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Abstract

In this paper we propose a new method for protein structure alignment based on global optimization
techniques. There is evidence [23, 9] that proteins with similar shape typically perform similar func-
tions. Given the three-dimensional structures of two proteins, we are interested in finding the isometric
transformation (rotation plus translation) that best aligns the two structures. We draw our inspiration
from the well-known Iterative Closest Point (ICP) method for three-dimensional (3D) shapes registra-
tion. Our algorithm globally minimizes a dissimilarity measure between the two structures. The reported
computational experience and comparison show viability of the proposed approach.
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Abstract

In this paper we propose a new method for protein structure alignment based on global optimization techniques.

There is evidence [23, 9] that proteins with similar shape typically perform similar functions. Given the three-

dimensional structures of two proteins, we are interested in finding the isometric transformation (rotation plus

translation) that best aligns the two structures. We draw our inspiration from the well-known Iterative Closest

Point (ICP) method for three-dimensional (3D) shapes registration. Our algorithm globally minimizes a dissimi-

larity measure between the two structures. The reported computational experience and comparison show viability

of the proposed approach.

1. Introduction

The Protein structure alignment problem consists in finding residue pairs occupying spatially equivalent
positions. The problem has been extensively studied [10, 17, 16, 24]. Almost all the algorithms for
protein structure alignment search for an alignment between Cα atoms of the proteins. A variety of protein
structure alignment algorithms have been proposed and used in the literature [22, 25, 15, 26, 10, 17, 1, 12].

Most of these methods require the solution of a 3D matching or registration problem which is a well-
known problem in computer graphics and computer vision. It can be formulated as follows: given two
sets A and B of points, find the subset of B with highest “similarity” to set A.

There are various ways of defining the similarity between two point sets in 3D space and these lead to
the proposal of different algorithms (closest point distance [2], Hausdorff distance [8], bottleneck distance
[1, 6], root mean square distance [1]).

Furthermore, in [12] a deep analysis and comparison among many of the principal structural alignment
algorithms is presented

Our alignment problem is similar to the aforementioned 3D matching problem. Indeed, given two sets
A and B of points, corresponding to the Cα atoms of two proteins backbone, we search for the subset
of B which is most similar to set A. One possible way to solve the problem is by using the well-known
Iterative Closest Point (ICP) algorithm [2, 27] from which we draw our inspiration. Indeed, we adopt a
similar approach, namely, we search for the isometric transformation which best superimposes the two
given protein structures making use of a new dissimilarity measure along with a global optimization
approach.

In order to solve the problem, we first introduce a new definition of dissimilarity. The dissimilarity
measure that we propose is based on the solution of an “Asymmetric Assignment Problem” on a particular
bipartite graph. Then, we propose the use of a global optimization algorithm to find the isometric
transformation which yields the best similarity between the two point sets.

The global optimization algorithm that we use [18, 3, 4] belongs to the class of controlled random
search methods. This kind of methods, though heuristic in nature, are very efficient and reliable for the
global minimization of a nonlinear multivariate function of several variables. In the past years controlled
random search algorithms have been successfully used to solve many real world problems, see for instance
[5, 13, 14, 21, 20, 19].

The paper is organized as follows. In Section 2 we introduce some useful notations and assumptions to
be used in the paper. Section 3 is devoted to the introduction of a class of iterative methods for structure
alignment, namely the Iterative Point-to-Point Algorithm class. In Section 4 we describe in some details
the global optimization algorithm that is used to solve the problem by briefly recalling its structure. In
Section 5 we define the new dissimilarity measure based on the solution of an Asymmetric Asignment
Problem. Finally, in Section 6 we report some preliminar numerical results and the comparison between
our code and the method proposed in [27].

2. Notations and Assumptions

In this section we introduce some notations and assumptions that will be used throughout the paper.
Given two protein structures P and Q, let us denote by P and Q the two finite sets of points corresponding
to Cα atoms of the two structures P and Q, respectively.
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Set P is conventionally representative of a query shape while Q defines a reference model shape.
An isometric transformation in three-dimensional space can be defined by means of a unit quaternion

ar = (a0, a1, a2, a3)
⊤ ∈ ℜ4 (‖ar‖ = 1) and of a translation vector at ∈ ℜ3. Let a⊤ = (a⊤r a⊤t ) be the

transformation defining vector and denote by Ta the corresponding transformation, so that

y = Ta(x) = R(ar)x+ at

for every x ∈ ℜ3, where R(ar) is the rotation matrix defined by means of the unit quaternion ar as
follows1

R(ar) =


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
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
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

Let Θ ⊂ ℜ7 be the set of all vectors a ∈ ℜ7 defining an isometric transformation in ℜ3.
Given a transformation vector a ∈ Θ, let Ta(P ) = Pa denote the set of points obtained applying

transformation Ta to every point of P , that is

Ta(P ) = Pa = {y : y = R(ar)p+ at, ∀ p ∈ P}.

Let ψ : P → Q denote a point to point function that associates to every point of p a point of Q. Since,
as assumed above, P and Q are finite sets, the class Ψ of all functions ψ has finite cardinality and it
results

|Ψ| = mn.

A function ϕ ∈ Ψ is an assignment from P to Q if, by definition, it is injective, that is when for every
p1, p2 ∈ P

p1 6= p2 ⇒ ϕ(p1) 6= ϕ(p2).

Let us denote by Φ ⊆ Ψ the class of all possible assignments from P to Q. Obviously, since P and Q

are finite sets, Φ is finite as well and it results

|Φ| = m(m− 1) . . . (m− n+ 1).

Let ψ ∈ Ψ be a given mapping and a be a vector defining an isometric transformation, then the mean
square error function between P and Q is the following

f(ψ, a) =
1

n

∑

p∈P

‖ψ(p) −R(ar)p− at‖2. (1)

The structural alignment problem consists in finding a mapping ψ∗ ∈ Ψ of points in P to points in Q
and an isometric transformation a∗ such that

f(ψ∗, a∗) ≤ f(ψ, a),

for all ψ ∈ Ψ and a ∈ Θ.

3. A class of iterative algorithms

In this section we introduce a class of iterative algorithms which generalizes many algorithms for shape
registration. One of the best known algorithms for shape registration, namely the Iterative Closest Point
Algorithm [2], belongs to this general class of iterative algorithms.

1Otherwise, a rotation matrix can be expressed in terms of Euler angles as follows

R(α, β, γ) =





cβcγ sαsβcγ − cαsγ cαsβcγ + sαsγ

cβsγ sαsβsγ + cαcγ cαsβsγ − sαcγ

−sβ sαcβ cαcβ





where sα = sinα, cα = cos α and accordingly.
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All of these algorithms stem from the idea that, once a mapping ψ̄ ∈ Ψ is fixed, it is possible to
compute the exact minimizer of the function f(ψ̄, a) with respect to the vector a ∈ Θ defining the
isometric transformation. Let a(ψ̄)∗ be the minimizer of f(ψ̄, a), that is

a(ψ̄)∗ = arg min
a∈Θ

f(ψ̄, a).

A closed-form expression for a(ψ̄)∗ has been given in [11] where we refer the interested reader for the
relevant details.

Hence, the problem implicitly considered by an iterative algorithm is the following two-level optimiza-
tion problem

minψ f(ψ, a)
s.t. ψ ∈ Ψ

a = argmin
a∈Θ

f(ψ, a).
(2)

In the following we report the general scheme of an Iterative Point-to-Point (IPP) Algorithm

IPP Algorithm.

0) Set P0 = P , a0 = (1, 0, 0, 0, 0, 0, 0)⊤, k = 0.

1) Choose a mapping ψk ∈ Ψ according to some criterion and Compute fk = f(ψk, ak).

2) Compute the registration ak+1 = a(ψk)
∗.

3) Apply the registration Pk+1 = Tak+1
(P0).

4) Set k = k + 1 and go to Step 1).

The general IPP Algorithm manages to tackle the twofold problem of computing a mapping ψ : P → Q

and, once given ψ, computing the optimal transformation a(ψ)∗, by iteratively performing steps 1) and
2). In particular, Step 1) is devoted to the choice of a mapping ψ of points belonging to P to points of
Q. Step 2), on the other hand, is devoted to the computation of a(ψ)∗ that is the new estimate of the
optimal transformation once fixed the mapping ψ.

If, in particular, at every iteration the mapping ψk at Step 1) is chosen to be

ψk = arg min
ψ∈Ψ

1

n

∑

p∈P

‖ψ(p) − Tak
(p)‖2,

we obtain the well-known Iterative Closest Point (ICP) Algorithm of [2]. It is worth noting that, in this
particular case, the mapping ψ used at Step 1) is the one that associates every point of set Tak

(P ) to
the closest point in Q, from which the name Closest Point mapping and hence Iterative Closest Point
Algorithm.

In [2] the convergence of Algorithm ICP has been proved. In particular, the sequence {fk} of mean
square error function values, with

fk =
1

n

∑

p∈P

‖ψk(p) − Tak
(p)‖2,

is proved to be monotonically decreasing thus, since fk ≥ 0, convergent to a lower bound f̄ .
As it is stated in [2], where ICP has been originally proposed, the method converges to a solution

which is a local minimum of the considered distance function, that is to say that ICP Algorithm solves
the two-level problem (2) to local optimality. Indeed, it has been shown [2] that the final transformation
ā and mapping ψ̄ spotted by the Algorithm ICP heavily depend on the initial relative positioning of sets
P and Q.
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4. A global optimization algorithm

In this section we discuss the use of a global optimization algorithm for the solution of the shape regis-
tration problem. To this aim, we note that it is possible to formulate the problem in a complementary
way with respect to Problem (2). More in particular, let us think at the inner-level problem as the one
defining the mapping function ψ (instead of the transformation a) once fixed the transformation vector
a ∈ Θ. Namely, we can define the following two-level optimization problem

mina f(ψ, a)
s.t. a ∈ Θ

ψ = arg min
ψ∈Ψ

f(ψ, a).
(3)

The above problem (3) can be reduced to a one-level optimization problem by considering that for every
vector a ∈ Θ, the lower-level problem of (3) admits a global solution, which we denote by

ψ(a) = arg min
ψ∈Ψ

f(ψ, a) (4)

which is the closest point mapping that we introduced in the latter section. Hence, Problem (3) can be
equivalently stated as

min
a∈Θ

g(a) (5)

where g(a) = f(ψ(a), a). Every global solution a∗ of (5) is, by definition, a solution such that f(ψ(a∗), a∗) ≤
f(ψ(a), a), for all a ∈ Θ.

Observe that the computation of function g requires the computation of the optimal mapping ψ(a),
that is, the solution of Problem 4. This latter problem can be solved with a time complexity O(nm)
in the worst case [2] which can be relevant for n and m large. Moreover, due to its definition, g(a)
is a non-smooth (Lipschitz) continuous function and its derivatives are not available. Indeed, for the
minimization of function g(a) we cannot neither directly use its derivatives nor approximate them through
finite differences since this would require too much time and produce numerical derivatives which are
unreliable because of the non-smoothness of function g.

On the basis of the above observation we propose the use of a controlled random search method for
the solution of Problem (5).

In the following we briefly recall the global optimization algorithm that we use and which was originally
proposed in [18] and successively improved in [4]. It is a population based algorithm in the sense that
throughout the entire optimization process a population of points (i.e. vectors w ∈ ℜN , N = 6) is
maintained and iteratively updated in such a way that they cluster around the global minima of the
objective function. Roughly speaking, the method is composed of two distinct and consecutive phases:
a global phase and a local phase. During the so-called global phase an initial population of points is
generated by randomly sampling a sufficiently large set of points over some feasible domain. Then, at
every iteration of the local phase, a new point is generated and the population is updated if this new
point improves on the worst point of the population. More in details, the algorithm can be described by
the following steps.

1. initialization The objective function is sampled on a set S of M points randomly chosen within
some feasible domain F strictly containing the global minimizer.

2. stopping criterion If the maximum and minimum values of the objective function over S are
sufficiently close to each other, namely

fmax − fmin < ǫ,

where
fmax = max

w∈S
f(w), fmin = min

w∈S
f(w)

then STOP.
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3. search phase N+1 points are randomly chosen on set S, where N is the dimension of the problem
(N = 6 in our case). Then,

(a) the weighted centroid wc of the N + 1 points is computed;

(b) the new trial point w̃ is computed by doing a weighted reflection of the centroid onto the worst
point among the selected N + 1 points. Namely, let w† be the worst point, then

w̃ = (1 + α)wc − αw†,

where α ∈ (0, 1) is a reflection parameter and is iteratively updated during the optimization
process [4] in such a way that its value tends to zero as the iteration count increases and the
difference fmax − fmin decreases.

4. updating phase If the objective function value on the new point w̃ improves on the maximum
function value over S, then the set S is updated by adding the new point and discarding the worst
one. Otherwise set S is left unchanged and the new point is discarded. The algorithm continues
iterating through steps 2–4.

5. A new dissimilarity measure

In this section we propose a new dissimilarity measure between two given sets of points of the two proteins.
This measure is based on a distance other than the closest point distance mentioned in the preceding
section and that is used in the definition of Algorithm ICP.

In particular, it can be noted that, using the closest point distance, it can happen that different point
of set Ta(P ) are mapped to the same point of set Q. This, in turn can yield a distance value which is
small just because many points are all mapped to the same closest point.

In order to avoid this undesirable effect, let us consider function f(ϕ, a) defined in (1) where ϕ ∈ Φ is
an assignment function and let, for every a, ϕ(a) be a global solution of problem

min
ϕ∈Φ

f(ϕ, a). (6)

Problem (6) can be formulated as a 0, 1-optimization problem and is, indeed, a well-known combina-
torial optimization problem that goes under the name of Asymmetric Assignment Problem (AAP).

In particular, let G(P,Q,E), E = P × Q, be the bipartite directed graph characterized by the two
set of nodes P and Q and with edge set given by the cartesian product of P times Q. For every pair
e = (p, q) ∈ E, define

ce = ‖q − Ta(p)‖2.

Let s ∈ {0, 1}|E| be the edge incidence vector and consider the following minimum cost assignment
problem

min
s
c⊤s
∑

e∈δ+(p)

se = 1, ∀p ∈ P

∑

e∈δ−(q)

se ≤ 1, ∀q ∈ Q

s ∈ {0, 1}|E|,

(7)

where, δ+(p) and δ−(q), are the sets of edges leaving node p and, respectively, entering in node q.
Note that the constraints of Problem (7) require each node p ∈ P to be assigned to exactly one node

q ∈ Q and each node q ∈ Q to be assigned to at most one node p ∈ P , which is why Problem (7) is known
as Asymmetric Assignment Problem.

Naturally, it results
f(ϕ(a), a) = c⊤s∗

where s∗ is the optimal solution of Problem (7).
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Problem (7), and hence (6), can be solved very efficiently by ad-hoc codes that have time complexity
O(

√
nm log(nC(Ta))) where C(Ta) = maxp∈P,q∈Q{‖q − Ta(p)‖}, see for instance [7].

We are now able to define our new dissimilarity measure, that we call matching distance.

Definition 5.1. Given an isometric transformation a ∈ Θ and two distinct sets of points P and Q, the

matching distance between Ta(P ) and Q is given by f(ϕ(a), a).

Reasoning as in the preceding section, we can now search for a global solution of problem (5) where
now g(a) = f(ϕ(a), a).

6. Preliminary Results

In this section we report a preliminar experimentation of our global optimization code on a set of protein
pairs. The set of protein pairs is the same as that used in [27] where a modification of the well-known
ICP Algorithm is proposed for the structural alignment problem.

The table that follows report the results obtained by our code compared with the results of paper [27]
and those obtained using the original ICP Algorithm [2].
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Protein pairs GlobProt CMIs + ICP ICP

1bge-B 2gmf-A 101/2.1 83/2.1 19/2.1
1cew-I 1mol-A 40/1.6 (68/2.2) 68/1.6 13/1.6
1cid 2rhe 72/1.6 (80/1.7) 80/1.6 0/1.6 (80/10.0)
1crl 1ede 251/2.3 193/2.3 34/2.3
1fxi-A 1ubq 58/1.6 54/1.6 8/1.6
1ten 3hhr-B 38/1.5 (76/2.2) 76/1.5 0/1.5 (76/18.2)
1tie 4fgf 109/2.2 80/2.2 45/2.2
2sim 1nsb-A 283/2.3 201/2.3 149/2.3
2aza-A 1paz 85/2.1 77/2.1 38/2.1
3hla-B 2rhe 83/2.1 59/2.1 20/2.1

For each pair of proteins we report the number of matched Cα atoms along with the computed mean
square error. For a better comparison with the results from [27] of Algorithm CMIs+ICP and with the
original ICP Algorithm, for some protein pairs, we also report the value of the mean square error that
would be obtained if we required that the number of matched Cα atoms is exactly that obtained by
CMIs+ICP.

A. Closed-form solution of the absolute orientation problem

In [11] has been given a closed-form expression for the minimizer of f(a, t) which we now briefly recall.
Let

µP =
1

n

∑

p∈P

p, and µY =
1

n

∑

p∈P

ψ(p)

be the centers of mass of point sets P and Y . The cross-covariance of the sets P and Y is given by

Σ =
1

n

∑

p∈P

pψ(p)⊤ − µPµ
⊤
Y .

Consider the 4 × 4 matrix

Q(Σ) =

(

tr(Σ) ∆⊤

∆ Σ + Σ⊤ − tr(Σ)I

)

,

where I is the 3 × 3 identity matrix and ∆ = (B23, B31, B12)
⊤ with B = Σ − Σ⊤.

It results ([11, 2]) that a∗ is the unit eigenvector corresponding to the maximum eigenvalue of Q(Σ)
and

t∗ = µY −R(a∗)µP .
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