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Abstract

Thegear compositiorbuilds a new grapld by substituting a suitable edge of a given grdplwith a
fixed graph namedear. Here we extend this definition to obtain an operation thatiitable to handle
claw-free graphs. We cafjeared (fuzzy) line graphthe graphs obtained from (fuzzy) line graphs by
repeated applications of the extended gear compositionvarmiove that these graphs form a significant
subclass of claw-free graphs with stability number at léast The proof is based on the decomposition
theorem of Chudnovsky and Seymour [1, 2].

We also show how thextended gear compositiggenerates facet defining inequalities for the stable
set polytope of a geared gragh In a sequel we prove that these facet defining inequaliiiglsl yhe
complete linear description of the stable set polytope afe@ (fuzzy) line graphs.
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1. Introduction

Given a grapiG = (V, E) and a vectow € QK of node weights, thetable set probleris the problem
of finding a set of pairwise nonadjacent nodstmble setpf maximum weight. Lety(G, w) denote the
maximum weight of a stable set 6f;, we refer toa(G) = «(G, 1) (1 being the vector of all ones) as
the stability numberof G. The stable set polytopedenoted byST AB(G), is the convex hull of the
incidence vectors of the stable set€afSince the stable set problem/&P-hard, it is unlikely to find a
defining linear system 87" AB(G) for general graphs. Nevertheless the study of the stabjmoggbpe
of claw-free graphs attracts the scientific curiosity sideeades.

The interest for the stable set polytope of claw-free grdipedack to 70’s when the result of Edmonds
on the matching polytope [4] was translated for the stabipalgtope of line graphs (a line grapgh(G)
of a graphG is obtained by considering the edges(dfas nodes of.(G) and two nodes of.(G) are
adjacent if and only if the corresponding edges-diave a common endnode).

After that fundamental result, the attention moved towatdsses of graphs that properly contain line
graphs: in particular, the class dfaw-free graphsi.e., the graphs such that the neighborhood of each
node has stability number at most two, and the clasguaki-line graphsi.e., the graphs such that the
neighborhood of each node can be partitioned into two cligidetice that the class of claw-free graphs
properly contains the class of quasi-line graphs. A numbeonjectures were posed on the inequalities
that are facet defining fo§7'AB(G) whenG is claw-free or quasi-line but none of them was able to
capture their structure [9, 20].

The interest for the study of the stable set polytope of di@e-graphs revived in late 80’s after
Grotschel, Lovasz and Schrijver proved the equivaleritbenseparation and the optimization problems
over polyhedra. Then it was clear that the case of claw-frapltg constituted an anomaly as they also
remarked in [10]: in fact, for all classes of graphs for whitks known a polynomial time algorithm
to solve the weighted stable set problem, it is also knownnaptete linear description of the stable set
polytope (see bipartite graphs, line graphs [4], serieallgh graphs [12] or perfect graphs), apart from
claw-free graphs. It is worth noticing that a polynomial ¢irmlgorithm to solve the weighted stable set
problem for claw-free graphs was known since 1980 [13, 1&g @so [18]).

We had to wait for the decomposition theorem of claw-fregobseof Chudnovsky and Seymour [1, 2]
in 2004 to start to understand the structure of their stablgoglytope and to find answers to so many
questions. This decomposition theorem states that the ofadaw-free graphs is the disjoint union of
different classes of graphs having very specific featurepatticular, Chudnovsky and Seymour proved
that every claw-free graph that does not admiitjain either has stability number at most 3 or it is fuzzy
circular interval or it can be obtained by composing thrgeesyof graphs, calledtrips fuzzy linear
interval strips, fuzzyX X -strips and fuzzy antihat strips. Moreover, they proved thesi-line graphs
are either composition of fuzzy linear interval graphs azfucircular interval graphs [1]. L&D’ denote
the set of quasi-line graphs that are composition of fuzzgdr interval strips an@° denote the set of
quasi-line graphs that are fuzzy circular interval. We s#iiped graphshe claw-free graphs that are
obtained by composing fuzzy linear interval strips, fuZZy -strips and fuzzy antihat strips, and we
denote the class of striped graphsdy Thus the Chudnovsky-Seymour decomposition states tleay ev
claw-free graph with stability number at least 4 and withbynins belongs either t@¢ or to C*. This
result partially explains why it was so hard to treat witl’ AB(G) as a whole polytope and suggests
that, in order to find a linear description 8" AB(G) for claw-free graphs, it is convenient to study the
facet defining inequalities separately for each of the sids@s of claw-free graphs they identify.

A defining linear system fofT AB(G) was given by Chudnovsky and Seymour [1] whénc Q°
and by Eisenbrand et al. [5] wher € Q°. It remains open the problem of finding a linear description
for STAB(G) whenG € C* or G has stability number equal ® The case withv(G) = 2 was solved
by Cook (see [19]), while for the cas€G) = 3 the roots of the facet defining inequalities$if AB(G)
have been studied in [17].



In this paper we consider a subclass of the striped graphslgahose graphs that are compaosition of
only two types of strips: fuzzy linear interval strips afdX -strips. We call these graph$ X -graphs
For this class of graphs we provide a decomposition thatésradtive to the one defined by Chudnovsky
and Seymour. This new decomposition is based on an exteobite gear compositionntroduced in
[8] and it builds a grapld~, calledgeared graphby substituting a suitable edge of a given graphvith
the fixed graphdxtended gearshown in Fig. 5.

We also provide a list of inequalities that are generatedhieyektended gear compositicand that
are facet defining for the stable set polytope of a gearechgrépese inequalities turn out to be crucial
in defining the facial structure of the stable set polytopeXof -graphs. In fact, they constitute the
building blocks of a larger class of inequalities, calfadltiple geared inequalitieghat has to be added
to rank inequalities and lifted 5-wheel inequalities in @rdo have a complete linear description of
STAB(G) whenG is anX X-graph. This linear system represents the first step towthedsolution of
the longstanding open question of finding a defining lineatesy for the stable set polytope génuine
claw-free graphs, namely claw-free graphs that are notidjnas

In Section 2 we recall the results in [7]. In Section 3, we defileextended gear compositiand
we prove that any grapi X -graph can be built from a graph ®° by iteratively applying the extended
gear composition instead of th€.X-strip composition defined by Chudnovsky and Seymour [1] (fo
other recent decompositions of claw-free graphs with Btamumber at leastt see [15, 11]). Finally,
in Section 4, we provide a list of inequalities that are fagetining for the stable set polytope of a
geared graph. These inequalities constitute the base fstiep Kecursive proof that will provide a linear
description ofST AB(G) whenG is an X X -graph (this result will appear in a companion paper).

2. Preliminaries

We now introduce some notations and basic definitions. Wetdelny G any finite, connected graph
with node setl; and edge sefl;. An edgee € E¢ with endnodes: andv will be denoted byuwv.
Given a vectors € R™ and a subset C {1,...,m}, definefs € RI°l as the subvector af restricted
on the indices of andz® € R™ as the incidence vector ¢f. Moreover let3(S) = 3", .¢ 3i. A linear
inequality "y, mjz; < mo is valid for STAB(G) if it holds for all z € STAB(G). For short, we
also denote a linear inequality’ = < 7o as(w, m). A valid inequality forST AB(G) definesa facet of
STAB(G) if and only if it is satisfied as an equality By | affinely independent incidence vectors of
stable sets of; (calledroots or tight solution3. We also say that a stable seis tight for (3, 3,) if =°

is a tight solution of 3, 3y).

We denote by(v) the set of edges aff havingv as endnode and by (v) the set of nodes o
adjacent tow. We also denote bgr \ A the subgraph ofs induced byVi \ A whereA C Vi; and by
G \ e (G + e) the subgraph of7 obtained by removing (adding) the edgeA clique-cutset ofG is a
complete subgraph whose removal disconnétts

We say thatz admits al-join if V; can be partitioned into four setf,, B, Ao, B such thatd; U A,
is a clique,B; and B, are honempty, and the only edges betwden B, and A, U B, are those between
Ay and A,. Clearly, if G admits al-join then A; U As is a clique-cutset ofs.

A k-holeCy, = (v1,vs,...,v;) is a chordless cycle of length a k-antihole C', is the complement of
ak-hole. Ak-antiwheelW = (h : C},) is a graph consisting of fzantiholeC’, and a nodé: (hubof 1)
adjacent to every node @f;. If k = 3, the3-antiwheel is callectlaw and denoted byy : wy, ws, ws3),
wherey is the center of the claw. K = 5, thenC’ is isomorphic taC5 and we refer tdV as a5-wheel
We recall here a result of Fouquet on claw-free graphs tHabe/used in the following:

Theorem 2.1. [6] Let G be a connected claw-free graph with stability number attidasr. ThenG
contains no odd-antiwheel of length greater than five.



It is not difficult to see that a claw-free graph is quasi-lii@nd only if the neighborhood of each node
does not contain an odd-antihole. Hence, the above theongiies that a claw-free graph with stability
number at least four is quasi-line if and only if it does nobhtain a5-wheel 1. Notice also that the
inequalityZ?:1 x,, + 2z, < 21is facet defining folST AB(WW) and it is calledb-wheel inequality

A gear B is a graph of eight node§u, by, bs, ¢, dy,da, h1, ha} such thatVy, = (hy : a,dy, b1, ¢, he)
andWy = (hgy : a,ds, ba, ¢, hy) are5-wheels (see Fig. 1); moreover, the edges of these wheethare
only edges of53.

Figure 1: The gear with nodés, hs, a, b1, b, ¢, dy, do.

In the remaining of this section we recall the definitiorgefr compositiorgiven in [8] and some of
the polyhedral properties of this composition [7].

A nodev of a graphH is said to besimplicial if its neighborhood induces a clique &f. An edgev; vo
of a graphH is said to besimplicial if K7 = N(v;) \ {v2} and Ky = N(vq) \ {v1} are cliques ofH.
Notice thatK; and K5 might have nonempty intersection.

Definition 2.2. Let H = (Vy, Ey) be a graph with a simplicial edge = vyv, and letB = (Vp, Ep)
be a gear. Thgear compositiomf H and B alonge generates a new grapfi such that:

Vo =Vgy \ {Ul,UQ} UVp,
Eq =FEg\ (6(v1)Ud(v2)) UERUF; UFy, whereF; = {d;ulu € K;} U {bjulu € K;}fori=1,2.

The graphG is called thegeared graplyenerated by and B alonge and denoted byr = (H, B, e).

A sketch of how the gear composition works is shown in Fig. 2.

Figure 2: (a) A graptH with a simplicial edgeve; (b) The geared grapy = (H, B, vivs).

Definition 2.3. Let H be a graph with a simplicial edge = v,v5. Let H¢ be the graph obtained from
H by subdividing the edgewith a new node.



An inequality (m, o) which is valid forSTAB(H) is said to beg-extendablgwith respect tce) if
Ty, = Ty, = A > 0 and it is not the inequality,, + z,, < 1.

An inequality (7, ) which is valid for STAB(H®) is said to beg-liftable (with respect toe) if
Ty, = Ty =T = A > 0.

Definition 2.4. Let H = (Vy, Ex) be a graph containing the simplicial edge= vjv9, let B =
(Vs, Ep) be agear and letr, 7) be a valid inequality foiST AB(H) that is g-extendable with respect
to e. Then the inequalities

o Z Tix; + A Z i + 2N (xpy + Thy) < T + 2A Q)
’iEVH\{’Ul,UQ} ’iEVB\{thQ}

o Y omami+ A > wi<m+ A 2
i€Vi \{v1,v2} i€Vp\A

whereA € {{b1,c}, {ba, c},{d1,a},{d2,a},{a,c}} is the set of nodes dfz with zero coefficient

are calledgeared inequalitieassociated witlir, 7). The unique geared inequality that has full support
on Vg is (1) and it is calledoroper geared inequality

In [8, 7] it was proved that:

Theorem 2.5. Let G = (H, B, e) be a geared graph and Idtr, 7y) be a g-extendable inequality of
STAB(H). If (=, m) is facet defining folST AB(H ), then the geared inequalities (1) and (2) associ-
ated with(m, mg) are facet defining foST AB(G).

Example 2.1. Consider &-hole C5, a gearB and the geared gragh obtained as the gear composition
of C5 and B along the simplicial edge = v;v9 (see Fig. 3). Thus, we writ€ = (C5, B, e).

Figure 3: A5-hole C5 and a geared-hole G

As the5-hole inequalityz (V) < 2is valid for STAB(C5) and it is g-extendable with respectdp
the following inequality

x(VG \ {hl, hg}) + 2xh1 + 2$h2 <4

is a proper geared inequality associated witfv,) < 2. Sincex(Ve,) < 2 is facet defining for
STAB(Cs), it follows that the above inequality is facet defining 8" AB(G) by Theorem 2.5. Fur-
thermore, the following five inequalities

(Vg \ A) < 3, whereA € {{b1,c}, {ba2,c},{d1,a},{d2,a},{a,c}},

are non-proper geared inequality associated w(itr, ) < 2 and they are all facet defining f6fT' AB(G)
by Theorem 2.5. O



Definition 2.6. Let H = (Vy, Ex) be a graph containing the simplicial edge= v,v9, let B =
(Vs, Ep) be a gear and letr, ) be a valid inequality foilST AB(H*¢) that is g-liftable with respect to
e. Then the inequalities

o Y omami+ A m<m+ A (3)
i€Vi \{v1,v2} i€Vp

o Y mmtA Y m<m (4)
i€Vi \{v1,v2} i€Vp\A

whereA € {{b1,c,ba, h1,ha},{d1,a,ds, hi,ho}} is the set of nodes 6fz with zero coefficient

are calledg-lifted inequalitiesassociated withi7, 7). The unique g-lifted inequality that is full support
onVpis (3) and it is calledoroper g-lifted inequality

A result analogous to Theorem 2.5 was proved for the g-lifbedualities [7]:

Theorem 2.7. LetG = (H, B, e) be a geared graph and Iétr, 7)) be a g-liftable inequality o T AB(H¢).
If (7, mp) is facet defining forST AB(H€), then the g-lifted inequalities (3) and (4) associated with
(m,mp) are facet defining foST AB(G).

Example 2.2. Consider al-hole Cy, a gearB and the geared grapgh obtained as the gear composition
of Cy and B along the simplicial edge = v, v2 (see Fig. 4). Thus, we writ€ = (Cy, B, e).

Figure 4: A4-holeC, and a geared-hole G

The subdivision of the simplicial edge = v;v2 with a new nodel generates &-hole C§. Since
x(Voe) < 2is valid for STAB(CY) and it is g-liftable with respect te, the following inequality
CL’(Vg) <3

is a proper g-lifted inequality associated witliVc:) < 2. Sincez(Vee) < 2 is facet defining for
ST AB(CY), it follows that the above inequality is facet defining 8 AB(G) by Theorem 2.7. More-
over, the following two inequalities

SL’(VG \ A) < 3whereA ¢ {{bl, c, bg, hl, hg}, {dl,a,dg, hl, hg}}

are non-proper g-lifted inequalities associated wiffrc) < 2 and they are both facet defining for
STAB(G) by Theorem 2.7. O

In [7] we showed that, ifG is a geared graph, the linear descriptionSdf AB(G) is completely
determined by the linear description 87" AB(H) and ST AB(H*¢). Indeed we proved the following:



Theorem 2.8. [7] Let G = (H, B, e) be a geared graph generated Byyand B along a simplicial edge
e. Then the stable set polytopd’AB(G) is described by the following linear inequalities:

e nonnegativity inequalities,
e clique inequalities,
o (lifted) 5-wheel inequalities,

e geared inequalities of type (1) or (2) associated with fasefining inequalities oST AB(H)
having nonzero coefficients on the endnodes of

¢ g-lifted inequalities of type (3) or (4) associated withdadefining inequalities o§ T AB(H®)
having nonzero coefficients on the endnodes of

e facet defining inequality 08T AB(H ) having zero coefficients on the endnodes. of

This result implies that, iff and H¢ “behave well” with respect to the stable set problem (megnin
that there exists a defining linear system for their stakigslytopes) then the geared graph obtained
from H does the same. In the following we extend the polyhedral gntags of the gear composition to
a more general operation to prove that a large subclass wffote graphs behave well with respect to
the stable set problem.

3. Geared (fuzzy) line graphs

Chudnovsky and Seymour [1] proved that claw-free, not gliiasigraphs with stability number at least
4 that do not admit d-join arestriped graphsmeaning that they are obtained by composing only three
kinds of graphs, calledtrips One kind of strips, théinear interval strips is used to generate quasi-line
graphs; the other two kinds of strips, theX -strips and theantihat-strips contain5-wheels and so they
are necessary to generate claw-free graphs which are nsitlme

This structure suggests the idea that striped graphs arsondistant from line graphs in terms of
polyhedral description of their stable set polytopes. Is ffaper and in its sequel we give an evidence of
this fact by showing that a defining linear system for thelstabt polytope of a large subclass of striped
graphs is built starting from the defining linear system efskable set polytope of line graphs using only
the gear composition. We actually conjectured that thigd$i&dr all striped graphs [7].

Before stating the decomposition theorem of ChudnovskySeyanour we recall some of their defi-
nitions that will be used in the following (see [1] for furthaetails):

Definition 3.1. Astrip (G, a, b) consists of a claw-free grapfi together with two designated simplicial
verticesa, b called theendsof the strip. Two strips can be composed as followsAland B be the nodes

of G\ {a, b} adjacent inG to a andb respectively, and defind’ and B’ similarly. Take the disjoint union

of G\ {a,b} and G’ \ {d/,V'}; and let H be the graph obtained from this by adding all possible edges
betweend and A’ and betweerB and B’.

Definition 3.2. LetT be a graph with node sét., .. ., u13} and with adjacency as followsu, . . . , ug)

is a hole of G of length6. Next,u7 is adjacent touy, us; ug is adjacent touy, us; ug is adjacent to
U, U1, U2, U3, U10 is adjacent tous, uq, us, ug, ug; U1 is adjacent tous, uq, ug, U1, Ug, U10; U2 is ad-

jacent tous, us, us, ug, ug, U1g; U13 IS adjacent touq, us, ug, us, u7, ug. LetX C {ull , U192, ulg}; then

the strip(7"\ X, u7,ug) is called anX X -strip.

Definition 3.3. Ahomogeneous pair of cliqués G is a pair (A, B) such that:



e AandB are cliques inG andA N B = (),
e |A| >2o0r|B| > 2,
e no node of7 \ (A U B) has both a neighbour and a non-neighbourdnand the same .

We can now state the decomposition theorem of ChudnovskySagchour; the decomposition in-
volves the antihat strips, but we omit their definition sitiogy will never be used in the following.

Theorem 3.4. [1] For every claw-free graphG with a(G) > 4, if G does not admit d-join and there
is no homogeneous pair of cliquesah then eitherG is a circular interval graph, oG is a composition
of linear interval strips,X X -strips, and antihat strips.

Since graphs containing homogeneous pairs of cliques tdnoepresented with the above strips,
Chudnovsky and Seymour introduced the conceptipfinessand gave a “fuzzy” version of the above
theorem where all the strips are actually fuzzy strips. mftillowing the attention will be focused on
fuzzy linear interval graphs and fuzzy circular intervahjgins; so, we recall an alternative definition of
fuzziness valid only for these two classes of graphs (fathfrr details on this definition we refer the
interested reader to [1]).

Definition 3.5. A graphd is said to be fuzzy circular interval if:

1. there is a map from V¢ to a circle C', and

2. there is a familyZ of intervals ofC' (none including another) such that no point@fis an end of
more than one interval, so that

3. foru,v € G, if uv € Eg then{¢(u), #(v)} is a subset of one interval @f, and ifuv ¢ Eq then
¢(u) and ¢(v) are both ends of any interval @f containing both of them (and in particular, if
¢(u) = ¢(v) thenu andv are adjacent).

Fuzzy linear interval graphs are defined analogously withdhicle replaced by a lind..

Hence, ifuv ¢ E¢ two possibilities may occur: eithgr(u), ¢(v)} is not a subset of any interval of
7 or [¢(u), ¢(v)] is an interval ofZ. Moreover, ifz andy are both ends of an interval @fand one of
the setsp~!(z), ¢! (y) has at least two nodes b, then the paikp—'(z), »~*(y)) is a homogeneous
pair of cliques.

Chudnovsky and Seymour proved the following structure ri@ofor quasi-line graphs:

Theorem 3.6. [1] Let GG be a connected quasi-line graph. Thénis either a fuzzy circular interval
graph or a strip composition of fuzzy linear interval strips

In this paper we are interested in claw-free graphs withilgiabumber at least! that do not admit
a 1-join. Observe that the requirement th@tdoes not admit d-join is not at all restrictive for our
purposes. In fact, when looking for facet defining ineqiediof the stable set polytope, one can always
restrict to study graphs that do not contain clique-cutsieise a well-known result of Chvatal states that:

Theorem 3.7. [3] Let G = (Vl, El) andGy = (‘/2, Eg) be two graphs. Letr; UGy = (Vl uVs, B1 U
Ey)andGy NGy = (ViNVa, By N Ey). If G1 NG is a complete graph, then the defining linear system
of STAB(G1UG5) is given by the union of the defining linear systemSBHAB(G,) and ST AB(G2).
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So, we denote by* the class of fuzzy circular interval graphs and®{the class of graphs that are
a composition of fuzzy linear interval strips. In the follmg we shall refer to graphs i@* asfuzzy line
graphs Hence Theorem 3.6 implies that the set of quasi-line graptiee union ofQ® and Q°.

It is worth noticing that the fuzziness does not seem to hawehmelevance from the polyhedral point
of view. This was already noticed by Chudnovsky and Seymdwr proved that:

Theorem 3.8. [1] If G is a fuzzy line graph, theBT AB(G) is described by the Edmonds’ inequalities.
And it was further confirmed by the work of Eisenbrand et alfumzy circular interval graphs.

Lemma 3.9. [5] Let F' be a facet ofST AB(G) whereG is a fuzzy circular interval graph. Theh is
also a facet ofSTAB(G'), whereG’ is a circular interval graph obtained fron’ by removing some
edges.

Thus, the “fuzzy” version of Theorem 3.4 together with Theor3.6 and Theorem 3.7 imply that:
finding a linear description a$7"AB(G) for claw-free, not quasi-line graphs with stability numiagr
least 4 and without -joins amounts to finding a linear description 8 AB(G) for graphs that are
composition of fuzzy linear interval strips, fuz2y X -strips and fuzzy antihat strips. Here, we focused
on graphs that are

composition ofX X -strips and fuzzy linear interval strips.

We call these graph& X -graphsand denote their family a& X'

In the following we show that any X-graph can be obtained by iteratively applying an extended
version of the gear composition defined in Section 2 to a {fulime graph, namely to a graph @¢. We
write the word fuzzy inside parenthesis to mean that oudtebold also without the fuzziness. We start
by showing the connection between the XX-strip compositind the gear composition.

Lemma 3.10. The graph obtained by composing a stfi®, v, , v2) with the X X -strip (T\{u11, w12, u13},
uz,ug) is a geared graph.

Proof. Rename the node{%, U2, Uq, U3, U1, Us5, U9, ulo} of thEXX-Stl'ip (T\{un, u12, ’LL13}, wy, ’ng})
as the node$a, by, by, ¢, dy,da, h1, he} Of a gearB. Thus, the strip composition ¢, v,,v2) and the
X X-strip (T \ {u11,u12,u13},ur,ug}), as defined in Definition 3.1, corresponds to the gear composi
tion of @' = (Viz, E¢ U {v1v2}) and the gea3 along the edge;v,. In fact, being the nodes; and
vy simplicial, we have that the edgegv, of G’ is simplicial. The graph obtained by applying the above
strip composition is precisely the geared graph, B, v1v2). I

As a consequence of the above lemma and Definition 3.2 we Ihateah X X -strip composition
produces a geared graph= (H, B, e) plus an extra set of nodes containedin, u12, w13} which are
suitably adjacent t@. This, together with Theorem 3.4, implies that a large nunalbelaw-free graphs
can be seen as geared graphs. We now prove that we can resgtgetves to consider onli X -strips
not containing node 3 since this node can be added using an appropriate lineavahsirip.

Lemma 3.11. The class ofX X -graphs coincides with the subclass of claw-free graphsdmacompo-
sitions of X X -strips of type(T \ {u13}, ur, us) and (fuzzy) linear interval strips.

Proof. Let G be anX X-graph obtained by composing a stiip, v, v2) and anX X-strip (7" \
X,ur,ug). Suppose thatiys ¢ X. Consider the linear interval strifl.’, ag, by) such thatV, =
{v}, v, u13,a0,b0} and E, consists of the edges of the two triangle§, u13, ag) and (vj, u13, by).
It is trivial to see that the graph” obtained by composing the strid, v1, v2) with the linear interval
strip (L', ap, by) hasv| andv}, as simplicial nodes. Thud.”, v, v}) is a strip and its composition with
the X X -strip (T"\ (X U {ui13}), ur, ug) yields the graplG. Thus the lemma followdl
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From the above lemmas it follows that the gear compositiog beaviewed as alX X -strip compo-
sition whereX = {u11,u12}. To consider also the case wh&nC {u1,u12}, we need to extend our
definition of gear composition as follows:

Definition 3.12. Let B = (V, Ep) be a gear and let;;; andu,5 be two new nodes such that; is
adjacent to{d, a, hq, he,c,bo} anduys is adjacent to{ds, a, hq, he,c,b1}. LetY C {uq1,u12} and

6(Y) = Uyey 6(w).
An extended geaBy is a graph with node sdtp U Y and edge sebz U §(Y) (see Fig. 5).

Figure 5: The extended ge& with Y = {u;1, u12}.

LetH = (Vy, E) be a graph with a simplicial edge= v,v2 and letBy be an extended gear where
Y C {ui1, ui2}.

Theextended gear compositiaf H and By alongwvyv, is a gear composition where the geBris
replaced byBy. The graphG generated by the extended gear compositiofi/ dind By along e will
still be calledgeared grapland denoted byH, By, e).

In order to prove that the extended gear composition is etpnv to theX X -strip composition, we
have to guarantee that the removal of a simplicial edge presé¢he property of a graph of being (fuzzy)
line. To do so, we consider only simplicial edges that haeefdiowing property:

Definition 3.13. A simplicial edge: = v;v9 is super simpliciaif N (K1 N K3) € N(v1) U N (v2).

Lemma 3.14. Lete = vyv2 be a super simplicial edge &f. ThenH is a (fuzzy) line graph if and only
if (H\ e,v1,v9)is astripandH \ e is a (fuzzy) line graph. Moreover, i is (fuzzy) line therfH¢ is
(fuzzy) line.

Proof. First we prove the “if” direction. It suffices to observe thd is obtained by composing the
strip (H \ e, vy, v2) with a linear interval strig P, ag, by) consisting of a pattP? = (ag, u1, uz, by) and
then renaming the nodes aswv;, i = 1, 2.

To prove the “only if” direction observe that any (fuzzy)dimgraph is a quasi-line graph. Hence to
prove thatH \ e is a (fuzzy) line graph we must first show that it contains hesita claw nor an odd-
antiwheel. Suppose by contradiction tHdt\ e contains a clawC. Since the only edge which was
removed fromH is e = vv9, We have that contains bothy; andwv,. So,C = (y : vi,ve, w) with
y € KiNKyandw € N(y) \ (N(v1) U N(v2)), contradicting the hypothesis thats super simplicial.

Suppose now by contradiction thét\ e contains &-wheelW. SinceH is quasi-line, it follows that
v1 andvy must be two non adjacent nodes of the rim, ¥&.= (y : v1, w1, ve, we, ws). Thusvy vy is NOt
a simplicial edge off asN (v1) \ {v2} containsw; andws which are not adjacent, a contradiction. A
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similar argument shows that H \ e contains an odd-antiwheel of length greater than or equakhen
the edge: was not simplicial inH, a contradiction.

ThusH \ e is quasi-line and, by Theorem 3.6, it belongs eithe@tcor to Q°.

Claim. If H \ e € Q¢, thenH € Q°.

SinceH \ e € Q°¢, there exists a magp that assigns an ordering to the nodeggfu Ky U {vy,v2}
on the circleC' and a family of intervalg of C satisfying 2) and 3) of Definition 3.5. Sind€; U {v;}

(e = 1,2) are cliques there exist intervals € Z containing all pointss(u) with v € K; U {v;}.

Notice that every node i, N K (if exists) is adjacent only to nodes &, U Ky U {v1,v2} since
e is super simplicial. This implies that it is possible to findew function¢’ that maps the elements in
K; N K5 on the circleC so thatg/(v1) < @, < 2,41 < ... < 25 < ¢'(v2) wherez; = ¢'(u;) and
Ky N Ky ={u;|i =r,...,s} while all the nodes ok \ K> (K> \ K1) are mapped befor€ (v ) (after
¢ (v2), respectively) along the circle.

Sincev; andvs are not adjacent i/ \ e, one of the following two possibilities may occur: eitheeté
does not exist an interval containing bath{v,) and¢’(v2) or any interval containing both’'(v;) and
¢'(v2) has¢'(v1) and¢’(v2) as its ends. In both cases it suffices to add &n interval containing both
¢'(v1) and¢’(v9) in order to have a feasible circular representatio/ofind the claim follows.

(End of Claim)

Since H is (fuzzy) line by hypothesis, i.ell € Qf, the above Claim implies thad{ \ e is (fuzzy)
line. Moreover, since is a super simplicial edge df its endnodes are simplicial nodesf\ e; hence,
H \ eis astrip.

Finally, to prove thatH¢ is a (fuzzy) line graph one just needs to compose the §Hip, e, vy, v2)
with the strip(P, ag, by) whereP is the path(ag, u1,t, us, by) and then rename; asv;, i = 1,2. This
completes the proof of the lemnih.

We now show that th&' X -graphs admit a decomposition different from the strip degosition: they
can be obtained by repeated applications of the extendedcgagosition to a (fuzzy) line graph. To
prove this, we first define the geared (fuzzy) line graphs, etarthe graphs obtained from a (fuzzy)
line graph H by iteratively applying extended gear compositions andeeglgodivisions along super
simplicial edges of{.

Definition 3.15. Let H be a (fuzzy) line graph. L&ty be the set of the super simplicial edgegbaind
let a g-operationon e € 'y be either a gear composition or an edge subdivision appliedge. A
graphG € Gy, if and only if

eitherG = H,

orG = (L, By,e), whereL € Gj;, By is an extended gear, ande I'y N E, (i.e., e is a super
simplicial edge of botll, and H),

orG = L°, whereL € G;;ande c 'y N Ey.
The graphs inJ;c o« G7; are calledgeared (fuzzy) line graphs

Notice that in Definition 3.15 the extended gear compositiand the edge-subdivisions are performed
only along super simplicial edges bfthat are also super simplicial in the original grafih This implies
that in order to generate graphsge, we are not allowed to use any of the edges created by an earlier
application of the two operations: in particular, the edggsandtv,, created by an edge-subdivision of
e = v1vg € 'y, cannot be used to perform any extended gear compositiotigergubdivision. Indeed,
they do not belong td';; even though they have the property of being super simplitidbllows that
any graph inGj; is obtained by performing the above operations at niogt times, thus implying that,
for any fixed graphf, the family Gy, contains a finite number of graphs.

The following theorem establishes the equivalence of tihengled gear composition and theX -strip
composition.
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Theorem 3.16. The geared (fuzzy) line graphs are tReX-graphs, i.e.|Jycoc G5 = A X.

Proof. From Definition 3.12 and Lemma 3.10, it is not difficult to sbat the extended gear composi-
tion is equivalent to arX X -strip composition wher& always contains3 (see Definition 3.2). In fact,
an extended geaBy becomes anX X -strip by simply adding td/z, two new nodes, say; and ks,
such thatV (k;) = {b;, d;} for i = 1,2. These nodes correspond to the simplicial nadeandug of the
X X-strip (By, k1, ko). Thus, theX X-strip composition of By, k1, k2) and (H \ e,v1,v2) produces
the geared graptH, By, e) Wheree = v vs.

Since, by Lemma 3.11, th& X -strip composition with:;3 € X suffices to obtain allX X -graphs, it
follows thatX X -graphs can be obtained by repeated applications of thadetiegear composition to a
(fuzzy) line graphH € Qf, i.e., a graph that is a composition of (fuzzy) linear ingstrips.

To prove the opposite, suppose by contradiction that thestsea graphG’ in Gj; for someH ¢ Qf
which is not anX X -graph. Without loss of generality we assume tGais obtained by performing
the smallest number gf-operations. IfG = H then, by definition,H is an X X-graph. Hence, either
G = L° orG = (L, By, e) wheree = vyv5 is a super simplicial edge df .

Suppose first thatr = L€. By the minimality ofG we know thatl is an X X -graph. Since is a super
simplicial edge i N E;, it does not belong to any X-strip of L. So, we can build a new graph
from L by replacing eactX X-strip (T \ X, v, v2) with the linear interval strip consisting of the simple
path(ag, v1, v2,bg). It follows thatL is a (fuzzy) line graph and, by Lemma 3.1Z'4x e is also a (fuzzy)
line graph. Now we reconstrudt\ e from E\e by replacing the simple paths previously introduced with
the correspondingl X -strips. ThusL \ e is obtained as a composition &f X -strips and (fuzzy) linear
interval strips, and so, it is ai X-graph. Sincé~ is obtained by composing the strip \ e, v1, v2) and
(a, v}, t,vh,b) and renaming; asv;, i = 1,2, we have that is anX X -graph, as claimed.

Consider now the cas@ = (L, By,e). As above, we can prove that\ e is an X X-graph. If we
add toBy two nodesk; andks adjacent td, d; andbs, do, respectively, we have thét is obtained by
composing the stripEL \ e, v1, v2) and theX X-strip (By U {k1, k2 }, k1, k2). Thus the thesis followd

From the above results it follows that tB&X -graphs can be built in two different ways: either using
the strip composition defined by Chudnovsky and Seymourlimflsing the extended gear composi-
tion. This result allows us to exploit the polyhedral prdfer of the gear composition to find a linear
description for the stable set polytope ¥fX -graphs. This will be discussed in the next section.

4. New facet defining inequalities for the stable set polytagof geared graphs

In [7], we showed how the gear composition affects the stabtepolytope of a geared grajgh =
(H, B, e) by proving that the linear description 6T AB(G) is completely determined by the linear
description ofSTAB(H) and STAB(H€). Our aim is to prove a theorem analogous to Theorem 2.8
when the gear composition is replaced by the extended gegpastion or, in other words, when #
(. We start by showing that geared inequalities and g-lifteztjualities can be “lifted” to the higher
dimensional space containing, andu, using thesequential liftingprocedure defined in [16].

Let.”(G) denote the set of stable sets(@f If > jeve\fv} Ti%j < o is a facet defining inequality of
STAB(G \ {v}), then the inequality

Z X + mTyTy < mo With m, = 7o —

Ses Gm]%X m
e e (G\(NU{))

is facet defining folST AB(G). This inequality will be calledequential lifting of 7, 7o) andm,, will be
called thelifting coefficient ofv. This procedure can be iterated to generate facet defineguaiities,
simply calledlifted inequalities in a higher dimensional space.



14.

In the rest of the paper we denote @g, G11, and G2 the graphs generated by the extended gear
composition ofH and By alonge whenY equals the set8, {u1;} and{u12}, respectively. We start
finding the lifting coefficient ofu1; andui5 for inequalities (1), (2), (3), and (4).

Lemma 4.1. Let (53, 5y) be a proper geared inequality of type (1) that is facet defiffor ST AB(Gy).
Then the node; is lifted with coefficient?,,, = .

Proof. Let (7, ) be the facet defining inequality f&f’AB(H) that generate§s, fy); then gy =
mo + 2. By definition of sequential lifting

o+ 2\ — s).
Bun =m0+ 2= B iy P

There exists a tight stable sétfor (7, m) such thatl’ N (K3 U {v2}) = 0, since(ry,mo) is not
the clique inequality supported s U {v9}. Thus,v; € T (since otherwisd’ U {v2} would violate
(p,m0))andS = T\ {v1 }U{b1,ds} is a stable setitiy\ N (uq1) such thaB3(S) = 7y (T\{v1})+2)\ =
T — A+ 2\ = w9 + A. Therefore3,,, < .

Now, suppose that,,, < A; then there exists a stable ste (G \ N(u11)) such that3(S’) >
7o + A; thenb; andds belong toS’ (otherwiseS’ U {hy} or S’ U {hs} would be stable sets violating
(8, 50)). Therefore,S” = S"\ {b1} U {d1,c} is a stable set of71; such that3(S”) = 3(S") + X >
mo + 2\ = [y, a contradiction. Hencel,,, = A and the thesis followd
Similarly, we prove the following two lemmas:

Lemma 4.2. Let (3, 5y) be a geared inequality of type (2) that is facet defining§@tAB(Gy). Then
the nodeu; is lifted with coefficient?,,, = A if A = {b1,c} or A = {ds,a}, and,,, = 0 otherwise.

Proof. Let (7, 7o) be the facet defining inequality f&T" AB(H ) generating(3, 5y); then 5y =
7o + A. There exists a tight stable sEtfor (7, 7) such thafl’ N (K U {v2}) = 0. Thus,v; € T and
S =T\ {vi}U{by,dy} is astable setiliyg \ N(u11). If A= {dy,a}, A= {bs,c},or A= {a,c},then
B(S) = mo+ A and therefored,,, = 0. If A = {by,c} or A = {dy,a}, thens(S) = 7y (T\{v1})+\ =
T — A+ A = mp. Therefore3,,, < A

Suppose that,,, < A; then there exists a stable $tc . (G \ N (u11)) such that3(S’) > mo; then
by,ds € S (otherwiseS'U{h,} or S’U{h2} would be stable sets violating, 3;)). ThereforeS” = 5"\
{b1} U{ds, c} is a stable set that violatés, 5), a contradiction. Thusaxge o (cy\N(u1y)) B(S) = 7o
andg,,, = A. 1

Lemma 4.3. Let (S, 5y) be a proper g-lifted inequality (3) that is facet defining 8 AB(Gp). Then
the nodeu;; is lifted with coefficients,,, = \. Moreover, if(3, 8y) is a g-lifted inequality of type (4)
that is facet defining foST AB(Gy), then the node; is lifted with coefficienfs,,, = 0.

Proof. First, we consider the case of inequality (3). Let;e, o) be the facet defining inequality for
ST AB(H¢) that generate§s, 5); then8y = m + . There exists a tight stable sétfor (7., m)
such thatl’ N {t,ve} = 0. Thus,v; € T andS = T\ {v1} U {b;} is a stable set iy \ N(u11) such
that 3(S) = 7ye(T \ {v1}) + A = mo. Therefore3,,, < \.

Suppose now that,,, < A, then there exists a stable s¥tsuch thats’ N N(uj;) = 0, 3(S") > mo.

It follows thatb,, ds € S’, otherwiseS” U {h;} or S” U {hy} are stable sets violating?, 5,). Therefore,
S" = S"\ {b1}U{dy, c} is a stable set and, consequentlyS”) = 3(S’) + A > m + A, a contradiction.

In the case of inequalities (4) with = {b1, c, ba, h1, ha}, the graphGy \ A is isomorphic toH ¢ and
there exists a tight stable sBtin Gy \ A having empty intersection withd;, a}; henceT is also a tight
stable setirGy \ N(u11) and, asdy = my, it follows that3,,, = 0.1
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(a) (b)

Figure 6: (a) vertical symmetry; (b) horizonthal symmet);diagonal symmetry.

Results symmetric to those given in lemmas 4.1, 4.2, 4.3 Wbieh the lifted node is5 instead of
u11. These results can be proved taking advantage of the highiyngtric structure of an extended gear
By.

Given a graphz = (V, E) we say that a permutation : V' — V' is asymmetryof G if and only if
o(N(v)) = N(o(v)) for eachv € V (whereo(N(v)) = {o(u)|u € N(v)}). To simplify the notation
we shall Writea(vl, V2, ... ,vk) = (ul, U, ...y uk) instead Ob(vl) = Uy, 0'(2}2) = UQy « - oy O’(’Uk) = U

Consider an extended geB§ with Y = {u11,u12} and letB; be the graph obtained fromly- by
adding two new nodes, s&y andk,, such thatV (k;) = {b;,d;}, i = 1,2. ltis easy to verify that the
following observation holds.

Observation 1. The permutation functions
O'v((l, ¢, b17 d17 b27 d27 h17 h27 U1, U12, kla k2) = ((I, c, b27 d27 b17 d17 h27 h17 u12,u11, k27 kl)

on(a,c,bi,di,ba,da, hi, ho,urn, w2, ki, ko) = (¢, a,di, b1, da, ba, ha, ho, ui2, uin, k1, k2)
oq(a,c,by,dy, ba, da, hi, ho,uir, ui2, k1, k2) = (¢, a,da, ba, di, b1, ha, hi, w11, u12, k2, k1)

are symmetries for the grapB;. and will be referred to asertical symmetry horizonthal symmetry
anddiagonal symmetryrespectively.

In Fig. 6 we give a figurative representation of the above sginigs: every symmetry maps each node
on one side of the dotted line onto the corresponding nodénerther side. Notice that,(u;1) =
O'h(ull) = U2 andav(ulg) = O'h(ulg) = wu11, While ad(ull) = U1l andad(ulg) = wuy9. Therefore,
when we delete both nodes; andu;s, the permutations,, o, and o, restricted toVBa are still
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symmetries; if we delete only the node, (u11), the permutatiorr; restricted toVp; \ {ui2} (VB; \
{u11}) is still a symmetry, whiler,, ando;, are not defined and so, they are not symmetries.

The proofs of the results symmetric with those given in lem#d, 4.2, 4.3 withi as lifted node
instead ofuq; are then obtained via the vertical symmetry described abadesummarized in the fol-
lowing lemma.

Lemma 4.4. Let (3, By) be a facet defining inequality f&T AB(Gy).
i) If (8,00) is a proper geared inequality then the nodg is lifted with coefficients,,, = A.

i) If (8, 0) is a non-proper geared inequality then the nade is lifted with coefficients,,,, = A if
A = {by,c} or A ={dy,a}, andg,,, = 0 otherwise.

i) If (8, 05o) is a proper g-lifted inequality then the node; is lifted with coefficients,,, = A.

iv) If (8, 5p) is a non-proper g-lifted inequality then the nods; is lifted with coefficienfs,,,, = 0.

It remains to consider the lifting coefficiept,,, for geared and g-lifted inequalities after the nade
has been lifted.

Lemma 4.5. Let (5, By) be a facet defining inequality f&#7'AB(G12), obtained by lifting an inequal-

ity (8, Bo) of STAB(Gy) of type (1)= (4) with the nodeu;s.

If (8, 0) is the lifting of either a proper geared inequality (1), or eoper g-lifted inequality (3), or

a lifted geared inequality (2) wittd € {{b1,c},{d2,a}}, then the node:;; is lifted with coefficient
= A

In all other cases, the node;; is lifted with coefficient?’

U1l

= 0.

Proof. If 3, , = 0, then lemmas 4.2 and 4.3 imply that, | = \if (3, 3y) is a geared inequality of
type (2) withA € {{b1, ¢}, {d2,a}}, andg;,, = 0 otherwise.

Therefore, we need to check the cases whign # 0, namely the cases when’, 3y) is the lifting of
a proper geared inequality or a proper g-lifted inequatitya geared inequality (2) witd = {b,, ¢} (or
the diagonally symmetric case with= {d;, a}).

Consider first the cases whéfi’, 5y) is the lifting of either a proper geared inequality or a prope
g-lifted inequality. We can prove that, < X by simply replacingGy with G, in the proofs of
Lemma 4.1 and Lemma 4.3, respectively.

Now, suppose that; , < A, then there exists a stable $éte . (G12 \ N(u11)) such that’(S) >
Bo — A\. Then eitheru;o € S’ or {b1,d2} C S’ (otherwiseS’ U {h,} or S” U {hs} would be stable
sets violating(5', 5y)). If w1z € S’, thenS” = S\ {u12} U {a,c} is a stable set of7, such that
B'(S") = pB'(S")+A > (Bo—N)+A = [y, acontradiction. Ifby,do} C S, thenS” = S"\{b1}U{d1,c}
is a stable set of/, such that3?’(S”) = 6/(S’) + X > (6o — A\) + A = Jo, a contradiction. Hence,
By = A

Eonsider the third case whe(g’, 3y) is the lifting of a geared inequality (2) with = {b9, c}: let
(mp,mo) be the facet defining inequality f&¥7'AB(H) that generate§s’, 3y). Clearly 5y = 7o + A.
There exists a tight stable sétfor (7, ) such thatl’ N (K, U {ve}) = 0. Thus,v; € T and
S = T\{Ul}U{bl, dg} is a stable set iGlg\N(uH). ASﬁ,(g) = WH(T\{’Ul})—I—2)\ =my—A+2\ =
w0 + A = o, thenﬁ{m =0.1
By vertical symmetry, the results of Lemma 4.5 hold once vierghange the role af;; andu;s.

However the extension of the geBrwith the nodes:;; andui, does not generate only inequalities
that are (sequential liftings of) inequalities of type-£1(¢) in Definitions 2.4 and 2.6. Indeed, new facet
defining inequalities are generated. More precisely,
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Theorem 4.6. LetG = (H, By, e) be the geared graph generated Hyand By alonge = v,v2 Where
Y = {u11,u12}. Let(w, my) be a g-liftable facet defining inequality f&¥T"AB(H¢), then

Z mix; + )\(acdl + Ty, + wa) < (5)
iGVH\{vl,vz}

is facet defining for botlb 7" AB(G11) and ST AB(G); moreover,

Z mix; + )\(acbl + Ty, + wdQ) < (6)
iGVH\{vl,vz}

is facet defining for botl$ T AB(G12) and STAB(G).

Proof. We prove that (5) is facet defining fSfT AB(G1;). Observe tha€; \ {b1,a,c,d2, h1, ho} IS
isomorphic toH ¢ by renaming{vy,t,v2} as{di,u11,b2}. Thus (5) is facet defining fab T AB(G11 \
{b1,a,c,da, h1,hsa}). Itis not difficult to see that all the nodes {ib;, a, ¢, ds, h1, ho } have zero-lifting
coefficients; thus the inequality (5) is facet defining 85f AB(G11). Since (5) has a tight solution
containinguy; and not containing; andds, it follows thatu5 has a zero-lifting coefficient. Therefore,
the inequality (5) is also facet defining f6f" AB(G).

The second part of the statement follows by diagonal synyxietr

The above result implies that Theorem 2.8 cannot be geredato geared graphs = (H, By, e)
with Y # () by simply applying the sequential lifting procedure to tleeles inY". In fact, at least two new
facet defining inequalities arise when the nodesandu, are added to a ged@. The new inequalities
(5) (6) have a structure that is very similar to the g-liftegqualities listed in (4). In particular: the
nodes of the gear associated with the nonzero coefficieneadt inequality of type (4) induce the
simple pathgds,a,ds) and (b1, c,b2). The same holds for inequalities (5) and (6), where the smpl
paths ardd;, u11,b2) and(by, u;2, ds), respectively.

We summarize the results obtained so far and provide a litiasfe inequalities that are necessary
for a linear description oST AB(G) of a geared graplé: generated by and By along e where
Y = {u11, ui2}.

Theorem 4.7. Let G = (H, By,viv2) be a geared graph generated By and By alonge = vyv9
whereY = {u11,u12}. Consider the following inequalities:

o Z TiT; + A Z Ti 4+ 2N (xpy + Thy) < T + 2A @)
iEVH\{Uh’Uz} ’iEVBY \{hhhz}

o Y ommitA > mi<motA (8)
1€V \{v1,v2} iGVBY \A

where A € {{b1,c,u12},{bz, c,u11}, {d1,a,ui1}, {d2,a,u12},{a,c,uir,u12}}

o Z T + A Z x; <o+ A, 9
iEVH\{Uh’Uz} ’iEVBY

o Z T + A Z z; < m (10)
1€V \{v1,v2} iGVBY \A

where A€ {{blv ¢, b27 h1> h2> Ui, u12}7 {dh a, d2> hla h27 U1, u12}7
{blv a,C, d2> hla h27 ’LL12}, {dh a, c, b27 hla h2> ull}}'
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For each g-extendable inequalityr, o) that is facet defining fo67T AB(H), the inequalities (7) and
(8) are facet defining fo6 T AB(G).

For each g-liftable inequalityr, mp) that is facet defining fo67' AB(H¢), the inequalities (9) and (10)
are facet defining foST AB(G).

Theorem 4.7 follows from theorems 2.5 and 2.7 together véthrhas 4.24.5, and Theorem 4.6.
Note that the facet defining inequalities 87" AB(G11) (and ST AB(G12)) can be derived from the
list given above by setting,,, = 0 (and 3,,, = 0) in inequalities (73(9) and then removing the
inequality (10) corresponding td = {b;, a,c,da, h1, he,u12} WhenY = {u;2} and corresponding to
A= {dl, a,c,bs, hy, hs, u11} whenY = {ull}.

We end this paper by observing that all the inequalities idened so far are necessary in a linear
description for the stable set polytope of claw-free graphs sequel of this paper we shall prove that
they are also sufficient for the class ®fX-graphs.
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