖zi‖Vi

≤ CN +
√
LR,

(90)

where

CN = max
i=1,2

∥∥∥Ñi

∥∥∥
C1[0,a

+
i

]
, (91)

so that, respectively denoting by U ′(x, z) and U ′′(x, z) the first and second derivatives

of U(x, z) with respect to the variable x, we have (see (86))

∣∣U ′(x; z)
∣∣ ≤ 1

Φ∗

4∑

i=1

∫ a
+
i

0

∣∣∣k̃i(ai, x)

∣∣∣ |zi(ai, x)| dai

≤
(
CN +

√
LR
)
Cα < CNCα + u0.

(92)

In addition we have

∥∥U ′(·; z)
∥∥ ≤ 1

Φ∗

4∑

i=1

∥∥∥k̃i

∥∥∥
L1(0,a

+
i

;C1[0,L])
‖zi‖Hi

≤ CαR <
u0√
L
, (93)

∥∥U ′′(· ; z)
∥∥ ≤ 1

Φ∗

4∑

i=1

∥∥∥k̃i

∥∥∥
L1(0,a

+
i

;C1[0,L])
‖zi‖Vi

≤ CαR <
u0√
L
. (94)
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Now we are ready to build the mapping y = Ψ(z) solving in a sequence the problems

(33)-(36) with U(x; p) replaced by U(x; z) given in (86). Namely we start considering

the problem

∂y1
∂a1

+
∂

∂x
(U(x; z)y1) + µ1(a1, x)y1 = 0 in (0, a+

1 ) × (0, L),

y1(a1, 0) = Ñ1(a1) in (0, a+
1 ),

y1(0, x) = 0 in (0, L).

(95)

and apply Theorem 1 to have existence of a unique solution y1 ≥ 0 which satisfies the

estimate

‖y1‖V1
≤
√
a+u0 CN K0

(
a+, µ+, CN , Cα, u0, L

)

where

a+ = max
i=1,...,4

{ai}, µ+ = max
i=1,2

‖µi‖C1([0,a
+
i

]×[0,L]) (96)

and

K0

(
a+, µ+, CN , Cα, u0, L

)
= exp

(
3

2
a+CNCα +

5

2
a+u0 + a+µ+L

)
, (97)

where we have plugged estimates (92)-(94) into (62).

Once we have computed y1 we pass to the problem

∂y2
∂a2

+
∂

∂x
(U(x; z)y2) + µ2(a2, x)y2 = 0 in (0, a+

2 ) × (0, L),

y2(a2, 0) = Ñ2(a2) in (0, a+
2 ),

y2(0, x) = F2(x) in (0, L),

(98)

with

F2(x) = r(x)

∫ a
+
1

0

β1(a1)M1(a1)y1(a1, x)da1 ≥ 0. (99)

Then, applying again Theorem 1 we find a solution y2 ≥ 0 satisfying

‖y2‖V2
≤ (1 + r+)

√
a+u0 CNK2

0

(
a+, µ+, CN , Cα, u0, L

)
(100)

with

r+ = ‖r‖C1[0,L] . (101)

Going further in the same way we solve the problems for y3 and y4 respectively

with

F3(x) =

∫ a
+
2

0

β2(a2)M2(a2)y2(a2, x)da2 ≥ 0, (102)

F4(x) =

2∑

i=1

∫ a
+
i

0

µi(ai)Mi(ai)yi(ai, x)dai

+(2 − r(x))

∫ a+
1

0

β1(a1)M1(a1)y1(a1, x)da1 ≥ 0,

(103)

and we find y3 ≥ 0, y4 ≥ 0, satisfying the estimates

‖y3‖V3
≤ (1 + r+)

√
a+u0 CN K3

0

(
a+, µ+, CN , Cα, u0, L

)
,

‖y4‖V4
≤ (2 + r+)(1 + µ+a

+)
√
a+u0 CN K3

0

(
a+, µ+, CN , Cα, u0, L

)
.
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In conclusion, defining (see (97))

K
(
r+, a

+, µ+, CN , Cα, u0, L
)

= (2 + r+)(1 + µ+a
+)
√
a+u0 CN K3

0

(
a+, µ+, CN , Cα, u0, L

)
,

(104)

we have, for i = 1, . . . , 4,

‖yi‖Vi
≤ K

(
r+, a

+, µ+, CN , Cα, u0, L
)
,

and, using this inequality in each equation for yi, we also get
∥∥∥∂yi

∂ai

∥∥∥
C([0,a

+
i

];L2(0,L))
≤ δ, (105)

where δ is a constant depending on all the parameters.

Now, assuming the following condition in addition to (85),

K
(
r+, a

+, µ+, CN , Cα, u0, L
)
< R, (106)

the above procedure gives

y ≡ (y1, y2, y3, y4) ∈ M
and we can define the mapping Ψ : M → M, by

Ψ(z) = y.

Thanks to (105) we also have that Ψ(M) is compact in Y.

Next, we assume (106), and estimate the difference between y = Ψ(z) and y = Ψ(z).

To this purpose, for each i = 1, . . . , 4 we write the systems for yi and yi, respectively

corresponding to U(x; z) and U(x; zi), make the difference, multiply it by (yi −yi) and

integrate over (0, ai) × (0, L), obtaining

‖yi(ai) − yi(ai)‖2 ≤ ‖yi(0) − yi(0)‖2

+

∫ ai

0

∫ L

0

∣∣U ′(x; z)
∣∣ |yi − yi|2 dxdξ

+2

∫ ai

0

∫ L

0

∣∣U ′(x; z) − U ′(x; z)
∣∣ |yi| |yi − yi| dxdξ

+2

∫ ai

0

∫ L

0

|U(x; z) − U(x; z)| |yix| |yi − yi| dxdξ

(107)

where we have taken into account that yi(ai, 0) − yi(ai, 0) = 0.

Each term of (107) may indeed be evaluated as follows. First we have

∫ ai

0

∫ L

0

∣∣U ′(x; z)
∣∣ |yi − yi|2 dxdξ

≤ (CNCα + u0)

∫ ai

0

‖yi(ξ) − yi(ξ)‖2 dξ,

where we have used (92). Then

2

∫ ai

0

∫ L

0

∣∣U ′(x; z) − U ′(x; z)
∣∣ |yi| |yi − yi| dxdξ

< 2
(
CN +R

√
L
) ∫ ai

0

∥∥U ′(·; z) − U ′(·; z)
∥∥ ‖yi(ξ) − yi(ξ)‖dξ

< 4a+ (CNCα + u0)2 ‖z − z‖2
Y +

∫ ai

0

‖yi(ξ) − yi(ξ)‖2 dξ,
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and

2

∫ ai

0

∫ L

0

|U(x; z) − U(x; z)| |yix| |yi − yi| dxdξ

≤ 4
√
LCα ‖z − z‖Y

∫ ai

0

‖yix(ξ)‖ ‖yi(ξ) − yi(ξ)‖ dξ

≤ 4a+u2
0 ‖z − z‖2

Y +

∫ ai

0

‖yi(ξ) − yi(ξ)‖2 dξ,

where we have used the estimates (compare with (88) and (93))

|U(x; z) − U(x; z)| ≤
√
LCα

4∑

i=1

‖zi − zi‖Hi
≤ 2

√
LCα ‖z − z‖Y ,

∥∥U ′(·; z) − U ′(·; z)
∥∥ ≤ 2Cα ‖z − z‖Y ,

and, since y belongs to M (compare with (90)),

|yi(ai, x)| ≤
(
CN

u0
+R

√
L
)
, ‖yix(ai)‖ ≤ ‖yi‖Vi

≤ R.

Placing these estimates in (107) we get

‖yi(ai) − yi(ai)‖2 ≤ (2 + u0 + CNCα)

∫ ai

0

‖yi(ξ) − yi(ξ)‖2 dξ

+4a+ (2u0 + CNCα)2 ‖z − z‖2
Y + ‖yi(0) − yi(0)‖2 .

(108)

Now, taking into account that y1(0, x) ≡ 0 and that for i = 2, 3, 4 the values of

yi(0, x) are respectively assigned in (99), (102), (103), we apply Gronwall lemma in a

sequence to the inequalities (108) and finally end with the following estimate

‖y − y‖Y ≤ L
(
r+, a

+, µ+, CN , Cα, u0

)
‖z − z‖Y (109)

where

L
(
r+, a

+, µ+, CN , Cα, u0

)

= 2
√
a+
(
2 + r+ + a+µ+

)
(2u0 +CNCα) e(2+u0+CN Cα)a+

.

We conclude that the mapping Ψ : M → M is continuous in Y, so that, since Ψ(M) is

compact, by Schauder fixed point theorem we have an existence result for our original

problem (33)-(36), in the set M. Moreover, under the following additional condition

L
(
r+, a

+, µ+, CN , Cα, u0

)
< 1, (110)

the mapping Ψ : M → M is a contraction in Y, and we have also uniqueness of the

solution.

The key tool for the previous construction is the fulfillment of conditions (85),

(106) and (110) that, of course, will depend on the many parameters occurring in the

process. While a discussion of such conditions will be provided in the next section, here

we summarize the result stating the following theorem:
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Theorem 2 Let L, u0, N1(a1), N2(a2), Cα and R be given such that (85) and (106)

are satisfied. Then, (31)-(36) has a solution

pi ∈ C1([0, a+
i ];L2(0, L)) ∩ C([0, a+

i ];H1(0, L)), (111)

for i = 1, . . . , 4, satisfying

‖pi‖C([0,a
+
i

];H1(0,L)) < R, (112)

0 ≤ pi(ai, x) ≤ CN +
u0

Cα
, in [0, a+

i ] × [0, L], (113)

0 < U(x; p) < 2u0, in [0, L]. (114)

If, in addition, (110) is satisfied, then the solution is unique.

We note that, in view of (92), U(x; p) is Lipschitz continuous on [0, L].

6 Existence of the free boundary Λ
∗ in the stationary case

In the previous sections we have seen that existence (and uniqueness) of a solution

to problem (31)-(36) can be established under the sufficient conditions (85), (106),

(110) which involve all the parameters that in the model give a shape to the biological

process. The length L of the interval on which the existence of a solution is guaranteed,

is actually conditioned by the parameters and the fulfillment of the sufficient conditions

occurs for parameter combinations somehow reflecting the nature of the process and

the possibility of epidermis formation. Summarizing the relevant constants involved in

the conditions, we have to consider (see (91), (32), (83), (96), (101)) CN , depending on

the density of the number of cells at x = 0; u0, which is their velocity; Cα, a structural

parameter depending on how cell volume changes with age, on the division rate of

proliferating cells and on the loss of cells of any type; µ+ and r+, which depend on a

possible exogenous death process. We also note that due to (24), CN satisfies the lower

bound

CN ≥ Φ∗

2∑

i=1

∫ a
+
i

0

vi(ai)Mi(ai)dai

.

We remark that conditions (85) and (106) are both fulfilled if and only if

Cα

√
L K

(
r+, a

+, µ+, CN , Cα, u0, L
)
< u0, (115)

and then, for a given set of parameters, we obtain a range of values for L (namely L

must be sufficiently small) such that (115) is satisfied. Thus, the results we state in

Theorem 2 are local with respect to x. In particular, we note that when u0 decreases

to zero, (115) is satisfied only if L is going to zero as well.

On the other hand, condition (110), which is sufficient to guarantee uniqueness, is

not necessarily satisfied for L small enough, because the function L which depends on

L through the constants Cα and CN , does not vanish as L tends to zero. However,

since (110) forces u0 to be sufficiently small, it also implies a small enough length L.

Since the left hand side of (115) is an increasing function of L, for any given set of

parameters we may define L+ as the unique value of L satisfying the equality

Cα

√
L K

(
r+, a

+, µ+, CN , Cα, u0, L
)

= u0 (116)
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so that Theorem 2 provides a solution in any interval [0, L] such that L < L+.

Furthermore, since (115) is actually a sufficient condition for existence, any solution

existing on the basis of this condition may actually exist on an interval larger than

[0, L+). By the standard application of the Zorn’s Lemma, we may consider the set of

maximal solutions and, for any such maximal solution p ≡ (p1, p2, p3, p4), let Lmax(p)

denote the maximal length of the interval where the solution exists in the sense that

all pi are non-negative, and satisfy (111), (31)-(36) for any L < Lmax(p). Note that in

correspondence with a solution p, the velocity U(x; p) is Lipschitz continuous in any

interval [0, L] with L < Lmax(p). Of course L+ ≤ Lmax(p).

It is important to note that along the whole interval [0, Lmax(p)) the velocity

U(x; p) remains positive. In fact we have

Proposition 1 Let p ≡ (p1, p2, p3, p4) be a solution in the maximal interval [0, Lmax(p)),

then

U(x; p) > 0 for x ∈ [0, Lmax(p)).

Proof Suppose that U(x; p) = 0 for some x ∈ [0, Lmax(p)). Since U(0; p) = u0 > 0,

then

x∗ = inf {x ∈ [0, Lmax(p))|U(x; p) = 0} > 0

and

U(x; p) > 0 for x ∈ [0, x∗), U(x∗; p) = 0.

Let x = η(a, x0) denote the characteristic curve through (0, x0). Namely η(a, x0) is

defined by {
η′(a) = U(η(a); p), a > 0,

η(0, x0) = x0, x0 ∈ [0, x∗].

The characteristics defined above pertain to each single problem (33)-(36). Since U(x; p)

is positive in [0, x∗) and Lipschitz continuous in [0, x∗], the characteristic lines are

increasing and are also uniquely determined. Since U(x∗; p) = 0, the line x = x∗

cannot be crossed, thus the characteristics lay in the strip (a, x) ∈ [0,∞] × [0, x∗] and

the following points can be defined

x1 = η(a+
1 , 0), x2 = η(a+

2 , x1), x3 = η(a+
3 , x2).

Of course x1 < x2 < x3 < x∗, and it easy to see that

p1(a1, x) = 0 for x > η(a1, 0), a1 ∈ [0, a+
1 ],

p2(a2, x) = 0 for x > η(a2, x1), a2 ∈ [0, a+
2 ],

pi(ai, x) = 0 for x > η(ai, x2), ai ∈ [0, a+
i ], i = 3, 4.

(117)

Consequently, recalling that a+
3 > a+

i , i = 1, 2, 4, we have

pi(ai, x) ≡ 0, ai ∈ [0, a+
i ], x ∈ (x3, x

∗] i = 1, 2, 3, 4,

which is impossible because the constraint (40) would not be fulfilled for x ∈ (x3, x
∗].

The previous Proposition explains why we have disregarded (39). In fact such a

condition is not feasible because it violates constraint (40). From the proof it also turns

out that Lmax(p) < ∞ and that there is no L < Lmax(p) such that the characteristic

x = η(a, x2) can be defined for a in the whole interval [0, a+
3 ].
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Now we are ready to complete the solution of our stationary problem, looking for

the boundary Λ∗. For a given solution p ≡ (p1, p2, p3, p4) of (31)-(36), we have the

corresponding cohesion function

Γ (x) =

3∑

i=1

∫ a
+
i

0

γi(ai)Mi(ai)pi(ai, x)dai

defined for x ∈ [0, Lmax(p)). The cohesion function Γ (x) turns out to be continuous,

and differentiable a.e. on [0, L], with L < Lmax(p). As mentioned in Sect. 2, we impose

that Γ is greater than Γ ∗ at x = 0, i.e., taking into account (32) and (24):

Γ (0) =

2∑

ι=1

γi

∫ a
+
i

0

Ni(ai)dai > Γ ∗. (118)

Then, recalling that a solution to problem (31)-(36) in the interval [0, L], if restricted

to an interval [0, L1] with L1 < L, is still a solution to the same problem in the smaller

interval, we look for Λ∗ < Lmax(p) satisfying condition (37). We note that in principle

this condition may not be satisfied because the parameters in the phenomenological

function Γ (x) are independent of the parameters that regulate the cellular process.

Indeed we could try to impose a cohesion so strong that desquamation never occurs

within the interval where the solution exists. Since, however, we assume that cohesion

does not occur for cells of type 4 and is lost by corneocytes with age greater than â3

(see (9)), a sufficient condition for finding Λ∗ is that the characteristic x = η(a, x2) is

defined for a ∈ [0, â3], namely

x̂3 = η(â3, x2) < Lmax(p). (119)

In fact, if (119) is satisfied, we have

x1 < x2 < η(a, x2) < η(â3, x2) = x̂3 < x3, for a ∈ [0, â3)

and, from (117),

p1(a1, x̂3) = 0, for a1 ∈ [0, a+
1 ]

p2(a2, x̂3) = 0, for a2 ∈ [0, a+
2 ]

p3(a3, x̂3) = 0, for a3 ∈ [0, â3),

so that

Γ (x̂3) = 0

and, in view of (118) we find roots of the equation

Γ (x) = Γ ∗

in the interval [0, x̂3]. We can summarize our results in the following

Theorem 3 Let p ≡ (p1, p2, p3, p4) be a solution of (31)-(36), in the maximal interval

[0, Lmax(p)). Suppose that (118) and (119) are satisfied. Then problem (31)-(37) has

a solution.
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Through the previous theorem, the model we have analyzed provides a general

framework to describe the structure of a stratified epithelium. From the analysis of the

characteristic lines given in the proof of Proposition 1 we may also see how the model

predicts that proliferating and differentiated cells dwell in the inner layers while the

outer stratum is made of corneous cells that stick together and move until they lose their

cohesion. In fact, if Λ∗ > x2, only corneous cells will be present for x ∈ [x2, Λ
∗]. Our

aim is now to test the model quantitatively, numerical simulations will be presented

and discussed in a future paper together with some comparison with experimental

situations.
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