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Abstract

A graph is said to bg-perfect if its stable set polytope is described by: nontiggyainequalities, rank
inequalities, lifteds-wheel inequalities and some special inequalities cattettiple geared inequalities

We prove that a large number of claw-free graphs with stgbilumber greater than three age
perfect. This result moves a significant step towards thatisol of the longstanding open problem of
finding a linear description of the stable set polytope ofveteee graphs.
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1. Introduction

A well-known result of Grotschel, Lovasz and SchrijveR]ktates that the existence of a polynomial
time algorithm to optimize over a polyhedradp is equivalent to the existence of a polynomial time
algorithm for the separation problem ovBt Therefore, a largely accepted conjecture in the Mixed-
Integer Programming community is that if there exists a potyial time algorithm to optimize over a
polyhedronP then an explicit description of the defining linear systenPafan also be found. Only for
very few known problems [4] this conjecture is still open am# of them is the stable set problem for
claw-free graphs.

Given a graphG = (V, E) and a vectorw € QK of node weights, thetable set problenis the
problem of finding a set of pairwise nonadjacent nogésble setpf G of maximum weight. We denote
by a(G, w) the maximum weight of a stable set@fand we refer tex(G) = «(G, 1) (1 being the vector
of all ones) as thstability numbernf G. Thestable set polytopedenoted byST AB(G), is the convex
hull of the incidence vectors of the stable sets:bfA linear systemAz < b is said to bedefiningfor
STAB(G)if STAB(G) = {z € RV : Az < b}. So, finding the defining linear system 7' AB(G) is
equivalent to transform the original optimization problao the linear programmax{w’ z : Az < b}.
Since the stable set problemA&P-hard, it is unlikely to find a defining linear system 81" AB(G) for
general graphs. Nevertheless the study of the facial steicf the stable set polytope remains one of
the main research topic in combinatorial optimization [3, 25, 27].

For the claw-free graphs there exists a polynomial timerélyo to optimize ovelST AB(G) [14, 15,

17] but finding an explicit linear description 6fI"AB(G) is still an open problem [22].

A linear inequalityzjev mjx; < mp is said to be aank inequalityfor STAB(G) if m; = 1 for each

i€ SCV,m =0foreachi € V\Sandr, = a(G[S]), whereG|[S] is the subgraph af induced bys.

In 1965 Edmonds proved that the stable set polytope of aasdhdif claw-free graphs, thiee graphs

is described only by rank inequalities [5]. The line grap(ty) of a graphG is obtained by considering
the edges ofF as nodes of .(G) and two nodes of.(G) are adjacent if and only if the corresponding
edges of7 have a common endnode.

After that pioneering result it seemed natural to look fa limear description of the stable set poly-
tope of graphs that generalize line graphs: in particuidaw-free graphsi.e., graphs such that the
neighborhood of each node has no stable set of size threguasitine graphsi.e., graphs such that
the neighborhood of each node can be partitioned into tweues. Notice that the class of claw-free
graphs properly contains the class of quasi-line graphatidclasses properly contain the line graphs.

Despite many research efforts [11, 21, 10, 16, 13], all thgemiures concerning the inequalities that
are facet defining foST AB(G) whenG is claw-free or quasi-line were disproved. Here we mention
four of them: the first three were disproved in [11] and thd¢ @®e is more recent [24] and it was
disproved in [8]:

LetG = (V, E) be a claw-free graph and I€t, ., m;x; < my be an inequality that is facet defining for
STAB(G).

Conjecture 1. IiG is quasi-line therd_, ., m;x; < 7 is a rank inequality,
Conjecture 2mr; € {0,1,2} forall i € V,

Conjecture 3., mx; < o can be obtained by a single application of the ClaVatprocedure
to clique inequalities,

Conjecture 4. lilx(G) > 4 and G not quasi-line, therp ., m;x; < m is either a rank inequality
or a (lifted) 5-wheel inequality.

The disproval of all these conjectures indicates that thension of the results on the matching poly-
tope to the stable set polytope is not so trivial. In particuthe disproval of Conjecture 1 implies that



rank inequalities are not sufficient to descri€ AB(G) as long ag7 is not a line graph.

We had to wait for the results of Chudnovsky and Seymour ow-flee graphs [2] to gain a new
perspective on all the work that has been done so far aboutthe structure ofSTAB(G). They
proved that every claw-free graph that does not adnhifain either has stability number at most 3 or it
is fuzzy circular interval or it can be obtained by composingee types of graphs, calledtrips fuzzy
linear interval strips, fuzzy X -strips and fuzzy antihat strips. Moreover, they showet ¢hary quasi-
line graph belongs to eithe&®’ or Q¢, whereQ denote the set of quasi-line graphs that are composition
of fuzzy linear interval strips an@° denote the set of quasi-line graphs that are fuzzy circultarval
[1].

All these different classes of graphs behave quite diffiyednom the polyhedral point of view: in
fact, while theEdmonds inequalitiesuffice to provide a linear description 87 AB(G) whenG € Q°
[1], more complicated inequalities, i.e., thkque-family inequalitiescome into play wheidr € 9O° as
shown by Eisenbrand et al. [6]. Moreover, while the caég’) = 2 has been solved by Cook years ago
(see [23]), fora(G) = 3 the roots of the facet defining inequalities$if' A B(G) have been studied [20].
It is worth noticing that up to now the most difficult facet defig inequalities oST'AB(G), i.e., those
with arbitrarily many different coefficients [19, 13], agpeonly whenG has stability number three. So,
there is a chance that the stable set polytope of claw-fraehgrwith stability number greater than three
that are obtained by composing fuzzy linear interval stris( -strips and antihat-strips has a simpler
polyhedral structure.

In this paper we investigate this possibility and we prowadgefining linear system for the stable set
polytope of theX X -graphs namely those graphs obtained by composing only two typssipk: fuzzy
linear interval strips and X -strips. By the Chudnovsky-Seymour decomposition theotbmclass of
X X -graphs coincide with the class of all claw-free, not quas-graphs with stability number at least
4 that do not contain an antihat strip. Thus our result pravig@significant contribution to the problem
of finding a defining linear system for the stable set polytopégenuine” claw-free graphs, namely
claw-free graphs that are not quasi-line.

To prove our result we use the characterizationXoX -graphs provided in [9] and the terminology
introduced by Grotschel, Lovasz and Schrijver in [12]CIflenotes a set of inequalities that are valid for
STAB(G) andLSTAB(G) = {z € RY| z satisfies £} denotes the polytope of points satisfying all
inequalities inC, then a graplt: is said to beC-perfectif LSTAB(G) = ST AB(G). Different setsC
of inequalities have been considered in the literaturettmgevith the corresponding classestperfect
graphs, e.g. edge plus odd hole inequalities @apdrfect graphs [3]; clique plus odd hole inequalities
andh-perfect graphs; rank inequalities and rank-perfect ggdpé].

In [9] we extended the notion of gear composition introduaefB] in order to make it suitable to
handle claw-free graphs. Thextended gear compositidouilds a graphG called geared graphby
suitably composing a given gra with a fixed graphB (extended gedralong an edge. We used this
new graph operation to obtain a decomposition of 3}h& -graphs that is alternative to the one defined
by Chudnosky and Seymour, i.e., we showed thakaXi-graph can be obtained from a graph@ by
iteratively applying the extended gear composition.

In Section 3, we generalize the polyhedral properties obthmple gear composition studied in [7] to
the extended gear composition. Then, in Section 4, we ddfm&@inily G consisting of linear inequali-
ties that are (sequential liftings) afank inequalities 5-wheel inequalitiesnd some special inequalities
deriving from the gear composition calledultiple geared inequalitiesFinally, we prove that the in-
equalities inG are sufficient to describ87' AB(G) whenG is an X X -graph. In other words, we prove
that X X-graphs ar&j-perfect. Apart from contributing to the problem of findingjreear description for
the stable set polytope of claw-free, not quasi-line grggks [9] for an extensive introduction to the
topic), our result supports the intuition that, from theybadral point of view, claw-free, not quasi-line
graphs with large stability number arenatural generalization of the line graphs (see [7] for a more
formal conjecture).



2. Preliminaries

We denote byZ any connected, finite graph with node $&t and edge sek. Given a vectors € R™
and a subset C {1,...,m}, we definess € RIS as the subvector af restricted on the indices of
and we denote by® € R™ the incidence vector of. When no confusion arises we shall writg to
indicate3y,,. Moreover, we lef3(S) = .. 5 5i.

A linear inequality} ;.. m;jz; < mo is valid for STAB(G) if it holds for all 2 € STAB(G).
Avalid inequality forST AB(G) definesa facet forST AB(G) if and only if it is satisfied as an equality
by |V | affinely independent incidence vectors of stable sets @falledrootsor tight solution3. Since
ST AB(G) is full dimensional, thdacet defining inequalitiefor ST AB(G) are those inequalities that
constitute the unique nonredundant defining linear syste${7oA B(G). For short, we also denote a
linear inequalityr”2 < my as(m, m). The subgraplt’ of G induced by the nonzero components of
a facet defining inequalityr, 7o) of ST AB(G) is called thesupporting graptof (7, 7p). We also say
that a stable sef is tight for (7, 7o) if 7(S) = my and thatS violates(r, ) if 7(S) > m.

We denote by(v) the set of edges aff havingv as endnode and h¥ (v) the set of nodes of;
adjacent taw. We also denote by \ A the subgraph off induced byVi \ A whereA C Vi; and by
G \ e the subgraph of7 obtained by removing the edge

A k-hole Cy, = (vy,vs,...,v,) is a chordless cycle of length. A 5-wheellWV = (h : C5) is
a graph consisting of &-hole (5 and a nodeh (hub of W) adjacent to every node @f5. A claw
is a bipartite graphi; 3. A gear B is a graph of eight nodega, b1, b2, ¢, di, da, hi, he} such that
W1 = (h1 : a,di,b1,c,hy) andWy = (he : a,ds, be, ¢, hy) are5-wheels; moreover, the edges of these
5-wheels are the only edges Bf

In [9] we extended the definitions of gear and gear compasiigen in [8] to make them suitable to
treat claw-free graphs; here, we recall those definitions.

Definition 2.1. Let B = (V, Ep) be a gear and let;;; andu;2 be two new nodes such th&t(u;) =
{dl, a,c, ]’Ll, hg, bg} andN(ulg) = {dg, a,cC, ]’Ll, hg, bl}. LetY - {ull, ulg} andé(Y) = UuEY 5(u)
An extended geaBy is a graph with node sdtp U Y and edge seblz U §(Y) (see Fig. 1).

Figure 1: The extended ge& with Y = {u;y, u12}.

An edgev; v of a graphH is said to besimplicial if K, = N(v1) \ {v2} and Ky = N(v2) \ {v;} are
cliques ofH. Notice thatK; and Ky might have nonempty intersection.

Definition 2.2. LetH = (Vy, Ex) be a graph with a simplicial edge= v;ve and letBy = (Vp,, EB, )
be an extended gear wheYe C {uq1,u12}. Theextended gear compositiai H and By alonge pro-



duces a new grapty such that:

Vo =Vy \ {’Ul,’Ug} U VBy,
Eq = FEg\ (6(v1)Ud(ve)) UEp, UF, UF,, whereF; = {djulu € K;} U{bulu € K;}fori=1,2.

The graphd is called geared graptand to remark the fact that it is obtained by an extended gear
composition off and By alonge, it will be denoted by~ = (H, By, e).

WhenY = () an extended gear coincides with a gear and the extended @eaosition coincides with
the gear composition as defined in [8]. In [7] we proved thempailyhedral properties of the gear com-
position whenY” = (). In particular, wherG = (H, By, e) is a geared graph, we built valid inequalities
for ST AB(G) starting from valid inequalities fo$7 AB(H ) or ST AB(H*¢); then we showed that these
inequalities are facet defining fo&fI" AB(G) provided that the original inequalities are facet definiog f
STAB(H) or STAB(H¢®). We recall here the definitions of geared inequalities afifieg} inequalities
given in [7].

Definition 2.3. Let H be a graph with a simplicial edge = v v5. Let H¢ be the graph obtained from
H by subdividing the edgewith a new node.

An inequality (7, o) which is valid forST AB(H) is said to beg-extendablgwith respect tce) if
Ty, = Ty, = A > 0 and it is not the inequality,,, + x,, < 1.

An inequality (7, 7o) which is valid for STAB(H®) is said to beg-liftable (with respect toe) if
My, = Myy =T = A > 0.

Definition 2.4. Let H = (Vy, Ex) be a graph containing the simplicial edgevs, let B = (Vz, Ep)
be a gear and letr, my) be a valid inequality foiST AB(H) that is g-extendable with respectéaoThen
the inequalities

o Z T + A Z x; 4 2\(xh, + Th,) < T 4 20 1)
i€Vi\{v1,v2} i€Vp\{h1,h2}

o Y omami+ A Y wi<m+ A 2)
i€Vi \{v1,v2} i€Vp\A

where A € {{by,c},{ba,c}, {d1,a},{d2,a},{a,c}}

are calledgeared inequalitieassociated witlir, 7). The unique geared inequality that has full support
on Vg is (1) and it will be calledoroper geared inequality

Definition 2.5. Let H = (Vy, Ex) be a graph containing the simplicial edge= vjv9, let B =
(Vs, Ep) be agear and letr, y) be a valid inequality foST AB(H¢) that is g-liftable with respect to
e. Then the inequalities

o Y omami+A ) m<m+ (3)
i€Vi \{v1,v2} 1€Vp

© Z T + A Z x; < o (4)
’iEVH\{’Ul,UQ} ’iEVB\A

where A€ {{bl,c, bg, hl,hg}, {dl,a,dg, hl,hg}}

are calledg-lifted inequalitiesassociated witlir, o). The unique g-lifted inequality that has full support
on Vg is (3) and it will be calledproper g-lifted inequality



Examples of the above defined inequalities can be found infdJ] we showed that the inequalities
(1), (2), (3) and (4) are sufficient to give a linear descoiptof a geared grapi (whenY = () provided
that a linear description T AB(H) and ST AB(H®) is known.

Theorem 2.6. [7] Let G = (H, By, e) be a geared graph with” = (). Then the stable set polytope
ST AB(G) is described by the following linear inequalities:

e nonnegativity inequalities,

cligue inequalities,

(lifted) 5-wheel inequalities,

geared inequalities of type (1) and (2) associated with tgredable facet defining inequalities of
STAB(H),

g-lifted inequalities of type (3) and (4) associated witlif@gble facet defining inequalities of
STAB(H®),

e facet defining inequalities 7" AB(H) with zero coefficients on the endnodes.of

In [9] we supplied the lifting coefficients of the nodes)nfor the geared inequalities and the g-lifted
inequalities. Then we proved that the sequential liftingnefjualities (1), (2), (3) and (4) are not anymore
sufficient to provide a linear description {8 AB(G) if Y # (. In fact, new facet defining inequalities
arise when the nodas;; andu,, are added to a ged (see Theorem 10 in [9]). The new inequalities
are similar to those listed in (4). More precisely they areftiilowing:

Z m—wi—k)\ Z ZT; S?TQ (5)

’iEVH\{’Ul,UQ} iEVBY\A
where A€ {{bb a, ¢, d2> h1> h2> u12}7 {dh a, ¢, b27 hla h27 ull}}7

where(r, mp) is a g-liftable facet defining inequality fT"AB(H¢); from now on we include them in
the list of g-lifted inequalities.

In this paper we prove that the sequential lifting of inedies (1)-(4) plus the inequalities (5) suffice to
describeST AB(G) whenG is a geared grapty = (H, By, e) andY # (. We denote aé&/y, G11, G2,
andGq, the geared graphG = (H, By, ¢) whereY equals the seth {u11 }, {u12}, andQ = {u11, u12},
respectively. Similarly, we denote &%, B11, B12, Bq the extended gearSy .

In all our proofs we take advantage of the symmetric striectirthe extended gear and we use three
different kinds of symmetries.

Given a graphG = (V, E) we say that a permutation: V' — V' is asymmetnyof G if and only if
o(N(v)) = N(o(v)) for eachv € V (whereo(N(v)) = {o(u)|u € N(v)}). To simplify the notation
we writeo (vy, va, . .., vk) = (u1,ug, ..., ug) instead ol (v1) = w1, o(v2) = ug, ..., o(vg) = ug.

Consider an extended geB§ with Y = {u11,u12} and letB; be the graph obtained fromly by
adding two new nodes, sa&y andks, such thatV(k;) = {b;,d;}, 7 =1,2.

It is easy to verify that the following observation holds.

Observation 1. The permutation functions
ov(a,c,by,dy, by, da, hy, ho,ui1, w12, k1, k2) = (a, ¢, ba,d2, b1, dy, ha, hi,uie, uir, k2, k1)
on(a,c,bi,di,ba,da, hy, ho,urr,ur2, ki, ko) = (¢, a,dy, by, d, ba, hy, ho,uio, uin, ki, k2)
od(a,c,br,di,ba, da, ha, ho,uir, uiz, k1, ko) = (¢, a,d2, ba, di, b1, ho, hi,uin, waz, ko, ki)

are symmetries for the grapB;. and will be referred to asertical symmetry horizonthal symmetry
anddiagonal symmetryrespectively.
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Figure 2: (a) vertical symmetry; (b) horizonthal symmefg); diagonal symmetry.

Each symmetry maps each node on one side of the dotted linetlmmtcorresponding node on the
other side (see Fig.2). Notice thaf(ui;) = op(u11) = ui2 andoy(uie) = op(uiz) = wug, while
o4(u11) = w11 andog(ui2) = uy2. Therefore, when we delete both nodgs andu, 2, the permutations
o, on, andoy restricted tolVg- are still symmetries, while if we delete only the nodge (u11), the
permutationo; restricted toVg;, \ {u12} (VB; \ {u11}) is still a symmetry, whiles,, and oy, are not
defined and so they are not symmetries anymore. Hence, thespmimetry forG,; and G, is the
diagonal symmetry.

Furthermore, for each induced subgraphZ&f with Y = {u;;,u12} there exist three symmetric
induced subgraphs. Indeed, fdr C Vp:, let By, \ A be the subgraph induced By \ A: the
subgraphs obtained by applying the vertical, horizonthal diagonal symmetry t&5. \ A are denoted
aso,(By \ A), on(By \ A), andoy(B5 \ A), respectively. In Fig. 3 we depict the induced subgraph
By \ Afor A = {b1,c} together with its three symmetric subgraphs. Notice that i {u2} then
ou(G\ A) = 0,(G11) = Gy2. Similarly 04, (G11) = G12 andoy(G11) = G1i.

3. Extended gear composition of polyhedra

In this section we prove that a linear description £ AB(G) can be obtained from facet defining
inequalities ofST AB(Gp) plus inequalities of type (5).

First observe that the twgwheels contained in the extended gBat, i.e.,W; = (hy : a,dy, b1, ¢, he) =
(hy : C1) andWy = (hg : a,da, ba, c,hi) = (he : Cs) (see Fig. 1), produce two inequalities that do not
have full support oV, . Trivially these inequalities are facet defining ¥ AB(G).

Observation 2. LetG = (H, By, e) be a geared graph with™ C {uy1,u12}. Then

> my 42w, <2 i=1,2 (6)
ueC;UY



Figure 3: (a) The induced subgragh \ A with A = {b;,c}; (b) the vertical symmetric subgraph
ou(By \ A) = By \ {b2,c}; (c) the horizonthal symmetric subgraph(Bs- \ A) = By \ {di,a} ;
(d) the diagonal symmetric subgraph(B;- \ A) = By \ {d2,a}

are two lifted5-wheel inequalities that are facet defining 87" AB(G).

The second consideration follows from the Chvatal’s tesnlcomposition of polyhedra. A grapgh
has a clique-cutset if there exists a complete subgrapheuwswsoval disconnects.

Theorem 3.1. [3] The supporting graph of a facet defining inequality 67" AB(G) does not have a
clique-cutset.

Now, if e is a simplicial edge with; = K> then the geared graph generated by and By alonge
has a clique-cutset. When this happens the results of @hwathe composition of polyhedra [3] explain
how to find a defining linear system f6fI"AB(G) from the defining linear systems 8f"AB(H) and
STAB(L), whereL = (K, By,e) andK = K; U{v1,v2}. S0, in the rest of the paper we will focus on
the composition of polyhedra resulting from applying théeexded gear composition along a simplicial
edge that ha®&’; # Ko.

We indicate with(3, 5y) a generic facet defining inequality f&fT AB(G) whereG = (H, By, e);
then we split the vector of coefficientsinto two subvectors S g, , 35, ) WhereSq p,. is the vector
of coefficients associated with the nodgs \ Vg, andgp, is the vector of coefficients associated with
the noded/,.. Finally, notice that:

Proposition 3.2. [7] Let G be a graph andZ’ be a subgraph of7 that supports a facet defining in-
equality (8, 8p) of STAB(G). If G’ contains a simplicial edge; vz, theng,, = f,,. If G’ contains a
simplicial edgev; v2 subdivided with a nodg thengs,, = 3,, = G:.

Let.”(G) denote the family of stable sets@f If 3., .\ ) Tjz; < 7o is a facet defining inequality
of STAB(G \ {v}), then the inequality

Z Tixj + Ty < mo With m, = 7o —

Ses Gm]%X m
e e (G\(NU{))
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is facet defining forlST AB(G) [18]. The resulting inequality is callesequential lifting of(x, 7o) and
m, is thelifting coefficient ofv. This procedure can be iterated to generate facet defineaqualities,
simply calledlifted inequalities of the stable set polytope of a larger graph.

We now state the main theorem of this paper.

Theorem 3.3. Let G = (H, By,e) be a geared graph generated 5y and By along the simplicial
edgee = v1v2. Then the stable set polytopd’ AB(G) is described by the following linear inequalities:

e nonnegativity inequalities,

clique inequalities,

lifted 5-wheel inequalities,

lifted geared inequalities of type (1) and (2) associatethwaig-extendable facet defining inequal-
ity of STAB(H) ,

lifted g-lifted inequalities of type (3), (4) , and (5) asided with a g-liftable facet defining in-
equality of STAB(H®),

e facet defining inequalities 7" AB(H) with zero coefficients on the endnodes.of

Proof. Since the proof of this result is quite technical and up toe@xtent repetitive, we split it into
three main steps that are illustrated below (each step isedrim a separate subsection). We consider
a facet defining inequalitys, 5y) for ST AB(G) that is neither a clique inequality nor a liftéewheel
inequality. We assume that the componentgigf are not all zero since otherwigg, 3,) would be a
facet defining inequality o8 T AB(H ).

If Y = () the result follows by Theorem 2.6. So, we assume Yhat () andj3, > 0 for eachu € YV
since otherwisé, 5y) would be a facet defining inequality f&fT"' AB(G \ {u}).

We first consider the case whép, 5,) does not have full support oW, , meaning that the set
A ={u € Vg, : 5, =0} is nonempty. In this case we show that:

a.l) IfY = {uy;} then(8, 5y) is

either a geared inequality of type (2) withe {{b1, ¢}, {d2,a}} lifted with nodewu;
or a g-lifted inequality of type (5) witth = {b1, a, c,d2, hi, ha}.

This result follows by Theorem 3.7 in Subsection 3.1.
a.2) ifY ={u2} then(s, B) is

either a geared inequality of type (2) withe {{bs, ¢}, {d1, a}} lifted with nodew;
or a g-lifted inequality of type (5) witth = {d1, a, ¢, ba, hi, ha}.

This result follows by Theorem 3.8 in Subsection 3.1.
a.3) IfY = {uy1,u12} then(s, By) is a lifted 5-wheel inequality (see Theorem 3.9 in Subsection 3.1).
Then we consider the case whigh ) has full support o/, . In this case we prove that:

b.1) IfY = {u1:} then(8, fy) is obtained from a facet defining inequality 8 AB(G) by lifting
the nodeu;; (see Theorem 3.19 in Subsection 3.2).

b.2) IfY = {ui2} then(g, fy) is obtained from a facet defining inequality 8 AB(Gj) by lifting
the nodeu- (see Theorem 3.20 in Subsection 3.2).
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b.3) If Y = {wui1,ui2} then (g, 5y) is obtained from a facet defining inequality 8" AB(Gy) by
lifting u11 andui2 (See Theorem 3.21 in Subsection 3.2).

As a consequence of the above results, we have that eachdifoging inequality forST AB(G)
which is different from clique inequalities and liftédwheel inequalities, and hats, # 0 is

either the sequential lifting of an inequality of type (1)(8) associated with a g-extendable facet
defining inequality ofST AB(H),

or the sequential lifting of an inequality of type (3) or (4&saciated with a g-liftable facet defining
inequality of STAB(H®),

or an inequality of type (5) associated with a g-liftableefadefining inequality o6 T AB(H*).

Now, let (7, my) be a facet defining inequalityr, 7o) of ST AB(H) that is not the clique inequality
Ty, + Ty, < 1. If m,, andm,, are both nonzero then, by Proposition 32,7) is either a g-extendable
or a g-liftable inequality. If exactly one between, andm,, is zero, sayr,, = 0, then the node
v is simplicial in the supporting grap&’ of (w, 7). Sincewvs is simplicial andG’ cannot contain
a clique-cutset by Theorem 3.1, it follows that is a clique and sdr, ) is the clique inequality
Zu€K2 x4 + Ty, < 1. Such inequality is extended to a clique inequality #F AB(G) by simply
replacing the nodes with {bs,d>}. Finally, if =,, = m,, = 0 then it is easy to see thét, m,) can be
lifted to a facet defining inequality 87" AB(G) with zero coefficients on the nodes Bf-. Thus the
thesis followsl

3.1. Inequalities not having full support on By

In this section we deal with inequalities that do not havédupport onVg,.. We denote byA the set
{u € Vg, : B, = 0}. If a facet defining inequalitys, 5y) does not have full support o¥iz, then
A # (). We can suppose without loss of generality tGat A is the supporting graph of the inequality
(B, Bo)-

In the following we illustrate the arguments that will be d$e the proofs of this subsection. The next
three observations concern the lifting coefficients of thdes inA.

Observation 3. If A # (), then every node € A has lifting coefficien3,, = 0.

Observation 4. If a nodeu € A, then there exists a stable s&f in G \ (A U N(u)) that is tight for
(ﬁv BO)

Observation 5. If v andv are two adjacent nodes 6f such thatV (u) \ (AU{v}) D N(v)\ (AU{u}),
theng, > (,. In particular this implies that: if3, > 0 then the node: ¢ A.

We also use the following arguments:

Observation 6. Let G be a graph and le{r, ) and (53, 3y) be two facet defining inequalities for
STAB(G). If (8, 5p) is not a positive scalar multiple dfr, ) then there exists a stable s&tthat is
tight for (5, 5o), i.e.,8(S) = fo, but not for(m, mp), i.e.,m(S) < .

In the next proofs clique inequalities or liftédwheel inequalities will play the role dfr, o) in the
previous observation. In these cases, we will say that teeists a tight stable set for (53, 5y) that
missesa certain clique i/p, U K; U K> or one of the two lifteds-wheels contained iy .
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Observation 7. LetG be a graph and lets, 5y) be a facet defining inequality f&fTAB(G). Then for
eachu € Vi there exists at least one stable set containirthat is tight for (53, 5y).

Observation 8. Let By \ A contain an induced-hole C' = (u1, ua,us,uy4) and a cliqueK such that
us,ug € K, N(uz) = K\ {us} U{ua}, and N (uyq) = K \ {us} U {ui}. If (8,0) is facet defining
for STAB(G), then there is no tight stable set fo8, 5y) missing the cliqud< and, by Observation 6,
(8, Bo) is equivalent to the clique inequality defined iy

Proof. Suppose tha$ is a tight stable set fof3, 3y) such thatS N K = (. If u; € S, thenS U {us}
is feasible. Ifug € S, thenS U {uy} is feasible. Finally, ifu;,us ¢ S, thenS U {us} is feasible. All the
cases contradict the hypothesis tlhds tight. B

To find all the facets foST' AB(G) whenG = (H, By, e), we need to consider three different cases:
Y = {u1}, Y = {ux} andY = {uy1,u12}. The proofs of the first two cases are the same (up to
vertical symmetry), so we consider only the case- {u;;} andY = {u11,u12}.

In particular, in the next two lemmas we consider a facet d@efimequality forST AB(G1;) that is
not a clique or a liftted-wheel inequality: in the first lemma we identify the suppaytgraph of such an
inequality and, in the second lemma, we prove that all thfficants on this graph have the same value.

Lemma 3.4. LetG = (H, By, e) be a geared graph with™ = {31} and let(3, ) be a facet defining
inequality for STAB(G) that does not have full support dr,.. LetA = {u € Vg, : 5, = 0}. If
(68, Bo) is neither a clique inequality nor a lifteBbwheel inequality and moreové, , > 0, then one of
the following cases occurs:

l) A = {bl,a,c, dg,hl,hg},
2) A= {dy,a},
3) A= {bl,c}.

Proof. Let G \ A be the supporting graph of the inequality, 3,). First observe that if is a tight
stable set of7, thenS \ A is also tight. So, in the following, also if not explicitelgmarked, we will
always refer to tight stable sets@\ A.

As (3, Bo) is facet defining foiSTAB(G), clearly, G \ A has to be connected and, by Theorem 3.1,
it has no clique-cutset. If7 \ A satisfies these two properties we say thaf A is admissible. The
proof of the lemma is done by enumerating all possible ssh4etuch thatG \ A is admissible and
by showing that only the three cases listed in the thesis ddead to a contradiction. The use of the
diagonal symmetry allows us to considerably reduce the murabpossible cases (see Appendix A.1).
Since the case (3) is diagonally symmetric to case (2), wi glwvide an explicit proof of the lemma
only for the cases (1) and (2).

It is not difficult to check that iz \ A is admissible thepA| < 6. If |[A| = 6 andG \ A is admissible,
then case (1) occurs. JA| = 5 andG \ A is admissible, then the uniqgue nonsymmetric casé is
{d1,d2,a,c, hy} (see Appendix A.1). Sinc (h;)\ (Au{di}) € N(d1)\(AU{h1}), by Observation 5,
we have thafs;, > 3, > 0, a contradiction. In the following we prove three easy ckim

Claim 1. Ifh; € A, thena € A. If hy € A, thenc € A.

Let by € A. Then, by Observation 4, there exists a tight stableSgetin G \ (A U N(h1)). We
have that, € Sj,, since otherwises);,, U {u1;} would violate(3, 3y). Thus ifa ¢ A, thenS,, U {a}
violates(/3, y), a contradiction. The second half of the statement followsliagonal symmetry, i.e.,
by replacing each nodein the above proof with its diagonally symmetric nagig«). In particular, let
oq4(h1)(= he) € A. Then there exists a tight stable $gt in G \ (AU N (hg)). We have that;(b2)(=
dy) € Sp, since otherwises),, U {o4(u11)(= w11)} would violate (3, 8y). Again, if o4(a)(= ¢) ¢ A,
thenS;, U {c} violates(f3, 5y), a contradiction. (End of Claim 1)

Claim 2.{dy,a} Z A, {bs,c} Z A.
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Since the two cases are diagonally symmetric, we prove thenGxplicitly only for{d;,a} Z A.
Suppose tha, = (34, = 0 and consider a tight stable sgin G \ A missing the cliqugc, ba, ha, u11 }.
Clearly h; € S, since otherwiseS' U {u1;} would violate (3, 5y), and so8,, > Bc, Bny > Buy,- Let
S’ be a tight stable set i@ \ A missing the cliqu€c, hy1, ha,u11}; thenb; € S’ (otherwiseS’ U {hq}
would violate (S, (y)) and thuss,, > G, > (.. By Observation 4, sincé; € A, there exists a tight
stable sefS;, in G\ (AU N(dy)). Clearlyc € Sy, otherwiseS;, U {b; } would violate (53, 8y). This
implies thatSy, \ {c} U {b1,u11} violates(, 3y), a contradiction. (End of Claim 2)

Claim 3. If|A| < 4, then{a,c} Z A.

Suppose tha, = 5. = 0. By Observation 4, there exist two tight stable s&tsaandS. in G \ (AU
N(a)) andG \ (AU N(c)), respectively. Because of Claim 2, we haye¢ A. Consider now the
case thab; € A. SinceN(h;1) \ (AU {a}) € N(a) \ (AU {h1}), by Observation 53,, < B, =0,
that ish; € A. Since, by hypothesigd| < 4, it follows that A = {a,c, b1, h1}, bo € S, (otherwise
Sa U {ha} would violate (3, 5y)), andS, N K; # (; consequently,, > B,,, + B4, and soB,, > Ba,.
Now, if dy € S, thenS, \ {d2} U {b2} violates(3, By) and ifds ¢ S., thenS. U {hs} violates(3, ).
Thereforeb; ¢ A, by ¢ A, and, consequentlyb,, b2} C S,; by diagonal symmetryi; ¢ A, dy ¢ A,
and{d;,ds} C S.. Itfollows thatf,, = (4,, i = 1,2, and the stable s&, \ {b2} U {d2,u1,} violates
(8, Bo), a contradiction. (End of Claim 3)

If |A| = 4 andG \ A is admissible, then arguments analogously to those in Afipehl show that
A is one of the following nonsymmetric sets:
I) A:{d17h17h27b2}l V) A:{a,c7h27d2},
") A:{blacyh17d2}1 Vl) A= {dl,a,c,dz},
i) A= {a,hy,h,ds}, Vi) A= {by,a,c,dz}.

iV) A= {dl,a, hg,dg},

The first four cases cannot occur because of Claim 1. The nimgacases cannot occur by Claim 3.
If |A] = 3 andG \ A contains no clique-cutset, thehis one of the following nonsymmetric sets:

I) A= {dl,hl,hg}, V) A= {bl,a,dg},
i) A={di,c, ha}, vi) A=/{a,c,da},
III) A= {dl,hg,bg}, VII) A= {dl,a, C},
iV) A= {a, hg, dg}, VIII) A= {dl, a, dg}

In the first three casés, has a nonzero lifting coefficient, since Observation 5 &gpiohs, a. Case
(iv) cannot occur because of Claim 1. In case (v), we haveihate Sy, ; this implies that3,,, >
Ba, + Bc. Similarly we have that € S, and so3,,, < ., a contradiction. The last three cases cannot
occur by Claim 2 and Claim 3.

If |A] =2 andG \ A contains no clique-cutset, thehis one of the following nonsymmetric sets:

i) A={ds,al, vil) A= {d,c},
iy A={h1,a}, vii) A= {c,db),
i)y A={h1,hs}, iX) A= {di,bs},
iV) A= {hl,dg}, X) A= {bl,dg},
V) A= {dl,hl}, XI) A= {a, C},
VI) A= {dl,hg}, XII) A= {dl,a}.

Case (i) matches case (2) in the thesis. Case (ii) cannot etwe Observation 8 applies to the clique
{¢, ha,ba,u11} and thed-hole (¢, u11,d;, b1). Cases (iiiy-(vi) do not occur because of Claim 1. Case
(vii) does not occur since Observation 5 applies to nddemdd; .

Consider case (viii): by Observation 4, there exist twottigfable sets. andS,, in G\ (AU N(c))
andG \ (AU N(dy)), respectively. Itis not difficult to see thate S., and as a consequengg > 3,,, .

If hy € Sy, thenSy, U {b2} violates(3, 5y), a contradiction. Thus;; € Sy, andSy, \ {u11} U{a, b2}
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violates((3, (), a contradiction.

Consider case (ix): by Observation 4, there exist two tigditle setsS,, in G \ (AU N(d;)) andSy,
in G\ (AU N(b2)). Itis easy to see thdta, b1} C Sy, and{c,d2} C Sg. So,5. < B,, and then,
Sa, \ {c} U{b1,u11} violates(53, By), a contradiction.

Finally, consider case (x) and Iétbe a tight stable set missing the clig{ie b2, ho, u11}. Clearly,
hi € S and so8,, > (3, + (.. By Observation 4, there exist, in G\ (AU N (b1)). If {a,b2} C Sp,
theng, > 0, a contradiction. Thusy;; € Sy, andj,,, > B4, + Bn,- LetS’ be a tight stable set
missing the cliqu€a, d1, h1,u11}. Hencehy € S" andfy, > By, , a contradiction.

The last two cases cannot occur by Claim 3 and Claim 2, raspBct

If |A| = 1, then there are four nonsymmetric cases to be considered:{b,}, A = {c}, A = {b2},
andA = {h;}. Since the last case contradicts Claim 1, we are left witly tmee cases.

Case 1.A = {b; }.

LetT be a tight stable set missing the cligte by, ho, u1; }. Clearlyh; € T (otherwisel'U{c} would
violate (3 5y)), and sa3,, > [3,,,. By Observation 4, there exists a tight stableein G\ (AUN (b1)).
It is not difficult to see thab), contains{a,ba} Or uy;.

Subcase 1aS,, O {a,b2}. Theng, > Gy, andf, > f4,. SinceSy, \ {a, b2} U {d1,c,ds} is a stable
set, it follows that3, + 3, > B4, + Bc + Bas-

If B, = Ba,, thenfy,, > B. + Ba,. Since all coefficients ofp, apart from/,, are positive, we have
that 55, > (4,. This implies thatdy, ¢ T (otherwiseT \ {d2} U {b2} would violate (53, 5y)) and so
T\ {h1} U{a,c} violates(3, 3y), a contradiction.

Hencef, > (4,. Thus every tight stable sét containingb, contains either; or h; and every tight
stable setS containingc contains either or dy. Indeed, in all other cases; € S andS \ {d;} U {a}
violates (3, 3y), a contradiction. Moreover, every tight stable Setontaininga also contains either
by or ¢ and every tight stable set containidg also contains eitheli; or ¢ or u1; (otherwiseS U {c}
would violate (3, §y)). Furthermore every tight stable sgtcontainingh; also contains eithel, or
dy (otherwiseS \ {h1} U {a, c} would violate(S3, 3y)) and every tight stable sét containingu;; also
containsds. Indeed, if not, ther3,,, > B, + B. and soB,, > Bu,, > Ba + Be > Bny + Be yields a
contradiction.

Hence we proved that every tight solution(af 3;) either containg:, or two nodes inV(hz), and so
it is also tight for thes-wheel inequality supported Bys = (hs : a,ds2, be, ¢, hy) lifted with the node
uy1. Itis not difficult to see that all nodes iN (1>2) \ {u11 } have a zero lifting coefficient, and $6, 5y)
is a lifted 5-wheel inequality, contradicting the hypothesis.

Subcase 1buy; € Sp,. It follows that3,,, > B. + B4, and, asby, > Buyys Bry > Bay- ASSUme
that {a, b2} is not contained in any tight stable set. L&tbe a tight stable set missing the clique
{¢,h1,ha,u11}, thend; € S" and soB;, > f,, a contradiction. Hence there exists a tight stable
setS containing{a, b2}. If S C Vi \ (N(b1) U {b1}), then subcase 1a) applies§o So let us assume
that S N K; # 0; as a consequence, + By, > Buy, + Ba, and B, > By, If dy € Sy, then
Sy \ {ui1,d2} U {a, be} leads to the previous case. Thus consider the éase.S,, and consequently
Sy, N Ko # 0;thenBy, > Buy, > Ba + Be > Bry, + Be, @ contradiction. (End of Case 1)

Case 2.A = {c}.

By Observation 4, there exists a tight stableSein G \ (A U N(c)). Itis not difficult to see thab,
contains{d,,ds} or{a}.

Suppose first thafd,,d>} C S.. HenceBy, > 55, andBy, > 0, = 1,2. Consider a tight stable set
S; missing the cliqugb;,d;} U K, i = 1,2: thenh; € S;, i = 1,2. HenceBy, > (4, and soby, = [,
fori =1,2. Sincefy, + Ba, > Bb, + Buy + Ba,, itfollows that3y, > G5, andBy, > By, -

As By, = Ba, > By, and By, = B4, > Pu,, . €very tight solutioril” containingu; contains alsd,
(otherwiseT" \ {u11} U {h1} would violate (3, 5p)) and every tight stable sét containingb; contains
alsoa or uy; (otherwiseS \ {b;} U {d;} would violate(3, 5)).
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Consider now a tight stable s6tmissing the cliquga, ds, ho}. Then one amond;, k1, u1; belongs
to S. It follows that3,, = B4, > [, since otherwise the stable set obtained firy replacingd; or
h1 or uy; with a would violate(g3, 5y), a contradiction.

Now, suppose that,, > 3,. Then, every tight stable set containingalso containsg; (otherwise
S\ {a} U{hi} would violate(g3, 5y)). As every tight solution containing,;; also contain$; and every
tight solution containing); also contains eithet or 11, the tight solutions of 3, 3y) are not linearly
independent. In fact, consider the matiik € {0, 1}/VeI*IVal whose columns are the incidence vectors
of the roots of 3, 5y): the row indexed by the nodg is obtained as the sum of the rows indexedaby
anduq1, contradicting the nonsingularity @ff.

Hence,3,, = (.. Let.S” be a tight stable set missing the cliq{te dy, h1,u11}. Sincesy, > Gy, , we
have that, ¢ S’ (otherwiseS’ \ {b1} U {d; } would violate(g, 5y)) andhs € S’. SO0, > (.. Thus,
every tight stable sef’ that containg; anda also contaings; indeed, if not,T" \ {b1,a} U {d1, ha}
would violate(3, ).

Since S, \ {d1,d2} U {a,b1,be} is a stable set, it follows that;, + B4, > B + Bb, + B, AS
Ba = Bn, = B4y, We have thats;, > (,. Thus, every tight stable s& containingb, containsa
(otherwiseT” \ {b2} U {d2} would violate(8, 3y)) and contain®; (otherwiseT” \ {a,bs} U {h1,d2}
would violate(S3, 5y)).

Summing up, we proved that every tight solution containing containsb;, every tight solution
containingby containsb;, and every tight solution containingg contains eitheb, or uq1. This im-
plies that the tight solutions df3, 5y) are not linearly independent. Indeed, consider the maltfix
{0, 1}VelxIVel whose columns are the incidence vectors of the rootg of): the row indexed by the
nodeb, is obtained as the sum of the rows indexedbgandu,1, contradicting the nonsingularity aff.

Suppose now that no tight stable set contains kgtandd,. Hence,a € S, andj, > (3,,,. LetS
be a tight stable set missid@, i1, ho, u11}. Sinced; andd, cannot be both contained in a tight stable
set, we have tha$ contains{d;, b2} and moreovers,, > (4,. LetT be any tight stable set i \ A
containingds. ThenT containsu;;, otherwiseT \ {d2} U {b2} would violate(s, 5); thus,5,,, > Ba
(otherwiseT \ {d2, u11} U {b2,a} would violate(g3, 3)), a contradiction. (End of Case 2)

Case 3.A = {b2}.

First observe that every tight stable $etontaininga also contain®; or c and every tight stable set
S containingd; also containgi; or ¢ (otherwiseS U {c} would violate(3, 3y)). Moreover, every tight
stable sefS containingb; contains als@ or hg or u;; (otherwiseS U {u;;} would violate(S3, 5y)). By
Observation 4, there exists a tight stable Sgtin G \ (A U N(b2)). It is not difficult to see tha,,
contains{a, b; } and sof, > [, andB, > (., + P4, The former relation implies that every tight
stable setS containinghs also containg; or d; (otherwiseS \ {h2} U {a, c} would violate (g3, 5)).
The latter impliesg, > 54, and 5, > [,,,. Consider now a tight stable sét missing the clique
{a,dy, h1,u11}; T does not contaids, otherwisel™\ {ds } U{a} would violate(s3, 5y ), and so it contains
he. Hence,y, = B, > Bu,,- Thus every tight stable sétcontainingu;; also containsly (otherwise
S\ {u11} U {ha} would violate(3, (y)). We also claim that' must contairb;. Supposé; ¢ S: we
have that3,,, > B, Bu,, > Bc and, consequentlyj,, > (.. LetT be a tight stable set missing the
clique {a, da, ha}; clearly,u1; ¢ T andhy ¢ T (becausd \ {u11,h1} U {ha} violates(53, 5p)). Thus
{¢,d1} C T andT\ {c}U{ha} violates(g, (), a contradiction. Thus every tight stable Satontaining
u11 also containg; andds.

Finally, a tight stable sef containingc also contains eithet or d;, otherwiseS containsds,, and so
S\ {d2} U{a} violates(3, fy), a contradiction. Observe now that every tight stable sétof,) either
containsh; or two nodes inV(h;). Summing up all the previous considerations, we have that au
stable set is also a tight solution of thevheel inequality associated wilfy; = (hy : a, ho, ¢, by, dy)
lifted with the nodeu;. It is not difficult to see that all nodes iV (W) \ {ui1} have zero lifting
coefficients, and s@3, 5y) is equivalent to the lifted-wheel inequality contradicting the hypothesis.
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(End of Case 31

Lemma 3.5. LetG = (H, By, ¢) be a geared graph with™ = {31} and let(3, 5) be a facet defining
inequality for STAB(G) with 8,,, = A > 0. If (3, 5) does not have full support oriz, and it is
neither a clique inequality nor a lifted-wheel inequality, thexgs, 3,) has the following form:

ﬁg\gyéﬂG\By + Azpy\a < Bo
whereA € {{bl, a,c,hy, ho, dg}, {bl, C}, {dg, a}}

Proof. By Lemma 3.4,85, is supported byBy \ A for A as in the thesis; hence, we only need to
prove that, for every set, the coefficientsig, \ 4 have the same value. i = {b1, a, ¢, h1, ho,d2} the
supporting graph off3, 3y) is isomorphic toH ¢ and, by Proposition 3.2, we are done.

The casesA = {b;,c} and A = {d, a} are diagonally symmetric, so we prove in detail the former
and symmetric arguments will prove the latter.

Let S be a tight stable set fof3, 5y) missing the clique{a,d;, h1,u11}, thenhy € S and thus
Bhy = Bas Bry = By @ndSBr, > Bu,,. Moreover, by Observation %,,,, > 5, andjs, > G, .

Asb; € Athere exists a stable s&f, in G\ (AU N(b1)) which is tight for (3, 5y) by Observation 4.
Clearly there are two cases: eithee Sy, oru;; € Sy, (otherwiseSy, U {d; } would violate (3, 5y)).

Case la € 5,.

It follows that 3, > (q4,. If ba & Sy,, thens, > By, + Ba,. Thus,3, > (s,, a contradiction. Hence,
by € Sbl-

Since the node has a zero lifting coefficient with respect (6, 5,), there exists a stable s8t in
G\ (AU N(c)) which is tight for(83, ). Two possibilities may occur: eithéel;,ds} C S.ora € S..

Suppose first thafd;,ds} C S.. Clearly, 54, > B, fori = 1,2 andgy, > (.,,. Moreover, since
Spy \{a, b2} U{d1,d2} andS.\ {di,d2} U{a, b2} are both feasible, we have that+ 5y, = B4, + B, -
Now, if 8, > (4, thengs,, > (. Consider a stable sétwhich is tight for (3, 5p) and misses the clique
{a,da, ha}. Then,by ¢ S (since otherwise'\ {b2} U{d2} would violate(3, 3y)) and then eitheh; € S
orup; € S (otherwiseS U {hs} would violate(3, 5y)). It follows that the stable set obtained frasrby
replacingh; or u;; with a violates(3, 5y) (@sfn, < B4, < Bo andfy,, < B4, < Ba), a contradiction.
Hence,3;, = 5, and then3,, = B34,. Now, if 3, > (3, then consider a stable sgtwhich is tight for
(8, Bo) and containg:;. We have thafS containsd, (otherwiseS \ {h1} U {a} would violate(, 5y))
and soS'\ {h1,d2} U {a, be} violates(s, 3), a contradiction. Thus3,, = 5, = (4, and consequently
ﬁhl = ﬁuu .

If B4, > B, then consider a stable sgwhich is tight for(3, 5y) and misses the cliquEs U {dz, b2 }.
Clearly S has to contaim; (since otherwiseS U {b2} or S U {ds} would violate (3, 5;)), but then
S\ {ha} U {d2} would violate(s3, o). Thus,54, = Bh,-

If Br, > DBr, then consider a tight stable s&tfor (3, 5y) missing the clique{hs, b, d2}. HenceS
contains either, or hq, or uy;. As B, = (B, = [Bu,,, the stable set obtained frof by replacinga,
or hy, oruy; with hy violates(3, 8y), a contradiction. Hencgy,, = (. This implies that all nonzero
entries of@p, have the same value and we are done.

Suppose now that there does not edissuch that{d;, d2} C S.. ThenS, containsa andj, = (.
Let S be a stable set which is tight fd3, 5y) and misseda, hi, ho,u11}; thend; € S, dy ¢ S
(otherwiseS would be a tight stable set containidd, d2}), andbs € S (otherwiseS U {hs} would
violate (3, 5y)). Hence,3,, > [B4,. Let S’ be a stable set which is tight f@B, 5;) and containsls. It
follows thatuy; € S’ (otherwiseS”\ {ds } U{bs} would violate(3, 5y)), and thus3y, + Bu,, > Ba+ Ob,-
Sincefy, > B, it follows that3,,, > B, = Bn, > Buy,, & contradiction.

Case 2uq; € Sbl-

We may assume that every tight solutiBrtontaininga is such thaf’N (N (b, ) U{b1 }) # 0, otherwise
Case 1 applies.
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If dy ¢ Sy, then,,, > B, elseS,, \ {u11} U {a} contradicts the above assumption. [&te a tight
stable set containingy;, thenb, € T”, otherwisel” \ {hi} U {u11} violates(3, 5o) asfBu,, > Ba > Bhys
and thusB,, > (4, (otherwiseT” \ {hq, b2} U {u11,d2} would violate(s, 3y)). There also must exist a
tight stable sef. in G\ (N(c)U A). Two cases may then occur: eith&r D {d;,d2} ora € S.. In both
cases there exists a stable s&t\ {d2} U {b2} or S, \ {a} U {u11}, respectively) that violate§3, 5y),

a contradiction.

Henced; € S, and we can assume that,, + B4, > 5. + B, Since otherwise Case 1 applies. The
last inequality implies that any tight stable §étontaininga does not contain,. Thens, > 5,,, and
thusg,, > Gy,. Now letT” be a tight stable set such thate 7”. Sincea cannot belong t@”, the stable
setT” \ {b2} U {d2} violates(3, 3y), a contradictionll

We recall here a result in [9] that will be used later in thegfso Notice thatG \ By = H \ {v1, v2}.

Lemma 3.6. [9] Let G = (H, By,v1v2) be a geared graph with™ = {uy1} and let (7, 7o) be a
g-extendable facet defining inequality " AB(H ) with 7,, = m,, = A > 0. Then the lifted geared

inequalities
Z Ti%i + A Z x; <o+ A
iEVH\{Uth} ’iEVBY \A

whereA € {{b1,c}, {d2, a}} are facet defining foST AB(G).

Theorem 3.7. Let G = (H, By,viv2) be a geared graph with™ = {uy;} and let (3, 5y) be a valid
inequality forST AB(G) such that: it is not a clique or a lifted-wheel inequality, it does not have full
support onBy and it hasg,,, = A > 0. Then (3, ) is facet defining foST AB(G) if and only if it
has the fomﬁg\Bymg\By + Az, 4 < Bo and one of the following cases occurs:

i) A€ {{b1,c},{d2,a}}and ﬁl'l;\{vhw}xH\{vm} + My, +70,) < Bo — N is a g-extendable facet
defining inequality o6 TAB(H).

i) A={b1,a,c,ds,hi,he} and ﬁ}f,\{vl o} EH\fu1,02} + My, + Ty, + x1) < Fy is g-liftable facet
defining inequality foST AB(H*®).

Proof. (If). If (i) holds, thenG \ A is isomorphic taF €. Itis not difficult to check that each node ih
has a zero lifting coefficient and the claim follows. Considew the casel € {{b1, c}, {d2,a}} and let
(8w, Bo — ) be a g-extendable facet defining inequality $F AB(H). Then(3, 3y) is facet defining
for STAB(G) by Lemma 3.6.

(Only if). Suppose now thats( 5y) is facet defining forST AB(G). By Lemma 3.5, §, 5p) has
the form ﬁg\Bny\BY + /\xBy\A < o with A € {{bl,a,c, da, hy, hg}, {bl,c}, {dg,a}}. If A =
{b1,a,c,da, hy,ho}, then again the result can be easily proven sifceA is a graph isomorphic tér¢.

So, let us consider the case with € {by,c} (the case{ds,a} will be proved using the diagonal
symmetry) and suppose thgt;, 5y — \) as in point (i) is not facet defining fo§7TAB(H). Then
there exists an inequalityr, my) that is facet defining foSTAB(H) and such that all the roots of
(Bw, Bo — A) are roots of(w, mp). By Proposition 3.27,, = m,,. If m,, = 0then(w, ) can be lifted
to a facet defining inequality fosT'AB(G) that hasr, = 0 for eachv € Vi, and contains all the
roots of (3, fy); asSTAB(G) has full support ands, 3y) is facet defining, we have a contradiction
with 8g, # 0, i.e. A > 0. Hencer,, > 0 and we assume without loss of generality thgt = A and
consider the following non proper geared inequality lifteith the nodeu1;:

Y omm+A Y mi<m+ A 7)

1€V \{v1,v2} i€Vhy \{b1,c}
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Since (m, my) is g-extendable and facet defining 6" AB(H), it follows, by Lemma 3.6 that (7)
is facet defining forST AB(G). Consider now a tight stable s&tof (3, 5y). Notice that3(S N By)
equals eithen or 2); hence, every tight solution® of (3, 3y) can be reduced to a tight solutiar’#
of (8w, Bo — A\) by removing fromS an appropriate node with coefficient\ contained inBy and, for
i =1,2,v; € Sy ifand only if (S \ {u}) N {b;,d;} # 0. By assumption:°# is also a tight solution
for (m,m). Itis not difficult to see that:® is also a root of (7) once we reintroduce the previously
removed node. Thereforé3, 5y) and (7) are equivalent. AST AB(G) is full dimensional, the two
inequalities only differ by a positive scalar factor. Henge ) is equivalent td 5y, 5o — ) and both
are g-extendable facet defining 81" AB(H). 1

By using the vertical symmetry we can also prove the follgvin

Theorem 3.8. Let G = (H, By ,v1v2) be a geared graph with™ = {u,2} and let(53, 5y) be a valid
inequality forST AB(G) such that: it is not a clique or a lifted-wheel inequality, it does not have full
support onSTAB(G), and,,, = A > 0. Then (3, 5) is facet defining foST AB(G) if and only if it
has the fornﬁg\Byxg\By + Azp,\a < Bo and one of the following cases occurs:

i) Ae {{bs,c},{d1,a}} andﬁl{,\{v1 vaEH\{v1,02} T Ay, +x0,) < Bo — A is a g-extendable facet
defining inequality o6 T AB(H ).

i) A={di,a,c,by,h1,hy}and 517;\{01 wo} TH\for,00} + Aoy + Zo, +31) < Py is a g-liftable facet
defining inequality o6 T AB(H*).

The previous two theorems complete the proof of steps ad)aa?) of Theorem 3.3. It remains to
consider the case whén = {u11, u12} and (53, 5p) does not have full support on the extended gear
.8

Theorem 3.9. LetG = (H, By, e) be a geared graph with” = {u11,u12} and let(s, 8y) be a facet
defining inequality forST AB(G) that does not have full support dri,.. If 3,,, and 3,,, are both
positive thern(3, 5y) is a lifted 5-wheel inequality.

The proof follows the same pattern of the proof given Yor= {uy;}. All details can be found in
Appendix A.2.

3.2. Inequalities having full support on By

Throughout this subsection we consider an inequélity3, ) that is facet defining inequality f&#T AB(G)
and has full support o, , i.e., 3, > 0 for eachv € Vg, . In particular, (3, 5y) is neither a clique
inequality nor a (lifteds-wheel inequality (see Observation 2); this implies thatdach clique and for
eachb-wheel of By there exists a tight solution @f3, 3,) that misses the prescribed cliquesewheel
by Observation 6. Let”(G) denote the set of stable sets@f Since(/3, 5y) has full support oV, , it
follows thatS N Vp, is maximal inBy for any stable se$ € .7 (G) that is tight for(53, 5y).

Let R denote the set of the roots 0f, 5y) and let) 3 5,) be the matrix whose rows are indexed by
the nodes ofl; and whose columns are the vectorsRn Since(3, 3y) is facet defining, the matrix
M g 5,) has full rank. Consider now the matrix/ o obtained by summing up all the rows indexed
by the nodes: € K into a single row indexed by;, « = 1,2. This matrix may be interpreted in terms
of graphs as follows: leB;- be the graph obtained fromd,- by adding two new nodes @z, , sayk;
andk,, such thatV (k;) = {b;,d;}, i = 1,2. ThenS € .#(B;,) if and only if there exists a stable set
S € .7(G) such that:S \ {k;,ks} = SN Vp, andK; NS # ( if and only if k; € S; we say thatS is
associatedwith the configurationsS.

It is not difficult to verify that ifmnk:(M(’ﬁﬂo)) < Vel =221 2 [Kil+2thenrank (Mg 5,)) < [Val-

In other words Mg 5,) cannot have full rank ifi/(; , , has not full rank.
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Now, let M(; 5 ) be the submatrix of/(; ; , whose rows are indexed by the nodesRjf. The
columns ofM(”ﬁﬁO) may have repetitions, since all the stable set§ dfat differ only on the nodes not
in V. produce the samg), 1)-column.

We say that a configuratiof € < (By) is tight for (3, 5y) if and only if there exists a stable set
S associated with§ such thatz® € R. So, denote byR' the set of the incidence vectors of the tight
configurations of(3, 5o) and by M s 5,) the matrix of dimensionVp: | x |R’| obtained by canceling

multiple columns fromM7, ; ). Clearly, we have that i#(s 5,) has full rank then/5 5, has full rank.
In particular, we can state the following:

Proposition 3.10. Let G = (H, By, e) be a geared graph. If3, 5) is facet defining folST AB(G),
then the matrix\/(g s,) has rank|Vg; | + 2 =10 + [Y].

Itis not difficult to verify that there ar82 possible configurations (i.e., maximal stable setsYif3y,),
Q = {u11,u12}: the first 22 configurations, not containing nodeSlirare depicted in Fig. 4 and denoted
by S;,i =1,...,19, and byT;, j = 1,2, 3; the remaining 10 configurations, containing at least one
node in<2, are depicted in Fig. 5 and denoted &y i = 20, ..., 28, and byT}.

Figure 4. Maximal solutions i3, containing neithet.;; nor o

Note that the configurations it¥’(Bj;) are those in Fig. 4, plu$yy, S21, S22, So3 \ {u12}, and
Sag \ {u12}.
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In the remaining of this section we say that a configurafipfor 73) is tight for (3, 3y) if there exists
a solutionS € .7(G) associated witty; (or 7;) that is tight for(3, 5y), and we say thas; (or 7;) is not
tight if no such solution exists. Moreover, we say thator 7;) violates(s3, 3y) if there exists a solution
S € .7 (G) associated witty; that violates(3, 5p).
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Figure 5: Maximal solutions iB¢, containingu;; and/oru»

In this subsection we prove that all the facet defining ingtes with full support onBy are sequential
lifting of the facet defining inequalities fa87'AB(Gy) that have full support oy, i.e. either proper
geared inequalities (1) or proper g-lifted inequalitiel (3

We start showing that some configurations cannot be tigha flaccet defining inequalitys3, 5) that
has full support orBy with Y # (.

Lemma 3.11. LetG = (H, By, e) be a geared graph with” # () and let(3, 3y) be a facet defining
inequality for ST AB(G) that has full support oBy . If Y = {uy;} thenSss \ {ui2} is not tight for

(ﬁ, ﬁo) Ify = {ulg} thenSog \ {un} is not tight for(ﬁ, ﬁo)

Proof. We prove the casg = {u;; }; the other case follows by vertical symmetry. Suppose asele
that the configuratiorbss \ {u12} is tight for (5, 5y). ThereforeB,,, > Bn,, i = 1,2, Bu,, = Ba + Be,
and soB,,, > Ba, Bu,, > Be. Hence,Sy, Sy, 11, Ts, andT} are not tight.

Let S be a tight stable set missing the cliq@e bo, ho,ui1}. If by ¢ S thenb; anda belong toS
and soS' \ {a} U {uy;} violates(3, 5y), a contradiction. Hencg, € S andj,, > (,,,. By diagonal
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symmetry it can be proved that belongs to a tight stable set missing the cliqued;, hy,u;1} and
Soﬁhg > ﬁuu- Thusﬁuu = ﬁhi’i = 1,2 andﬁhi > fa, ﬁhi > Be i = 1,2; henceSy, Si0, S11,
S12 cannot be tight. Now, consider a tight stable Séimissing the clique{a, k1, ho,u11}. It is not
difficult to see thatS’ contains eithe{d;, ¢, da>} or {dy,b2}. In the former case, we have thaf, > G,
(since otherwises” \ {di,c} U {b1,u11} would violate (3, 5y)) and the same holds in the latter case
(since otherwises” \ {d;} U {b1,a} would violate(3, 5y)). By diagonal symmetry, we can prove that
By, > Ba,- It follows thatSg, S7, S1s, and .Sy are not tight. Moreover, neithe¥y; nor So are tight
since otherwises; \ {b1,u11} U {di, ho} Or Sas \ {d2,u11} U {bs, hy } would violate(S, ).

Summing up, the tight solutions @f3, 5y) can be chosen only among the following configurations:
Ss,S4, 55,58, 513, 514, S15, S18, S19, S20, S23 \ {u12}, @andSag \ {u12 }. Now let M be the matrix whose
columns are the incidence vectors of the above configusatiod whose rows are indexed on the nodes
of V3, ; then the matrix\/( 5,) whose columns are the incidence vectors of the configusatiore-

sponding to the stable sets that are tight(t@;ﬁog is a submatrix of\/. Since(, fy) is facet defining
for STAB(G11), thenrank(Mg g,)) < rank(M) should be equal toVz: | + 2 = 11 (see Proposi-

tion 3.10). However, it is straighforward to compute that k(M ) = 10, a contradictionll

Lemma 3.12. LetG = (H, By,e) be a geared graph with” # () and let(3, 5y) be a facet defining
inequality forSTAB(G). If (8, By) has full support orBy then the configuration$}, 15, and 73 are
not tight for (3, By). Moreover, ifY = {u11,u12} then alsoTy is not tight.

Proof. We begin with7; and suppose on the contrary thatis tight for (3, 8y). Then
a) Ba > Bay + Ba, andBe > Bo, + Boy;
b) ﬁa + ﬁc > ﬁh1 + ﬁdg andﬁa + ﬁc > ﬁhz + ﬁdﬁ

C) ﬁa + ﬁc > ﬁbl + ﬁull + ﬁdz andﬁa + ﬁc > ﬁd1 + ﬁum + /BbQ'

From a) it follows that3, > B34, 8. > B, fori = 1,2, thusSy, Sip, S11, andS;2 are not tight.
Moreover, ifY = {uj;} thenSss \ {u12} is not tight since otherwis@ss \ {u12,d1} U {a} violates
(B, Bo). Analogously, ifY” = {ui2} thenSay \ {u11 } is not tight (otherwiseSa \ {u11, d2 } U{a} violates
(8, 50))-

By condition b) it follows that3, + 3. > By, for i = 1,2, thusTy, 15, S3, andS, are not tight. By
condition C) it follows thaWa + 50 > 51)1 + ﬂuu- 5{1 + 50 > 56[2 + ﬂuu- 5{1 + ﬂc > 5d1 + Bulzl and
Ba + Be > Bry + Buiss thusSar, Sz, Saa, @andSsys are not tight.

By Lemma 3.11,59¢ \ {ulg} is not tight ify = {’LLH} and Sog \ {un} is not tight ifY = {ulg}.
Hence, in all cases the solutions that might be tight(far3,) are also tight for the two lifted-wheel
inequalities (6). Therefore the face defined (8} 3,) is contained in the intersection of two facets,
contradicting the hypothesis th@t, 5y) is facet defining.

Suppose now thdt is tight for (3, 5p), then

a) /8h1 2 /8h2 + /861 andﬂhl 2 5h2 + 5(11;
b) 6h1 > Ba + Bc;
C) Bhy = Bun + By @ndBp, = Buy, + Bay -

By condition a) it follows that3,, > 3,, thusT; and .Sy are not tight. Moreovep,, > f34,, thus
Saz \ {ui2} is not tight whenY = {u11} (Bn, > Bp,, thusSao \ {u11} is not tight whenY = {u12}).
By condition b) it follows that3,, > 3, andj3,, > (., thusSy andS;, are not tight. By condition c) it
follows that3y,, > 3,,, andBy, > Bu,,, thusSse andSys; are not tight.
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By Lemma 3.11595\{u12} is nottight ifY = {w;;} andSag\ {u11} is nottight ifY” = {u12}. Hence,
in all cases the solutions that might be tight 6t 5,) are also tight for the lifted-wheel inequality with
hubh,. Therefore(3, fy) is equivalent to or contained in it, contradicting the hyyestis. The proof that
T, is never tight for(3, y) is derived by diagonal symmetry.

Finally, if Y = {u11,u12}, suppose by contradiction th@j is tight for (3, 5y). SinceSy,, + Buy, >
By + B, and By, + Buis > Bh, + Bay, it follows that3,,, + Bu,, > On,, ¢ = 1,2. As a consequence
the configurationsss and.S; are not tight for(3, 5p). Moreover

) Buiy + Burs = Buny + Boy + Ba, implies that3,,, > By, andBy,, > Bay;

i) Buiy + Burs = Burs + Bay + Br, implies thatBy,,, > B4, andBu,;, > Bo,;
i) Buyy + Bury > Bay + Be + Ba, implies thatBy,, + Buy, > Bay + Be andBuyy + Bury > Be + By
V) Buyy + Buiy > By + Ba + By, implies thatBy,, + Bui, > By, + Ba @ndBuy, + Buyy > Ba + Bo,-

From (i) and (ii) it follows that solutions of typ8s;, S22, S24 @andSas are not tight for(3, 5p). From
(i) and (iv) it follows that solutions of types, S10, S11, andSi2 are not tight for(3, 5y). Hence every
tight solution for(3, 3y) is also tight for both the lifted-wheel inequalities (6). But this contradicts the
hypothesis thats, 5, ) is facet definingll

The next two results show that some configurations are inatibip as tight configurations of the
same inequality.

Lemma 3.13. LetG = (H, By, e) be a geared graph with” # () and let(3, 3y) be a facet defining
inequality forST AB(G) that has full support oBy-. If Sy (S2) is tight thenS, (Ss, respectively) is not
tight.

Proof. Suppose thaf, is tight, theng,, > 5, + §.. Then if Sy is tight, alsoZ7> must be tight
contradicting Lemma 3.12. A symmetric argument shows $i3atannot be tight iS5 is tight.ll

Lemma 3.14. LetG = (H, By, e) be a geared graph with™ # () and let(3 ;) be a facet defining in-
equality forST AB(G) that has full support oBy . If at least one configuration ifiSs;1, Seg, S24, Sa5 }
is tight, then the solutionS§;5, Si6, S17, andSig are not tight.

Proof. We first prove the claim whefo; is tight andu;; € Y. Theng,,, > (5, and thusS;7 is not
tight (since otherwis&; \ {h2} U {u11,d2} would violate(S, 5y)). Moreover, sincess; is tight andT;
is not tight (see Lemma 3.12) thély, + 5., > [, and, as a consequencg is not tight.

Now, suppose on the contrary thgifg is tight; thengy, > 8. + B4,, B4, > Bp, (@SS17 IS not tight),
andf,,, > [Bn, (otherwiseSs; \ {u11,b1} U {he, d;1} would violate(3, £y)). With these relations,
Sz, andSy (8. + Ba, < Bh, < Buy,) are not tight. IfY = {uy,}, then, asls is not tight by Lemma 3.12,
the clique{a, d1, h1,u11} is not missed by any tight solution 68, 5, ), a contradiction. Thu$’g is not
tight. If Y = Q, Sos is tight because it is the unique configuration missing tieel{a, di, hi,u11}.
Thengy,, + B, > B, (12 is not tight) and thus;g is not tight.

Finally, suppose on the contrary thei; is tight; theng,, > 3,4, (sinceS;s is not tight) and s is
not tight. Moreoverg,, > (3, + 3, implies 3, > 5, andgy,, > B, ; S0.Sig is not tight. AsSs; is tight
andT is not, it follows that3,, + Bu,, > Bhy > By, + Ba, i-€. By, > Ba @and s0Sy; is not tight.

Consider first the casg = {u11}. The clique{c, ba, ha, u11} is missed only by the configuratiosy,
which must be tight fof3, 5p). Thens,, > 5, + (. implies thats,, > (5. and soSy is not tight. Since
Sag \ {ui2} is not tight by Lemma 3.11 an8; is tight, 3, > [.,,. AS a consequenceéy, is not tight
and, as3,,, > b, theng,, > B,,. ThereforeS, is not tight for(3 3y) and thusSas \ {u12} is the only
configuration missing the lifteB-wheel inequality supported By U {u11 } and so itis tight. It follows
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that3,, > 0y, and, ass,, > B, S7 is not tight. But then no tight solution fd@g3, 5,) misses the clique
{a,dy, h1,u11}, a contradiction. Henc#s is not tight.

Consider now the casé = Q. As Sy; is tight, 8, > B4, + Bu,,; but then, sincd is not tight, Sa4 is
not tight as well. Thus the cliqui, b2, ho, u11} IS missed only by the configuratio$y, which must be
tight for (3, 3o). It follows thatg;,, > 5,4+ 5. and saSy is not tight; moreovers,, > (.., +5u,, implies
thatgy,, > Bu,, > B, and thatdy,, > 5,,,. ThenSa, Ss, andSys are not tight. As a consequence, no
tight configuration misses the liftégwheel inequality supported by, U {u11,u12}, @ contradiction.
HenceS 5 is not tight and the proof of cas®; tight follows.

The case wherby, (0Or So4, O Sys) is tight follows by diagonally (or horizonthally, or vectlly)
symmetric argumentd.

The following lemma states that at least two tight configaret for each node il are needed to have
inequalities which are not sequential lifting of a lower emnsional polytope.

Lemma 3.15. Let G = (H, By, e) be a geared graph with”™ # () and let(3, 5y) be a facet defining
inequality for ST AB(G) that has full support orBy. If u;; € Y (or w2 € YY) and (3, 3) is not a
sequential lifting of a facet defining inequality 6" AB(G \ {u11}) (STAB(G \ {u12})), then there
exist at least two tight stable sets containing (u12) associated with distinct tight configurations iy, .

Proof. We prove the lemma only far;; € Y, as the proof fou;5 follows by vertical symmetry. Let
M be the matrix whose columns dné&; | linearly independent roots ¢f3, /).

Claim 1. M contains at least two tight solutions containing the noddeo; .

If the claim is false, the row oM corresponding ta;; contains only one nonzero entry, thus proving
that the matrix) obtained by deleting this row and the column associated thighunique solution
containingu1 is defined by V|1 linearly independent vectors satisfyig@q\ (.,,}, ) as an equality.
This implies that( B\ 1u,,}, 5o) is facet defining folST AB(G \ {u11}) and that(3, 3) is its sequential
lifting, a contradiction. (End of Claim 1)

Suppose by contradiction that all the tight stable setsioff,) that containu,; are associated with a
unique tight configuration i, say.S*. Clearly,S* € {Sa0, Sa1, S22, S26, S27, Sos.

Claim 2. For any choice of*, there is no tight stable sét such thatu;; ¢ T"and7T N K; # () if and
onlyifk; € S*fori=1,2.

Assume on the contrary that sucll'axists. By Claim 1, inM there are two different tight solutions
2% andz®” such thatS’ andS” containu;;. By hypothesis,S’ and S” are associated with the same
configurationS*; then8(T' N Vg, ) = B(S' N Ve, ) = B(S" NV, ) = B(S* N Vg, ), otherwise either
(TNVg,)U(S"\ Vg, )or(S"NnVg,)U (T \ Vg, ) would violate(s3, 5p) and similarly forS”. Thus,
the stable set§” = (TN Vg, ) U (S"\ Vp,) andT” = (TN Vg, ) U (S”\ Vg, ) are also tight for
(B, Bo). Asz® — 5" = 27" — 2" these four vectors are linearly dependent and they ardineaent
in M so if we delete from\/ the columnz®" and we add the columns!’, 27", we get a matrix with
the same rank ad/ and with fewer solutions containing;;. Repeating the above arguments for all
the columns of\/ associated with stable sets containing, we finally get a matrix\/ with only one
column corresponding to a solution containimg and with the same rank dd, contradicting Claim 1.

(End of Claim 2)

Thus, one of the following cases may occur:

1. §* = Sy and there are no tight solutions associated \ith Sos, Sog, So7, Sog (DY uniqueness
of S*), S13, S14, S15, S16, S17, S18, S23 O, if Y = {u11}, So3 \ {u12} (by Claim 2);

2. eitherS* = S9; or §* = Sy, and there are no tight solutions associated Wit S22, Sag (Or
Sa1, respectively) Sao7, Sog (by uniqueness a$*), So, S7, Ss, S11, S12, 524 (by Claim 2);

3. eitherS* = So5 or S* = Sy7, and there are no tight solutions associated Wi S5, Sag, Sa7
(or Sy, respectively),Sog (by uniqueness o$*), S1, S5, Sg, Sg, S1g, S25 (by Claim 2);
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4. S* = S,g and there are no tight solutions associated \§ith So1, Soo, Sog, So7 (by uniqueness
of 5*), Ss3, Sy, S19 (by Claim 2).

If case 1 occurs, then the list of all possible tight configjores is.S1, So, S3, S4, S5, Sg, S7, Ss, So,
S10, S11, S12, S19, So0 If G = G171 (@ddSo4 and S5 if G = Gg). As Sy is tight while S13 andS14 are
not tight, then3,,, + B4, > Ba + Bp, andSy, + Buy, > Ba, + Be. As a consequencé;, andS;, cannot
be tight. By Lemma 3.13 if; (S2) is tight, thenS, (S3) is not tight. This implies that, it7 = G131,
we are left with onlyl0 possible tight configurations, thus, by Proposition 3(10,3,) cannot be facet
defining.

So consider the cage = G,. We still havel 2 configurations that are candidate to be tight(for 5, ).
Observe now that, ib; and.Sg are both tight, we have thay, = 3, and, if Sa4 is also tight (since5;»
is not) thens,,,, > B.. ThusSy cannot be tight, otherwiséy \ {c, d2 } U{u12, b2} would violate(3, ).
Thus at least one amortg, S, So, S24 cannot be tight; we are left withl possible tight configurations,
so (3, Bp) cannot be facet defining.

Let now case 2 occur. I§* = Sy then, sinceSy is not tight, we have that,,, > (,. ThusSi7
and S, cannot be tight. This implies tha;g is tight because it is the only remaining configuration
containing the nodéys. SinceSy; is tight andSg not, we also have that,,, + 6, > B4, + On,-
But thenSig \ {di, ha} U {u11, b1} would violate(3, 3y), a contradiction. 1fS* = Sag, thenY = Q
and 8y, + Bu, > By, + B, (@s Sy is not tight), B,,, + Bu, > Ba + Be (@sS2 is not tight), and
Bury + Buy, > Bay + Bn, (@SSs is not tight). ThusS17, S1, andS;g cannot be tight, so implying that no
tight configuration misses the cliqué, U {2, d»}, a contradiction. Case 3 can be proved using diagonal
symmetric arguments with respect to case 2.

Finally, we prove case 4; notice th#t = 2. SinceSyg is tight andS;g is not, we have that,,, +
Bur, > Ba + Be. As a consequence; andSz cannot be tight. Consider now the subcase Withtight.
Thengy,, > 8. + Ba4, (consequentlys,, > (3.). This implies thatSy is not tight. Moreover, a$; is not
tight, S12 cannot be tight as well. Now, assume that &#$e s tight: we have thag,, > 3, + 3, and
Bhy > Burs + Bay; consequentlySio andSas are not tight. Thus there is no tight configuration missing
the lifted 5-wheel inequality supported by, U {u11.u12}, @ contradiction. On the contrary, 5 is
not tight thenSs; must be tight since it is the only configuration missing thgu# {a, d2, ho, u12}. But,
sinceSig is tight andS;5 not, we have thaf,, < 5,4,. ConsequentlysSs \ {b2} U {d2} violates(3, 5o),

a contradiction.

We now consider the subcase wiihy not tight. ThenS;; must be tight because it is the only remain-
ing configuration missing the cliqu; U{b, d; }. As a consequence;,, > 3.+ Bbys Bry > Burs +Bdy
and (sinceSy¢ is not tight) 55, > (4,. ThenS;i, Saq (@sT is not tight), andSs cannot be tight. But
now no remaining configuration misses the cliquebs, ho, u11}, a contradictionli

We now focus our attention on the gra@gh, = (H, By, e) obtained as the extended gear composition
of H and By with Y = {u;;}. In other words we start by proving case b.1) of Theorem 3% dase
with Y = {wu2} will follow by applying vertical symmetry. The proof of theaseY = {uj1,u12}
follows the same pattern but it is longer, so we confine it ipé&pdix A.3.

In the following we show that a given set of configurations tantight only for a proper g-lifted
inequality of ST AB(Gj) lifted with the nodeu;;. To prove this we need two preliminary results:

Proposition 3.16. Let (v, 7o) be a facet defining inequality f{&#T AB(Gy) with vz, # 0. If S, Sa,
Ss, Sg, S10, S12 and at least one betweesy and Sy are tight for(+, o), then(v, o) is a proper g-lifted
inequality.

Proof. By Theorem 2.6 we know that any facet defining inequalitySfAB(Gy) with v5 # 0 is
either a geared or a g-lifted or a clique ob-a&vheel inequality.
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SinceS; is a tight configuration fof+, o) then it is not difficult to see thdty, vo) is neither a proper
nor a non-proper geared inequality. As andSg are tight, ther(-y,vo) cannot be a non-proper g-lifted
inequality. AsSyp and.S;5 are tight, ther(-y, o) is not any of the tw&-wheel inequalities (6).

Moreover, S; misses the clique&’s U {da, b2}, {b1,d1, h1}, and{bs, ds, ha}, Sy misses the clique
Ky U{b1,d1}, S1o misses the cliquege, by, by} and{c, hq, ha}, S12 misses the cliquesa, do, ho } and
{a, h1, ho}, andSg misses the cliquéc, ba, ho }. Finally, the clique{a, dy, hq} is missed byS; and.Sy,
Thus(~, o) cannot be the clique inequality supported by any of the abbgaes.

It follows that the proper g-lifted inequality is the onlyckt defining inequality foST AB(Gy) that
admits the given set of configurations as tight configuratilin

Lemma3.17.[9] Let G = (H, By,e) withY = {uy;} ande = vjvs. Let(v,v0) be a proper g-lifted
inequality (3) associated with a g-liftable facet definimgquality (7, 7o) of STAB(H€®). Then the
inequalityyg, G, + Yui1 Tuy,, < 70, Obtained by lifting the node;, is facet defining folSTAB(G).
The lifting coefficient ofi1; is y,,, = m, = v, foranyu € Vp,.

Lemma 3.18. Let G = (H, By,e) be a geared graph with" = {uy1}, and let(3, 5y) be a facet
defining inequality folST AB(G) that has full support oBy-. If Sy, S3, and at least two configurations
among{Sa0, Sa1, S92} are tight, then(s, 5y) is obtained by lifting a proper g-lifted inequality that is
facet defining forlST AB(Gj) with the nodeu; .

Proof. The tightness of; andS, implies the following inequalitiesd, > 3q4,, 3. > B, fori = 1,2,
Ba + Be = Bui, + By, @nd B, + Be > Buy, + Ba,- By Lemma 3.13,S5 and Sy are both not tight, and
Sas \ {u12} is not tight, since otherwisg,, > G, + B4, > B, + B4, Would yield a contradiction. By
hypothesis at least one betwegn and.S,; is tight, and so, by Lemma 3.18;5, S16, S17, andSig are

not tight for (3, 5o).
We first consider the cas®; andSs, tight. The tightness afy; implies that

511,11 2 5h27 511,11 2 /8117 51111 + /861 2 5h2 + 56[17 /861 + /8u11 = 50, + 50-

and the tightness ¥y, implies that

ﬁull > ﬁh17 ﬁull > ﬁca ﬁull + ﬁdg > ﬁh1 + ﬁbg) ﬁdz + ﬁull = ﬁa + ﬁc'

Suppose now that, > g, ; thenS;s is not tight. 1f.Sy4 is tight thens, + 54, > By, + Buy, = Ba+ Fe,
that is34, > (., a contradiction. Hence5y4 is not tight andSs is tight (otherwise the nodé; would
not be contained in any tight solution). Thds, > 3. (as.Si2 is not tight) and, sinc&,,,, > B,, So
is not tight. It follows that the cliquda, 1, he,u11} IS Not missed by any tight solution ¢6, 5), a
contradiction. Hence, = 4, and, asSs is tight, 512 is also tight. As a consequence, + G4, =
By, + Buy,- Using diagonally symmetric arguments it can be proved that 3,, Sio is tight, and
Ba + ﬁbz = ﬁuu + ﬁdz'

As there must be at least one tight solution contairfingthen S; or Sg is tight. Suppose thaf
is tight andS5 is not tight, thens,;, > 3,, and, asB, + By, = Buy, + Ba,, We haves, > (,,,, a
contradiction. Suppose now thé is tight andSs is not tight, then3,, > 34,. MoreoverSy; is tight,
because it is the only configuration that misses the cligué,, ho, u11} and so3, = 3,,,. SincesSs
and S are tight, it follows thats,, = 3, and, since3,,, + B4, > Bn, + Bp, and Gy, > Ba,, it follows
that3,,, > By, = B4, a contradiction.

ThusS; and S are both tight. Since the cliqugs, dy, k1, u11 } must be missed by at least one tight
solution for (3, By), thenS; or Sy is tight. Hence, the hypotheses of Proposition 3.16 arefsatiand
so the face defined by the inequalityc,, 5), that is valid forST AB(Gy), may be contained only in
facets defined by inequaliti€s, v0) that are proper g-lifted inequalities or by inequalitieshwiz, = 0.
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Then the coefficients, have the same value for allc Vp,. As (3, 3y) has full support orBy, 3, > 0
for eachu € Vp,; this implies thats, is equal to a positive constant for eaehe Vp, and that there
exists at least one facet defining inequality vo) for ST AB(Gyp) which is a proper g-lifted inequality
and contains the face defined g%, , 5o)-

We denote by(v, vu,,,70) the inequalityyg,zc, + Yui, Tui, < 70, Obtained by lifting(~y, vo) with
u1. By Lemma 3.17,(v,vu,,,70) is facet defining forSTAB(G) andy,,, = v, for anyu € Vp,.
Clearly, every stable se&f that is tight for (53, 5y) such thatu; ¢ S is also tight for(v, vu,,, 7). So
we consider stable sets containing,. As Sg is tight for (3, (), it is also tight for(~,~y) and thus
Saa = S \ {h1} U {u11} is tight for (v, vu,,,70). As S is tight for (5, 8y), it is also tight for(vy,vo)
and thusSy; = 52\ {a, ¢} U{u11, b1} is also tight for(v, v.,,,70). SinceSis is tight for (3, 5y), if Sag
is also tight for(3, By) thenSyy4 is tight for (3, 5y) too. This implies thatsy4 is tight for (-, ) and, as
S14 = So0 \ {u11,01} U{a,d; }, thenSy is also tight for(, v, , Y0)-

We just showed that all the solutions that are tight (8r5,) are also tight for the proper g-lifted
inequality (v, vu,,,70). As a consequence, the facet defining inequalitigss,) and (v, vu,,,70) are
equal up to a positive scalar factor. SoSi#; andSs, are both tight therig, 5y) is the sequential lifting
of a proper g-lifted inequality.

To prove the remaining cases suppose fhatis tight, then

ﬁuu + ﬁb1 > ﬁc + ﬁdm ﬁuu + ﬁdg > ﬁa + ﬁbg-

If So1 is tight, we can assume th&b, is not tight, otherwise we match the previous case; thius
is not tight. As the cliqu€c, b1, hi} is missed only bySs, this configuration must be tight. Therefore,
Bay + By = Bp, +Puiy @and, asdy,, > By, (@sSay is tight), thensy, > 3y, . Sincefy,, + 5y, > B+ Bay,
it follows that3,,, > (. and, asSa; is not tight, thenSy is also not tight. Finally, observe that the lifted
5-wheel inequality ori?; U {uq; } is not missed by any tight solution 08, 3;), a contradiction.

The caseby and Sos tight yields a contradiction by using diagonally symmeaiguments. Thus the
lemma follows

We can now prove the Step b.1) of Theorem 3.3. In particularprove that any given set of tight
configurations of a facet defining inequality 87" AB(G11) with full support onBy is also tight for a
facet defining inequality 067" AB(Gj) lifted with the nodeu;.

Theorem 3.19.Let G = (H, By,e) be a geared graph with” = {u;;} and let (3, 5y) be a facet
defining inequality foSTAB(G). If (3, 5y) has full support onBy-, then it is obtained by lifting with
the nodeuy; either a proper g-lifted inequality or a proper geared inadjty that is facet defining for
STAB(Gp).

Proof. Suppose on the contrary th@t, 5y) is not a sequential lifting of any proper g-lifted or proper
geared inequality that is facet defining 8" AB(Gy). Then, by Lemma 3.15, at least two configurations
containing the node;, i.e. in the se{ .Sy, Sa1, S22}, must be tight for( 3, 5).

By Lemma 3.12713, 15, andT3 are not tight, and, by Lemma 3.14y5, Sig, S17, S1s are not tight.
ThereforeS, must be tight, because it is the only configuration that itastight for the cliqueK; U
{b1,d1}. The same applies t8; and the cliquess U {b2, d>}. By Lemma 3.18 it follows that3, 3) is
a sequential lifting of a proper g-lifted inequality, a cadiction.li

An analogous theorem holds féf; and can be proved using symmetric arguments.

Theorem 3.20.Let G = (H, By,e) be a geared graph with” = {u;2} and let (53, 5y) be a facet
defining inequality foiST AB(G). If (3, 5p) has full support omBy, then it is obtained by lifting with
the nodeu, either a proper g-lifted inequality or a proper geared inadjty that is facet defining for
STAB(Gp).
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We complete this subsection by stating the main result af phjper concerning the structure of the
facet defining inequalities fo§ 7' AB(G) whenG = (H, By, e) is a geared graph and = {u31,u12}.
The proof is again very technical but follows the same schasie one fol” = {u;;}; so, the details
of the proof and all the intermediate results have been mtuvéghpendix A.3.

.20

Theorem 3.21.LetG = (H, By, ¢) be a geared graph with™ = {u11,u12} and let(3, 5y) be a facet
defining inequality forST AB(G) that has full support oBy-. Then(3, 8y) is obtained by lifting with
u11 and uio either a proper g-lifted inequality or a proper geared inadjty that is facet defining for
STAB(Gy).

4. X X-graphs are G-perfect

In [9] we established that th& X -strip composition defined by Chudnovsky and Seymour [1{jisie
alent to the extended gear composition applied only alomglgiial edges that have the following prop-
erty: N(K; N Ky) C N(v1) U N(vz2). We named these edgssper simplicial

We calledfuzzy line graphghe graphs that are composition of fuzzy line interval strffor more
details on the decomposition of quasi-line graphs see }1ar&] we denoted this class of graphs2is
Then we defined geared fuzzy line graphs the graph obtained by repeated applications of the eadlend
gear composition and the edge subdivision along super siaptdges of a fuzzy line graph:

Definition 4.1. Let H be a (fuzzy) line graph. Léty be the set of the super simplicial edgegbfind
let a g-operationon e € 'y be either a gear composition or an edge subdivision applietge. A
graphG € Gy, if and only if

eitherG = H,

orG = (L, By,e), whereL € Gj;, By is an extended gear, ande I'y N Ey, (i.e., e is a super
simplicial edge of botll, and H),

orG = L°, whereL € Gj; ande € 'y N Ef.

The graphs inJ; o« G7; are calledgeared (fuzzy) line graphs

The graphs irgj;; are not quasi-line, since ea¢h- contain two5-wheels, but they are claw-free.
The X X -graphsare those graphs that can be decomposed by the Chudnowgkye®estrip decom-
position into fuzzy linear interval strips an<i X -strips. We proved that:

Theorem 4.2. [9] The class of geared fuzzy line graphs is equivalent tocthes of X X -graphs.

If STAB(H)andST AB(H¢) are described only by rank inequalities then, by definit@dsand 2.5
and Theorem 3.3, the geared inequalities generated by l& sipglication of the extended gear compo-
sition will have at least a pair of coefficients equaRtaorresponding to the hubs of an extended gear
while the g-lifted inequalities will have all coefficientg@al tol. If we apply once more an extended
gear composition we might obtain a g-lifted inequality assted with a geared inequality; so, it is not
true that every g-lifted inequality is a rank inequality. idgtheless, we can say that the inequalities gen-
erated by any extended gear composition (apart from liftech&el inequalities) are only of two types:
either they contain pairs of hubs of a gear with coeffici@rdad have all the remaining coefficients equal
to 1, or they have all the coefficients equalltowe call the former onesultiple geared inequalitieand
we refer to the others simply as rank inequalities. It can bk shown that a g-lifted inequality associ-
ated with a geared inequality may also be constructed asrady@gequality associated with a g-lifted
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inequality. As a consequence, if we assume #H81 B(H) andST AB(H¢) are described only by rank
inequalities, then the inequalities produced by repegtetications of the extended gear composition are
(the sequential liftings of) either multiple geared indiies or rank-inequalities ds-wheel inequalities.
More formally we define the following family of inequalities

Definition 4.3. A facet defining inequalityy, ) belongs tog if and only if (v, ) is (the sequential
lifting of)

either a rank inequality,
or a 5-wheel inequality,

or a multiple geared inequality, i.e., a geared inequalityaa-lifted inequality associated with an
inequality ingG.

Consider now the polyhedroaiSTAB(G) = {z € RY| x satisfies G}. In [8, 9] it was proved that

if G is a geared graph, the$"AB(G) C GST AB(G); moreover, a graply is said to bej-perfect if
the equality holds. Theorem 3.3 states that; i= (H, By, e) is a geared graph, then a defining linear
system forST'AB(G) can be easily provided once we know a defining linear systerffoA B(H ) and
STAB(H¢®). In fact, we have that:

Corollary 4.4. LetG = (H, By,e) be a geared graph. I6TAB(H) and ST AB(H¢) are described
only by inequalities irg, i.e., H and H¢ are G-perfect, ther(G is G-perfect.

To extend the above theorem to the class of geared fuzzy laphg, we need the following:

Theorem 4.5. Let H be a graph and’y the set of its super simplicial edges. Lt be the graph
obtained fromH by subdividing all the edges ifi C T'y. If H and H* are G-perfect for anyF C I'y,
then every graplts € Gj; is G-perfect.

Proof. Let GG; denote the graph obtained frofi by performing: g-operations along the edges,
j=1,...,i, of I'y. We prove the theorem by induction on the numbeg-aiperations. So, leff =
Gy. If £ = 1 the theorem follows by Corollary 4.4. K > 1, then, by the inductive hypothesis, the
theorem holds for every graph € Gj; obtained by performing at most— 1 g-operations. Suppose
by contradiction thaty, is notG-perfect. IfG, = (Gi_1, By, ex) then, by Corollary 4.4, at least one
betweenG),_; andG}* | is notG-perfect. Sinces,_; is G-perfect by inductive hypothesis, it follows
thatG}* , is notG-perfect.

On the other hand, 7, is obtained fromG_, by subdivision of the edge., then again we have that

{ex,er—1}

G}F , is notG-perfect. So, by repeating the above argume@3,, is notG-perfect only ifG, ",

is not G-perfect. Thus iteratively we get that ¢}, is not G-perfect therG({fl’”"“’ek} = HY is not
G-perfect, a contradictiol
We now prove thafX X -graphs ar&j-perfect.

Theorem 4.6. If G is an X X -graph, thenST AB(G) is defined by the (sequential lifting of the) follow-
ing inequalities:

e nonnegativity inequalities,
¢ rank inequalities,

¢ 5-wheel inequalities,
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e multiple geared inequalities.

Proof. By Theorem 4.2, the grap®i is a geared fuzzy line graph, namely it belongs to the fagijly
for someH fuzzy line graph. The class of fuzzy line graphs is closedenrde operations of deleting
and subdividing super simplicial edges (see Lemma 4 in [Biis implies that the grapf " is fuzzy
line for any subsef’ of super simplicial edges df.

SinceSTAB(H) andSTAB(HT) are described only by rank inequalities [1], it follows tiatand
HT areG-perfect. By Theorem 4.5, every graphdi; is G-perfect. HenceST AB(G) is completely
described by inequalities i% and the theorem followd

5. Concluding remarks

In [9] we calledstriped graphghe claw-free graphs that are obtained by composing threkslof strips:
fuzzy linear interval strips, fuzzyX X -strips and fuzzy antihat strips. Chudnovsky and Seymaoawgat
that claw-free, not quasi-line graphs with stability numbageleast 4 and without-joins are exactly the
striped graphs without-joins. This implies that th&’ X-graphs (witha(G) > 4) constitute a very large
subclass of claw-free graphs since they correspond toabtifiped graphs obtained without the use of
the antihat strip [1, 2].

In [7] we conjectured that the striped graphs @rperfect. The validity of this conjecture would imply
that striped graphs are not so far from the line graphs ofriected hypomatchable graphs, i.e., the
graphs supporting the nontrivial rank facet inequalitiethe stable set polytope of line graphs. Roughly
speaking, our conjecture would imply that, for these graplsry facet defining inequality of the stable
set polytope (up to sequential lifting) is supported by @ita clique or &-wheel or the line graph of a
2-connected hypomatchable graph where some “special’sdume been replaced by “gears”.

In this paper we prove this conjecture f&rX -graphs (see Theorem 4.6), and we completely identify
the coefficients of the facet defining inequalitiesSdf A B(G) whenG is an X X -graph.
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A. Appendix

A.l. Case generation for the non-full support inequalities

Let G = (H, By,e) be a geared graph withih = {uy1}. In Lemma 3.4 we prove that only three
subgraphs oy may support a facet defining inequality, 5,) of ST AB(G) that has not full support
on By, it hasg,,, > 0, and itis not a clique or a lifted-wheel inequality.

The proof is by enumeration of all the possit¥fe supports and shows that all the supports that are
different from the ones listed in the thesis cannot be aasettiwith a facet defining inequality.

First observe that any supporting graph of a facet definiaquality that is neither a clique inequality
nor a 5-wheel inequality must contain a path betwé&gnand K5 whose internal nodes are contained
in By, otherwise these cliques are clique-cutsets and, by The8rg,G \ A is not the supporting graph
of a facet defining inequality. This means thhtannot separat&’; from K. In particular,A contains
neither{by, d; } nor {by, d>} and therefored N {by, d1, b2, d2} is one of the following sets:

a) {dl,dg}, b) {bl,dg}, C) {dl,bg}, d) {bl,bQ},
?)) é)bl}’ f) {di}, 9) {d2}, h) {b2},
i) 0.

Notice that cases (d), (g), (h) are diagonally symmetribiwises (a), (e), (f), respectively.

If |A] = 6, then{a,c,hi,he} C A and only cases from (a) to (d) may occur. In case )=
{di,d2,a,c,hy,he} andG \ A is disconnected; case (d) is diagonally symmetric with i@eed, if
A = {b1,ba,c,a,ha,hi} thenG \ A is also disconnected; case (c) produces a disconnecteti grap
G\ Atoo. In case (b)A = {b1,d2,a,c,hy,ho} andG \ A is admissible as considered in the proof of
Lemma 3.4.

If |A| = 5, thenA may be obtained as the union of a subset of type (a), (b), (thaubset 08 nodes
in {a,c, hy, ha}, or as the union of a subset of type (e), (f) dadc, hy, he} as shown in Table 1. All the
other sets are diagonally symmetric the the previous ones.

Subset of by, be, dy, d2} Subset of a, ¢, hy, ho} Status ofG \ A
{a,c,h1} disconnected

{d1,ds} {a,c, ho} admissible
{a,hi,ha} clique-cutset
{¢c,h1,ha} disconnected
{a,c,h1} clique-cutset
{b1,d2} {a,c,ha} = 0q({a,c,h1}) clique-cutset
{a,hi,ho} clique-cutset
{c,h1,ha} = 04({a,h1,h2}) | clique-cutset
{a,c,h1} disconnected
{di1,b2} {a,c,ha} = 0q({a,c,h1}) disconnected
{a,hi,ha} disconnected
{¢,h1,ha} = 04({a,h1,h2}) | disconnected
{01} {a,c,h1,h2} clique-cutset
{d1} {a,c,h1,h2} disconnected

Table 1: Enumeration fdtd| = 5 and admissibility of7 \ A

It turns out thatd = {d;, ds,a,c, ho} and its symmetric versiod = {b;, b, a,c, hy} are the only
two cases such that \ A is admissible, as stated in the proof of Lemma 3.4.

The cases witHA| < 4 are obtained using similar arguments. Observe that a fuptuperty can
be used to reduce the number of cases to check. For instandable 1 the sefb;,ds,a,c,hy} is
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diagonally symmetric wit{ b1, ds, a, ¢, ho }. The former set is generated as the uniodif ds } which
is symmetric with itself anda, ¢, h1 } which is symmetric with{a, ¢, ho}. Thus it is sufficient to list
only one of them.

A.2. Proof of Theorem 3.9

Theorem 4. Let G = (H, By, e) be a geared graph with" = {u31,u12} and let(s, 5y) be a facet
defining inequality forST AB(G) that does not have full support dr,.. If 5,,, and j3,,, are both
positive thern(3, 5y) is a lifted 5-wheel inequality.

Proof. Let A = {u € Vp, : B, = 0} andG \ A be the supporting graph of the inequality, 3).
Observe that ifS is a tight stable set of7, thenS \ A is also tight. So, in the following, also if not
explicitely remarked, we will always refer to tight stabktsinG \ A. The proof is by enumeration of
all nonsymmetric setd such thaiG \ A is admissible (i.e. connected and without clique cutséis}e
that all the three symmetries (horizonthal, vertical, dizg)) can now be applied. Moreover, in order to
prune the number of possible cases to consider, we will makeag use of the following three claims.

Claim 1.h1, ho §é A.

Supposér; € A; then by Observation 4 there exists a tight stableSgetin G \ (AU N(hy)). Itis
not difficult to see thaf},, contains eithetly or by. But then eitherS;,, U {u11} or Sp,, U {u12} violates

(8, o), a contradiction. By vertical symmetry alég ¢ A. (End of Claim 1)
Claim 2. {bl, dl} /@ Aand {bg, dg} /@ A.
OtherwiseK, or K is a clique-cutset ofr \ A, respectively. (End of Claim 2)

Claim 3. A cannot contain any of the following set&l;, a}, {ds, a}, {b1, ¢}, {b2, c}.

We will only show that{d;,a} cannot be contained id: the other cases will follow by symmetric

arguments. Suppose by contradiction thgt = 3, = 0. First observe that, by Claim 2Z,, > 0.
Now let S be a tight stable set missing the cligie bs, ho,ui1}. If by ¢ S thenS U {uy; } is feasible
and violates(3, 5y). Henceh, € S, B, > (., andfy, > [.,, > 0. By Observation 4 there exists a
tight stable sef5;, in G\ (AU N(d;)). Then either € Sy, oruia € Sy, since otherwisesy, U {b; }
would violate (3, 3y). Suppose first that € S;, and consider a tight stable sgtmissing the clique
{¢, h1, ha,u11}. Observe that eithdn € S or u;2 € S since otherwises' U {h, } would violate (3, 5).
If by € SthengB,, > B, > B. and soSy, \ {c} U {b1,u11} would violate (3, 3), a contradiction.
Henceu;s € S; consequentlys,,, > [, . Let nowS, be a tight stable set i@ \ (A U N(a)): clearly,
eitherc € S, or {b1,be} C S,. If c € S, thenS, \ {c} U {u11,u12} violates(s, 3y), a contradiction.
Then{by,b2} C S,. SinceS, \ {b1} U {h1} is feasible, we have that,, > 5,, > (.. Butthen
Sa, \ {c} U{b1,u1;} violates(s, 5y), a contradiction.

Finally consider the case with¢ S;, and consequently s € Sy, ; henceps € Sy, (since otherwise
Sy, U {u11} would violate(S, 3y)) and thenB,,, + By, > B. + B4, (otherwise we are in the previous
case). Lefl" be a tight stable set containiegThend, ¢ T', elseT"\ {¢, d2} U {u12, b } violates(3, Bo).
Hence,5. > By, + Buy, @aNdBe > By, . Thus,Bp, = B > Bu,, andSy, \ {ui12} U {h, } violates(3, 5),

a contradiction. (End of Claim 3)

It is not difficult to check that, in order to satisfy the Clar, 2, and 3, we can only build sedsof
cardinality less than or equal to 3.

In particular, if|A| = 3 then, up to horizonthal symmetry, the only case occurring is {d;, c,ds}.

In this case, lefS. be a tight stable set i&" \ (A U N(c)). Thena € S, and the following inequality
holds: B, > Bu,, + Buy, and sof, > (,,,. LetT be a tight stable set missii@, i1, ho, u12}. Then
by € T (otherwiseT U {u12} would violate (3, 5y)) andu;; € T (otherwiseT U {a} would violate
(8, o)) Hence,3,,,, > B,, a contradiction.

Then, if |[A] = 2, it follows that A is one of the following nonsymmetric configuration§d; , b. },
{¢,d2}, {a,c}, or {di,d2}. If A = {dyi,ba2}, consider the tight stable s&t, in G \ (AU N(dy)).
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Thenuis ¢ Sy, since otherwiseS;, U {u11} would violate (3, 5y). Hence,S;, O {c,d2}, and so
Be > B, + Buy,- By diagonal symmetry it can be shown that ¢ S;, and soSy, O {a,b;}, thus
implying that,, > 3., a contradiction.

The case wittd = {¢, d2} does not occur for the same considerations used to proveifase A| =
2 of Lemma 3.4. Consider the cagde= {a, c}: there exists two tight stable sefs in G \ (AU N(a))
andS.in G\ (AU N(c)). Itis not difficult to see thab, D {b1,b2} andS. D {d;,dz}. It follows that
Ba; = Py, fori = 1,2. ButthenS, \ {b1} U {d1,u12} violates(s, 3y), a contradiction.

Consider now the cas¢ = {d;,d>} and two tight stable setS;,, i = 1,2, in G \ (AU N(d;)),
respectively. Therby, N {c,u12} # 0 and Sy, N {c,ui1} # 0 (otherwiseSy, U {b;} would violate
(B, Bo)). Now, if ¢ € Sy, for somei thenS;, U {a} would violate (3, 5y). As a consequencéy and
uy2 belong toSy,, and By, > fB,,,. Moreover,uy; € Sy, and s0fB,,, > By, + Ba > Buy + Bar @
contradiction.

If |A| = 1 then there are two nonsymmetric cases to be consideted:{b;} andA = {c}.

Case 1.A = {b; }.

By Observation 4, there exists a tight stableSgtin G\ (AU N (b)) and itis not difficult to see that
{a, bg} - Sb1 Orui; € Sbl-

Suppose that there exists a tight stable$ebntainingu,, and containing neithér, noru;;. Then
d; € S (otherwiseS U {u;;} would violate (5, 50)), Ba, > Buy, @and Ba, + Buy, = Ba + Be- If
{a,by} C Sy, thenB, + By, > Bay + Buiy + Boy = Ba + Be + Py, @ contradiction. Ifu; € S, then
Buy, > Be+Pa, @and soB,,, > B4,, & contradiction. Hence, every tight stable set containipgrontains
eitherbs or uqy.

Let T" be a tight stable set missing the cliq{ie b2, ha,u11}. Thenuis ¢ T as neitherbs nor uqq
belongs tdl', andh; € T otherwiseT' U {c} would violate(3, ). It follows that3;,, > 5.,

Subcase la{a,bs} C S,. The arguments used in the proof of Subcase 1a) in Lemma 8.bea
easily adapted by adding ,; when needed (i.e., every tight stable set contaibinglso containg or hy
or uo and every tight stable set containing;, also containsgls or u12) to prove that every tight stable
set of (3, By) is tight for the5-wheel inequality associated withr, lifted with {11, u12}, as claimed.

Subcase 1bu;; € Sp,. It follows that3,,, > (. + B4, and, asby, > Buyy» Bny, > Ba,- ASSume
that {a, b2} is not contained in any tight stable set. L#tbe a tight stable set missing the clique
{e,h1,ho,uin}. If upz € S, then alsoby € S’. It follows that 8,,, + 35, > Bc + B4, LetS” be
a tight stable set missing the cligge, i1, ho,u12}. As {a, bz} is not contained in any tight stable set,
{ui1,da} € S” and saB,,, + Ba, > Ba + Bb,- Summing the last two inequalities, we g&t, + Su,, >
Ba + Be, thus implying that: does not belong to any tight stable set, a contradiction.celen, ¢ S’;
but thend; € S” and, consequentlyi;, > 3;,,, a contradiction.

Hence there exists a tight stable setontaining{a,b2}. If S C Vi \ (N(b1) U {b1}), then the
Subcase 1a) applies £ So let us assume th&tN K; # 0; as a consequencgy + By, > Buy, + Bds
andg, > Bn,. If da € Sy, thenSy, \ {u11,d2}U{a, by} leads to the Subcase 1a). Thus consider the case
da ¢ Sp, and consequently,, N Ko # 0; but thengy, = Bu,, > Ba + Be > Bry + Be, @ contradiction.
(End of Case 1)

Case 2.4 = {c}.

By Observation 4, there exists a tight stableSein G \ (A U N(c)) and it is not difficult to see that
S. contains{d;, d2} or {a}.

Suppose first thafd;, ds} C S.. HenceBy, > By, fori = 1,2. SinceBy, + Bay > Boy + Buyy + Bdas
it follows that3;, > B, andBy, > Bu,,- Similarly, the inequality3y, + B4, > B4, + Buy, + Bb, iMmplies
that 34, > By, andBg, > Bu,,-

Consider now a tight stable s&tmissing the clique<;U{b;,d;}, i = 1, 2. We have thab; containsh;,

i =1,2. Indeed, if{uy1,ui12} C S;, for somei, we would have that; \ {u11 }U{d; } or So\{u12}U{d2}
violates(/3, 8y), a contradiction. Hencé;,, > 34,, and soby,, = (4, fori =1,2.
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Sincefy, > B, + Buiys By = Bby + Bury, @NdGg, = By, for i = 1,2, it follows that3,,, + fu,, <
Bry + Bgs Buny + Bury < Bay + Bhay Bury + Bz < Phy + Bays @NA B4, + Buy, < Ba, + Bh,- The
above inequalities imply that every tight stable Setontainingu;; or u15 satisfy one of the following
conditions:S D {bl,dg,ull}, S D {dl, bg,ulg}, orsS D {uu,ulg} andS N K; 75 0 fori = 1,2.

Let us consider a tight stable $&tmissing{a, di, h1, u1; } and a tight stable s&, missing{a, ds, h2,u12}.
Sincefy, > B, i = 1,2, we have thabt; ¢ T; (otherwiseT; \ {b;} U {d;} would violate (3, fy)). It
follows that7} contains eithem o or ho and 75 contains eithem;; or h;. We actually prove that
he € Ty andh; € T is the only feasible configuration. Indeedyuif, € T; theng,,, > 35, and, since
Bhy, = Bay, > Bui,, it follows thats,, > Br,. Henceh; ¢ T, (otherwiseTs \ {h1} U {ho} would
violate (3, (p)), and sou;; € 1. As above we have that,,, > G5, and, sinced,, = B4, > Buys
it follows that 3, > f,, a contradiction. Thu&s € 77 and simmetricallyh; € T3, implying that
Bhy = Bhy = Pa-

Hence every tight stable s8tcontainingb; also containg: or u;; (otherwiseS \ {b;} U {d; } would
violate (3, 3y)) and every tight stable sét containingb, also containg or u;, (otherwiseS’ \ {by} U
{d2} would violate (3, 5)). Moreover every tight stable sét containing{b;,a} contains alsdy,
otherwiseS \ {b;,a} U {dy, ho} would violate(3, 5,). Similarly we can prove that every tight stable set
containing{a, by } containsh; .

As a consequence the tight solutions(ef 5,) are not linearly independent. In fact, consider the
matrix M € {0, 1}/Vel*IVel whose columns are the incidence vectors of the rootg.g#(): the sum of
rows indexed by the nodeés andu;, equals the sum of the rows indexed &gyand w1, contradicting
the nonsingularity of\/ and consequently the fact th@t, 5y) is facet defining foST AB(G).

Suppose now that no tight stable set contains bp#ndd,. Hencep € S. and sa3, > By, (i = 1,2)
andB, > Bui, + Buis- Thus,B, > By, andBy > By,,.

Let us consider a tight stable sSBtmissing{a, d;, h1,u11}. Clearly,uis ¢ 17 (otherwiseT; \ {u12}U
{a} would violate (g3, 5y)) anddy ¢ T} (otherwiseT; U {u;1} would violate (3, 5p)). It follows that
he € Ty and sy, = B,. Simmetrically, it can be proved that belongs to a tight stable s& missing
{a, da, ho, ’LL12} and Sq8h1 = B,.

Let R; be a tight stable set missid@, hi, ho,u11}. If u12 ¢ Ry then Ry has to contaif{d;, by} or
{b1,d2} (since{d, ds} cannot be tight by hypothesis), and B9 U {u12} or Ry U {uq1 }, respectively,
violates(3, 5y ), a contradiction. Hencey, € R;. Moreover,d; € R; (otherwiseR; \ {uj2} U {a}
would violate(3, 8y)) andbs € R; (otherwiseR; \ {u12} U {h2} would violate(3, 3y)). Similarly we
can prove that the tight stable gt missing{a, h1, ha,u12} contains{by, u1, ds }.

Since{d,, d2} is contained in no tight stable set afid b;, b, } is a feasible stable set, it follows that
By + Buyy + Bay + Bay + Bury + By > Ba+ Boy + Boy + Bay + Bay, thus implying thatsy,,, + Bu,, > Ba,

a contradiction. (End of Case 2)

Thus the theorem followd

A.3. Proof of Theorem 3.21

In this appendix we give a detailed proof of Theorem 3.21. sToof requires some intermediate
results to establish which combinations of configuratioas loe tight for a facet defining inequality of
ST AB(Ggq) having full support omBg,. We start with two preliminary results i7" AB(G11).

Proposition A.1. Let (v, o) be a facet defining inequality f&#T'AB(G11) with vg,, # 0. If Ss, Sy,
S13, S14, S15, S16, S17, S18, S19 are tight, then(, ) is obtained by lifting a proper geared inequality
that is facet defining fo67' AB(Gy) with the nodeu; ;.

Proof. As Ss is tight, themy;,, > v, + 7. andyy, > vu,,. Thus(v,70) is neither a (proper or non-
proper) g-lifted inequality of type (3), (4) lifted witla; 1, nor an inequality of type (5). Moreovety, o)
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is neither a clique inequality supported by any of the cl&j{ie bo, ho, ui1}, {a,da, ha}, {b2,ds, ha},
nor the5-wheel inequality supported bl lifted with w;;. Similarly, assS; is tight, then(vy, o) is
neither a clique inequality supported by any of the clig{esl!;, k1, u11}, {c, b1, h1}, {b1,d1, h1}, nor
the 5-wheel inequality oril/; lifted with wq;.

As S13 and Sy4 are tight, then(+,~o) is not the clique inequality supported By, hi, ho,u11} OF
{a,h1,he,u11}. As Si5 andS;7 are tight, then(, ) is not the clique inequality supported By, U
{bl, dl} orKyuU {bg, dg}

Finally, (v, 7o) is not a non-proper geared inequality of type (2) witke {{b2, ¢, u11}, {d2, a}, {b1, ¢},
{dy,a,u11},{a,c,ui1 }} asSis, Sie, S17, S1s, S19 are tight, respectively. Thus the only facet defining
inequality that admits the given set of configurations asttpnfigurations is a proper geared inequality
of ST AB(G| lifted with nodew;; and the proposition followdl

Proposition A.2. Let (v, ) be a facet defining inequality f&#T AB(G11) with yg,, # 0. If Sy, So,
So1, and Sy, are tight configurations and one of the following conditiatsurs:

a) S1; and Sy are tight,

b) Si1, S7, andSy4 are tight,
c) S11, S7, andSy, are tight,
d) Sg, Sg, and.Sy3 are tight,
e) Sy, Sg, and Sy are tight,

then (v, 7o) is obtained by lifting a proper g-lifted inequality that iadet defining forlST AB(Gy) with
the nodeu;.

Proof. As S; and.S; are tight, ther(~, ) is neither a (proper or non-proper) lifted geared ineqyalit
of STAB(Gy) lifted with the nodeu;; nor a non-proper g-lifted inequality of type (5). Moreovsi,
andS; miss the cliqued<; U {bl, dl}, KouU {dg, bg}, {bl, dq, hl}, and{bg, ds, hg}, and Sq’y, ’70) is not
a clique inequality supported by any of these cliques.SAsand Sso are tight then(y, vg) is neither a
non-proper g-lifted inequality (4) nor a liftegdwheel inequality (6).

Moreover, the configuratio,; misses the cliquéc, b1, hi} and the configuratiorby; misses the
cliqgue{a, ds, ha}; thus, (v, 7o) is not a clique inequality supported by any of these cliques.

If Sy is tight then(~,~) is neither the clique inequality supported fy k1, ho, u11 } Nor the cliqgue
inequality supported byc, by, ho,u11}. Finally if Sy is tight or S; and one betweefSi,, S14} are
tight, then(~, ) is neither the clique inequality supported fy, d;, k1,111 } nor the clique inequal-
ity supported by{a, h1, h2,u11}. As a consequence the only inequality that admits the gietrofs
configurations as tight configurations is a proper g-lifileeluality of ST A B (G lifted with nodewu,; .

The cases d) and e) of the proposition follow from the casesmi)c) by diagonal symmetii§.

LemmaA.3. [9] Let G = (H, By,e) be a geared graph with" = {uy;,u12} ande = vjvy. Let
(7,70) be a proper geared inequality (1) associated with a g-exabtelfacet defining inequalitiyr, )
of ST AB(H) and then lifted with the node,;. Then the inequalityc,, z¢,, + Yu, Tu, < Y0 Obtained
by lifting the nodeu » is facet defining foST A B(G) and the lifting coefficient af12 IS vy, = T, = Yu
foranyu € Vi, \ {h1, ha}.

LemmaA.4. [9] Let G = (H, By,e) be a geared graph with”™ = {uj1,u12} ande = vjv,. Let
(7,70) be a proper g-lifted inequality (3) associated with a galifte facet defining inequalityr, 7() of
ST AB(H¢) and then lifted with the node;;. Then the inequalityic,, zG,, + Yui,Tu, < Yo Obtained
by lifting the nodeu » is facet defining foST AB(G) and the lifting coefficient af12 iISyy,, = T, = Yu
foranyu € Vp,,.
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LemmaA.. LetG = (H, By, e) be a geared graph with”™ = {u1;,u12}, and let(53, 5y) be a facet
defining inequality forST AB(G) that has full support onBy and admitsS;, Sz, and Ss; as tight
configurations. 1S9, or Sos is tight, then(3, 5y) is obtained by lifting a proper g-lifted inequality that
is facet defining folST AB(Gy) with the nodesiy; anduys.

Proof. By hypothesis,3, + . = Bu,, + B, @nd B, + Bc > Buyy, + Bu,- By Lemma 3.13 and
Lemma 3.14, the configuratiort$;, Sy, S15, S16, S17, andSig are not tight for(3, 5y).

Case 1.522 tight.

If S11 and Sy are tight then, by Proposition A.2 a), the face defined byuaéty (5q,,, o) is con-
tained in facets defined by only two types of inequalitie}ti{ose that are obtained by lifting with the
nodewu;; a proper g-lifted inequality that is facet defining 87" AB(Gy), or (ii) those that have zero
coefficient on every node dB;;. As 3, > 0, at least one such inequality, s&y, o), is of type (i).
This implies that the coefficients, have the same value for all€ Vj,,; we prove thats,,, = 3, for
u € Vp,, as well. In fact, if3,,, > (., thenSy, violates(3, 5y) (asSa; is tight), a contradiction. If
Buis < Bu, thenSay, Sas, Sae, Sa7 are not tight. 1fSy3 is tight, thenSy violates(5, Gy) and if Sag is
tight, thenS;g violates(3, 5y). Then no tight configuration contaings, a contradiction.

Observe now that, by Lemma A.4, the inequality, v.,,, o) obtained by lifting(y,v0) with node
u12 hasy,,, = v, foranyu € Vp,, and it is facet defining foST AB(G). Clearly, every stable se&t
that is tight for(3, ) such thatu,o ¢ S, it is also tight for(~y, v.,,,70). Itis not difficult to check that
this property can also be extended to the configurationsagony nodeu;s so that if a configuration is
tight for (53, B), then it is also tight fo(~, v.,,,70), i.€. the two inequalities are equivalent.

Suppose now tha$; is tight andSy is not tight, i.e.,3,,, = B, (asSa; is tight) andg3,,, > (.
(as.Saq is tight). Sincel, + B > Puy, + Buy, and By, > B, it follows thats, > 3,,,, and s0Sas
is not tight (since otherwis@y; \ {u12} U {a} would violate (3, 5y)). Since there exists a tight stable
set missing the cliquéa, dy, hy,u11}, andSy, Si7, andSys are not tight, it follows thaiS; is tight for
(8, Bo). If S14 is tight then, by Proposition A.2b), the face defined(by:,,, 5o) is contained in a facet
defined by a proper g-lifted inequality lifted with node; and, by using similar arguments as before,
it can be shown thafs, 5y) is the sequential lifting of a proper g-lifted inequality 8°AB(Gy), as
claimed. Hence, suppose that, is not tight for(3, 8y). If S12 is tight then case (c) of Proposition A.2
can be applied and we are done. Thus, supposéeihas not tight and s®,3 or So4 must be tight since
otherwise the cliquéa, hq, ho, w11 } would not be missed by any tight solution @f, 5y). If So4 is tight
thenj,,, > . (sinceSi is not tight), and s@,,, + B.,, > B + B, contradicting the hypothesis. It
follows that Sy, is not tight andSas is tight for (5, 5y), and s084, + Bu,, + B, > Bay + Be + Ba, (@S
Si4 is not tight). Sinced. > By, (Ba + Be > Buyy + Buy, @aNdG, = By, ), it follows that 5, > (4. But
thenSas \ {da, w11} U {b2,a} violates(s3, 5y ), a contradiction.

The case wheny is tight andSy; is not tight can be proved using the diagonal symmetry.

Finally, suppose that neithéi;; nor Sy is tight and sa3,,, > 5, (asSa; is tight) and3,,, > (. (as
Say is tight). Sincel, + B > Buy, + Bui,, WE have thats, > 3,,, andjs. > (,,, and soSy, and.Sas
are not tight. Therbs andS7 are both tight since they are the only configurations missiegcliques
{c,ba, ho,u11} and{a,d;, h1,u11}, respectively. Thugy, = Br, = Bu,,, and thenSy and Sy, are
not tight (3,,, > B, andf,,, > B.). As Sg andS7 are tight, we also have thag, > 54,, Bi, > Fb,s
then Sy3 is not tight (as@,,, > Bu.,,). Moreover,Si3 and S14 are both tight since they are the only
configurations missing the cliquds, h1, he, w11} and{a, h1, ho,u11}; therefore,3(S13) + 5(S14) >
B(S20) + [(S23) implies that3, + B. > Buy, + Buy,. HeNce,Sas, Sor and Seg are not tight andi o
belongs to no tight configuration, a contradiction.

Case 2.555 tight.

We can assume, without loss of generality, thigtis not tight (otherwise we match the previous case)
and Sy, is not tight (otherwise the thesis follows from the previ@ase by horizonthal symmetry).
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Notice that at least one configuration betwefnand S must be tight for(3, 5y) (otherwise there
would be no tight configuration containing the nadg. So, if S is tight thengy,, = B,,, (@sSazs is
tight); if Se is tight thens,, > (,,, (asSa2 is not tight).

Consider first the case whefy and Sg are both tight. Sincésy; is tight, thens,,, > [, and this
implies that3,,, = Gn, > Bu,, > Bn,- As a consequenceys is not tight and ther;o must be
tight, because it is the only remaining configuration migdime clique{c, b, hq,u12}. If follows that
Ba = Buy, = Br, (@SSas is tight); but thenSy; \ {u11} U {a} violates(3, fy), a contradiction.

Let us now consider the case whég is tight andSg is not tight; then3,, > (4, and.Sy; is tight
because it is the only remaining configuration missing theuel {c, b2, ho,u11}. This implies that
Ba = PBuy, (@SS is tight), 5, > B, andB. = B, (as.Ss is tight). It follows thatSy is not tight
(otherwiseSy \ {da,u11} U {b2,a} would violate(3, 3y)). Furthermoref, > 3,4, (asSs is tight) and,
consequentlyS;4 cannot be tight (otherwisé4 \ {c, d1,ds} U {a, by, be} would violate(3, 5)). Then
Sy is tight (otherwise no tight configuration would contain thededs), and so3. > 3,,, (asSas is
tight and3,, > B4,). Together with3, = 3,,,, this implies thatSy, So7, andSyg are not tight and
u11 belongs to the unique tight solutio$y;. Hence, by Lemma 3.1583, 3;) is the sequential lifting
of a facet defining inequality fo6TAB(G \ {u11}). Notice that the only facet defining inequalities
for STAB(G \ {u11}) = STAB(G;2) that have full support oB;2 are proper geared or g-lifted
inequalities forST AB(Gy) lifted with the nodeu;» (see Theorem 3.20). Sindg is tight for (3, 5p)
and is not tight for any lifted proper geared inequality, veedthat(3, 5y ) is the sequential lifting of a
proper g-lifted inequality.

Finally, consider the case whei is tight andSs is not tight. SinceSys is tight andSs is not, then
Bu, > PBny; Since Sg is tight, thens,, > (. and, as a consequencs, is not tight. SinceSs is
tight andSy, is not, we have that,, > (3,,, and thend,,, > 3,,,. Moreover, since3,,, > 3, (as
Sy is tight), it follows thatg3,,, > 5,. ThusS;y cannot be tight ands must be tight, since it is the
only remaining configuration missing the cliqie b1, h1,u12}. This implies that3,, > f,; but then
So1 \ {b1,u11} U {dy,u12} violates(3, By), a contradictionli

LemmaA.6. LetG = (H, By,e) be a geared graph with”™ = {u;1,u12} and let(3, 5y) be a facet
defining inequality forST AB(G) that has full support orBy. If S3 or S, are tight configurations
for (5, 00), then (8, By) is obtained by lifting a proper geared inequality that is éaaefining for
STAB(G@) with the nodes:;; andus.

Proof. If Sz is tight thengy,, > By, + Bu,, andGy, > B, + B.. Thisimplies thady,, > Bq, Bn, > Be,
Bry > Buirs Bry > Buy, @nd s0Sy, Sio, S22, S25, and Sy are not tight configurations fai3, 5).
SinceT; is not tight by Lemma 3.12, it follows thati is tight for (3, 8y). In fact, if not, every tight
solution of (3, 5y) would be also tight for the lifted 5-wheel inequality supeor by, U {u11,u12}, @
contradiction.

By vertical symmetry, ifS, is tight then,, > By, + Bu,, @and Bn, > B4 + Be. This implies
that By, > Ba, Bry > Bes Bry > Burys Bry > Buy, @nd s0S11, Si2, Sa1, Sa24, and Sy are not tight
configurations fo(3, 5y). SinceT; is not tight by Lemma 3.12, it follows thaf; is tight for (3, 5p). In
fact, if not, every tight solution of(3, 3,) would be also tight for the lifted 5-wheel inequality supigor
by Wa U {u11,u12}, @ contradiction.

Hence,S3; and.S, are both tight and the above derived conditions always hotaeover,3;,, = (G,
and, by Lemma 3.135; and.S, are not tight.

If So0, Sa23 andSag are not all tight for(3, 5y) thenwy; or 12 belongs to at most one tight solution
and, by Lemma 3.15, /3) is the sequential lifting of a facet defining inequality obakr dimensional
polytope, saySTAB(G') with G’ = (H, By, e) andY’ C {u11,u12}. By theorems 3.19 and 3.20, this
implies that(3, 5y) is obtained by lifting either a proper geared or a propefftgdiinequality that is
facet defining inequality of T AB(Gy) with the nodes:;; andu2. More precisely, sincés andS, are
tight, the former case must occur.
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Hence, we may assume thi, S23 and.Sag are tight for(3, 5p) and soby, = Buy, + Buys = Ba+ Be-

If Buyy + Buin > Ba + Be, thenSyg is not tight and at most one betwesi and Sy, is tight for (5, Gy)
sinceB3(Sa0) + B(S23) > B(S13) + B(S14) holds. As a consequence, at least one node betwaerdc
is not contained in any tight solution, a contradiction.oltdws that3,,, + Bu,, = Ba + 5c, and saS;s,
S14 andSyg are tight for(3, 5o).

Since(3, Bo) is not a clique inequality supported By; U {b;,d;}, i = 1,2, there exist tight configura-
tions of (3, 5p) that do not intersect these cliques. These tight solutietenlg to the se{S;5, S16, S17, S18}-
If the four solutions are all tight then, by Proposition Athe tight configurations fof5¢,, , 5o) are also
tight for a proper geared inequality 8" A B(G)) lifted with the nodeu,;. Hence, by using LemmaA.3,
it is not difficult to check that3, 5y) is the sequential lifting of5¢,, , fo) lifted with the nodeu,s, as
claimed.

We consider the cases when exactly one configurati¢§ig, S16} and one configuration iiS17, S1s}
are tight. 1f.Sy5, Sq7 are tight, andSy¢, Sis are not tight, ther,, > 54, andjy,, > [4,. SinceSs and
Sg cannot be tightSs and S; are tight because we are left with orlg possible tight configurations,
i.e., Sg, 54, 55, 57, 513, 514, 515, 517, 519, 520, 523, anngg. But it is not difficult to check that these
roots are not linearly independent, a contradiction. Tise @ehenS;s andS;g are tight is horizonthally
symmetric with this one.

If S5, Sis are tight, andS,g, S17 are not tight, therﬁdl > ﬁbl and ﬁbQ > ﬁdg' SinceSg and S
cannot be tightSs and Sg are tight since we are left with only2 possible tight configurations, i.653,
S, S5, Ss, S13, S14, S15, S18, S19, S20, S23, and Seg. But these roots are not linearly independent, a
contradiction. The case wheéfig andS;7 are tight is horizonthally symmetric with this one.

We are left with the case that exactly one amdiigs, Si6, S17, S1s} is not tight. Suppose first that
Sig is not tight. SinceS;; and.Si¢ are tight it follows that3,, = (54,; sinceS;7 is tight andS;g is not,
it follows that 5, > (4,. This implies that3. > 3, sincefy, + Bb, + Ba = Ba, + Ba, + B (@SS13
andSy, are tight). Moreover, = f3,,, (SinceSy is tight, i.e. By, + Bb, + Ba = Boy, + Bay + Buyy)s
Be = Buy, (SINCESa3 is tight, i.e. By, + Ba, + Be = Bay + Boy + Buiz)s Bb, = Be (SinceSig, Sz, Sis,
andS;3 are tight, i.e.8, + 8. = Bn, = By, + Ba), andBy, = B, (since alsaS;¢ andSy4 are tight, i.e.
ﬁa + ﬁc = ﬁhl = ﬁd1 + ﬁc)

Finally, sinceS;5 and.S;~ are tight and3;,, = fy,, it follows that,, = 5,,. To summarize we have
that the coefficients ofz, are the following:

Ba=Bay = Buiy =0, Be =B = Boo = Bdy = PBurs =8 Bhy = Bh, =D+ ¢

whereq > p > 0. Hence the inequalitys, 5y) can be written as the following convex combination:
/"(ﬁG\By?VIBYJ/y(I]) + (1 - M)(ﬁG\Byﬁggyﬁ(l),) Where# = % and

Yo =q Yu€ Vg, \{h1,ha}, 7, =", =20 and o =08 +q—p ®
Tu=4q Yu€ Vs, \{di,a,un}t, 75 =7 =%, =0, and 15 =05 —p.

We now prove that the inequalitiegd s, , 73,.,7) and BGa\sy V5, 70) are valid for STAB(G).
The maximal stable sets of G can be partitioned into four classes depending on theirsat¢ion with
the cliquesk;, i = 1, 2:

1) SﬁKl;«é@andSﬁKQ:@;
2) SNK; =0andS N Ky # 0;
3) SNK; #0fori=1,2;
4) SNK; =0fori=1,2.

Since B\ sy » V5, 70) and Be sy, V5, 0) differ only onVp, and on the right hand side, it suffices
to consider the values g¥(S N Vp, ) for maximal stable sets' of G. Let S be of type 1) and let
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S* be its associated configuration &.. We have thaBig, (S N Vg, ) = 2¢ + p if S* € {S5, 56},
ﬁBy (S N VBy) =p+q if $* ¢ {Sl, 510, 522, 527,T2}, andﬁBY (S N VBy) = 2q if S* ¢ {Sg, 525}.

As for these solutionge g, (S '\ VB, ) is constant anthax{0p, (SNVp, ) : SNK; #0,SN K, =
0} = 2p + ¢, the inequality e\ 5, , V3, > 70) is satisfied by all solutions of type 1) because

Yy (SNVpy) <3¢ =2q+p+(qg—p) =max{fp, (SNVp,): SNK1 #0,SNKy =0} + (¢ —p),

i.e., the left hand side o%\By,fijy,fy{]) increases at most @f — p with respect to3,. Moreover, the
inequality Gy, 73,5 70) is also satisfied by all solutions of type 1), because

Yy (SN VBy) <2¢=2q+p—p=max{fp, (SNVp,): SNK #0,SN Ky =0} —p,

i.e, the left hand side of¥;\ s, , 73, , 75) decreases at least pivith respect to%.

We can repeat similar arguments for any maximal stableéSseich thatS* is of type 2), 3), and 4),
so proving that §c\ By, 7, 70) @and Ge sy V3, 70) are both valid forST AB(G). Hence(3, 5o) is
the convex combination of two valid inequalities, contddidig the hypothesis that it is facet defining for
STAB(G).

As the set of configurations§'s, S4, S13, S14, S19, S20, So23, Sog IS closed under any of the three
symmetries and the casg~ is not tight (51 is not tight, S5 is not tight) is horizonthally (vertically,
diagonally, respectively) symmetric with the césg is not tight, the thesis followd

LemmaA.7. Let G = (H, By,e) be a geared graph with’ = {uj1,u12}. Let (5, 5y) be a facet
defining inequality foiST'AB(G) that has full support oz, . If neitherSy; nor Sy is tight for (5, Go),
then (5, 5y) is obtained by lifting with:1; and w5 either a proper g-lifted inequality or a proper geared
inequality that is facet defining fT AB(Gjp).

Proof. By Lemma 3.12, the solutions of typg, T,, T3, T4 are not tight for(3, 8y). If Ss or Sy is
tight the thesis follows by Lemma A.6. So, assume #paand S, are not tight. Since,; and Sy, are
not tight, it follows thatSy; or Sy is tight for (3, 5y). In fact, if not, then every tight solution @f3, 5y)
would be also tight for the lifted 5-wheel inequality suptgorbyWs U {u;1,u12}, @ contradiction.

Suppose first tha$; is tight; thens, > 5,,, andS, + By, > B4, + Bu., (SinceSz; andSz, are not
tight). It follows thatSs3 is not tight (since otherwis8ys \ {d1, w12} U {b1, a} would violate(3, 5y)).

If Sq2 is also tight thens3. > 3,,, (asSa4 is not tight), and sS4, S27 and Syg are not tight (as
they can be increased by substitutifig 1, u12 } with {a, c}), thus implying that.;2 belongs to a unique
tight configuration, namelys,;. Thus, by Lemma 3.153, ;) is a sequential lifting of a facet defining
inequality forST AB(G11) and, by Theorem 3.19, the thesis follows.

Hence we may assume théits is not tight for (3, 5y). Now, if Sy or Sag is tight thens,, > Gy,
(otherwise substitutingds, u11 } with {b2, a} would lead to a violation of 3, 3y)). Hence,S; andS;5
are not tight, and so every tight solution @, 5y) is tight for the inequality supported by the clique
{a,ds, ha,u12}, @ contradiction. Hence§y, S21, and Sy, are not tight. Since there must exist a tight
configuration of(3, 5y) missing the cliquda, da, ha, w12} @andSiq is not tight, we have thais or Sy is
tight. This implies thapd;,, > Bu,,, By, > Ba,, and, asSy; is tight andS; 2 is not tight, 5, + 5y, + b, >
Be+ Ba, + Bd,, 1.€.,514 is not tight. SinceS2, Sag, andSy, are also not tight and there must exist a tight
solution of (3, By) missing the cliquga, h1, ha, ui2}, we have thaly is tight and sQ3. > 5, > Buy,-

It follows that.So¢, S27, andSsg are not tight, since otherwisg; andu,» could be replaced by andc
in all cases to provide stable sets that violgtes,). Hence,ui; belongs to no tight solution df3, /),
a contradiction.

Sinceo,(S21) = Sa4 andoy(S11) = Si2, the case whelss s is tight (andSy; is not tight) follows by

horizonthal symmetrji
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Theorem 4. Let G = (H, By, e) be a geared graph with" = {u11,u12} and let(5, 5y) be a facet
defining inequality forST AB(G) that has full support oBy-. Then(3, 8y) is obtained by lifting with
u11 andup, either a proper g-lifted inequality or a proper geared in@djty that is facet defining for
STAB(Gy).

Proof. By Lemma A.6, ifS3 or S, is tight then the thesis follows. So, we can assume thatersithnor
Sy is tight for (53, 5y). By Lemma A.7, if neithetSy; nor Sy is tight then the thesis follows. By diagonal
symmetry the same holds if neith€s, nor So;5 is tight. To complete the proof it suffices to consider the
following four cases that are symmetric in pairs: “béth andSs, tight” that is horizonthally symmetric
to “both So4 and .Sy tight”; and “both Sy and Sy tight” that is horizonthally symmetric to “botl,
and Sy, tight”. Thus the proof consists of two nhonsymmetric cases:

1. bothS,; andSsy, are tight,
2. bothSs; andSo5 are tight.

However, since the proofs for these two cases are very sjmitawill distinguish them only on the parts
of the proof where different arguments are used. Therefeeesuppose thaty; is tight and at least one
betweenSss and.Sss is tight.

By Lemma 3.1277, T», T3, andT} are not tight for(3, 5y), while S15, S16, S17, andS;s are not tight
by Lemma 3.14.

By Lemma A.5, it suffices to consider the case witgrand.S; are not both tight fof 3, 5y). Clearly,
if Sy is tight and.S;y is not tight thenSs must be tight for(3, 5y) (since otherwise the cliqué&’; U
{b1,d;} would never be missed by a tight solution (gf, 5)). Hence,3, + B < Buy; + Buy, and so
B(S1\ {a,c} U{ui1,ui2}) > B(S1), a contradiction. A similar argument shows that the cgseot
tight and.S, tight cannot occur.

Hence, we are left with the case: neitttgrnor S, is tight for (3, 3y). Since the clique#(; U {b1,d; }
and K, U {by, d2} must be missed by at least one tight solution(©f/,), we have that bott$ss and
So7 are tight for(3, By). SinceSsy is tight andSy is not, B, + B: < Buy, + Bui,; thenSyg is not tight
because otherwis8ig \ {a, c} U {u11,u12} would violate(s, 5).

We now distinguish four cases accordingly with the tightnesS;3 andS14.

Case a.513 and S14 are both tight.It follows that3(S13) + 3(S14) > B(S20) + 3(Sa3), i.€., By, + Ba +

51)2 + Bdl + Bc + /8d2 > 51)1 + Buu + 5d2 + 5d1 + 5u12 + 662- |mp|y|ng thatﬂa + 50 > Buu + 5u121 a
contradiction.

Case b.S14 is tight andS;3 is not tight. For S, being tight, we have thaf. + 54, > Bu,, + O, - If S11

is tight then, sinceS, is not, 3,, > (. and consequentl@;, > B,,,. ThenSsys \ {u11} U {d;} violates
(8,00). SoSq1 is not tight. This implies that is tight, since it represents the only configuration
containing the node. As S; is not tight, we have that,, > 3. and then, sinc&,, + 5. > By, + Bus
(asS14 is tight), B4, > Bu,,- ThenSaz \ {u12} U {d2} violates(3, 3y), a contradiction

Case c.513 is tight andSy4 is not tight. A contradiction follows from Case b) by diagonal symmetry.

The last case is:

Case d. NeithelS13 nor Sy, is tight. Sincea andc must belong to a tight stable set, it follows that at
least a configuration if.S10, 511} and at least a configuration iy, S12} must be tight for(3, 5).
Suppose first tha$; is tight and sa3, = (5,,, (asSq; is tight). SinceSs; and Sy are tight, and since
So1 \ {u11, b1} U{a, c} = Sy is not tight, it follows that3,, = 3,,, > (.. Thus,Si2 is not tight and so
Sy is tight.

Consider now the two cases, tight or Sys tight. If Sas is tight theng, = 3,,, and, consequently,
Buis > Be = Buy, = Pa. Hence,Syy is not tight (otherwiseSo \ {a} U {u12} would violate(3, y)).
Moreover, asy,, + Ba, > Ba + Bby, = Buy, + Obys thenfy, > [, andSs is not tight. Now consider
the caseSys tight, theng,,, + By, = Bc + Ba, (@SS is tight) and, as3,,, > Bc, Ba, > Bp, and S
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is not tight; henceS is not tight (otherwisesyo \ {a, b2} U {u11,d2} would violate(3, 5y)) and then
ﬁum > (o = ﬁull-

Hence, if Sy or Sy is tight then bothS; and Sy are not tight ands,,, > (5,,,. Moreover, since
Buii + By > Buin + Ba, (@SS is tight) and3,,, > B,,,, we have thats,, > G4, thus implying that
Sg is not tight for (3, Bp). If Sas is tight, thenGy, + Bu,, + By > Bby + Ba + Bb, (@SS13 IS not tight),
i.e., Ba, + Buys > By, + Ba = By, + Bui,» @ contradiction; thusss is not tight.

To summarize we are left with only2 configurations which might be tight f@g3, 5y): S, S7, So, S11,
S20, S21, S22, S24, Sa5, Sa6, So7, S2s. AS (8, Bp) is a facet defining inequality, then the incidence vectors
of the tight configurations must define a matrix with rank éqod2 by Proposition 3.10. Therefore the
above configurations are all tight fe8, 3;).

Claim 1. (3, 5) is a convex combination of a valid inequalityc\ s, » 7z, » 70) With v, = ¢ for all
u € Vg, and a valid inequality of typ€6a: sy 13, ,0) With v, = q if u € {b1, d2, w12} andv, = 0 if
u € VBY \ {bl,dg,ulg}, Whereq > 0.

Notice that nowSy; and Sy are both tight, so from the above consideratiogs= 5,,, = B¢, By, =
Buy, (S21 and Sqg tight), andj,,, > B.,,. Moreover, sinceSs and.Sy are both tight, thers,, = 5,;
sinceSy5 andSy; are both tight, them,,,, = 3,; sinceS7 andS; are both tight, thes, = 3,; since
S7 and Sy, are both tight, them,, + Gr, = Ba, + Buyss 1-€.,8n, = Ba,; SinceSy andSy; are both tight,
thens. + Ba, = By + Burys 1-€4, Buy, = Ba,- Summing up, we have that

ﬁa = ﬁc = ﬁull = ﬁh1 = ﬁhQ = ﬁbz = ﬁd1 =D ﬁuu = ﬁbl = ﬁdz =4q,

whereq > p > 0. Hence the inequalitys, 5y) can be written as the following convex combination:
1(Ba\By + Yy »70) + (1 = 11)(Ba\By » Vi, 70 ) Wherep = £ and

v=q Yu€eVp, and v,=0o+q—p

Yo =4q Vu€{bi,dy,ur2}, v =0 VueVp, \{bi,d,u12}, and ~g = o —p. ©

We now prove that the inequalitieSd s, v, - 1) @nd Ba\sy» 75, 70) are valid forSTAB(G).
The maximal stable sefs of G can be partitioned into four classes depending on theirdat¢ion with
the cliquesk;, i = 1,2:

1) SNK; #0andS N Ky = 0;
2) SﬁKlz(DandSﬂKgyé@;
3) SNK; #0fori=1,2;
4) SNK; =0fori=1,2.

Since B\ By » VB, > 70) @nd BBy > V5,5 70) differ only on Vg, and on the right hand side, it suffices
to consider the values @f(S N Vg, ) for maximal stable setS of G . Let S be of type 1) and les™ be
its associated configuration d@7.. We have thatig, (SNVp, ) = ¢+pif S* € {S¢, Sy, S22, S25, Sa7},
ﬂBy (S N VBy) =2pif S* € {51, S5, Slo}, andﬂBY (S N VBy) =pif S* € {TQ}.

As for these solutiong g, (S '\ Vs, ) is constant anthax{3z, (SN Vg, ) : SN Ky # 0, SN Ky =
0} = p + q, the inequality Ba\By » fngy ,70) is satisfied by all solutions of type 1) because

Yy (SN VBy) <2¢=q+p+(q—p) =max{Bp, (SNVp,): SNK1 #0,SN Ky =0} + (¢ — p),

i.e., the left hand side of%\By,fijy,fy{]) increases at most gf — p with respect tq3,. Moreover, the
inequality G\ sy, 73,5 70) is satisfied by all solutions of type 1), because

Yoy (SNVBy) <q=q+p—p=max{fp, (SNVs,): SNK #0,SN Ky =0} —p,

i.e, the left hand side of¥;\ s, , 73, , 75) decreases at least pivith respect to%.



41.

We can repeat similar arguments for any maximal stablé seich thatS™ is of type 2), 3), and 4), so
proving that Ba\ B, » 75, » 70) @and BGe sy 1, 70) are both valid forST AB(G). Hence(, (o) is the
convex combination of two valid inequalities. (End of Claim 1)

As a consequence of the above claim we have(that ) is not facet defining, a contradiction.

ThereforeS;; is not tight andS} is tight. This implies thats, + Gy, > Buy, + Bbys i-€., 80 > Buis-
As Sy is tight and.S; is not tight, theng,,, + Bu,, > Ba + [, it follows that 3,,, > 3., Sy is
not tight and consequently, is tight. SinceSz; and S1» are tight, thendy, + 5. = 5y, + Buy,» thus
Ba, > Pp,, 1.€.,57 is not tight andSy is tight because it is the unique solution that containsMoreover,
Bo, + Buyy + Bas = Bay + Be + Bay; then, asSyy is not tight, the same holds foh,. SinceSs; is tight
and Sy, is not tight, thens,,, > £,. As Sy is tight andSyo \ {a,b2} U {u11,d>} is feasible, then
Ba + By, > Buiy + Bay; consequentlyd,, > Bq4,, Se is not tight andSs is tight (because it is the only
solution containingy).

To summarize we are left with only2 configurations which might be tighfs, Ss, S1g, S12, S21, S22,
Sas, Saa, S25, S26, S27, S2g. AS (3, [p) is a facet defining inequality, then the incidence vectorthef
tight configurations must define a matrix with rank equal2o Therefore the above configurations are
all tight for (3, 5).

Claim 2. (3,5) is a convex combination of an inequalit¢c s, , vs,» 70) With v, = ¢ for all
u € Vg, and an inequality of typ€3a\ g, , 75,70 ) With v, = ¢ if u € {d1, b2, w11} and~, = 0 if
u € Vi, \ {di1, b2, u11}, whereqg > 0.

The claim follows from Claim 1 by horizonthal symmetry. (End of Claim 2)
As a consequence of the previous claims, we have that alse @agelds a contradiction. Thus the
theorem followsll

References

[1] M. Chudnovsky and P. Seymour, “The structure of clanefgeaphs,” inrSurveys in Combinatorics
vol. 327 ofLondon Math. Soc. Lecture Not&005.

[2] M. Chudnovsky and P. Seymour, “Claw-free graphs IV: Daposition theorem,J. Comb. Th. B
vol. 98, no. 5, pp. 839-938, 2008.

[3] V. Chvatal, “On certain polytopes associated with ¢r&pJ. Comb. Th. Bvol. 18, pp. 138-154,
1975.

[4] M. Conforti, G. Rinaldi, and L. Wolsey, “On the cut polyth®n,” Discrete Mathematigsrol. 277,
pp. 279-285, 2004.

[5] J. Edmonds, “Maximum matching and a polyhedron with vertices,”J. Res. of Nat. Bureau of
Stand. Bvol. 69B, pp. 125-130, 1965.

[6] F. Eisenbrand, G. Oriolo, G. Stauffer, and P. Venturdy€Etable set polytope of quasi-line graphs,”
Combinatoricavol. 28, no. 1, pp. 45-67, 2008.

[7] A. Galluccio, C. Gentile, and P. Ventura, “Gear compositof stable set polytopes ang
perfection,” Tech. Rep. 661, Istituto di Analisi dei Sisiead Informatica “A. Ruberti” - CNR, 2007.
Submitted. Available at http://www.iasi.cargentile/ClaudioGentileFiles/abstracts.igaMOR.

[8] A. Galluccio, C. Gentile, and P. Ventura, “Gear compositand the stable set polytope)pera-
tions Research Lettersol. 36, pp. 419-423, 2008.

[9] A. Galluccio, C. Gentile, and P. Ventura, “The stable galytope of claw-free graphs X X-strip
composition versus gear composition,” 2008. Submitted.



42.

[10] A. Galluccio and A. Sassano, “The rank facets of thelstabt polytope for claw-free graphs)’
Comb. Th. Bvol. 69, pp. 1-38, 1997.

[11] R. Giles and L. Trotter, “On stable set polyhedra for 3-free graphs,”J. Comb. Th. Bvol. 31,
pp. 313-326, 1981.

[12] M. Grotschel, L. Lovasz, and A. Schrijvegeometric algorithms and combinatorial optimization
Springer Verlag, Berlin, 1988.

[13] T. Liebling, G. Oriolo, B. Spille, and G. Stauffer, “Oron-rank facets of the stable set polytope of
claw-free graphs and circulant graphislath. Methods of Oper. Resear@004.

[14] G. Minty, “On maximal independent sets of vertices iaweifree graphs,J. Comb. Th. Bvol. 28,
pp. 284-304, 1980.

[15] D. Nakamura and A. Tamura, “A revision of Minty’s algthmn for finding a maximum weighted
stable set of a claw-free grapldpur. OR Society of Japamol. 44, pp. 194-204, 2001.

[16] G. Oriolo, “Clique family inequalities for the stabletspolytope for quasi-line graphsDiscrete
Applied Mathematigsvol. 132, pp. 185-201, 2003.

[17] G. Oriolo, U. Pietropaoli, and G. Stauffer, “A new algbm for the maximum weighted stable set
problem in claw-free graphsl’ZNCS vol. 5035, pp. 77-96, 2008.

[18] M. W. Padberg, “On the facial structure of vertex pagkpolytope,”’Mathematical Programming
vol. 5, pp. 199-215, 1973.

[19] A. Pécher, P. Pesneau, and A. Wagler, “On facets ofestgdt polytope of claw-free graphs with
maximum stable set size three,”3xth Czech-Slovak International Symposium on Combiitator
Graph Theory, Algorithms and Applicatigngol. 28 of Electronic Notes in Discrete Mathematjcs
pp. 185-190, 2006.

[20] A. Pécher and A. Wagler, “Results and conjectures ersthble set polytope of claw-free graphs,”
Tech. Rep. 11, Otto-von-Guericke-Universitat Magdebéarulty of Mathematics/IMO, 2006.

[21] W. Pulleyblank and B. Shepherd, “Formulations of thebkt set polytope,” ifProceedings Third
IPCO ConferencéG. Rinaldi and L. Wolsey, eds.), pp. 267-279, 1993.

[22] A. Schrijver,Combinatorial optimization Springer Verlag, Berlin, 2003.
[23] B. Shepherd, “Near-perfect matricebfathematical Programmingrol. 64, pp. 295-323, 1994.
[24] G. Stauffer,On the stable set polytope of claw-free grapi®hD thesis, EPF Lausanne, 2005.

[25] L. Trotter Jr., “A class of facet producing graphs fortex packing polyhedra,Discrete Mathe-
matics vol. 12, pp. 373-388, 1975.

[26] A. Wagler, “Rank-perfect and weakly rank-perfect drap Mathematical Methods of Operations
Researchvol. 95, pp. 127-149, 2002.

[27] L. Wolsey, “Further facet generating procedures fatese packing polytopesMathematical Pro-
gramming vol. 11, pp. 158-163, 1976.



