
ISTITUTO DI ANALISI DEI SISTEMI ED INFORMATICA
“Antonio Ruberti”

CONSIGLIO NAZIONALE DELLE RICERCHE

G. Pirillo

CONTRIBUTION A LA COMBINATOIRE DES

MOTS

R. 673, Dicembre 2007

Giuseppe Pirillo – Istituto di Analisi dei Sistemi ed Informatica “A. Ruberti”, Unità di
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Merci aussi à Christian Choffrut. Christian connaissait parfaitement les
importants travaux de Justin sur les semigroupes répétitifs. Il m’a toujours
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la spécialité strictement définie du candidat”. C’est pour moi un honneur de
l’avoir dans mon jury. Grazie Jean-Pierre !

Je remercie aussi Irène Guessarian. J’ai fait sa connaissance à mon arrivée
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Des remerciements particulièrement chaleureux à Jacques Justin. J’ai eu
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Avant-propos

Il faut cultiver notre jardin.

Dans le Petit Prince, Antoine de Saint-Exupéry dit : Mais les yeux sont
aveugles. Il faut chercher avec le cœur. Cela est bien vrai de toutes les re-
cherches, qui sont le devoir d’un être humain, y compris les recherches scien-
tifiques.

Nous avons rencontré pour la prèmiere fois Marcel-Paul Schützenberger
en 1975 à Perugia et Dominique Perrin en 1977 à Cortona quand nous avons
été étudiant d’un cours d’été. Peu après notre arrivée à Paris, pendant l’année
académique 1977-1978 où nous étions assistant associé chargé de travaux di-
rigés du cours de Marcel-Paul Schützenberger, nous avons rencontré Jacques
Justin.

Pendant une très courte période de temps beaucoup d’événements ont
changé notre vie.

Pour ce qui concerne notre travail, nous avons eu le privilege d’être ac-
cueilli dans un groupe prestigieux de recherche et nous avons eu en plus un
guide personnel, Jacques Justin, qui nous a conduit par la main dans nos
premiers pas de chercheur en informatique théorique et nous a toujours fait
profiter de ses bons conseils.

Ce fut le début d’une aventure scientifique passionnante.
Dès notre arrivée à Paris, et même avant de bien comprendre ce qu’ils

faisaient exactement, nous avons noté la grande passion pour le travail qui
régnait parmi les chercheurs du groupe de Marcel-Paul Schützenberger. Nous
nous sommes aussi rendu compte du grand nombre de talents qui y apparte-
naient et du poids remarquable de leurs connaissances scientifiques. Nous au-
rions dû non seulement garder intacte la passion pour les mathématiques mais
aussi élargir, approfondir et élever nos connaissances, c’est-à-dire prendre très
sérieusement l’impératif éternel de Voltaire.
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Brève histoire de la combinatoire des mots

Pour le développement de la science logique il sera important,
sans considération pour les applications possibles,

de trouver de grands domaines pour la spéculation
sur des problèmes difficiles.

(traduction libre d’une proposition d’Axel Thue)

Même dans les parties les plus élégantes des mathématiques pures abstraites,
la preuve d’un beau théorème se réduit étonnamment souvent

à un lemme combinatoire très terre-à-terre sur les mots.
(traduction libre d’une proposition de Roger Lyndon,
nous avons traduit linear arrays of symbols par mots)

La publication de M. Lothaire Combinatorics on words, 1983, [103], est
l’acte de naissance de la combinatoire de mots qui, avec les publications
de M. Lothaire Algebraic combinatorics on words, 2002, [106], et Applied
combinatorics on words, 2005,[107], est devenue une jeune fille splendide.

Bien qu’il y ait déjà eu d’importantes contributions sur des mots (par Hed-
lund et Morse, [113], [114], par Thue [185], [186] et même par d’autres avant
eux) cette discipline mathématique et informatique est reconnue comme telle
depuis à peine vingt années. Désormais, dans la dernière classification de
Mathematical Reviews, la combinatoire des mots a sa propre section, et une
conférence internationale Words se tient tous les deux ans. En plus, c’est
une opinion largement partagée (ou plutot une évidence) que pendant les
deux dernières décennies la recherche sur la combinatoire des mots s’est
énormément développée.

Marcel-Paul Schützenberger, the main architect de la théorie des codes à
longueur variable (Berstel et Perrin, [17]), a, avec Chomsky, complètement
modifié l’approche de la théorie des langages formels (Berstel et Boasson
[22]). La combinatoire des mots est aussi sa création : le “poly rouge” [179],
contenant le cours qu’il a donné à l’Université de Paris en 1966 qui fut noté
par J.-F. Perrot, est un précurseur du premier livre de Lothaire.

La combinatoire des mots est strictement liée à la théorie des algorithmes,
à la dynamique symbolique, à la théorie des nombres,... Aussi les applications
à la biologie et à l’étude des langues naturelles sont-elles à souligner. Plusieurs
livres (ou chapitres de volumes collectifs) sont parus récemment où tel ou tel
aspect de la combinatoire des mots est mis en lumière. Citons, sans prétention
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d’être exhaustif, Berstel et Perrin [17], Allouche et Shallit [2], Pytheas-Fogg
(nom de plume du groupe de Marseille) [164], Crochemore et Rytter [32], [33],
Choffrut et Karhumäki [28], de Luca et Varricchio [42], [43] et J. Sakarovitch
[177].
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1 Introduction

Nous nous intéressons principalement :

a) à un cas spécial de régularités inévitables, la répétitivité introduite et
étudiée par Justin [63], [64], [69], [58], [59], [60], [61], [62], [65], et liée aux
résultats de Thue [185], [186], au théorème de Ramsey [165], et au théorème
de Van der Waerden [187], [188] ;

b) au théorème de Shirshov [182], à la notion de semi-groupe permutable
[170], et à d’autre conditions de finitude des semi-groupes finiment engendrés.

c) aux mots Sturmiens (dont l’étude, très ancienne, a récemment progressé
surtout par les nombreuses et intéressantes contributions de Berstel, voir,
par exemple, [12], [11], [14], [18], [19], [7], [5] et spécialement [106] et sa
bibliographie) et aux mots épisturmiens [46].

Nous finissons cette introduction avec une référence très courte à quel-
ques-unes de nos contributions récentes à la biologie théorique. Nous mention-
nons également certaines contributions à la didactique de la mathématique et
de l’informatique qui a toujours été une de nos préoccupations scientifiques.

Cette thèse n’est pas un survol (tour d’horizon) de l’état de nos recherches,
et ne contient pas une analyse détaillée des résultats déjà obtenus, mais c’est
un moment de réflexion pour mieux organiser nos recherches futures.

Parmi nos articles, nous en avons choisi environ 60 dont les résumés se
trouvent juste après cette introduction. Nous avons choisi aussi 8 travaux
dont le texte complet fait partie intégrante de cette thèse. Il s’agit de :

[154] Giuseppe Pirillo, Inequalities characterizing standard Sturmian and
episturmian words.

[91] Jacques Justin, Giuseppe Pirillo, Episturmian words : shifts, mor-
phisms and numeration systems.

[46] Xavier Droubay, Jacques Justin, Giuseppe Pirillo, Episturmian words
and some constructions of de Luca and Rauzy.

[88] Jacques Justin, Giuseppe Pirillo, Fractional powers in Sturmian words.

[142] Giuseppe Pirillo, Fibonacci numbers and words.
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[111] Filippo Mignosi, Giuseppe Pirillo, Repetitions in the Fibonacci infi-
nite word.

[135] Giuseppe Pirillo, Sur les produits directs de semi-groupes répétitifs.

[92] Jacques Justin, Giuseppe Pirillo, Stefano Varricchio, Unavoidable re-
gularities and finiteness conditions for semigroups.

Définitions preliminaires

En utilisant la terminologie et les notations de Lothaire [107], [106],
[105], [104] et [103] (qui sont pratiquement celles du mythique poly rouge de
Schützenberger [179]) nous notons A∗ (resp.A+) le monöıde libre (resp. semi-
groupe libre) sur l’alphabet A. Notons que A est généralement fini et souvent
réduit à deux lettres. Un élément de A est une lettre et un élément de A∗ est
un mot. Nous notons |u| la longueur d’un mot u (il existe un seul mot de A∗

de longueur 0, le mot vide noté ε).
Un mot u est un facteur d’un mot v s’ils existe deux mots u′ et u′′ tels

que v = u′uu′′. Nous disons que u est un facteur gauche (ou préfixe) de v si
u′ = ε, et que u est un facteur droit (ou suffixe) de v si u′′ = ε.

Pour tout mot w ∈ A∗, de longueur n, notons w(i) la i-ème lettre de w et
notons w(i, j) = w(i) . . . w(j), (1 ≤ i, j ≤ n) le facteur de w qui commence
au rang i et se termine au rang j. Le couple (i, j) est une occurrence du
facteur u dans v.

Si u = u(1)u(2) . . . u(n− 1)u(n) est un mot alors

ũ = u(n)u(n− 1) . . . u(2)u(1)

est son image miroir. Si un mot u cöıncide avec son image miroir, il est un
palindrome.

Un mot infini à droite ou simplement mot infini sur un alphabet A est une
application de l’ensemble des entiers naturels, N , dans A. Un mot bi-infini
est une application de l’ensemble des entiers Z dans A.

Nous écrivons selon le cas

s = s(0)s(1) . . . s(i) . . .

ou

s = . . . s(−i) . . . s(−1)s(0)s(1) . . . s(1) . . .

Thèse de Doctorat ès Sciences de Giuseppe Pirillo
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où s(i) est la lettre “de rang i” dans s.

Note. Pour les mots infinis (à droite), le choix du début de la numérota-
tion dépend des auteurs et commence souvent au rang 1.

Soit s = s(0)s(1) . . . s(i) . . . un mot infini, nous notons s(i,∞) l’unique
mot infini tel que s = us(i,∞) où u est égal à s(0)s(1) . . . s(i− 1).

Si x est un mot (fini ou infini), F (x) est l’ensemble de ses facteurs.
Un mot infini s est ultimement périodique s’il existe deux entiers i0 et

p ≥ 1 tels que, pour tout i ≥ i0, s(i + p) = s(i). Le mot est périodique si
i0 = 0.

Un facteur s d’un mot infini r est spécial à droite s’il existe deux occur-
rences de s dans r qui sont suivies l’une d’une lettre et l’autre d’une autre
lettre. D’une façon analogue on définit le facteur spécial à gauche.

Soit k un entier positif et u un mot. Nous disons que u est une puissance
k-ième s’il existe un mot v non vide tel que u = vk.

Définition 1 Soit A un alphabet et soit X un sous-ensemble de A+. Nous
disons que X est un code si, pour tout

x1, . . . , xn, x′1, . . . , x
′
m ∈ X, n,m ≥ 1,

la condition
x1 · · · xn = x′1 · · · x′m

implique n = m, et, pour tout i = 1, . . . , n,
xi = x′i.

Définition 2 Un code X est préfixe (resp. suffixe) si les conditions “u, v ∈
X” et “u préfixe (resp. suffixe) de v” impliquent u = v. Un code est bi-préfixe
s’il est préfixe et suffixe.

Définition 3 Soit A un alphabet et soit X un sous-ensemble de A+. Nous
disons que X est sans ponctuation si, pour tout y ∈ X et u, v ∈ A∗ tels que
uyv = x1 · · · xn avec x1, . . . , xn ∈ X, n ≥ 1, alors u, v ∈ X∗.

Définition 4 Soit A un alphabet et soit X un sous-ensemble de A+. Nous
disons que X est circulaire si, pour tout

x1, . . . , xn, x′1, . . . , x
′
m ∈ X, n, m ≥ 1, p ∈ A∗, s ∈ A+,

Thèse de Doctorat ès Sciences de Giuseppe Pirillo
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les conditions
sx2 · · · xnp = x′1 · · · x′m

et
x1 = ps

impliquent n = m, p = ε (mot vide) et, pour tout i = 1, . . . , n,
xi = x′i.

Ordre lexicographique. Supposons que l’alphabet A soit muni d’un
ordre total <. L’ordre lexicographique sur A∗ est ainsi défini : soient u, v ∈ A∗,
nous disons que u précède v dans l’ordre lexicographique et nous écrivons
u ≤ v si ou bien u est préfixe de v ou bien il existe a, b ∈ A, a < b, et
r, s, t ∈ A∗ tels que u = ras and v = rbt.

Définition 5 Un mot infini est récurrent si et seulement si tous ses fac-
teurs ont une infinité d’occurrences en lui. Un mot infini t est uniformément
récurrent si et seulement si pour tout u ∈ F (t) il existe un entier k tel que
tout facteur de t de longueur k contient une occurrence de u.

Le mot de Fibonacci, le mot de Thue et la majorité des mots étudiés dans
cette thèse sont des mots récurrents. Souvent certaines propriétés des mots
infinis sont prouvées, explicitement ou implicitement, à l’aide des propriétés
des mots récurrents (voir, par exemple, nos preuves du Théorème de Shirshov
[141] et [80]).

Résultats classiques.

Les théorèmes de Ramsey et de van der Waerden sont des généralisations
profondes du principe des tiroirs.

Un cas particulier simple mais non trivial du théorème de Ramsey est
le suivant : étant données six personnes alors ou bien trois d’entre elles se
connaissent l’une l’autre ou bien trois ne se connaissent pas deux à deux.

La version qui nous sera utile (et qui a plusieurs variantes) est la suivante
(nous notons Pr(X) l’ensemble des parties à r éléments de l’ensemble X,
c’est-à-dire {Y |Y ⊂ X, |Y | = r}) :

Théorème 1 (Ramsey). Soient r, k, n des entiers positifs tels que k ≥ r ≥
1. Il existe un entier R(r, k, n), tel que pour tout ensemble X de cardinal
R(r, k, n) et toute partition Y1, Y2, . . . , Yn de Pr(X) en n classes, il existe un
sous-ensemble ∆ de X et une classe Yi tels que |∆| = k, Pr(∆) ⊂ Yi.

Thèse de Doctorat ès Sciences de Giuseppe Pirillo
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La démonstration de ce théorème est très clairement exposée dans l’ar-
ticle original du mathématicien anglais [165] ou, par exemple, dans [176] ou
dans [54]. En combinatoire des mots sont souvent utiles plusieurs corollaires
comme par exemple le suivant :

Corollaire 1 Soit
ϕ : A+ → F

une application de A∗ dans un ensemble fini F de cardinal n. Pour tout k
entier positif, tout mot w ∈ A∗ de longueur R(2, k +1, n) contient un facteur
w1w2 . . . wk avec, pour tout i, 1 ≤ i ≤ k, wi ∈ A+ et pour tout couple
(i, i′), (j, j′), 1 ≤ i ≤ i′ ≤ k, 1 ≤ j ≤ j′ ≤ k,

ϕ(wi . . . wi′) = ϕ(wj . . . wj′).

Le Théorème de van der Waerden est prouvé dans [187] et constitue un
important chapitre de la Ramsey theory (voir [176], [54], [116]). Il a été prouvé
en généralisant de 2 à un entier n quelconque une conjecture de Baudet (voir
[188] où van der Waerden lui-même donne des explications très intéressantes
sur le processus de découverte du théorème qui porte son nom).

Théorème 2 (van der Waerden). Toute partition de N en un nombre fini
de classes comporte une classe qui contient une progression arithmétique de
longueur arbitraire.

Une forme plus adaptée à la combinatoire des mots s’obtient en intro-
duisant la notion de cadence. On dira qu’un mot comporte une cadence
arithmétique d’ordre k s’il contient une lettre répétée k fois à des rangs
équidistants. De façon plus formelle nous pouvons poser la

Définition 6 On dit qu’un mot w ∈ A+ contient une cadence d’ordre k
s’il existe une factorisation w = w′aw1aw2a . . . awk−1aw′′ avec a ∈ A et
|wi| = |wj| (tout mot de longueur supérieure au nombre de lettres de l’alphabet
sur lequel il est écrit admet une cadence d’ordre 2 : c’est le principe des
tiroirs).

Le théorème de van der Waerden peut ainsi s’énoncer en termes de ca-
dences

Thèse de Doctorat ès Sciences de Giuseppe Pirillo
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Proposition 1 II existe un entier W (h, k) tel que pour tout alphabet A de h
lettres tout mot de longueur au moins égale à W (h, k) contient une cadence
d’ordre k.

Le théorème de Van der Waerden a joué un rôle très important dans les
premiers travaux de Justin et dans les travaux que nous avons faits ensuite
en collaboration avec lui.

Répétitivité.

Etant donnée une application ϕ : A+ → E de A+ dans un ensemble E
nous cherchons dans un mot w ∈ A+ les facteurs du type w1w2...wk tels que
ϕ(w1) = ϕ(w2) = ... = ϕ(wk). Si un tel facteur existe dans tout mot suffisam-
ment long, nous dirons que ϕ est répétitive. Rappelons, plus formellement,
les définitions suivantes :

Définition 7 Etant donnés une application ϕ : A+ → E de A+ dans un
ensemble E et un entier positif k, nous dirons qu’un mot w ∈ A+ est une
k-puissance modulo ϕ s’il existe une factorisation w = w1w2 . . . wk telle que
ϕ(w1) = ϕ(w2) = ... = ϕ(wk). Une k-puissance modulo ϕ est dite uniforme
si de plus on a |w1| = |w2| = . . . = |wk|. Les mots w1, w2, . . . , wk seront dits
composants de la k-puissance modulo ϕ. Nous dirons qu’un mot w contient
un k-puissance modulo ϕ s’il a un facteur qui est une k-puissance modulo ϕ.

Définition 8 Une application ϕ : A+ → E de A+ dans E est répétitive
(resp. uniformément répétitive) si pour tout entier positif k il existe un entier
positif l, tel que tout mot w ∈ A+ de longueur l contient une k-puissance
modulo ϕ (resp. une k-puissance modulo ϕ uniforme).

Définition 9 Un semi-groupe S est dit répétitif (resp. uniformément répéti-
tif) si pour tout alphabet fini A, tout morphisme ϕ : A+ → S est répétitif
(resp. uniformément répétitif).

Le résultat suivant, prouvé à l’aide du Théorème de van der Waerden, est
dû à Justin (voir [64]).
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Proposition 2 Le semi-groupe libre A+ est répétitif si et seulement si |A| =
1.

Comme, à cause de la construction de Thue d’un mot infini sur un al-
phabet à deux lettres qui est sans cube (voir [185] et [186] et voir aussi
après pour des définitions formelles) les semi-groupes libres ne sont pas en
général répétitifs, l’étude de ces semi-groupes tient une place importante en
combinatoire des mots.

Plusieurs des résultats de Justin (par exemple la répétitivité de tout
produit direct du (semi)-groupe des entiers par un semi-groupe fini, et la
caractérisation des semi-groupes répétitifs commutatifs) sont des générali-
sations du théorème de Van der Waerden.

Un résultat de Justin a particulièrement attiré notre attention : un pro-
fond théorème portant sur les semi-groupes à générations bornées. En uti-
lisant une propriété de factorisation des mots canoniquement associés aux
éléments de ces semi-groupes, nous avons présenté dans [125] une preuve
plus simple que l’originale.

Plusieurs variantes de la propriété de répétitivité ont été examinées dans
[73]. Dans [72] nous avons considéré une partition en un nombre fini de classes
de la suite t de Thue (celle qui est écrite sur un alphabet à deux lettres et qui
est sans cube, voir après) et nous avons prouvé que la suite t ne contient pas
trois facteurs de même longueur, consécutifs et dans la même classe. Dans
[135] nous avons prouvé le résultat suivant :

Proposition 3 Si S et T sont deux semi-goupes finiment engendrés dont le
produit direct est répétitif alors ou bien S est fini ou bien T est fini.

Dans [126] (ou [125]) il est prouvé que tout semi-groupe fini est uni-
formément répétitif et dans [92] il est prouvé que l’uniforme répétitivité est
une condition de finitude pour les semi-groupes finiment engendrés. D’autres
résultats sur les semi-groupes répétitifs sont dans [83] et dans [162].

Deux mots infinis remarquables.

En ce qui concerne le mot de Thue, nous nous limitons pratiquement dans
ce paragraphe à la définition. Une présentation détaillée se trouve dans [10]
et dans [103] où il y a aussi des remarques historiques très intéressantes.
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Mots de Thue. Soit µ l’application
µ : A+ → E

définie par
µ(a) = ab µ(b) = ba.

Comme l’image soit de a soit de b n’est pas vide, et comme a (resp. b) est
préfixe de µ(a) = ab (resp.µ(b) = ba) en itérant µ à partir de a (resp. b) on
obtiens les mots infinis

t = abbabaab...

t′ = baababba...

Dans la littérature le mot t est appelle mot de Thue (et aussi de Thue-
Morse). Le mot t est sans cube, c’est-à-dire sans facteurs de la forme uuu.
En utilisant le mot t on peut construire un mot sur un alphabet de 3 lettres
qui est sans carré, c’est-à-dire sans facteurs de la forme uu. Ce mot, disons
t′′, s’obtient plus précisement en utilisant le codage 0 = abb, 1 = ab et 2 = a
et en regroupant les facteurs de t de façon conséquente :

t = (abb)(ab)(a)(abb)(a)(ab)(abb)(ab) . . .

t = 012021012102 . . ..

Mot de Fibonacci. En raison de sa facilité de construction et de “l’évo-
lution rapide de ses préfixes” le mot de Fibonacci est une source d’idées pour
des résultats valables pour la classe plus générale des mots Sturmiens.

Evidemment, toutes les propriétés du mot de Fibonacci ne se prêtent pas
aussi bien à une généralisation.

Nous donnons ici quelques exemples de généralisations qui ont abouti à
un résultat que nous avons effectivement pu prouver.

Définition et propriétés élementaires du mot de Fibonacci. Soit
(voir [97] et, par exemple, [7] ; voir aussi [115]) ϕ : {a, b}∗ → {a, b}∗ un
morphisme ainsi défini sur {a, b} :

ϕ(a) = ab, ϕ(b) = a.

Définissons le n–ème mot fini de Fibonacci fn de la façon suivante : f0 = b
et, pour tout n ≥ 0,
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fn+1 = ϕ(fn).
En particulier, nous avons : f1 = a, f2 = ab, f3 = aba, f4 = abaab,

f5 = abaababa, f6 = abaababaabaab, f7 = abaababaabaababaababa . . .. Il est
clair que, pour tout n ≥ 2, fn est le produit (concaténation) fn−1fn−2 de
fn−1 et fn−2. Aussi, pour tout n ≥ 0, |fn| est le n-ième élément Fn de la suite
de nombres de Fibonacci F0 = 1, F1 = 1, F2 = 2, F3 = 3, F4 = 5, F5 = 8,
F6 = 13, F7 = 21 . . . Notons que, pour tout n ≥ 1, fn est un préfixe de fn+1.

Il existe un unique mot infini, le mot infini de Fibonacci f , tel que, pour
tout n ≥ 1, fn est un préfixe de f (voir [7]) et nous avons

f = abaababaabaababaababaabaababaabaababaababa . . ..

Afin de souligner l’importance du mot de Fibonacci nous rappelons que
Dominique Perrin présente ce mot déjà dans le chapitre 1 (Words) du livre
de Lothaire [115] (en fait le mot de Fibonacci montre que le célèbre résultat
[49] de Fine et Wilf est optimal).

Pour tout n ≥ 2, notons gn le produit fn−2fn−1 et notons hn le plus long
préfixe commun de fn et gn. En particulier, nous avons : g2 = ba, g3 = aab,
g4 = ababa, g5 = abaabaab, . . .and h2 = 1, h3 = a, h4 = aba, h5 = abaaba
. . .. Notons aussi que bb, aaa /∈ F (f).

Rappelons ici certains lemmes qui nous ont été très utiles dans notre
travail. Le premier appartient au folklore et est très facile à prouver. Le
point i) est la “propriété de quasi-commutativité” que Knuth Morris et Pratt
ont utilisée dans [99].

Lemme 1 Pour tout n ≥ 2,
i) fn = hnxy et gn = hnyx, où x, y ∈ {a, b}, x (= y, et si n est pair alors

xy = ab, et si n est impair alors xy = ba ;
ii) |hn| = Fn − 2 ;
iii) hn est un facteur spécial ;
iv) hn+3 = hn+1xyhnyxhn+1, où x, y ∈ {a, b}, x (= y ;
v) hn est un palindrome ;
vi) hn+2 = fnhn+1 = hn+1f̃n = hnf̃n+1 = fn+1hn ;
vii) pour tout entier m ≥ 0, hn est préfixe et suffixe de hn+m.
viii) si v ∈ F (f) alors ṽ ∈ F (f).

Les lemmes suivants appartiennent aussi au folklore (pour tout k ≥ 1,
notons s[k] l’image miroir du préfixe de f ayant longueur k).
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Lemme 2 Pour tout k ≥ 1 :
i) l’unique facteur spécial de f de longueur k est s[k] ;
ii) f a exactement k + 1 facteurs de longueur k.

Lemme 3 Si u, v ∈ F (f) et |u| = |v| alors ||u|a − |v|a| ≤ 1.

Lemme 4 Le mot infini de Fibonacci est uniformément récurrent et non
ultimement périodique.

Lemme 5 Soit v un préfixe de f . Les conditions suivantes sont équivalentes :
i) v est un palindrome ; ii) v = hn pour quelque n ≥ 3.

Les Lemmes 1-5 avec les Lemmes 6-7 que nous rappelons ci-dessous ont été
très utiles pour l’étude des puissances fractionnaires dans le mot de Fibonacci
([142], voir paragraphe suivant).

Soient u, v, w, z, z′ ∈ F (f), v (= ε. Nous disons que (u, v, w) est un che-
vauchement non vide de z et z′ si uv = z, vw = z′ and uvw ∈ F (f).

Lemme 6 Soit n ≥ 3. Alors
i) (fn−1, fn−2, gn−1) est l’unique chevauchement non vide de fn et fn ;
ii) (fn−1, fn−2, fn−1) est l’unique chevauchement non vide de fn et gn ;
iii) (fn−2, fn−1, fn−2) est l’unique chevauchement non vide de gn et fn ;
iv) il n’y a pas de chevauchement non vides de gn et gn.

Lemme 7 Soit n ≥ 5. Il y a exactement deux chevauchements non vides de
hn et hn, précisément

(fn−1, hn−2, f̃n−1)
et

(fn−2, hn−1, f̃n−2).

Puissances fractionnaires.

A tout mot (fini) non vide w, est naturellement associé un mot infini
périodique pw, ainsi défini : pw(1, |w|) = w et, pour tout i ≥ 1, pw(i + |w|) =
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pw(i). Nous disons qu’un mot u est une puissance fractionnaire du mot (fini !)
w si u est un préfixe de pw. Nous disons que w est la base et k = |u|/|w|
l’exposant de la puissance fractionnaire et nous écrivons u = wk. En général
k est un nombre rationnel, mais si k est un nombre entier nous avons la
notion habituelle de puissance d’un mot (voir définitions préliminaires). Nous
considérons seulement les puissances d’exposant supérieur ou égal à 1.

Soit t un mot infini, u ∈ F (t), r un rationnel et ur ∈ F (t). Nous disons
que la puissance fractionnaire ur est maximale si pour tout mot v tel que
|u| = |v| et pour tout rationnel s, si ur est un facteur de vs et vs ∈ F (t),
alors u = v and r = s. Nous disons qu’une occurrence (i0, j0) de ur dans t
est maximale si pour tout v ∈ F (t) tel que |u| = |v| et pour tous i1, j1 tels
que i1 ≤ i0 ≤ j0 ≤ j1, si (i1, j1) est une occurrence d’une puissance de v dans
f alors u = v, i0 = i1 et j0 = j1. Notons qu’une puissance peut avoir une
occurrence maximale bien qu’elle ne soit pas maximale. Par exemple, dans
le mot infini de Fibonacci f les facteurs a, (ab)3/2, (aba)2, et (abaab)11/5 ne
sont pas puissances maximales mais ils ont des occurrences maximales dans
f .

A l’aide des Lemmes 1-7 dejà rapelés, nous avons caractérisé les bases des
puissances fractionnaires maximales ayant s comme exposant dans les cinq
cas suivants :

(2 + Φ)/2 < s < 2, s = 2, 2 < s < 3, s = 3, 3 < s.

Ces résultats nous ont permis de prouver la Proposition 4 suivante (Pro-
position 9 de [142]) laquelle, par la Proposition 5 (Proposition 10 dans [142])
est optimale.

Proposition 4 Soit r un nombre rationnel plus grand que (2 + Φ)/2 et u ∈
F (f). Si ur ∈ F (f), alors il existe n ≥ 1 tel que u est un conjugué de fn et,
de plus, toute occurrence de ur est contenue dans une occurrence maximale
de (fn)s pour quelque s ∈ [2, 2 + Φ[.

Proposition 5 Pour tout ε > 0 il existe un nombre rationnel t ∈ [(2 +
Φ)/2− ε, (2+Φ)/2[ et un mot w, tel que wt a une occurrence maximale dans
f et |w| (= Fn pour tout n ≥ 3.

Cette étude nous a permis d’améliorer les résultats suivants qui sont dus à
Karhumäki ([95], Proposition 6) et à Séébold ([180], Proposition 7). Signalons
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aussi les Propositions 8 et 9 que nous avons obtenues en collaboration avec
Mignosi [111].

Proposition 6 Pour tout u ∈ F (f) non vide on a u4 /∈ F (f).

Proposition 7 Pour tout u ∈ F (f) non vide, si u2 ∈ F (f) alors il existe
n ≥ 1 tel que u est un conjugué de fn.

Proposition 8 Le mot de Fibonacci ne contient pas en préfixe de puissance
fractionnaire d’exposant supérieur à 1 + (1 + Φ)/2. Plus précisement, si vvu
est une puissance fractionnaire et aussi un préfixe de f alors v = fn pour
quelque n et |vvu| ≤ Fn + Fn + Fn−1 − 2.

Proposition 9 Le mot de Fibonacci ne contient pas de puissances fraction-
naires d’exposant supérieur à 2 + (1 + Φ)/2 et, pour tout ε > 0 il contient
une puissance fractionnaire d’exposant supérieur à 2 + (1 + Φ)/2− ε.

Cette étude sur les puissances fractionnaires du mot de Fibonacci a été
aussi utile pour la recherche analogue concernant les mots Sturmiens.

Certaines factorisations du mot de Fibonacci ont non seulement un intérêt
en elles-même mais aussi suggèrent, comme on le verra, des généralisations.
Notons les propositions suivantes

Proposition 10 Soit
f = u0u1 . . . ui . . .

la factorisation de f tel que |ui| = F2i+1. Alors {ui | i ≥ 0} est un code
préfixe.

Proposition 11 Soit
f = v0v1 . . . vi . . .

la factorisation de f tel que |vi| = F2(i+1). Alors {vi | i ≥ 0} est un code
préfixe.
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Proposition 12 Soit n ≥ 4. Soit f = w0w1 . . . wi . . . la factorisation de f
telle que |w0| = Fn + Fn−2 − 1 et, pour tout i ≥ 1, |wi| = Fn+2(i−2)−1 +
2Fn+2(i−1). Alors {wi | i ≥ 0} est un code bi-préfixe et wi (= wj pour tout
entier positif i (= j.

Avant de terminer ce paragraphe rappelons les trois propriétés suivantes
du mot de Fibonacci qui ont été très utiles pour l’étude des mots Sturmiens :

1) Rappelons que hn est le plus long préfixe commun de fn et de gn.
A partir de la propriété de quasi-commutativité (point i) du Lemme 1) on
conclut immédiatement que, pour tout n ≥ 2, hnab est conjugué de hnba (en
formule hnab ∼ hnba). Par exemple, abaab ∼ ababa, . . . . Nous verrons dans
le paragraphe concernant les mots Sturmiens que les préfixes palindromiques
w des mots Sturmiens standard sont caractérisés par la relations wab ∼ wba.

2) Il est clair que la première occurrence du palindrome a est en position
centrale dans le préfixe palindromique a de f ! On vérifie simplement que la
première occurrence du palindrome b est en position centrale dans le préfixe
palindromique h4 = aba de f . De même la première occurrence de aa est
centrale dans h5 = abaaba. Cette simple remarque conduit à la définition
d’une propriété qui est à l’origine de l’étude des mots épisturmiens [46].

3) Il est encore simple de vérifier que aa, aab, aaba sont respectivement
le mot le plus petit dans l’ordre lexicographique parmi les facteurs de f de
longueur 2, 3, 4 ... Cette remarque est à l’origine des résultats de [90], [154],
[52] sur les mots Sturmiens et épisturmiens.

Théorème de Shirshov et permutabilité

Théorème de Shirshov. Soit A un alphabet muni d’un ordre total <
et soit, encore noté <, l’ordre lexicographique induit sur A∗ par l’ordre <
sur l’alphabet A. Soit n un entier supérieur ou égal à 2 et u un mot de
A∗. Nous disons que u est n-divisé s’il existe n mots non vides u1, u2, . . . un

tels que u = u1u2 . . . un et que pour toute permutation non triviale p de
{1, 2, . . . , n} le mot up(1)up(2) . . . up(n) précède le mot u dans l’ordre lexicogra-
phique. Rappelons enfin qu’une puissance k-ième est un mot non vide de la
forme u = vk. Shirshov a prouvé le théorème suivant (voir [182] et aussi, par
exemple, Lothaire [103]).
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Théorème 3 (Shirshov). Soient k et n des entiers positifs. Tout mot suffi-
samment long sur un alphabet fini contient un facteur qui est soit une puis-
sance k-ième soit n-divisé.

Soient A un alphabet, < un ordre total sur A et s un mot infini sur
A. Nous disons que s est ultimement ω-divisé pour l’ordre < s’il existe une
ω-factorisation

u0u1u2 . . . un . . .

de s telle que pour tous les entiers h ≥ 0, k ≥ 2 et pour toute permutation
non triviale p de {1, 2, . . . , k} le mot

uh+p(1)uh+p(2) . . . uh+p(k)

précède strictement dans l’ordre < le mot

uh+1uh+2 . . . uh+k.

Nous disons que s est ω-divisé si u0 = ε

Par exemple les factorisations

f = u0u1 . . . ui . . .
= (a)(baa)(babaabaa)(babaababaabaababaabaa) . . .

et

f = v0v1 . . . vi . . .
= (ab)(aabab)(aabaababaabab)(aabaababaabaababaababaabaababaaaba) . . .

déjà vues sont des ω-divisions respectivement pour les ordres b < a et a < b.

En utilisant une méthode similaire à celle de Reutenauer [173], Varricchio
[192] a prouvé le résultat suivant :

Proposition 13 (Varricchio). Soient A un alphabet fini, < un ordre total
sur A et s un mot infini sur A. Alors il existe un mot infini t sur A tel
que les facteurs de t sont facteurs de s et tel que t est soit périodique, soit
ω-divisé pour l’ordre <.
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En introduisant une notion bilatère de ω-division nous avons prouvé avec
Justin, voir [80], la proposition suivante

Proposition 14 Soient A un alphabet fini, < un ordre total sur A et s un
mot infini sur A. Alors il existe un mot bi-infini t sur A dont les facteurs
sont facteurs de s et tel que t est soit périodique, soit ω-divisé pour l’ordre
<.

Nous avons prouvé aussi, voir [134], la proposition suivante

Proposition 15 Soient A un alphabet fini, < un ordre total sur A. Alors
tout mot infini sur A est ou bien ultimement périodique, ou bien ω-divisé
pour l’ordre < ou bien ω-divisé pour l’ordre <−1 (i.e., l’ordre tel que a <−1 b
si et seulement si b < a).

Etant donnés un mot infini q sur un alphabet totalement ordonné A et
un entier k, nous notons m(q, k) le plus petit élément pour l’ordre lexicogra-
phique parmi les facteurs de q de longueur k.

Définition 10 Nous disons qu’un rang i d’un mot infini q est minimal si,
pour tout k ≥ 1, m(q, k) existe et q(i, i + k − 1) = m(q, k).

Un mot non ultimement périodique a au plus un rang minimal. Cette
simple notion nous a conduits à prouver, voir [141], la proposition suivante

Proposition 16 Soit A un alphabet totalement ordonné, A∗ lexicographi-
quement ordonné, soit q un mot récurrent non ultimement périodique et, s’il
existe, soit m son unique rang minimal. Alors

pour tout i, i (= m, le mot infini q(i,∞) est ω-divisé

pour i = m, le mot infini q(i,∞) n’est pas ω-divisé.

A l’aide de ce théorème nous avons donné une preuve très simple du
théorème de Shirshov (voir [182]).
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Définition de semi-groupe permutable. Soit S un semi-groupe. Etant
donnés x1, x2, . . . xn ∈ S nous disons que le produit x = x1x2 . . . xn est per-
mutable (resp. faiblement permutable) s’il existe une permutation non triviale
σ de {1, 2, . . . , n} telle que

x1x2 . . . xn = xσ(1), xσ(2), . . . xσ(n)

(resp. s’il existe deux permutations σ et τ de {1, 2, . . . , n}, σ (= τ , telles que

xσ(1), xσ(2), . . . xσ(n) = xτ(1), xτ(2), . . . xτ(n)).

Nous disons que S est n-permutable ou a la propriété Pn (resp. faiblement
n-permutable ou a la propriété P ∗

n) si tout produit de n éléments de S est
permutable (resp. faiblement permutable).

Nous disons que S est permutable ou a la propriété P (resp. faiblement
permutable ou a la propriété P ∗) s’il existe n ≥ 2 tel que S est n-permutable
(resp. faiblement n-permutable).

La notion de semi-groupe permutable a été introduite par Restivo et
Reutenauer dans un célèbre papier [170] où ils ont prouvé la proposition
suivante :

Proposition 17 (Restivo et Reutenauer). Soit S un semi-groupe finement
engendré. Les conditions suivantes sont équivalentes :

1) S est fini ;
2) S est périodique et permutable.

Après ce résultat plusieurs variantes de la notion de permutabilité ont été
étudiées. Avec Justin dans [80] nous avons introduit la notion de two-sided
ω-permutable semi-groupe et nous avons prouvé que

Proposition 18 Un semi-groupe S finement engendré et périodique est two-
sided ω-permutable si et seulement s’il est fini.

Dans [127] nous avons prouvé l’existence d’un semi-groupe faiblement per-
mutable et non permutable et dans [128] nous avons prouvé l’existence d’un
semi-groupe finiment engendré faiblement permutable et non permutable.

Nous nous sommes intéressés aussi aux valeurs optimales de l’indice de
faible permutabilité pour certains semi-groupes.
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Quotient de Rees. Le complément dans A+ de l’ensemble des facteurs
d’un mot infini s, i.e., I(s) = A+ − F (s) est un idéal de A+. Le quotient de
Rees S = A+/I(s) est défini par la congruence

x ∼ x′ si et seulement si x, x′ ∈ I(s) ou x = x′.

Nous avons obtenu les résultats suivants

Proposition 19 Le semi-groupe de Thue A+/I(t), où t est le mot de Thue
est un semi-groupe infini, finiment engendré, périodique et a la propriété P ∗

4 .

Proposition 20 Le semi-groupe de Fibonacci A+/I(f), où f est le mot de
Fibonacci est un semi-groupe infini, finiment engendré, périodique et a la
propriété P ∗

4 .

Proposition 21 Le quotient de Rees A+/I(s), où s est un mot Sturmien est
un semi-groupe infini, finiment engendré, périodique et a la propriété P ∗

4 .

Dans [78] nous avons considéré le mot infini

m = aabaababbaabaababb . . .

obtenu en itérant le morphisme ϕ : A+ → A+, ϕ(a) = aab, ϕ(b) = abb, à
partir de a et nous avons prouvé que

Proposition 22 Le quotient de Rees A+/I(m) (où m est le mot que nous
venons de définir) est un semi-groupe infini, finiment engendré, périodique
et a la propriété P ∗

3 .

Ce résultat prouve que pour tout n ≥ 3 la périodicité d’un semi-groupe
finiment engendré ayant la propriété P ∗

n n’entraine pas sa finitude. En plus,
comme un semi-groupe ayant la propriété P ∗

2 = P2 est abélien et comme un
semi-groupe abélien, périodique et finiment engendré est fini, le résultat de
la dernière Proposition ne peut pas être amélioré.

Dans [76] nous avons considéré le mot infini
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m′ = x1x2y1x2x1y2x1y1y2x2x1y2x1x2y1x2y2y1 . . .

obtenu en itérant le morphisme ϕ : A+ → A+, ϕ(x1) = x1x2y1, ϕ(x2) =
x2x1y2, ϕ(y1) = x1y1y2, ϕ(y2) = x2y2y1, à partir de x1 et nous avons prouvé
que

Proposition 23 Le quotient de Rees A+/I(m′), est un semi-groupe infini,
finiment engendré, périodique, a la propriété P ∗

3 et tous ses éléments sont
d’ordre au plus 2.

Nous avons aussi remarqué qu’il n’est pas possible de faire une construc-
tion analogue avec un alphabet de trois lettres. Thue a en effet montré que
tout mot sans carré sur trois lettres de longueur supérieure à 30 contient en
facteurs les six permutations de ces trois lettres (voir [185] [186] et aussi [57]).

Les propriétés P et P ∗, qui sont conservées par passage au sous-semi-
groupe et à l’image homomorphe et sont conservées aussi par d’autre con-
structions voir [75] [79], nous ont conduits à considérer un renforcement na-
turel, l’intracommutativité (et, aussi, la faible intracommutativité).

Dans la définition suivante S est un semi-groupe et S1, comme d’habitude,
est S avec une identité ajoutée, si nécessaire. Une n-factorisation est une
(n+2)-tuple (u, x1, x2, . . . , xn, v) avec u, v ∈ S1, xi ∈ S, 1 ≤ i ≤ n.

La k-factorisation (u′, y1, y2, . . . , yk, v′) est dite une k-factorisation d’une
n-factorisation (u, x1, x2, . . . , xn, v) s’il existe k + 1 entiers i0 < i1 < . . . ik
dans [0,n] tels que

u′ = ux1 . . . xi0

yj+1 = xij+1 . . . xij+1 (0 ≤ j ≤ k − 1)

v′ = xik+1 . . . xnv

avec les conventions que u′ = u si i0 = 0 et v′ = v si ik = n.

Définition 11 Un n-tuple d’éléments d’un semi-groupe est k-intracommu-
tatif s’il admet une k-factorisation, notée (u, y1, y2, . . . , yk, v), telle que pour
tout σ ∈ Σk, nous avons

uy1y2 . . . ykv = uyσ(1)yσ(2) . . . yσ(k)v
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Un n-tuple d’éléments d’un semi-groupe est faiblement k-intracommutatif
s’il existe τ ∈ Σn, telle que

xτ(1)xτ(2) . . . xτ(n)

est k-intracommutatif.

Définition 12 Un semi-groupe S est k-intracommutatif (resp. faiblement k-
intracommutatif) ou a la propriété Q (resp.Q∗) si pour tout entier positif
k il existe un entier positif n tel que tout n-tuple d’éléments de S est k-
intracommutatif (resp. faiblement k-intracommutatif).

Dans [81], nous prouvons certains résultats sur les semi-groupes (parfois
à l’aide d’une variante du théorème de Ramsey) et aussi le résultat suivant
de la théorie des groupes :

Proposition 24 Etant donné un groupe G, les conditions suivantes sont
équivalentes :

(i) G est abélien-par-fini ;
(ii) G a la propriété Q, (intracommutativité) ;
(iii) il existe un entier n tel que tout n-tuple d’éléments de G est 2-

intracommutatif.

Le papier [71] est dédié a l’étude de plusieurs quotients de Rees du semi-
groupe libre. Ils ont été étudiés en relation avec les propriétés suivantes :
répétitivité, croissance linéaire, permutabilité, faible permutabilité, intra-
commutativité, faible intracommutativité et d’autre variantes concernant des
suites infinies d’éléments.

Blyth dans [24] (et déjà dans sa thèse de doctorat, voir aussi [25]) a prouvé
que pour un groupe les propriétés P et P ∗ sont équivalentes.

Nous avons résolu avec Piochi voir [118] une conjecture posée par Cur-
zio. Ce résultat découle aisément d’un théorème plus général de théorie des
groupes prouvé aussi dans [118]. Le même problème pour les semi-groupes
est beaucoup plus difficile.

Thèse de Doctorat ès Sciences de Giuseppe Pirillo

19



CONTRIBUTION A LA COMBINATOIRE DES MOTS

Mots Sturmiens

Les mots Sturmiens, définis ainsi dans [113] et dans [114], interviennent
dans de nombreuses théories (dynamique symbolique, fractions continues en
mathématiques et quasi-cristaux en physique, ...) où ils jouent un rôle très im-
portant. Le mot de Fibonacci est l’exemple le plus remarquable. Il possèdent
plusieurs définitions équivalentes (prouvées telles pour la plupart dans [113]
et dans [114]).

Trois de leurs définitions sont les suivantes : les mots Sturmiens sont tous
les mots sur {0, 1} non ultimement périodiques (synonyme : “apériodiques”),
qui ont exactement n + 1 facteurs de longueur n, pour tout n ; les mots
Sturmiens sont aussi les mots sur {0, 1} non ultimement périodiques, qui ont
dans deux facteurs de même longueur des nombres de 1 qui diffèrent au plus
de 1 et, finalement

Définition 13 Un mot infini s = s(1)s(2)s(3) · · · , s(i) ∈ {a, b}, est Stur-
mien s’il existe deux nombres réels α, ρ ∈ [0, 1], tels que, pour tout i ≥ 1,

s(i) = a si *ρ + (n + 1)α+ = *ρ + nα+, s(i) = b sinon

ou pour tout i

s(i) = a si ,ρ + (n + 1)α- = ,ρ + nα-, s(i) = b sinon.

Le mot infini s est Sturmien propre si α est irrationnel, est Sturmien
périodique si α est rationnel et est Sturmien standard si ρ = 0.

On utilise aussi la définition géométrique suivante : on considère dans
le plan euclidien, la grille formée par les droites x = h, h entier, y = k, k
entier, on considère aussi une demi-droite de la forme y = αx, α, irrationnel
et positif ; à l’irrationnel α on associe le mot sα sur l’alphabet {0, 1} qui a
pour n-ième lettre un 1 si la n-ième intersection de la demi-droite avec la
grille (dans le sens des x croissants) est une droite horizontale, et qui a pour
n-ième lettre un 0 si la n-ième intersection de la demi-droite avec la grille
est une droite verticale. Dans le cas où deux intersections, la n-ième et la
(n + 1)-ième, cöıncident (c’est à dire que la demi-droite a rencontré un point
de coordonnées entières) alors on peut choisir de fixer comme valeur 1 à la
n-ième lettre et 0 à la (n+1)-ième ou 0 à la n-ième lettre et 1 à la (n+1)-ième.
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Récemment plusieurs papiers étudient les relations entre compression de
données et mots Sturmiens (voir par exemple ceux de Mantaci, Restivo et
Sciortino [108] et de Crochemore, Désarménien et Perrin [31]).

Remarquons que dans la plupart des articles le mot “Sturmien” est réservé
au cas α irrationnel, mais dans cette thèse “Sturmien” signifie ou bien
“propre” ou bien “périodique”. Remarquons aussi que dans les articles pion-
niers, [113] et [114], tous les mots équilibrés (pour la définition, que nous
rappelons ci-dessous, voir aussi [21]) sur un alphabet de deux lettres sont
appelés “Sturmian” et appartiennent à trois classes : celle que nous appelons
propres, celle que nous appelons périodiques et les non-récurrents qui sont
ultimement périodiques (mais non périodiques) appelés “skew Sturmian”.

Les mots Sturmiens standard ont une curieuse propriété découverte par
Rauzy. Si dans un tel mot on supprime toutes les occurrences de chaque
lettre sauf celles de rang multiple d’un entier p donné, alors on retrouve le
mot infini initial. On a étudié cette propriété et plusieurs généralisations
dans [86]. Dans la dernière partie de ce même papier nous avons donné une
présentation autocontenue de la théorie des mots Sturmiens qui n’utilise que
des arguments combinatoires. Un très court résumé de cette partie de [86]
est présenté ici. On reconnait facilement que plusieurs résultats sont des
généralisations des lemmes donnés dans les paragraphes dédiés au mot de
Fibonacci.

Définition 14 Un mot fini ou infini s est équilibré si pour tout u, v ∈ F (s),
|u| = |v| implique ||u|a − |v|a| ≤ 1.

Si y ∈ A, nous notons par y l’autre lettre de A. Pour tout mot infini s,
nous notons Fn(s) l’ensemble An ∩ F (s) de tous ses facteurs de longueur n.

Proposition 25 Soit s un mot infini, alors
i) si pour quelque m ∈ N+, |Fm(s)| ≤ m, alors s est ultimement périodique

avec période p ≤ m, et, pour tout n ≥ m, |Fn(s)| ≤ m ;
ii) si s est périodique avec période p alors |Fn(s)| > n pour n < p et

|Fn(s)| = p pour n ≥ p.

Proposition 26 Si le mot infini s est équilibré, alors, pour tout n ∈ N+,
|Fn(s)| ≤ n + 1.
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Proposition 27 Pour un mot infini s les conditions suivantes sont équiva-
lentes :

i) s a exactement un facteur spécial de longueur n, pour tout n ∈ N+ ;
ii) |Fn(s)| = n + 1, pour tout n ∈ N+ ;
iii) s est équilibré et non ultimement périodique.

Notons qu’un mot Sturmien propre s pourrait être défini comme un mot
qui satisfait une des conditions (équivalentes) de la Proposition 27 et que
toutes ces définitions sont équivalentes.

Proposition 28 Si s est Sturmien propre, alors u ∈ F (s) implique ũ ∈
F (s).

Proposition 29 Si s est Sturmien propre, alors il est uniformément récur-
rent.

Proposition 30 Si les mots infinis s et t sont uniformément récurrents
(Sturmiens propres, par exemple), alors ou bien F (s) = F (t) ou bien F (s)∩
F (t) est fini.

Proposition 31 Etant donné un mot Sturmien propre s, soit u un mot tel
que u /∈ F (s) et F (u) \ {u} ⊂ F (s). Alors il existe un facteur v de s tel que
|u| = |v| et ||u|a − |v|a| > 1.

Définition 15 Un mot Sturmien propre s est standard si tout préfixe de s
est l’image miroir d’un facteur spécial à droite.

Proposition 32 Etant donné un mot Sturmien propre il y a exactement un
mot Sturmien standard propre ayant les mêmes facteurs.

Proposition 33 Soit s un mot infini non ultimement périodique. Les condi-
tions suivantes sont équivalentes :

i) s est un mot Sturmien standard propre ;
ii) il y a une suite (mi)i∈N d’entiers positifs telle que, posant X0 = a,

Y0 = b et, pour tout i ∈ N , Xi+1 = Xmi−1
i Yi, Yi+1 = Xmi

i Yi, nous avons
s = X1X2X3 · · ·.
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Puissances fractionnaires.

Nous nous limitons dans ce paragraphe à un très court résumé de [88].
Soit α un irrationnel dans ]0, 1[ et s le mot Sturmien standard infini de α.
Pour tout m nous calculons la longueur L(m) du facteur maximal de s qui
soit un mot périodique de période m. Soit [0; a1, a2, . . .] la fraction continue
simple de α. Nous calculons L(m) en fonction des ai. Pour une infinité des
valeurs de m l’“exposant” maximal L(m)/m est plus grand que 2 et il est
donné par une formule “simple”. Si L(m)/m est plus petit que 2 les formules
sont plus compliquées.

Mots épisturmiens.

Les mots infinis épisturmiens sont une généralisation des mots Sturmiens
et incluent les suites d’Arnoux-Rauzy. Depuis leur introduction (voir [46]) nos
recherches sur les mots Sturmiens et épisturmiens sont conduites en parallèle.
Nos principaux articles sur ce sujet sont en annexe. Ceci nous permet de
nous limiter aux énoncés des résultats autour desquels nous avons rédigé les
articles.

Nous avons déjà vu que les préfixes palindromiques hn du mot de Fibo-
nacci ont la propriété hnab ∼ hnba, i.e., que hnab et hnba sont conjugués.

Pour les mots Sturmiens, nous avons ([150]) la proposition suivante :

Proposition 34 Pour un mot w quelconque, les conditions suivantes sont
équivalentes :

i) w est un préfixe palindromique d’un mot Sturmien standard propre ;
ii) wab ∼ wba.

Nous avons déjà vu que les premières occurrences des palindromes a, b,
aa ... sont en position centrale dans un préfixe palindromique hn du mot de
Fibonacci f . C’est à l’origine de l’étude des mots épisturmiens [46].

Soit v un mot de A∗. La fermeture palindromique à droite de v est le
plus court palindrome w en A∗ qui a v comme préfixe. Le mot w est unique.
Nous disons qu’un palindrome u est un facteur central du palindrome v si
v = wuw̃ pour quelque mot w de A∗.

Définition 16 Un mot infini s sur un alphabet A est épisturmien si F (s)
est fermé par passage au miroir et s a au plus un facteur spécial à droite de
longueur n pour tout n.
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Proposition 35 Un mot infini épisturmien est standard si tous ses facteurs
spéciaux à gauche sont aussi préfixes.

Dans [46] nous avons prouvé la proposition suivante

Proposition 36 Soit s un mot infini sur un alphabet A. Les conditions sui-
vantes sont équivalentes :

i) s est épisturmian standard ;
ii) si v est un préfixe de s alors sa fermeture palindromique à droite l’est

aussi ;
iii) chaque première occurrence en s d’un palindrome est centrale dans

un préfixe palindromique de s.

Pour d’autres résultats sur les mots épisturmiens, nous renvoyons aux
articles annexés [91] et [46].

Finalement nous rappellons le résultat suivant de [154]

Proposition 37 Soit s un mot infini sur {a, b}. Les conditions suivantes
sont équivalentes :

i) s est un mot Sturmien standard propre ou un mot Sturmien périodique ;
ii) as ≤ min(s) ≤ max(s) ≤ bs.

Pour les mots épisturmiens voir [52].

Quelques résultats sur les codes

Nous nous limitons à signaler brièvement ici les articles [87], [139] et [160].
Ce dernière article contient une nouvelle classification des codes circulaires
finis.

Biologie théorique

Le code circulaire maximal découvert par Arquès et Michel ([4])

{AAC, AAT, ACC, ATC, ATT, CAG, CTC, CTG, GAA, GAC,
GAG,GAT, GCC, GGC, GGT,GTA, GTC, GTT, TAC, TTC}
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est un exemple très intéressant d’instrument d’informatique théorique pour
l’étude de certains problèmes biologiques.

Nous avons introduit dans [151] une sorte de configuration à éviter, c’est
la notion de collier (necklace, en anglais). Nous avons utilisé cette notion
pour l’étude des codes circulaires auto-complémentaires (nous prouvons que
parmi eux exactement 528 sont maximaux) dans [161] et pour l’étude des
codes sans ponctuation dans [109].

Didactique de la mathématique et de l’informatique.

La didactique des sciences a été depuis longtemps une des nos préoccupa-
tions professionnelles (voir, par exemple, [124], [138] et [155] dans la biblio-
graphie générale).
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RESUMES DES ARTICLES

Ces résumés ne sont pas nécessairement ceux figurant éventuellement dans
les articles.

Sous presse

[160] Giuseppe Pirillo. A hierarchy for circular codes. Fibonacci, Turku,
2006. sous presse

Résumé : Dans cet article, nous présentons une nouvelle caractérisation
des codes circulaires.

[52] Amy Glen, Jacques Justin et Giuseppe Pirillo. Characterizations of
finite and infinite episturmian words via lexicographic orderings. European
Journal of Combinatorics. sous presse.

Résumé : Dans cet article, nous caractérisons par l’ordre lexicographique
tous les mots Sturmiens et épisturmiens finis, c.-à-d., tous les facteurs (fi-
nis) de tels mots infinis. En conséquence, nous obtenons une caractérisation
des mots épisturmiens infinis au sens large (mots infinis épisturmiens et
episkew). C’est-à-dire, nous caractérisons l’ensemble de tous les mots infinis
dont les facteurs sont épisturmiens (finis). De même, nous caractérisons par
l’ordre lexicographique tous les mots infinis équilibrés sur un alphabet de 2
lettres ; en d’autres termes, tous les mots infinis Sturmiens et skew.

[109] Christian Michel, Giuseppe Pirillo et Mario Pirillo. Varieties of
comma free codes. Comput. Math. Appl. Special Issue, I FIMA Conference,
sous presse.

Résumé : De nouvelles variétés des codes sans ponctuation de longueur
3 sur l’alphabet de 4 lettres sont définies et analysées. De nouvelles propriétés
avec des mots de longueur 3, 4, 5 et 6 dans les codes sans ponctuation sont
employées pour la détermination des fonctions de croissance dans les variétés
de codes étudiées.

[120] Giuseppe Pirillo. Morse and Hedlund’s skew Sturmian words revi-
sited. Annals of Combinatorics. sous presse.
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Résumé : À n’importe quel mot infini r sur A = {a, b} nous associons
deux mots infinis min(r), max(r) tels que n’importe quel préfixe de min(r)
(resp. max(r)) est lexicographiquement le plus petit (resp. grand) parmi les
facteurs de r de même longueur. Nous montrons que (min(r), max(r)) =
(as, bs) pour un certain mot infini s si et seulement si r est un mot Sturmien
propre ou un mot ultimement périodique d’une forme particulière.

2006

[156] Giuseppe Pirillo. Some algebraic remarks on circular codes. PUMA
vol. 16 (2005), N. 1-2, pp 191–123, 2006.

Résumé : Soit t un trinucléotide et C(t) son complément. Dans cet
article nous prouvons que si X est un code circulaire autocomplémentaire
alors X contient une et seulement une des trois paires (RST, C(RST )),
(STR, C(STR)), (TRS, C(TRS)), pour chaque trinucléotide RST différent
de AAA, CCC, GGG et TTT .

2005

[154] Giuseppe Pirillo. Inequalities characterizing standard Sturmian and
episturmian words. Theoret. Comput. Sci., 341(1-3) :276–292, 2005.

Voir l’article in extenso en annexe.

[161] Giuseppe Pirillo et Mario Pirillo. Growth Function of Self-comple-
mentary Circular Codes 2005 Biology Forum 98 97–110.

Résumé : Dans plusieurs articles Arquès et Michel ont étudié les codes
circulaires maximaux se composant des mots de longueur 3 (ou trinucléotides)
sur l’alphabet génétique {A,C,G, T}. Nous présentons ici de l’information
additionnelle sur ces codes. Nous étudions la fonction de croissance des codes
circulaires auto-complémentaires et nous prouvons que parmi eux exactement
528 sont maximaux.

2004

[91] Jacques Justin et Giuseppe Pirillo. Episturmian words : shifts, mor-
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phisms and numeration systems, International Journal on Foundations of
Computer Science, Vol. 15, No. 2 (2004) 329-348

Voir l’article in extenso en annexe.

2003

[90] Jacques Justin et Giuseppe Pirillo. On a characteristic property of
Arnoux-Rauzy sequences. Theor. Inform. Appl., 36(4) :385–388 (2003), 2002.

Résumé : Les mots d’Arnoux-Rauzy sont des mots infinis sur un alphabet
de k lettres qui ont exactement un facteur spécial à gauche et un facteur
spécial à droite pour chaque longueur et sont des généralisations des mots
Sturmiens. Ici nous donnons une caractérisation des mots d’Arnoux-Rauzy
à l’aide des ordres lexicographiques sur leur alphabet.

[151] Giuseppe Pirillo. A characterization for a set of trinucleotides to
be a circular code. pages 241–244, 2002. in : Determinism, Holism, and
Complexity (Edited by C. Pellegrini, P. Cerrai, P. Freguglia, V. Benci and
G. Israel).

Résumé : Les codes circulaires auto-complémentaires d’Arquès-Michel
sont 216 ensembles de 20 trinucléotides. Ils ont beaucoup de propriétés très
intéressantes. Nous avons trouvé le résultat suivant : un ensemble X de tri-
nucléotides est un code circulaire si et seulement s’il n’a aucun 5-collier.

[148] Giuseppe Pirillo. Remark on the Arquès-Michel code. Biology Forum
2001 327–330 in : Proceedings of the Workshop “Theoretical Biology 2,
History and Present Themes”, Arcidosso, September 1-3, 1999.

Résumé : Arquès et Michel ont découvert par des méthodes statistiques
un ensemble de 20 trinucléotides qui a des propriétés remarquables. Nous
montrons (en donnant un exemple) qu’il est possible, en employant des argu-
ments théoriques, de trouver des ensembles ayant les propriétés semblables.

2002

[89] Jacques Justin et Giuseppe Pirillo. Episturmian words and epistur-
mian morphisms. Theoret. Comput. Sci., 276(1-2) :281–313, 2002.
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Résumé : Les mots infinis épisturmiens constituent une généralisation
des mots sturmiens qui inclut les suites d’Arnoux-Rauzy. Cette étude, com-
mencée précédemment, concerne maintenant les morphismes épisturmiens
et les facteurs palindromiques et périodiques des mots épisturmiens. Nous
considérons notamment le cas des mots engendrés par morphisme et intro-
duisons une notion d’“intercept” généralisant celle des mots sturmiens. Enfin
nous prouvons l’existence dans un sens fort de fréquences pour les facteurs
de ces mots.

[152] Giuseppe Pirillo. Fibonacci word and Sturmian words. IN MEMO-
RIAM GIAN-CARLO ROTA Sci. Math. Jpn., 55(3) :641–647, 2002.

Résumé : Si on regarde soigneusement les propriétés du mot de Fibonacci
on peut découvrir certaines propriétés générales appropriées des mots Stur-
miens standard. Dans deux articles précédents nous avons présenté plusieurs
exemples et ici nous en présentons de nouveaux soutenant notre avis.

2001

[150] Giuseppe Pirillo. A curious characteristic property of standard Stur-
mian words. In Algebraic combinatorics and computer science, pages 541–546.
Springer Italia, Milan, 2001.

Résumé : Une propriété très simple des préfixes palindromiques du mot
de Fibonacci (voir Lemme 1, ii)), nous a suggeré le résultat de cet article :
un mot w est un préfixe palindromique d’un mot Sturmien standard si et
seulement si wab est conjugé de wba.

[46] Xavier Droubay, Jacques Justin, et Giuseppe Pirillo. Episturmian
words and some constructions of de Luca and Rauzy. Theoret. Comput. Sci.,
255(1-2) :539–553, 2001.

Voir l’article in extenso en annexe.

[88] Jacques Justin et Giuseppe Pirillo. Fractional powers in Sturmian
words. Theoret. Comput. Sci., 255(1-2) :363–376, 2001.

Voir l’article in extenso en annexe.
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2000

[149] Giuseppe Pirillo. From the Fibonacci word to Sturmian words. II.
Pure Math. Appl., 11(3) :533–537, 2000.

Résumé : Nous présentons d’autres exemples des propriétés du mot de
Fibonacci que l’on peut généraliser aux mots Sturmiens standard.

1999

[47] Xavier Droubay et Giuseppe Pirillo. Palindromes and Sturmian
words. Theoret. Comput. Sci., 223(1-2) :73–85, 1999.

Résumé : Dans cet article nous présentons une nouvelle caractérisation
des mots Sturmiens : un mot infini est Sturmien si et seulement si pour
chaque nombre entier n, il contient exactement un palindrome de longueur n
si n est pair, et deux palindromes de longueur n si n est impair. La preuve
est purement combinatoire. En outre, dans le cas d’un mot Sturmien qui est
point fixe d’un morphisme, nous présentons un morphisme qui produit tous
les palindromes de ce mot.

[143] Giuseppe Pirillo. From the Fibonacci word to Sturmian words. Publ.
Math. Debrecen, 54(suppl.) :961–971, 1999. Automata and formal languages,
VIII (Salgótarján, 1996).

Résumé : Nous présentons plusieurs exemples des propriétés du mot de
Fibonacci qui l’on peut généraliser aux mots Sturmiens standard.

[146] Giuseppe Pirillo. On a conjecture of Erdős. Publ. Math. De-
brecen, 54(suppl.) :973–978, 1999. Automata and formal languages, VIII
(Salgótarján, 1996).

Résumé : Une conjecture d’Erdős sur les permutations, résolue récem-
ment par Keränen, a une relation étroite avec la théorie de la répétitivité des
semi-groupes.

[147] Giuseppe Pirillo. Some factorizations of the Fibonacci word. Algebra
Colloq., 6(4) :361–368, 1999.
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Résumé. Pour tout n ≥ 1, soit Fn le n-ième nombre de Fibonacci et soit
f le mot infini de Fibonacci. Les facteurs de f dans certaines factorisations
forment des codes (dans le sens de la théorie de codes de longueur variable).
Par exemple, soit f = u0u1u2 . . . une factorisation de f comme produit de
mots finis et non vides : si la longueur des ui est F2i+1 [resp. F2(i+1)], alors
les ui (i ≥ 0) forment un code préfixe, c.-à-d., aucun de ces mots n’est un
préfixe des autres.

[144] Giuseppe Pirillo. Maximal circular codes and applications to theore-
tical biology. In Mathematical and computational biology (Aizu-Wakamatsu
City, 1997), volume 26 of Lectures Math. Life Sci., pages 187–190. Amer.
Math. Soc., Providence, RI, 1999.

Résumé. Des codes circulaires maximaux intéressants contenant 20 tri-
nucléotides ont été récemment découverts par l’équipe de biologie théorique
de Didier Arquès et de Christian Michel (France). Une application biolo-
gique possible de ce résultat est la localisation automatique des gènes dans le
génome.

1998

[44] Pierpaolo Degano, Giuseppe Pirillo et Ugo Vaccaro, editors. Theo-
retical computer science, River Edge, NJ, 1998. World Scientific Publishing
Co. Inc.

Résumé. Cette publication rassemble les papiers choisis présentés lors
du colloque de 1998 du chapitre italien d’EATCS.

1997

[86] Jacques Justin et Giuseppe Pirillo. Decimations and Sturmian words.
RAIRO Inform. Théor. Appl., 31(3) :271–290, 1997.

Résumé. Les mots Sturmiens standard infinis ont une curieuse propriété
découverte par G. Rauzy. Si dans un tel mot on supprime toutes les occur-
rences de chaque lettre sauf celles de rang multiple de p, alors on retrouve
le mot infini initial. On étudie cette propriété et plusieurs généralisations.
Dans la dernière partie on donne une présentation courte et autocontenue de
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la théorie des mots Sturmiens qui n’utilise que des arguments combinatoires.

[87] Jacques Justin et Giuseppe Pirillo. On some factorizations of infinite
words by elements of codes. Inform. Process. Lett., 62(6) :289–294, 1997.

Résumé. Nous prouvons qu’un mot infini s satisfait s = u0u1u2 · · ·, où
les ui sont des mots différents non vides dont l’ensemble est un code bi-
préfixe, si et seulement si s n’est pas ultimement périodique. Nous donnons
aussi des résultats sur les codes arbitraires et nous considérons le cas des
mots bi-infinis.

[142] Giuseppe Pirillo. Fibonacci numbers and words. Discrete Math.,
173(1-3) :197–207, 1997. Dedicated to Giovanni Prodi.

Voir l’article in extenso en annexe.

[96] Andrei Kelarev et Giuseppe Pirillo. A note on rewritable products
in groups and semigroups. Boll. Un. Mat. Ital. A (7), 11(3) :667–670, 1997.

Résumé. Nous introduisons la propriété de permutabilité involutionnelle
et nous prouvons qu’un groupe a cette propriété si et seulement si il a la
propriété de permutabilité.

1996

[163] Giuseppe Pirillo et Stefano Varricchio. Some combinatorial proper-
ties of infinite words and applications to semigroup theory. In Proceedings
of the 5th Conference on Formal Power Series and Algebraic Combinatorics
(Florence, 1993), Discrete Mathematics, volume 153, pages 239–251, 1996.

Résumé. Nous présentons un résultat sur les mots infinis et une preuve
alternative d’un théorème de Restivo et Reutenauer : un semigroupe finiment
engendré est fini si et seulement si il est périodique et permutable. Puis,
généralisant des notions étudiées par de Luca, Restivo, Hashiguchi et Var-
ricchio, nous présentons la propriété de ω-itération et nous montrons qu’un
semigroupe finiment engendré a la propriété de ω-itération si et seulement
s’il est fini.
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[85] Jacques Justin et Giuseppe Pirillo. On a combinatorial property of
Sturmian words. Theoret. Comput. Sci., 154(2) :387–394, 1996.

Résumé. Rappelons qu’un semi-groupe a la propriété P ∗
n si pour toute

suite de n de ses éléments, il y a deux produits de ces n éléments, dans
des ordres differents, qui sont égaux. Soit s un mot Sturmien infini (sur un
alphabet A à deux lettres). Nous prouvons que le quotient de Rees de A∗ par
l’ensemble des mots non facteurs de s a la propriété P ∗

4 et que ce résultat
est optimal. Nous prouvons aussi que si St est l’ensemble de tous les mots
Sturmiens finis, alors le quotient de Rees A∗/(A∗ − St) a la propriété P ∗

8 .

[140] Giuseppe Pirillo. On semigroups having the ω-iteration property.
Matematiche (Catania), 51(suppl.) :183–187 (1997), 1996. dedicato a Gasa-
pina.

Résumé. Récemment on a montré qu’un semi-groupe finiment engendré
ayant la propriété d’itération est fini. Ici nous montrons que, dans certaines
conditions, l’hypothèse que l’ensemble des générateurs soit fini peut être omi-
se. Comme les conditions supplémentaires sont toujours satisfaites par un
groupe nous avons qu’un groupe avec la propriété d’itération est fini.

[141] Giuseppe Pirillo. A proof of Shirshov’s theorem. Adv. Math.,
124(1) :94–99, 1996. IN MEMORIAM MARCEL-PAUL SCHÜTZENBER-
GER.

Résumé. Dans cet article nous montrons que, à l’exception d’au plus un,
tous les rangs d’un mot infini à droite qui est récurrent et pas ultimement
périodique sont le point de départ d’une ω-division. En utilisant ceci nous
fournissons une preuve très simple du Théorème de Shirshov.

1995

[84] Jacques Justin et Giuseppe Pirillo. On a question about factorization
forests. Theoret. Comput. Sci., 141(1-2) :351–355, 1995.

Résumé : Répondant à une question de I. Simon, nous montrons qu’il
existe des fonctions fortement Ramseyennes qui n’admettent aucune forêt de
factorisation Ramseyenne de hauteur finie.
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1994

[83] Jacques Justin et Giuseppe Pirillo. On some questions and conjec-
tures in the combinatorial theory of semigroups. Southeast Asian Bull. Math.,
18(3) :91–104, 1994.

Résumé. Nous considérons quelques questions et conjectures liées aux
propriétés de répétitivité et de permutabilité des semi-groupes. En particulier,
nous discutons deux questions, Question A (existe-t-il un semi-groupe non-
répétitif dont tous les sous-semi-groupes propres sont répétitifs ?) et Question
B (existe-t-il un groupe non commutatif infini dont tous les sous-groupes
propres sont finis ?) et nous montrons, en utilisant un résultat de [135], que
la réponse positive à la question B permet de donner également une réponse
positive à la question A.

[162] Giuseppe Pirillo et Stefano Varricchio. On uniformly repetitive
semigroups. Semigroup Forum, 49(1) :125–129, 1994.

Résumé : Soit k un entier supérieur à 1. Les propositions suivantes sont
équivalentes : 1) le semi-groupe des entiers positifs n’est pas uniformément k-
répétitif ; 2) tout semi-groupe finiment engendré et uniformément k-répétitif
est fini.

[139] Giuseppe Pirillo. Infinite words and biprefix codes. Inform. Process.
Lett., 50(6) :293–295, 1994. Dédié à A. Saoudi.

Résumé : Soit A un alphabet et soit f un mot infini à droite sur A. Si f
n’est pas ultimement périodique alors il existe un ensemble infini {vi|i ≥ 0}
de mots (finis) sur A tels que f = v0v1 · · · vi · · ·, {vi|i ≥ 0} est un code
bi-préfixe et vi (= vj pour tous entiers positifs i (= j.

1993

[82] Jacques Justin et Giuseppe Pirillo. Factorial languages and some com-
binatorial properties of semigroups. Internat. J. Algebra Comput., 3(3) :295–
316, 1993.

Résumé : Nous donnons des caractérisations pour les quotients de Rees
des semi-groupes libres qui ont telle ou telle propriété combinatoire : répétiti-
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vité, croissance linéaire, propriété de permutation ou une de ses variantes.

[136] Giuseppe Pirillo. On a combinatorial property of Fibonacci semi-
group. Discrete Math., 122(1-3) :263–267, 1993.

Résumé : Nous disons qu’un semi-groupe S a la propriété P ∗
n , n ≥ 2, si,

étant donnés n éléments x1, . . . , xn ∈ S, au moins deux produits parmi les n!
possibles cöıncident. Restivo a considéré le semi-groupe de Fibonacci (c.-à-d.,
le quotient de Rees de {a, b}+ par l’idéal des non-facteurs du bien connu mot
infini de Fibonacci abaababaabaab · · ·) et a montré qu’il a la propriété P ∗

8 . Le
but de cet article est de montrer qu’il a la propriété P ∗

4 . Comme il n’a pas la
propriété P ∗

3 , ce résultat est optimal.

[137] Giuseppe Pirillo. Properties of integers and finiteness conditions for
semigroups. Results Math., 24(1-2) :168–173, 1993.

Résumé : Soient h et k des nombres entiers plus grands que 1 ; nous
montrons que les énoncés suivants sont équivalents : i) le produit direct
des h copies du semi-groupe additif des nombres entiers non négatifs n’est
pas k-répétitif. ii) si le produit direct de h semi-groupes finiment engendrés
est k-répétitif alors l’un d’entre eux est fini. En utilisant ceci et quelques
résultats de Dekking et de Pleasants sur des mots infinis, nous montrons que
certaines propriétés de répétitivité sont des conditions de finitude pour des
semi-groupes finiment engendrés.

1992

[111] Filippo Mignosi et Giuseppe Pirillo. Repetitions in the Fibonacci
infinite word. RAIRO Inform. Théor. Appl., 26(3) :199–204, 1992.

Voir l’article in extenso en annexe.

[81] Jacques Justin et Giuseppe Pirillo. Intracommutativity properties
for groups and semigroups. J. Algebra, 153(2) :424–443, 1992.

Résumé : Pour un semi-groupe, nous présentons la propriété d’intracom-
mutativité, Q, comme renforcement naturel de la propriété P de permutation.
Parmi plusieurs résultats nous prouvons que pour un groupe G les propriétés
suivantes sont équivalentes : i) G est abélien-par-fini ii) G a Q iii) il existe
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n tel que n’importe quel n-tuple des éléments de G est 2-intracommutatif.

[135] Giuseppe Pirillo. Sur les produits directs de semi-groupes répétitifs.
C. R. Acad. Sci. Paris Sér. I Math., 314(8) :645–648, 1992.

Voir l’article in extenso en annexe.

1991

[71] Jacques Justin, Brunetto Piochi et Giuseppe Pirillo. Propriétés de
permutabilité avec certaines restrictions. Arch. Math. (Basel), 57(1) :14–20,
1991.

Résumé. Nous définissons les propriétés de L-permutabilité, R-permuta-
bilité et LR-permutabilité et nous prouvons que, pour un semi-groupe S, les
conditions suivantes sont équivalentes : i) S est L-permutable et R-permu-
table ii) S est LR-permutable iii) S est permutable sans point fixe.

[80] Jacques Justin et Giuseppe Pirillo. Shirshov’s theorem and ω-permu-
tability of semigroups. Adv. Math., 87(2) :151–159, 1991. Dedicated to
Marcel-Paul Schützenberger

Résumé. Reutenauer a fourni une preuve élégante du Théorème de Shir-
shov. Varricchio l’a prolongée au cas des mots infinis à droite. Dans cet
article, nous servant des propriétés des mots uniformément récurrents de
Fürstenberg, nous pouvons fournir une preuve très simple et autocontenue
du théorème de Shirshov qui est également valide pour les mots bi-infinis.

[70] Jacques Justin, Brunetto Piochi et Giuseppe Pirillo. On fixed-point-
free permutation properties in groups and semigroups. Ann. Mat. Pura Appl.
(4), 159 :45–64, 1991.

Résumé : Nous introduisons la propriété de permutabilité sans points
fixes et nous présentons le résultat d’une étude systématique de cette pro-
priété, en précisant les différences principales avec la classique et bien connue
propriété de permutation pour les semi-groupes et les groupes (pour fournir
un exemple intéressant, nous étudions en détail la propriété de permuta-
bilité sans points fixes des groupes diedraux). Nous prouvons, par un argu-
ment combinatoire direct, qu’un semi-groupe finiment engendré et permutable
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sans points fixes est fini et nous prouvons qu’un semi-groupe permutable sans
points fixes est fini si et seulement si ses idempotents sont centraux. Les
groupes permutables sans points fixes sont caractérisés : un groupe (resp. un
groupe finiment engendré) G est permutable sans points fixes si et seulement
si son sous-groupe de commutateurs G′ est fini (resp. G est centre-par-fini).
Enfin nous définissons la propriété de faible permutabilité sans points fixes
qui est équivalente à la propriété de permutabilité sans points fixes pour des
groupes mais pas pour des semi-groupes.

[134] Giuseppe Pirillo. Sur un théorème combinatoire de Shirshov. C. R.
Acad. Sci. Paris Sér. I Math., 313(9) :631–634, 1991.

Résumé : Soit A un alphabet, R un ordre total sur A, R−1 l’ordre inverse,
L(R) et L(R−1) les ordres lexicographiques induits sur le monöıde A∗ par les
ordres R et R−1 respectivement. Nous prouvons, à l’aide du Théorème de
Ramsey, que tout mot infini à droite sur A est soit ultimement périodique
soit ultimement ω-divisé pour l’ordre L(R), soit ultimement ω-divisé pour
l’ordre L(R−1).

[133] Giuseppe Pirillo. On some properties of the Thue infinite word. In
Combinatorics ’88, Vol. 2 (Ravello, 1988), Res. Lecture Notes Math., pages
325–329. Mediterranean, Rende, 1991.

Résumé : Nous présentons la notion de l’excès gauche d’un facteur du
mot infini de Thue t = abbabaabbaababba · · ·, nous montrons que l’ensemble
des facteurs de t ayant un excès gauche ambigu est {a, b, ab, ba, aba, bab} et
nous présentons une preuve très simple du fait que t est sans cube.

1990

[79] Jacques Justin et Giuseppe Pirillo. Some remarks on the permutation
property for semigroups. European J. Combin., 11(2) :151–154, 1990.

Résumé : La propriété de permutabilité P pour un semi-groupe a été
recemment introduite par Restivo et Reutenauer et étudiée par plusieurs au-
teurs. Nous montrons que certaines constructions préservent ces propriétés
(par exemple, si un semi-groupe S est l’union de ses sous-semi-groupes S1,
S2, . . ., Sn et si tous les Si ont la propriété P (resp. P ∗) alors S a la propriété
P (resp. P ∗)).
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[78] Jacques Justin et Giuseppe Pirillo. Infinite words and permutation
properties. Semigroup Forum, 40(1) :13–22, 1990.

Résumé. Contrairement au théorème de Restivo et Reutenauer qui dans
sa partie non triviale indique que chaque propriété Pn (n ≥ 2) assure la fini-
tude des semi-groupes périodiques finiment engendrés, nous prouvons qu’au-
cune propriétés P ∗

n (n ≥ 3) ne peut assurer la même conclusion.

[77] Jacques Justin et Giuseppe Pirillo. A finiteness condition for semi-
groups generated by a finite set of elements of finite order. Pure Math. Appl.
Ser. A, 1(1) :45–48, 1990.

Résumé : Soit S un semi-groupe engendré par un ensemble fini d’élé-
ments d’ordre fini. Supposons qu’il existe un nombre entier n tel que chaque
produit x1x2 . . . xn d’éléments de S peut être réobtenu en permutant les xi de
telle manière que x1 ou xn ne soit pas un point fixe. Nous montrons que S
est fini.

[57] Gabriele Inglese et Giuseppe Pirillo. A remark on a result by A.
Thue. Pure Math. Appl. Ser. A, 1(1) :21–28, 1990.

Résumé : On montre que l’ensemble de nombres entiers P tels que
chaque mot sans carré de longueur P sur l’alphabet {a, b, c} contient les fac-
teurs abc, acb, bac, bca, cab et cba est non vide et le minimum est 30 (et non
31 comme a été énoncé par Thue).

[132] Giuseppe Pirillo. On a combinatorial property of Fibonacci infinite
word. Pure Math. Appl. Ser. A, 1(2) :143–147, 1990.

Résumé : Karhumäki a montré que dans le mot infini de Fibonacci il n’y
a aucune 4-puissance, c.à .d., aucun facteur comme uuuu pour un certain
mot non vide u. Nous prouvons ceci d’une manière simple. Dans f il y a des
cubes mais aucun cube n’est préfixe de f .

[93] Jacques Justin, Giuseppe Pirillo et Stefano Varricchio. Some condi-
tions on the product of two elements of a semigroup (Alcune condizioni sul
prodotto di due elementi in un semigruppo). Atti Accad. Naz. Lincei Cl. Sci.
Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 1(2) :85–87, 1990.

Résumé Soit S un semi-groupe finiment engendré. Si pour chaque paire
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x, y d’éléments de S on a que xy ou yx est un idempotent alors S est fini.

1989

[76] Jacques Justin et Giuseppe Pirillo. Mots sans carré et permutabilité
des semi-groupes. C. R. Acad. Sci. Paris Sér. I Math., 309(7) :523–525, 1989.

Résumé. Un semi-groupe S a la propriété P ∗
n , n ≥ 2, si et seulement

si étant donnés n éléments quelconques de S, deux au moins, parmi les n!
produits qu’on peut faire avec ces éléments, sont égaux. Nous présentons ici
un semi-groupe engendré par quatre éléments, infini, dont tous les éléments
sont d’ordre au plus 2 et qui a P ∗

3 . Ce résultat améliore ceux déjà connus.

[75] Jacques Justin et Giuseppe Pirillo. Comments on the permutation
property for semigroups. Semigroup Forum, 39(1) :109–112, 1989.

Résumé. Nous prouvons que le semi-groupe bi-cyclique a la propriété de
faible permutation P ∗

5 et nous posons la question s’il a la propriété P ∗
4 .

[119] Brunetto Piochi et Giuseppe Pirillo. On a constant word in finite
semigroups. European J. Combin., 10(5) :457–467, 1989.

Résumé : Nous prouvons, au moyen de techniques de la théorie des
semi-groupes, que pour chaque semi-groupe fini il existe des éléments a1,
a2, . . ., ak, ak+1 et des nombres entiers i1, i2, . . ., ik tels que le mot
a1xi1a2xi2 . . . akxikak+1 est constant. Nous caractérisons également les semi-
groupes où le mot prend une forme courte et particulièrement simple.

[131] Giuseppe Pirillo. The van der Waerden theorem and the Burnside
problem for semigroups. Arch. Math. (Basel), 53(1) :1–3, 1989.

Résumé : Le théorème de van der Waerden sur les progressions arithmé-
tiques est un cas particulier de la proposition suivante : tout semi-groupe fini
est uniformément répétitif [103]. Pendant notre travail afin de donner une
réponse à une question naturelle (les semi-groupes finiment engendrés et uni-
formément répétitifs sont-ils finis ?) nous avons trouvé le résultat suivant,
qui est le résultat principal de cet article : n’importe quel semi-groupe uni-
formément répétitif est périodique. Nous employons également un résultat de
Restivo et de Reutenauer sur le problème de Burniside pour les semi-groupes
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et nous avons le résultat suivant : un semi-groupe finiment engendré et n-
permutable est fini si et seulement s’il est uniformément répétitif.

[129] Giuseppe Pirillo. A finiteness condition for finitely generated semi-
groups. (Su una condizione di finitezza per semigruppi finitamente generati).
Rend. Circ. Mat. Palermo (2), 38(2) :212–216, 1989.

Résumé : Nous fournissons une preuve plus simple du résultat principal
de [74] et nous montrons également qu’un groupe G est fini si et seulement
s’il existe un nombre entier n tel que pour chaque suite x1, x2, . . . , xn de n
éléments de S il existe i, j, 1 ≤ i ≤ j ≤ n tels que xi · · · xj est l’identité de
G. Nous prouvons ce résultat en utilisant seulement des faits élémentaires
sur la forme canonique d’un élément d’un (semi-)groupe finiment engendré.

[130] Giuseppe Pirillo. Two finiteness conditions for finitely generated
and periodic semigroups. Acta Sci. Math. (Szeged), 53(3-4) :233–236, 1989.

Résumé : Dans cet article nous présentons deux conditions de finitude
pour un semi-groupe finiment engendré et périodique. La première condi-
tion exige que la fonction qui compte le nombre d’éléments des i premières
générations crôıt moins rapidement que i(i+1)

2 . La seconde exige que le semi-
groupe soit répétitif et qu’il existe un nombre entier positif p tels que chaque
élément du semi-groupe est d’ordre plus petit que p.

[92] Jacques Justin, Giuseppe Pirillo et Stefano Varricchio. Unavoidable
regularities and finiteness conditions for semigroups. Proceedings of the Third
Italian Conference THEORETICAL COMPUTER SCIENCE, 1989.

Voir l’article in extenso en annexe.

1988

[74] Jacques Justin et Giuseppe Pirillo. Une condition de finitude pour
les semi-groupes finiment engendrés. C. R. Acad. Sci. Paris Sér. I Math.,
306(2) :63–65, 1988.

Résumé : Nous démontrons qu’un semi-groupe finiment engendré S est
fini si, et seulement si, il existe un entier n, tel que dans toute suite de n
éléments de S il existe deux facteurs distincts non vides ayant la même valeur
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dans S.

[128] Giuseppe Pirillo. On permutation properties for finitely generated
semigroups. In Combinatorics ’86 (Trento, 1986), volume 37 of Ann. Discrete
Math., pages 375–376. North-Holland, Amsterdam, 1988.

Résumé. Nous présentons un semi-groupe ayant la propriété de faible
permutation P ∗ mais pas la propriété de permutation P et qui est également
finiment engendré.

[118] Brunetto Piochi et Giuseppe Pirillo. Sur une propriété de permuta-
bilité des groupes finis. C. R. Acad. Sci. Paris Sér. I Math., 307(3) :115–117,
1988.

Résumé : Soit k(n) le plus petit entier tel que, pour tout groupe d’ordre n,
tout produit xl · · · xk(n) d’éléments du groupe peut être réordonné d’au moins

une manière sans que sa valeur change. Nous prouvons que limn→∞
k(n)

n = 0.

[117] Brunetto Piochi et Giuseppe Pirillo. A proof of a theorem by G.
Higman. In Notes on algebraic systems, V, volume 88, pages 7–14. Budapest,
1988.

Résumé : Nous montrons que si le sous-groupe G′ des commutateurs
d’un groupe G est le groupe non cyclique K d’ordre quatre, alors G est 4-
permutable. Notre preuve de ce résultat (d’abord annoncé par G. Higman)
emploie seulement des notions élémentaires de théorie des groupes.

1987

[127] Giuseppe Pirillo. On permutation properties for semigroups. In
Group theory (Bressanone, 1986), volume 1281 of Lecture Notes in Math.,
pages 118–119. Springer, Berlin, 1987.

Résumé : Nous présentons un semi-groupe qui n’a pas la propriété P
définie par Restivo et Reutenauer, mais satisfait une propriété de permutation
plus faible, P ∗.

1986
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[73] Jacques Justin et Giuseppe Pirillo. On a natural extension of Jacob’s
ranks. J. Combin. Theory Ser. A, 43(2) :205–218, 1986.

Résumé : Cet article est consacré à plusieurs variantes de la propriété de
répétitivité pour des semi-groupes. En particulier, nous prouvons le résultat
suivant : si S est un semi-groupe finiment engendré alors les conditions sui-
vantes sont équivalentes : (i) S est fini ; (ii) S est Ramseyen ; (iii) S est
fortement répétitif ; (iv) S est fortement Ramseyen ; (v) S est ω-répétitif.

1984

[72] Jacques Justin et Giuseppe Pirillo. Two combinatorial properties of
partitions of the free semigroup into finitely many parts. Discrete Math.,
52(2-3) :299–303, 1984.

Résumé : Soit t le mot infini sans cubes de Thue. Nous prouvons ici
qu’il y a une partition finie de l’ensemble de tous les facteurs de t tels que
jamais trois d’entre eux sont de même longueur, consécutifs et dans la même
partie. Nous présentons également une autre propriété d’irrégularité pour un
mot infini similaire.

1983

[103] M. Lothaire. Combinatorics on words, volume 17 of Encyclopedia of
Mathematics and its Applications. Addison-Wesley Publishing Co., Reading,
Mass., 1983.

Résumé : C’est le premier livre sur la combinatoire des mots. Nous
sommes responsables du chapitre “Repetitive mappings and morphisms” qui
contient essentiellement les résultats de Jacques Justin.

[124] Giuseppe Pirillo. Codages et transductions. Consiglio Nazionale
delle Ricerche, Istituto di Analisi Globale, 1979.

Résumé : Ce volume contient les actes du premier colloque que nous
avons organisé.
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Abstract

Considering the smallest and the greatest factorswith respect to the lexicographic orderwe associate
to each infinite word r two other infinite words min(r) and max(r). In this paper we prove that
the inequalities as! min(s)! max(s)!bs characterize standard Sturmian words (proper ones and
periodic ones) and that the condition “for any x ∈ A and lexicographic order< satisfying x =min(A)

one has xs! min(s)” characterizes standard episturmian words.
© 2005 Elsevier B.V. All rights reserved.

Keywords:Words; Lexicographic order; Infinite words; Sturmian words; Episturmian words

1. Introduction

We use notions and terminology of theoretical computer science (see [11,12]).
Sturmianwords have been extensively studied for a long time (see, for example [2,14,15]).

They are infinite words over a two letter alphabet ({a, b} in this paper) and have several
characterizations [12]. A recent one (the set of the factors of an infinite word contains
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exactly one palindrome of even length and two palindromes of odd length if and only if it is
Sturmian) is in [5]. In [4] we began to study the episturmianwords, an apparently interesting
generalization to k letter alphabet A, with k"2.
In this paper a standard Sturmian word is presented as a cutting sequence of a half-line

y = !x. We consider the two possible cases: ! irrational (proper standard Sturmian words)
and ! rational (periodic standard Sturmian words). So our terminology is different from the
most usual one where standard Sturmian word refers only to the proper standard Sturmian
case (! irrational).
Now, let A be a finite alphabet and let < be a lexicographic order on the free monoid

generated by A. Given an infinite word r over the alphabet A we denote by min(r) (resp.
max(r)) the infinite word having for each integer k"0 its prefix of length k equal to the
smallest (resp. greatest) factor of r of length k with respect to the lexicographic order <.
With this notation and with the order a < b, we have the following property: an infinite
word r satisfiesmin(r) = ar andmax(r) = br if and only if it is proper standard Sturmian
(see [20] and, in a different form, [6]). This result has been generalized to episturmian words
in [9]: an infinite word s over a finite alphabet A is a standard Arnoux-Rauzy sequence if
and only if for any x ∈ A and for any lexicographic order < for which x is the smallest
letter of A we have xs = min(s).
Proposition 3.2 hereafter (an infinite word s over a finite alphabet A is standard epistur-

mian if and only if for any x ∈ A and lexicographic order < satisfying x = min(A) we
have xs! min(s)) is an extension of the just recalled result of [9]. Proposition 3.1, which
has been announced without proof in [18] and which is a corollary of Proposition 3.2, has
an interest in itself (preliminary lemmas are descriptions of min(r) and max(r)). It may
be remarked that our Propositions 3.1 and 3.2, which seem slight variations of [20,9] have
fairly more complicated proofs than these two ones.
This paper is organized as follows.
In Section “2 Preliminaries” we recall the definitions of (proper and periodic) Sturmian

words, we make some comments on the Fibonacci word (a very particular case of Sturmian
word), we recall the definition of episturmian words, we recall the notion of extremal words
and, finally, we prove some preliminary lemmas which will be very useful in the next
section.
In Section “3 Results” we prove the characterization of standard Sturmian words, Propo-

sition 3.1, and the characterization of standard episturmian words, Proposition 3.2.
We seize the occasion to mention an error in [8]. Theorem 5.1 there (not used elsewhere)

is false and should be ignored. This has been corrected in [10] where complete results are
given.

2. Preliminaries

2.1. Words

We refer to [11,12] for the notions of semigroup and monoid, for the notions of word,
factor, prefix, suffix, free semigroup and free monoid over a finite alphabet and for the notion
of morphism.
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When A is a finite alphabet, we denote by A∗ the free monoid over A and by A+ the
free semigroup over A. We denote by " the empty word, which has length 0, and we have
A+ = A∗\{"}. In order to make clear the sequence of letterswhich gives a word uwe write
u = u(1)u(2) . . . u(n), n"1. By definition, n is the length of u and it is denoted by |u|.
We denote by An the set of words of length n over the alphabet A. A right infinite word w

is a function from N+ = N\{0} into A. We write w = w(1)w(2) . . . w(i) . . . .We denote
by A# the set of the right infinite words over A. If x is a letter and w is an infinite word
then the infinite word w′ = xw is defined as follows: w′ = w′(1)w′(2) . . . w′(i) . . ., where
w′(1) = x and, for i > 1, w′(i) = w(i − 1).
The reversal of a finite word u = u(1)u(2) . . . u(m) is u(m)u(m−1) . . . u(1) denoted by

ũ if u is non-empty and is " itself if u = ".A word u is a palindrome (or a palindromic word)
if and only if u = ũ. If u ∈ A∗, the right palindromic closure of u is the shortest palindrome
u(+) having u as a prefix. We have u(+) = u′vũ′ where v is the longest palindromic suffix
of u and u = u′v.
For a finite or infinite wordm, we denote bym(i, j) the factor v = m(i)m(i+1) . . . m(j)

of m. The set of factors of m is denoted by F(m). The subset of the alphabet consisting of
the letters which have at least one occurrence in m is denoted by Alph(m). A factor u of an
infinite word m is right (resp. left) special in m if there exist two letters a, b such that ua

and ub (resp. au and bu) are also factors of m.
An infinite word p is periodic (resp. ultimately periodic) if there exists k"1 such that

p(j + k) = p(j) for each j "1 (resp. for each j " i for some i"1). If u is a finite word
then u# is the periodic infinite word uuu . . . u . . . having |u| as a period.
Morphisms of A∗ extend to infinite words. In particular, if b = x(1) . . . , x(i) ∈ A, and

$ : A∗ → A∗ is a morphism then $(b) = $(x(1)) . . . .

2.2. Fibonacci word

Before giving a general definition of Sturmian words we present the most famous of
them, the Fibonacci word (see for instance [3,7,11–13]), which we describe now. Let $ :
{a, b}∗ → {a, b}∗ be the morphism given by $(a) = ab, $(b) = a. Let f0 = b and, for
n"0,

fn+1 = $(fn).

Notice that, for n"0, |fn| is the nth element of the sequence of Fibonacci numbers Fn.
For each n"2, fn = fn−1fn−2 implies that, for each n"1, fn is a prefix of fn+1.
Hence there exists a unique infinite word, called the Fibonacci word, denoted by f such

that, for each n"1, fn is a prefix of f . The first letters of f are

f = abaababaabaababaababaabaababaabaababaababa . . . .

We are convinced that looking carefully at the properties of the Fibonacci word one can
discover interesting properties of Sturmian (and episturmian!) words. Any case, the results
of this paper were discovered in this way.
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2.3. Sturmian words

There are many definitions of Sturmian words, see [12, Chap. 2]. In particular among
them there is the following one.

Definition 2.1. An infinite word s = s(1)s(2)s(3) . . . , s(i) ∈ {a, b}, is Sturmian if there
exist reals !,% ∈ [0, 1], such that either for all i

s(i) = a if &% + (i + 1)!' =& % + i!', s(i) = b otherwise

or for all i

s(i) = a if (% + (i + 1)!) =( % + i!), s(i) = b otherwise.

The infinite word s is proper Sturmian if ! is irrational, it is periodic Sturmian if ! is
rational and it is standard Sturmian if % = 0.

Consider the grid g of the half-lines

ck = {(x, y) | x = k, y > 0, k positive integer}

and

lh = {(x, y) | y = h, x > 0, h positive integer}

and consider the half-line l which has the form

{(x, y) | y = &x, x > 0, & ∈ (0, ∞)}.

In this paper standard Sturmian words are obtained as the cutting sequence of a half-line
l with respect to the grid g, that is the sequences like those of Fig. 1, which we will describe
more precisely hereafter.
Put in a sequence, by increasing distance from the origin, the intersection points of l with

the half-lines of the grid. Let I (1), I (2), I (3), . . . , I (n), I (n + 1), . . . be this sequence.
If & is irrational, then for no I (j) its two coordinates are both integers. If & is rational,

then there are infinitely many I (j) with the two coordinates integer.
In the first case, the cutting sequence of l is the infinite word s = s(1)s(2) . . . s(j)s(j +

1) . . . , where s(j) = a if I (j) is on an horizontal half-line lh of g and s(j) = b if I (j) is
on a vertical half-line ck of g.
When & is rational, let I (n) be the intersection point which has integer coordinate and

is at the shortest distance from the origin. Note that there exist suitable relatively prime
integers p, q such that I (n) = (p, q) and & = q/p. If I (n) += (1, 1) we proceed on
I (1), I (2), . . . , I (n − 1) in the same way used for the & irrational case and we obtain a
word w = s(1)s(2) . . . s(n − 1). If I (n) = (1, 1) we put w = ", " the empty word.
Note that w, which is a prefix of our cutting sequence in construction, is restricted to

the interior of the rectangle R of vertices (0, 0), (p, 0), (p, q), (0, q) and, by geometrical
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Fig. 1. Periodic Sturmian word (I) and Proper Sturmian word (II).

reasons is a palindrome (we point out again that the point (0, 0) is not considered at all and
that w registers p + q − 2 intersections with lines in the strict interior of R).
For the point I (n) we have two possible choices: ab or ba (the first choice means that

we consider the horizontal cut before the vertical one, the second means the opposite). By
geometrical reasons and coherence of choice the cutting sequence of l will be either the
infinite word (wab)# or the infinite word (wba)#.
For example the half-line of Fig. 1 (I) has equation y = 3

2x and its cutting sequence is
the periodic Sturmian word abaababaab...abaababaab... = (wab)#, where w = aba.
The half-line of Fig. 1 (II) has equation y = 'x where

' =
√
5+ 1
2

and its cutting sequence is theFibonacciword,f = abaababaabaababaababaabaababaa

baabab . . . , the most well-known (proper) Sturmian word. With a similar procedure, for
any irrational &, we have the cutting sequence of y = &x.

Remark 2.1. Note that the cutting sequences b# (y = 0 corresponding to the real value
0) and a# (x = 0 corresponding to ∞) will be considered in the sequel in the class
of periodic Sturmian words. Note also that with our convention on a and b the usual
order on real numbers corresponds to the opposite lexicographic order on the cutting
sequences.

Remark 2.2. Sturmian words may play a role in the presentation of the notion of incom-
mensurable segments in secondary school [19] where some easy geometric constructions
concerning octagons, decagons and dodecagons and attributable to the Pythagorean School
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Fig. 2. Regular octagons with incommensurable sides.

are presented: for example, see Fig. 2, BC and B1C1 are incommensurable segments (hint:
AD = 2BC + B1C1 and BC = A1D1).

2.4. Episturmian words

We follow the notations and terminology of [4,9].

Definition 2.2. A right infinite word is episturmian if the set of its factors is closed under
reversal and it has at most one right (or equivalently left) special factor of each length.

A right infinite word is standard episturmian if all its left special factors are prefixes of
it. Standard words (also called characteristic in the Sturmian case) are characterized in [4]
using the right palindromic closure. More precisely s, right infinite, is standard episturmian
if and only if there exists a right infinite word ( = x(1)x(2) . . . , x(i) ∈ A, called its
directive word such that the sequence u1 = ", u2, u3, . . . of palindromic prefixes of s

(which are also right special factors of s) is given by un+1 = (unx(n))(+).
Consider for any a ∈ A the morphisms )a given by )a(a) = a, )a(x) = ax and )a

given by )a(a) = a, )a(x) = xa for x ∈ A, x += a.
A right infinite word s is standard episturmian if there exist ( as before and an infinite

sequence of right infinite words s(0) = s, s(1), . . . given by s(i−1) = )x(i)(s
(i)); moreover

( is the directive word of s.
Consider the prefix x(1)x(2) . . . x(n) of the directive word ( = x(1)x(2) . . ., x(i) ∈ A,

we write *n = )x(1) . . .)x(n). The standard episturmian word directed by ( has the hn =
*n(x(n + 1)) as prefixes and we have the important relation

un+1 = hn−1un.
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2.5. Lexicographic order

Let < be a total order over the alphabet A. The lexicographic order on A+ is defined as
follows: for all u, v ∈ A+

u<v if and only if
{
either u is a proper prefix of v
or u=ras, v=rbt for some a, b ∈ A, a<b, and r, s, t ∈ A∗.

The lexicographic order of infinite words arises from that of their prefixes. For example
f < (abaab)#,wheref is theFibonacciword, becauseabaababaabaa < abaababaabab.

2.6. Extremal words

Let r ∈ {a, b}# and let k be a positive integer. We denote by min(r|k) and by max(r|k),
respectively, the smallest and the greatest factor of r of length k in the lexicographic order.

Definition 2.3. Let r ∈ {a, b}#. We say that the pair

(min(r | k),max(r | k))

is k extremal for r .

It is clear thatmin(r | k) (resp.max(r | k)) is a prefix ofmin(r | k+1) (resp.max(r | k+1)).
So we can define, by taking the limits, the infinite words

min(r) = lim
k→∞

min(r | k) and max(r) = lim
k→∞

max(r | k).

Remark 2.3. For a# and b#, we have a# = min(a#) = max(a#) and b# = min(b#) =
max(b#); for any other r ∈ {a, b}#, we have

min(r) < max(r).

Definition 2.4. Let r ∈ {a, b}#. We say that the pair

(min(r),max(r))

of infinite words is extremal for r .

Remark 2.4. Given an infinite word r , if there is a positive integer i such that, for each
positive integer k, r(i, i + k − 1) = min(r | k) then i is called a minimal rank for r . This
definition was given in [16] for obtaining a very short proof of Shirshov’s Theorem.
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2.7. Some preliminary lemmas

It is useful to note the following

Fact. Let r be in {a, b}# such that (min(r),max(r)) = (ar, br). If k is a positive integer
and u is the prefix of r of length k − 1 then

(min(r | k),max(r | k)) = (au, bu).

Example 2.1. The following pairs
(a, b), (aa, ba), (aab, bab), (aaba, baba), (aabaa, babaa)

are respectively 1, 2, 3, 4 and 5-extremal for f , the Fibonacci word. Note that if we cancel
the first letter in the first or in the second component of each pair the remaining suffix is
always a prefix of f .

This phenomenon is very well known and holds not only for Fibonacci word but also for
any proper standard Sturmian word s. In fact, for this class of words we always have

(min(s),max(s)) = (as, bs).

This result is proved in [1] (where the terminology of Lyndon words and infinite
Christoffel words is used) and it is also mentioned in [12, Exercise 2.2.13].
We proved (see [20]) the following.

Proposition 2.1. Let r be in {a, b}#. The following condition are equivalent:
(a) r satisfies (min(r),max(r)) = (ar, br);
(b) r is proper standard Sturmian.

Remark 2.5. The proof of Proposition 2.1 is actually in this paper and it is “contained
in” that of Proposition 3.1. Indeed, for sake of completeness and as [20] is unpublished,
we repeat in the appropriate parts of Proposition 3.1 the arguments of the proof of
Proposition 2.1.

Now before proving Lemmas 2.2–2.6, needed for proving our hereafter Proposition 3.1,
we give an example of infinite words satisfying the hypotheses of these lemmas.

Example 2.2. An infinite word satisfying the conditions of the following lemmas is s =
(wab)#, for w = aba, i.e. the word s = (abaab)#. We have min(s) = min(s′) = (awb)#

and max(s) = max(s′) = (bwa)#, where s′ = (wba)#.

Definition 2.5. Let s ∈ {a, b}# and w ∈ F(s). We say that the property P(s, w) holds if
(awb, bwa) is (|w| + 2)-extremal for s.

The previous example shows that P((wab)#, aba) holds. Similarly P((aabaaab)#,

aabaa) holds. The aim of the following lemmas is precisely to show that if P(s, w) holds
then wab is a conjugate of wba and s = (wab)# or s = (wba)#. In other words, if P(s, w)

holds then s is periodic Sturmian having form s = (wab)# or s = (wba)#.
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Lemma 2.2. Let s ∈ {a, b}# and w ∈ F(s) such that P(s, w) holds. If |w| = 0 then s has
no left special factors, no right special factors and s = (ab)# or s = (ba)#. If |w| > 0
then for each integer i, 1! i! |w|, we have:
(a) the prefix w(1, i) is the unique left special factor of s of length i;
(b) the suffix w(|w| − i + 1, |w|) is the unique right special factor of s of length i;
(c) w̃(1, i) = w(|w| − i + 1, |w|).

Proof. The case |w| = 0 is immediate since aa and bb are not factors of s.
Now suppose |w| > 0.We proceed by induction. Let us prove that (a)–(c) hold for i = 1.
Clearly,w(1) is a left special factor of s for length 1. Suppose that y ∈ {a, b}, y += w(1), is

also left special. Then aa, bb ∈ F(s) and this contradicts that (aw(1), bw(1)) is 2-extremal
for s. Then only the first letter of w is a left special factor of s of length 1 and (a) holds for
i = 1.
Clearly, the last letter ofw,w(|w|), is a right special factor of s for length 1. Suppose that

y ∈ {a, b}, y += w(|w|) is also right special. Then aa, bb ∈ F(s) and this contradicts that
(aw(1), bw(1)) is 2-extremal for s. Then only the last letter of w is a right special factor of
s of length 1 and (b) holds for i = 1.
Moreover, the first and the last letter of w must coincide (in the opposite case aa, bb ∈

F(s) and this contradicts that (aw(1), bw(1)) is 2-extremal for s) and clearly w̃(1) =
w(|w|). So (c) holds for i = 1.
This completes the proof that (a)–(c) hold for i = 1.
Now, we can suppose that (a)–(c) hold for i, 1! i < |w|, and we will prove that they

hold also for i + 1.
Let u = w(1, i) and ux, x ∈ {a, b}, be prefixes of w, |u| < |w|. By induction, u is the

unique left special factor of s of length i. Also ux is left special and we have to prove that
it is the unique left special factor of s of length i + 1. Suppose that v of length i + 1 is also
left special. The prefix of v of length i must be u because it is the unique left special factor
of s of length i and so the last letter of v must be y, y += x. Then aua, bub ∈ F(s) and this
contradicts that (aux, bux) is (i + 2)-extremal for s. Then only ux is a left special factor
of s of length i + 1. So (a) holds for i + 1.
Now, suppose that u = w(|w| − i + 1, |w|) and xu, x ∈ {a, b}, are suffixes of w,

|u| < |w|. By induction, u is the unique right special factor of s of length i and ũ is a prefix
of w. Clearly, xu is right special and we have to prove that it is the unique right special
factor of length i + 1. Suppose that v of length i + 1 is also right special. The suffix of v

of length i must be u because it is the unique right special factor of s of length i and so the
first letter of v must be y, y += x. So xu, yu ∈ F(s) with x += y and consequently u is left
special and u = ũ, a prefix of w. Then

aua = aũa ∈ F(s)

and

bub = bũb ∈ F(s)

and this contradicts that (auw(i + 1), buw(i + 1)) is (i + 2)-extremal for s. Then only xu

is a right special factor of s of length |u| + 1. So (b) holds for i + 1.
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Finally, by way of contradiction, suppose that ux = w(1, i)x is a prefix of w and that
yw(|w| − i + 1, |w|) = yũ is a suffix of w with x += y. In all the possible cases (u is a
palindrome oru is not a palindrome) there exists a prefix v ofu such that ava and bvb belong
to F(s) and we are in contradiction with the extremality of (avw(|v| + 1), bvw(|v| + 1)).
So w(i + 1) = w(|w| − i) and consequently ˜w(1, i + 1) = w(|w| − i, |w|). So (c) holds
for i + 1. This completes the proof that (a)–(c) hold for i + 1. #

Example 2.2 (continued). Let s = (abaab)#. Then a (resp. ab, resp. aba) is the unique
left special factor of s of length 1 (resp. 2, resp. 3) and a (resp. ba, resp. aba) is the unique
right special factor of s of length 1 (resp. 2, resp. 3).

Lemma 2.3. Let s ∈ {a, b}# and w ∈ F(s) such that P(s, w) holds. Then w is a palin-
drome.

Proof. Clearly, w is a palindrome in case |w| = 0 and, by previous lemma (point (c)), this
also holds in the case |w| > 0. #

Lemma 2.4. Let s ∈ {a, b}# and w ∈ F(s) such that P(s, w) holds. Then, for each
i" |w| + 1,
(a) no factor of s of length i is left special;
(b) no factor of s of length i is right special.

Proof. (a) Suppose that the factor v of s of length |v| = |w|+1 is left special. Then v = wx

for some letter x. So xwx ∈ F(s). If x = a then awa ∈ F(s). As awa < awb, we are in
contradiction with awb = min(r | |w|+ 2). If x = b then bwb ∈ F(s). As bwa < bwb, we
are in contradiction with bwa = max(r | |w| + 2). As in each of the two possible cases we
are in contradiction, v is not left special and s has no left special factor of length |w| + 1.
Since a prefix of a left special factor must also be left special, s has no left special factor of
length i > |w|.
(b) Similar to part (a). #

Example 2.2 (continued). Let s = (abaab)#. No factor of s of length equal or greater
than 4 is left special or right special.

Lemma 2.5. Let s ∈ {a, b}# and w ∈ F(s) such that P(s, w) holds. Then s has exactly
|w| + 2 distinct factors of length |w| + 2.

Proof. The argument is based on the previous lemmas. When |w| = 0, by Lemma 2.2, s
has exactly two factors of length 2: ab, ba. Let |w| > 0. By Lemma 2.2, s has exactly one
right special factor of length i, 1! i! |w|. It follows that |F(s) ∩ Ai+1| −| F(s) ∩ Ai | = 1
for 1! i! |w|. As s has clearly two factors of length 1, namely a, b, it follows that s has
|w| + 1 factors of length |w|. As w is right special, s has |w| + 2 factors of length |w| + 1.
As s has no right special factors of length |w| + 1, the number of factors of s of length
|w| + 2 remains |w| + 2. #
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Example 2.2 (continued). Let s = (abaab)#. The factors of s of length 5 are abaab,
baaba, aabab, ababa, babaa. They are the conjugates of abaab.

The next lemma is an “ad hoc” variation of a classical well-known result: an infinite
word over a finite alphabet whose right special factors are of bounded length is ultimately
periodic.

Lemma 2.6. Let s ∈ {a, b}# and w ∈ F(s) such that P(s, w) holds. Then w is a palin-
dromic prefix of a proper standard Sturmian word and s is periodic Sturmian with least
period equal to |w| + 2. Moreover, min(s) = (awb)# and max(s) = (bwa)#.

Proof. Denote by ui , 1! i! |w| + 3, the factor of s beginning at rank i and having length
|w| + 2.
By Pigeon Hole Principle and Lemma 2.5 there exist i, j , i += j , such that ui = uj and,

for some prefixes v′ and v′′ of s, we have:

s = v′uis
′

and

s = v′′uj s
′′,

where s′ and s′′ are infinite words which are equal because in s, by Lemma 2.4, there is no
right special factor of length |w| + 2.
So s is ultimately periodic. Moreover, it is periodic (otherwise there will be factors of

length greater than |w| which should be left special, in contradiction with Lemma 2.4).
The period of s cannot be i with i! |w| (otherwise s could not have special factors of
length i, in contradiction with Lemma 2.2). The period of s cannot be |w| + 1 (otherwise
awa, bwb ∈ F(s) which is impossible by extremality of (awb, bwa)).
So necessarily the period of s is at least |w| + 2. On the other hand, by the above

construction, the period of s is at most |w|+2. Consequently, the least period of s is exactly
|w| + 2. Hence s can be presented under the form:

s = u′awbawb...awb...

or the form

s = u′′bwabwa...bwa...

for some u′ and u′′, respectively, suffixes of awb and bwa.
Since awb and bwa are factors of s, we have that either awb is a factor of (bwa)2 or bwa

is a factor of (awb)2. Consequently, awb and bwa are conjugate, i.e. there exist words w1
and w2 such that awb = w1w2 and bwa = w2w1.
We proved in [17] that if awb and bwa are conjugate then w is a palindromic prefix of

a proper standard Sturmian word. Applying this here we get that s is a periodic Sturmian
word.
Finally, being (awb, bwa) an extremal pair, we have min(s) = (awb)# and max(s) =

(bwa)#. #
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Example 2.2 (continued). Let s = (abaab)#. Note that aba is a palindromic prefix of the
Fibonacci word.

3. Results

Now we prove our

Proposition 3.1. Let s be an infinite word on {a, b}. The following conditions are
equivalent:
(i) s is a proper standard Sturmian word or a periodic standard Sturmian word;
(ii) as! min(s)! max(s)!bs.

Proof. (i) ⇒ (ii). We have to prove that a proper standard Sturmian word as well as a
periodic standard Sturmian word verifies the inequalities in (ii). Let us distinguish the two
possible cases.
Proper. Let s = s(1)s(2) . . . s(i) . . . be a proper standard Sturmian word. The pair (a, b)

is 1-extremal for s.
Now, let u = s(1)s(2) . . . s(i) be the prefix of length i of s. Put c = s(i +1) and suppose

by induction hypothesis, that

(au, bu)

is (i + 1)-extremal for s. We will prove that

(auc, buc)

is (i + 2)-extremal for s. By contradiction, assume that

(aud, bue)

is (i + 2)-extremal for s. Suppose, for instance, d += c. As aud < auc we have d = a and
c = b, thus au is right special. As in a proper standard Sturmian word the mirror image
of a right special factor is a prefix we have that ãu is a prefix of s. Hence a = c = b.
Contradiction.
Similarly, we reach a contradiction if we suppose that e += c.
So the minimal (resp. maximal) element in the lexicographic order of length n is av

(resp. bv) with v prefix of s of length n − 1. Hence as = min(s) and bs = max(s) and in
conclusion (ii) is satisfied in the stronger form as = min(s) < max(s) = bs.
Periodic. Let us consider first the case |Alph(s)| = 1. If s = a# then as = min(s) =

max(s) < bs. If s = b# then as < min(s) = max(s) = bs. In both cases (ii) is satisfied.
So we can suppose that s is a periodic standard Sturmian word with |Alph(s)| = 2, i.e.,
different from a# and from b#.
As seen in Section 2.3, s has form (wab)# or (wba)# where w is a palindrome corre-

sponding to the cutting points of the half-line y = (q/p)x with the lines of the grid in the
strict interior of the rectangle of vertices (0, 0), (p, 0), (p, q), (0, q), for suitable relatively
primes p, q.
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Suppose for instance (wab)# (the other case is similar).
Now, note thatw is also a palindromic prefix of infinitely many proper standard Sturmian

words. In particular when ! is suitably near to q/p, the cutting sequence of y = !x

contains the factors of any large required length which are in the cutting sequence of
y = (q/p)x. More precisely, the cutting sequence, say s′, of y = !x with ! = q/p + ",
for a suitable small positive ", begins with (wab)2 and consequently s′ contains as factors
all the factors of s having length at most |w| + 2 and in particular those having length at
most |w| + 1.
It is also well known that wab is a conjugate of wba (i.e. there exist words w1 and w2

such that awb = w1w2 and bwa = w2w1, see, for example, [11,12,17]) and consequently
(wab)# = u′(wba)#, for some prefix u′ of wab, and so there exist prefixes u′′ and u′′′

of wab such that s = u′′(awb)# = u′′′(bwa)#. Consequently awb, bwa ∈ F(s) and
aw, bw ∈ F(s).
As aw, bw ∈ F(s) ∩ {a, b}|w|+1 = F(s′) ∩ {a, b}|w|+1 and as the pair (aw, bw) is

(|w|+1)-extremal for s′ (see the proof given just above for the proper case), then (aw, bw)

is also (|w| + 1)-extremal for s.
Now, as in s two factors of length |w| + 2 must contain the same number of occurrences

of a and as awb, bwa ∈ F(s) we have awa, bwb /∈ F(s) and consequently (awb, bwa) is
(|w| + 2)-extremal for s.
As awb is minimal and it is a factor of the periodic word s we have that min(s) = (awb)#.

Similarly considering bwa which is maximal, we have that max(s) = (bwa)#.
As awa is a prefix of as and awb is a prefix of min(s) we have as < min(s). On the

other hand, max(s) = (bwa)# = b(wab)# = bs. So (ii) is satisfied in the stronger form
as < min(s) < max(s) = bs.
The case s = (wba)# leads to as = min(s) < max(s) < bs.
This ends the proof of (i) ⇒ (ii).
(ii) ⇒ (i). Let us distinguish the following cases:
(1) as = min(s) and max(s) = bs;
(2) as = min(s) and max(s) < bs;
(3) as < min(s) and max(s) = bs;
(4) as < min(s) and max(s) < bs.
Case 1: as = min(s) and max(s) = bs.
For any i"1, the prefix u of length i of s is clearly a left special factor of s. We will

prove that u is the unique left special factor of s of length i.
By contradiction, suppose that v ∈ F(s), |v| = |u|, v += u and v is left special. Since

(au, bu) is (i + 1)-extremal for s, we have both au!av and bu"bv. So u!v and u"v

and u = v. Contradiction.
So for each i, s has a unique left special factor of length i which is its prefix of length i.

So s is proper standard Sturmian.
Case 2: as = min(s) and max(s) < bs.
First, note that from max(s) < bs it follows that letter a occurs in s.
If s = a# then it verifies Case 2 (a · a# = a# = min(a#) = max(a#) < b · a#) and it

is clearly periodic standard Sturmian.
If s contains also an occurrence of b then max(s) = bs′ for some s′ ∈ {a, b}#.
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Let w be the longest common prefix of s and s′. Then, for some x, y ∈ {a, b}, y += x,
we have
awx is a prefix of as = min(s),
bwx is a prefix of bs,
bwy is a prefix of bs′ = max(s).
As max(s) = bs′ < bs we have y < x and consequently y = a and x = b. Then

(awb, bwa) is (|w| + 2)-extremal for s. By Lemma 2.6, w is a palindromic prefix of a
proper standard Sturmian word and s is a periodic Sturmian word of period |w| + 2. Being
(awb, bwa) an extremal pair, we have also min(s) = (awb)# and max(s) = (bwa)#.
As as = min(s) = (awb)#, we have that wb is a prefix of s and consequently s is the

periodic standard Sturmian word (wba)#.
Case 3: as < min(s) and max(s) = bs.
Similarly to Case 2 we first consider the case s = b# and then we prove that the other

words satisfying this case are the periodic standard Sturmian words of the form (wab)#.
Case 4: as < min(s) and max(s) < bs.
We will prove that this case is impossible. The two inequalities imply s ∈ {a, b}# −

{a#, b#}. There exist two infinite words s′ and s′′ satisfying min(s) = as′ and max(s) =
bs′′ and two finite words w′ and w′′ which are respectively the longest common prefix of s
and s′ and longest common prefix of s and s′′. So:
aw′a is a prefix of as,
aw′b is a prefix of as′ = min(s),
bw′′a is a prefix of bs′′ = max(s),
bw′′b is a prefix of bs.
If |w′| < |w′′| then w′a is a prefix of w′′ and consequently bw′a is prefix of max(s). As

aw′b is a prefix of min(s) then P(s, w′) .
If |w′| = |w′′| then w′ = w′′. As aw′b is a prefix of min(s) and bw′a is a prefix of

max(s) then P(s, w′). If |w′′| < |w′| then w′′b is a prefix of w′ and consequently aw′′b is
prefix of min(s). As bw′′a is a prefix of max(s) then P(s, w′′).
In any case there exists a prefix w of s (indeed the shorter between w′ and w′′) such that

P(s, w).
From Lemma 2.6, we deduce that as < (awb)# < (bwa)# < bs. As w is a prefix of s,

the prefixes of as and (awb)# of length |w|+1, as well as the prefixes of bs and (bwa)# of
the same length, coincide. Now, whatever happens for the value a or b of s(|w|+ 1), one of
the two inequalities as < (awb)# or (bwa)# < bs holds and the other fails. Contradiction.
This ends the examination of Case 4. #

Following the previous proposition, all the words over {a, b} satisfying as! min(s)!
max(s)!bs are proper or periodic standard Sturmian words. More precisely we proved the
following: let s be an infinite word on {a, b}. Then: (i) as = min(s) < max(s) = bs if
and only if s is a proper Standard Sturmian word; (ii) as = min(s) < max(s) < bs if and
only if s is a periodic Sturmian word having the form (wba)# for some palindromic word
w such that wab is a conjugate of wba; (iii) as < min(s) < max(s) = bs if and only if s is
a periodic Sturmian word having the form (wab)# for some palindromic word w such that
wab is a conjugate of wba; (iv) it is impossible that as < min(s)! max(s) < bs.
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Remark 3.1. Proposition 3.1 is a particular case of the next proposition as easily seen if
we observe that on a two letter alphabet proper and periodic episturmian words are exactly
the proper and periodic Sturmian words and that when A is a two letter alphabet there are
only two lexicographic orders over A∗.

Proposition 3.2. For an infinite word s over a finite alphabet A the following properties
are equivalent:
(i) s is standard episturmian;
(ii) for any x ∈ A and lexicographic order< satisfying x = min(A)we have xs! min(s).

Proof. Denote by si the prefix of length i of the infinite word s.
(i) ⇒ (ii). Here s is standard episturmian. With x = min(A) suppose by contradiction

xs>min(s) and let n beminimal such that xsn−1 > min(s | n). Then xsn−2! min(s | n−1).
Set sn−1 = sn−2y, y ∈ A, and w = min(s | n − 1). Then min(s | n) = wz for some z ∈ A.
From xsn−2!w and xsn−2y > wz it follows w = xsn−2 and y > z.
As sn−2y and sn−2z are factors of s, sn−2 is right special, hence is a palindromic pre-

fix, up say, of s. Here the notations for s, its directive word, and so on, are as in the
Preliminaries.
We can assume that among all standard episturmian words s and lexicographic orders<

such that xs > min(s) where x = min(A) we have chosen one with minimal value of p.
Consider s(1) given by )x1(s

(1)) = s and the sequence u
(1)
1 = ", u(1)

2 , . . ., u
(1)
i , . . . of its

palindromic prefixes. It easily follows from the definition of)x1 that if dx1ex1 is a prefix of
s then uv is a prefix of s(1) where d = )x1(u) and x1e = )x1(v). By [4, Lemma 3] we know
that up = )x1(u

(1)
p−1)x1. It follows that u

(1)
p−1y is a prefix of s

(1) and that xu
(1)
p−1z ∈ F(s(1)).

Indeed consider xu
(1)
p−1z for instance. If x += x1 then x1xupz = x1xsn−2z ∈ F(s). If

z = x1 then x1xup = )x1(v) for some factor v of s(1) and v = xu
(1)
p−1x1. If z += x1 then

x1xupz = )x1(v) for some factor v of s(1), and v = xu
(1)
p−1z. Case x = x1 has similar

proof.
Now, as xu

(1)
p−1y > xu

(1)
p−1z because y > z, we get xu

(1)
p−1y > min(s(1) | (2 + |u(1)

p−1|))
and this contradicts the minimality of p.
Thus xs! min(s).
(ii) ⇒ (i). We will show first that s satisfying (ii) is episturmian. If, for some n ∈ N+,

s has at least two different left special factors u, v of length n − 1, take n minimal with
this property. Set u = u′y, v = v′z, y, z ∈ A. Then u′, v′ are left special whence, by
minimality of n, u′ = v′, whence y += z. We have au′y, bu′y, cu′z, du′z ∈ F(s), for some
letters a, b, c, d ∈ Alph(s), a += b, c += d. If u′ += sn−2 write u′ = weu′′, sn−2 = wf s′′,
e, f ∈ A, e += f . As a += b suppose for instance f += a and consider an order < of A

such that a = min(A), e < f . Thus asn−2 > au′, a contradiction. Thus u′ = sn−2. Now
set sn−1 = sn−2x, x ∈ A. As y += z we can suppose x += y, for instance. Consider an order
< of A such that a = min(A) and y < x. Then asn−1 = asn−2x > asn−2y = au′y in
contradiction with as! min(s).
Consequently, u = v. Thus for all n, s has at most one left special factor of length n.

Moreover, the argument above shows that all left special factors of s are prefixes of s.
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Let us show now that F(s) is closed under reversal. Suppose by contradiction that for
some u = xvy, x, y ∈ A, u ∈ F(s), ũ = yṽx /∈ F(s) and suppose |u| minimal. Then
yṽ, ṽx ∈ F(s) whence, for some letter t += x, yṽt ∈ F(s). Thus by minimality of |u|,
tv ∈ F(s). As xv ∈ F(s), v is left special hence is a prefix of s.
Now suppose that ṽx is not a prefix of s. As it is a factor of s, there exists m ∈ A such

that mṽx ∈ F(s), and m += y. Thus as mṽ, yṽ ∈ F(s), ṽ is left special hence is a prefix
of s. Thus ṽ = v whence in particular x += y. Thus, as we have supposed that ṽx is not a
prefix of s, va is a prefix of s for some letter a += x. Thus yvt, mvx, xvy, va ∈ F(s) and
yvx /∈ F(s). Recall t += x, m += y, a += x, y += x. At least one of the two following cases
is realized.
(c) a += m. Consider an order < such that m = min(A), x < a. Then mva > mvx

contradicting ms! min(s).
(c′) a += y. Thenwith order< such that x = min(A), y < awe get a similar contradiction

xva > xvy.
Consequently, ṽx is a prefix of s. As v is left special, hence is a prefix of s, v = ṽ. Thus

xvy, yvt ∈ F(s). Consider an order < such that min(A) = y and t < x (possible as y += x

and t += x), we get yvx > yvt contradicting ys! min(s). Consequently F(s) is closed
under reversal and s satisfies the definition of episturmian words. Moreover, as remarked
above all its left special factors are prefixes of it, hence it is standard episturmian. #
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Abstract: Episturmian words, which include the Arnoux-Rauzy sequences, are infinite
words on a finite alphabet generalizing the Sturmian words and sharing many of their
same properties. This was studied in previous papers. Here we gain a deeper insight into
these properties. This leads in particular to consider numerations systems similar to the
Ostrowski ones and to give a matrix formula for computing the number of representations
of an integer in such a system. We also obtain a complete answer to the question: if an
episturmian word is morphic, which shifts of it, if any, also are morphic ?

Introduction

Sturmian words on a 2-letter alphabet were explicitly introduced in [12] with some
approaches going back to Bernoulli and other independent approaches such as [7].
They have been extensively studied, see survey in [11, Chap. 2 by J. Berstel and P.
Séébold]. An interesting generalization to a 3-letter alphabet (and even to any finite
alphabet) is known as the Arnoux-Rauzy sequences [13, 14, 1, 16] and even a slightly
wider class of infinite words, the episturmian words, is considered in [8, 10, 3]. These
words have many properties extending those of Sturmian words.

Our aim is to study more in detail some properties considered in [10]. As in
[8, 10] our study is purely combinatorial. We make use of biinfinite words which
allow more natural formulations. In [10] it was shown that any episturmian word
could be obtained or “directed” using an infinite “spinned word”, which was a way

∗Present mailing address: J. JUSTIN, 19 rue de Bagneux 92330 SCEAUX France.
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of representing the infinite sequence of elementary morphisms “generating” it (epis-
turmian words are “S-adic”, see for instance [16]). The relation between episturmian
words and “spinned directive words” is not one-to-one. This is studied in Section 3
while in Section 2 we study the same problem for finite spinned words. In Section 2
we also see that there are numeration systems, resembling the Ostrowski systems [5]
associated to Sturmian words and we find results for the number of representations
of integers in such systems similar to those for Sturmian words [6, 3]. This section
can also be viewed as a study of the monoid of pure episturmian morphisms as
the quotient of the free monoid of spinned finite words by the “block-equivalence”
relation. This has some relation with the study of episturmian morphisms made by
G. Richomme in [15].

In Section 3 we extend the “block-equivalence” to infinite spinned words and
show that, roughly speaking, two infinite spinned words direct the same episturmian
word if and only if they are block-equivalent. We also describe the particular case
of periodic episturmian words.

In Section 4 we apply results of Section 3 to (infinite) episturmian words which
are morphic (i.e., fixed points of morphisms) and this allows to correct an error
in [10]. It was said there (Theorem 5.1 of Subsection 5.1) that if an episturmian
word is morphic then any shift of this word also is morphic. This is false and indeed
I. Fagnot has shown [9] that if s is a morphic standard Sturmian word on {a, b}
then as, bs, abs, bas (which are morphic [4]) are the only morphic Sturmian words
related to s by a shift. Here we give complete results for all episturmian words.

1. Preliminaries

1.1. Words

The alphabet A is finite, ε is the empty word, A+ = A∗\{ε} is the set of (finite) non-
empty words. A right infinite (resp. left infinite, biinfinite) word is a function from
N+ = N\{0} (resp. Z\N+, Z) into A. For instance a biinfinite word b is represented
by a sequence (b(i))i∈Z = · · · b(−1)b(0).b(1)b(2) · · ·, b(i) ∈ A, with a dot written
between b(0) and b(1) for avoiding ambiguity. The set of right infinite words on A
is denoted by Aω. The shift operator T is defined for a biinfinite word b = (xi)i∈Z
by T(b) = (xi+1)i∈Z, Tk is defined by iteration. This extends to right infinite words
for k ≥ 0 and left infinite words for k ≤ 0. For a finite word the shift T will be here
a circular one, more precisely if w = xv, x ∈ A, v ∈ A∗ then T(w) = vx.

The reversal of a finite word u = u(1)u(2) · · ·u(m) is u(m)u(m− 1) · · ·u(1) de-
noted by ũ. This extends to infinite words, for instance the reversal of the biinfinite
word l.r, l left infinite, r right infinite is r̃.l̃.

If u ∈ A∗, the right palindromic closure of u is the shortest palindrome u(+)

having u as a prefix. We have u(+) = uv−1ũ, where v is the longest palindromic
suffix of u.

For a finite or infinite word m, if v = m(i)m(i + 1) · · ·m(j), i ≤ j, then v is a
factor of m denoted by m(i, j). Here we often consider an occurrence of a factor, that
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is, this factor together with its position. The terminology will be rather informal
and clear from the context, for example if m = m′vm′′ this defines a particular
occurrence of v in m. Factors u = m(i, j) and v = m(k, l), with i ≤ j, k ≤ l and
i ≤ k of m are disjoint if j < k (in particular adjacent if j = k − 1) and overlap if
j ≥ k. The set of all infinite words having the same factors as the infinite word m
will be denoted by C(m).

A factor u of an infinite word m is right (resp. left) special if for at least two
different letters x, y, ux and uy (resp. xu and yu) are factors of m.

The set of letters occurring in a word t is denoted by Alph(t) and, if t is
right infinite, the set of letters occurring infinitely many times in it is Ult(t).
Morphisms of A∗ (endomorphism here) extend to infinite words. In particular if
b = · · ·x−1x0.x1 · · ·, xi ∈ A, is biinfinite then ϕ(b) = · · ·ϕ(x−1)ϕ(x0).ϕ(x1) · · ·. An
infinite word is morphic if it is a fixed point of some non-trivial morphism.

Some basic notions, not recalled here, such as (uniformly) recurrent, primitive,
periodic can be found in [11, Chap. 1].

1.2. Episturmian words

We follow the notations and terminology and shortly recall basic results of [8, 10].

Definition 1.1. A right infinite word is episturmian if the set of its factors is
closed under reversal and it has at most one right (or equivalently left) special
factor of each length.

When |A| = 2 this gives the (proper as well as periodic) Sturmian words.
This definition extends to left infinite and biinfinite words.
A right infinite episturmian word is standard if all its left special factors are

prefixes of it. Standard words (also called characteristic in the Sturmian case) are
characterized in [8, 10] using the right palindromic closure. More precisely s, right
infinite, is standard episturmian if and only if there exists a right infinite word ∆ =
x1x2 · · ·, xi ∈ A, called its directive word, such that the sequence u1 = ε, u2, u3, . . .
of the palindromic prefixes of s is given by un+1 = (unxn)(+).

Consider for any a ∈ A the morphisms ψa given by ψa(a) = a, ψa(x) = ax
and ψ̄a given by ψ̄a(a) = a, ψ̄a(x) = xa, for x ∈ A, x %= a. These “elementary”
morphisms generate by composition the monoid of pure episturmian morphisms
(more generally a morphism is episturmian if it is obtained by composition of a
pure episturmian morphism and a permutation of the alphabet). A right infinite
word s is standard episturmian if there exist ∆ = (xi)i≥1, xi ∈ A, and an infinite
sequence of right infinite words s(0) = s, s(1), . . . such that s(i−1) = ψxi(s(i)). In [10]
this is extended as follows.

A right infinite word t is episturmian if there exist ∆ as before, a spinned word
∆̆ = x̆1x̆2 · · · where x̆i is either xi (spin 0) or x̄i (spin 1) and an infinite sequence
of recurrent right infinite words t(0) = t, t(1), . . . given by t(i−1) = ψxi(t(i)) if x̆i has
spin 0 and t(i−1) = ψ̄xi(t(i)) if x̆i has spin 1. We say that ∆̆ directs (or is a spinned
directive word for) t.
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We can even extend this to finite words. We will say that a spinned finite word
w̆ = y̆1y̆2 · · · y̆n, yi ∈ A, directs the morphism ψ̆y1 · · · ψ̆yn where ψ̆yi = ψyi or = ψ̄yi

according to the spin of y̆i and we represent this morphism by µw̆ (in particular,
for x a letter, µx = ψx). In this case “directs” is a morphism from the free monoid
(A ∪ Ā)∗ where Ā = {x̄ | x ∈ A} onto the monoid of pure episturmian morphisms.

In particular considering the prefix x1x2 · · ·xn of the directive word ∆ =
x1x2 · · ·, xi ∈ A, we write µn for µx1x2···xn and we have µn = ψx1 · · ·ψxn . The
standard episturmian word directed by ∆ has the hn = µn(xn+1) as prefixes and
we have the important relation

un+1 = hn−1un. (1)

The above characterization of right episturmian words (in short rew) by a se-
quence (t(i)) extends to biinfinite episturmian words (in short bew), and all t(i) are
now bew. Moreover if t = l.r is directed by ∆̆ with associated bew t(i) = l(i).r(i)

then r is directed by ∆̆ with associated rew r(i).
Consider a rew, t ∈ Aω. If it is standard directed by ∆ then at ∈ C(t), a ∈ A, if

and only if a ∈ Ult(∆). If t is not standard then at ∈ C(t) for only one letter a ∈ A.
It easily follows that if t = Tk(s), k ≥ 0, with s a standard rew directed by ∆ then
t has exactly |Ult(∆)| left extensions giving bew in C(t) and that otherwise t has
exactly one such extension.

Finally, with ∆ as above and ∆̆ a spinned version of ∆, µn directed by x1 · · ·xn

as above and µ̆n directed by x̆1 · · · x̆n, we recall the proposition.

Proposition 1.1. [10, prop. 3.15] For any u ∈ A∗ (resp. Aω) we have fµ̆n(u) =
µn(u)f (resp. fµ̆n(u) = µn(u)) with

f = hεn
n−1h

εn−1
n−2 · · ·hε1

0 (2)

where εi is the spin (0 or 1) of x̆i in ∆̆.

Thus µ̆n(u) = T|f |(µn(u)). Putting σn = |hn−1|, σn is the elementary shift
associated to position n in ∆, and |f | = εnσn + · · · + ε1σ1. Hereafter we will say
that |f | is the shift induced by the prefix w̆ = ∆̆(1, n) of ∆̆ and will denote it by
S(w̆). The word f will be called the shifting factor of µ̆n.

2. Finite Spinned Words

Here we study the structure of finite spinned words in relation with the morphism
they direct. This is applied for studying a numeration system and later in Sections
3 and 4 where infinite words are considered.

2.1. Block-equivalence

Let us introduce a convention for spins. If v ∈ A+ then v̄ has all its spins 1; also
ε̄ = ε.
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Definition 2.1. A (x-based) block is a word of the form xvx, x ∈ A, v ∈
(A\{x})∗. A (x-based) multiblock is a word xvx, x ∈ A, v ∈ A∗.

Definition 2.2. A (x-based) block-transformation is the replacement in a spinned
word of an occurrence of xvx̄ (where xvx is a block) by x̄v̄x or vice-versa. A
multiblock-tranformation (mbt) is the result of x-based block-transformations suc-
cessively acting on a same x-based multiblock.

Example 2.1.

abāābcā → āb̄aābcā → āb̄āabcā → āb̄āāb̄c̄a.

Definition 2.3. Two spinned versions w̆, ŵ of w ∈ A∗ are block-equivalent, written
w̆ ≡ ŵ, if we can pass from one to the other by a (possibly empty) chain of block-
transformations.

In particular xx̄ ≡ xx̄. This allows permutations in sequences of the same letter
with various spins. On the contrary xvx̄ %≡ x̄v̄x for v %= ε, showing the dissymetry
of Definition 2.3.

Lemma 2.1.
1) Let (if it exists) z be the leftmost letter in ŭ having spin 0. Then µŭ(t) begins

with z for any finite or right infinite word t
2) let m1, m2 be finite or infinite words and ϕ be an episturmian morphism.

Then ϕ(m1) = ϕ(m2) if and only if m1 = m2

3) µw̆ = µŵ if and only if S(w̆) = S(ŵ) with w̆, ŵ two spinned versions of
w ∈ A∗

4) if µuw̆ = µuŵ then µw̆ = µŵ, with u any spinned word.

Proof. Properties 1) and 2) follow at once from basic properties of episturmian
morphisms.

For 3), let t be a biinfinite non-periodic word. As µw̆(t) = TS(w̆)(µw(t)) and
similarly for ŵ and as µw(t) is not periodic (easily seen by induction on |w|), we
have S(w̆) = S(ŵ) if and only if µw̆ = µŵ.

For 4), for any letter x, µuw̆(x) = µu(µw̆(x)) and similarly for ŵ, thus by 2)
µw̆(x) = µŵ(x) whence µw̆ = µŵ.

Theorem 2.2. Let w̆, ŵ be two spinned versions of w ∈ A∗. Then w̆ and ŵ direct
the same morphism (or equivalently induce the same shift) if and only if they are
block-equivalent.

Proof. Equivalence between “direct the same morphism” and “induce the same
morphism” is Lemma 2.1, 3).

For the “if” part, w̆ ≡ ŵ. We pass from w̆ to ŵ by block-transformations. Con-
sider w as a prefix of the infinite directive word ∆ = x1x2 · · · , xi ∈ A. When a block
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xixi+1 · · ·xj−1x̄j , xi = xj , xi+1, . . . , xj−1 %= xi, is replaced by x̄ix̄i+1 · · · x̄j−1xj or
vice-versa, the induced shift remains unchanged because σi + · · · + σj−1 = σj (see
[10, Prop. 3.16]). Thus S(w̆) = S(ŵ) whence by Lemma 2.1, 3), µw̆ = µŵ.

For the “only if” part, S(w̆) = S(ŵ). The result w̆ ≡ ŵ is true for |w| = 0.
Suppose it is true for |w| < n and assume |w| = n. We have µw̆ = µŵ. Let w =
yw′, y ∈ A. If y̆ = ŷ then µy̆w̆′ = µy̆ŵ′ , whence µw̆′ = µŵ′ by Lemma 2.1, whence
S(w̆′) = S(ŵ′) whence w̆′ ≡ ŵ′ by inductive hypothesis, whence w̆ ≡ ŵ.

Suppose now y̆ %= ŷ and ŷ = ȳ for instance and let z be the leftmost letter of w
having spin 0 in ŵ. If this letter does not exist, then ŵ = w̄ and the unique way of
having S(w̆) = S(ŵ) is w̆ = w̄, a contradiction. Then by Lemma 2.1 µŵ(t) begins
with z for any t in A+, thus, as µw̆(t) = µŵ(t), y = z. Thus ŵ begins with some
ȳv̄y, v ∈ A∗, but this is a y-based multiblock which can be transformed by some
mbt into yv̈ȳ for suitable spins in v̈, giving, say ẅ. As both ẅ and w̆ begin with y,
ẅ ≡ w̆ whence ŵ ≡ w̆.

Corollary 2.3. For any u, w ∈ A∗ and w̆, ŵ spinned versions of w, uw̆ and uŵ
induce the same shift if and only if w̆ ≡ ŵ.

Proof. “If” part is trivial by Theorem 2.2. Now if S(uw̆) = S(uŵ) then µuw̆ = µuŵ

whence µw̆ = µŵ whence S(w̆) = S(ŵ). Thus by the same theorem w̆ ≡ ŵ.

Remark 2.1. Theorem 2.2 could also be proved using Theorem 7.1 of [15]. In-
deed this one gives a representation of the monoid of episturmian morphisms by
generators and relations and the last of these relations simply expresses a block-
transformation.

Now we make precise the structure of finite spinned words.

Definition 2.4. Let w̆ = x̆v̆1x̆v̆2x̆ · · · x̆v̆nx̆, x ∈ A, vi ∈ (A\{x})∗, be a x-based
spinned multiblock. Note that different occurrences of x̆ may have different
spins. Then

1) w̆ is a semigood multiblock (in short smb) if a) x and x̄ occur in it, b) each
v̆i is vi or v̄i, c) for any non-empty vi write w = evif , then if v̆i = vi (resp. v̆i = v̄i)
then x (resp. x̄) occurs in ĕ and f̆ begins with a prefix gx̄ (resp. ḡx), g ∈ A∗

2) the smb w̆ is a good multiblock (in short gmb) if its non-empty v̆i all are vi

(low form) or all are v̄i (high form). When n = 1 (i.e., w̆ = xv1x̄ or x̄v̄1x) we simply
say “good block”.

Example 2.2. Example 2.1 shows block-equivalent a-based smb, the first one in
good low form, the last one in good high form.

If w̆ is good of one form then, as easily seen, there exists a block-equivalent gmb
of the other form. This can be generalized.

Proposition 2.4. If w̆ is a smb then there exists a gmb ŵ in low (or similarly
high) form such that w̆ ≡ ŵ.
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Proof. With w̆ as in Definition 2.4, 1), if all non-empty v̆i are vi then w̆ is already
a gmb in low form. Otherwise let p, 1 ≤ p ≤ n be maximal such that v̆p = v̄p %= ε.
Write w̆ = ĕv̄pf̆ . Then f̆ begins with ḡxh̆, g, h ∈ {A}∗. But g = xvp+1x · · ·xvq for
some q ≥ p (g = ε if q = p). Thus the vi, p + 1 ≤ i ≤ q are empty, i.e., f̆ begins
with x̄q−px.

Now we can write ĕv̄p = ĕ1x̄v̆rx · · ·xv̆p−1xv̄p where the rightmost occurrence of
x̄ in ĕ just precedes v̆r. If some non-empty v̆j , r ≤ j ≤ p − 1, is vj , then we are in
contradiction with Definition 2.4, 1) c), as all x̆ until v̄p are x. Thus

w̆ = ĕ1x̄v̄rx · · ·xv̄p−1xv̄px̄
q−pxh̆.

By mbt (starting with x̄v̄rx) we transform w̆ into

ẅ = ĕ1xvrx · · ·xvp−1xvpx̄q−p+1h̆.

Then ẅ ≡ w̆ is semigood and the number of non-empty v̆i = v̄i has decreased as at
least v̄p is not empty. Continuing we get a good gmb (in low form).

Lemma 2.5. Let u = ĕw̆f̆ , e, w, f ∈ A∗ with w̆ a x-based smb. If a good block ysȳ
or ȳs̄y, y ∈ A, s ∈ (A\{y})∗ occurs in w̆ or overlaps it in u then y = x. Moreover
any ŵ ≡ w̆ is a x-based smb.

Proof. With w̆ the smb of Definition 2.4, 1), if the good block ȳs̄y for instance,
y %= x, occurs in w̆ then ȳ occurs in some non-empty v̄i. Thus the first letter with
spin 0 on the right of this v̄i is an x, a contradiction because it is y. If ȳs̄y overlaps
w̆ on the left of this one, then y occurs in some non-empty vi. By Definition 2.4,
1) c) some x occurs in w̆ on the left of y, a contradiction. If ȳs̄y overlaps w̆ on the
right of this one then there is a ȳ within some v̄i in w̆ and then an x before the end
of w̆ hence before the end of ȳs̄y, a contradiction. It follows that x = y, thus any
block-transformation acting on w̆ must be x-based.

Clearly w̆ remains a x-based smb when modified by a block-transformation.
Thus w̆ ≡ ŵ implies that ŵ is a x-based smb.

Lemma 2.6. Let w̆ be a x-based smb, factor of ŭ. Then
1) if a smb w̆1 occurs in w̆ then it is x-based
2) if a smb w̆1 overlaps w̆ then it is x-based and both together form a x-based

smb
3) if w̆1 is a x-based smb adjacent to w̆ then they together form a smb.

Proof. For 1), the proof of Proposition 2.4 shows that if w̆1 is a y-based smb then
it contains a y-based good block. This one is a factor of w̆, hence by Lemma 2.5
y = x.

For 2) suppose by contradiction that w̆1 is y-based, y %= x. Write w̆1 = w̆′
1x̆v̆y̆,

w̆ = x̆v̆y̆w̆′, v ∈ A∗. Suppose for instance x̆ = x. Then as w̆1 is a y-based smb, x̆v̆y̆
has a prefix xgȳ, g ∈ A∗. As w̆ is a x-based smb, x̄ must occur in the prefix xg of
w̆, a contradiction. Thus y = x, i.e., w̆1 is x-based.
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Now the fact that w̆1w̆′ is a x-based smb follows by verifying that Definition 2.4
holds for this word. The same reason also proves 3).

Now let ŭ = ĕw̆f̆ with w̆ a smb. Then w̆ is a maximal smb (in ŭ) if ŭ = ĕ′w̆′f̆ ′,
|e′| ≤ |e|, |f ′| ≤ |f |, w̆′ a smb, imply w̆′ = w̆.

Theorem 2.7. A spinned word ŭ, has a unique factorization

ŭ = ĕ1f̆1ĕ2f̆2 · · · ĕnf̆nĕn+1

where the f̆i are all the maximal smb of ŭ. Moreover any û ≡ ŭ, has form

û = ĕ1f̂1ĕ2f̂2 · · · ĕnf̂nĕn+1

with f̂i ≡ f̆i for all i.

Proof. By Lemma 2.6 two maximal smb are disjoint whence the factorization as
claimed. Moreover as a block, like ȳs̄y or ysȳ, is a smb, it is contained in some
maximal f̆i. Thus all block-transformations act on the f̆i letting the ĕi unchanged,
whence the result.

It is not difficult to design a finite automaton recognizing smb (resp. gmb). Thus

Theorem 2.8. Given a finite alphabet the language of semigood (resp. good) multi-
blocks on it is rational.

2.2. A numeration system

Let ∆ = x1x2 · · · direct the standard rew s, with un the palindromic prefixes of s
and σn, n ≥ 1, as in the Preliminaries. Put dn = ∆(1, n). Then as already said in
[10] all shifts S(d̆n) from 0 to |un+1| can be obtained by suitable spins in d̆n. Indeed
this is easily shown by induction on n, using σn ≤ |un|+1, which itself follows from
|un+1| ≤ 2|un| + 1 and Equation (1).

Thus (σn)n∈N+ can be considered as a numeration system for positive integers,
with digits 0 and 1. However if xi = xi+1 then σi = σi+1, thus it is natural to ignore
permutations among adjacent x̆ in d̆n. Then we represent ∆ by ∆ = ze1

1 ze2
2 · · ·,

zi ∈ A, zi %= zi+1, ei > 0, and we can associate to ∆ the numeration system
(τn)n∈N+ where the τn are the different σi in increasing value order. Now any
integer K ≥ 0 can be represented as

∑n
i=1 kiτi, 0 ≤ ki ≤ ei for all i. We get

a numeration system which can be called a generalized Ostrowski system as the
Ostrowski systems [5] correspond to the Sturmian case.

The relation τi+1 = eiτi + τi−1 valuable in the Sturmian case is rather simple
because z1, z2, . . . are alternatively the two letters of the alphabet. In the general
episturmian case more complex similar relations follow from the relations between
the σi given in [10, Prop. 3.16].

We are interested in the number of representations of an integer K ≥ 0 in the
system above. With dn = ∆(1, n), n large enough and d̆n such that S(d̆n) = K, it
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suffices to count the number of d̂n ≡ d̆n up to permutations of adjacent z and z̄,
z ∈ A. In view of Theorem 2.7 this number is the product of analogous numbers
for the maximal smb of d̆n.

Thus it suffices to make the count for an arbitrary smb. A lemma will be useful.

Lemma 2.9. With w = xv1xv2 · · ·xvnx, x ∈ A, vi ∈ (A\{x})∗, let w̆, ŵ be two
x-based block-equivalent smb. Write, for any non-empty vh, w = evhf . Then

1) the numbers of x̄ (resp. x) in w̆ and ŵ are equal
2) if v̆h = v̂h then ĕ ≡ ê and f̆ ≡ f̂
3) if v̆h = vh and v̂h = v̄h then ê (resp. f̆) contains one more x̄ than ĕ (resp.

f̂).

Proof. 1) is clear because each block-transformation from w̆ to ŵ lets the number
of x̄ invariant. For 2) and 3) a block-transformation from w̆ to ŵ has form xvj x̄ →
x̄v̄jx or the inverse, thus if v̂h %= v̆h the number of such transformations such
that j = h is odd whence the result for 3). Now if v̂h = v̆h the number of block-
transformations such that j = h is even. We have to show that in this case ĕ ≡ ê.
Let e = e′x and f = xf ′. Without loss of generality suppose that ĕ = ĕ′x, v̆h = vh,
f̆ = x̄f̆ ′ and that the first block-transformation is xvhx̄ → x̄v̄hx giving ẅ = ëv̄hf̈ =
ĕ′x̄v̄hxf̆ ′. Thus S(ë) = S(ĕ) + σ where σ is the elementary shift corresponding
to the x before vh. Thus the shift of ĕ has increased by σ. The following block-
transformations may act on ë and f̈ replacing them by block-equivalent words,

+
e,

+

f , say. They are followed by a block-transformation x̄v̄hx → xvhx̄ which decreases
the shift of

+
e by σ, giving without loss of generality ê ≡ ĕ by Theorem 2.2.

Now consider a y-based gmb in low form B̆ = y̆a1
1 w1y̆

a2
2 w2 · · · y̆an

n with, for all i,
yi = y ∈ A, wi ∈ (A\{y})+, ai > 0 and denote by q1 < q2 · · · the indices j such that
y̆

aj

j contains ȳ, and put p1 = q1, pi = qi − qi−1. Also let ci = 1 if y̆
aqi
qi contains y,

ci = 0 otherwise. As B̆ is in low form yan
n must contain ȳ, thus n = qk for some k.

We will show that the number of representations of S(B̆) in the above numeration
system, i.e., the number of B̂ ≡ B̆ (up to permutations within the yai

i ) only depends
on (p1, c1, p2, c2, . . . , pk, ck) and can be represented by R(p1, c1, p2, c2, . . . , pk, ck).
We have the theorem

Theorem 2.10. Let B̆ be a good multiblock in low form, with sequence
(p1, c1, p2, c2, . . . , pk, ck) as defined above. Then the number of representations of
S(B̆) in the numeration system described above satisfies

R(p1, 0, p2, c2, . . . , pk, ck) = R(p2, c2, . . . , pk, ck) + (p1 − 1)R(p2 + 1, c2, . . . , pk, ck)

R(p1, 1, p2, c2, . . . , pk, ck) = p1R(p2 + 1, c2, . . . , pk, ck).

Proof. With B̆ = y̆a1
1 w1y̆

a2
2 w2 · · · y̆an

n a gmb in low form as previously write B̆ =
fwp1−1y̆

ap1
p1 ğ. If B̂ ≡ B̆ let B̂ = f̂ ŵp1−1ŷ

ap1
p1 ĝ.
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Suppose firstly c1 = 0. If ŵp1−1 = wp1−1 then f̂ = f by Lemma 2.9, 2). In this
case we also have ŷ

ap1
p1 ĝ ≡ ȳ

ap1
p1 ğ. As ŷ

ap1
p1 may contain at most one ȳ more than ȳ

ap1
p1

we have exactly ŷ
ap1
p1 = ȳ

ap1
p1 and ğ ≡ ĝ, giving R(p2, c2, . . . , pk, ck) possibilities for

ĝ. If ŵp1−1 = w̄p1−1 then there is exactly one ȳ in f̂ giving p1 − 1 possibilities and
now the possibilities for ŷ

ap1
p1 ĝ are the same as for ȳ

ap1−1
p1 yĝ whence for yĝ, giving

R(p2 + 1, c2, . . . , pk, ck) possibilities. The first formula follows.
Suppose now c1 = 1, then y̆

ap1
p1 contains y. Thus up to permutations of adjacent

spinned y we can write B̆ = fwp1−1ȳy̆
ap1−2
p1 yğ and B̂ = f̂ ŵp1−1ŷy̆

ap1−2
p1 ŷĝ (the

two ŷ may have different spins). Using Lemma 2.9 we get fwp1−1ȳ ≡ f̂ ŵp1−1ŷ
giving p1 possibilities. As B̆ ≡ B̂ it follows yğ ≡ ŷĝ, giving R(p2 + 1, c2, . . . , pk, ck)
possibilities for ŷĝ whence the second formula.

Formulas of Theorem 2.10 can be collected into one:

R(p1, c1, p2, c2, . . . , pk, ck) = (1 − c1)R(p2, c2, . . . , pk, ck) + (p1 + c1 − 1)

×R(p2 + 1, c2, . . . , pk, ck)

whence, as R(p, 0) = R(p, 1) = p for any p > 0, the following corollary.

Corollary 2.11. The number of representations of S(B̆) in the numeration system
is given by

(1, 0)
(

R(p1, c1, p2, c2, . . . , pk, ck)
R(p1 + 1, c1, p2, c2, . . . , pk, ck)

)
= (1, 0)M1M2 · · ·Mk

(
1
1

)

where Mi =
(

1 − ci pi + ci − 1
1 − ci pi + ci

)
.

Example 2.3. We take the example of [3] to which we refer for details. Sequence
(2,2,3,2,2,2,3) there corresponds to the prefix ∆(1, 16) = a2b2a3b2a2b2a3 of a di-
rective word on {a, b}. Number 660 has the Zeckendorf representation 2000200
(= 2τ7 + 2τ3 = 2 × 323 + 2 × 7) in the corresponding Ostrowski system (the
Zeckendorf representation

∑
kiτi, 0 ≤ ki ≤ ei, of a number is the one where,

for i ≥ 2, ki = ei implies ki−1 = 0). This corresponds to the spinned word
∆̆(1, 16) = aabbaāābbaabbaāā. In this particular example ∆̆(1, 16) is its own unique
maximal smb (it is even a gmb: observe that in general the d̆n where all maximal smb
are in good low form correspond to Zeckendorf representations in reverse order of
digits). Thus if we write ∆(1, 16) as y2

1w1y3
2w2y2

3w3y3
4 , where y1 = y2 = y3 = y4 = a,

we have q1 = 2, q2 = 4 whence p1 = p2 = 2 and c1 = c2 = 1. We get

M1 = M2 =
(

0 2
0 3

)
whence R(2, 1, 2, 1) = 6 as in [3].

Remark 2.2. It is possible to make a theory of generalized Ostrowski systems
(and in particular to show existence and unicity of generalized Zeckendorf repre-
sentations) without any explicit reference to episturmian words and spinned words.
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3. Infinite Spinned Words

In this section we examine in which conditions two spinned versions of a right
infinite word direct a same bew.

3.1. Non-periodic episturmian words

We will consider directive (right infinite) words ∆ ∈ Aω such that |Ult(∆)| > 1.
The case |Ult(∆)| = 1 which corresponds to periodic episturmian words will be
shortly examined after in Subsection 3.2.

The duality between spins 0 and 1 is made precise by the following lemma. If w̆
is a finite or infinite spinned word its opposite is ŵ obtained by changing all spins
in w̆.

Lemma 3.1. Let w̆ be a finite (resp. ∆̆ be an infinite) spinned word. Then if ŵ
(resp. ∆̂) is its opposite we have

1) for all u ∈ A∗, µŵ(ũ) = µ̃w̆(u)
2) if ∆̆ directs a bew b then ∆̂ directs b̃.

Proof. When u is a letter 1) is easy by induction on |w| and the formula
for arbitrary u follows. For 2) observe that if X.Y is a bew and a ∈ A then
ψ̄a(Ỹ .X̃) = ˜ψa(X.Y ). Thus if (b(i))i∈N is the sequence of the bew associated with
b (see Preliminaries) then b(i−1) = µx̆i(b(i)) implies b̃(i−1) = µx̂i(b̃(i)), thus the
sequence of the b̃(i) corresponds to b̃ hence this one is directed by ∆̂.

A spinned version ∆̆ of ∆ will be called wavy if it contains infinitely many spins
0 and spins 1. When ∆̆ is wavy it directs exactly one bew ([10, Prop.3.2]). When
the spins are ultimately 0 (resp. 1) ∆̆ directs |Ult(∆)| bew which are shifts of bew
m.s (resp. s̃.m̃) with s the standard rew directed by ∆.

Now we give a continuity theorem extending Theorem 3.20 of [10].

Theorem 3.2. Let ∆̆i, i ∈ N be wavy spinned versions of ∆ ∈ Aω, |Ult(∆)| > 1,
and suppose the ∆̆i have a limit ∆̆ say. Let bi be the bew directed by the ∆̆i. Then
the bi have a limit b which is directed by ∆̆.

Proof. Let v̆n = ∆̆(1, n). Then v̆n is a prefix of all ∆̆i for i large enough (depending
of n). Since |Ult(∆)| > 1 there exist infinitely many values of n, say n1 < n2 < · · ·
such that for some x ∈ A, xnj+1 = x and the xnj+1 have same spin in ∆̆. Suppose
first this one is 0. Then x̆nj+1 = x in all ∆̆i for i large enough (depending of nj).
Denote µv̆nj

by µ̆nj . Then µ̆nj (x) is a prefix of the right part of bi for i large enough
(depending of nj). As |Ult(∆)| > 1 the |µ̆nj (x)| increase with j, hence the bi have a
limit, b say. Now if r is a rew directed by ∆̆ then by the Preliminaries r(nj) begins
with x, whence µ̆nj (x) is a prefix of r. Thus the right part of b, hence b itself, is
directed by ∆̆.
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If on the contrary the x̆nj+1 have spin 1 we consider the opposites of ∆̆ and the
∆̆i and we apply what precedes whence by Lemma 3.1 the result.

Lemma 3.3. Let ∆̆, wavy, and ∆̂ be spinned versions of ∆ ∈ Aω, |Ult(∆)| > 1,
directing a same bew, with ∆̆ beginning with x̄ (resp. x) and ∆̂ beginning with x
(resp. x̄), x ∈ A. Then the leftmost letter of ∆ having spin 0 (resp. spin 1) in ∆̆ is
an occurrence of x.

Proof. Suppose for instance ∆̆ begins with x̄. Let r be the right part of the bew
directed by both ∆̆, ∆̂. As ∆̂ begins with x, r also begins with x. By Lemma 2.1, 1),
the first letter with spin 0 in ∆̆ is x (this letter exists as ∆̆ is wavy), thus ∆̆ begins
as claimed. If on the contrary ∆̆ begins with x we obtain the result by considering
the opposites of ∆̆, ∆̂.

Now we extend Definition 2.3 to right infinite words.

Definition 3.1. Let ∆̆, ∆̂ be spinned versions of ∆, then
1) ∆̆ leads to ∆̂ (written ∆̆ ! ∆̂) if there exist infinitely many prefixes f̆i of

∆̆, ĝi of ∆̂, |gi| ≤ |fi|,with the gi of strictly increasing lengths, such that, with
fi = gici, we have f̆i ≡ ĝic̈i for suitable spins in the c̈i

2) ∆̆ and ∆̂ are block-equivalent (written ∆̆ ≡ ∆̂) if ∆̆ ! ∆̂ and ∆̂ ! ∆̆.

Example 3.1. With alphabet {a, b} let ∆̆ = ā(b̄a)ω. Easily ā(b̄a)n ≡ (ab)nā. As
(ab)n is a prefix of ∆ we have ∆̆ ! ∆.

It is easily verified that ≡ is an equivalence.
In the “wavy case” we have a rather simple result.

Theorem 3.4. Let ∆̆ and ∆̂ be wavy spinned versions of ∆ ∈ Aω, |Ult(∆)| > 1.
Then ∆̆ and ∆̂ direct the same (unique) bew if and only if ∆̆ ≡ ∆̂.

Proof. For the “if” part let ∆̆ = f̆i∆̆i, ∆̂ = ĝi∆̂′
i, with f̆i ≡ ĝic̈i as in the first

part of Definition 3.1. Then the ĝic̈i∆̆i direct the same bew b as ∆̆, thus as these
infinite words have limit ∆̂, by Theorem 3.2, ∆̂ also directs b.

For the “only if” part, ∆̆ and ∆̂ are wavy and direct the same bew, b. If ∆ = w∆′,
w ∈ A+, ∆′ ∈ Aω and w̆ ≡ ŵ then ∆̆′, ∆̂′ are wavy and direct a same bew (which
is b(|w|), see Preliminaries). If we can continue this way indefinitely then clearly
∆̆ ≡ ∆̂. Otherwise ∆ = w∆′ with |w| maximal such that w̆ ≡ ŵ. Then ∆̆′, ∆̂′ direct
the same bew and have no “common modulo ≡ ” non-empty prefix. Without loss of
generality we can suppose that this is the case for ∆̆, ∆̂. Then for instance ∆̆ begins
with x ∈ A and ∆̂ with x̄. By Lemma 3.3 ∆̆ begins with f̆0 = xv1xv2x · · ·xvpx̄,
p ≥ 1, vi ∈ (A\x)∗. Write ∆ = f0∆0, and replace f̆0 in ∆̆ by the block-equivalent
f̈0 = x̄v̄1xv̄2x · · ·xv̄px, obtaining ∆̈ = f̈0∆̆0.

Clearly ∆̈ also directs b. Let y be the leftmost letter in ∆ having different spins
in ∆̈ and ∆̂. This spin disagreement must occur within f0 because otherwise we
would have f̆0 ≡ f̈0 = f̂0, a contradiction.
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Thus we can write f̈0 = g̈0c̈0 with g̈0 = ĝ0 and the first letter y of c0 having
different spins in c̈0, ĉ0. If y %= x, it occurs in some vr, 1 ≤ r ≤ p and is ȳ in
f̈0. Thus by Lemma 3.3 the first letter with spin 0 in c̈0∆̆0 must be y, and this is
impossible as x immediately follows v̄r in c̈0. Thus y = x, say the x following vr

and g0 = xv1 · · ·xvr for some r, 1 ≤ r ≤ p. Thus c̈0∆̆0 begins with x and ĉ0∆̂0 with
x̄. By Lemma 3.3 c̈0∆̆0 begins with xvr+1 · · ·xvqx̄, q > p. Put xvr+1 · · · vqx = d0

and f1 = f0d0 = xv1 · · ·xvqx and c0∆0 = c0d0∆1 whence ∆0 = d0∆1. Replacing

c̈0d̆0 in c̈0∆̆0 by the equivalent x̄v̄r+1x · · ·xv̄qx we get, say,
+
c0

+

d0∆̆1. As previously
+
c0

+

d0∆̆1 and ĉ0d̂0∆̂1 have a maximal common prefix of the form x̄v̄r+1x · · ·xv̄m,
m ≤ q. Let e0 = xvr+1 · · · vm and g1 = g0e1 = xv1 · · · vm and c1 = xvm+1 · · · vqx

whence f1 = g1c1. We have
+
c0

+

d0 =
+
e0

+
c1 = ê0

+
c1 whence

f̆1 = f̆0d̆0 ≡ f̈0d̆0 = ĝ0c̈0d̆0 ≡ ĝ0
+
c0

+

d0 = ĝ0ê0
+
c1 = ĝ1

+
c1.

Thus ∆̆ has a prefix f̆1 and ∆̂ has a prefix ĝ1 such that f̆1 ≡ ĝ1
+
c1 for suitable spins

in c1. Continuing this way, we get prefixes f̆i of ∆̆ and ĝi of ∆̂ such that f̆i ≡ ĝi
+
ci

for suitable spins in the ci. Clearly the fi and gi have increasing lengths. Thus
∆̆ ! ∆̂ by Definition 3.1. Similarly ∆̂ ! ∆̆ whence ∆̆ ≡ ∆̂.

Corollary 3.5. If ∆̆ ≡ ∆̂ where ∆̆, ∆̂, wavy and without common modulo ≡ non-
empty prefix, begin with x, x̄ respectively, then ∆̆ = xv1x̆v2x̆ · · · with infinitely many
spins 1 among the x̆ and ∆̂ = x̄v̄1x̂v̄2x̂ · · · with infinitely many spins 0 among the
x̂.

Proof. Immediate from the proof of Theorem 3.4.

Remark 3.1. In this case ∆̆ and ∆̂ can be considered as “good infinite multi-
blocks” with a natural extension of definitions given for finite words.

Now let us consider all cases not covered by Theorem 3.4.

Proposition 3.6. If, with ∆ as previously, ∆̆ wavy and ∆̂ with all spins ultimately
0 (resp. 1) direct a same bew, then ∆̆ ! ∆̂. Moreover there is a factorization
∆ = w∆′ such that w̆ ≡ ŵ, ∆̂′ = ∆′ for instance (case ∆̂′ = ∆̄′ is obtained by
taking the opposites) and ∆̆′ = x̄v̄1xv̄2x · · · , x ∈ A, vi ∈ (A\{x})∗.

Proof. We prove ∆̆ ! ∆̂ exactly as in proof of Theorem 3.4. Now supposing spins
of ∆̂ are ultimately 0 let ∆ = w∆′ with |w| maximal such that w̆ ≡ ŵ. Then
∆̆′ and ∆̂′ direct a same bew and begin with different spins. If ∆̆′ begins with x
and ∆̂′ with x̄ then ∆̆′ begins with f̆ = xv1xv2 · · ·xvqx̄, q ≥ 1, vi ∈ (A\{x})∗,
which can be replaced by x̄v̄1xv̄2x · · ·xv̄qx = f̈ . As in the proof of Theorem 3.4
a new disagreement must occur on some x in f̈ whence a x̄ in ∆̂′. Continuing we
get infinitely many occurrences of x̄ in ∆̂′ and this impossible as all spins of ∆̂
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are ultimately 0. Thus ∆̂′ = ∆′ and easily, using Lemma 3.3, ∆̆′ = x̄v̄1xv̄2x · · · as
claimed.

Proposition 3.7. With |Ult(∆)| > 1, if ∆̆ = w̆∆′ and ∆̂ = ŵ∆′ (resp. w̆∆̄′ and
ŵ∆̄′) then ∆̆, ∆̂ direct a same bew if and only if w̆ ≡ ŵ.

Proof. “If” part follows from the fact that µw̆ = µŵ. For the “only if” part let r
be the right part of a bew directed by both ∆̆ and ∆̂. Then by the Preliminaries we
have r = µw̆(s) = µŵ(s), i.e., TS(w̆) µw(s) = TS(ŵ) µw(s), where s is the (standard)
rew directed by ∆′. Thus as µw(s) is not periodic, S(w̆) = S(ŵ), i.e., w̆ ≡ ŵ.

The last case shows that a well-known property of Sturmian words is exceptional.
A lemma will be useful.

Lemma 3.8. Let s be a standard non-periodic rew. Then
1) s̃.s does not belong to C(s).
2) for any letter y, s̃y.s does not belong to C(s).

Proof. 1) Let s, a standard rew, have directive word ∆, with ∆ = x1x2 · · ·, un, hn

as in the Preliminaries. If x1 does not occur in x2x3 · · · then x1x1 does not occur
in s. As s begins with x1, x1x1 occurs in s̃.s whence s̃.s %∈ C(s).

Otherwise let xn be the second occurrence of x1 in ∆. Then un+1 = (unx1)(+) =
unun whence by Equation (1) un = hn−1. Let p be maximal such that hp

n−1 is a
prefix of s. Then, by [10, Prop. 2.10], hp+2

n−1 does not occur in s. But h2p
n−1 = u2p

n

clearly occurs in s̃.s whence if s̃.s ∈ C(s), 2p < p + 2, whence p < 2. But clearly
h2n−1 = un+1 is a prefix of s, a contradiction.

2) With the same notations let s begin with xp
1, p ≥ 1. The maximal power of

x1 in s is p + 1. If y = x1 then x2p+1
1 occurs in s̃.s. As 2p + 1 > p + 1 this one

does not belong to C(s). If y %= x1, write s = ψx1(t), t the standard rew directed by
x2x3 · · ·. We easily get s̃y.s = ψx1(t̃y.t). If s̃y.s ∈ C(s) then t̃y.t ∈ C(t). If y = x2

this impossible as previously. Otherwise we continue until y = xi for some i whence
impossibility. If y never occurs in ∆ then s̃y.s %∈ C(s).

Proposition 3.9. With |Ult(∆)| > 1, ∆ and ∆̄ cannot direct two bew b1 and b2

which differ only by a shift, unless Ult(∆) is a 2-letter alphabet, {a, b} say. In this
case ∆ = w∆′ with ∆′ ∈ {a, b}ω, w ∈ A∗, and ∆′ directs t̃ab.t and t̃ba.t, while ∆̄′

directs t̃.bat and t̃.abt, with t a standard Sturmian word on {a, b}.

Proof. Let ∆ = x1x2 · · · and morphisms µn, µ̄n be directed by x1x2 · · ·xn,
x̄1x̄2 · · · x̄n and s be the standard rew directed by ∆. Then b1 has right part s
and b2 has left part s̃. As they differ only by a shift we easily see that for some
w ∈ A+, either b1 = s̃w.s and b2 = s̃.ws or, with s = ws′, b1 = s̃′.ws′ = s̃′.s and
b2 = s̃′w.s′ = s̃.s′.
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In the second case, w is a prefix of s and a suffix of s̃, hence is a palindromic prefix
of s, un+1, say. Consider the b(n)

1 and b(n)
2 in the sequences of the bew associated

to b1 and b2. We have b1 = µn(b(n)
1 ) and b2 = µ̄n(b(n)

2 ). Let b(n)
1 = m̃.s(n), with

s(n) the standard rew directed by xn+1xn+2 · · ·. Then b1 = µn(m̃.s(n)) = µn(m̃).s.
Thus we have µn(m̃) = s̃′. Thus, recalling that the shifting factor of µ̄n is un+1

(see [10, end of Prop. 3.10]) we get s̃ = µn(m̃)w = µn(m̃)un+1 = µ̄n(m̃) = µ̃n(m)
whence s = µn(m) whence m = s(n). Thus b(n)

1 = s̃(n).s(n). By Lemma 3.8 this is
impossible.

Consequently we are in the first case: b1 = s̃w.s. We have b1 = ψx1(b
(1)
1 ). Thus,

writing b(1)
1 = m̃.s(1), we have s̃w. = ψx1(m̃) whence s̃wx1. = ψ̄x1(m̃) whence

x1w̃s = ψx1(m), whence, as s = ψx1(s(1)), m = v1s(1) with ψx1(v1) = x1w̃. Thus
b(1)
1 = s̃(1)ṽ1.s(1) and more generally b(h)

1 = s̃(h)ṽh.s(h) with xhṽh−1 = ψxh(vh).
Among all b(h)

1 consider one with |vh| minimal and without loss of generality
suppose it is b(0)

1 , i.e., b1 itself. Then |w| ≤ |v1|. Thus, as x1w = ψx1(v1), at most
one letter different from x1 occurs in v1. Thus v1 = xp

1 or v1 = xp
1yxq

1, y ∈ A\{x1}.
If v1 = xp

1 then w = xp−1
1 , hence p ≥ 2 because both w = ε and w = x1 are

forbidden by Lemma 3.8. Thus as x2 is the separating letter of b(1)
1 (i.e., occurs in

any 2-letter factor of b(1)
1 ) we must have x1 = x2. Continuing, all letters xi are x1,

a contradiction with |Ult(∆)| > 1.
Consequently v1 = xp

1yxq
1 for some letter y %= x1. If x2 %= x1 and x2 %= y then

as x2 is separating in v1, p = q = 0 which is impossible by Lemma 3.8. Thus
x2 ∈ {x1, y}. If x2 = x1 we get, by x2ṽ1 = ψx2(v2), v2 = ṽ1, and we continue. As
|Ult(∆)| > 1 we arrive to xi = y. Suppose for instance, without loss of generality,
x2 = y. As y is separating in v1 this gives p, q ∈ {0, 1}. Thus v1 is x1yx1 or x1y
or yx1. Case v1 = x1yx1 is impossible as it gives v2 = x1x1 which is impossible
as seen previously. Cases v1 = x1y, v1 = yx1 give respectively v2 = yx1 v2 = x1y
which allow continuation. Thus b(1)

1 is Sturmian on {x1, y} and v1 is x1y or yx1 as
claimed.

Now if ∆′ ∈ {x1, y}ω directs b(1)
1 = s̃(1)x1y.s(1) for instance then it also directs

s̃(1)yx1.s(1) and ∆̄′ directs b̃(1)
1 = s̃(1).yx1s(1) and s̃(1).x1ys(1) which achieves the

proof.

3.2. The periodic case

Now |Ult(∆)| = 1, giving periodic episturmian words.
If ∆ = aω, a ∈ A then the unique rew (resp. bew) directed by ∆̆ is aω itself

(resp. aZ). Thus we can ignore spins in ăω.
If ∆ = x1x2 · · · = wyaω with |w| = n− 1, y = xn, a = xn+1, then ∆ directs the

standard rew s = (µwy(a))ω = (µn(a))ω = hω
n (and the bew b = hZ

n with the dot
between two hn).

All rew or bew directed by ∆̆ = w̆y̆aω are shifts of s or b and their number is
|C(s)| = |C(b)| = |hn| = σn+1 because hn is primitive ([10, Prop. 2.8]).
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Now observe that hn = µn−1(ψy(a)) = hn−1µn−1(a) and consider ∆′ = wayω.
Thus ∆′ directs the standard rew h′

n
ω where h′

n = µn−1(ψa(y)) = µn−1(a)hn−1 =
Tσn(hn) as |hn−1| = σn. Thus ∆′ directs the standard rew s′ = Tσn(s). Thus C(s)
contains two standard words. We can show that this is exactly two. Indeed let f be
the longest left special factor of s. Definition 1.1 shows that f is also right special
hence is a palindromic prefix of s. Now un is right special as two letters, y and
a, occur in xnxn+1 · · · = yaω ([8, Th. 6]). For the same reason un+1 is not right
special. Thus un is the longest right special factor of s, and also of s′. Thus only
two standard rew can begin with un, the first one beginning with uny, the second
with una.

Finally |hnun+1| = |un+2| ≤ 2|un+1| + 1 whence |hn| − 1 ≤ |un+1|. Thus as
S(w̄ȳ) = |un+1| all shifts from 0 to |hn| − 1 can be obtained by suitable spins in
w̆y̆.

Also as |un| < |hn| by Prop. 2.11 of [10] we have |un+1| ≤ 2|un| + 1 < 2|hn|.
Thus if S(w̆y̆) ≡ S(ŵŷ) mod |hn| then |S(w̆y̆)−S(ŵŷ)| ∈ {0, |hn|}. As |hn| = σn+1

is the elementary shift associated to xn+1 we get the following proposition.

Proposition 3.10. With ∆ = wyaω, ∆̆ = w̆y̆aω and ∆̂ = ŵŷaω direct the same
rew (or bew) if and only w̆y̆ă ≡ ŵŷâ for suitable spins in ă and â.

4. The Morphic Case

A non-periodic bew b is fixed by a morphism ϕ if and only if it is directed by some
periodic spinned word ∆̆ = f̆ω, f ∈ A+, with ϕ = µf̆ ([10]). Note that in f̆ω all
factors f̆ are identical, including spins. As Alph(∆) = Ult(∆), b is “strict” (i.e., is
an Arnoux-Rauzy sequence). Our aim is to search the conditions for another bew,
c, also fixed point of a morphism, to be in the shift-orbit of b. Clearly c is directed
by some ∆̂ = F̂ω and without loss of generality we can take for F a power of f .

We first examine the particular cases where ∆̆ or ∆̂ is not wavy.

Proposition 4.1. If ∆̆ = f̆ω, wavy, directs the bew b then c = Tk(b) is directed
by ∆ (resp. ∆̄) if and only if k = 1 (resp. k = −1) and ∆̆ has all its spins 1 (resp.
0) except for the occurrences of some letter x all of whose spins are 0 (resp. 1).

Proof. Consider c = Tk(b) directed by ∆ for instance. For large enough p and
suitable spins and some g, e we have f̆p = ğĕ ≡ g̈ë, S(g̈) − S(ğ) = k. Then g̈ĕ∆̆
directs Tk(b) = c, thus g̈ĕ∆̆ ! ∆. Let w be the longest common prefix of g̈ĕ∆̆
and ∆. Then by Proposition 3.6 T|w|(g̈ĕ∆̆) = x̄v̄1xv̄2x · · ·, x ∈ A, vi ∈ (A\{x})∗.
Thus by periodicity all x̆ in ∆̆ have spin 0 and all other spins are 1. Then by [10,
Th. 3.17], the bew b directed by ∆̆ has right part xs where s is the standard rew
directed by ∆. Thus T(b) has right part s as c does, hence k = 1. This proves the
“only if” part.

For the “if” part let k = 1 for instance. Then b has right part xs for some
x ∈ Alph(∆) and s the standard rew directed by ∆. But ∆̈ where all x have spin
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0 and all other spins are 1 is wavy and directs xs. Thus ∆̈ ≡ ∆̆. As no good block
occurs in ∆̈, we have ∆̈ = ∆̆.

The other case shows an exceptional property of Sturmian words.

Proposition 4.2. ∆ directs b and ∆̄ directs c = Tk(b) if and only if k = −2 and
the right part of b, is standard Sturmian.

Proof. This immediately follows from Proposition 3.9.

Now we pass to the “general case” of wavy ∆̆ and ∆̂. A theorem gives the answer
and a corollary specifies all the possible values for the shift.

Theorem 4.3. Let b be directed by ∆̆ = f̆ω with ∆̆ wavy. Then c = Tk(b), k ∈
Z\{0} is directed by some periodic wavy ∆̂ if and only if for some power F of f we
have F̆ = F̆1 t̆1 = t̆2F̆2, t1, t2 %= ε, F1, F2 ∈ A∗, such that t̆ = t̆1t̆2 is a maximal smb
of F̆2 = F̆1t̆F̆2 and, for suitable spins in ẗ, t̆1t̆2 ≡ ẗ1 ẗ2 with S(ẗ2) − S(t̆2) = k.

Proof. For the “only if” part the bew c = Tk(b) is directed by ∆̂, periodic and
wavy. Let vn = ∆(1, n). We claim that, for large enough n and for suitable spins in
+
vn, S(

+
vn) = S(v̆n)+k. Indeed 0 ≤ S(v̆n) ≤ |un+1| (see Proposition 1.1 and Equation

(1)). As ∆̆ contains infinitely many spins 0 and 1, both S(v̆n) and |un+1| − S(v̆n)
grow to infinity with n. Thus for large enough n, 0 ≤ S(v̆n) + k ≤ |un+1| and then
there is a spinning

+
vn of vn such that S(

+
vn) = S(v̆n) + k as claimed.

Now, without loss of generality, take for vn a power, G say, of f . Then Ğω directs
b whence

+

GĞω directs Tk(b), i.e., c.
Thus, by Theorem 3.4 and Definition 3.1,

+

GĞω ≡ ∆̂ and thus ∆ has a prefix
F = GH such that, for suitable spins in

×

H , F̂ ≡
+

G
×

H.
Without loss of generality we can take for F a power of f . Then both ∆̂ = F̂ω ≡

(
+

G
×

H)ω =
+

G(
×

H
+

G)ω and
+

G(H̆Ğ)ω direct c. Thus both (
×

H
+

G)ω and (H̆Ğ)ω direct a
same bew (which is c(|G|), see Preliminaries). Thus µ×

H
+
G

= µH̆Ğ, i.e.,
×

H
+

G ≡ H̆Ğ.

Now as S(
+

G) = S(Ğ) + k we have
+

G %≡ Ğ. Thus, by Theorem 2.7, there exists
in H̆Ğ a maximal smb s̆ = s̆1s̆2, s1, s2 %= ε, such that H̆ = H̆1s̆1, Ğ = s̆2Ğ2 for
some H1, G2 in A∗ and that, for suitable spins, s̆1s̆2 ≡ ×

s1
+
s2 and

×

H
+

G =
×

H1
×
s1

+
s2

+

G2.
As s̆1s̆2 is a maximal smb we even have

×

H1 ≡ H̆1 and
×

G2 ≡ Ğ2 whence
+

G ≡ +
s2Ğ2.

Thus k = S(
+

G) − S(Ğ) = S(
+
s2Ğ2) − S(s̆2Ğ2) = S(

+
s2) − S(s̆2).

It remains to pass to F̆ 2. We have F̆2 = ĞH̆ĞH̆ . The maximal smb s̆ in H̆Ğ is
part of some maximal smb t̆ of F̆ 2 and we have F̆ = F̆1 t̆1 = t̆2F̆2, with F1, F2 ∈ A∗

and for some s′, s′′ ∈ A∗ t1 = s′s1, t2 = s2s′′ whence t̆ = s̆′s̆1s̆2s̆′′. Writing ẗ1 = s̆′
×
s1

and ẗ2 =
+
s2s̆′′, we get ẗ = ẗ1 ẗ2 ≡ t̆1t̆2 and S(ẗ2) − S(t̆2) = k.

For the “if” part we have, for some power F of f , F̆ = F̆1t̆1 = t̆2F̆2, F1, F2 ∈ A∗,
t1, t2 %= ε and t̆1t̆2 ≡ ẗ1ẗ2 for some spins in ẗ1ẗ2. Thus t̆2F̆2∆̆2 directs b, with
∆2 = T|t2F2|(∆), whence ẗ2F̆2∆̆2 directs c = Tk(b) for k = S(ẗ2) − S(t̆2).
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But ẗ2F̆2∆̆2 = ẗ2F̆2(F̆1 t̆1t̆2F̆2)ω ≡ ẗ2F̆2(F̆1 ẗ1ẗ2F̆2)ω = (ẗ2F̆2F̆1 ẗ1)ω . Thus c is
morphic.

Corollary 4.4. It is sufficient in Theorem 4.3 to take F = f2. With the notations
and in the conditions of this theorem let b be directed by ∆̆ = f̆ω, wavy. Then

1) if no maximal smb of F̆2 = F̆ .F̆ (from here on the dot denotes the separation
between the two factors F ) overlaps both factors F then there is no morphic bew,
directed by some wavy ∆̂, in the shift-orbit of b apart from b itself. However recall
that if ∆̆ has form given in Proposition 4.1 another morphic shift of b is given by
this proposition.

Otherwise, for parts 2) and 3), let t̆ = t̆1t̆2 be the maximal smb of F2 (unique
by Theorem 2.7) such that F = F1t1 = t2F2, |t1|, |t2| > 0. Let also F have suffix
zxq and prefix xpy, x, y, z ∈ A, x %= y, x %= z, p > 0, q ≥ 0. Then

2) if t̆ is not x-based there are exactly two morphic bew in the shift-orbit of b, b
itself and either T(b) or T−1(b)

3) if t̆ = t̆1t̆2 is x-based let
+

t ≡ t̆ be a gmb in low form. Let r = |+xq.
+
xp|x̄. Suppose

without loss of generality that the r letters x̄ in
+
xq.

+
xp are the leftmost ones, i.e.,

+
xq+

xp = x̄rxp+q−r. Let d be the morphic bew corresponding to
+

t as in the theorem,
i.e., d is directed by

+

t2F̆2F̆ω ≡ (
+

t2F̆2F̆1
+

t1)ω. Then c = Tk(d) is morphic if and
only if k ∈ [η, min(p, q, r, p + q − r)] where η = −1 if |t1| ≤ q and r < q, or |t2| ≤ p
and r > q, or |t1| > q and |t2| > p, otherwise η = 0.

Proof. For the moment we assume F is a sufficiently large power of f , as in
Theorem 4.3, F = f e say. Case 1) was proved in the theorem.

Consider case 2). As t̆ is not x-based there exists a letter a %= x such that
t1 = t′aw1, t2 = w2at′′ and w1w2 ∈ (A\{a})+ and all spins in w̆1w̆2 are equal.
For instance w̆1w̆2 = w̄1w̄2 (case w1w2 is similar). As in the theorem c = Tk(b) is
morphic if and only if there exists ẗ ≡ t̆ such that S(ẗ2) − S(t̆2) = k.

Using Lemma 2.9, if ẅ1ẅ2 = w̄1w̄2 then ẗ2 ≡ t̆2 whence k = 0. Otherwise we
can suppose without loss of generality that t̆ = t̆′āw̄1w̄2at̆′′ has been replaced by
ẗ = t̆′aw1w2āt̆′′ whence t̆2 = w̄2at̆′′, ẗ2 = w2āt̆′′. Thus S(ẗ2) − S(t̆2) = S(w̄2a) −
S(w2ā) = −1 because a does not occur in w2 (see [10, Prop. 3.16]).

Now consider case 3) and firstly suppose |t1| > q, |t2| > p. We have t1 = t′zxq,
t2 = xpyt′′, for some t′, t′′ ∈ A∗. By the theorem, c = Tk(d) is morphic if and only
if there exists ẗ ≡

+

t such that S(ẗ2) − S(
+

t2) = k. We have ẗ = ẗ′z̈ẍq .ẍpÿẗ′′ and
(z̈, ÿ) ∈ {(z, y), (z̄, y), (z, ȳ), (z̄, ȳ)}, giving four subcases. Recall that

+

t is a gmb in
low form whence (

+
z,

+
y) = (z, y).

In the first subcase, (z̈, ÿ) = (z, y), we have by Lemma 2.9, ẗ′′ ≡
+

t ′′ and |ẍqẍp|x̄ =
r. Thus k = S(ẗ2)−S(

+

t2) = |ẍp|x̄ − |+xp|x̄ = |ẍp|x̄ −max(0, r− q). As |ẍp|x̄ can take
any value in [max(0, r − q), min(p, r)] we get that Tk(d) is morphic if and only if
k ∈ [max(0, r− q), min(p, r)]−max(0, r− q) = [0, min(p, q, r, p + q− r)] (equality is
easily verified).

78



March 16, 2004 12:12 WSPC/112-IJFCS 00245

Episturmian Words 347

Subcase (z̈, ÿ) = (z̄, y) can be realized if and only if r > 0. We have again
ẗ′′ ≡

+

t ′′. Now |ẍqẍp|x̄ = r−1. It follows as previously k ∈ [max(0, r−1−q), min(p, r−
1)] − max(0, r − q). This introduces a new possible value for k, namely k = −1, if
and only if max(0, r − 1 − q) < max(0, r − q), i.e., r > q.

Subcase (z̈, ÿ) = (z, ȳ) is slightly different. It can be realized if and only if x

occurs in
+
x

q+
x

p
, i.e., r < p + q. Then ẗ = ẗ′zẍq.ẍpȳẗ′′. If x̄ occurs in ẍp we can

write ẗ2 ≡ ẍp−1x̄ȳẗ′′ and get by a mbt ẗ2 ≡ ẍp−1xy
×
t ′′ for suitable spins in

×
t ′′. Thus

ẗ ≡ ẗ1ẍp−1xy
×
t ′′. As ẗ ≡

+

t , Lemma 2.9 gives
×
t ′′ ≡

+

t ′′. It follows k = S(ẗ2)−S(
+

t2) =
|ẍp|x̄ − |+xp|x̄ − 1. Using the fact that x̄ occurs in ẍq.ẍp it can be verified that this
relation holds even if x̄ does not occur in ẍp.

Consequently as |ẍqẍp|x̄ = r + 1 we get for k the interval [max(0, r + 1 −
q), min(p, r + 1)] − 1 − max(0, r − q). This introduces for k the new value −1 not
already given by the first subcase, if and only if r − q < 0.

Subcase (z̈, ÿ) = (z̄, ȳ) can always be realized. Now S(ẗ2) − S(
+

t2) satisfies the
same relation as in subcase (z̈, ÿ) = (z, ȳ), and also |ẍqẍp|x̄ = r, whence k ∈
[max(0, r − q), min(p, r)] − 1 −max(0, r − q). Thus we always have the value −1 in
this subcase.

The cases |t1| ≤ q, |t2| ≤ p follow from what precedes. For instance |t2| ≤ p

corresponds to subcases (z, y) and (z̄, y) because in these subcases yẗ′′ ≡ y
+

t ′′ and
thus suffix yt′′ of t2 has no influence.

It remains to show that we can take F = f2. If F = f e, e ≥ 2 and if t̆1.t̆2 exists
then in view of the periodicity of F̆ there exists in f̆ .f̆ a maximal smb s̆1.s̆2 such
that t1.t2 = s′s1.s2s′′ and |s′| = |s′′| ≡ 0mod|f |. Then clearly all arguments can be
repeated with F = f2, and s1s2 instead of t1t2.

Example 4.1. In several of the following examples it suffices to take F = f , we
do so when possible. Here the alphabet is {x, y} and b is directed by f̆ω.

1) f̆ = xx̄yȳ. No smb t̆1.t̆2, t1, t2 %= ε occurs in f̆ .f̆ and f̆ω has not form of
Proposition 4.1. Thus no non-trivial shift of b is morphic.

2) f̆ = xȳy. Then t̆1.t̆2 = ȳy.xȳy occurs in f̆ .f̆ and is not x-based. As t̆1.t̆2 ≡
ȳȳ.x̄yy and as S(x̄y) − S(xȳ) = −1, T−1(b) directed by (x̄yyxȳȳ)ω is the unique
non-trivial morphic shift of b. Here F = f2 is necessary for the construction of
Theorem 4.3 (but observe that (xyȳ)ω also directs T−1(b)).

3) f̆ = x2yx̄yȳxyx̄3. Then in f̆2, t̆1.t̆2 = xyx̄3.x2yx̄ is the maximal smb over-
lapping both f̆ . It is x-based. We have |t1| > q = 3, |t2| > p = 2, r = 3. As
t̆1.t̆2 is already a gmb in low form, we have that Tk(b) is morphic if and only if
k ∈ [−1, min(2, 3, 3, 2)] = [−1, 2], and this gives the four bew directed by f̈ω where
f̈ is respectively x2ȳxyȳx̄ȳx̄3, f̆ itself, xx̄yx̄yȳxyx̄2x and x̄2yx̄yȳxyx̄x2.

4) f̆ = xpyx̄p (simplest example). Then we have |t1|, |t2| > p = q = r whence
η = −1. For any 0 ≤ k ≤ p, (x̄kxp−kyxkx̄p−k)ω directs Tk(b) and also (xpȳx̄p)ω

directs T−1(b).
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4. J. Berstel, P. Séébold, A remark on morphic Sturmian words, Theoret. Informatics
Appl. 28, 3-4 (1993) 255–263.
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Abstract

In this paper we study in!nite episturmian words which are a natural generalization of Sturmian
words to an arbitrary alphabet. A characteristic property is: they are closed under reversal and
have at most one right special factor of each length. They are !rst obtained by a construction
due to de LUCA which utilizes the palindrome closure. They can also be obtained by the way
of extended RAUZY rules. c© 2001 Elsevier Science B.V. All rights reserved.

Keywords: Sturmian words; Palindrome factors; Rauzy rules; Episturmian words

0. Introduction

In [5] de Luca makes a deep study of !nite Sturmian words and gives a characteri-
zation of standard Sturmian (in!nite) words, namely if un is a palindrome pre!x of the
in!nite word, then un+1 = (unxn)(+) is also a palindrome pre!x for some xn ∈{a; b},
where v(+) denotes the palindrome right closure of v, i.e. the shortest palindrome hav-
ing pre!x v. As we shall see this property is equivalent to the following one, Al: an
in!nite word s has Al if for any pre!x v of s; v(+) is also a pre!x of s.
On the other hand, we have observed another characteristic property of standard

Sturmian words, Pi: an in!nite word s has Pi if any leftmost occurrence of a palindrome
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in s is a central factor of a pre!x palindrome of s. Finite Sturmian words have also
the following property, Ju: a word has Ju if it has a palindrome su"x with no other
occurrence in it.
In Section 2, we study the relations between these properties in the case of an

arbitrary alphabet. In particular, we prove the non-trivial equivalence between Al and
Pi. In Section 3, we apply this to a two letter alphabet and obtain a simple and short
proof of de Luca’s characterization.
The in!nite words considered in Section 2 are a natural and promising generalization

to an arbitrary alphabet of the standard Sturmian words. So in Section 4 we call them
standard episturmian and study some of their properties. In particular (Theorem 5),
an in!nite word is episturmian if and only if it is closed under reversal and has at
most one right special factor of each length. It appears that, at least in the case that
we call strict episturmian and with a three letter alphabet, they have been evoked by
Rauzy [11] and, together with Arnoux, studied in [1], so it could perhaps be better
to call them Rauzy words. We prove the equivalence of their various de!nitions, we
begin the study of morphisms preserving these words and we also mention some open
problems.
Let us also recall that generalizations of Sturmian words in other directions have been

considered by several authors (see notes of Berstel and Seebold [2] for a bibliography),
in particular the billiard sequences which generalize the de!nition of Sturmian words
by cutting sequences [12].

1. Preliminaries

1.1. Words

Given a set A (alphabet) whose elements are called letters, the free monoid A∗
generated by A is the set of the (!nite) words on A. The empty word is denoted by !.
If u= u(1)u(2) · · · u(m); u(i)∈A, is a word, its length is |u|=m. Also |u|x; x∈A, is
the number of occurrences of x in u. Lastly ũ denotes the reversal of u, i.e. the word
u(m)u(m− 1) · · · u(2)u(1). A word equal to its reversal is a palindrome.
In the same way, an in"nite word s is an in!nite sequence s= s(1)s(2) · · · s(i) · · · ; s(i)

∈A; i ∈ N+ =N\{0}. The set of in!nite words on A is A!. For a !nite or in!nite
word t, the word w= t(i)t(i+1) · · · t(j) is a factor of t (proper factor if w $= t). It is a
pre"x of t if i=1. If t ∈A∗ and |t|=m, then w is a su#x of t if j=m. Also we speak
of an occurrence of w in t if we consider w together with its position in t de!ned,
for instance, by i or by a pre!x uw; u∈A∗ of t. The factor w of t is unioccurrent in
t if it has exactly one occurrence in t. Lastly, given two occurrences of w in t given
by the pre!xes uw and u′w of t, the shift between them is ||u| −| u′||. Let u; v be two
palindromes, then u is a central factor of v if v=wuw̃ for some w∈A∗.
Let m∈A∗ ∪A!. Then F(m) denotes the set of the factors of m and the alphabet

of m is Alph(m)=F(m)∩A. Also m is closed under reversal if ũ∈F(m) whenever
u∈F(m).
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Given, u∈A∗, its palindrome right- (resp. left-) closure is the (unique) shortest
palindrome w= u(+) (resp. w= u(−)) which has pre!x (resp. su"x) u [5].
A word is primitive if it is not a power of some shorter word. An in!nite word s is

ultimately periodic if it can be written s= uvvv · · · = uv! for u∈A∗ and v a primitive
word (periodic if u= !).
Let s be an in!nite word, then a factor u of s is right (resp. left) special in s if

there exist x; y∈A; x $= y, such that ux; uy∈F(s) (resp. xu; yu∈F(s)). Clearly, if s
is closed under reversal, its right special factors are exactly the reversals of its left
special factors.
Finally, an in!nite word s is uniformly recurrent if for each u∈F(s) there exists k

such that u∈F(w) for any w∈F(s) with |w|= k.

1.2. Sturmian words

Sturmian words, whose theory was founded by Morse and Hedlund 60 years ago in
the frame of symbolic dynamics, are extensively studied (see [2] for a survey).

De!nition 1 (Berstel and Seebold [2]; Crisp et al. [3]; de Luca [5]; Justin and Pirillo
[7]). Let "; # be real numbers in [0,1] with # irrational. A Sturmian word on {a; b}
is an in!nite word s given either by

s(n)=
{

a if'"+ (n+ 1)#( − '"+ n#(=0;
b otherwise

or by

s(n)=
{

a if)"+ (n+ 1)#* − )"+ n#*=0;
b otherwise:

Some interesting geometrical equivalent de!nitions are known, cutting sequences in
particular.

De!nition 2. A Sturmian word is standard if "=0 in De!nition 1.

De!nition 3. A word is a "nite Sturmian word if it is a factor of some (in!nite)
Sturmian word.

Some useful properties [2] are recalled hereafter.
• An in!nite word is Sturmian if and only if for every n it has exactly n+ 1 factors
of length n.

• A !nite or in!nite non-ultimately-periodic word u is Sturmian if and only if it is
balanced, that is whenever w; w′ are factors of u with |w|= |w′| we have ‖w|a −
|w′|a|61.

• An in!nite word on two letters is standard Sturmian if and only if its pre!xes are
exactly its left special factors.
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2. Palindrome factors

In this section the alphabet A is arbitrary.

De!nition 4. A word w has property Ju (resp. LJu) if there exists a palindrome su"x
(resp. pre!x) of w which is unioccurrent in w.

Clearly, if w has Ju it has exactly one unioccurrent palindrome su"x v and this one
is the longest palindrome su"x of w, moreover if w= uv, then w(+) = uvũ.
Now, for u∈A∗, let P(u) denote the number of di#erent palindrome factors of u.

We have

Proposition 1. P(w) is the number of pre"xes (resp. su#xes) of w which have Ju
(resp. LJu).

Proof. For any u∈A∗ and x∈A, we have:
P(ux)=P(u) if ux has not Ju,
P(ux)=P(u) + 1 if ux has Ju.
The result for Ju follows by induction as P(!)= 1.

In particular, we have the trivial but seemingly not widely known fact

Proposition 2. A word w has at most |w|+ 1 di$erent palindrome factors.

Also

Proposition 3. A word w has exactly |w|+1 palindrome factors if and only if all its
pre"xes (resp. su#xes) have Ju (resp. LJu).

Corollary 1. If P(w)= |w| + 1 then for any factor u of w; P(u)= |u| + 1. In other
words; the language of all such w is factorial.

Proof. Let w=w′uw′′. Then by Proposition 3 all pre!xes of w′u have Ju whence,
again by Proposition 3, all su"xes of u have LJu, that is P(u)= |u|+ 1.

De!nition 5. An in!nite word s has property Al if, for any pre!x u of s; u(+) is also
a pre!x of s.

De!nition 6. An in!nite word s has property Pi if every leftmost occurrence of a
palindrome in s is a central factor of a palindrome pre!x of s.

Theorem 1. For an in"nite word s∈A! the following conditions are equivalent
(i) s has Al;
(ii) s has Pi;
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(iii) there exist an in"nite sequence u1 = !; u2; u3; : : : of palindromes and an in"nite
word $(s)= x1x2x3 · · · ; xi ∈A; such that un+1 = (unxn)(+) for all n¿1 and that
all the un are pre"xes of s.

Remark. When s satis!es (iii), u1; u2; u3; : : : are all the palindrome pre!xes of s in
increasing length order, because if some palindrome pre!x u of s would satisfy |un| ¡
|u|¡|un+1| we would have |(unxn)(+)|6|u|¡|un+1|, a contradiction.

Proof. (iii) ⇒ (i): With notations as in (iii) let u be any non-empty pre!x of s. There
exists n such that |un|¡|u|6|un+1|. As unxn is a pre!x of u; |(unxn)(+)|6|u(+)|; as un+1

is a palindrome |u(+)|6|un+1|. So |u(+)|= |un+1| and by the unicity of the palindrome
right closure of unxn we get u(+) = un+1. Consequently s has Al.
(i) ⇒ (ii): Let v be any palindrome factor of s with its leftmost occurrence given

by s= uvs′; u∈A∗; s′ ∈A!. If v is not the longest palindrome su"x of uv we have
uv= u′wv with w $= ! and wv a palindrome, whence uv= u′vw̃ and this is a contradic-
tion as |u′|¡|u|. So v is the longest palindrome su"x of uv, whence (uv)(+) = uvũ. As
s has Al; uvũ is a pre!x of s and so v is a central factor of a palindrome pre!x of s.
For the more di"cult proof of (ii) ⇒ (iii) we require a lemma

Lemma 1. If an in"nite word s on an alphabet A has property Pi; then all its pre"xes
have Ju.

Proof. By induction on n= |w|, where w is pre!x of s, we exhibit a palindrome
w2 su"x of w and unioccurrent in it, which is trivial for n=1. Let w= vx, where
x∈A; v∈An; (|w|= n+ 1) and s=wt with t ∈A!.
The induction allows to set v1 ∈A∗; v2 ∈A+ with v= v1v2 and v2 palindrome unioc-

current in v. Then Pi involves that v1v2ṽ1 is a pre!x of s. If v1 $= !; x is pre!x of
ṽ1 and w2 = xv2x is the palindrome su"x of w which is unioccurrent in it, since v2 is
unioccurrent in v.
Let us suppose now that v1 = !, so v= v2 is a palindrome. Either x is unioccurrent in

w and w2 = x is obviously the unique palindrome su"x of w, or, let ux be the pre!x
of v such that x is unioccurrent in ux, and |u|¡|vx|= n+1. We !rst prove that u is a
palindrome: the case x pre!x of v being clear since u= ! is clearly a palindrome, we
now suppose u $= !. By induction we can set u1 ∈A∗; u2 ∈A+ with u= u1u2 and u2 a
palindrome unioccurrent in u. Again, the assumption u1 $= ! with Pi would involve that
u1u2ũ1 is a pre!x of s, and would contradict the unioccurrence of x in ux. So u1 = !,
and u= u2 is a palindrome. Now we can choose qx, the longest pre!x of v with q a
palindrome. As v is a palindrome, xqx is clearly a palindrome su"x of w= vx, and the
proof is complete if we show that w2 = xqx is unioccurrent in w. If it is not true, we
set v= oxqxp with o; p∈A∗ such that xqx is unioccurrent in oxqx. Let us prove that
l= oxq is a palindrome. Otherwise there exists by induction l1; l2 ∈ A+ with l= l1l2
and l2 a palindrome unioccurrent in l. Moreover l2 $= q (q is a pre!x of l since it is
a pre!x of v and thus q is not unioccurrent in l), so l1l2l̃1 is, from Pi, a pre!x of s
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and x is a pre!x of l̃1. Thus xl2x and xqx would be two distinct palindrome su"xes
of lx, both unioccurrent in it! So l is a palindrome with lx a pre!x of v, but then, as
|l|¿|q|, this contradicts the choice of q, and thus w2 is unioccurrent in w.

(ii) ⇒ (iii): Now s has Pi. Let us build the sequences (un)n¿1 and $(s) as denoted in
(iii). Clearly, u1 = ! and x1 is the letter pre!x of s. Then we can set u2 = (u1x1)(+) = x1
and x2 is the letter such that u2x2 is a pre!x of s, with |u2|¿|u1|. By induction on
n, the above Lemma 1 ensures the existence of a unioccurrent palindrome su"x vn of
unxn, and the leftmost occurrence of vn in s is given by s=wvns′= unxns′, for some
w∈A∗; s′ ∈A!. So with Pi, vn is a central factor of a palindrome pre!x of s, say u′.
Moreover, vn is the longest palindrome su"x of unxn, so that it is exactly a central
factor of u′=(unxn)(+). Setting un+1 = (unxn)(+) which is a palindrome pre!x of s, and
xn+1 the letter such that un+1xn+1 is a pre!x of s, the proof is over.
From now on, $(s) will be called the directive word of s.

Corollary 2. If an in"nite word satis"es the (equivalent) conditions of Theorem 1;
then any factor w of it has exactly |w|+ 1 palindrome factors.

Proof. By Lemma 1 all pre!xes have Ju, so by Proposition 3 any factor w has exactly
|w|+ 1 palindrome factors.

Remark. The in!nite words having Al are, by Corollary 2, “rich” in palindrome factors.
For example, by Corollary 4 hereafter, the well-known [2] Fibonacci word abaababa · · ·
has this property. On the contrary, it is easy to !nd in!nite words which are “poor”
in palindrome factors, for example (abc)! whose unique palindromes are a; b; c, and
for a non-periodic example, the image of the Fibonacci word by the morphism a -→
ac; b -→ b, whose unique palindromes are a; b; c and aca.

Proposition 4. If an in"nite word s satis"es the (equivalent) conditions of Theorem 1;
then it is closed under reversal.

Proof. This is trivial as any factor of s is a factor of some palindrome pre!x of s.

Theorem 2. If an in"nite word s satis"es the (equivalent) conditions of Theorem 1;
then it is uniformly recurrent.

Proof. Following the notations of (iii) of Theorem 1, the palindrome pre!xes of
s; u1 = !; u2; u3; : : : satisfy ui+1 = (uixi)(+); xi ∈A. It su"ces to show, given any factor
v of s, that v has in!nitely many occurrences in s: this is trivial, and that the shift
between successive occurrences of v is bounded. Without loss of generality, we may
suppose that v is a palindrome pre!x of s, that is v= um for some m. For n¿m; v
is a pre!x and a su"x of un. Let kn be the maximum shift between successive oc-
currences of v in un. As un is pre!x and su"x of un+1 and |un+1|62|un|+ 1, we get
kn+16max(kn; |v|+1). For the same reason km+16|v|+1. Hence for all i¿m, we have
ki6|v|+ 1.
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Theorem 3. An in"nite word s having Al is ultimately periodic if and only if its direc-
tive word $(s) has the form gx!; g∈A∗; x∈A. In this case; s is even
periodic.

Proof. If s is ultimately periodic, let s=fv!; f∈A∗ and v a primitive word. There
exists n such that for i¿n the palindrome pre!x ui de!ned in (iii) of Theorem 1
satis!es |ui|¿|fv|. Consider two such palindromes ui; uj; n6i¡j. Then ui=fvpv′,
uj =fvqv′′; p; q positive integers and v′; v′′ proper pre!xes of v. As ui is a su"x
of uj; vpv′ is a su"x of vqv′′ whence, as v is primitive, v′= v′′. Consequently, the
letters xi; xj following respectively ui; uj are the same, x say, whence $(s)= x1x2 · · ·
xn−1x!.
Conversely, let $(s)= x1x2 · · · xn−1x!. As s satis!es condition (iii) of Theorem 1,

ui+1 = (uix)(+) for i¿n. Now, for i¿n; xuix is the longest palindrome su"x of ui+1x
because ui is the longest palindrome proper pre!x (and su"x) of ui+1. Let un+1 = cxun,
c∈A∗. Then un+2 = (cxunx)(+) = cxunxc̃= cxun+1, and continuing in the same way,
un+j = cxun+j−1, for j¿1. It follows un+j =(cx) jun, for j¿0 whence s=(cx)!, that
is s is periodic.

Corollary 3. If the in"nite word s has Al and is not periodic; then all its pre"xes
are left special factors.

Proof. Let u be a pre!x of s. Then ũ is a su"x of all palindrome pre!xes ui of s such
that |ui|¿|u|. As s is not periodic, by Theorem 3, two letters at least occur in!nitely
many times in $(s)= x1x2 · · ·. So the occurrences of ũ in s are followed at least by
two di#erent letters, and ũ is right special in s.

In order to prove Proposition 5 hereafter which completes Corollary 3, we require
a lemma

Lemma 2. Let s be an in"nite word having Al and u be a factor of s. With the
notations of (iii) in Theorem 1; let r be such that u∈F(ur+1)\F(ur); and write
ur+1 =ded̃ with urxr =de; d; e∈A∗; and e being the unioccurrent palindrome su#x
of urxr . Then
(a) the leftmost occurrence of u in the pre"x ur+1 of s is given by ur+1 =ded̃= cuc′

= cfef′c′; with c; c′; f; f′ ∈A∗. In particular; e is a factor of u=fef′

(b) if u is a palindrome; then f̃=f′ and e is a central factor of u
(c) if u= xvy; with x; y∈A and v a palindrome pre"x of s; then u is either a su#x

of urxr or a pre"x of xrur .

Proof. (a) As u∈F(ur+1), putting into evidence the leftmost occurrence of u, we have
ur+1 = cuc′ for some c; c′ ∈A∗. As u =∈ F(ur) and ur+1 = urxrd̃ we have |cu|¿|urxr|
whence |c′|6|d|. In the same way, |c|6|d|. So writing d= cf; d̃=f′c′; f; f′ ∈A∗,
we get ur+1 = cuc′= cfef′c′, whence u=fef′.
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(b) As ur+1 and u are palindromes we have ur+1 = cuc′= c̃′uc̃. So |c|6|c′| because u
is a unioccurrent su"x of cu. As ur+1 = cfef′c′= cf̃′ef̃c′ and as e is a unioccurrent
su"x of cfe, we have |cf|6|cf̃′| whence |f|6|f′|. As |cf|= |c′f′|= |d| we get
|c|= |c′|; |f|= |f′|. So e is a central factor of u.
(c) We have u= xvy=fef′. If |f|¿1 and |f′|¿1, then e is a factor of v. As v is

a palindrome pre!x of s, shorter than ur+1; e is a factor of ur , a contradiction. So we
have, for instance, f′= ! whence urxr = cfe= cu. Similarly if f= !, then xrur = uc′.

Proposition 5. If the in"nite word s has Al; then all its left special factors are pre"xes
of it.

Proof. If this is false, let u be a shortest left special factor of s which is not a pre!x of
s. Let u= vx; x∈A. Then v is left special, hence is a pre!x of s. So vz is a pre!x of s
for some z ∈A; z $= x. So v is right special. So ṽ is a pre!x of s whence v= ṽ. As u is
left special we have yvx; y′vx∈F(s) for some y; y′ ∈A; y $=y′. Appling Lemma 2(c)
to yvx we get that yvx or xvy is a pre!x of xrur for some r. Clearly |ur|¿|v|, so vz
is a pre!x of ur whence z ∈{x; y}. As z $= x, we get z=y. In the same way z=y′

whence y=y′, a contradiction.

3. Case of a two letter alphabet

Now the alphabet is A= {a; b}. If x∈A we denote by $x the other letter of A. The
in!nite words satisfying Theorem 1 can be completely characterized: the equivalence
between (iii) and (iv) in Theorem 4 hereafter is due to de Luca [5, Theorem 5 and
Proposition 11]. Indeed his formulation of (iii) makes use of palindrome left closure
(-) but this amounts to the same thing. Here we prove in a simple way de Luca’s
result with the help of Section 2.

Theorem 4. For an in"nite non-ultimately-periodic word s on the two letter alphabet
A= {a; b}; the following conditions are equivalent
(i) s has Al;
(ii) s has Pi;
(iii) there exist an in"nite sequence of palindromes u1 = !; u2; u3; : : : and an in"nite

word $(s)= x1x2x3 · · · ; xi ∈A; $(s) ∈ A!\(A∗a! ∪A∗b!) such that the ui are
pre"xes of s and ui+1 = (uixi)(+) for all i¿1;

(iv) the in"nite word s is standard Sturmian.

Proof. The equivalence among (i), (ii) and (iii) follows from Theorems 1 and 3.
(iv) ⇒ (ii): Here s is standard Sturmian. Suppose it has not Pi. Then there ex-

ist a shortest u ∈ A∗, a palindrome v unioccurrent in uv and s′ ∈ A! such that
s= uvs′ and ũ is not a pre!x of s′. Clearly u $= ! so putting u= u′x; u′ ∈A∗; x∈A
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and s′=ys′′; y∈A; s′′ ∈ A! we have s= u′xvys′′. If x=y; xvx= v′ is unioccurrent
in u′v′ and u′v′ũ′= uvũ is not a pre!x of s. As this contradicts the minimality of |u|
we have x $=y. So s= u′xv $xs′′. So xv; v $x and their reversals vx; $xv are factors of s.
So v is left special and is a pre!x of s, a contradiction with (iv).
(i) ⇒ (iv): Now s satis!es Theorem 1. So by Proposition 5 it has at most one left

special factor of each length and as it is not ultimately periodic it has exactly one.
As by Proposition 5 these left special factors are pre!xes, we get that s is standard
Sturmian.

Corollary 4. Any "nite Sturmian word u has Ju and has exactly |u| + 1 di$erent
palindrome factors.

Proof. This follows from Corollary 2 and Theorem 4.

4. Episturmian words

In this section the alphabet A is !nite.

4.1.

The words satisfying Theorem 1 are very similar to standard Sturmian words and as
we will see have several similar properties. So we introduce the following de!nition

De!nition 7. An in!nite word s is standard episturmian if it satis!es the equivalent
conditions of Theorem 1.
An in!nite word t is episturmian if F(t)=F(s) for some standard episturmian

word s.

The second part of this de!nition is justi!ed by the uniform recurrence property
(Theorem 2) and the analogy with Sturmian words.
An episturmian word is periodic (resp. aperiodic) if the corresponding standard epis-

turmian word is periodic (resp. aperiodic).
The case of periodicity is given by Theorem 3. The next theorem gives a character-

ization of episturmian words.

Theorem 5. Let s be an in"nite word on the "nite alphabet A; then the following
conditions are equivalent:
(i) s is episturmian;
(ii) s is closed under reversal and has at most one right special factor of each length.

Proof. (i) ⇒ (ii): It su"ces to prove this for standard episturmian words, and this
follows immediately from Propositions 4 and 5.
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(ii) ⇒ (i): Remark that as s is closed under reversal,then any factor of s has in-
!nitely many occurrences in s. Construct a “standard” in!nite word %(s) as follows:
(a) if s has exactly one left special factor of each length, then %(s) is the in!nite

word whose pre!xes are those factors;
(b) if not, s is ultimately periodic and even is periodic as each factor occurs in!nitely

many times. Let u be the longest left special factor of s and for one of its occur-
rences, write s=fus′; f∈A∗; s′ ∈A!. Then %(s)= us′.

We prove !rst that %(s) has Pi. If not there is a leftmost occurrence of a palindrome
w in %(s) such that %(s)= uxvwṽys′ for some u; v∈A∗; s′ ∈A!; x; y∈A; x $=y.
As yvwṽx∈F(s); vwṽ is left special in s, whence %(s)= vwṽs′′; s′′ ∈A! and this
contradicts the fact that the occurrence of w considered previously was the leftmost
one. Consequently, %(s) is standard episturmian.
Let us show now that F(s)=F(%(s)). If s is periodic this is evident by the de!nition

of %(s). If not, let u be any factor of s and let s(i)s(i + 1) · · · s(i + k − 1) and
s(j)s(j + 1) · · · s(j + k − 1) be two occurrences of ũ in s with k = |u| and j ¿ i. If ũ
is not right special we have s(i+ k)= s(j+ k). Continuing this way we see that either
s(i + q)= s(j + q) for all q¿0 or ũ is a pre!x of some right special factor of s. The
!rst case is impossible as s is not periodic. So u is a factor of some left special factor
of s, whence u∈F(%(s)). So F(s)=F(%(s)) and s is episturmian.

Remark. The condition of closure under reversal cannot be deleted from (ii). Indeed
replace in the Fibonacci word abaab · · · each b by bc, then we get the in!nite word
abcaabcabc : : : which has exactly one left (resp. right) special factor of each length
but is not episturmian because it is not closed under reversal.

4.2. Complexity of episturmian words

Recall that the complexity function p of an in!nite word s is given by p(n)= |An∩
F(s)| for all n∈N.

Theorem 6. Let s be a standard episturmian word with sequence of palindrome
pre"xes u1 = !; u2; : : : and $(s)= x1x2 · · · as in (iii) of Theorem 1. Then for n∈N+
and x∈A; unx∈F(s) if and only if x occurs in xnxn+1 : : : .

Proof. If part: If x= xq for some q¿n, then uqxq is a pre!x of s, hence its su"x unxq
is a factor of s.
Only if part: Let unx∈F(s); x∈A, and consider a factor yunx; y∈A, of s. By

Lemma 2(c) yunx or xuny is a su"x of urxr for some r. So |yunx|6urxr whence
n ¡ r. So xnun is a su"x of ur . So x= xr or x= xn, so x occurs in xnxn+1 : : : .

Theorem 7. Let t be an aperiodic episturmian word; s be the corresponding standard
episturmian word; with directive word $(s)= x1x2x3 · · · . Then; for n large enough; t
has complexity p(n)= (h−1)n+q for some q∈N+ and with h the number of letters
that occur in"nitely many times in $(s).
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Proof. For any right special factor u of t let hu be its order, that is the number of
letters x such that ux∈F(t). Then hu is a decreasing function of |u| and for |u| large
enough hu= h where, by Theorem 6, h is the number of the letters occurring in!nitely
many times in $(s). As p(|u|+ 1)− p(|u|)= hu − 1, the result follows.

The case where any right special factor of t has order k = |A| gives the maximum
complexity p(n)= (k−1)n+1. Such episturmian words will be called A-strict according
to the following de!nition.

De!nition 8. Let t ∈A! be an episturmian word and B=Alph(t). Then t is strict if
for any right special factor u of t; uB⊂F(t). Also, t is A-strict if t is strict and B=A.

In [1] uniformly recurrent in!nite words of complexity p(n)= (k − 1)n + 1 with
exactly one right and one left special factor of each length have been studied (with
emphasis on the case k =3). We claim that they are exactly the strict episturmian
words. This follows from Section 4.3 hereafter but we can sketch a more direct proof.
Let T be such an in!nite word with alphabet A. In [1] it is studied by the mean of its
factor graphs &n. The directed graph &n has for vertice set An∩F(T ) and has an arrow
from u to v if uy= xv∈F(T ) for some x; y∈A. It consists of k simple paths from Dn

to Gn and one simple path from Gn to Dn, with Gn (resp. Dn) the left (resp. right)
special factor of length n. The evolution of these graphs when n grows shows that T
has in!nitely many factors w1; w2; : : : which are both left and right special and that
|wn+1|62|wn|+1. Consequently if wn is a palindrome, then wn+1 is also a palindrome.
Consequently, T has in!nitely many palindrome factors hence is closed under reversal.
So, by Theorem 5, T is episturmian.

4.3. Rauzy rules

The construction of standard Sturmian words by Rauzy pairs and rules is well known
[8]. The extension to alphabets of at least three letters is evoked in [11] and implicitly
made in [1].
Let A= {a1; a2; : : : ; ak} be a k-letter alphabet, k¿2. We construct a sequence (Rn)n∈N

of Rauzy k-uples Rn=(A
(1)
n ; A(2)n ; : : : ; A(k)n ) as follows: R0 = (a1; a2; : : : ; ak); Rn+1 is ob-

tained from Rn by applying one of the Rauzy rules, labelled 1; 2; : : : ; k, with the rule
i∈ [1; k] de!ned by

A(i)n+1 =A(i)n ;

A( j)n+1 =A(i)n A( j)n for j∈ [1; k]\{i}:

We impose no restriction on the choice of the rule at each stage. There exists a
unique in!nite word t such that every pre!x of t is a pre!x of in!nitely many of the
A(q)n ; n∈N; q∈ [1; k]. So any Rauzy sequence (Rn)n∈N de!nes an in!nite word.
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Theorem 8. An in"nite word s on the "nite alphabet A= {ai; 16i6k} is standard
episturmian if and only if it can be obtained by the Rauzy rules for A. Moreover; if
$(s)= ai1ai2ai3 · · · then the sequence of the applied Rauzy rules is i1; i2; i3; : : : .

Proof. (Only if ): Let s be the standard episturmian with directive word $(s)= x1x2 · · ·
and corresponding palindrome pre!xes u1 = !; u2; : : : . For any n de!ne vn; v′n and wn

by un+1 = vnun= unṽn; vn= v′nxn; unxn= v′nwn. Then wn is the unioccurrent palindrome
su"x of unxn. We have also un+1 = vnvn−1 · · · vpup for any p∈ [1; n]. Now de!ne k-
uples Rn=(A

(1)
n ; A(2)n ; : : : ; A(k)n ) by R0 = (a1; a2; : : : ; ak) and, for i∈ [1; k],

(a) A(i)n = vn−1vn−2 · · · v1ai= unai if ai does not occur in x1x2 · · · xn−1
(b) A(i)n = vn−1vn−2 · · · vp with p maximal in [1; n− 1] such that xp= ai if ai occurs in

x1x2 · · · xn−1.
We will show that Rn+1 is obtained from Rn by applying a Rauzy rule and more

precisely the rule i such that xn= ai.
(a) Suppose we are in the !rst case for the de!nition of A(i)n , that is A(i)n = unai. Then

as ai does not occur in un, we have un+1 = unaiun whence vn= unai=A(i)n . We
have also A(i)n+1 = vn because xn= ai, so A(i)n+1 =A(i)n .

(b) Suppose we are in the second case for the de!nition of A(i)n , that is A
(i)
n = vn−1 · · · vp

with xp= ai and xn−1; : : : ; xp+1 $= ai. Then we have un= vn−1 · · · vp+1v′paiup, hence
up is the longest palindrome su"x of un which is preceded by ai in un. So
aiupai=wn. It follows that unxn= vn−1 · · · vp+1v′pwn whence vn−1 · · · vp+1v′p= v′n.
As A(i)n+1 = vn we have again A(i)n+1 =A(i)n .

So in both cases A(i)n+1 =A(i)n = vn.
Now for j $= i, by the de!nition of A( j)n and A( j)n+1 we have A( j)n+1 = vnA

( j)
n because the

occurrences, if any, of aj in x1x2 · · · xn−1 and in x1x2 · · · xn are the same. Consequently
A( j)n+1 =A(i)n A( j)n . So Rn+1 can be obtained from Rn by applying the Rauzy rule i.
(If ): It follows from the only if part that any sequence of Rauzy rules can be

obtained with a suitable standard episturmian word, and so generates it.

4.4. Morphisms

The theory of Sturmian morphisms [2] on a 2-letter alphabet has a natural extension
for any k-letter alphabet A= {a1; : : : ; ak} with k¿2. Hereafter we sketch some results
and proofs, at least for standard episturmian words.
We de!ne endomorphisms  a; 'ab of A∗; a; b∈A; a $= b by

 a(a)= a;  a(x)= ax; x∈A; x $= a;

'ab(a)= b; 'ab(b)= a; 'ab(x)= x; x∈A; x $= a; b:

These morphisms satisfy relations such as 'ab ◦  a=  b ◦ 'ab. Endomorphisms of A∗
are naturally extended to A!. The following lemmas have easy proofs.

Lemma 3. Let u∈A∗ and a∈A. Then
(a)  a(ũ)a is the reversal of  a(u)a;
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(b) u is a palindrome if and only if  a(u)a is a palindrome;
(c) u is a right (resp. left) special factor of an in"nite word t if and only if  a(u)a

is a right (resp. left) special factor of  a(t).

For any m∈A∗ ∪ A! let us say that a∈A is separating for m if for any x; y∈A,
xy∈F(m) implies a∈{x; y}.

Lemma 4. (a) If s is a standard episturmian word with "rst letter a; then a is sepa-
rating for s and its factors.
(b) If two di$erent letters a; b are separating for m∈A∗ ∪ A!; then m is (ab)! or

(ba)! or m∈F((ab)!).

Theorem 9. The in"nite word s∈A! is standard episturmian if and only if there exist
a standard episturmian word t and a∈A such that s=  a(t). Moreover the "rst letter
of s is a; t is unique; and the directive words satisfy $(s)= a$(t).

Proof. (Only if ): If s is standard episturmian its !rst letter, a say, is separating, so
s=  a(t) for some t ∈A!. By Lemma 3 and easy arguments, t is closed under reversal
and has at most one left special factor of each length, and this one is a pre!x of t, hence
by Theorem 5, t is standard episturmian. Clearly t is unique. At last if u′1 = !; u′2; : : :
are the palindrome pre!xes of t and $(t)= x′1x

′
2 · · · ; x′n ∈A then by Lemma 3,  a(u′n)a

is a palindrome pre!x of s and even is un+1 from the remark after Theorem 1, with
u1 = !; u2; : : : being the sequence of all palindrome pre!xes of s. Moreover xn+1 = x′n,
so $(s)= x1$(t)= a$(t).
(If ): Follows from Lemma 3 in the same way.

Now let M be the monoid of morphisms generated by the  a and the 'ab; a; b∈A.
We have

Theorem 10. (a) If ’∈M; then for any standard episturmian word t ∈A!; ’(t) is
standard episturmian.
(b) If ’ is an endomorphism of A∗ such that for any A-strict standard episturmian

word t the in"nite word ’(t) is also A-strict standard episturmian; then ’∈M .

Proof. Part (a) follows by induction from Theorem 9. For part (b) suppose by con-
tradiction that there exists a morphism ’ =∈M such that ’(t) is A-strict standard epis-
turmian whenever t is. Choose ’ such that |’|=%x∈A|’(x)| is minimal. Let C be the
set of the !rst letter of each ’(x) $= !, x∈A. For any x∈A such that ’(x) $= ! let t
be an A-strict standard episturmian word with !rst letter x. Then ’(x) is a pre!x of
’(t), so the !rst letter of ’(x) is separating for ’(t) hence for all ’(y) $= !, y∈A.
So if |C|¿3, three di#erent letters are separating for all non-empty ’(y); y∈A. By
Lemma 4(b) this is impossible unless |’(x)|61 for all x∈A. In this case we must
have A= {’(x); x∈A}, so ’ is a permutation of A, hence ’∈M .
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If |C|=2, say C = {a; b}, a $= b, then by Lemma 4(b), |’(x)|¿2; x∈A gives ’(x)∈
F((ab)!). Also |’(x)|=1 gives ’(x)∈C. So only a and b occur in ’(x); x∈A. So
A=C and the A-strict standard episturmian words are the standard Sturmian words on
A. Then ’(x)∈M by the theory of standard Sturmian morphisms [2,4].
Finally if C = {a} for some a∈A; a is separating for all non-empty ’(x); x∈A and

we see easily that ’(x)=  a(ux); ux ∈A∗; x∈A. Hence ’(x)=  a ◦ ’1 where ’1 is
de!ned by ’1(x)= ux; x∈A. Also if s=’(t) with t A-strict standard episturmian, then
by Theorem 9, s=  a(s′) with s′ A-strict standard episturmian. So ’1(t)= s′ whence
’1 satis!es the hypotheses for ’. By the minimality of |’| we have either ’1 ∈M ,
whence ’∈M , or |’1|¿|’| whence ’(x)∈ a∗ for all x∈A, which is impossible as
|A|¿2.

The next theorem is a stronger version of part (b) of Theorem 10.

Theorem 11. Let ’∈Endo(A∗) be such that ’(t)= s for some A-strict standard epis-
turmian words s; t ∈A!. Then ’∈M .

Proof (sketch). If this is false then there exist ’; s; t with |’| minimal satisfying the
hypotheses and such that ’ =∈M .
Let x be the !rst letter of t. If ’(x)= !, we have s=’(t′) with t′=  −1

x (t). If y is
the !rst letter of t′, either ’(y) $= ! and we consider t′ instead of t, or ’(y)= ! and
we repeat the argument. So, without loss of generality, we assume ’(x) $= !. Let a be
the !rst letter of ’(x), hence of s. Put s1 =  −1

a (s). If all non-empty ’(z); z ∈A have
a for their !rst letter we can write ’(z)=  a(uz); uz ∈A∗, z ∈A. Let ’1 : A∗→A∗ be
given by ’1(z)= uz for all z ∈A. Then ’=  a ◦ ’1 and s1 =’1(t). Clearly ’1 =∈ M
and |’1|6|’| so, by the minimality of |’|; |’1|= |’| whence ’(z)∈ a∗ for all z ∈A.
This is impossible.
So at least two di#erent letters are pre!xes of the ’(z), z ∈A. It can be shown then

that all ’(z), z ∈A are palindromes. Let ’′=’ ◦  x and t′=  −1
x (t). Then s=’′(t′).

As all the ’′(z); z ∈A have the same !rst letter, a, and with s1 =  −1
a (s) as previously

we have s1 =’1(t′) with ’1 being given by ’′=  a ◦’1. In the particular case where
|’(x)|=1, i.e. ’(x)= a it is easy to see that |’1|6|’|, whence by the minimality of
|’|; ’1 ∈M or |’1|= |’| and then the restriction of ’1 to A is a permutation of A.
Hence ’1 ∈M , whence ’∈M . If |’(x)| ¿ 1, and if b is the !rst letter of s1 we repeat
the argument with s2 =  −1

b (s1); ’2 given by ’1 =  b ◦’2 and s2 =’2(t′). Continuing
this way as far as possible and with a careful analysis of the process, we arrive to
some ’n such that |’n|6|’| and we conclude that ’∈M .

From Theorem 11 we deduce a result for standard episturmian words which are !xed
points of morphisms.

Theorem 12. Let s be a strict standard episturmian word. Then s is the "xed point
of a morphism if and only if its directive word $(s) is periodic.
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Proof. (If ): Let $(s)= (x1x2 · · · xn)!. It follows from Theorem 9 that s=( x1 ◦  x2 ◦
· · · ◦  xn)(s).
(Only if ): Without loss of generality, assume s is A-strict. If s=’(s) then, by

Theorem 11, ’∈M . So ’=  y1 ◦  y2 ◦ · · · ◦  yn ◦ (; yi ∈A, with ( a permutation of
A. It follows by Theorem 9 that $(s)=y1y2 · · ·yn(($(s)) whence, easily, $(s) is
periodic.

4.5. Other problems

Let us mention three among the many problems about episturmian words.
First, do episturmian words satisfy a “balance” condition which extends the one for

Sturmian words?
Another problem is: is there a number theoretical de!nition of episturmian words on

A recalling the one for Sturmian words and is there some kind of continued fraction
expansion that could play a role there as for Sturmian words? Some particular cases
have been examined. In [10] the in!nite word on {a; b; c} which is the !xed point of the
morphism ’ given by ’(a)= ab; ’(b)= ac; ’(c)= a, that is the standard episturmian
word with directive word (abc)!, is studied in this spirit. In [1] any A-strict episturmian
word on {a; b; c} is characterized by partitioning the circle of length 1 into 3 intervals
of lengths #; ); * where #; ); * are the frequencies of a; b; c in the in!nite word, and
performing a transformation on those intervals.
Lastly, it has been shown (Corollary 2) that any factor w of an episturmian word has

exactly |w|+1 palindrome factors. However, the converse is false: if in the Fibonacci
word abaab · · · we replace a by aa and b by bb, we get aabbaaaabb · · · whose any
factor of length n has exactly n+1 palindrome factors. So the problem of characterizing
such words is open.
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R!esum!e

Etant donn!e un mot in"ni Sturmian s, nous calculons la fonction L(m) qui donne la longueur
du plus long facteur de s ayant pour p!eriode m. L’expression de L(m) fait intervenir le d!eveloppe-
ment en fraction continue de l’irrationnel ! associ!e #a s. c© 2001 Elsevier Science B.V. All rights
reserved.

Abstract

Given an in"nite Sturmian word s, we calculate the function L(m) which gives the length of
the longest factor of s having period m. The expression of L(m) makes use of the continued
fraction of the irrational ! associated with s. c© 2001 Elsevier Science B.V. All rights reserved.

Keywords: Sturmian word; Continued fraction; 3-distance theorem; Periodic factor

1. Introduction

The study of the existence of factors of the form uu · · · u= un in long words over a
"nite alphabet has been initiated for a long time and is the subject of many publications.
It is a part of the theory of (un)avoidable patterns in words. The "rst nontrivial result
seems to be due to Thue [13]. Another interesting result of Karhumaki [3] says that
the Fibonacci word, which trivially contains 3 th-powers, does not contain 4 th-powers.
This result involving a particular Sturmian word was later developed and extended by
several authors.
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In particular, in [6] the Sturmian words where the exponent of the powers are
bounded are characterized, and in [7] it is proved that the exponents of fractional
powers in the Fibonacci word have least upper bound (5 +

√
5)=2 (a periodic word

w with period m is also called a fractional power of its pre"x u of length m, with
exponent e= |w|=m, and is written w= ue).
The fractional powers with exponent e¿2 in the Fibonacci word are described in

[9].
Recently, a generalization of these results has been given in the case of Sturmian

words which are "xed points of morphisms [14]. The existence of a least upper bound
which is also a point of accumulation for the exponents is proved and its value given.
In the present paper (whose results were announced in [10]), given any Sturmian

word s, we compute the maximal length L(m) of a periodic factor of period m, at
least in the more interesting case L(m)¿2. To this aim we give and use a combinato-
rial presentation of the well-known three distance theorem (Theorem 2). The method,
inspired by [6], makes use of a bijection [4] between the factors of length m and a
partition of the circle into m + 1 intervals. The expressions for L(m) are obtained in
terms of denominators of the convergents in the representation of the “slope” of s by
a continued fraction (Theorem 4).
As this result gives a precise expression for the maximal exponent L(m)=m in func-

tion of m it allows to recover all the aformentioned results. This will be precised in
Section 4:2 where some further properties of maximal fractional powers and examples
are also given.

2. Preliminaries

2.1. Sturmian words

Let A= {0; 1} be a two letter alphabet. Words over A are "nite (possibly empty)
sequences u= u(1)u(2) · · · u(m), m∈N+, (the set of positive integers), u(i)∈A. The
length of u is |u|=m. Similarly, in"nite words are in"nite sequences s= s(1)(2)
· · · s(i) : : :, i∈N+, s(i)∈A. A word u is a factor of a "nite or in"nite word t if
t= t′ut′′, where t′ is a word and t′′ is a "nite or in"nite word according to the case.
When t′ is the empty word, u is a pre"x of t. Also if u= t(i)t(i+1) · · · t(j) we write
u= t(i; j). The set of the factors of t is denoted by F(t).
Let u= u(1)u(2) · · · u(n) be a word of length n and let m∈N+, m6n. Then u

is periodic with period m if u(i + m)= u(i) for 16i6n − m. In this case we can
equivalently say that u is a fractional power of v= u(1)u(2) · · · u(m), with exponent
e= n=m, and write u= ve. When e is an integer, we "nd the classical de"nition of
powers.
Let !∈ [0; 1] be an irrational number. Then the standard Sturmian word of slope !

(also called the characteristic sequence of !) is the in"nite word s given by

s(n)= $(n+ 1)!% − $n!%; n∈N+
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or equivalently by

s(n)= 0 if {n!}∈ [0; 1− ![

s(n)= 1 if {n!} ∈ [1− !; 1[

where as usual {x}= x − $x% denotes the fractional part of the real x.
An in"nite word t is Sturmian if F(t)=F(s) for some standard Sturmian word s.

Among the many equivalent algebraic or combinatorial de"nitions of Sturmian words,
let us recall the following one which is of concern for our purpose. An in"nite word
is Sturmian if and only if for all n∈N it has exactly n+ 1 factors of length n.
Hereafter, as we are interested only in factors, we limit ourselves to the consideration

of standard Sturmian words.

2.2. Simple continued fractions [2, Chap. X]

Let !∈ [0; 1] be an irrational number and [a0; a1; : : :] be its representation by a simple
continued fraction. As !∈ [0; 1], we have a0 = 0. Also a1; a2; : : : are positive integers.
The convergents are fractions pn=qn, n∈N with pn; qn de"ned by the recurrence rela-
tions

p0 = a0; p1 = a1a0 + 1; pn+1 = an+1pn + pn−1; (n¿1)

q0 = 1; q1 = a1; qn+1 = an+1qn + qn−1; (n¿1)

As customary we extend the general formulas to n=0 by putting p−1 = 1; q−1 = 0.
By Theorem 164 of [2] we have, for n even for instance

1¿qn!− pn¿qn+2!− pn+2¿0 (1)

whence, as qn+2 = qn + an+2qn+1 and pn+2 =pn + an+2pn+1,

1¿qn!− pn¿(qn + qn+1)!− (pn + pn+1)¿ · · ·¿((qn + (an+2 − 1)qn+1)!

− (pn + (an+2 − 1)pn+1)¿qn+2!− pn+2¿0 (2)

It also follows from (1) and from Theorem 164 of [2]

qn+2!− pn+2 + (−qn+1!+ pn+1)¿− qn+1!+ pn+1¿0¿qn+2!− pn+2;

that is

(qn + (an+2 − 1)qn+1)!− (pn + (an+2 − 1)pn+1)¿− qn+1!+ pn+1

¿(qn + (an+2 + 1)qn+1)!− (pn + (an+2 + 1)pn+1)¿0: (3)

Using (2) and (3) and observing that positive members belong to ]0; 1[ we get, for
even n¿2

1¿{qn!}¿{(qn + qn+1)!}¿{(qn + 2qn+1)!}
¿ · · ·¿{(qn + (an+2 − 1)qn+1)!}¿{−qn+1!}¿0 (4)
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In the same way, for odd n¿1 we have

1¿{−qn!}¿{−(qn + qn+1)!}¿{−(qn + 2qn+1)!}
¿ · · ·¿{−(qn + (an+2 − 1)qn+1)!}¿{qn+1!}¿0: (5)

3. Factors of Sturmian words

Let s be a Sturmian word. Then for any m∈N+ there exists a well-known bijection
between Fm(s)=Am ∩F(s) and some partition of the circle of length 1 into m + 1
intervals [8, p. 26, 4, 6]. As in [6] instead of considering the directed circle of length
1 we will consider the interval [0; 1[ of R with some conventions.
(a) Let "; #∈ [0; 1[, then the (generalized) interval ["; #[ is the customary interval

["; #[ if 06"¡#¡1 and is ["; 1[∪ [0; #[ if 06#¡"¡1. Also ["; "[ is the empty set.
Accordingly, the amplitude |["; #[| of ["; #[ is {#−"} that is #−" if "6# and #+1−"
if #¡".
(b) If #; "; $∈ [0; 1[ and #∈ ["; $[ we write " ≺ # ≺ $. This means that when starting

from " in the positive direction on the circle of length 1 we meet # before $. More
generally " ≺ #1 ≺ #2 ≺ · · · ≺ #n ≺ $ means that ["; #1[; : : : ; [#n; $[ are disjoint
and |["; $[|= |["; #1[| + · · · + |[#n; $[|. We will often make use of evident properties
of “translations modulo 1”. For instance #∈ ["; $[⇔{# + %}∈ [{" + %}; {$ + %}[ for
"; #; $∈ [0; 1[ and any real %.
Now, considering the standard Sturmian word s= s! with slope ! and m∈N+, denote

by ci, 06i6m the {−j!}, 06j6m in increasing order: 0= c0¡c1¡ · · ·¡cm¡1 and
put Ii= [ci; ci+1[, 06i¡m, and Im= [cm; 0[. We recall

Theorem 1 (Knuth [4], Mignosi [6]). There exists a bijection between Fm(s) and the
set of the Ik . More precisely the value of s(n; n + m − 1); n∈N+ is determined by
the Ik containing {n!}.

Consequently we are led to a study of the Ik . Theorem 2 hereafter is essentially the
3-distance theorem [11, 12, 1], but with a presentation suited to our purpose.
Let [a0; a1; a2; : : :] be the simple continued fraction representing ! with notations for

the convergents as in the Preliminaries (here a0 = 0 as 0¡!¡1). For m∈N+ there
exists a unique i∈N such that qi−1 + qi6m¡qi + qi+1. We de"ne b; r ∈N by putting

m= qi−1 + bqi + r; 16b6ai+1; 06r¡qi (6)

De"ne a circular permutation ’m of {0; 1; : : : ; m} by
if 06x6m− qi then ’m(x)= x + qi

if m− qi¡x¡m− r then ’m(x)= x + qi + r − m
if m− r6x6m then ’m(x)= x + r − m.
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Putting  m=’−1
m we also have:

if 06x6r then  m(x)= x + m− r
if r¡x¡qi then  m(x)= x + m− r − qi

if qi6x6m then  m(x)= x − qi.
Lastly for any n; n′ ∈Z we write for shortness 〈n; n′〉= [{−n!}; {−n′!}[.
All those notations and conventions will be valuable throughout this paper.

Theorem 2. Let m∈N+; with notations as above. Then the corresponding Ik are given
by

Ik = 〈’k
m(0); ’

k+1
m (0)〉 if i is odd

(resp. Ik = 〈 k
m(0);  

k+1
m (0)〉 if i is even)

The amplitudes of these intervals have at most three values; l1; l2 = l1 + l3; l3 for;
respectively; m−qi−1; qi−r−1 and r+1 intervals. In particular there is no interval
of amplitude l2 if r= qi − 1. These amplitudes are l1 = {−qi!}; l2 = {(m− qi − r)!};
l3 = {(m− r)!} if i is odd (resp. l1 = {qi!}; l2 = {−(m− qi − r)!}; l3 = {−(m− r)!}
if i is even).
Lastly; l1¡l3 if b¡ai+1; i.e. m¡qi+1 and l3¡l1 if b= ai+1; i.e. qi+16m.

Proof. We proceed by induction on m. When m=1, as q−1 + q0 = 1 we have i=0,
b=1,  1(0)= 1,  1(1)= 0, I0 = {0;−!}, I1 = {−!; 0} hence I0 = 〈 01 (0);  1(0)〉,
I1 = 〈 1(0);  21 (0)〉, l1 = {!}, l3 = {−!}. At last if b¡a1 we have a1¿1 whence !¡1=2
whence l1¡l3, and if b= a1, then a1 = 1 whence !¿1=2 whence l3¡l1. So the the-
orem is veri"ed for m=1. Now supposing the theorem true for some m∈N+, let us
prove it for m′=m+1. With the same notations as previously, let m= qi−1 + bqi + r.
Suppose for instance i is odd (the case i even is similar). For simplicity of notation we
write now ’ instead of ’m. The intervals of [0; 1[ corresponding to m′ are the same as
those, Ik , k ∈{0; 1; : : : ; m}, corresponding to m, except that the one containing {−m′!}
is divided in two parts. As ’(m− qi)=m and ’(m)= r we have

{−m!}∈ [(−m− qi)!;−m![∪ [−m!;−r![ = 〈m− qi; r〉:

By translation modulo 1 of value −! we get

{−m′!}∈ J = 〈m′ − qi; r′〉

with r′= r + 1.
Consider three cases:
(a) Case 1: r¡qi − 1. Then m′= qi−1 + bqi + r′, r′¡qi. In this case, ’(m′ −

qi)= r′ whence J is one of the Ik , Ih say, and has amplitude l2. Put J1 = 〈m′− qi; m′〉,
J2 = 〈m′; r′〉 and de"ne a permutation ’′ of {0; 1; : : : ; m′} by ’′(x)=’(x) for x ,=m′−
qi, ’′(m′−qi)=m′, ’′(m′)= r′. An easy veri"cation shows that ’′ is ’m′ , and that the
intervals, I ′t say, corresponding to m′ are 〈’t

m′(0); ’t+1
m′ (0)〉, 06t6m′ and are related

to the Ik by I ′t = It , 06t¡h, I ′h= J1, I ′h+1 = J2, I ′t = It−1, h+ 1¡t6m′.
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As J1 and J2 have amplitude l1 and l3, respectively, we gain one interval of each
amplitude l1, l3 and loss one interval of amplitude l2 when passing from m to m′.
Lastly, as m and m′ have the same value for b, the condition l1¡l3⇔ b¡ai+1 is
satis"ed for m′.
(b) Case 2: r= qi − 1 and b¡ai+1. We have now m′= qi−1 + b′qi6qi+1¡qi+ qi+1,

with b′= b + 1. In this case r′= r + 1= qi and ’(m′ − qi)=’(qi−1 + bqi)= 0 and
’(0)= r′. So J = J1 ∪ J2 where J1 = 〈m′ − qi; 0〉 and J2 = 〈0; qi〉 are two intervals Ik
of amplitude, respectively, l3 and l1. As b¡ai+1 and the theorem is true for m, we
have l1¡l3. As [{−(m′ − qi)!}; {−m′!}[ = 〈m′ − qi; m′〉 has amplitude l1 it follows
{−m′!}∈ J1. De"ne a permutation ’′ of {0; 1; : : : ; m′} by ’′(x)=’(x) for x ,=m′−qi,
’′(m′ − qi)=m′, ’′(m′)= 0. Then it is easily veri"ed that ’′=’m+1 =’m′ , and that
the intervals I ′t corresponding to m′ are the 〈’t

m′(0); ’t+1
m′ (0)〉.

The amplitudes of the I ′t are l′1 = l1, l′2 = l3 = l′1 + l′3, l
′
3 = l3− l1 = {(qi−1 + b′qi)!}.

These amplitudes and the number of occurrences of each of them satisfy the theorem
as it is easily veri"ed. It remains to compare l′1 and l′3. It follows from formula (4) in
the Preliminaries that if b′¡ai+1 then {(qi−1+b′qi)!}¿{−qi!}, that is l′3¿l′1. Also if
b′= ai+1 then by formula (5) l′3 = {qi+1!}¡{−qi!}= l′1. So this part of the theorem
is veri"ed for m′.
(c) Case 3: r= qi − 1 and b= ai+1. Then m′= qi−1 + ai+1qi+ qi= qi+ qi+1, whence

qi′−1+qi′6m′¡qi′+qi′+1 with i′= i+1. As in the second case, we have {−m′!}∈ J =
J1 ∪ J2 with J1 and J2 being intervals Ik of respective amplitude l3 and l1. But now
l3¡l1 whence {−m′!}∈ J2 = 〈0; qi〉. We de"ne a permutation ’′ by ’′(x)=’−1(x)
for 0¡x6m, ’′(0)=m′, ’′(m′)= qi. We easily verify that ’′ is  m′ , and that the
intervals I ′j , j=0; 1; : : : ; m′, corresponding to m′ are the 〈 j

m′(0);  j+1
m′ (0)〉.

The amplitudes of the I ′j are l′1 = l3, l′2 = l1 = l′1 + l′3, l
′
3 = l1− l3 and their numbers

of occurrences are, respectively, qi+1, qi+1−1 and 1, that is m′−qi′−1+1, qi′ −1 and
0+1 as stated for m′ by the theorem. It remains to compare l′1 and l′3. As m

′= qi+qi+1

we have l′1 = {qi+1!} and l′3 = {−(qi+qi+1)!}. Also qi+2 = qi+ai+2qi+1. So if ai+2¿1
it follows from formula (5) that l′3¿l′1, while if ai+2 = 1, by formula (4), l′1¡l′3. These
two cases correspond respectively to m′¡qi+2 and m′= qi+2.

This theorem gives a comparison between l1 and l3, however in view of Section 4,
a more precise comparison is wanted.

Theorem 3. (i) With notations as previously;

(ai+1 − b)l1¡l3¡(ai+1 + 1− b)l1: (7)

(ii) If b= ai+1 (or equivalently m¿qi+1) then

ai+2l3¡l1¡(ai+2 + 1)l3: (8)

Proof. With i odd for instance, we have by the Preliminaries, formula (2), {qi−1!}¿
h{−qi!}¿0 for 16h6ai+1. It follows {qi−1!} − b{−qi!}= {(qi−1 + bqi)!} whence
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{qi−1!}= l3 + bl1. By the Preliminaries, formulas (2, 3), we have ai+1l1¡{qi−1!}¡
(ai+1 + 1)l1 and (7) follows.
Now if b= ai+1 we have qi−1 + bqi= qi+1 whence l3 = {qi+1!}. Using the dual for

n odd of formulas (2, 3) of Preliminaries we get (8).

4. Periodic factors of Sturmian words

4.1. Calculation of L(m)

Given the standard Sturmian word s of slope ! we de"ne, for m∈N+, L(m) by
L(m)= Sup{|w|;w∈F(s) and w has period m}.
We will compute L(m), but as the case L(m)¡2m leads to complicated formulas,

we limit ourselves here to the case L(m)¿2m.
The notations are those of Section 3, in particular (6) holds and the Ik are those of

Theorem 2. For simplicity, we write ’;  instead of ’m;  m.
Part A of Theorem 4 gives the cases where L(m)¿2m and Part B gives the value of

L(m). There are "ve cases (and even seven as cases (iii) and (v) contain a disjunction
in their formulation). This is due to the intervention of some relative values of the
parameters. For instance when r= qi − 1 there is no interval Ik of size l2. However
only cases (i) and (ii) are general, the other ones imply i∈{0; 1; 2} hence concern
small values of m. An acceptable assumption !¡1=2 or !¿1=2 could also eliminate
case (iv) or (v) but here we have preferred uniformity.
In order to calculate L(m) we need a lemma.

Lemma 1. Let "; #; $0; % be real numbers and h∈N+ such that putting $j = $0 + j%;
06j6h we have "; #∈ [0; 1[ and "; # and all {$j} are di#erent and {$j}∈ ["; #[ for
06j6h. Then
(a) if {# − "}+ {%}61 then " ≺ $0 ≺ $1 ≺ · · · ≺ $h ≺ # and h{%}¡{# − "}
(b) if {#− "}+ {−%}61 then " ≺ $h ≺ $h−1 ≺ · · · ≺ $0 ≺ # and h{−%}¡{#− "}.

Proof. Consider case (a) for instance. Without loss of generality we can suppose "=0
because this amounts to replacing ["; #[ by [0; {#−"}[ and {$j} by {$j −"}. We have
then to show that 0¡{$0}¡{$1}¡ · · ·¡{$h}¡#¡1.
If this is false we have, for some j∈ [1; h], {$j−1}¿{$j}, that is {$0 + (j− 1)%}¿

{$0+j%}. It follows {$0+j%}= {$0+(j−1)%}+{%}−1 whence {$0+(j−1)%}+{%}¿1.
As {$0 + (j − 1)%}¡# we get # + %¿1 contrarily to the hypothesis.

Theorem 4. Let s be a standard Sturmian word with slope != [a0 = 0; a1; a2; : : :]. For
any m∈N+ de"ne integers i; r; b by

qi−1 + qi6m= qi−1 + bqi + r¡qi + qi+1;

with 16b6ai+1; 06r¡qi; where q−1 = 0 and q0 = 1; q1; q2; : : : are the denominators
of the convergents of !.
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Let L(m) be the maximal length of the factors of s having period m. Then
(A)We have L(m)¿2m if and only if one of the following conditions is satis"ed
(i) 0= r ,= qi − qi−1 and qi¿1
(ii) 0¡r= qi − qi−1 and qi−1¿1 and 2b6ai+1

(iii) 0= r ,= qi − qi−1 and qi=1 and either b= ai+1 or 2b6ai+1

(iv) 0¡r= qi − qi−1 and qi−1 = 1 and 2b¡ai+1

(v) 0= r= qi − qi−1 and either b= ai+1 or 2b¡ai+1.
(B). When L(m)¿2m its value is as follows where the cases are those of Part A.
(i) L(m) = 2m+ qi − 2 if b¡ai+1 and L(m) = (2 + ai+2)m+ qi − 2 = qi+2 + 2qi+1

−2 if b= ai+1

(ii) L(m)= qi+1 + 2qi − 2
(iii) L(m)= q2 + 2q1 − 2 if b= a1 and L(m)= q1 if 2b6a1
(iv) L(m)= qi+1 + 2qi − 2
(v) L(m)= q3 + 2q2 − 2 if b= a2 and L(m)= q2 if 2b¡a2.

Proof of Part A. Clearly, L(m)¿2m if and only if s(n; n+m−1)= s(n+m; n+2m−1)
for some n∈N+, that is if {n!} and {(n + m)!} belong to the same interval Ik . As
the sequence {j!}, j∈N+ is dense in [0; 1[ this will occur if and only if {m!}¡M or
{−m!}¡M , where M = Sup{|Ik |; 06k6m}. As {m!}= |〈m; 0〉| and {−m!}= |〈0; m〉|
we will study these two intervals. Both are union of successive Ik . More precisely, with
i odd for instance, de"ne t in [0; m] by m=’t(0). Then 〈0; m〉= I0 ∪ I1 ∪ · · · ∪ It−1 and
〈m; 0〉= It ∪ It+1 ∪ · · · ∪ Im. Hence |〈0; m〉|¿l1 + l3, unless either r= qi − qi−1, which
gives m=(b+ 1)qi and |〈0; m〉|=(b+ 1)l1, or r= qi−1 = 0 which gives i=0, m= b,
|〈0; m〉|=ml1. In the same way |〈m; 0〉|¿l1+ l3, unless r=0 which gives |〈m; 0〉|= l3.
Also observing that M = l2 if r¡qi − 1 and that M = Sup {l1; l3} if r= qi − 1, we
are led to the cases of the theorem.
If 0= r ,= qi − qi−1 and qi¿1 then M = l2¿l3, so L(m)¿2. This is case i).
If 0¡r= qi−qi−1 and qi−1¿1 then L(m)¿2m if and only if (b+1)l1¡M = l2 = l1+

l3. Using formula (7) this gives 2b6ai+1, this is case (ii).
If 0= r ,= qi − qi−1 and qi=1 then i=0 and qi−1 = 0 and M = Sup{l1; l3}. So

L(m)¿2m if and only if either l3¡l1, that is b= ai+1, or bl1¡l3, that is 2b6ai+1

(case iii)).
If 0¡r= qi − qi−1 and qi−1 = 1 then in the same way L(m)¿2m if and only if

2b¡ai+1 (case iv)).
If 0= r= qi − qi−1 then i=1, qi= qi−1 = 1, M = Sup{l1; l3}. So L(m)¿2m if and

only if either l3¡l1, that is b= ai+1, or (b+ 1)l1¡l3, that is 2b¡ai+1 (case v)).

Proof of Part B. Let v= s(n; n+L(m)−1) be a factor of s of length L(m) and period
m. Put u= s(n; n + m − 1) and L(m)= em + z, e; z ∈N and 06z¡m. Then v= uew
with w a pre"x of u of length z. Consequently there exists an Ik containing {n!},
{n!+m!}, : : :, {n!+(e− 1)m!} but containing neither {n!−m!} nor {n!+ em!} as
ue+1 =∈ F(s).
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Now, for any y∈Z, let S(y)= {{n! + y! + jm!}; j=0; 1; : : : ; e − 1}. If 06y6z,
then s(n+y; n+y+em−1) is an eth power of some conjugate of u whence S(y)⊂ I(y),
where I(y) is one of the Ik . On the contrary S(−1) and S(z+1) are not included in any
Ik . If I(0)= ["; #[, put for simplicity T (y)= [{"+y!}; {#+y!}[ for any y∈Z. It fol-
lows S(y)⊂T (y). We will consider the "ve cases corresponding to L(m)¿2. In each of
them we will make use of Lemma 1 applied to S(0) and I(0). The veri"cation that the
hypotheses of this lemma are satis"ed becomes trivial in view of the following remarks.
Let &= Inf{{m!}; {−m!}} and as previously M = Sup{|Ik |; 06k6m}. Then the

hypothesis {#−"}+{%}61 or {#−"}+{−%}61 will be satis"ed if M+&61, hence in
particular if M¡1=2. By Theorem 2 we have (m−qi+1)l1+(qi−r−1)l2+(r+1)l3 = 1.
If qi ,= r + 1 it follows easily M = l2¡1=2. If qi= r + 1 then M= Sup{l1; l3} and
(m− r)l1 + qil3 = 1. Suppose "rstly that M = l3. Then if M¿1=2 we must have qi=1
whence r=0, &=ml1 and M + &=1. Secondly suppose M = l1 Then if M¿1=2 we
must have m − r=1 whence m= qi whence qi−1 = 0, i=0, m= q0 = 1 and &= l3
whence M + &=1.

The following lemma will simplify the proof of some cases.

Lemma 2. If I(0)¿l1 and qi|m then L(m)=L(qi).

Proof. With v= s(n; n+L(m)−1) and I(0)= ["; #[ as previously we have for instance
" ≺ {n!} ≺{ (n+ m)!} ≺ # (the case " ≺ {(n+ m)!} ≺{ n!} ≺ # is similar).
As {j!; j∈N+} is dense in [0; 1[ we can choose n in such a way that #−{(n+m)!}

is arbitrarily small positive. As l1 = {−qi!}¡|I(0)| we get that {(n+m− qi)!}∈ I(0)
whence s(n+ m− qi; n+ 2m− qi − 1)= s(n+ m; n+ 2m− 1)= u So u has period qi.
Moreover as qi|m, v also has period qi whence L(m)6L(qi). As trivially any word
with period qi also has period m, L(m)¿L(qi) and the result follows.

Now successively consider cases (i) to (v) of Part A.
(i) Case 0= r ,= qi − qi−1 and qi¿1. First suppose i is odd. We have

I(0)=〈x; ’(x)〉 for some x∈{0; 1; : : : ; m}. Then {m!}= |〈m; 0〉|= l3. As S(0)⊂ I(0)
we have S(−1)⊂T (−1)= 〈x+ 1; ’(x) + 1〉. As this one is not an Ik we get x=m or
’(x)=m or 06x6m and ’(x) + 1 ,=’(x+ 1). This gives for I(0) the three possibil-
ities J1 = 〈m; 0〉, J2 = 〈m − qi; m〉, J3 = 〈m − 1; qi − 1〉. As |J1|= l3, J1 is excluded. If
I(0)= J2 then |I(0)|= l1 and T (−1)= 〈m−qi+1; m+1〉. As 〈m−qi+1; 1〉 is an Ik of
amplitude l2, S(−1)⊂T (−1)⊂〈m−qi+1; 1〉 and this is a contradiction. Consequently
I(0)= 〈m− 1; qi − 1〉 and has amplitude l2.
Observing now that for 06y6qi−2, S(y)⊂T (y)= 〈m−1−y; qi−1−y〉 which is an

Ik we get z¿qi−2. Also S(qi−1)⊂〈m−qi; 0〉= 〈m−qi; m〉 ∪ 〈m; 0〉. If S(qi−1) were in-
cluded in 〈m−qi; m〉 which is an Ik of amplitude l1 we would have (e−1)l3¡l1 whence
el3¡l2 whence s would contain an (e+1)th power of some conjugate of u, a contra-
diction. As S(qi−1) is not included in 〈m; 0〉 which is an Ik of amplitude l3; S(qi−1)
is not included in any Ik . Consequently z= qi − 2.
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If we suppose i even a similar argument gives the same conclusion.
Lastly, using Lemma 1, e − 1= $l2=l3%=1 + $l1=l3% whence by formulas (7) and

(8) e=2 if b¡ai+1 and e=2 + ai+2 if b= ai+1, whence the values as claimed for
L(m)= em+ z.
(ii) Case 0¡r= qi − qi−1 and qi−1¿1 and 2b6ai+1. Suppose i is odd for instance.

Now m=(b+1)qi and {−m!}= |〈0; m〉|=(b+1)l1. Writing as previously that T (−1)
is not an Ik we get for I(0) the possible values J1 = 〈m; r〉, J2 = 〈m− qi; m〉, J3 = 〈m−
r− 1; qi − 1〉. As |J2|= l1, J2 is excluded. If I(0)= J1 then T (−1)= 〈m+1; r+1〉 has
amplitude l3. As 〈bqi+1; r+1〉 is an Ik of amplitude l2, S(−1)⊂T (−1)⊂〈bqi+1; r+1〉,
a contradiction. Consequently I(0)= 〈m− r − 1; qi − 1〉 of amplitude l2.
As I(0)¿l1 and qi|m, by Lemma 2, L(m)=L(qi). Now putting qi=m′, i − 1= i′

we have m′= qi′−1 + b′qi′ + r′ with b′= ai′+1, r′=0.
So we are in case (i) if qi′¿1 and in case (iii) if qi′ =1. In case (i) we get

L(qi)= qi′+2 + 2qi′+1 − 2= qi+1 + 2qi − 2. In case (iii), noting that i′=0, we get
L(qi)= q2 + 2q1 − 2= qi+1 + 2qi − 2.
(iii) Case 0= r ,= qi−qi−1 and qi=1 and b= ai+1 or 2b6ai+1. This implies qi−1 = 0,

i=0, m= b, M= Sup{l1; l3}, l3 +ml1 = 1, {−m!}= l3, {m!}= bl1. As i is even, we
have I(0)= 〈x;  (x)〉. The possibility for I(0) are now J1 = 〈m;m − 1〉, J2 = 〈0; m〉.
Consider two subcases
(a) b= ai+1 = a1, whence l3¡l1 =M . As J2 has amplitude l3, J2 is excluded. So

I(0)= 〈m;m − 1〉 of amplitude l1. So for 06y6m − 1, S(y)⊂T (y)= 〈m − y;m −
1 − y〉 which is an Ik . So z¿m − 1. Also S(m)⊂T (m)= 〈0;−1〉⊂ 〈0; m〉 ∪ 〈m;m −
1〉= I0 ∪ I1. We have |I0|= l3 and |I1|= l1. Clearly, S(m) ,⊂ I0. If S(m)⊂ I1 we get
S(m)⊂T (m)∩ I1 = 〈m;−1〉. As |〈m;−1〉|= l1 − l3 we get (e − 1)l3¡l1 − l3 whence
el3¡l1 and then s contains an (e + 1)th power of some conjugate of u. As this is
impossible S(m) is not included in any Ik whence z=m− 1= q1 − 1.
As e − 1= $l1=l3%= a2 we get L(m)= (a2 + 1)q1 + q1 − 1= q2 + 2q1 − 2. (b)

2b6ai+1 = a1 whence l1¡l3 =M . As {m!}¿l1 and {−m!}¿l1 the possibility J1 for
I(0) is excluded, so I(0)= J2 = 〈0; m〉 of amplitude l3. As i=0, qi=1, so by Lemma
2, L(m)=L(1). Also as 2b6a1, a1¿1. Hence as it is well known the maximal power
of a letter in s is a1, so L(m)= a1 = q1.
(iv) Case 0¡r= qi − qi−1 and qi−1 = 1 and 2b¡ai+1. This implies i=1 or i=2,

m=(b + 1)qi, {m!}¿l1 + l3, {−m!}=(b + 1)l1. This case recalls case (ii) but as
r= qi − 1 there is no Ik of amplitude l2. We have for I(0) the possibilities J1 = 〈m; r〉,
J2 = 〈m − qi; m〉 if i is odd (resp. J1 = 〈r; m〉, J2 = 〈m;m − qi〉 if i is even) so as
|J2|= l1¡l3, I(0)= J1 of amplitude l3. By Lemma 2 we have then L(m)=L(qi).
De"ning m′= qi, i′= i − 1, b′ as above we are for m′

in case (i) if qi′¿1 which implies i′=1
in case (iii) if qi′ =1¿qi′−1 which implies i′=0
in case (v) if qi′ = qi′−1 = 1 which implies i′=1.
Using the formulas for these cases with b′= ai′+1 we always get L(m)=L(qi)= qi+1

+ 2qi − 2.
(v) Case 0= r= qi−qi−1 and either b= ai+1 or 2b¡ai+1. This implies qi= qi−1 = 1,
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i=1, m=1 + b, {m!}= l3, {−m!}=(b + 1)l1 and the possibilities for I(0) are
J1 = 〈m; 0〉 of amplitude l3, J2 = 〈m− 1; m〉 of amplitude l1. We have two subcases
(a) b= ai+1. Then l3¡l1 whence I(0)= J2 = 〈m − 1; m〉, also m= qi+1. Reasoning

as in subcase a) of case (iii) we obtain L(m)= (ai+2 +1)qi+1 +qi+1−1= q3 +2q2−2.
(b) 2b¡ai+1 Then l1¡l3 whence I(0)= 〈m; 0〉 of amplitude l3. By Lemma 2,

L(m)=L(1). As a1 = 1 it is well known that L(1)= 1 + a2 = q2.

4.2. Complements and examples

Some known notions used here can be found in [5, Ch. 2] for instance. As previously
L(m) is the maximal length of factors having period m. We give two propositions about
them.

Proposition 1. When L(m)¿2m all factors of s having period m and length L(m) are
equal. Their common value v is a palindrome and v(1; L(m)− m) is left special.

Proof. Let s(n; n + L(m) − 1)= v have period m. Then s(n − 1) ,= s(n + m − 1) so
s(n; n+ L(m)− m− 1) is left special and is unique. So v is unique. As ṽ occurs in s,
v= ṽ, v is a palindrome.

Now de"ne '(m) to be the length of the longest pre"x of s having period m.

Proposition 2. (a) if u= s(1; m) is a primitive word then '(m)=L(m) − m and
s(1; '(m)) is a palindrome.

(b) if u= ge; e∈N+; g primitive; then L(m)=L(m=e) and '(m)='(m=e)=L(m)−
m=e.

Proof. (a) Let w= s(1; L(m)−m). As s is standard Sturmian w is a pre"x and also a
su$x of v= s(n; n+ L(m)− 1) of Proposition 1. So '(m)¿L(m)−m. Now let w1 be
the longest left special su$x of v. Then w1 = u1w for some u1, 06|u1|¡m. If |u1|¿0,
as both w and w1 are pre"xes of s we get that w1 and also v have period |u1|. So by
the Theorem of Fine and Wilf v has period p=(m; |u1|) and u is an integral power of
a shorter word, a contradiction. So w is the longest left special su$x of v.
Now let s(t; t + '(m) − 1) be an occurrence in s of s(1; '(m)) such that

s(t − 1)= s(t +m− 1)= u(m). As s(t − 1; t + L(m)−m− 1) is not special, s(t − 2)=
s(t + m − 2)= u(m − 1). Continuing this way we see that s(t; t + '(m) − 1) is
preceeded by u. So |s(t − m; t + '(m)− 1)|6L(m) whence '(m)=L(m)− m.
(b) If u= ge, g primitive, L(m)=L(m=e) as in the proof of Lemma 2 and similarly

'(m)='(m=e) whence by Part (a) '(m)=L(m)− m=e.

Remark. s(1; '(m)) is a palindrome pre"x of s. The structure of such words is known.
Let sn=L(1; qn) and hn=L(1; qn − 2) with the qn and an as previously. Then ignor-
ing the shortest ones for simplicity, the palindrome pre"xes of s are sxnhn−1, n¿2,
16x6an+1. This word has period qn and length qn+1 − 2 for x= an+1. So '(qn)¿
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qn+1 − 2. We are not far from the result for case (i) of Theorem 4. It is our opinion
that, with some work, a substantial part of Theorem 4 could be deduced this way.
Now let ((m)=L(m)=m be the maximal fractional exponent corresponding to pe-

riod m. Assume for simplicity !¡1=2 i.e. a1¿1. Then

Proposition 3. The maximum of ((m) when qi−1+qi6m¡qi+qi+1; i¿1; is ((qi+1)=
ai+2 + 2 + (qi − 2)=qi+1.

Proof. We are in case (i) of Theorem 4. If b¡ai+1 then ((m)= 2+ (qi − 2)=m¡3. If
b= ai+1 then m= qi+1 and L(m)= qi+2 + 2qi+1 − 2= (ai+1 + 2)qi+1 + qi − 2, whence
the result.

This allows to "nd again all known results about maximal exponents. When the
partial quotients an are bounded, the exponents are bounded [6] and the maximum
integer exponent is 2+ sup{a1 − 2; a2; a3; : : :}.
When the law of the an is suitable it is possible to calculate, using (9) hereafter,

bounds and limits for the exponents. In particular let != [0; a1; a2; : : : ; ah; ah+1; : : : ah+p]
be a quadratic irrational. Recall the general formula (easily deducible from qn=qn−1 =
an + qn−2=qn−1)

qn=qn−1 = [an; an−1; : : : ; a2; a1] (9)

Let

"t = [at−1; at−2; : : : ; ah+1; ah+p; : : : ; at]

for t ∈ [h+ 1; h+ p].
Then

lim
x→∞

((qt + xp− 1)=(qt + xp− 2))= "t :

For n¿h, $((qn−1)% is maximal when an= sup{ah+1; : : : ah+p}=M .
It follows that the greatest point of accumulation of the ((m) is

)=M + 2 + max{"−1t ; at =M; t ∈ [ah+1; : : : ; ah+p]}

It can also be shown that ((m)¡) except possibly for small values of m. This is
the result of [14] in a slightly more general context (s is only the morphic image of a
"xed point).

Example 1. With !=(0; 2; %1)= (3−
√
5)=2, s is the Fibonacci word 01001010 : : : and

q0; q1; q2; : : : are the Fibonacci numbers 1, 2, 3, : : : . Equation (6) becomes

qi+16m= qi−1 + bqi + r¡qi+2; 16b6ai+1; 06r¡qi

If i=0 then r=0, m= b62. We are in case (iii) of Theorem 4 whence if m=2
L(m)= 3 + 2 × 2 − 2=5, corresponding to factors 01010, while if m=1 L(m)= 2
corresponding to factor 00.
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If i¿0 then ai+1 = 1, whence b=1= ai+1 and m= qi+1 + r, 06r¡qi. If r=0 we
are in case (i) whence L(m)=L(qi+1)= qi+2 + 2qi+1 − 2. If r ,=0 we are in no case
whence L(m)¡2m.
For instance L(5)= 8+ 2× 5− 2=16, corresponding to (01001)30, while L(6)¡12

and indeed as can be veri"ed L(6)= 9, corresponding to (010010)010.
Now by Proposition 3

((qn)= 3 + qn−1=qn − 2=qn:

As qn−1=qn has limit *= [0; %1]= (
√
5 − 1)=2 we get the limit 3 + (

√
5 − 1)=2 for

the maximal fractionary exponents. Moreover, observing that the qn−1=qn are the con-
vergents of *, we have |qn−1=qn − *|¡1=q2n whence easily ((qn)¡3+ *. These are the
results of [7].

Example 2. With !=(
√
15−3)=2= [0; 2; 3] we have q1 = 2; q2 = 7; q3 = 16; q4 = 55;

: : : and s=01010100101010010101 : : :
Here are some cases.
If m=2 then i=0, b=2= a1 we are in case (iii) whence L(m)= q2 + 2q1 − 2=9,

corresponding to (01)40.
If m=3 then i=1, b=1, r=0, we are in case (i) whence L(m)= 2m+ qi − 2=6,

corresponding to (010)2.
If m=4 then i=1, b=1, r=1 we are in case (iv) and also "nd L(4)= 9.
If m=5 then i=1, b=2, r=0, we are in case (i) whence L(m)= 2m + qi −

2=2m=10, corresponding to (01010)2.
If m=14 then i=2, b=1, r=5, we are in case (ii) whence L(m)= q3 + 2q2 −

2=28=L(7).
If m=6; 8; 10; 11 for instance we are in no case, L(m)¡2m.
Now the exponents ((m) to consider for getting the upper bound are the ((q2n+1)=

5+ (q2n − 2)=q2n+1. Their limit is 5 + [0; 2; 3]= 5+ (
√
15− 3)=2 and by using explicit

formulas for the qn it is possible to see that all ((m) are less than this value.
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Abstract 

Let 4> be the golden ratio (xf5 + 1)/2, f, the nth Fibonacci finite word and f the Fibonacci 
infinite word. Let r be a rational number greater than (2 + q~)/2 and u a non-empty word. If u" is 
a factor of f, then there exists n ~> 1 such that u is a conjugate of f .  and, moreover, each 
occurrence of u' is contained in a maximal one of (f.)~ for some s e [2, 2 + ~b). Several known 
results on the Fibonacci infinite word follow from this. 

I. Introduction 

In analogy with the definition of the Fibonacci  numbers,  one sets f0 = b, Ji = a, 
and, for n >/2, one defines the nth Fibonacci  finite word  as the product  f ,_ i f ,  2 of 
the words f ,  1 and f , - z  (see I-4, 7]). The two products  f , - l f , - 2  and f , - 2 f .  1 are 
a lmost  the same, being different only on the last two letters. This is the amusing, very 
simple but very interesting ' near-commutat ive  property" used in [-6] to study concrete 
algorithms. It plays an impor tan t  role also in this paper. 

The Fibonacci  infinite word  f is the Sturmian  word associated with the golden ratio 
q) = (x/-5 + 1)/2 and can also be defined as the unique infinite word having, for each 
n ~> 1, f ,  as a left factor. 

If  a power  u r has an occurrence in f, we try to extend it to the left and to the right as 
far as possible preserving periodicity. We call max ima l  the occurrences of the powers 
that  cannot  be locally extended and we prove that  we always reach one of them, 
call it v ~, where v is a conjugate  of  u. The main  result of present paper says that: !f' 
r > (2 + ~b)/2 then v = f ,  f o r  some n >~ 1 and s ~ [2, 2 + 45). Several known results on 
f are consequences of this. 

2. Definitions and preliminary results 

This paper is organized so as to be self-contained; terminology and nota t ions  are 
those currently used in theoretical computer  science I-4, 7]. 

0012-365X/97/$17,00 Copyright © 1997 Elsevier Science B.V. All rights reserved 
SSDI 0 0 1 2 - 3 6 5 X ( 9 4 ) 0 0 2 3 6 - 3  
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We consider  only the two-letter alphabet {a, b} and we call (finite) words the 
elements  of  the f ree  monoid {a, b}*; we denote  by 1 the empty word and by [u[ the 
length of a word  u. We consider  a word  u of length k ~ > l  as a m a p  
u:{0, 1 . . . . .  k - 1} ~ {a, b}; we write u = u(0). . ,  u(i). . ,  u(k - 1) where u(0), u(i) and 
u(k - 1) are, respectively, the first, the ith and  the last letter of  u. 

A word  u is a factor  of a word  v if there exist two words  u', u" e {a, b}* such that  
v = u'uu". When  u' = 1 (resp. u" = 1) we say that  u is a left factor  (resp. right factor) 
of v. A proper factor,  (resp. proper left factor,  proper right factor) u of v is a factor  
(resp. left factor, right factor) u of v such that  [u[ < Ivl. 

A (right) infinite word on {a, b} is a m a p  q f rom the set of  non-negat ive  integers into 
{a, b}. We  write q = q(0) q(1) ... q(i) . . .  A word  u is a factor  o f q  if there exist a word  u' 
and an infinite word  q' such that  q = u'uq'. I f u '  = 1 we say that  u is a left factor  ofq.  

A n o n - e m p t y  word  u m a y  be a factor  of  ano the r  (finite or  infinite) word  w in several 
ways. So it is useful to speak  abou t  occurrences.  F o r  this reason, let i , j  be integers such 
that  0 ~< i ~ j  (and t h a t j  < Iw[ if w is a finite word)  and let us denote  by w(i, j )  the 
word  w(i) . . ,  w(j) .  We say that  the pair  of  integers (i,j) is an occurrence of the factor  
u in the word  w i fu  = w(i, j) .  We say that  an  occurrence (io,jo) o f u  in w is contained in 
an occurrence (i1 , j l )  of v in w if ii <<. io <~ jo <~ j l .  We only speak abou t  occurrences of  
n o n - e m p t y  words.  

Now,  let ~0:{a, b}* ~ {a, b}* be the m o r p h i s m  whose restriction to {a, b} is given 
by q~(a) = ab, q~(b) = a. R e m a r k  that  q~ is injective. Let  us define the nth Fibonacci  
finite words  f ,  in the following way: )Co = b and, for each n ~> 0, 

fn+l  = ~o(f.).  

In  part icular ,  we have: f l  = a, f2 = ab, f3 = aba, f4 = abaab, f5 = abaababa, 
f6 = abaababaabaab, fv  = abaababaabaababaababa.. .  It  is clear that, for each 
n ~> 2, f ,  is the p roduc t  ( juxtaposi t ion)  f , - ~ f , - 2  of f , - a  and f , - 2 .  Also, for each 
n / > 0 ,  [f,[ is the nth element F, of the sequence of F ibonacci  numbers  
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377 ... 

R e m a r k  now that,  for each n ~> 1, f ,  is a left factor  of f ,  + 1. So there exists a unique 
infinite word,  namely  the Fibonacci infinite word f,  such that, for each n i> 1, f ,  is a left 
factor  of  f (see, [-4, 7]) and we have 

f = abaababaabaababaababaabaababaabaababaababa . . . .  

We denote  by F ( f )  the set of  the non empty factors of  f and by L F ( f )  its subset  
conta ining the non  emp ty  left factors of f 

F o r  each n ~> 2, we denote  by 9, the p roduc t  f , - z f , - ~  and by h, the c o m m o n  
longest  left factor  of  f ,  and 9,. In part icular ,  we have: 9z = ba, 93 = aab, g4 = ababa, 
95 = abaabaab, . . ,  and hz = 1, h3 = a, h4 = aba, h5 = abaaba . . . .  

R e m a r k  that  a n o n - e m p t y  factor  of  an element of  F ( f )  is again in F ( f ) ;  for 
each n >I 2, 9, ~ F ( f ) ,  q~(g,) = 9,+1 and h,+ l ~ L F ( f ) ;  if f ( i )  = b then i > 0 and 
f ( i -  1) = f ( i  + 1) = a and  if f ( i , i  + 1) = aa then i > 0 and  f ( i -  1) = f ( i  + 2) = b 
(i.e., bb, aaaCF( f ) ) .  
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A factor v of f is special if va, vb ~ F ( f ) .  Let k ~> 1; we denote  by ~ the mirror  
image u(k  - 1) u(k  - 2). . .  u(1)u(0) of the word u = u(0)u(1) ... u(k  - 2)u(k - 1). We 
say that  a non-empty  word v is a palindrome if v = tT. 

Lemma 1 belongs to the folklore (see e.g. [1, 2, 4, 5, 6]) and is very easy; so we can 
give just  an hint of its proof. The point  (i) is the 'near-commutat ive  property '  quoted  in 
the introduct ion.  

Lemm a  1. For  each n >~ 2, 
(i) f ,+2 = f , +  ~ f .  = f , g , +  1 = h.+ 2 xy  and g.+ 2 = f , . f ,+ 1 = f , +  i g. = h,+ z yx,  where 

x, y ~ {a, b}, x ¢ y and i f  n is even then x y  = ab and i f  n is odd then x y  = ba; 
(ii) lb,] = F, - 2; 

(iii) h, is a special factor;  
(iv) f ,+  3 = h, + l x y h . y x h ,  + l xy ,  where x, y e {a, b}, x ¢ y; 
(v) h. is a palindrome; 

(vi) h,+2 = f , h , + ~  = h , + i f .  = h , f . + ,  = f , + t h , ;  
(vii) f o r  each integer m >~ O, h, is a left and a right f ac tor  o f  h,+,..  
Moreover ,  (viii) i f  v ~ F ( f )  then ~ F ( f ) .  

Proof.  One can prove (i) easily by induction; (ii) (iv) are consequence of (i); one can 
prove (v) by induct ion using (iv); (vi) is a consequence of (v); (vii) is a corol lary of (vi) 
and finally one can prove (viii) using (v). [ ]  

Lemm a  2. For each n ~ 2, 
(i) f , (0) = a( = f l ) ;  g.+~(0) = a; 

(ii) i f  f ( i , j )  = f , + 2  then f ( j  + 1) = a; i f  f ( i , j )  = g ,+l  then f ( j  + 1) = a; 
(iii) if f ( i , j )  = h.+~ then f ( i , j  + 2) = f , + l  or f ( i , j  + 2) = g ,+ l .  

Proof.  (i) is trivial; to prove (ii) and (iii) use the fact that  aba is a right factor of each 
h,+2 (point (vii) of  Lemma 1) and the fact that  bb, a a a ¢ F ( f ) .  [] 

Lemm a  3. Le t  u ~ F ( f ) .  Then  ~o- l(u) exists  and belongs to F ( f )  i f  and only i f  one o f  
these two conditions holds: (i) u(O) = a and u(]ub - 1) = b; (ii) u(O) = a, u(]ul - 1) = a 
and ua ~ F ( f ) .  

Proof. By induction on luh. [ ]  

Remark.  We have q~ 1 (aa) = b b C F ( f ) .  We often use Lemma 3 together  with points 
(i) and (ii) of Lemma  2 in order  to prove the existence of q~-l(u) in F ( f )  for suitable 
u e F ( f ) .  

The following Lemma  4 says that  no occurrence of g, is too close to the left of f 

Lemm a  4. For  each n >~ 2, i f  f ( i , j )  = g. then i >~ F , -  1 and f ( i  - F ,  1, i - 1) =.fi,- 1. 
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Proof. By induction. Let n - - 2 .  If f ( i , i +  1 ) = b a = g 2  then i ¢ 0  and 
f ( i -  1) = a = f l .  Now, let n >~ 3 and f ( i , j )  = g.. As f(0,  F.  - 1) = f . ,  i ~ 0 and so 
w = f (0 ,  i - 1) is non empty. By Lemmas 2 and 3, one has q~- 1 (wg.) = w ' g . -  1 • F ( f )  
for some non-empty w' • L F ( f ) .  By induction hypothesis f i - 2  is a right factor ofw'; so 
i ~ F . - 1  and f ( i - F . - 1 ,  i - 1 ) = f . - 1 .  [] 

The following Lemma 5 belongs to the folklore. Point (i) is proved, in [1] for 
example, using an auxiliary morphism which is not necessary here. Point (ii) is 
a particular case of a more general result on sturmian words (see [-4, 5]). For  each 
k ~> 1, let us denote by s Ekl the mirror image of the left factor of f having length k. 

Lemma 5. For each k >1 1, (i) the unique special factor  o f  length k is s[k]; (ii) in F ( f )  
there are exact ly  k + 1 elements o f  length k. 

Proof. (i) Remark that s tkl is a right factor of h,. for each m such that Fm > k q- 1 and 
so, by point (iii) of Lemma 1, s tkl is special. Suppose now that for a given k there is 
a special factor v of length k which is different from s tkl. The last letter of v is necessarily 
a, hence the greatest integer, such that h. is a common right factor of s tk~ and v, is 
greater than or equal to 3. Let also k' be the greatest integer such that stkJ(k ') v~ v(k'). 
We have s tkl = uxu'h,  and v = u"yu'h. ,  for some u, u', u " •  {a, b}* and for some 
x, y • {a, b}, x # y. We have also l u'l < F , -  1 otherwise, by point (vi) and (vii) of 
Lemma 1, we have a contradiction with the maximality of n. Being a right factor of 
a special factor, yu'h,  is special and so yu'h,a,  yu 'h,b • F ( f ) .  In both cases, n even or 
odd, yu'g,  • F ( f )  and, by Lemma 4, yu' is a right factor of f , - x .  Hence, xu'  is not 
a right factor of f , -  1. Contradiction. (ii) It is an easy consequence of (i). [] 

Let us recall that an infinite word p is periodic (resp. ultimately periodic) if there 
exists k ~> 1 such that p ( j  + k) = p( j )  for each j ~> 0 (resp. for each j />  i for some 
i~>0). 

Lemma 6. The Fibonacci infinite word is not ultimately periodic. 

Proof. This is easy by point (ii) of Lemma 5. []  

Let u, v, w, z, z' • F ( f ) .  We say that (u, v, w) is a non empty overlap of z and z' if 
uv = z, vw = z' and uvw • F ( f ) .  The possible non empty overlaps concerning f ,  and 
g, are considered in the following Lemma. 

Lemma 7. Let  n >1 3. Then 
(i) ( f . - 1 ,  f . - 2 ,  9 . - 1 )  is the unique non-empty overlap o f  f .  and f . ;  

(ii) ( f . -1 ,  f . - 2 ,  f . - 1 )  is the unique non-empty overlap o f  f .  and g.; 
(iii) (f .  2, f . - 1 ,  f . - 2 )  is the unique non-empty overlap o f  g. and f . ;  
(iv) there is no non-empty overlap o f  g. and g.. 
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Proof.  By induction. (i) Let n = 3. As a is the unique word which is a proper  non 
empty  right and also left factor ofaba, (ab, a, ba) = ( f2 , f i ,  g2) is the unique non-empty  
overlap of f3 and f3; hence the statement is true for n = 3. Now,  let n ~> 4. Clearly, 
( f , -  1, Jr,- 2, g, 1 ) is a non-empty  overlap of f .  and f , .  Now,  let (u, v, w) be a non-  
empty  overlap of  f ,  and f , .  By Lemmas  2 and 3 there exist u' = q)- t (u), v' = ~o 1 (v), 
W I ~- (~9- 1 (W) in F ( f )  such that  (u', v', w') is a non-empty  overlap o f f ,  1 and f ,  i. By 
induct ion hypothesis, u' = f . - 2 ,  v' = f , - 3 ,  w ' =  gn-2. Hence u = ~o(fi, 2 ) = f i  1, 
v = q~(f, 3) = f ,  2, w = ~o(g,-2) = g . -1 ;  (ii) the a rgument  is analogous,  but starting 
with the fact that  a is the unique word which is a proper  non-empty  right factor of aba 
and also a proper  non-empty  left factor of aab; (iii) ab is the unique word which is 
a proper  non-empty  right factor of aab and also a proper  non-empty  left factor of aba; 
(iv) no word is a proper  non empty right and also left factor of aab. [] 

Lemma 8. Let n >~ 5. There are exactly two non-empty overlaps of h, and h., namely just 

( f , - , , h , - 2 ,  f ,  1) 

and 
( f ,  2, h , - , ,  f , -2 ) .  

Proof.  This is an easy consequence of point  (iii) of  Lemma 2, Lemma 7 and point  (vi) 
of L e m m a  1. [ ]  

Remark.  In some sense, (aba)(aba) can be considered as an 'overlap '  of h4 and h4 but 
we have chosen to consider only non-empty  overlaps. So there is a unique non-empty  
overlap of  h4 and h4 and this is (ab, a, ba), in accordance with point  (i) of L e m m a  7. 

Lemma 9. Let v ~ L F ( f ) .  Then the following two conditions are equivalent: (i) v is 
a palindrome and (ii) v = h, for some n >~ 3. 

Proof.  (ii)-~ (i) is point  (v) of  Lemma 1. We prove ( i ) ~  (ii) by induction. The 
pal indromes of  L F ( f ) ,  having length less than or  equal to F 5 -  2, are a = h3, 
aba = h4 and abaaba = hs. Let n >~ 4 and suppose, by induct ion hypothesis, that  
h3 . . . . .  h, and h,+ 1 are all the pal indromes of L F ( f )  having length less than or equal 
to F,+ 1 - 2. Suppose also, by way of contradict ion,  that  there exists a proper  left 
factor u of h,+2 such that  h ,+ l  is a proper  left factor of u with u a palindrome. By 
points (i) and (vii) of Lemma 1, we can write h, + 2 = f ,  h , -  1 cdh', ba, where h" is the left 
factor of  h, of length F ,  - 4 and c, d 6 {a, b}, c 4: d. We can see that  [ul~{F,+ 1 - 1, 
Fn+l ,  F n + 2 -  3}. So there exist a non-empty  left factor u' of h;, x, y e {a, b} and 
u"~ {a, b}* such that f ,  = u'xyu"dc and u = u'xyu"dch.- lcdu' .  Being u"dch, lcdu' 
a right factor of  u, u a pa l indrome and a left factor of h, + 2, one has that  u"dch, i cdu' 
is a right factor of  hn+2. As ]u"dch.-lcdu'l = F , + I  - 2, one has that 
u"dch, lcdu' = h ,+l .  By L e m m a  8 and by [u'xy[ < F,, we have u'xy = f , - 1  and so 
xy = cd. Then u = u'cdu"dch,-lcdu'  is not  a palindrome. Contradict ion.  [ ]  
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Lemma 10. For each n >~ 2, 
(i) f ,g ,q~F( f ) ;  

(ii) i f  f ( i , j )  = g ,+ah ,+x then f ( i -  F , , j )  = f , + a f , + x h , ;  
(iii) i f  z, f , + l z g , + l  ~ F ( f )  then Iz[ ~> F , - 2 ;  
(iv) if z , g , + l z f , + l  ~ V ( f )  then Iz[ ~> F , - 1 .  

Proof.  (i) follows from point  (i) of  L e m m a  1 and Lemma 4. (ii) Let f ( i ,  j )  = g, + ~ h, + 1. 
By L e m m a  4, we have f ( i -  F . ,  i -  1 ) = f . .  Hence, f ( i -  F . , j ) = f ~ + l f . + l h . .  The 
proofs of  (iii) and (iv) are similar to that  of  Lemma 4. [ ]  

Fo r  each non  empty  finite word  w, there exists a natural ly associated periodic 
infinite word pw, defined as follows: p w ( 0 , [ w [ - 1 ) =  w and, for each i~>0, 
p~(i + ]w[) = p~(i). We say that  a word u is a power of the (finite!) word w ifu is a left 
factor ofpw.  We say that  w is the base and k = [ul/lw[ is the exponent of this power  
and we write u = w k. In general k is rational, but  if k is an integer we obtain the usual 
not ion of  power. We consider only powers with exponent  greater than or  equal to 1. 
We say that  two words u and v are conjugate if there exist two words u' and u" such 
that  u = u'u" and v = u"u'. The following lemma is trivial. 

Lemma 11. Let  r, s >>. 1 and u, v be non-empty words of  equal length. I f  u ~ is a factor  o f  
v S then u is a conjugate o f  v. 

3. Maximal  powers in the Fibonacci infinite word 

Let u E F ( f ) ,  r rat ional  and u ~ ~ F ( f ) .  We say that  the power  u ' is maximal if for 
each word  v such that  [u[ = Iv[ and for each rat ional  s, if u" is a factor of  v ~ ~ F ( f ) ,  then 
u = v and r = s. We say that  an occurrence (io,jo) of u ~ in f is maximal if for each 
v ~ F ( f )  such that  [u] = Iv[ and for each i~, j l such that ii <<. io <<. jo <~ j l ,  if (il, j r )  is an 
occurrence of  some power  o f v  in f then u = v, io = il and jo  = j ~ .  A power  can have 
maximal  occurrences even if it is not  maximal.  For  example, a, (ab) 3/2, (aba) 2, and 
(abaab)11/5 are not  maximal  powers but the pairs (5, 5), (8, 10), (13, 18) and (21, 31) are, 
respectively, maximal  occurrences of them in f. 

Proposition 1. Let u ~ F ( f )  and r >1 1. I f  (io,jo) is an occurrence of  u r in f then there exist 
a conjugate v of  u and s >1 r such that (io,jo) is contained in a maximal occurrence of  v ~ in f 

Proof.  Let I be the set of  all i /> 0 such that  (i, jo) is an occurrence of some (u') "' such 
that  [u[ = [u'[. Since I contains at least io, it is non empty. Let il be its minimum. Now,  
let J be the set of  a l l j  >~jo such that  ( i l , j )  is an occurrence of  some (u") r'' such that  
[u[ = [u"[. Since J contains at least jo, it is non empty. By L e m m a  6, there is 
a max imum in J, say j l .  Clearly, (i~ ,jx) is a maximal  occurrence of  some v s such that  
Iv[ = [u[ and s >/r. By Lemma 11, u is a conjugate  of  v. [ ]  
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Hereafter we denote  by ~b the golden ratio (xf5 + 1)/2. One  of the arguments  used 
proving the following Proposi t ions  2 -6  consists in reading some words in both  
directions, left-right and right-left. 

Proposition 2. Le t  v e F ( f )  and s be a rational number such that (2 + 4~)/2 < s < 2. 
Then  no occurrence o f  v s in f is a max imal  one. 

Proof. By way of contradiction, suppose that ( i l , j l )  is a maximal occurrence of v ~. 
There exist a positive integer k, a proper  non-empty left factor v' of v and a proper  
non-empty  right factor v" of v such that Iv'l = k, v = v'z/' and v s = v'v"v'. We pose 
x = v"(0) and x' = v"(Iv"l - 1) and we have v" -- xv"' = v""x' for some v"', v"" 6 {a, b}*. 

(ia) il = 0. Let f ( j l  + 1) = y. By maximali ty of v s we have x ¢ y, and so v' is 
special. By Lemma 5, v' = s [k] and, by definition o f s  [k], v' -- ~'. As v' ~ L F ( f )  and v' is 
a pal indrome,  we have, by L e m m a  9, v' -- h, for some n ~> 3. 

(ib) il ~ 0. Let f ( i l  - 1) = y', f ( j l  + 1) = y and consider the words v~y = v 'xv" 'v 'y  
and y'v s = y 'v 'v""x'v ' .  Remark  that, by point  (viii) of L e m m a  1, g'x 'g""~'y '  ~ F ( f ) .  By 
maximali ty of  v s we have x v a y and x' ~ y' and from this v' and g' are bo th  special 
factors. Then v ' - - t ~ ' =  s [k] and so v ' e  L F ( f )  and v' is a palindrome. Hence, by 
Lemma 9, v' = h, for some n ~> 3. 

Thus in both cases (ia) and (ib) we have v' = h, for some n >~ 3. 
Moreover ,  n > 3 ,  otherwise we would have v ' v " v ' = ( a v " ) a = ( a v " )  s and 

s = (2 + Iv"l)/(1 + Iv"l) ~< 3/2 < (2 + 4~)/2 which is a contradict ion.  So v' = h, for 
n>~4. 

(il) Iv"[ = 1. By point  (vii) of  L e m m a  1, v' begins and ends with aba. As aaa, 
a b a b a b a C F ( f )  we reach a contradict ion in the case v" = a as well as in the case v" = b. 

(i2) ]v"l = 2. By maximality of v ~ we have v'xyv'yx e F ( f )  where x, y e {a, b}, x ¢ y and 
c" = xy. By point (iii) of Lemma 2 we have to consider two cases: v'xy - - f ,  and v'xy = g,. 

(i2a) If  v 'xy  = f ,  then we have v ' xyv ' yx  -= f . g ,  e F ( f )  which is impossible by point  
(i) of L e m m a  10. 

(i2b) If  v 'xy  = g,  then we have v ' x y v ' = - g . h ,  which contradicts,  by point  (ii) of  
Lemma 10, the maximali ty of v s (more presicely, g ,h ,  is a fractional power of g, with 
exponent  (2F, - 2)IF, < 2 and each of its occurrence is contained, as right factor, in 
an occurrence of  f . f . h , - 1  which is a fractional power of f ,  with exponent  
(2F, + F, i - 2)/F, > 2). 

(i3) Iv"1 ~> 3. We have v ' x y z v ' y x  e F ( f )  where x, y are letters and z is a word. Again 
we have to consider two cases: v 'xy  = f ,  and v 'xy  = 9, .  

(i3a) If  v 'xy  = f ,  then, by point  (iii) of L e m m a  10, Izl ~> F , - 3 .  
(i3b) If v 'xy  = q. then, by point  (iv) of L e m m a  10, [z[ >~ F , - 2 .  
So in both (i3a) and (i3b) we have ]zl ~> rain {F, -  z, F , -  3} = F , -  3. But then we have 

s = (Iv'l + Ixyzl  + Iv'l)/(Iv'l  + Ixyz l )  = 1 + (F, - 2)/(f ,  + ]zl) 

< 1 + (F. - 2) / (2F,-1)  < (2 + q~)/2, 

i.e., a contradict ion.  [ ]  
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Proposition 3. L e t  1)~ F ( f ) .  I f  1) 2 has a max ima l  occurrence in f then 1)= a or 
v = aba. 

Proof.  As in the prev ious  case we first p rove  tha t  v is a p a l i n d r o m e  and  v e L F ( f )  and  
so tha t  1) = h. for some n ~> 3. By po in t  (vii) of  L e m m a  1, abaaba is a r ight  and  a left 
factor  of  h. for each n />  5. Since a b a a b a a b a a b a e F ( f ) ,  the only two possibi l i t ies  are  
v = h 3 = a = f l  o r 1 ) = h 4 = a b a = f 3 .  [] 

Proposition 4. L e t  v ~ F ( f )  and s be a rat ional  such that  2 < s < 3. I f  v s has a max ima l  
occurrence in f then either 

I) - - - - f2  ---- ab and s = 5/2 
or  

v = f .  and s = 2 + ( F . - 1 -  2)/F.  

f o r  some n >>. 4. 

Proof .  In  this case there exist a p r o p e r  n o n - e m p t y  left factor  1)' of  v and  a p r o p e r  
n o n - e m p t y  r ight  factor  1)" of 1) such tha t  v = 1)'1)" and  1)s = v'1)"v'1)"v'. In ana logy  with 
the previous  cases we first p rove  tha t  1)'1)"v' = hm for some m/>  3. 

Clear ly  the case m = 3 is impossible .  
If  m = 4 then 1)'1)"v' = aba, 1)'1)" = ab and  v' = a. Hence,  1) = ab and  s = 5/2. 
Now,  let m ~> 5. By L e m m a  8, we have v' 1)" = f , , - 2  or  1)' 1)" - - f ro-1 .  
(in) If  1)'1)" = f , ~ - 2  then, aga in  by  L e m m a  8, we have Fro-1 - 2 = 11)'1 < I1)'1)"1 = 

Fro-2 and  so m = 4. Con t rad ic t ion .  
(ib) If v'1)" = f , , - 1  then, aga in  by L e m m a  8, 1 ) ' = h m - 2 .  Hence,  for some 

n = m - - 1  ~>4, v = f .  a n d s = 2 + ( F . - 1 - 2 ) / F . .  [] 

Proposition 5. L e t  v ~ F ( f ) .  I f  1)3 has a m a x i m a l  occurrence in f then 1) = aba. 

Proof.  In  ana logy  with  the p r o o f  of  P r o p o s i t i o n  3, the unique  poss ib i l i ty  is 
1) = h4 = aba = f3 .  [] 

Proposition 6. L e t  v ~ F ( f )  and s be a rat ional  such that  3 < s. I f  1)s has a max ima l  
occurrence in f then 

v -- f ,  and s = 3 + (F, 1 -  2)/F~ 

f o r  some n >>. 4. 

Proof.  Firs t ,  as in the proofs  of  P ropos i t i ons  3 and  5, we have tha t  the ra t iona l  s is no t  
an integer.  So we can suppose  tha t  there exist a n o n - e m p t y  left factor  v' of  v and 
a n o n - e m p t y  r ight  fctor v" of  v such tha t  1) = v'v" and  v s = (V'1)")kv ' for some integer  
k ~> 3. In ana logy  with the prev ious  cases we p rove  tha t  (v'v") k-  11), = h,, for some 
m>~3.  

118



G. Pirillo / Discrete Mathematics 173 (1997) 197-207 205 

Clearly the cases m = 3 and  m = 4 are impossible.  
Let  m ~> 5. By L e m m a  8, we have v'v" =fro 1 or v'v" ~--frn-2.  
(ia) The  case v' v" = fro- 1 is impossible.  In fact, again by L e m m a  8, we would have 

Fro- 1 = I U ' / ) " l  < I ( U ' / ) " )  k -  213, I ~- Fro- 2 - -  2, which is clearly a contradict ion.  
(ib) I fv 'v"  = f m - 2  then, again  by L e m m a  8, we have that  (V'V")k-Zv ' = h,, ~ and so 

k = 3  a n d v ' = h m - 3 .  A s 0 < l v ' l = F m  3 -- 2 we mus t  have m >~ 6. Hence,  f o r s o m e  
n = m - 2 > ~ 4 ,  v = f ,  a n d s = 3 + ( F , - ~ - 2 ) / F , .  [] 

Remark .  The  word  abaabaa --  ( f 3 ) 2 a  is not  a maximal  power,  being always a factor  
of a (maximal)  occurrence of abaabaaba = (f3) 3 in f The  word  abaabaabaa = (f3)3a 
does not  belong to F ( f ) .  

Remark .  Consider  the sequences 2 + (F , -1  - 2)/F, and 3 + (F , -1  - 2)/F,; their 
elements are exponents  of powers  having a maximal  occurrence in f and the 
numbers  1 + q~ and 2 + tb are their respective limits for n going to infinity. By 
Propos i t ions  2-6,  no other  value greater  than  (2 + q>)/2 is the limit of such a sequence. 
On  the other  hand,  as one can easily see, in the interval [1, (2 + ~b)/2] infinitely m a n y  
values have such a proper ty .  

Proposition 7. Let  s be a rational number greater than (2 + ~)/2 and v ~ F ( f ) .  I f  v S has 
a max imal  occurrence in f then there exists  n >~ 1 such that 

v ~ f , .  

Proof.  It  follows by Propos i t ions  2 -6 .  [ ]  

Proposition 8. Le t  n >~ 1 and s be a rational number greater than (2 + 45)/2. I f  (fn) S has 
a maximal  occurrence in f then: 

i f n =  1 t h e n s = 2 ;  
if n = 2 t h e n s = 5 / 2 ;  
i f  n = 3  then s =  2 or s =  3; 
i f  n ~ 4 then s = 2 + (F , -1  - 2)/F, or s =- 3 + (F , -1  - 2)/F,. 

Proof.  Again by Propos i t ions  2-6 .  [ ]  

Remark .  F o r  n/> 4 the two values are effectively realized. 

Proposition 9. Le t  r be a rational number greater than (2 + @)/2 and u ~ F ( f ) .  I f  
u'  E F ( f ) ,  then there exists  n >~ 1 such that u is a conjugate  o f  f .  and, moreover, each 
occurrence o f  u" is contained in a max imal  one o f  (fn) s fo r  some s E [2, 2 + qb). 

Proof.  By Propos i t ions  1, 7 and  8 and by L e m m a  11. [ ]  
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Proposition 10. For each ~ > 0 there exis t  a rational t ~ [(2 + ~)/2 - e, (2 + ~)/2) 
and a word w, such that w t has a maximal  occurrence in f and ]wl ~ F, f o r  each 
n>~3. 

Proof. Consider, for n ~> 3, the factorization 

f .+4 = f . + l f . f . f . g . - l f . - l f . .  

Clearly, for n ~> 3, ( f . f . ) f . h . -  1 has a maximal occurrence. As, for n/> 3, 2F. is not 
a Fibonacci number  and (2 + ~)/2 is the limit of (2F. + F. + 1 - 2)/2F. for n going to 
infinity, the statement is proved. []  

The following Propositions 11-13 are known results on the Fibonacci infinite word 
and are easy consequences of Proposit ion 9. 

Proposition 11 (S66bold [9]). Let  u ~ F ( f ) .  I f  u 2 ~ F ( f )  then u is a conjugate o f f ,  for  
some n >1 1. 

Proof. This follows immediately from Proposit ion 9 and from 2 > (2 + 4~)/2. [] 

Proposition 12 (Karhum/iki [3]). Le t  u E F ( f ). Then u 4 ¢ F ( f ). 

Proof. As already remarked by S66bold, Proposit ion 12 is a consequence of 
Proposit ion 11. []  

Proposition 13 (Mignosi and Pirillo I-8]). L e t  u ~ F ( f )  and r rational such that 
u r ~ F ( f ) .  T h e n r < 2 + ~ .  

Proof. By way of contradiction, suppose that for some u ~ F ( f )  and for some rational 
r > 2 + ~,  u r E F ( f ) .  By Proposit ion 9, each occurrence of u r in f is contained in 
a maximal one of (f ,)  s for some s 6 [2, 2 + ¢) and some n/> 1 such that lu[ = F,. So 
r ~< s < 2 + 4~. Contradiction. []  

Remark.  A previous version of this paper  is in the Actes  du Sbminaire Lotharingien de 
Combinatoire (30" Session, 1993) 
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Références
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[19] J. Berstel, P. Séébold. A characterization of Sturmian morphisms. In
International Symposium on Mathematical Foundations of Computer
Science (MFCS 1993), volume 711 of LNCS, pages 281–290. Springer-
Verlag, 1993.
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Thèse de Doctorat ès Sciences de Giuseppe Pirillo

143



CONTRIBUTION A LA COMBINATOIRE DES MOTS

[70] J. Justin, B. Piochi, G. Pirillo. On fixed-point-free permutation proper-
ties in groups and semigroups. Ann. Mat. Pura Appl. (4), 159 :45–64,
1991.

[71] J. Justin, B. Piochi, G. Pirillo. Propriétés de permutabilité avec cer-
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(Salgótarján, 1996).

[147] G. Pirillo. Some factorizations of the Fibonacci word. Algebra Colloq.,
6(4) :361–368, 1999.

[148] G. Pirillo. Remark on the Arquès-Michel code. pages 327–330, 2001.
in : Proceedings of the Workshop “Theoretical Biology 2, History and
Present Themes”, Arcidosso, September 1-3, 1999.

[149] G. Pirillo. From the Fibonacci word to Sturmian words. II. Pure Math.
Appl., 11(3) :533–537, 2000.

[150] G. Pirillo. A curious characteristic property of standard Sturmian
words. In Algebraic combinatorics and computer science, pages 541–
546. Springer Italia, Milan, 2001.

[151] G. Pirillo. A characterization for a set of trinucleotides to be a circular
code. pages 241–244, 2002. in : “Determinism, Holism, and Com-
plexity” (Edited by C. Pellegrini, P. Cerrai, P. Freguglia, V. Benci and
G. Israel).

[152] G. Pirillo. Fibonacci word and Sturmian words. Sci. Math. Jpn.,
55(3) :641–647, 2002.

[153] G. Pirillo. Inequalities characterizing standard Sturmian words. Pure
Math. Appl., 14(1-2) :141–144, 2003. Dedicated to the 65th birthday
of Professor Franco Migliorini.

[154] G. Pirillo. Inequalities characterizing standard Sturmian and epistur-
mian words. Theoret. Comput. Sci., 341(1-3) :276–292, 2005.
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