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Abstract

The existential variables of a clause in a constraint logic program are the variables which occur
in the body of the clause and not in its head. The elimination of these variables is a transfor-
mation technique which is often used for improving program efficiency and verifying program
properties. We consider a folding transformation rule which ensures the elimination of existential
variables and we propose an algorithm for applying this rule in the case where the constraints are
linear inequations over rational or real numbers. The algorithm combines techniques for match-
ing terms modulo equational theories and techniques for solving systems of linear inequations.
Through some examples we show that an implementation of our folding algorithm performs well
in practice.

Key words: Program transformation, folding rule, variable elimination, constraint logic pro-
gramming






1. Introduction

Constraint logic programming is a very expressive language for writing programs in a declar-
ative way and for specifying and verifying properties of software systems [9]. When writing
programs in a declarative style or writing specifications, one often uses ezistential variables,
that is, variables which occur in the body of a clause and not in its head. However, the use of
existential variables may give rise to inefficient or even nonterminating computations (and this
may happen when an existential variable denotes an intermediate data structure or when an
existential variable ranges over an infinite set). For this reason some transformation techniques
have been proposed for eliminating those variables from logic programs and constraint logic
programs [13, 14]. These techniques make use of the unfolding and folding rules which have
been first proposed in the context of functional programming by Burstall and Darlington [5],
and then extended to logic programming [17] and to constraint logic programming [3, 7, 8, 11].

For instance, let us consider the problem of checking whether or not a list L of rational numbers
has a prefix P such that the sum of all elements of P is at least M. A constraint logic program
that solves this problem is the following:

1. prefizsum(L, M) «— N>M A app(P,S,L) A sum(P,N)

2. app([ YY) <

3. app([H|X), Y, [H|2]) — app(X,, 2)

4. sum([],0) «

5. sum([H|X],N) — N=H+R A sum(X,R)

When answering queries which are instances of the atom prefizsum(L, M), the program computes
values for the variables P, S, and N which are the existential variables of clause 1 and, in fact,
are not needed in the final answer. We can eliminate these existential variables and improve the
efficiency of the program, by applying the unfolding and folding rules as follows. From clause 1,
by applying the unfolding rule several times, we derive:

6. prefizsum(L, M) «— 0> M

7. prefizsum([H|T],M) — N>M N N=H+R A app(P,S,T) N sum(P, R)

Now we fold clause 7 by using clause 1 and we derive:

8. prefizsum([H|T|, M) « prefixzsum(T, M —H)

For this folding step we have used the fact that, in our theory of constraints, clause 7 is equivalent
to the clause prefitsum([H|T),M) «— R > M —H A app(P,S,T) A sum(P, R), whose body is
an instance of the body of clause 1. The final program, consisting of clauses 6 and 8, has no
existential variables and, thus, does not construct unnecessary intermediate values for computing
the relation prefizsum.

As shown in the above example the folding rule plays a particularly relevant role in the
techniques for eliminating existential variables. (In particular, it would have been impossible
to eliminate all existential variables from the clauses defining prefizsum by using the unfolding
rule only.) For that reason in this paper we focus our attention on the folding rule, which in the
general case can be defined as follows.

Let (i) H and K be atoms, (ii) ¢ and d be constraints, and (iii) G and B be goals (that is,
conjunctions of literals). Given two clauses v: H < ¢ A G and 0: K < d A B, if there exist a
constraint e, a substitution ¥, and a goal R such that H < ¢ A G is equivalent (w.r.t. a given
theory of constraints) to H « e\ (dAB)YAR, then ~ is folded into the clause n: H «+ e AKYAR.
In order to use the folding rule to eliminate existential variables we also require that every
variable occurring in K¢ also occurs in H.



In the literature no algorithm is provided to determine whether or not, given a theory of
constraints, the suitable e, ¢, and R which are required for folding, do exist [3, 7, 8, 11]. In
this paper we propose an algorithm based on linear algebra and term rewriting techniques for
computing e, 9, and R, if they exist, in the case when the constraints are linear inequations over
the rational numbers. The techniques we will present are valid without relevant changes also
when the inequations are over the real numbers. As an example of application of the folding
algorithm, let us consider the following clauses:

y: p(Xl,Xz,Xg) — Xi<1 ANXi>2Z141 N Z5>0 A q(Zl,f(Xg),ZQ) AN T(XQ)
d: S(Yl,Yg,Yé) — Wi<0AYI—=3>22W1 A Wy>0 A q(Wl,Yg,Wg)

and suppose that we want to fold v using § for eliminating the existential variables Z; and Zs
occurring in v. Our folding algorithm FA computes (see Examples 1-4 in Section 4): (i) the
constraint e: X; <1, (ii) the substitution 9: {Y1/2X1+1, Ya/a, Y3/ f(X3), W1/Z1,Wa/Zs}, where
a is an arbitrary new constant, and (iii) the goal R: r(X32), and the clause derived by folding ~y
using ¢ is:

n: p(X1, X2, X3) — X1<1 A s(2X1+1,a, f(X3)) A r(X2)

which has no existential variables. (The correctness of this folding step can easily be checked by
unfolding n w.r.t. s(2X1+1,a, f(X3)).) In general, a triple (e, 4, R) that satisfies the conditions
for the applicability of the folding rule may not exist or may not be unique. For this reason,
our folding algorithm is nondeterministic and in different runs it may compute different folded
clauses.

The paper is organized as follows. In Section 2 we introduce some basic definitions concerning
constraint logic programs. In Section 3 we present the folding rule which we use for eliminating
existential variables. In Section 4 we describe our algorithm for applying the folding rule and
we prove the soundness and completeness of this algorithm with respect to the declarative
specification of the rule. In Section 5 we analyze the complexity of our folding algorithm. We
also describe an implementation of that algorithm and we evaluate its performance by presenting
some experimental results. Finally, in Section 6 we discuss the related work and we suggest some
directions for future investigations.

2. Preliminary Definitions

In this section we recall some basic definitions concerning constraint logic programs, where
the constraints are conjunctions of linear inequations over the rational numbers. As already
mentioned, the results we will present in this paper are valid without relevant changes also when
the constraints are conjunctions of linear inequations over the real numbers. For notions not
defined here the reader may refer to [9, 10].

Let us consider a first order language £ given by a set Var of variables, a set Fun of function
symbols, and a set Pred of predicate symbols. Let + denote addition, - denote multiplication,
and Q denote the set of rational numbers. We assume that {+,-}UQ C Fun (in particular, every
rational number is assumed to be a 0-ary function symbol). We also assume that the predicate
symbols > and > denoting inequality and strict inequality, respectively, belong to Pred.

In order to distinguish terms representing rational numbers from other terms (which may be
viewed as finite trees), we assume that £ is a typed language [10] with two basic types: rat,
which is the type of the rational numbers, and tree, which is the type of the finite trees. We
also consider types constructed from basic types by the usual type constructors x and —. A
variable X € Var has either type rat or type tree. We denote by Varysy and Variree the set



of variables of type rat and tree, respectively. A predicate symbol of arity n and a function
symbol of arity n in £ have types of the form 7 x---x 7, and 7 X--- X7, — 7,11, respectively,
for some types 7i,...,7n, Tht1 € {rat,tree}. In particular, the predicate symbols > and >
have type rat xrat, the function symbols + and - have type rat xrat — rat, and the rational
numbers have type rat. The function symbols in {+, -} UQ are the only symbols whose type is
Ty X -+ X T, —rat, for some types 7,...,T,, with n > 0.

A term u is either a term of type rat or a term of type tree. A term p of type rat is a linear
polynomial of the form a1 Xy + ...+ ap Xy + apy1, where ay, ..., ap+1 are rational numbers and
X1,..., X, are variables in Varyay (a monomial of the form a X stands for the term a-X). A term
t of type tree is either a variable X in Variree or a term of the form f(uy,...,u,), where f
is a function symbol of type 7 X - -+ X7, — tree, and u1,...,u, are terms of type 71,..., T,
respectively.

An atomic constraint is a linear inequation of the form p; > po or p; > pa. A constraint
is a conjunction ¢; A ... A ¢,, where ¢y, ...,c, are atomic constraints. When n = 0 we write
c1 N ...Ncy, as true. A constraint of the form p; >po A po>p1 is abbreviated as the equation
p1=p2 (which, thus, is not an atomic constraint).

An atom is of the form r(ui,...,u,), where r is a predicate symbol, not in {>, >}, of type
T X...XT, and uy,...,u, are terms of type 71,..., T, respectively. A literal is either an atom
(called a positive literal) or a negated atom (called a negative literal). A goal is a conjunction
LiA...AL, of literals, with n > 0. The conjunction of 0 literals is denoted by true. A constrained
goal is a conjunction ¢ A G, where ¢ is a constraint and G is a goal. A clause is of the form
H — ¢ AG, where H is an atom and ¢ A G is a constrained goal. A constraint logic program is a
set of clauses. A formula of the language L is constructed as usual in first order logic from the
symbols of £ by using the logical connectives A, V, =, —, «, <, and the quantifiers 3, V.

If fis a term or a formula then by Varsyat(f) and Varsiree(f) we denote, respectively,
the set of variables of type rat and of type tree occurring in f. By Vars(f) we denote the
set of all variables occurring in f, that is, Varsyat(f) U Varsiree(f). Similar notation will
also be used for the variables occurring in sets of terms and sets of formulas. Given a clause
~v: H «— ¢ NG, by EVars(y) we denote the set of the existential variables of «, which is defined
to be Vars(c A G) — Vars(H). The constraint-local variables of 7 are the variables in the set
Vars(c) — Vars({H,G}). Given a set X = {X1,...,X,,} of variables and a formula ¢, by VX ¢
we denote the formula VX ...VX, ¢ and by 3X ¢ we denote the formula 3X;...3X,, ¢. By
V(¢) and 3(p) we denote the universal closure and the existential closure of ¢, respectively. In
what follows we will use the notion of substitution as defined in [10] with the following extra
type condition: given any substitution {X;/t1,..., X, /t,}, for i = 1,...,n, the type of X; is
equal to the type of ;.

Let Lyat denote the sublanguage of £ given by the set Varyat of variables, the set {+,-}UQ of
function symbols, and the set {>, >} of predicate symbols. We denote by Q the interpretation
which assigns to every function symbol or predicate symbol of L,y the expected function or
relation on Q. For a formula ¢ of Ly, (in particular, for a constraint), the satisfaction relation
Q = ¢ is defined as usual in first order logic. A Q-interpretation is an interpretation I for the
typed language £ which agrees with Q for each formula ¢ of Ly, that is, for each ¢ of Lyat,
I &= ¢ iff Q = . The definition of a Q-interpretation for typed languages is a straightforward
extension of the one for untyped languages [9]. We say that a Q-interpretation I is a Q-model
of a program P if for every clause v € P we have that I = V(v). Similarly to the case of
logic programs, we can define stratified constraint logic programs and we have that every such
program P has a perfect Q-model [8, 9, 11], denoted by M (P).



A solution of a set C' of constraints is a ground substitution o of the form {X; /a1, ..., X, /an},
where {X1,...,X,} = Vars(C) and a4, ..., a, € Q, such that Q |= co for every ¢ € C. A set of
constraints is said to be satisfiable if it has a solution.

We assume that we are given a function solve that takes in input a set C' of constraints and
returns in output a solution o of C, if C is satisfiable, and fail otherwise. The function solve
can be implemented, for instance, by using the Fourier-Motzkin algorithm or the Khachiyan
algorithm [16]. We assume that we are also given a function project such that for every constraint
¢ and for every finite set of variables X C Varae, Q F VX ((3Y ¢) < project(c, X)), where
Y = Vars(c) — X and Vars(project(c, X)) C X. The project function can be implemented, for
instance, by using the Fourier-Motzkin algorithm or the algorithm presented in [19].

A clause v: H <« ¢AG is said to be in normal formif (i) every term of type rat occurring in G is
a variable, (ii) each variable of type rat occurs at most once in G, (iii) Varsyat(H)N Varsyas (G) =
(), and (iv) v has no constraint-local variables. It is always possible to transform any clause v,
into a clause v such that v has the same Q-models as 77 and 7, is in normal form. (In
particular, the constraint-local variables of any given clause can be eliminated by applying the
project function.) The clause 75 is called a normal form of v1. Without loss of generality, when
presenting the folding rule and the algorithm for its application, we will assume that the clauses
are in normal form.

Definition 2.1. Given two clauses v1 and 2, we write v1 = o if there exist a normal form
H «— ¢i AN By of v1, a normal form H «— co A By of v2, and a variable renaming p such that:
(1) H= Hp, (2) B1 =ac Bap, and (3) Q EV (c1 < cap), where =4¢ denotes equality modulo
the equational theory of associativity and commutativity of conjunction. We will refer to this
theory as the ACn theory [1].

Proposition 2.2. (i) The relation = is an equivalence relation. (ii) If y1 = vo then, for every
Q-interpretation I, I =~ iff I |= 2. (iil) If v2 is a normal form of v1 then 1 = 7,.

3. The Folding Rule

In this section we introduce our folding transformation rule which is a variant of the many
folding rules considered in the literature [3, 7, 8, 11]. In particular, by using our variant of the
folding rule we may replace a constrained goal occurring in the body of a clause where some
existential variables occur, by an atom which has no existential variables in the folded clause.

Definition 3.1 (Folding Rule) Let v: H < ¢ AN G and 6: K «— d A B be clauses in normal
form without variables in common. Suppose also that there exist a constraint e, a substitution
9, and a goal R such that: (1) v = H «— eANdd N BY A R; (2) for every variable X in
EVars(6), the following conditions hold: (2.1) X9 is a variable not occurring in {H, e, R}, and
(2.2) XU does not occur in the term Y, for every variable Y occurring in d AN B and different
from X; (3) Vars(Kv9) C Vars(H). By folding clause v using clause § we derive the clause
n:H—eNKJIANR.

Condition (3) ensures that no existential variable of 7 occurs in K¢. However, in e or R
some existential variables may still occur. These variables may be eliminated by further folding
steps using clause ¢ again or other clauses. In Theorem 3.2 below we establish the correctness
of the folding rule w.r.t. the perfect model semantics. That correctness follows immediately
from [3, 7, 8].



In order to state Theorem 3.2 we need the following notion. A transformation sequence is a
sequence Fy,..., P, of programs such that, for £ = 0,...,n—1, program Py, is derived from
program Pj by an application of one of the following transformation rules: definition, unfolding,
folding. For a detailed presentation of the definition and unfolding rules we refer to [8]. An
application of the folding rule is defined as follows. For k = 0,...,n, by Defs; we denote the set
of clauses introduced by the definition rule during the construction of Py, ..., P;. Program Py
is derived from program Py by an application of the folding rule if P11 = (Pr — {7v}) U {n},
where 7 is a clause in Py, J is a clause in Defs;,, and 7 is the clause derived by folding v using
0 as indicated in Definition 3.1.

Theorem 3.2. [8] Let Py be a stratified program and let Py, . .., P, be a transformation sequence.
Suppose that, for k = 0,...,n—1, if Pyy1 is derived from Py by folding clause v using clause
0 € Defsy, then there exists j, with 0 <j <n, such that 6 € P; and Pj;1 is derived from P;
by unfolding 6 w.r.t. a positive literal in its body. Then Py U Defs, and P, are stratified and
M(Py U Defs,)) = M(P,).

4. An Algorithm for Applying the Folding Rule

Now we will present an algorithm for determining whether or not a clause v : H < ¢ A G can be
folded using a clause § : K < d A B, according to Definition 3.1. The objective of our folding
algorithm is to find a constraint e, a substitution 1, and a goal R such that Point (1) (that is,
7= H «— eANd)ANBIAR), Point (2), and Point (3) of Definition 3.1 hold. Our algorithm
computes e, ¥, and R, if they exist, by applying two procedures: (i) the goal matching procedure,
called GM, which matches the goal G against B and returns a substitution o and a goal R such
that G =4c Ba A R, and (ii) the constraint matching procedure, called CM, which matches the
constraint ¢ against d a and returns a substitution 8 and a constraint e such that c is equivalent
to e Ada f in the theory of constraints. The substitution 9 to be found is the composition of
the substitutions « and 3, denoted a 3. The output of the folding algorithm is either the clause
n: H — e KJ A R, or fail if folding is not possible. Since Definition 3.1 does not determine
e, ¥, and R in a unique way, our folding algorithm is nondeterministic and, as already said, in
different runs it may compute different folded clauses.

4.1. Goal Matching

Let us now present the goal matching procedure GM. This procedure uses the notion of binding
which is defined as follows: a binding is a pair of the form ej/es, where e; and e are either
both goals or both terms. Thus, the notion of set of bindings is a generalization of the notion
of substitution.

Goal Matching Procedure: GM

Input: two clauses in normal form without variables in common «v: H «+ ¢AG and §: K «— dAB.
Output: a substitution o and a goal R such that: (1) G =4¢ Ba A R; (2) for every variable X in
EVars(6), (2.1) Xais a variable not occurring in { H, R}, and (2.2) X« does not occur in the term
Y a, for every variable Y occurring in d A B and different from X; (3) Varsiree(Ka) C Vars(H).
If such a and R do not exist, then fail.

Consider a set Bnds of bindings initialized to the singleton {(B A T')/G}, where T is a new
symbol denoting a variable ranging over goals. Consider also the rewrite rules (i)—(x) listed



below. When the left hand side of a rule is written as Bnds; U Bndsy = ..., we assume that
Bnds1 N Bndsy = 0.

(1) {(Ll/\Bl/\T) / (Gl/\Lg/\Gg)} U Bnds — {Ll/LQ, (Bl/\T)/(Gl/\GQ)} U Bnds

where: (1) Ly and Ly are either both positive or both negative literals and have the same
predicate symbol with the same arity, and (2) B;, G1, and G2 are goals (possibly, the
empty conjunction true);

(ii {—\Al/—\AQ} U Bnds — {Al/AQ} U Bnds;

(i) {a(s1,...,sn)/a(t1,...,tn)} U Bnds = {s1/t1,...,sn/tn} U Bnds;

)
)
(iv) {a(s1,-..,8m)/b(t1,...,tn)} U Bnds = fail, if a is different from b or m # n;
(v) {a(s1,...,50)/X} U Bnds = fail, if X € Vars(v);

)

(vi) {X/s}U Bnds = fail, if X € Vars(0) and X/t € Bnds for some ¢ syntactically different
from s;

(vii) {X/s} U Bnds = falil, if X € EVars(d) and one of the following three conditions holds:
(1) s is not a variable, or (2) s € Vars(H), or (3) there exists Y € Vars(d A B) different
from X such that: (3.1) Y/t € Bnds, for some term ¢, and (3.2) s € Vars(t);

(viii) {X/s, T/G1} U Bnds = fail, if X € EVars(d) and s € Vars(Gy);
(ix) {X/s} U Bnds = fail, if X € Varsiree(K) and Vars(s) € Vars(H);

(x) Bnds = {X/s} U Bnds, where s is an arbitrary term of type tree such that Vars(s) C
Vars(H), if X € Varsgree()K) — Vars(B) and there is no term ¢ such that X/t € Bnds.

IF there exist a set of bindings « (which, by construction, is a substitution) and a goal R such
that: (c1) {(BAT)/G} =* a U{T/R} (where T'/R ¢ ) and (c2) no Bnds exists such that
aU{T/R} = Bnds (that is, informally, « U{T/R} is a maximally rewritten, non-failing set of
bindings derived from the singleton {(B AT)/G?})

THEN return o and R ELSE return fail.

Rule (i) associates each literal in B with a literal in G in a nondeterministic way. Rules (ii)—(vi)
are a specialization to our case of the usual rules for matching [18]. Rules (vii)—(x) ensure that
any pair («, R) computed by GM satisfies Conditions (2) and (3) of the folding rule, or if no
such pair exists, then GM returns fail.

Example 1. Let us apply the procedure GM to the clauses v and ¢ presented in the Introduc-
tion, where the predicates p, ¢, 7, and s are of type ratxtreextree, ratxXtreexrat, tree,
and ratXxtreextree, respectively, and the function f is of type tree—tree. The clauses «v
and ¢ are in normal form and have no variables in common. The procedure GM performs the
following rewritings, where the arrow == denotes an application of the rewrite rule r:

{a(W1, Y3, Wo) NT/(q(Z1, f(X3), Z2) Ar(X2))}
= {g(W1. Y3, W2)/q(Z1, (X3). Z2), T/r(X2)}
= {W1/Z1, Y3/f(X3), Wa/Zy, T/r(Xs)}
= {(W1/Z1, Y3/f(X3), Wa/Zy, Ya/a, T/r(Xa2)}
In the final set of bindings, the term a is an arbitrary constant of type tree. The output of
GM is the substitution a: {W1/Z1, Y3/ f(X3), Wa/Zs, Ya/a} and the goal R: r(X3).



The goal matching procedure is sound in the sense that if GM returns a substitution o and a
goal R, then a and R satisfy the output conditions of GM. The goal matching procedure is also
complete in the sense that if there exist a substitution o and a goal R that satisfy the output
conditions of GM, then it does not return fail. The termination of the goal matching procedure
can be shown via an argument based on the multiset ordering of the size of the bindings. Indeed,
each of the rules (i)—(ix) replaces a binding by a finite number of smaller bindings, and rule (x)
can be applied at most once for each variable occurring in the head of clause §. A detailed
proof of the soundness, completeness, and termination of GM can be found in the Appendix
(see Theorem A.4).

4.2. Constraint Matching

Let us assume that given two clauses in normal form v: H «— ¢ A G and §: K «— d A B, the
goal matching procedure GM returns the substitution « and the goal R. By using « and R, we
can construct the two clauses in normal form: H < ¢ A Ba A R and Ka < da A\ Ba such that
G =4¢c BaAR. The constraint matching procedure CM takes in input these two clauses, which,
for reasons of simplicity, we now rename as 7': H < ¢AB'AR and §': K’ < d’' A B’, respectively,
and returns in output a constraint e and a substitution [ such that: (1) 7y = H <« eAd’SAB'AR,
(2) B'B=B', (3) Vars(K'B)C Vars(H), and (4) Vars(e)C Vars({H, R}). If such e and 8 do not
exist, then the procedure CM returns fail.

Let € denote the constraint project(c, X), where X = Vars(c)— Vars(B') (the definition of the
project function is given in Section 2). By Lemma 4.1 below, the procedure CM does not lose
any solution if it returns as constraint e the value of €, and then compute a substitution G such
that @ =EV(c < (eAd'B3)), B'8 = B’, and Vars(K'(3) C Vars(H) hold.

Lemma 4.1. Lety': H < cAB'AR and §': K' < d' AN B’ be the input clauses of the constraint
matching procedure. For every substitution 3, there exists a constraint e such that the following
four conditions hold: (1) v = H «—eNdBANB AR, (2) B'=DB', (3) Vars(K'3) C Vars(H),
and (4) Vars(e) C Vars({H, R}) iff QEVY(c+— (EAdP)) and Conditions (2) and (3) hold.

The following example illustrates the fact that if the procedure CM returns for the constraint e
the value of €, then CM may compute the substitution 8 by solving a set of constraints over
the set Q of the rational numbers.

Example 2. Let us consider again the clauses v and ¢ of the Introduction. Let o and r(X3)
be the substitution and the goal computed by applying the procedure GM to ~ and 4 as shown
in the above Example 1. Let us then consider the following clauses 7' : H < ¢ A B’ A R and
0" K' « d' A B" which are equal to v and da, respectively:

7' p(Xy, Xo, X3) = Xa <1 A Xu2Z1+1 A Z2>0 A (21, f(X3), Z2) A r(X2)

8 s(V1,a, f(X3)) «— Z1<OANY1=3>2Z1 N Zy >0 A q(Zy, f(X3), Z2)
Thus, the constraint ¢ is X3 <1 A X7 >Z1+1 A Z3 >0 and the goal B is q(Z1, f(X3), Z2).
Those two clauses 7/ and ¢’ are the input to the procedure CM. The constraint € returned by
the procedure CM is project((X1 <1 A X1 > Z1+1 A Z2>0),{X1}), which is equivalent to
Xi<1.

Now we will compute a substitution § such that: (i) Q = V(c < (€ A d'(3)) holds, and (ii) Con-
ditions (2) and (3) as stated in Lemma 4.1, hold. These three conditions are as follows:

Q ):V(X1<1/\X12Z1—|—1/\ZQ>0 — Xi<1A (Z1<0A)/1—322Z1 /\ZQ>0)ﬁ) (fO)



10.

a(Z1, f(X3), Z2)B = q(Z1, [ (X3), Z2) (that is, Z18 = Z1, X3B= X3, Zaf=22) (2)

Vars(s(Y1,a, f(X3))B) € {X1, X2, X3} (3)
We have that Equivalence (f.0) holds if the following equivalences (f.1), (f.2), and (f.3), and
implication (f.4) hold:

QEV(Xi1<1le X1<1) (f.1)
QEV(X1>2Z1+1 « (Y1-3>2Z,)0) (f.2)
QEV(Zy>0 « (Z3>0)8) (£.3)
QEV(Xi<IANX1>Z1+41ANZy>0 — (Z1<0)p) (f.4)

Equivalence (f.1) trivially holds. Equivalence (f.2) can be reduced to an equation over the
rational numbers because Equivalence (f.2) holds if there exists a rational number k > 0 such
that

QEV(k(X1—-Z1—-1)=(Y1-3-27,)5)
holds. By Condition (2), the substitution [ is the identity on Z; and, hence, the equation
k(X1—Z1—1) = (Y1—3—2%;)0 holds for any 3 such that

Y8 = (2—k)Z1+kX1+3—k
Since by Condition (3) Vars(s(Y1,a, f(X3))5) C{X1, X2, X3}, we get that k=2 and, thus, the
binding Y1/(2X;+1) belongs to 5. We have that also Equivalences (f.3) and (f.4) hold for

B={Y1/(2X;:+1)}. We will see that, indeed, this substitution  is the one returned by the
constraint matching procedure CM we will introduce below.

The crucial steps in Example 2 have been the following two: (i) the reduction of Equiva-
lence (f.0) to a set of equivalences between atomic constraints (see (f.1)—(f.3)) or implications
with atomic conclusions (see (f.4)), and (ii) the reduction of one of these equivalences, namely
(f.2), to an equation over the rational numbers, via the introduction of the auxiliary rational
parameter k.

Now we introduce some notions and we state some properties (see Lemma 4.2 and Theorem 4.3)
which will be exploited by the constraint matching procedure CM for performing in the general
case those two crucial reduction steps. Indeed, the procedure CM is a set of rewrite rules which
reduce the equivalence between ¢ and € A d'3 to a set of equations and inequations over the
rational numbers, via the introduction of suitable auxiliary parameters. The properties we now
state will also provide sufficient conditions under which we are guaranteed to find the desired
substitution (3, if there exists one.

A conjunction aj; A ... A a,, of (not necessarily distinct) atomic constraints is said to be
redundant if there exists an atomic constraint a;, with 0 <i < m, such that Q = V((ag A ... A
ai—1 N\ aix1 A ... A am) — a;). In this case we also say that a; is redundant in a; A ... A ap,.
Thus, the empty conjunction true is non-redundant and an atomic constraint a is redundant iff
Q | V(a). Given a redundant constraint ¢, we can always derive a non-redundant constraint ¢/
which is equivalent to ¢, that is, Q = V(¢ < (), by repeatedly eliminating from the constraint
at hand an atomic constraint which is redundant in that constraint.

Without loss of generality, we can assume that any given constraint c is of the form p; p;1 0 A
oo A Dm pm 0, where m > 0 and p1,...,pm € {>,>}. We define the interior of ¢, denoted
interior(c), to be the constraint p; >0 A ... A py, >0.

A constraint ¢ is said to be admissible if both ¢ and interior(c) are satisfiable and non-
redundant. For instance, the constraint ¢;: X—Y >0AY >0 is admissible, while the constraint
c2: X—=Y>0AY >0A X >0 is not admissible (indeed, ¢z is non-redundant, but interior(csz):



11.

X-Y>0AY>0A X >0 is redundant). The following Lemma 4.2 characterizes the equivalence
between two constraints one of which is admissible.

Lemma 4.2. Let us consider an admissible constraint a of the form a1 A ... A ay and a con-
straint b of the form by A ... Aby, where ay,...,am,b1,...,b, are atomic constraints (in partic-
ular, they are not equalities). We have that Q = V (a < b) holds iff there exists an injection
piAl,...,m} —{1,...,n} such that fori=1,...,m, Q V¥ (a; < byy) and for j=1,...,n, if
J & {p() | 1<i<m}, then Q =V (a — bj).

In Lemma 4.2 above we have required that the constraint a be admissible. This is a needed
hypothesis as the following example shows. Let us consider the non-admissible constraint
c: X—=Y >0ANY >0A X >0 and the constraint c3: X—-Y >0AY >0AX+Y >0. We
have that Q = V(co < ¢3) and yet there is no injection p which has the properties stated in
Lemma 4.2.

Given the clauses v': H «— ¢ A B' A R and §': K/ <+ d' A B’ such that: (i) ¢ is an admissible
constraint of the form ay A. .. Aay,, and (ii) €Ad’ is a constraint of the form by A...Ab,, where € is
project(c, Vars(c)— Vars(B')), the constraint matching procedure CM may exploit Lemma 4.2
and compute a substitution S which satisfies Q | V(¢ « (¢ A d'8)) and Conditions (2) and
(3) of Lemma 4.1, according to the following algorithm: first (1) CM computes an injection
w from {1,...,m} to {1,...,n}, (see rule (i) in the procedure CM below) and then (2) it
computes 3 such that: (2.i) for i=1,...,m, Q = V(a; < b,;3), and (2.ii) for j = 1,... n, if
J & {p(@) | 1<i<m}, then Q = V(c — b;f) (see rules (ii)—(v) in the procedure CM below).

By Lemma 4.2, one can show that if the constraint ¢ is admissible, the above algorithm for
computing the substitution § which satisfies Q = V(¢ < (€ A d'3)) and Conditions (2) and (3)
of Lemma 4.1 is complete in the sense that it computes such a substitution g if there exists one.

In order to compute [ satisfying Point (2.i) above, the procedure CM makes use of the
following Property P1: given the satisfiable, non-redundant atomic constraints p >0 and ¢ >0,
we have that Q = V(p >0 < ¢ > 0) holds iff there exists a rational number k£ > 0 such that
Q | V(kp — ¢ = 0) holds. Property P1 holds also if we consider V(p >0 < ¢ >0), instead
of V(p>0 < ¢>0).

In order to compute [ satisfying Point (2.ii) above, the procedure CM makes use of the
following Theorem 4.3 which is a generalization of the above Property P1 and it is an extension
of Farkas’ Lemma to the case of systems of weak and strict inequalities [16], rather than weak
inequalities only.

Theorem 4.3. Suppose that p1 p10,...,0m Pm 0, Pm+1 pPm+1 0 are atomic constraints such that,
fori=1,....m+1, p € {>>} and Q E I(p1p1OA ... ADmpm0). Then Q = V(p1p10A
o e A Pm Pm 0 = Pt1 Pm+1 0) iff there exist k1 >0, ..., kpt1 >0 such that: (1) Q | ¥V (kip1 +
o+ kmpm + kg1 = Pmg1), and (i) if pmyr is > then (3 ;o ki) >0, where I ={i | 1<i<
m+1, p; is >}.

As we will see below, the constraint matching procedure CM may generate bilinear polyno-
mials (see rules (i)—(iii)), that is, polynomials of a particular form, which we now define. Let p
be a polynomial and (P;, P») be a partition of a (proper or not) superset of Vars(p). The
polynomial p is said to be bilinear in the partition (Py, P3) if there exists a polynomial ¢ such
that Q =V (p = ¢q) and ¢ is a sum of monomials, each of which is of the form: either (i) k VU,
where k is a rational number, V € Py, and U € P, or (ii) kU, where k is a rational number and
U € P U Py, or (iii) k, where k is a rational number.
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Let us consider a polynomial p which is bilinear in the partition (Pi, Py), where Py =
{U1,...,Un}. A normal form of p, denoted nf(p), w.r.t. a given ordering Ui, ..., U, of the
variables in Py, is any polynomial which is derived from p by: (i) computing a polynomial of
the form riUy + -+ + rUp, 4 mpg1 such that: (1.1) Q EV(p = mUr + - + riUn + Tit1),
and (1.2) r1,...,7m41 are linear polynomials with variables in Pj, and (ii) erasing from that
polynomial every summand 7;U; such that Q =V (r;=0).

Recall that in this paper any equation between polynomials of the form p; =po is an abbrevi-
ation for the two inequations p; >ps and ps > p;.

Constraint Matching Procedure: CM

Input: two clauses in normal form, possibly with variables in common, 7': H < ¢ A B’ A R and
0:K' —d NDB.

Output: a constraint e and a substitution 3 such that: (1) v/ =2 H «— eAd'SAB’AR, (2) B'6 = B/,
(3) Vars(K') C Vars(H), and (4) Vars(e) C Vars({H, R}). If such e and 8 do not exist, then
fail.

IF c is unsatisfiable THEN return an arbitrary unsatisfiable constraint e such that Vars(e) C
Vars({H, R}) and a substitution § of the form {Ui/ai,...,Us/as}, where {Ui,..., Us} =
Varsray (K') and aq, . .., as are arbitrary terms of type rat such that, fori =1,...,s, Vars(a;) C
Vars(H)

ELSE proceed as follows.

Let X be the set Vars(c) — Vars(B’), Y be the set Vars(d') — Vars(B’), and Z be the set
Varsear (B'). Let e be the constraint project(c, X). Without loss of generality, we may assume

that: ¢ is a constraint of the form py p1 O A ... A pm pm 0, where for ¢ = 1,...,m, p; is a linear
polynomial and p; € {>,>}, and e A d’ is a constraint of the form ¢; 11 0 A ... A gy, 7, 0, where
for j =1,...,n, ¢; is a linear polynomial and m; € {>, >}.

Let us consider the following rewrite rules (i)—(v) which are all of the form:

(fi o g, S1, 01) = (f2 & g2, 52, 02)

where: (1.1) fi and fo are constraints, (1.2) g1 and g2 are formulas of the form ¢ p0, where g
is a bilinear polynomial and p € {>,>}, (2) S1 and Sy are sets of formulas of the form ¢ pO0,
where ¢ is a bilinear polynomial and p € {>, >}, and (3) o1 and o are substitutions. The poly-
nomials occurring in g1, g2, S1, and Sy are all bilinear in the partition (W, X UY U Z), where
W is the set of the new variables introduced during the application of the rewrite rules (i)—(v).
The normal forms of those bilinear polynomials are all defined w.r.t. any variable ordering
of the form: Zy,...,Zy, Y1,..., Y, X1,..., X, where {Z1,..., 2y} = Z, {Y1,...,Y} =Y,
and {Xi,...,X;} = X. In the rewrite rules (iv) and (v), whenever S is written as A U B,
we assume that AN B = ().

(i) (ppOAf—=giNgpOAgs, S, o) = (f < giAg2, {nf(Vp—q) =0,V >0}US, o)
where V' is a new variable and p € {>, >};

(ii) (true < q>0Ag, S, 0) =
(true < g, {nf(Vip1+.. . +ViPm+Viny1—¢)=0,V12>0,..., V11 20} U S, o)

where Vi, ..., Vin+1 are new variables;
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(iii) (true < ¢>0Ag, S, 0) =
(true g, {nf(V1p1+. . .+Vmpm+Vm+1—q):0,
‘/1207 "avm—i-l 207 (2161‘/1)>0} USa 0>

where V1, ..., V41 are new variables and I={i | 1<i<m+1, p; is >};
(iv) (f < g, {pU+q = 0}US, 0) = (f < g, {p=0,¢=0}US, o)
fUeXUZ:
(V) <f<_>gv {aU+q = O}USa 0> =
(f = (@U/=2}), {Anf({U/=1})p0 | pp0€ S}, o{U/=1})
if UeY, Vars(q) N Vars(R) =0, and a € (Q — {0});

IF there exist a set C' of atomic constraints and a substitution oy such that: (cl) (¢ < e A d',
0, 0) =* (true < true, C, oy), (c2) for every f € C, we have that f is of the form pp0,
where p is a linear polynomial and p € {>, >}, and Vars(f) CW, where W is the set of the new
variables introduced during the rewriting steps from (c < e Ad', 0, 0) to (true < true, C, o),
and (c3) C is satisfiable and solve(C) = o,

THEN construct a ground substitution oy of the form {U; /ay, ..., Us/as}, where {Uy,...,Us} =
Varsyay(K'oyow) — Vars(H) and aq, ... ,as are arbitrary terms of type rat such that, for i =
1,...,s, Vars(a;) C Vars(H), and return the constraint e and the substitution 5 = ¢y o, where
y is the substitution oy oy, restricted to the set Y,

ELSE return fail.

Note that: (1) the procedure CM is nondeterministic (in particular, rule (i) associates a con-
straint in ¢ with a constraint in e A d’ in a nondeterministic way), and (2) in order to apply
rules (iv) and (v), pU and a U should be the leftmost monomials in the bilinear polynomials
pU+q and a U+ q, respectively.

The procedure CM is sound in the sense that if it returns the constraint e and the substitution
B, then e and [ satisfy the output Conditions (1)—(4) of CM. We now sketch the proof of
soundness. A detailed proof is given in the Appendix (see Theorem A.13). By Lemma 4.1, it is
enough to show that, for e = project(c, X), Q =V (¢ <> e A d'3) and the output Conditions (2)
and (3) hold. By the definition of the sets X, Y, and Z of variables, without loss of generality,
we may assume that X3 = X, Zf = Z, and Z N Vars(Y3) = 0 (for a proof of these facts,
see Theorem A.13 in the Appendix). Hence, it is enough to show that the substitution 3 is such
that @ = V(¢ < (e Ad')B) (where [ is applied also to the constraint e) and Conditions (2)
and (3) hold.

The procedure CM starts from the initial triple (¢ <> eAd’, (), #) and nondeterministically con-
structs a sequence of rewritings by applying the rewrite rules (i)—(v), until Conditions (c1)—(c3)
are satisfied. If no such sequence of rewritings exists, CM returns fail. We will say that a
substitution (3 satisfies a triple (f < g, S, o) if there exists a value for the variables in the
set W such that Q = VXVZ(f < ¢f), Q@ = VXVZ(SS), and, for every variable U € Y,
Q EVY(UopB = Up) (note that the variables in the set W may occur in the formula g, in the
set S, and in the substitution o).

Now we show that each rewrite rule which rewrites a triple (f1 < g1, S1, 01) into a triple of
the form (fo < g2, Sa, 02), is sound in the sense that, for all substitutions (3, if 3 satisfies the
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triple (f2 <> g2, S2, 02) then [3 satisfies also the triple (fi < g1, S1, 01). Moreover, if 3 satisfies
the initial triple (¢ <> e A d’,0, () then [ is a correct output substitution.

Let us now consider an application of each of the rewrite rules (i)—(v). For an application of
the rewrite rule (i), CM selects an atomic constraint pp0 from f; and an atomic constraint gp 0
from fo. Thus, by a sequence of applications of rule (i) which rewrites the initial triple into
a triple of the form (true < g,S3,02), CM constructs an injective mapping from the atomic
constraints in ¢ to the atomic constraints in e A d’. If such injective mapping does not exist,
CM returns fail. Rule (i) discards the selected atomic constraint pp0 and ¢p0 and adds to the
second component of the triple the equation nf(Vp — ¢) = 0 and the constraint V' > 0. The
soundness of rule (i) follows from Property P1, which ensures that Q =V (pp0 < (¢p0)03) iff
there exists a rational number V' >0 such that Q =V (nf(Vp — ¢f) = 0).

Rules (ii) and (iii) are applied when the first component of the triple at hand is of the form
true < g, that is, the atomic constraints in g do not belong to the image of the injection
computed by rule (i). Every application of rules (ii) and (iii) discards an atomic constraint gp 0
from g and adds to the second component of the triple the equation nf(Vips + ...+ Viupm +
Vi1 —¢q) = 0 and a set {V1 >0, ..., V41 > 0} of constraints (with an additional constraint
of the form (3°,.;V;) > 0 in case of rule (iii)). The soundness of rules (ii) and (iii) follows
from the fact that c¢ is a constraint of the form p; p1 0 A ... A pm pm 0 and, by Theorem 4.3,
we have that @ = V(¢ — (gp0)p3) iff there exist rational numbers V; > 0,..., V41 > 0 such
that Q =V (nf (Vip1 +. ..+ ViaPm + Vi1 — ¢B) = 0) (together with the constraint (Y., V;) >0
in case of rule (iii)).

The soundness of rules (iv) and (v) is based on the following Property P2:

QEY((pU +¢=0) = (p=0Aqg=0)V(p#0AU =-1)).

Rule (iv) replaces an equation pU + g = 0, where U € X U Z, by the two equations p =0
and ¢ = 0. The soundness of this rule follows from the fact that, for any value of the vari-
ables Vi,...,V, e W, Q EV((pU +q)8 =0) iff Q EV(p =0) and Q = V(¢f = 0). This
equivalence follows from Property P2, by observing that: (1) (pU)B = pU because U € X U Z
and pU + ¢ is bilinear in (W, XUY UZ) and, therefore, Vars(p) C W, and (2) the case where
QEVYU = —%) is impossible because, for any 5, U ¢ Vars(qB) (indeed: (2.1) since pU + ¢
is in normal form, we have that U & Vars(q), (2.2) since Z N Vars(Y3) =0, if U € Z then we
have that U ¢ Vars(qf3), and (2.3) since by the variable ordering we use for computing normal
forms no variable in the set Y occurs in pU + ¢ to the right of a variable in the set X, if U € X
then we have that Y N Vars(q) = 0 and, thus, ¢8 = q).

Rule (v) discards an equation aU + ¢ = 0, where U € Y, Vars(q) N Vars(R) = (), and a €
Q — {0}, and applies the substitution {U/ — 2} to all components of the triple at hand. (Note
that U does not occur in f.) The soundness of this rule follows from the fact that, for any value
of the variables Vi,...,V, e W, Q =V ((aU+¢q)5 =0) if Q =V (UB = —%). This equivalence
follows from Property P2, because a € Q — {0}. (Note that the condition a € Q — {0} is always
satisfied because aU + ¢ = 0 is in normal form and it can be shown that, by construction,
Vars(a) = () whenever U € Y. Note also that the condition Vars(q) N Vars(R) = ) is required
to satisfy the output Condition (3) of CM.)

If the rewriting process terminates and from the initial triple (¢ < e A d',0,0) we derive,
by a sequence of applications of rules (i)—(v), a new triple (true < true,C,oy) such that
Conditions (c1)—(c3) of CM hold, then no rule can be applied to the triple (true < true, C,oy)
and, hence, in the set C' there is no occurrence of a variable in X UY U Z. Moreover, the second
component C' of this triple will be a set of constraints on the variables V,...,V,, where W =
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{V1,...,V;}. Since by Condition (c3) the set of constraints in C' is satisfiable and since 3 is
defined as ¢y oq, where ¢y is the restriction of the substitution oy oy to the set Y of variables,
we have that the substitution (3 satisfies the triple (true < true,C,oy). Therefore, by the
soundness of the rewrite rules shown above, we get that the substitution § computed by the
procedure CM satisfies also the initial triple (¢ «» e A d’',0,()) and, thus, it is a correct output
substitution.

As already mentioned, by using Lemma 4.2, it can be shown that if ¢ is an admissible con-
straint, the procedure CM is also complete, in the sense that if there exist a constraint e and
a substitution [ that satisfy the output conditions of CM then it does not return fail (see
Theorem A.13 in the Appendix).

The termination of the constraint matching procedure is a consequence of the following facts:
(1) each application of rules (i), (ii), and (iii) reduces the number of atomic constraints occurring
in the formula ¢ in the first component of the triple (f < g, S, o) at hand; (2) each application
of rule (iv) does not modify the first component of the triple (f < g, S, o) at hand, does not
introduce any new variables, and reduces the number of occurrences in S of the variables in the
set X U Z; (3) each application of rule (v) does not modify the number of atomic constraints in
the first component of the triple (f < g, S, o) at hand and eliminates all occurrences in S of a
variable in the set Y. Thus, the termination of CM can be proved by a suitable lexicographic
ordering on the number of the atomic constraints and variables. The details of the termination
proof can be found in the Appendix (see the proof of Theorem A.13).

The following example illustrates an execution of the procedure CM.

Example 3. Let us consider again the clauses v and § of the Introduction and let o be the
substitution computed by applying the procedure GM to v and § as shown in Example 1. Let
us also consider the clauses 4" and ¢’, where 7/ is v and ¢’ is da, that is,

Vi p(X1, Xo, X3) — X1 <1 A X1 >Z1+1 A Z2>0 A (2, f(X3), Z2) A r(X2)
e S(}/l,a,f(Xg)) — 1<0ANY1-3>2Z1 N Zy>0 A q(Zl,f(Xg),ZQ)
Now we apply the procedure CM to clauses v/ and ¢§’. The constraint X1 <1A Xy > Z1+1AZ5>0

occurring in 7/ is satisfiable. The procedure CM starts off by computing the constraint e as
follows:

e = project(X1 <1ANX1>Z1+1NZ,>0,{X1}) = X; <1
Now CM performs the following rewritings, where: (i) all polynomials are bilinear in the par-
tition ({Vi,...,V7},{X1,Y1, 21, Z2}), (ii) their normal forms are computed w.r.t. the variable
ordering Z1, Zo, Y1, X1, and (iii) ==F* denotes k applications of rule r. (We have underlined the

constraints that are rewritten by an application of a rule. Note also that the atomic constraints
occurring in the initial triple are the ones in 7/ and §’, rewritten into the form p > 0 or p > 0.)

(1-X1>0AX1—Z1—-1>0AZ2>0) < (1-X1>0A—-Z1 >0AY1—3-2Z1 >0A Z3>0), 0, 0)

= (X1—=Z1—1>0A Z3>0) < (=21 >0 A Y1—3-2Z; >0 A Z5>0),
{1-V)X1+V1—1=0,V1 >0}, 0)
= <ZQ>O<—> (—Z1>0/\Z2>0),
{(1—V1)X1+V1—1:0,V1>0, (2—V2)Zl—Y1+‘/2X1_‘/2+3:O,‘/2>0}, Q))
— (true <« —Z; >0,
{(1—V1)X1+V1—1:0,V1>0, (Q—VQ)Zl—Y1—|—V2X1—V2+3=O,V2>0,
(Vs—1)Z2=0,V3 >0}, 0)
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== (true < true,

{(1—V1)X1+v1—1=0,V1>0, (Q—VQ)Zl—Y1+V2X1—V2+3=O,V2>0,
(Va—1)Z3=0,V3>0, (1-V5)Z1+VsZo+(Vs—Va) X1 +V4—V5+V7 =0,
Vi>0,V52>0,V6>0,V72>0, Vi+Vs+Vr >0}, 0)

=6 (true < true,

{1-V1=0,V1—=1=0,V1>0, 2—Vo=0, Y1+ Vo X; —V5o+3=0,V2>0,
V3—1=0,V3>0, 1-V5=0,V5=0,V5—V,=0,V,—V5+V7=0,
Vi>0,V5>0,V6>0,V7>0, Vi+Vs+V7 >0}, 0)

= (true < true,

{1—V1:0,V1—1=0,V1>0, 2—V5=0,V5>0,

V3—1=0,V3>0, 1-V5=0,V5=0,V5—-V,=0,V,—V5+V7=0,
Vi>0,V5>0,V6>0,V7>0, Vi+Vs+ V7 >0}, {Y1/VaX1—-V2+3})

Let C be the set of constraints occurring in the second component of the final triple of the
above sequence of rewritings. We have that C' is satisfiable and has a unique solution given
by the following substitution: oy = solve(C) = {V1/1,V2/2,V3/1,V,/1,V5/1,V5/0,V7/0}. The
substitution oy computed in the third component of the final triple of the above sequence
of rewritings is {Y1/V2X1 — Vo + 3}. Hence, the substitution ¢y, which is defined as oy oy re-
stricted to {Y1}, is {Y1/2X1+1}. Since we have that Varsrat(s(Y1,a, f(X3))oyow)— Vars(H) =
{X1, X3} — {X1, X5, X3} = 0, the substitution o is the identity. Thus, the output of the pro-
cedure CM is the constraint e = X; < 1 and the substitution 8 = ¢yos = {¥1/2X; + 1}.

4.3. The Folding Algorithm

Now we are ready to present our folding algorithm.

Folding Algorithm: FA

Input: two clauses in normal form without variables in common v: H <+ ¢AG and §: K +— dAB.
Output: the clause n: H «— eAKYJAR, if it is possible to fold « using § according to Definition 3.1,
and fail, otherwise.

IF there exist a substitution « and a goal R which are the output of an execution of the procedure
GM when clauses v and § are given in input to GM

AND there exist a constraint e and a substitution G which are the output of an execution of the
procedure CM when clauses v': H < ¢ A Ba A R and §': Ka « da A Ba are given in input
to CM

THEN return the clause n: H < e A Ka8 A R ELSE return fail.

The following theorem, which is proven in the Appendix, states that the folding algorithm FA
terminates (Point 1), FA is sound (Point 2), and, if the constraint ¢ is admissible, then FA is
complete (Point 3).

Theorem 4.4 (Termination, Soundness, and Completeness of FA) Let the input of the
algorithm FA be two clauses v and § in normal form without variables in common. Then:
(1) FA terminates; (2) if FA returns a clause n, then n can be derived by folding v using ¢
according to Definition 3.1; (3) if it is possible to fold v using 0 according to Definition 3.1 and
the constraint occurring in -y is either unsatisfiable or admissible, then FA does not return fail.
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Example 4. Let us consider the clause

v p(X1, X2, X3) — X1 < 1IAX1 > Z1+1ANZy >0ANq(Zy, f(X3),Z2) A1r(X2)
and the clause

0: s(Y1,Y2,Y3) —« W1y <O0AY] —3>2W1 AWs > 0A q(Wy,Ys, Wa)

of the Introduction. Let the substitution « : {W; /71, Y3/ f(X3), Wa/Zs, Ya/a} and the goal
R : r(X3) be the result of applying the procedure GM to 7 and ¢ as shown in Example 1, and
let the constraint e : X7 < 1 and the substitution 3 : {Y7/2X; + 1} be the result of applying the

procedure CM to v and da as shown in Example 3. Then, the output of the folding algorithm
FA is the clause n: p(X1, X2, X3) < e A s(Y1,Y2,Y3)a A R, that is:

n:p(X1, X2, X3) — X1 <1As(2X +1,a, f(X3)) Ar(Xa).

5. Complexity of the Algorithm and Experimental Results

Let us first analyze the time complexity of our folding algorithm FA by assuming that: (A1) each
rule application during the goal matching procedure GM and the constraint matching procedure
CM takes constant time, and (A2) each computation of the functions nf, solve, and project takes
constant time. In these hypotheses our algorithm FA is in NP (w.r.t. the number of occurrences
of symbols in the input clauses, including A and —). To show this fact, it is sufficient to show
that both the goal matching procedure GM and the constraint matching procedure CM are
in NP.

First we show that, under the assumption (Al), GM is in NP w.r.t. the number N of occur-
rences of symbols in the input clauses v and §. Let us consider a sequence s of applications of
the rewrite rules (i)—(x) of GM starting from the initial set {(B A T')/G} of bindings, where B
and G are the goals occurring in the body of § and ~y, respectively. Each application of one of
the rules (i)—(ix) reduces by at least one the number of occurrences of symbols. Rule (x) can be
applied at most M times, where M is the number of variables occurring in the head of clause 6.
Thus, the length of the sequence s is linear in N. Finally, by a single application of a rule, any
set of bindings can be rewritten into at most K different new sets of bindings, where K is the
number of occurrences of literals in G (see, in particular, rule (i)). Thus, GM is in NP w.r.t. N.

Now we show that, under the assumptions (A1) and (A2), also CM is in NP w.r.t. the number
N of occurrences of symbols in the initial triple (¢ <> eAd’, (), ). We have the following property:
for every maximal sequence s; of the form D = --- = F constructed by applications of the
rewrite rules (i)—(v) of CM, there exists a sequence sy of the form D = --- = FE such that
the length of s1 is equal to the length of sy and in sy every application of rules (i), (ii), and (iii)
occurs before all applications of rules (iv) and (v). Thus, for the time complexity analysis of CM
we may restrict ourselves to maximal sequences where every application of rules (i), (ii), and (iii)
occurs before all applications of rules (iv) and (v). Since each application of rules (i), (ii), and
(iii) reduces the number of constraints occurring in the first component of the triple at hand,
in a given sequence we may have at most N applications of these three rules. Moreover, each
application of rules (i), (ii), and (iii) introduces at most m+1 new variables, where m+1 < N.
Hence, at most N? new variables are introduced. Since every application of rules (i), (ii), and
(iii) occurs before all applications of rules (iv) and (v), and we consider maximal sequences,
when rules (iv) and (v) are applied, we have that the first component of the triple at hand is
of the form ¢ < true. Rule (iv) can be applied at most M times, where M is the number of
variable occurrences in the second component of the triple at hand. Each application of rule (v)
eliminates all occurrences of one variable in Y, which is a subset of the variables occurring in
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the input triple and, therefore, this rule can be applied at most N times. Note that, for each
application of rule (v), the first component does not change, because we are assuming that it
is ¢ < true. Moreover, the cardinality of the second component of the triple at hand does not
change and the number of variable occurrences in each constraint in that second component is
bounded by a polynomial of the cardinality of X UY U Z (which is at most NN), because the
number of variables occurring in a polynomial in normal form is at most | X UY U Z| x |W|.
Thus, M is bounded by a polynomial of N. Finally, by a single application of a rule, any triple
can be rewritten into at most K different new triples, where K is a polynomial of N and, thus,
GM is in NP w.r.t. N.

A more detailed time complexity analysis of our folding algorithm FA where we do not assume
that the functions nf, solve, and project are computed in constant time, is as follows. (i) nf takes
polynomial time in the size of its argument, (ii) solve takes polynomial time in the number of
variables of its argument, by using Khachiyan’s method [16], and (iii) project takes O(2") time,
where v = |Vars(c) N Vars(B')| (see [19] for the complexity of variable elimination from linear
constraints). Since the project function is applied only once at the beginning of the procedure
CM, we get that the computation of our algorithm FA requires nondeterministic polynomial
time plus O(2") time.

Note that since matching modulo the equational theory AC, is NP-complete [2], there is
no folding algorithm whose asymptotic time complexity is significantly better than our algo-
rithm FA.

In the following Table 1 we report some experimental results concerning our algorithm FA,
implemented in SICStus Prolog 3.12, on a Pentium IV 3GHz. Each element of Table 1 refers to
an example: Example DO of the Introduction, four Examples D1-D4 for which folding can be
done in one way only (Number of Foldings=1), and four Examples N1-N4 for which folding
can be done in more than one way (Number of Foldings>1).

The row named Number of Variables indicates the number of variables in clause 7 (to be folded)
plus the number of variables in clause § (used for folding). The row named Time indicates the
seconds required for finding the folded clause (or the first folded clause, in examples N1-N4).
The row named Total-Time indicates the seconds required for finding all folded clauses. (Note
that even when there exists one folded clause only, Total-Time is greater than Time because,
after the folded clause has been found, FA checks whether or not other folded clauses can be
computed.)

In Example D1 clause v is p(4) <« A<1 A A>B+1Aq(B) and clause § is 7(C) «— D <0A
C—-3>2D A q(D). In Example N1 clause yisp «— A>1A3>AANB>1A3>B A q(A) Aq(B)
and clause 0 is r < C>1A3>CAD>1A3>D Aq(C)Aq(D). Similar clauses (with more
variables) have been used in the other examples.

Our algorithm FA performs reasonably well in practice. However, when the number of vari-
ables (and, in particular, the number of variables of type rat) increases, its performance rapidly
deteriorates.

6. Related Work and Conclusions

The elimination of existential variables from logic programs and constraint logic programs is
a program transformation technique which has been proposed for improving program perfor-
mance [14] and for proving program properties [13]. This technique makes use of the definition,
unfolding, and folding rules [3, 7, 8, 11, 17]. In this paper we have considered constraint logic
programs, where the constraints are linear inequations over the rational (or real) numbers, and
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Example Do | D1 D2 D3 D4| N1 N2 N3 N4
Number of Foldings 1 1 1 1 1 2 4 4 16
Number of Variables 10 4 8 12 16 4 8 12 16
Time (seconds) 0.01 | 0.01 0.08 3.03 306 | 0.02 0.08 0.23 1.09
Total-Time (seconds) | 0.02 | 0.02 0.14 4.89 431 | 0.03 49 1016 11025

Table 1: Execution times of the folding algorithm FA for various examples.

we have studied the problem of automating the application of the folding rule. Indeed, the ap-
plicability conditions of the many folding rules for transforming constraint logic programs which
have been proposed in the literature [3, 7, 8, 11, 13], are specified in a declarative way and no
algorithm is given to determine whether or not, given a clause v to be folded by using a clause 6,
one can actually perform that folding step. The problem of checking the applicability conditions
of the folding rule is not trivial (see, for instance, the example presented in the Introduction).

In this paper we have considered a folding rule which is a variant of the rules proposed in the
literature, and we have given an algorithm, called FA, for checking its applicability conditions.
To the best of our knowledge, ours is the first algorithmic presentation of the folding rule. The
applicability conditions of our rule consist of the usual conditions (see, for instance, [8]) together
with the extra condition that, after folding, the existential variables should be eliminated. Thus,
our algorithm FA is an important step forward for the full automation of the above mentioned
program transformation techniques [13, 14] which improve program efficiency or prove program
properties by eliminating existential variables.

We have proved the termination and the soundness of our folding algorithm FA. We have also
proved that if the constraint appearing in the clause v to be folded is admissible, then FA is
complete, that is, it does not return fail whenever folding is possible. The class of admissible
constraints is quite large. We have also implemented the folding algorithm and our experimental
results show that it performs reasonably well in practice.

Our algorithm FA consists of two procedures: (i) the goal matching procedure, and (ii) the
constraint matching procedure. The goal matching procedure solves a problem similar to the
problem of matching two terms modulo an associative, commutative equational theory (AC
theory, for short) [2]. However, in our case we have the extra conditions that: (i.1) the matching
substitution should be consistent with the types (either rational numbers or trees), and (i.2) after
folding, the existential variables should be eliminated. Thus, we could not directly use the AC-
matching algorithms available in the literature [6].

The constraint matching procedure solves a generalized form of the matching problem, modulo
the equational theory LIN g of linear inequations over the rational numbers. That problem can
be seen as a restricted unification problem [4]. In [4] it is described how to obtain, under certain
conditions, an algorithm for solving a restricted unification problem from an algorithm that
solves the corresponding unrestricted unification problem. To the best of our knowledge, for
the theory LINqg of constraints an algorithm is provided neither for the restricted unification
problem nor for the unrestricted one. Moreover, one cannot apply the so called combination
methods [15]. These methods consist in constructing a matching algorithm for a given theory
which is the combination of simpler theories, starting from the matching algorithms for those
simpler theories. Unfortunately, as we said, we cannot use these combination methods for the
theory LIN g because some applicability conditions are not satisfied and, in particular, LIN g is
neither collapse-free nor reqular [15].
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In the future we plan to adapt our folding algorithm FA to other constraint domains such as
the linear inequations over the integers. We will also perform a more extensive experimentation
of our folding algorithm using the MAP program transformation system [12].
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A. Appendix

In this Appendix we provide the proofs of the results presented in the paper. In order to
show the termination, the soundness, and the completeness of the algorithm FA we first prove
Theorems A.4 and A.13 that state the termination, the soundness, and the completeness of the
goal matching procedure GM and of the constraint matching procedure CM, respectively.

A.1. Termination, Soundness and Completeness of the Goal Matching Procedure

In the following, we will refer to the restriction of a substitution ¥ to a set of variables V/,
denoted by |y, as the substitution {X/s € d | X € V'}.

Definition A.1. A GM-redex is either fail or a finite set of bindings of the form {ti/u1, ..., tn/un,
(G1AT)/Gs}, where n >0, fori=1,...,n, t; and u; are either both literals or both terms, T
is a variable ranging over goals, and G1,Gy are goals (possibly, the empty conjunction true).

It follows directly from the definition that if D is a GM-redex and D = E, where = is the
rewriting relation defined in the procedure GM, then F is a GM-redex.

Definition A.2. Let D be a GM-redex, o a substitution, and R a goal. Then we say that
D(a, R) holds if (i) D is of the form {ti/ui,... ,tn/un,(GiAT)/Ga}, for n > 0, (ii) for i =
1,...,n, tia = u;, and (iii)) GiaA R =40 Gs.

Lemma A.3. Let the relation = be defined as in the procedure GM and let D be a GM-redez.
For every substitution o and goal R, D(«, R) holds iff either D is of the form o/ U{T/R'}, where
T/R ¢ o, o Ca, and R' =ac R, or there exists a GM-redex E such that: (i) D — E, and
(ii) E(a, R) holds.

Proof. (If part) Assume that D is of the form o/ U{T/R'}, for o/ C o and R’ =4¢ R, then for
every binding ¢/u € o/ we have ta = u and, thus, D(a, R) holds. Now, assume that there exists
E such that D = E and E(a, R) holds. Since E is a GM-redex, by Definition A.1 it is a set
of bindings of the form {¢;/ui,...,tn/un,(G1 AT)/G2}. We proceed by considering the rules
that can be used to rewrite D into E. Suppose that we have obtained E from D by applying
rule (i). Then, without loss of generality, we can assume that D is of the form {ts/uo,...,
tn/Un, (1 ANG1AT)/(u1 AG2)}, where t; and u; are both positive or both negative literals and they
have the same predicate symbol and arity. By hypothesis, we have t;a = vy and GiaAR =20 G,
and, therefore, we have tya AGia A R =4¢ u1 AGa. Thus, D(a, R) holds. Suppose that we have
obtained F from D by applying rule (ii). Then, without loss of generality, we can assume that
D is of the form {—t;/—wuy,... tn/un, (G1 ANT)/Gs}. Since E(a, R) holds, also D(«, R) holds.
Suppose that we have obtained E from D by applying rule (iii). Then, without loss of generality,
we can assume that D is of the form {a(t1,...,tx)/a(u1,. .., ug), ths1/Uks1s- -5 tn/Un, (G1 A
T)/G2}, where k < n. Since E(a, R) holds, also D(«, R) holds. Note that we cannot obtain
E from D by applying rules (iv)—(ix) because E(«a, R) holds and, therefore, E is different from
fail. Finally, suppose that we have obtained E from D by applying rule (x). Then, without loss
of generality, we can assume that D is of the form {to/us, ..., t,/un, (G1 AT)/G2}. Also in this
case, since E(a, R) holds, then D(«a, R) holds.

(Only If part) Assume that D(«a, R) holds. D is a GM-redex and, thus, by definition, it is a
set of bindings of the form {¢;/ui,...,tn/un,(G1 AT)/G2}. D = E, then D is of the form



22.

o' U{T/R'}, where o C o and R’ =4¢ R. Let us assume that there is no E such that D =— F
and let us consider each of the rules (i)—(x). Since D cannot be rewritten we have the following
properties. We cannot apply rule (i), thus there is no literal L which occurs as a conjunct in
both Gia and Gj. Since D(a, R) holds, every literal occurring as a conjunct in G« also occurs
as a conjunct in Gy and, hence, G is the empty conjunction. We cannot apply rule (ii) and,
since D(a, R) holds, for all i = 1,...,n we have that ¢; and u; are both atoms or both terms. We
cannot apply rule (iii) and, thus there is no binding in D of the form a(ry,...,rg)/a(s1,. .., sk),
for some predicate or function symbol a and some terms ri,...,7, and si,...,s;. We cannot
apply rule (iv) and thus, there is no binding in D of the form a(r,...,rg)/b(s1,...,Sm), for a
syntactically different from b and some terms r1,...,r; and s1, ..., Sy. Finally, we cannot apply
rule (v) and thus, since D(«, R) holds, there is no binding in D of the form ¢/X, where ¢ is a
term and X is a variable. As a consequence of the non-applicability of rules (i)—(v) we have that
D is a GM-redex of the form {X;/uy,..., X, /u,, T/Gs}, where Xy,...,X,, are variables and
Ui, ..., Uy, are terms. Also, we cannot apply rule (vi), which entails that X7,..., X,, are distinct
variables. Therefore, { X /u1,..., X, /uy,} is a substitution. Since by hypothesis D(«, R) holds,
for i =1,...,n, we have that X;a = u; and R =4¢ Gg. That is, D is of the form o/ U{T/R'},
where o/ C o and R’ =4¢ R.

Now we prove that if D(a, R) holds and D is not of the form o/ U {T/R'}, where o/ C « and
R’ =4¢ R, then there exists a GM-redex E such that D = E and E(«, R) holds. Let us assume
that D is not of the form o/ U{T/R'}, for some o C ov and R’ =4¢ R. Since D is in general of the
form {t1/u1,...,tn/tn, (G1 ANT)/G2}, we have the following cases: either (a) {t1/u1,...,tn/un}
is not a substitution, or (b) it is a substitution and {t1/u1,...,tn/un} € «, or (c¢) G is not the
empty conjunction true, or (d) G is the empty conjunction true and R # s Go. By hypothesis,
D(a, R) holds and, thus, for i = 1,...,n, tia = u; and Gia A R =4¢ G2. As a consequence,
case (b) is impossible, because t1,...,t, are distinct variables and if there exists i € {1,...,n}
such that t;/u; ¢ « then ;a0 # w;, which contradicts the hypothesis. Also case (d) is impossible
because, by hypothesis, Gia A R =4 G2. We now want to show that the remaining cases (a)
and (c) entail that there exists a GM-redex E such that D = E and E(«, R) holds. In case (a)
we have that either ¢;,...,%, are non-distinct variables, which is impossible (because it would
imply that two bindings in D are identical whereas D is a set), or there exists ¢ € {1,...,n} such
that ¢; is not a variable. Without loss of generality, we can assume that ¢ = 1. Then, ¢; is either
a literal of the form —A; or a term (or an atom) of the form a(ry,...,r). Hence, u; cannot be
a variable because tja = uy. Thus, u; must be a literal of the form —Ay or a term (or atom)
of the form a(sy,...,sk), respectively. Let us first consider the case where both u; and t; are
literals. Then, there exists a GM-redex E, which can be obtained by applying rule (ii), such that
D = E. In particular, E is of the form {A;/As,t2/us, ..., tn/un, Gi ANT/G2}. Since D(a, R)
holds, also E(«, R) holds. If we consider the case where both t; and u; are terms (or atoms),
there exists a GM-redex E, which can be obtained by applying rule (iii), such that D — E.
The GM-redex E is of the form {ri/s1,...,rk/sk,ta/ug, ..., tn/un, G1 AN T/G2}. Again, since
D(a, R) holds, also E(«, R) holds. Let us now consider case (c), where G; is not the empty
conjunction true. Since Gy A R =a¢ Go, we have that Gia is of the form Lia A G} and Go
is of the form G, A Ly A GY. Thus, Ly and Lo are both positive or both negative literals and
they have the same predicate symbol and arity. As a consequence, there exists a GM-redex F,
that can be obtained by applying rule (i), such that D = FE. In particular, E is of the form
{L1/La,t1/u1, ... ,tn/un, Gy NT /G5 AN G4} and E(a, R) holds. I

Theorem A.4 (Termination, Soundness, and Completeness of GM) Letvy: H «— cAG
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and §: K — d A\ B be two clauses in normal form and without variables in common. Let v and
0 be the input of the goal matching procedure GM. The following properties hold:

(a) GM terminates, that is: (1) given a GM-redex Dgy and the rewriting relation => defined in
the procedure GM, every sequence Dy = D1 = ... is finite and (2) for every GM-redex
D, there are finitely many GM-redexes E1, ..., E, such that, fori=1,...,n, D = Ej;

(b) For every substitution o and goal R, if o and R are the output of GM, then: (1) G =ac
Ba AR, (2) for every variable X in EVars(0), the following conditions hold: (2.1) X« is
a variable not occurring in {H, R}, and (2.2) for every variable Y occurring in d A B and
different from X, Xa does not occur in the term Ya, (3) Varsiree(Ka) C Vars(H), and
(4) the clauses v': H — ¢ AN BaAG and 0': Ka — da A\ Ba are in normal form,

(c) For every substitution o and goal R, if (1) G =ac Ba AR, (2) for every variable X in
EVars(6), the following conditions hold: (2.1) X« is a variable not occurring in {H, R},
and (2.2) for every variable Y occurring in d A B and different from X, X« does not occur
in the term Yo, and (3) Varsiree(Ka) C Vars(H), then there exist a substitution o/ and
a goal R such that: (4) o and R’ are the output of GM, (5) /|y = aly, where V is the
set Vars(B) U Varsiree(K) of variables, and (6) R' =ac R.

Proof. (a) We first prove that, given a GM-redex Dy, every sequence Dy — D; = ...
is finite. Let us introduce some notions on well-founded orders on multisets, which will be
necessary below. A multiset S is represented as {{z1,...,x,}}, where 1, ..., z, are the elements
(with, possibly, multiple occurrences) of S. In this proof, we will use Ups to denote multiset
union, () to denote the empty multiset, and S(z) to denote the number of occurrences of an
element z in a multiset S. Let us consider the well-founded set (M(N),>>), where N is the
set of natural numbers, M(N) is the set of all finite multisets of elements of N, and, for all
S1,52 € M(N), S; > Sy iff S; # S9 and, for every x € N, if Sy(x) > S1(z) then there exists
y € N such that y > x and Si(y) > Sa2(y). For every GM-redex D let us define kvars(D) to
be the cardinality of the following set {V € Varsiree(K)— Vars(B) | =3t V/t € D}. In the
following, given a term or goal a, we will denote by |la|| the number of symbols in a. (In
particular, ||T'|| = 1, if T" is a variable ranging over goals, |V| = 1, if V is a variable of type
rat or tree, and |true| = 1). Let us now introduce the termination function &, that maps
GM-redexes to elements of M(N). Let D be a GM-redex, then £(D)=0, if D is fail, and £(D) =
{It1| + kvars(D) | t1/t2 € D}} otherwise. Note that, by definition of GM-redex, if D is a GM-
redex different from fail then the multiset £(D) is not the empty multiset. Now we want to show
that if D = FE then &(D) > £(F). Let us consider the case where D = E by using rule (i).
Let D be the GM-redex {(L1AB1AT) / (G1AL2AG2)} U Bnds and E the GM-redex {L;1 /L2, (BiA
T)/(G1ANG2)} U Bnds, where By, G1, and Gy are goals, possibly the empty conjunction true,
and Ly, Lo are literals. We have that £(D) = {{|[L1 AB1AT|| + kvars(Bnds)}} Uy &(Bnds)
and £(E) = {||L1|| + kvars(Bnds), || B AT || + kvars(Bnds) }} Uaq £(Bnds). Since ||[LiABIAT|| >
|L1|| and ||[Li AB1AT| > ||BiAT||, we get that £&(D) > &(FE). Similarly we can show that
&(D) > &(FE) in the case where D = E by using rule (ii) or rule (iii). Since {(fail) = 0, if
D = FE by using one among rules (iv)—(ix) then {(D) > £(F), because £(D) is not the empty
multiset. Let us now consider the case where D = E by using rule (x). Then, E is the GM-
redex {X/s} U D, for some variable X in Varsiree(K)— Vars(B) such that there is no binding
X/t € D. Let £(D) be the multiset {{m1 + kvars(D), ..., my+ kvars(D)}}, where k > 1 because,
by hypothesis, £(D) is not the empty multiset, and, by definition, for i = 1,...,k, mg > 1. As
a consequence, {(F) is the multiset {{m1 + (kvars(D)—1),...,my + (kvars(D)—1), kvars(D)}},
where {({{X/s}}) =kvars(D), and, thus, {(D) > £(E). Since (M(N),>) is a well founded set,
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we have that, given a GM-redex Dy, every sequence Dy = Dy = ... is finite.

Now we prove that, for every GM-redex D, there are finitely many GM-redexes Fy,..., E,
such that, for i = 1,...,n, D = E;. Let D be of the form {¢;/u1,...,tn/un, (G1 ANT)/G2}.
Since G2 is a finite conjunction of literals, there are finitely many GM-redexes Fj, ..., E, such
that, for i = 1,...,n, D = E;, by using rule (i). In the case where D is rewritten by using one
of rules (ii)—(ix), we can use arguments similar to the ones for the case of rule (i) because, by
definition of GM-redex, D is a finite set. Finally, since at rule (x) we can choose an arbitrary
term s of type tree such that Vars(s) C Vars(H), we can assume that the term s is a constant
of type tree fixed in advance, that is, for any input v and § of GM. Therefore, since the set
Varsiree(K) — Vars(B) is finite, there are finitely many GM-redexes E1, ..., E, such that, for
i=1,...,n, D = E;. Thus, we get the thesis.

(b) Assume that v and ¢ are the input of GM. We want to show that if a and R are the
output of GM then Conditions (b.1)—(b.4) hold.

(b.1) Assume that a and R are the output of GM. Thus, by Condition (c1) of GM, there
exists n > 0 such that {B A T/G} =" a U {T/R} and, by Condition (c2) of GM, the set
a U {T/R} of bindings cannot be further rewritten. By definition, o U {T'/R}(a, R) holds. By
induction on n and by (the If part of) Lemma A.3, we have that {B A T/G}(a, R) holds and,
thus, G =4¢c Ba A R. Therefore, Condition (b.1) holds.

(b.2) Since the GM-redex aU{T'/ R} cannot be rewritten to fail, the conditions for the application
of rules (vii) and (viii) are not satisfied and thus, (recalling that rule (x) does not affect the
variables occurring in B) « satisfies Condition (b.2).

(b.3) Let us consider X € Varsiree(K) and assume that X € Vars(B). Then, by construction,
there exists a term ¢ such that X/t € . Since the conditions for the application of rule (ix) are
not satisfied by o U {T'/R}, we have that Vars(t) C Vars(H). Now, assume that X ¢ Vars(B).
Then, since by Condition (c2) of GM rule (x) cannot be applied to the GM-redex oo U {T'/R},
we have that Vars(Xa) C Vars(H). It follows that if X € Varsiree(K) then Varsiree(Xa) C
Vars(H). Since no term of type rat can have a subterm of type tree, we get Condition (b.3).

(b.4) Let us first show that the clause v': H « ¢ A Ba A R is in normal form. Indeed, every
term of type rat in Ba A R is a variable, because R is a subgoal of G and ~ is in normal
form, every term of type rat in B is a variable, because § is in normal form, and, by (b.2),
if X € Vars(B) then X« is a variable. Also, every variable of type rat in Ba A R occurs at
most once in Ba A R, because, by (b.2), if X € Varseat(B) then Xa does not occur in R and
for all Y € Varsgar(B) different from X we have Vars(X«a) N Vars(Ya) = (). By hypothesis,
Vars(R) N Vars(H) = () and, by (b.2), if X € Vars(B) then Xa does not occur in H. Thus,
Varspas (H) N Varsyay(Ba A R) = (. Finally, since by (b.1) G =4¢c Ba A R, we have that
Vars(Ba A R) = Vars(G) and that ¢ has no constraint-local variables in 7/. Let us now show
that also clause ¢’ : Ka « da A Ba is in normal form. Indeed, by using arguments similar to
those given above, we can show that every term of type rat in Ba is a variable and occurs at
most once in Ba. Since, by construction and by the hypothesis that § is in normal form, X # X
iff X € Vars(B)U Varsyee(K), we have that if Y € Varsyay (K) then Yo =Y. By construction,
Varsrar (Ba) C Vars(7y). Therefore, by the hypothesis that v and § have no variables in common,
we have that Varspas (Ka) N Vars,y,:(Ba) = (). Finally, since Vars(d) C Vars . (B)U Vars . (K),
we have that ¢’ has no constraint-local variables. Therefore, Condition (b.4) holds.

(c) Assume that v and ¢ are the input of GM and there exist a substitution « and a goal R
such that Conditions (c.1)—(c.3) hold. We want to show that Conditions (c.4)—(c.6) hold. We
have that {BAT/G} is a GM-redex and, by (c.1), {BAT/G}(«, R) holds. By (the Only If part
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of) Lemma A.3, we can construct a maximal sequence S of GM-redexes D1 = Dy —> ...
such that Dy is {B AT/G} and, if D; occurs in the sequence S then either D; is of the form
o U{T/R'}, where T/R' ¢ o/, o/ C o, and R’ =a¢ R, or D; = D;;1 and D;1(«, R) holds.
Since, by Condition (a) of this theorem we have proved that GM terminates, S is finite, that is,
there exists n > 0 such that S'is D = Dy = ... = D,,, where D,, is of the form o/ U{T/R'},
where T/R' ¢ o/, o/ C «, and R’ =4¢ R, and D,, cannot be rewritten. As a consequence, (c.4)
and (c.6) hold. By Condition (b.1) of this theorem, we have also that G =4¢ Ba/ A R' and since,
by hypothesis, G =ac BaAR, we have that Ba =4c Ba/. Thus, a|yars() = | vars(p)- Finally,
if X € Varsiree(K) — Vars(B) then, by rule (x), X' is an arbitrary term of type tree such
that Vars(Xa') C Vars(H) and, thus, we can assume o'|{x} = a|(x}. Hence, Condition (c.5)
holds.

A.2. Termination, Soundness and Completeness of the Constraint Matching Pro-
cedure

First we prove Lemma 4.1, which has been presented in Section 4.2. The following lemma will
be used in the proof of Lemma 4.1.

Lemma A.5. Letvi: H«— cAB and v2: H — dA\ B be clauses in normal form. Then v1 = 9
iff QY (c o d).

Proof. Since 1 and 72 are in normal form, it follows directly from the definitions that v; =

iff there exists a variable renaming p such that: (1) H = Hp, (2) B = Bp, and (3) Q EV (c <
dp). Since there are no constraint-local variables in 72, we have that Vars(d) C Vars({H, B})
and, thus, dp=d. I
Proof of Lemma 4.1.
By hypothesis, 7' and ¢’ are in normal form. Now we show that also v’: H « eAd'SAB’AR is in
normal form. The validity of Conditions (i)—(iii) of the definition of normal form (see Section 2)
for 4" directly follows from the validity of these conditions for 4/. For ~”, Condition (iv) of
the definition of normal form (that is, 4" has no constraint-local variables) can be written as:
Vars(e Nd'8) C Vars({H, B’ A R}), and it can be proved as follows. Since ¢’ is in normal form,
Vars(d') C Vars({K’', B'}). Therefore, by hypotheses (2) and (3) of this lemma we have that
Vars(d'3) C Vars({H,B'}) and, by hypothesis (4), we get that Condition (iv) holds for ~".
Thus, by applying Lemma A.5 we have that Conditions (1)—(4) hold iff Q E V(¢ < (e A d'3))
and Conditions (2)—(4) hold.

Now, assume that Q = V(¢ « (€ A d'3)) and Conditions (2) and (3) hold. Since Vars(e) C
Vars({H, R}), we get that there exists a constraint e such that @ = V(¢ < (e A d'3)) and
Conditions (2)—(4) hold.

Finally, assume that Q &= V(¢ « (e A d’3)) and Conditions (2), (3), and (4) hold. Thus,
(i) Q EV(c—e), (ii) QEV(c— d'p),and (iii) Q E V(e Ad' 3 — ¢) hold. In order to show that
Q E V(e (eNnd)), it suffices to show: (iv) Q EV(c — €) and (v) Q =V(eAd S — ¢). Since
€ = project(c, X), where X = Vars(c)— Varseat(B’), by the definition of the project function
we have that Q = V(e « 37 ¢), where Z = Vars(c) N Varsgar(B'). Hence, (iv) holds. By
(4), Vars(e) C Vars({H, R}) and, since 7' is in normal form, Vars(e) N Z = (. Thus, by (i),
Q EV((3Z ¢) — e) holds and, by (iii), we get (v). O

Now we prove Lemma 4.2, which has been presented in Section 4.2.

The closure of a constraint ¢, denoted closure(c), is defined as follows: let ¢ be a constraint
of the form p; p1 O A ... Apm pm 0, where, for i = 1,...,n, p; € {>,>}, then closure(c) is the
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constraint p; >0 A ... A py >0. In order to prove Lemma 4.2 we now show the following result
which characterizes the equivalence of two conjunctions of strict inequations.

Lemma A.6. Leta and b be two satisfiable, non-redundant constraints of the form a1 A\...Nan,
and by A ... A by, respectively, where each constraint ¢; € {a,...,am, b1,...,by} is of the form
p; >0, for some linear polynomial p;. Then Q = V(a < b) holds iff m =n and there exists a
bijection pu: {1,...,m} — {1,...,m} such that fori=1,...,m, Q = V(a; < b)) holds.

Proof. (Sketch) (If part) Trivial. (Only If part) We will identify constraints with polytopes in
QF, where k is the number of distinct variables occurring in a or b. Equivalence of constraints
will be identified with equality of polytopes. Let us consider the atomic constraint a;, for some
i € {1,...,m}. By hypothesis, a; is of the form p; > 0, for some linear polynomial p,. We have
that a C a; and, since Q |=V(a < b), we also have that b C a;. Now we have three cases: (i) a;
is external to b, that is, no vertex of closure(b) satisfies the equation p; =0, (ii) a; is tangent to b
and for j=1,...,n, a;#bj, that is, h vertices of closure(b), with 1 <h <k, satisfy the equation
pi =0, and (iii) a; is tangent to b and for some j € {1,...,n}, a; =b;, that is, h vertices of
closure(b), with h > k, satisfy the equation p; =0.

Case (i) is impossible because we would have Q EV(a < a1 A...Aaj—1 Naj1 A...ANay,) and
a would be redundant. For similar reasons, by recalling that only strict inequalities occur in the
atomic constraints of a and b, we have that also Case (ii) is impossible. Hence, Case (iii) holds
and this implies that Q |= V(a; <> b;). Thus, we can define a function, call it p, from {1,...,m}
to {1,...,n} such that pu(i)=7 iff Q =V (a; < b;). We have that p is an injection because a is
non-redundant and, therefore, for all i,k € {1,...,m}, if i#k then Q |= V(a; ¥ ai).

Similarly, it can be shown that, for all j € {1,...,n}, there exists ¢ € {1,...,m} such that
Q = V(a; < bj). We have that j = (i), because Q = V (b; « b,(;)) and b is non-redundant.
Thus, m = n and p is a bijection from {1,...,m} onto itself such that, for i = 1,...,m,

Lemma A.7. If a is an admissible constraint, b is a non-redundant constraint, and Q=V(a < b),
then interior(b) is non-redundant.

Proof. (Sketch) As in Lemma A.6, we will identify constraints with polytopes in Q¥, where k is
the number of distinct variables occurring in a or b. Equivalence of constraints will be identified
with equality of polytopes. Assume that b is a constraint of the form by A ... A b,, where, for
i=1,...,n, b; is an atomic constraint and let interior(b) be the constraint by A ... A by, where,
for i = 1,...,n, b; is interior(b;). Assume, by contradiction, that interior(b) is redundant,
that is, there exists b; € {b1,...,b,} such that Q = V(b — b;), where V' is the constraint
by A...ANbi_1 Abiy1 A... Aby. Let b; be of the form p; > 0. Since b’ C b;, we have three
cases: (i) b; is external to b', that is, no vertex of closure(d') satisfies the equation p; =0, (ii) b; is
tangent to b’ and, for j=1,...,n and j #1, Bﬁégj, that is, h vertices of closure('), with 1 <h <k,
satisfy the equation p; =0, and (iii) b; is tangent to b’ and for some j € {1,...,n} with j #1,
b; =b;, that is, h vertices of closure(b'), with h > k, satisfy the equation p;=0. Case (i) entails
that Q@ =V(by A...Abi—1 Abit1 A...A\by — b;), which contradicts the hypothesis that b is non-
redundant. Now let us consider Case (ii). We first define T" as the set of points that belong to the
intersection between the polytope by A...Abj_1 Abjt1 A...Ab, and the hyperplane p; = 0 (these
points can be seen as the tangency points of the hyperplane p; = 0 with the given polytope).
Now, we distinguish between the following two Cases (ii.A) and (ii.B). In Case (ii.A), we have
that T is the empty set, that is, the polytope by A... Ab;—1 Abj+1 A ... Ab, and the hyperplane
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pi =0 have an empty intersection. Hence, we have that Q = V(b1 A... Abi_1 Abit1 ... Aby — b;),
which contradicts the hypothesis that b is non-redundant. In Case (ii.B), we have that T is not
the empty set. If b; is of the form p; > 0 then Q@ = V(by A ... Abji—1 Abiz1 A ... ANby, — b;),
which contradicts the hypotheses. Otherwise, if b; is of the form p; > 0, since, by hypothesis,
the atomic constraint b; is non-redundant in b and Q &= V(a < b), we have T'N a=(. Hence,
there exists a constraint a; (not necessarily equivalent to b;) in a such that a; of the form ¢; >0
and T'C (¢;=0). Thus, a; is non-redundant in a, while interior(a;) is redundant in interior(a)
and this is contradicts the hypothesis that a is admissible. Finally, we consider Case (iii). There
exists b; such that Bizgj. Assume that b; is of the form p; > 0, for some linear polynomial p;.
As a consequence, Q = V(b1 A...Abi—1 Abiy1 A...Ab, — b;). Now assume that b; is of the form
pj > 0. Then, we have Q = V(b A... Abj—1 Abj41 A...ANb, — bj). Both cases contradict the
hypothesis that b is non-redundant. Thus, in each of Cases (i), (ii), and (iii), the assumption
that the constraint interior(b) is redundant leads to a contradiction and we conclude that the
constraint interior(b) is non-redundant. i

Proof of Lemma 4.2.

(If part) Trivial. (Only If part) Without loss of generality, we assume that there exists a
constraint by A...Abg, with & < n, that is non-redundant and such that Q = V(b < by A.. . Abg).
Since by transitivity Q = V(a < by A ... Abg), we have that Q =V (interior(a) < interior(b;) A
... A interior(bg)) (because if two, not necessarily closed, polytopes are equal then also the
corresponding open polytopes obtained by removing the facets, are equal). By Lemma A.7 we
have that the constraint interior(bi)A. . .Ninterior(by) is non-redundant. Finally, by Lemma A.6,
m = k and there exists a bijection p: {1,...,m} — {1,...,k} such that, for i = 1,...,m,
Q = V(interior(a;) < interior(b,))). For every a; € {a1,...,am} we have the following cases:
(i) a; is of the form ¢t > 0 and b,;) is of the form ¢ > 0, (ii) a; is of the form ¢ > 0 and
b, is of the form ¢ > 0, (iii) a; is of the form ¢ > 0 and b,,(;) is of the form ¢ > 0, (iv) a;
is of the form ¢t > 0 and b, is of the form ¢ > 0. Case (i) leads to a contradiction because
it entails Q@ = (=(a1 A ... Aay) Aby A ... Abg). Similarly, Case (ii) leads to a contradiction.
The remaining Cases (iii) and (iv) imply that Q [= V(a; < b,(;)). By the assumptions of non-

redundancy of a and by A ... A by the function p is an injection from {1,...,m} to {1,...,n},
and Q = V(b1 A...Aby — bj), for all j € {1,...,n} such that j & {u(i) | 1 <i<m}. Thus, we
get the thesis. O

Next we prove Theorem 4.3. We need the following lemma.

Lemma A.8. Let ky,...,kpt1 € Q and suppose that
QEVX: .. VX (X1 OA .. A Xy pm 0 — (ki Xa+. ..+ kX +Emt1) pm+10)
where p1,...,pm+1 € {>,>}. We have that k1 > 0,...,kpnt1 > 0, and if ppmy1 is > then
(> icr ki) >0, where I={i | 1<i<m+1, p; is >}. (1)

Proof. We proceed by cases.

(Case 1) Let pp+1 be >. By hypothesis we have that for all Xi,..., X, € Q, if X1p10, ...,
Xmpm0, then kpp1 > (—k1X1) + ... + (—=kmXm). Suppose, by contradiction, that there exists
i € {1,...,m}, such that k; <0. Without loss of generality, we may assume that i=1. For all
r € Q, by taking X7 > ((—keXs2) + ... + (—kmXm) — 7)/k1 we get that k41 >r. Thus, for
all r € Q, k41 > 7, which is a contradiction. Therefore, k1 > 0,...,k, > 0. Moreover, from
kmt+1 > (=k1X1) + ... + (—knXyn), where the k;’s are all non negative and Xj, ..., X,, can be
taken to be arbitrarily small positive numbers, it follows that for all negative r € Q, ky+1 > 7
and, thus, k11 > 0.



28.

(Case 2) Let pme1 be >. By hypothesis we have that for all Xy,...,X,, € Q, if X1p,0, ...,
Xmpm0, then ky1 > (k1 X1) + ... + (—knXy). Similarly to Case (1), we have that k; >
0,...,kn>0. Without loss of generality, we may assume that for i=1,..., ¢, with 0</<m, p;
is > and for ¢ = £+1,...,m, p; is >. If /=0 then for X;=...=X,,=0, we have that k,,+1 >0.
If £> 0 then, similarly to Case (1), we have that k,,+1 > 0. It remains to show that if ¢ >0
then (f) holds. Suppose, by contradiction, that for i=1,...,¢, k;=0 and ky,+1 =0. Then for
Xop1=...=Xn=0, from k1 > (k1 X1) + ... + (=knX) we get 0>0. B

Proof of Theorem 4.3.

(If part) Assume that kip1 + ... + kEmbPm + Em+1 = Pm+1, for some k; > 0,... kpt1 > 0. The
proof proceeds by cases.

(Case 1) Let pp41 be >. Since p; € {>,>}, for i=1,...,m, if t1p10A ... Aty pmn0 then
kiti + ...+ Ekptm + k1 > 0.

(Case 2) Let ppy1 be >, p1,...,p be >, for 0 <1 <m, and (3 ;c; ki) > 0, where I={i [ 1<i<
m+1, p; is >}. Then, either there exists ¢ € {1,...,1} such that k; > 0 or k11 > 0. Therefore
kip1 + ...+ kmpm + Emi1 > 0.

(Only If part) Assume that Q = V(p1p10OA ... A D pm 0 — Pms1 pm+10). Without loss of
generality, we can also assume that the set {p; =0,...,pp =0} C {p1 =0,...,pp =0}, with
I < m, is a maximal set of linearly independent equations. Let us define the following affine
transformation {X; =pi,...,X; =p;}, where the variables X,..., X; are of type rat and do
not occur in pi,...,Pm, Pm+1- By applying this transformation we obtain Q | V(X7 p10 A
N XipOA f1(X1, . ,Xl)pH_lO VAN fm—l(Xh ... ,Xl)pmo — g(X1, oo, X, V) Pm+1 0),
where the linear polynomials p;i1,...,pm have been transformed into the linear polynomials
Xy, 0, X)), o fme1(Xa, ..., X)), and the linear polynomial p,,4+1 has been transformed
into the linear polynomial g(Xi,...,X;, V), where V' = vars(pm+1) — vars({p1, ..., pm}). Since
Vn {Xl,...,Xl} = (), we have Q |: V ( Xipi0A ... A X0 A fl(le-n,Xl)lerlO VAN
fona( X1, X)pm0 — V'V (g(X1,..., X5, V) pms10 ). Let us show that V = (. Sup-
pose, by contradiction, that the set V' is not empty. Without loss of generality, we can as-
sume that ¢g(Xi,...,X;, V) is of the form aY + h(Xy,...,X;,V —{Y}), where a # 0, h is
a linear polynomial, and Y € V', otherwise all the variables in V can be eliminated from
9(X1,..., X, V). As a consequence, the formula YV (g(Xi,...,X;,V) pm+10) is equivalent
to false in Q, and this contradicts the hypothesis that @ = J(p1 p1 O A ... A pp pm 0). This
entails that V =0 and we will write g(Xy,...,Xs, V) as g(X1,...,Xy). Thus, we have Q E
V(X1 p1 OA . AX pr OAf1( X, oo, X)) pra OA A frn (X, -, X)) pn0 — g(X, 0, XG) pmy1 0).
A straightforward consequence is that g(Xi,..., X)) is equivalent to

FiXo 4. o+ X+ kg fi(Xa, . X)) o R fa (X XD) F R

for some k1, ..., k1 (where ko1 =0,..., k, =0). Hence, by Lemma A.8, we have that k1 >0,
ooy k120 and if pp, 41 is > then (30, .; ki) > 0, where I={i | 1< i<m+1, p; is >}. O

In the following we prove that Property P1 stated in Section 4.2 is a consequence of Theorem 4.3.

Property P1. Let p and g be two linear polynomials, and p >0 and ¢ >0 be two satisfiable,
non-redundant constraints. Q = V(p>0 < ¢ >0) iff there exists a rational number k>0 such
that Q = V(kp — ¢ =0).

Proof. (If part) By hypothesis we have that Q |= V(kp = ¢) for some k> 0. Thus, the thesis
follows from the fact that for every k>0, Q =V(p>0 < kp>0).
(Only If part) Assume that Q = V(p>0 < ¢>0). By Theorem 4.3 we have that Q = V(p >
0 — ¢>0) iff exist k1 >0 and ky >0 such that Q = V(kip + ke =¢q) and ki +ko > 0. Moreover,
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we have that ki #0 because, otherwise, Q = V(ke =¢) and the constraint ¢ >0 would be either
unsatisfiable (if k2 = 0) or redundant if k2 > 0). Thus, k; >0 and k2 > 0. Analogously, from
QEVY(g>0— p>0) we get Q = V(ksq+ ks=p), for k3 >0 and k4 >0. By substituting k1p + ko
for g, we have Q |= V(ks(kip + k2) + k4 =p), which entails ksko + k4 = 0. Since k3 >0, ko >0,
and k4 >0, we get ko =kq4=0. Thus, from Q = V(kip + ke =q) we get Q = V(kip=gq), and the
thesis follows. I

The proof of Property P1 where the constraints p >0 and ¢ >0 have been replaced by p>0 and
q >0, respectively, is similar.

Now we introduce some notions that will be used in the proof of Theorem A.13 below. We
will say that a substitution « is for variables of type rat if for every binding V/t € o we have
that V is a variable of type rat and ¢t is a term of type rat. We will also say that « is for the
set S of variables (for S, for short) if a is of the form {Vi/t1,...,V,/tn} for {Vi,...,V,} = S.
Given two disjoint sets of variables S; and S5, in the following we will denote by S1 < So
any variable ordering of the form Sii, ..., S1n,S21,...,S9 such that S3 = {S11,...,51,} and
Sy = {521, ey SZk}

Definition A.9. Let o and (B be two substitutions for variables of type rat, then a = (3 if for
every variable V- we have: (1) V/t € a iff V/u € 8 and (ii) Q = V(t = u).

In the following Definitions A.10 and A.11, and in Lemma A.12 we will denote by X, Y, and Z
three disjoint sets of variables of type rat, by ¢ a satisfiable constraint such that Vars(c) C XUZ,
by R a goal such that Vars(R) NY = (), and by H an atom such that: (i) X C Vars(H),
(i) Varspas(H) N Varsrat(R) = 0, and (iii) Vars(H )rat N Varsgay(Ba) = 0.

Definition A.10. A CM-redex is either fail or a triple (a < b,S,0) such that: (i) a is a
constraint and Vars(a) C X U Z, (ii) b is a conjunction and S is a finite set of formulas of the
form pp0, where p € {>,>} and p is a polynomial bilinear in the partition (Vars(S)—(XUY U
Z), XUYUZ), (iii) for every pp0 in S, the polynomial p is in normal form w.r.t. the variable
ordering Z <Y< X, (iv) for every monomial u occurring in b or in S, either Vars(u)NY =10
or Vars(u) N (Vars(S)—(XUYUZ)) =0, (v) (Vars(S) — (XUY UZ))NVars(R)=0, and (vi)
s a substitution for variables of type rat such that co =c, bo = b, and So = S.

Definition A.11. Let D be a CM-redex of the form (a < b,{f1,..., fn},0) and B a substitution
for variables of type rat of the form {Y1/s1,...,Yn/sn}, whereY C {Y1,..., Y}, {Y1,..., YN
(XUZ)=0, and, fori=1,...,h, Vars(s;) C Vars(H) and Vars(s;) N Vars(R) = (. Then we
say that D(3) holds if there exists a substitution T for variables of type rat such that:
(a) 7 is of the form {Wy/t1,... , Wi /tr}, where {Wy,..., Wy} is the set Vars({f1,..., fn})—
(XUYUZ) and ty,...,t, € Q,

(b) QEVXVZ (fitBA ... A fuTh),

(c) let a be of the form a1 A ... Aa; and b of the form by A ... A by, where l > 0, m > 0,
ai,...,a; are atomic constraints, and by, ..., by are formulas of the form pp0, for some
polynomial p and p € {>,>}, for all j€{1,...,m} either there exists i€ {1,...,l} such
that Q = VXVZ (a; < bjTB3) or Q EVXVZ (c — b;73), and for all i €{1,...,1} there
exists j€{1,...,m} such that Q =VXVZ (a; < bj73), and

(d) (o7)lyB = 5.
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Lemma A.12. Let the relation = be defined as in the procedure CM and let D be a CM-
redex. For every substitution [ for variables of type rat, D(() holds iff either (a.i) D is of
the form (true « true,S,o), (a.ii) B is a substitution of the form {Y1/s1,...,Yn/sn}, where
{Yi,....,Y,} DY and {Y1,.... Y, } N(XUZ) =0, and, fori=1,...,h, Vars(s;)C Vars(H) and
Vars(s;)NVars(R) = 0, (a.iii) Vars(S)N(XUYUZ) = 0 and solve(S)=7, and (a.iv) (o7)|y 8 = 3,
or there exists a CM-redex E such that: (b.i) D = E and (b.ii) E(3) holds.

Proof.  (If part) Assume that D is a CM-redex and [ is a substitution for variables of
type rat such that they satisfy Conditions (a.i)—(a.iv). By Condition (a.i), D is of the form
(true < true, S, o), that is, it is different from fail. We want to show that D(() holds, that
is, Conditions (a)—(d) of Definition A.11 hold. Now, let S be the set {fi1,...,fn}. Then,
by Condition (a.iii) and by the definition of the solve function, we have that the substitu-
tion 7 = solve({f1,..., fn}) is of the form {W;/t1,..., Wy/ty}, where {W1,..., Wy} is the set
Vars({fi,..., fn}) — (X UY UZ) and t1,...,t; € Q and, therefore, Condition (a) holds. More-
over, since Vars(S)NY = () and the substitution § satisfies Condition (a.ii), we also have that
QEVXVZ(fitBA...A for) and Condition (b) holds. By Condition (a.i), the first element
of the triple D is true < true and, thus, we have that Condition (c) holds. Finally, by Condi-
tion (a.iv), we have (o7)|y 3 = (3, and we get that also Condition (d) holds and, therefore, D(/3)
holds.

Let us now assume that there exists a CM-redex F such that Conditions (b.i) and (b.ii) are
satisfied. We want to show that D(/) holds. Since D is a CM-redex and, by using one of the
rules (i)—(v), we obtain E from D, we can assume that D is different from fail, that is, D is of
the form (a1 A...Aa; < by A.. . Abp, {f1,-.., fn},0), where a1, ..., a; are atomic constraints and
b1, ..., by are formulas of the form pp 0 for p € {>,>}. In order to prove that D(/3) holds, we pro-
ceed by cases considering the rule used for rewriting D into E and we show that Conditions (a)—
(d) of Definition A.11 hold for D and . Suppose that we have obtained E from D by applying
rule (i). Then, E is of the form {(as A...Aa; < by A...Abji—1 Abjy1A.. NAbpy, {nf(Vp—q) =0,V >
0}y U{f1,..., fn}, o), where a; and b; are of the form pp0 and ¢pO0, respectively, i € {1,...,m},
and V is a new variable and, thus, it occurs neither in D, nor in 3, nor in R. Since F(f3) holds,
there exists a 7/ such that Conditions (a)—(d) hold for E. Let 7 be defined as the substitution
obtained from 7’ by removing the binding V/t, where V is the new variable introduced by ap-
plying rule (i) to D. Since D is a CM-redex, Vars({p,q}) C Vars({fi,...,fn}) UXUY UZ
and, as a consequence, 7 is of the form {Wj/ty,..., Wy/ty}, where {Wy,..., Wy} is the set
Vars({fi,..., fn}) — (X UY U Z), and Condition (a) holds for D. By hypothesis, we have that
QEVYXVYZ ((nf(Vp—q)=0)T'"BAV>0)T'BA i’ BA...A fnm'3). Recalling that the variable V
does not occur in fi A... A f,, by the assumptions on E, and by the definition of 7, we get that
QEVXVZ (fitBA...A fnrB3) and Condition (b) holds for D. By the definition of 7, 3, and the
function nf, we also have that @ = IVVXVZ (nf(V(pr5)—qr3)=0AV >0). By the hypothesis
that D is a CM-redex, we have that Vars(p) C X U Z and, thus, pr3 = p. Therefore, we get
QE3IVVXVZ (Vp—qrB=0AV >0), which entails, by Property P1, Q =VXVZ (a1 < b;7f3).
Then, by the assumption that Condition (c) holds for E, we get that Condition (c) holds for D.
Again, the variable V' does not occur in ¢ and, thus, by the assumption that (o7')|y 8 = 3 and
by the definition of 7, we get (o07)|y 3 =  and Condition (d) holds for D. Therefore, if E has
been obtained from D by applying rule (i) and E(3) holds then D(/3) holds.

Now suppose that we have obtained E from D by applying rule (ii). Then, E is of the form
<t7’ue « b2/\ . /\bmv {nf(vlp1+ . +Vr‘p7‘+‘/’;‘+1_Q) = 07‘/1 207 ey W-ﬁ-l Zo}u{fla ceey fn}70>a
where p1,...,p, are polynomials such that c¢ is of the form p1p1 OA ... A prpy 0, by is of the form
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q >0, and Vi,..., V.41 are new variables and, thus, they occur neither in D, nor in 3, nor in R.
By the assumption that E(f3) holds, D is different from fail and there exists a 7’ such that Condi-
tions (a)—(d) of Definition A.11 hold for E. Let 7 be defined as the substitution obtained from 7’
by removing the bindings Vi /u1, ..., Vi1 /ur41. Since D is a CM-redex, Vars({pi1,...,pr,q}) C
Vars({fi,..., fn}) UX UY U Z and, as a consequence, 7 is of the form {W;/t1,..., Wy/tx},
where {W7,..., Wy} is the set Vars({fi,..., fn}) — (X UY UZ), and Condition (a) holds for D.
By hypothesis, we have that @ E VXVZ (nf(Vipr + ... + Vipr + Viy1 — ¢) = 0)7/B A
(Viz0)7"BA...A (Vi1 20)T'BA LT’ BA ... A fnT'B). Recalling that the variables Vi, ..., V.41
do not occur in fi A... A fn, by the assumptions on E, and by the definition of 7, we have that
QEVYXVZ (fitBA...A f,75) and Condition (b) holds for D. By the definition of 7, 3, and the
function nf, we have also Q = 3V1... IV, VX VZ (nf (Vi(p178)+. . .+ Ve(pr78)+Vig1—q73) = OA
Vi>0A...AV,41>0). By the hypothesis that D is a CM-redex, the terms p1,...,p, are such
that Vars({p1,...,pr}) € X U Z and, thus, {p1,...,p-}708 = {p1,...,pr}. Therefore, we get
QF V.. aVVXVZ(Vipr + ...+ Vipr + Vig1 — @78 = 0AVE 2 0A ... AVyq >0). By
Theorem 4.3, this result entails that Q = VX VZ (¢ — b17(3). Thus, by the assumption that
Condition (c) holds for E, we get that Condition (c) holds for D. Moreover, since the variables
Vi,...,V, do not occur in o, by the assumption that (o7’)|y 8 = 3, and by the definition of 7,
we get (o7)|y 8 =  and Condition (d) holds for D. As a consequence, if E has been obtained
from D by applying rule (ii) and E(3) holds then D(/3) holds.

By using similar arguments, we can show that if E has been obtained from D by applying
rule (iii) and E(f) holds then D(3) holds.

Suppose that we have obtained E from D by applying rule (iv). Then, E is of the form (a < b,
{p=0,g=0}yU{f1,..., fn},o) and we can assume that D is of the form (a < b, {pU + ¢ = 0,
fis.ooy fu},0), where U € XUZ. By the hypothesis that F(/3) holds, we have that there exists a
substitution 7" such that Conditions (a)—(d) hold for E, which entails Q = VX VZ ((p = 0)7'BA
(q=0)T"BA frT’BA...A fur'B). Now let 7 be the substitution 7. Therefore, since U € X U Z,
we have Ut =U and Q = VX VZ ((pU 4+ q = 0)7BA fitB A ... A fpr3). This observation and
the definition of the substitution 7 entail that Conditions (a) and (b) hold for D. Since 7 = 7/
and the first component of D, that is, the formula a < b, is equal to the first component of F,
Condition (c) holds for D. Finally, since the third component of D, that is, the substitution o,
is equal to the third component of E, Condition (d) holds for D. Hence, if E' has been obtained
from D by applying rule (iv) and E(() holds then also D(3) holds.

Finally, suppose that we have obtained E from D by applying rule (v). Hence, E is a CM-
redex of the form (a < (0{U/ — 1}), {nf(p1{U/ — 1})p10,....nf (po{U/ — L})pn 0}, o{U/ —
g}>, where U € Y, p € (Q — {0}), q,p1,...,pn are polynomials, and the predicates symbols
P, .., pn are in {>,> =}. As a consequence, D is a CM-redex of the form (a < b, {pU + ¢ =
0,p1p10,...,pnpn0},0). Since E(S) holds, there exists a substitution 7’ such that Condi-
tions (a)—(d) hold for D. Let 7 be the substitution 7/. Since U € Y, Condition (a) holds
for D. By hypothesis, D is a CM-redex, we have bo = b, {pU + ¢ = 0,p1p10,...,pppn0}c =
{pU + q = 0,p1p10,...,pppn 0}, and, thus, Uc{U/ — %} = —%. Moreover, by hypothesis we
have also (c{U/ — %}T’)|y5 = [ and, thus, Q = V(U = —%ﬁ). By the hypothesis that
QEVXVZ ((nf(p{U/ = IHp10)T'BA ... A (nf(pu{U/ — 1})pn 0)7'B), by our previous obser-
vations on U3, and by the fact that 7 = 7/, we get Q |= VX VZ ((nf (p{U/ = L})p1 0)T'BA ... A
(nf (pn{U/ — 1})pn 0)7'3), which entails Q = VX VZ ((p1p10)7B A ... A (pnpyn 0)75). Finally,
we also have that Q = VX VZ ((pU + ¢ = 0)73). As a consequence, Condition (b) holds for
D. Since we have proved that Q = V(—%ﬂ = Uf3) and since Condition (c) holds for E, then
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Condition (c) holds for D. Now, we only need to show that (c{U/ — 1}7')[y8 = f entails
(o7)|ly8 = . Let us consider a variable V € Y. If V is not the variable U considered in the
application of rule (v), then, by the definition of 7 and the hypothesis that D is a CM-redex, we
have V(o{U/—1}7")ly 8 =V (o7)|y 8. Now let the variable V be the variable U considered in the
application of rule (v). We have that Uo{U/ — I}7 = —1 and, moreover, Q |5V (—18 = Up).
Thus, we get that Condition (d) holds for D and, hence, if F has been obtained from D by
applying rule (v) and E(/3) holds then also D([3) holds.

(Only If part) We prove that if D(3) holds and it does not satisfy at least one among Condi-
tions (a.i)—(a.iv) then there exists a CM-redex E such that D = E and E(f) holds. Assume
that D(() holds and, thus, it is of the form (a < b,{f1,..., fn},0). In what follows we will
denote by Wy the set Vars({fi,..., fn}) — (X UY UZ).

(Case a.i) Let us assume that D does not satisfy Condition (a.i) of Lemma A.12. Then D is not
of the form (true < true,{f1,..., fn}, o). Since, by hypothesis, Condition (c) of Definition A.11
holds for D, we have that the number of literals in a is not greater than the number of literals
in b and, thus, either (Case a.i.1) both a and b are different from true or (Case a.i.2) a is true
and b is different from true.

In Case (a.i.l), D is of the form (a3 A ... Aa; < by A ... Nbp,{f1,--., fn},0), where
ai,...,a; are atomic constraints and by, ..., b,, are formulas of the form tp0, for p € {>,>}.
Since Condition (c¢) holds for D, there exist ¢ € {1,...,{} and j € {1,...,m} such that
Q = V(a; < bj) and, thus, it is possible to apply rule (i) to D. We get that E is of the
form (ag A...Na; = by Ao Abi—1 Abig1 Abp, {nf(Vp+q) =0,V >0} U{f1,..., fu}, o), where
a1 ispp0, b; is gp 0, and V is a new variable which occurs neither in D, nor in 3, nor in R. Now we
show that F is a CM-redex, that is, Conditions (i)—(vi) of Definition A.10 hold. By hypothesis,
aiA...Aa; is a constraint whose variables are in X UZ and thus, Condition (i) holds for E. In the
following we will denote by Wa the set Vars({nf(Vp—q) =0,V >0, f1,..., fn}) —(XUY UZ).
The polynomial nf(Vp—gq) is bilinear in the partition (W5, X UY UZ) because Vars(p) C XUZ,
V is a new variable, and ¢ is bilinear in the partition (W1, X UY U Z) (note that the function
nf preserves bilinearity). Thus, by the assumption that D is a CM-redex, we have that Condi-
tion (ii) holds for E. By definition of the function nf, the polynomial nf(Vp — ¢) is in normal
form w.r.t. the variable ordering Z < Y < X and thus, Condition (iii) holds for E. Since
Vars(p) C X U Z, there is no monomial u in nf(Vp — q) = 0 such that Vars(u) NY # () and
Vars(u) N Wy # () and Condition (iv) holds for E. Since V' is a new variable, we get that also
Conditions (v) and (vi) hold for E. As a consequence, E is a CM-redex. Now we want to show
that E(() holds, that is, Conditions (a)-(d) of Definition A.11 hold for E. Since D({3) holds,
there exists a substitution 7 such that Conditions (a)—(d) hold for D, 3, and 7. In particular,
there exists j € {b1,...,by} such that Q = VXVZ (a; < b;7(). Without loss of generality
we can assume that ¢ = j and thus, Q@ = VX VZ (pp0 < (¢p0)73). By Property P1 we get
that there exists a rational number k>0 such that Q = VX VZ (kp — q78 = 0). Now let 7’ be
7 U{V/k}. Then Condition (a) holds for E and 7'. Moreover, since Vars(p) C X U Z, by the
definition of 7 and 3, we get that Q EVXVZ (nf (Vp—q)T'B=0AV >0A f1iT'BA ... A fuT' )
and Condition (b) holds for E. Condition (c) follows easily from the hypotheses. Finally, Con-
dition (d) holds for E since V' is a new variable which does not occur in D and 3. Therefore,
we get that E(3) holds.

In Case (a.i.2), where a is true and b is not true, since D is a CM-redex and, thus, for
i=1,...,m, b; is of the form ¢p0, where p € {>,>}, it is possible to apply either rule (ii)
or rule (iii), depending on the relation symbol of the leftmost atomic constraint in b. Let us
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assume that by is of the form ¢ > 0 and we apply rule (ii). We obtain, from D, the triple F
of the form (true <= bo A ... Abp,{nf(Vip1 + ...+ Vip, + Voi1 —q)=0,V1>0,..., V11 >0}U
{f1,..., fn}, o), where the constraint c is p1p1 OA...Apyp, 0 and Vi,..., V.41 are new variables.
Now we want to show that E is a CM-redex, that is, Conditions (i)—(vi) of Definition A.10
hold. In the following we will denote by Wy the set Vars({nf(Vip1 + ...+ Vipr + Vig1 — q) =
0,V1>0,...,V,41 >0, f1,..., fn}) — (X UY U Z). Condition (i) trivially holds for E. Since,
by hypothesis, p1,...,p, are linear polynomials in the variables X U Z, Vi,...,V,41 are new
variables, and the polynomial ¢ is bilinear in the partition (W7, X UY U Z), we have that the
polynomial nf (Vip1+...4+V,p,r+V,41—q) is bilinear in the partition (W, XUY UZ). Moreover,
nf(Vipr + ...+ Vipr + Viy1 — @) is in normal form w.r.t. the variable ordering Z < Y< X and,
thus, Conditions (ii) and (iii) hold for E. Note that since Vars({p1,...,pr}) € X U Z, we get
that there is no monomial w in nf (Vipy + ...+ Vipr + Vo411 — q) such that Vars(u) NY # 0 and
Vars(u) NW # () and, thus, Condition (iv) holds for E. Since Vi,...,V,11 are new variables, we
have that also Condition (v) holds for E. Finally, we have (ba A...Abpy)o =ba A...Aby,. Since
Vi,..., Vry1 are variables not occurring in D and (3, and ¢ occurs in by A. . . Ab,,, we have that also
Condition (vi) holds for E and, thus, E is a CM-redex. Now let us show that E(3) holds, that
is, Conditions (a)—(d) of Definition A.11 are satisfied. By the assumption that D(3) holds, there
exists a substitution 7 such that Q = VXVZ (fitBA ... A forf) and Q E VX VZ (¢ — bi70).
As a consequence, by the hypothesis that ¢ is a satisfiable constraint, Theorem 4.3 entails that
QF IV1...aV, W VXVZ (nf(Vipr + ... + Vipr + Vg1 —q7B) =0AN V1 20N ... A Vg 20).
Recalling that Vi, ..., V41 are new variables which occur neither in D, nor in 3, we can extend
the scope of the existential quantifier for these variables over the conjunction fiTBA ... A f,70,
and we get that there exists a substitution 7’ such that 7/ = 7U{Vi/t1,..., Vig1/tr41}, for some
ti,...,tr41 € Q, and Conditions (a) and (b) hold for E. By the hypotheses and by definition
of 7 we have that Condition (c) holds for E. Finally, by hypothesis we have that (o7)|y8 =
and, thus, by the definition of 7/, since V,..., Vi1 do not occur in o, Condition (d) holds for
E. As a consequence, E((3) holds. The case where we obtain E from D by applying rule (iii)
can be addressed by similar arguments.

(Case a.ii) By hypothesis, Condition (ii) of Definition A.11 holds for # and, thus, also Condi-
tion (a.ii) of Lemma A.12 holds for £.

(Case a.iii) Let D be such that Condition (a.iii) of Lemma A.12 is not satisfied. In this case we
have that either Vars({f1,... fn}) N (X UY UZ) # 0 or Vars({f1,... fn}) N(XUYUZ) =10

and {f1,... fn} is not satisfiable. The second case is impossible because by hypothesis we have
Q EVXVYZ(fitBA...NA forB3). Thus, we are left with the first case. Since D(/3) holds, for
i =1,...,n, f; is a formula of the form pp0, where the polynomial p is bilinear in the par-

tition (W1, X UY U Z) and it is in normal form w.r.t. the variable ordering Z < Y < X, and
p € {>,>,=} Since Vars({f1,...,fn}) N(XUY UZ) = 0, we can assume without loss of
generality that f; is of the form pp0O and the polynomial p is of the form ¢1U + ¢2, where
Vars(q1) € W1, Ue (X UY U Z), and ¢ is bilinear in the partition (W1, X UY U Z). Let us
assume that U is a variable in X U Z. Then we can rewrite D into E by using rule (iv). Then,
E is of the form (a < b,{q1 = 0,92 =0, fa,..., fu}, o). In the following we will denote by W,
the set Vars({q1 = 0,92 =0, fa,..., fn}) — (X UY U Z). We first show that E is a CM-redex,
that is, Conditions (i)—(vi) of Definition A.10 hold. The formulas a and b are not modified by
rule (iv). Thus, by the hypotheses, Condition (i) holds for E. By construction, in the formulas
¢1 = 0 and g2 = 0 the polynomials p; and ps are bilinear in the partition (Ws, X UY U Z) and in
normal form w.r.t. the variable ordering Z < Y< X. Therefore, Conditions (ii) and (iii) hold for
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E. By construction and by the hypotheses, also Conditions (iv)—(vi) hold E. As a consequence,
E is a CM-redex. Now, we show that E(3) holds, that is, Conditions (a)-(d) of Definition A.11
hold. By hypothesis, there exists a substitution 7 such that Conditions (a)—(d) hold for D. Let
7’ be 7. Since, by applying rule (iv), we eliminate from {f1, ..., f,} one occurrence of a variable
U € X U Z, Condition (a) holds for 7. Moreover, Q EVXVZ ((uU + g2 = 0)7'3), Ur3 = U,
and 7/ = 7 entail Q EVXVZ ((1 = 0)78 A (¢2 = 0)78) and, thus, Condition (b) holds for FE.
Conditions (c) and (d) hold for E by hypothesis. Thus, E(/3) holds.

Now let us assume that U € Y. In order to apply rule (v) to D we must have Vars(gz) N
Vars(R) = () and ¢; € Q — {0}. By the hypotheses, there is no monomial u in ¢;U + g2 such
that Vars(u) NY # (0 and Vars(u) N Wy # (. Thus, since U € Y and ;U + ¢ is bilinear in the
partition (W3, X UY U Z) and in normal form w.r.t. the variable ordering Z < Y< X, we have
that ¢; € Q — {0} and Vars(g2) N Z = (). By definition of R we have that vars(R) NY = ) and,
since by the hypothesis that D(3) holds, we have W1 N Vars(R) = ), we have to prove that there
is no variable V' € (X N Vars(gz2)) such that V' € Vars(R). By the hypothesis that D(/3) holds,
there exists a substitution 7 such that Q = VX VZ ((¢1U +¢2)75 = 0) and, thus, by our previous
observations, Q = VXVZ (U = ZT’g ). Recalling that Vars(qz) € XUY UW7, ¢ is a constant
of type rat, and g9 is in normal form (in particular, there is at most one monomial for each
variable), and by the definition of the substitution (3, we have that Vars(q2) C Vars(Y 3) U Wi.
By hypothesis, we have that Vars(Y3) N Vars(R) = 0. Thus, Vars(qz) N Vars(R) = () and
we can apply rule (v) to D Therefore, E is of the form (a < (W{U/ — %}),{nf(pg{U/ -
w1)p20,.nf (p{U/ — £1pn 0}, 0{U/ — £}), where U € Y, q1 € (Q —{0}), q2,p1,- .-, pn
are polynomials, and the predicates symbols ,02, ..., pn are in {>,> =}. We first show that E
is a CM-redex, that is it satisfies Conditions (i)—(vi) of Deﬁnition A.10. In the following we
will denote by Wy the set {nf(p2{U/ — £})p20,...,nf(po{U/ — £})p, 0} — (X UY UZ). By
hypothesis, Condition (i) holds for £ and 'the formula bis a conJunction of formulas of the form
pp 0, where the polynomial p is bilinear in the partition (W7, X UY U Z) and it is in normal
form w.r.t. the variable ordering Z < Y < X. By the hypothesis that there is no monomial u
in b such that Vars(u) NY # 0 and Vars(u) N Wy # (), we get that the variable U occurs in
b in monomials of the form aU where a is a constant in Q — {0}. Note that, since U € Y, we
have W1 = Wy. Therefore, since ¢; is a constant in Q — {0} and ¢y is bilinear in the partition
(W1, XUY UZ), we get that the polynomials in b{U/— 2} are bilinear in this partition. By these
observations we get also that there is no monomial u in b{U/ — £} such that Vars(u) NY # 0
and Vars(u) N Wi # (). By similar observations we can prove that the polynomials nf (po{U/ —
&), ....nf(pn{U/ — £}) are bilinear in the same partition, they are in normal form w.r.t. the
variable ordering Z < Y< X, and there is no monomial u in nf (pe{U/— ) ,nf (pn{U/— gf I3
such that Vars(u) NY # (D and Vars(u) N Wy # @ As a consequence Conditions (ii)—(iv)
hold for E. Let us denote the set {nf(p2{U/ — £})p20,. nf(pn{U/ — 23y, 0} by 5.
Since U occurs neither in S” nor in o, we get S’ U{U/ gf} ' Condition (vi) holds for
E, and F is a CM-redex. Now let us prove that F(3) holds, that is, Conditions (a)—(d)
of Definition A.11 hold. By the hypotheses, there exists a substitution 7 such that Condi-
tions (a)—(d) hold for D. Now let us define the substitution 7" to be 7. We have that Con-
dition (a) holds for E. We have also that Q@ = VXVZ ((nU 4+ g2 = 0)7'8 A (pap20)7'5 A

A (pnpn 0)7'3). Since, by hypothesis, D is a CM-redex, we have bo = b, {¢1U + ¢2 = 0,
p2p20, ..., ppn 0}o = {q1U 4+ g2 = 0,p2020, ..., pppn 0}, and, thus, Uc{U/ — g—f} = _%' More-
over, since by hypothesis (c{U/ - & }T’)|yﬂ = 3, we have that Q ): V(UB = —E£p). Therefore,
we have Q = VX VZ ((nf (p2{U/—E})p2 0)7'BA...A(nf (pp{U/ —E})pn 0)7'3). Finally, we have
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also that @ = VX VZ ((1U+q2 = 0)73). As a consequence, Condition (b) holds for E. Since we
have proved that Q =V (—Z—f B = Up), and since Condition (c) holds for D, then Condition (c)
holds also for E. Now, we only need to show that (o7)[y3 = 3 entails (c{U/ — 1}7")|y 8 = B.
Let us consider a variable V € Y. If V is not the variable U considered in the application of
rule (v), then, by the definition of 7 and by the hypothesis that D is a CM-redex, we have
V(e{U/ = 1}7)lyB = V(o7)[yB. Now let the variable V be the variable U considered in the
application of rule (v). We have that Uo{U/ — I}7 = —1 and, moreover, Q =V (-1 = Up).
Thus, we get that Condition (d) holds for E. Hence, E(/3) holds.

(Case a.iv) Finally, Condition (a.iv) of Lemma A.12 holds for D because of the hypothesis that
Condition (d) of Definition A.11 holds for D.

Thus, we have proved that if D does not satisfy one of the Conditions (a.i)—(a.iv) then it can
be rewritten into a CM-redex E such that E(3) holds.

Theorem A.13 (Termination, Soundness, and Completeness of CM) Let v: H «— ¢ A
G and 6: K «— d A B be clauses in normal form and without variables in common. Suppose
that v and § are the input to the procedure GM and let the substitution o and the goal R be an
output of GM. Let clauses ¥': H «— ¢ AN Ba AR and §': Ka «— da A Ba in normal form be the
input to the constraint matching procedure CM. Then the following properties hold:

(a) CM terminates, that is: (1) given a CM-redex Do and the rewriting relation = defined in
the procedure CM, every sequence Dy = D1 = ... is finite and (2) for every CM-redex
D, there are finitely many CM-redexes En, ..., E, such that, fori=1,...,n, D = E;;

(b) For all constraints e and substitutions (3 for variables of type rat, if e and 3 are an output
of CM, then:
1. Y2 H <+ eNdaBNBaAR,
2. Baf = Ba,
3. Vars(Kap) C Vars(H), and
4. Vars(e) C Vars({H, R});
(¢) For all constraints e and substitutions 3 for variables of type rat, if ¢ is either unsatisfiable
or admissible, and the following conditions hold:
1. Y= H+—eANdaS NBaAR,
2. Baf = Ba,
3. Vars(Kap) C Vars(H), and
4. Vars(e) C Vars({H, R}),

then an output of CM is a constraint €' and a substitution 3 such that Q = V(' Adaf —
e daﬁ) and ﬂ/ = B‘ Varsrat (Ka) -

Proof. (a) We first prove that, given a CM-redex Dy and the rewriting relation = defined
in the procedure CM, every sequence Dy = D; = ... is finite. We will use a well-founded
lexicographical ordering on NxNx N defined as follows. Given (l1,m1,n1) and (l2, m2,n2) in
NXNxN, (I1,m1,n1) >e; (l2, ma, na) iff either Iy > 1o, orly =l and my >ma, orly =l3, mi1 =ma,
and ni > no. The relation >, is a well-founded partial order on the set Nx N xN. Let us
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now introduce the termination function & that maps CM-redexes to elements of NxNxN and
is defined as follows: £(D) = (0,0,0) if D is the CM-redex fail and (D) = (I,m,n) if D is of
the form (a < b, S, ), [ is the number of occurrences of formulas of the form pp0 in b, for some
polynomial p and relation symbol p, m is the cardinality of the set Vars(S)NY, and n is the
number of occurrences in S of the variables in X UZ. We will show that, for any two CM-redexes
D and E, if D = E then (D) >, £(F). We proceed by cases: let us first consider the case
where D = FE by using rule (i). Let D be the CM-redex (ppOAf < g1 AgpOAga, S, o).
Then E is the CM-redex (f < g1Ag2, {nf(Vp—q) =0,V >0}US, o), where V is a new variable
and p € {>,>}. If (D) is (I,m,n), then {(F) is (I—1,m/,n’), for some m' and n’, and, thus
&(D) >jep £(E). Similarly, if D = E by using rule (ii) or rule (iii) and (D) = (I, m,n), then
E(E) = (I-1,m/,n') and, thus, £(D) >, £(E). Now let us consider the case where D = E by
using rule (iv). Let D be the CM-redex (f < g, {pU + ¢ = 0}US, o), then E is the CM-redex
(f < g, {p = 0,qg = 0}US, o), where U is a variable in X U Z. If {(D) is (I,m,n), then
E(E) is (I,m,n—1) and, thus, £(D) >, {(F). Finally, we consider the case where D = F by
using rule (v). Let D be the CM-redex (f < g, {aU + ¢ = 0}US, o), then E is the CM-redex
(f = (glU/-L}), {nf(p{U/=2})p0 | pp0 € S}, o{U/-L}), where U is a variable in Y. Let {(D)
be (I,m,n) and let £(F) be (I',m/,n’). The number of occurrences of formulas of the form pp0
in g is equal to that in g{U/ — £} and, therefore, I = I’. Since D is a CM-redex, the polynomial
aU + ¢ is in normal form w.r.t. the variable ordering Z < Y < X and, thus, U ¢ Vars(q). As
a consequence, m’ = m—1 and, hence, {(D) >, £(E). Since >, is a well-founded order, we
have that, given a GM-redex Dy, every sequence Dy = D1 = ... is finite.

Now we prove that, for every CM-redex D, there are finitely many CM-redexes Fy,..., E,
such that, for ¢ = 1,...,n, D = E;. Let D be of the form (a < b,S,0). Since b is a finite
conjunction of literals, there are finitely many GM-redexes F1, ..., E, such that, fori =1,...,n,
D = E;, by using rule (i), or rule (ii), or rule (iii). In the case where D is rewritten by using
rule (iv) or rule (v), we can use arguments similar to the ones for the case of rules (i)—(iii)
because, by definition of CM-redex, S is a finite set. Thus, we get the thesis.

(b) We assume that, given the input clauses 7/ and ¢’, the output of the procedure CM is the
constraint e and the substitution 5. In the following by 4" we will denote the clause H « e A
dafABaAR. Assume that the constraint c is unsatisfiable. Then e is an unsatisfiable constraint
such that Vars(e) C Vars({H,R}) and [ is a substitution of the form {U;/ai,...,Us/as},
where {Uy,...,Us} = Varspae(Ka) and ay,...,as are arbitrary terms of type rat such that,
fori=1,...,s, Vars(a;) C Vars(H). Now we will show that Conditions (b.1)—(b.4) hold. By
Theorem A.4 we have that 4" and ¢’ are in normal form. We have also that clause 7" is in normal
form. Indeed, the following properties hold: (i) the terms of type rat occurring in Ba A R are
distinct variables that do not occur in H and (ii) 7 has no constraint-local variables because:
(ii.1) ¢’ is in normal form and, thus, Vars(da) C Vars({Ka, Ba}), (ii.2) 3 is a substitution such
that Varsyat (Kaf) C Vars(H), and (ii.3) e is a constraint such that Vars(e) C Vars({H, R}).
By assumption, the constraint c¢ is unsatisfiable and, by construction, also the constraint e is
unsatisfiable, which entails Q = V(¢ « e A daf3). Therefore, by Lemma A.5, v/ = ~”. Thus
Condition (b.1) is satisfied. Since ¢’ is in normal form, the variables of type rat in Ba do not
occur in Ka. Therefore, by definition of 3, we get Ba3 = Ba and Condition (b.2) is satisfied.
By Theorem A.4 we have that Varsiree(Ka) C Vars(H). Moreover, by the definition of 3, we
have that Varspas (Kaf) C Vars(H). Since Varsiree(Ka)B = Varsiree (K ), Condition (b.3) is
satisfied. Finally, the definition of e entails that also Condition (b.4) is satisfied.

Now let us assume that c is satisfiable. In the procedure CM, the set X is defined to be
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Vars(c) — Vars(Ba), the set Y is defined to be Vars(da) — Vars(Ba), and the set Z is defined to
be Varseas (Ba). First, we show that the constraint ¢, the sets X, Y, and Z, the goal R, and the
atom H, satisfy the assumptions made in Definitions A.10 and A.11, and in Lemma A.12. By
definition, X, Y, and Z are sets of variables of type rat. By construction, the substitution « is of
the form {T%/s1,...,Tx/sn}, where {T1,...,T} C Vars(B). Since § is in normal form, we have
that Varsrat (K)o = Varspas (K) and, thus, by the hypothesis that v and § have no variables in
common and by the definition of X and Y, we have that X and Y are disjoint sets. By definition,
Z is disjoint from X and from Y. Moreover, by definition of X and Z, we have Vars(c) C XUZ
and by assumption c is satisfiable. Since v and ¢ have no variables in common, by construction
of R and by definition of Y, we have Vars(R) NY = (. Finally, since by Theorem A.4 the
clause 4/ is in normal form, X C Varsyat(H), Varsyar(H) N Varspae(R) = 0, and Varsyay (H) N
Varsray(Ba) = (. Since in the procedure CM the constraint e is defined to be project(c, X),
by Lemma 4.1 we have that Conditions (b.1)—(b.4) hold only if Q = V(¢ < (e A daf3)), and
Conditions (b.2) and (b.3) hold. The rewriting process of the procedure CM starts from the
initial triple (¢ <> e A da, (), 0). Since the output of CM is not fail, at the end of the rewriting
process we obtain a triple (true < true,C,oy) such that: (1) for all f € C, f is a formula of
the form pp0, where p € {>,>,=}, and Vars(p) C W, where W is the set of new variables
introduced during the rewriting process, and (2) C is a satisfiable set of atomic constraints
and solve(C) = ow. Thus, the output of CM is the substitution 8 = (oyow)|yog, where
o = {Vi/ui,....Vi/u}, {V1,...,Vi} = Vars rar(Kaoyow) — Vars(H), and, for i = 1,...,1,
Vars(u;) C Vars(H). Now we show that the triple (true < true,C,oy) is a CM-redex, that is,
Conditions (i)—(vi) of Definition A.10 hold. Condition (i) trivially holds. Since, by hypothesis,
C is a set of atomic constraints and Vars(C) N (X UY U Z) = ), Conditions (ii)—(iv) hold.
By hypothesis, Vars(C) is a set of new variables, which, therefore, do not occur in R and,
thus, Condition (v) holds. By construction, oy is a substitution of the form {U;/t1,...,Uy/tx}
where {Uy,..., Ui} C Y. Therefore, we have that oy is a substitution for variables of type rat
and, by the hypotheses on ¢, coy = ¢. Moreover, since Vars(C) is a set of new variables, we
also have that Soy = S, Condition (vi) holds, and, thus, (true < true,C,oy) is a CM-redex.
Now we show that (true < true,C,oy)() holds (in the sense of Definition A.11) by proving
that Conditions (a.i)—(a.iv) of Lemma A.12 hold. Condition (a.i) holds by hypothesis. By
hypothesis, [ is the substitution (oyow)|yog. Since the substitution oy is constructed only by
rule (v) of the procedure CM, we have that for every binding V/t € oy the variable V' does not
occur in the term ¢ and in the rest of the CM-redex, and by the definition of oz, we have that
{Uy,..., U} N{V4,...,V;} = 0. As a consequence, by the definitions of 5 and oy, we have that
B is of the form {Y1/s1,...,Yn/sp} and {Y1,..., Y} = {U1,...,Ux} U{V1,...,V;}. We want to
show that Y C {Uy,...,Ui}U{Vi,...,V;}. By construction, we have that {Uy,...,Ux} CY and,
by the hypothesis that ¢’ is in normal form, Y C Vars,a;(K«). Since, by the definition of o¢,
Varsear(Ka) C {Uq,..., Ut U{Vi,...,Vi}, we get Y C {Y1,...,Ys}. By the definition of the
set Z, by the fact that the clauses v and § have no variables in common, and by the definition of
B3, we have that {Y7,..., Y3} N (X UZ) = . Finally, since oy is constructed by rule (v) and due
to the ordering Z < Y< X on the variables, we have that Vars(Yoy)NZ = (). Therefore, by the
definition of oy and o¢, we get that, for i = 1,...,s, Vars(s;) C X, Vars(s;) N Vars(R) = 0,
and, thus, Condition (a.ii) holds. Since, by hypothesis, C' is a set of atomic constraints and
Vars(C) C W and by the definition of the function solve, we get that Condition (a.iii) holds.
Finally, since 3 is (oyow )|y o¢ and since the terms uy, . .., u; in the definition of o are arbitrary
terms, we get that also Condition (iv) holds. Therefore, (true < true,C,oy)(8) holds and,
since (¢ < e A da,0,0) =* (true < true,C,oy), by Lemma A.12, we get that (¢ < e A
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do, 0, 0)(5) holds. As a consequence, there exists a substitution 7 such that Conditions (a)—(d)
of Definition A.11 hold for (¢ <> e Ada, (), D) and /3. Since, in this case, the set {Wy,..., Wy}, as
defined in Condition (a) of Definition A.11, is empty, we get that 7 is the identity substitution.
Let the constraint ¢ be of the form a; A...Aq; and the constraint eAda be of the form by A. .. Aby,,
where ay,...,a; and by, ..., by, are atomic constraints. Since, by hypothesis, Vars(c) C X U Z
and Vars(eANda) C XUY UZ, we get that for all j € {1,...,m} either there exists i € {1,...,1}
such that Q = VX VY (a; < b;3) or Q = VXVZ (c — b;f3), and for all i € {1,...,1} there exists
j€{1,...,m} such that Q = VX VY (a; < b;[3), which entails that Q =V (¢ < (e Adaf)). By
definition, Z = Vars(Ba) and, by the fact that (¢ < e A da, D, 0)(5) holds, Z3 = Z. Therefore,
Condition (b.2) holds. Finally, we have that Vars(Ka(3)ras N Vars(R) = (). By Theorem A.4,
we have that Varsiree(Ka) C Vars(H) and, by the definition of 8, Varsiree(Ka3) C Vars(H).
Since ¢ is in normal form, Varsyat(Ka) N Varsea(Ba) = (. Since Condition (b.2) holds, we
have that Varsyas(Kaf) N Varspas(BafB) = (0. Finally, since 4/ is in normal form, Vars(c) C
Vars({H, Ba A R}), Varseat(Kaf) C Vars(H), and, thus, Condition (b.3) holds. Therefore, we
get the thesis.

(c) Let us consider a constraint e and a substitution § such that Conditions (c.1)—(c.4) hold.
In the following by 7" we will denote the clause H « e A daf A Ba A R.

Let us assume that ¢ is an unsatisfiable constraint. Since the clause ¢’ is in normal form, by
Condition (c.3) we have that Vars(da) C Vars(Ka)U Vars(Ba) and by Condition (c.4) we have
that clause 7" has no constraint-local variables. Since the clause 4’ is in normal form, we have
also that clause 4" is in normal form. Thus, by Lemma A.5, we have that Condition (c.1) entails
Q EV(c+ eNdaf). Since ¢ is unsatisfiable, the output of CM is an unsatisfiable constraint ¢’
such that Vars(e’) C Vars({H, R}) and a substitution " of the form {Uy/ay,...,Us/as}, where
{U1,...,Us} = Varsear(Ka) and ay,..., as are arbitrary terms of type rat such that, for
i=1,...,s, Vars(a;) C Vars(H). As a consequence, we have that @ |V (c < € A daf’) and,
by transitivity, Q@ = V(e A daf < € A daf’). In order to show that 3 = B yyrs,., (ka), We Will
show that Conditions (i)—(iii) of Definition A.9 hold. Condition (i) holds because of the definition
of #'. Finally, Conditions (ii) and (iii) hold because, by Condition (c.4), Vars(K«a3) C Vars(H)
and (' is any substitution such that Vars(Kafg') C Vars(H). Thus, we get the thesis.

Now let us assume that c is a satisfiable, admissible constraint. We want to show that there
exists a substitution 5’ and a constraint e’ that are the output of CM such that Q | V(e/ A
daf’ — e ANdap) and [ = B Varseas(Ka)- Since c is satisfiable, the procedure CM begins by
defining the set X as Vars(c) — Vars(Ba), the set Y as Vars(da) — Vars(Ba), the set Z as
Varsyay (Ba), and €’ as the constraint project(c, X). By following the same considerations given
in Part (b) of this proof, we have that the constraint ¢, the sets X, Y, and Z, the goal R, and the
atom H satisfy the assumptions made in Definitions A.10 and A.11, and in Lemma A.12. After
defining the sets X, Y, and Z, and the constraint ¢’ the triple (¢ < €’ A da,(, ) is rewritten
by using the rewriting relation = defined in the procedure CM. By Part (a) of this proof,
we know that the procedure CM terminates. First, we prove that (¢ < €’ A da, (), ]) is a CM-
redex, that is, it satisfies Conditions (i)—(vi) of Definition A.10. By the hypothesis that c is a
constraint and by definition of X and Z, we have that Condition (i) holds. By construction, €’
is a constraint such that Vars(e’) C X. By hypothesis, da is a constraint and, by definition of Y’
and Z, Vars(da) CY U Z. Therefore, Condition (ii) holds. Conditions (iii)—(vi) hold trivially.
Let the substitution (] vyps,,,(ka) be of the form {Y1/s1,...,Y,/sp}. By assumption, the clauses
v and § have no common variables. Therefore, Vars(y') N Vars(d') = Vars(Ba) and, since §’ is
in normal form, Varsyas (Ba) N Varseay(Ka) = 0, which entails Varsyay (Ka) N Varspas (H) = 0.
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By Condition (c.3), Vars(Kaf) C Vars(H) and, thus, Varsyat(Ka) = {Y1,...,Y,}. Since §’
is in normal form, Y C Varsya:(K«) and, therefore, Y C {Y7,...,¥3}. By Condition (c.2),
Baf3 = Ba, which entails {Y1,..., Y4} N Z = 0. By our previous observations and by the
definition of the set X, Varsyat(Ka) N X = 0 and, thus, {Y1,...,Y,} N X = . Moreover, since,
by Condition (c.3), Vars(Kaf) C Vars(H) and we have proved {Y1,...,Ys} = Varsrat(Ka),
we get that, for i« = 1,... h, Vars(s;) C Vars(H). Finally, since 7/ is in normal form, we
have that Varsyat(H) N Varspas(R) = 0 and, thus, for ¢ = 1,...,h, Vars(s;) N Vars(R) = 0.
Now we prove that (c < €' A do, 0,0)(8] vars,a, (ko)) holds, that is, there exists a substitution
7 such that Conditions (a)—(d) of Definition A.11 hold. Let 7 be the identity substitution.
Since the second element of the CM-redex (¢ < €' A da, (), ) is the empty set, Conditions (a)
and (b) hold. By using arguments similar to the ones for the case where ¢ is unsatisfiable,
at Point (c) of this proof, we have that 4" is in normal form. Therefore, by Condition (c.1),
Q |V (c < ¢/ Ndaf). Let the constraint ¢ be the conjunction aj A. .. Aa,, and let the constraint
e/ Adaf3 be the conjunction by A...Ab,, where aq,...,a, and by,...,b, are atomic constraints.
Since ¢ is admissible, by Lemma 4.2, there exists an injection p : {1,...,m} — {1,...,n} such
that for i=1,...,m, @ = V(a; < byy) and for j=1,...,n,if j & {u(i) | 1 <i<m}, then
Q |=V(a — bj). Since p is an injective function, we get that Condition (c) holds. Finally, since
the third component of the CM-redex (¢ «» €’ A da, 0, ()) is the empty set, and 7 is the identity
substitution, we get also that Condition (d) holds. Therefore, (c < €' A da, D, 0) (8| vars,..(Ka))
holds. By Lemma A.12 and by the termination of CM, we have that (c «< ¢’ A da, ), () =*
(true < true,C,oy) and Conditions (a.i)—(a.iv) of Lemma A.12 hold for the CM-redex (true <
true, C,oy) and the substitution B|yyps,..(ka). Now we show that the procedure CM does
not return fail, that is, Conditions (c2) and (c3) of the procedure CM hold for the CM-redex
(true < true,C,oy). In particular, Conditions (c2) holds because, by Condition (a.iii) of
Lemma A.12, Vars(C) N (X UY U Z) = 0 and, since (true < true,C,oy) is a CM-redex,
the elements of the set C are linear constraints. Moreover, Condition (c¢3) holds because, by
Condition (a.iii) of Lemma A.12, the set C' of atomic constraints is satisfiable. Let solve(S) be
ow. Then the output of the procedure CM is a substitution ' = (oyow)|yog, where g is a
substitution of the form {Uj/a1,...,Us/as}, {Ui,...,Us} = Varspas (K'oyow)— Vars(H), and
ai,...,as are arbitrary terms of type rat such that, for i = 1,... s, Vars(s;) C Vars(H). By
Point (b.1) of Theorem A.13, which we proved above, since ¢’ and 3’ are an output of CM, we
have that v/ = H « e’ Adaf’ A Ba A R. Clause H «+ ¢’ Adaf’ AN Ba A R has no constraint-local
variables because Vars(e' A daf') — Vars({H, Ba A R}) = () and, thus, it is in normal form. As
a consequence, by Lemma A.5, Q V(¢ « € Adaf'). By Conditions (c.1)—(c.4) and recalling
that also 4" is in normal form, we also have that Q =V (¢ <> eAdaf3). Therefore, by transitivity,
Q EV(eNdaf' < eNdaf). By Lemma A.12, we have that (ocyow )|y 8 = 3. As a consequence,
since by definition of o¢, for every variable V in {Uy, ..., Us} = Varsyar(K'oyoy )— Vars(H) the
corresponding term Vog is any term of type rat such that Vars(Vog) C Vars(H), and since
Vars(Kaf) C Vars(H), we have also ' = | vars,,.(ka) and we get the thesis. i

A.3. Termination, Soundness and Completeness of the Folding Algorithm

At this point we are ready to show the termination, the soundness, and the completeness of the
algorithm FA.

Proof of Theorem 4.4 (Termination, Soundness, and Completeness of FA).
Let us assume that v: H «— ¢ A G and §: K <« d A B are clauses in normal form, without
variables in common, and that they are the input of the algorithm FA.
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(1) By Point (a) of Theorem A.4, given a GM-redex Dy and the rewriting relation = defined
in the procedure GM, every sequence Dy = Dy = ... is finite and, for every GM-redex D,
there are finitely many GM-redexes F1, ..., E, such that, for¢ =1,...,n, D = E;. Therefore,
the number of possible outputs of GM that are different from fail is finite. Now let « and R
be an output of GM. By Point (b) of Theorem A.4, the clauses v': H « ¢ A Ba A R and
8 : Ka < da A Ba are in normal form. Therefore, by Point (a) of Theorem A.13, given
a CM-redex Dy and the rewriting relation = defined in the procedure CM, every sequence
Dy = D = ... is finite and, for every CM-redex D, there are finitely many CM-redexes
FEq, ..., E, such that, fori = 1,...,n, D = E;. Now, assume that CM returns fail. In this
case the algorithm FA takes a different output o and R of GM and executes the procedure CM
with the corresponding new input 7 and §’. Since the number of possible outputs of GM that
are different from fail is finite, we get that the algorithm FA terminates.

(2) Let the clause n: H «— e A Kaf A R be the output of the algorithm FA, where the
substitution « and the goal R are computed by GM, and the constraint e and substitution 3 are
computed by CM. We want to show that clause 7 can be derived by folding + using § according
to Definition 3.1. In order to do so, we need to show that Conditions (1)—(3) of Definition 3.1
hold for the constraint e, the substitution ¥ = a0, and the goal R. By Theorem A.4, we have
G =ac Ba A R which, by the definition of &, implies that H «— ¢ ANG &£ H «— ¢\ Ba A R.
By Theorem A.4, we have also that H «— ¢ A Ba A R and da are clauses in normal form.
Moreover, by Theorem A.13, we have H «— ¢ AN Ba AR = H «— e ANdaf N Ba A R. Since
by Theorem A.13 we also have that Baf = Ba, by transitivity of the equivalence relation
> we conclude that v 2 H «— e AdafS AN Baf A R. As a consequence, Condition (1) holds,
with ¥ = af. Let us now consider a variable X € EVars(d). The substitution a satisfies
Point (b.2) of Theorem A.4. Since BafS = Ba, we have that Xaf = Xa, that is, Xaf is a
variable. Moreover, since Xa ¢ Vars({H, R}) and, by Theorem A.13, Vars(e) C Vars({H, R}),
we have that Xaf ¢ Vars({H,e, R}). Therefore Condition (2.1) of Definition 3.1 holds. Recall
that if X € EVars(d) then Condition (b.2.2) of Theorem A.4 holds for the variable Xa. Let
Y be a variable in Vars(d A B) different from X. If Y € EVars(d) then Yaf = Ya and,
by Theorem A.4, Xaf does not occur in Yaf. If Y ¢ EVars(d) then Y € Vars(K) and,
by Theorem A.13, Vars(Kaf) C Vars(H). Since Xaf is a variable that does not occur in
Vars({H,e, R}), we have that it does not occur in Yaf. As a consequence, Condition (2.2) of
Definition 3.1 holds. Finally, since Vars(Kaf) C Vars(H), also Condition (3) of Definition 3.1
holds.

(3) Let us assume that it is possible to fold the clause v using the clause ¢ according to
Definition 3.1. That is, there exist a constraint e, a substitution v, and a goal R such that
Conditions (1)—(3) of Definition 3.1 are satisfied. Without loss of generality, we may assume
that Vars(e) C Vars({H,d9¥ A BY A R}), because, in the case where e has some variables not
in Vars({H,d9 N B9 A\ R}), we can obtain a clause equivalent to by eliminating the extra
variables using the function project. Now we want to show that, since Conditions (1)—(3) of
Definition 3.1 are satisfied, the clause v/ : H < e A d9 A BY A R is in normal form. First,
we show that Vars(e) N Vars(BY) = (. This is entailed by the following facts: Varsrat(B) C
EVars(§), by the hypothesis that ¢ is in normal form, and, by Condition (2) of Definition 3.1,
if X € Varsyat(B) then X4 is a variable and it does not occur in e. Next, since § is in normal
form, we have Vars(dd) C Vars(K9) U Vars(Bv) and, thus, Vars(dd) C Vars(H) U Vars(B9).
By these observations, H < e A dd A BY A R has no constraint-local variables. By Condition (2)
of Definition 3.1 we also have that Varsyat(H) N Varsrat(BY A R) = (), every term of type
rat in BY A R is a variable, and each variable of type rat occurs at most once in B A R.
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Therefore, 7" is in normal form. In the following we will denote the set Vars(B) U Varsgree(K)
of variables by V. Let us define the substitution « as 9|y, then we have G =4¢ Ba A R. That
is, Condition (c.1) of Theorem A.4 holds. Let us consider a variable X € EVars(d). By definition
of a, Condition (c.2.1) of Theorem A.4 holds. Consider, now, a variable Y € Vars(d A B) such
that Y is different from X. If Y € V' then by Condition (1) of Definition 3.1 we have that X«
does not occur in Ya. If Y ¢ V then Ya =Y and, since Xa € Vars(G) and v and ¢ have no
variables in common, X« does not occur in Ya. Therefore, Condition (c.2.2) of Theorem A.4
holds. Finally, by Condition (3) of Definition 3.1, we have Vars(K9) C Vars(H) and thus,
Varsiree(Ka) C Vars(H). Therefore, Condition (c.3) of Theorem A.4 holds. As a consequence,
by Theorem A.4, the output of GM is a substitution o’ such that o’/ = a|y, and the goal R. By
Theorem A.4, we have also that the clauses v': H « ¢ A Ba’ AR and ¢': Ko/ < do’ A Ba' are
in normal form.

Now let 7/ and &’ be the input clauses of CM. Since G =4¢c Ba/ AR, we have that H + ¢cAG =
H «— ¢ABa' AR. Therefore, by Condition (1) of Definition 3.1 and by transitivity of &, we have
H«—cNBdNRX=H«—eANdyABJAR. Let us define 5 to be the substitution {X/s | X/s€
¥, X/s¢ a}, where « is the substitution introduced above in this proof. Clearly, ¥ = o U and,
by definition of « and by Condition (2) of Definition 3.1, we have also ¥ = af. Since « and o’
differ only for the variables in Varsgree(K), we have H «— ¢cABa’AR = H «— eAdd/BABd'SAR.
As a consequence, Condition (c.1) of Theorem A.13 holds. By definition of & and 3, we have
Bd/f = Ba/, and Condition (c.2) of Theorem A.13 holds. Condition (3) of Definition 3.1, the
properties of o, and the definition of 3 entail that Condition (c.3) of Theorem A.13 holds. By
hypothesis, we have that Vars(e) C Vars({H,d9¥ A BY A R}). Recalling that ¢ is in normal
form, we have that Vars(d) C Vars({K, B}) and, thus, Vars(dd) C Vars({K®, B¥}). Hence,
we also get Vars(e) C Vars({H, K9, R}). Since, by Condition (3) of Definition 3.1, we have
Vars(K9) C Vars(H), we get that Condition (c.4) of Theorem A.13 holds. Therefore, by
Theorem A.13, CM does not return fail and we get the thesis. O
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