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Abstract

In this paper we focus on connected directed/undirected circulant graphs Cy(a,b). We inves-
tigate some topological characteristics of the graphs, and define a simple combinatorial model
for them, which is new for the topic. Building on such a model, we derive a necessary and suf-
ficient condition to test, in O(log?n) time, whether two circulant graphs Cy,(a,b) and C,,(a’,d')
are isomorphic or not. The method is entirely elementary and consists of comparing two suit-
ably computed integers in {1,..., () A ) 1}, and of verifying if {ged(n, a), ged(n,b)} =
{ged(n,a’),ged(n,b')}. It also allows for building the mapping function in linear time. As a
by-product we get an alternative proof of the validity of Adém’s conjecture on all the C),(a, b)’s.
In addition, simple methods are proposed for computing the positive integer that, given two
isomorphic circulant graphs, “transforms” one of them into the other one, and for generating all
the circulant graphs isomorphic to a given one.
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1. Introduction

Consider three integers n,a,b such that n > 0 and, w.lo.g., a,b € {1,...,n — 1}. The
(simple) graph C(a,b) = (V,E) where V. = {vg,v1,..., vp—1} and E = {(Vi,V(i+q) mod n)
(Vis V(i) mod n)> for i = 0,...,n — 1} is called circulant graph. By directed circulant graph we
shall denote a circulant graph where edges (v;, V(i+a) mod n) are directed from v; t0 v(i14) mod n
and edges (vi, V(i+b) mod n) are directed from v; t0 V(;4p) mod n- If N0 direction is defined on the
edges, we get an undirected circulant graph. Examples are drawn in Fig. 1. In the paper, we
shall deal with both directed and undirected circulant graphs (when no specified it means that
we are referring to both of them), and we shall assume that all arithmetic is done modulo n.

Figure 1: On the left, the undirected circulant graph Ci2(3,5) (thus also C12(9,5), C12(3,7), C12(9,7),
C12(5,3), C12(5,9), C12(7,3), and C12(7,9)). On the right, the directed circulant graph C12(3,5) (thus
also C12(5, 3)).

W .lo.g. we shall always assume that a +b # n in the undirected case, and that a # b, in both
directed and undirected case, otherwise C,(a,b) degenerates into Cy,(a) = Cy,(b). Under these
conditions, the vertices of a directed Cy(a,b) do always have two outgoing and two incoming
edges, while an undirected C,(a, b) is 3-regular iff either a or b are equal to %, and is 4-regular
in all other cases.

The definition of E shows that Cj(a,b) and C),(b,a) identify the same graph, both in the
directed and in the undirected case; while C),(a,b), Cp(—a,b), Cy(a, —b), Cp(—a,—b), Cy,(b,a),
Cp(b,—a), Cp(=b,a), Cp,(—b,—a) identify the same graph in the undirected case, only.

The circulant graphs we deal with, are a subclass of the more general class of circulant graphs
Cp(a,ag,...,a) for k = 2 (we denote by a,b the two parameters ay,as). Circulant graphs
Cp(ay,asg,...,ax) are defined on n vertices, and each vertex v; is adjacent to vertices V(ita;) mod ns
for j = 1,...,k. The set {a1,as,...,ax} is called the connection set of the graph [15, 36, 37].
Circulant graphs C),(aq, as, ..., ax) are Cayley graphs over the cyclic group Z,. In the literature,
they are also called chordal rings or multiple-loops iff a; = 1 [24, 35, 39]. Circulant graphs
Cy(1,b) are called double loops [21, 28, 30], cyclic graphs [21], or 2-jumps [8].

In this paper we investigate on the ISOMORPHISM TESTING problem for both directed and undi-
rected circulant graphs Cy,(a, b):

ISOMORPHISM TESTING
Given two connected circulant graphs C,,(a,b) = (V, E)

and Cp(a', V) = (V' E')
Test  whether they are isomorphic or not.



We propose an elementary method to solve ISOMORPHISM TESTING in O(log?n) time. The
method derives from basic topological properties of circulant graphs C,(a,b)’s: the necessary
and sufficient condition of Theorem 4.1 for two circulant graphs C,(a,b), Cy,(a’,b’) to be isomor-
phic consists of evaluating if {ged(n,a), ged(n,b)} = {ged(n,d’), ged(n,b')} and if two suitably
computed integers in {1, ..., m— 1} are equal. It also allows for building the map-
ping function in linear time. The overall complexity compares favourably with the known results
on the Cy (a1, ag, ..., ag)’s [10, 16, 17, 33, 38] (see Section 1.1). It is worth observing that, as a
by-product of Theorem 4.1, one gets an alternative proof, based on elementary concepts, of the
validity of Addm’s conjecture (stated in Section 1.1 and already proved by [13, 18, 30, 37]), for
all directed and undirected connected (3- or 4-regular) Cy,(a,b)’s.

We also deal with the problem of finding the positive integer p that “transforms” a given
Cp(a,b) into a given isomorphic C,(a’,b") (its existence is implied by Theorem 2.4), stated as
follows:

J-SEARCH
Given two directed (undirected, resp.) isomorphic connected
circulant graphs Cy,(a,b) and Cy(da’,b’)
Find an integer p € {1,...,n —1}

Such That {a’,b'} = {ua,pb} (mod n)
({a', '} = {£pa, £ub} (mod n), resp.).

The last problem we face was suggested in [35] for the graphs C,(1,az,...,ax), and is defined
as follows:

ALL-ISO
Given a connected circulant graph C,(a,b)

Find  all the graphs isomorphic to it.

An immediate application of Theorem 2.4 allows for solving this problem. In this paper an
alternative algorithm is discussed.

The paper is organized as follows: the literature is reviewed in Section 1.1; in Section 2 prelim-
inary conditions for connectedness and isomorphism are discussed; in Section 3 the structure of
peculiar cycles and a matrix model for the graphs are described; Section 4 is devoted to prove
the main isomorphism theorem, which solves ISOMORPHISM TESTING; in Section 5 the related
problems p-SEARCH and ALL-ISO are solved; Section 6 concludes.

1.1. State of the art

The problem of testing isomorphism of two given circulant graphs C), (a1, ag, ..., ax) and Cy(a],
ah, ..., ay) is polynomial-time solved in [10, 38] for n prime, while, for arbitrary n, it is shown
to be polynomial-time solvable in [16, 17] and solved in O(n?) in [33].

The isomorphism of circulant graphs is closely related to Adam’s isomorphism: two directed

(undirected, resp.) graphs Cy(a1, a2, ..., a;) and Cy(d), da, ..., a},) are Addm-isomorphic
if there exists a g € {1, ..., n — 1} coprime with n such that {a}, a5, ..., a}} = {pa1, pas,
oy pag} ({df, dy, ..., al} = {£par, £pag, ..., tpag}, resp.). The integer p will be called

Addm’s multiplier. The problem of testing Addm’s isomorphism has been completely solved
in O(klogn(log(klogn) + 2)¢) for some absolute constant ¢, see [11]. It is also proved to be
equivalent to testing for a colour-preserving isomorphism on circulant graphs whose arbitrary
edge (Vi, V(i+a,) mod n) has colour a; [5].



In 1967 Adam [1] stated the so-called Addm’s conjecture: two circulant graphs Cn(ai, ag, ..., ag)
and Cp(a}, aj, ..., a}) are isomorphic if and only if they are Adém—isomorphic. This conjecture
is not generally true: Elspas and Turner [15] showed that directed Cg(1,2,5) and Cg(1,5,6)
as well as undirected C14(1,2,7) and C14(2,3,5) are isomorphic, but not Adém-isomorphic (in
fact, both isomorphisms are not colour-preserving). The conjecture also fails, among the other
cases, when n is divisible by 8 or by an odd square [31], or when n = p? where p is a prime
number [2]. However, there are cases where the conjecture holds, for example: when n is prime
[15, 38]; when the adjacency matrix has non-repeated eigenvalues [15]; when n = pq, for p and
q distinct primes [2, 26]; when n is square-free [31] or twice square-free [32]; when a1, as, ..., ax
are all coprime with n [14, 37]. Other cases are reported in [3, 8, 31, 36].

When the connection set has two elements, all the above results apply. Addm’s conjecture is
true also on the following undirected (connected) circulants: (3-regular) Cy(a, 3) with n even
[37]; (4-regular) C,(1,b) with n = p®, where p is a prime number and ¢ is a positive integer [37];
(4-regular) C,(1,b) with b < min{%; @} where ¢(n) is the Euler totient function (in other
words, for a = 1 and “small” b) [28]; on all the C,,(1,b)’s [21]; and, finally, on all the (4-regular)
graphs C),(a, b)’s [18, 30]. The results by [18, 21, 28, 30|, however, were already known: see [13]

both for directed and undirected 4-regular Cy,(a,b)’s.

It is interesting to notice that different methods have been used to approach the isomorphism
of circulant graphs: group theory and algebraic-combinatorial theory [2, 17, 18, 19, 26, 27, 31,
32, 33, 34, 36], and the study of the eigenvalues [4, 10, 15, 28] and [29, 30, 35].

Many problems other than isomorphism have been studied on circulant graphs. For example,
planarity, crossing number, coloring, diameter, decomposition into hamiltonian cycles, connec-
tivity (see, for instance [6, 7, 8, 21, 22, 23, 25]). In [35] the problem of counting the number of
graphs isomorphic to C,(1,as, ..., a;) is addressed.

Circulant graphs are of interest as models of communication networks. In particular, isomor-
phism between circulant graphs arises in the area of distributed computer networks, commu-
nication networks, and in VLSI-design. Since the algorithmic performances of a network also
depend on its layout [6, 24, 28], and isomorphic graphs may have different layouts (see Fig. 2),
it is important to recognize isomorphic graphs (ISOMORPHISM TESTING) and to generate all the
graphs isomorphic to a given one (ALL-ISO).

Figure 2: The isomorphic undirected graphs C12(3,5) and Ci2(1, 3).



2. Some preliminary conditions

This section is devoted to describe the condition for Cy(a,b) to be connected, and to review
some isomorphism conditions.

Proposition 2.1. [8] The graph Cy(a,b) is connected if and only if ged(n,a,b) = 1.

Notice that C(a,b) has ged(n,a,b) connected components. In particular, if ged(n,a,b) > 1

its ged(n,a,b) connected components are all isomorphic to C,(a’,V'), where n' = m,
a = m, and b = m [8]. It is worth noticing that each connected component of a

directed C,,(a,b) is strongly connected.

Given two graphs C),(a,b) = (V, E) and C,(a’,V') = (V', E') we shall say that they are isomor-
phic if there exists a mapping function f : V. — V' such that (f(u), f(v)) € E’ if and only if
(u,v) € E (of course, n = [V| = |V/| =n' and |E| = |E']).

We shall also say that two directed (undirected, resp.) graphs Cy,(a,b) and Cy,(a’,b') are Addm-
isomorphic if there exists a u € {1, ..., n — 1} coprime with n such that {a’,b'} = {ua, ub}
({d',b'} = {xpa,xub}, resp.). For example consider Cy75(7,15). If it is undirected, then
1 = 3 transforms it into the 8 Addm-isomorphic circulants Cy,(a’, ') with {a’, '} = {£21, +45},
namely C175(21,45), 0175(154,45), C175(21, 130), C175(154, 130), 0175(45,21), C175(45, 154),
C175(130,21), C175(130,154). If it is directed, then p = 3 transforms it into the 2 Addm-
isomorphic circulants C175(21,45) and Cj75(45,21). Observe that two different multipliers, gen-
erally speaking, are needed to compute C),(a’,b") from Cy,(a,b), or Cy(a,b) from Cy(a’, V'), and
they are the inverse of one another. For example: C175(21,45) is obtained from Cj75(7,15) for
p = 3, while C175(7,15) is obtained from Ci75(21,45) for p = 37! mod 175 = 117.

Notice that C),(a,b) and C,, (M, Wbmb)> are Adém—isomorphic. In fact, ged(a,b) is co-

prime with n, as ged(n,a,b) = 1, and Adam’s isomorphism can be applied. For example, since
ged(42,90) = 6, the graphs C175(42,90) and Ci75(7,15) are Addm-isomorphic.

The following two propositions are examples of Addm-isomorphism. When ged(n,a) = 1, we
have:

Proposition 2.2. [22] Let n,a verify ged(n,a) =1, and let t be an integer such that (ta) mod
n =1. Then, Cy(a,b) and Cy(1,(tb) mod n) are isomorphic.

The proposition is an application of Addm’s isomorphism with = t, since the two conditions
ged(n,a) =1 and (ta) mod n = 1 imply ged(n,t) = 1 (we remark that, assuming ged(n,a) = 1,
a t as required does always exist). Thus Cy(a,b) and Cy(1, (tb) mod n) are Adédm-isomorphic.

If ged(n, a) > ged(n,b) = 1, swap a and b, and the above proposition applies again. Moreover,
if both ged(n,a) = 1 and ged(n,b) = 1 hold, the above proposition applies twice, yielding two
graphs Cy,(1,z) and C),(y, 1), with suitable z and y, both isomorphic to Cy,(a,b). For example:
the above proposition applies twice to C31(3,2), yielding Cs1(1,11) and C31(17,1).

Proposition 2.2 can be easily generalized into the following one:

Proposition 2.3. Letn,a verify ged (n, m> =1, and lett be an integer such that (ta) mod

n = ged(n,a). Then, Cy(a,b) and Cy(ged(n,a), (tb) mod n) are isomorphic.
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This proposition, too, is an application of Adam’s isomorphism with p = ¢, as ged <n, M) =

1 and (ta) mod n = ged(n, a) imply ged(n,t) = 1. Like above, we notice that ged <n, m) =
1 implies that such a ¢ does always exist, and Cy,(a,b) and C,(ged(n, a), (tb) mod n) turn out to
be Addm-isomorphic.

For symmetry reasons, the above proposition can be applied to parameter b, too. For example:
consider the graph Ci75(42,90); since ged(175,42) = 7 and ged(175,90) = 5, applying Proposi-
tion 2.3 twice, we obtain the graphs Ci75(7,15) (for t = 146) and C475(119,5) (for ¢t = 107).

Many authors [13, 18, 30, 37] contributed to prove Addm’s conjecture for two circulant graphs
Ch(a,b) and Cy,(a’,b") (see Section 1.1). Thus, the following theorem holds:

Theorem 2.4. [13, 18, 30, 37] Two (directed or undirected, 3- or 4-reqular) circulant graphs
Cr(a,b) and Cy,(a’', V') are isomorphic if and only if they are Addm-isomorphic.

From now on, we shall limit ourselves to consider connected circulant graphs, that is Cy,(a,b)’s
verifying ged(n, a,b) = 1. This hypothesis allows us for writing n = H ged(n, a) ged(n, b), where
HeZ".

3. Cycles and matrices

In the present section we first describe the infinite matrix M;(a,b) associated to graph C,,(a,b),
then we focus on a submatrix of it, the representative matrix M, (a,b), which will be used to
prove the isomorphism condition. To this extent, it is important to preliminarily investigate the
structure of some peculiar cycles of a connected Cy,(a,b).

3.1. Cycles on Cy(a,b)

Consider an arbitrary Cy(a,b) = (V,E). We say that v,,v, € V are a-adjacent and that
(vg,vy) € E is an a-edge if (x + a) mod n = y; similarly, we say that v,,v, are b-adjacent and
that (vg,vy) € E is a b-edge if (x £b) mod n = y.

Let us focus on parameter a only (similar results will hold for b). The graph C,(a) induced
by the whole set of a-edges has ged(n,a) connected components, each of which is an a-cycle on
m vertices. This means that if gcd(n,a) = 1, there is a unique a-cycle which visits all the
vertices of C,(a,b). We traverse an a-cycle in a positive direction if we move from vertex v, to
VerteX U(z4q) mod n» a0d in the negative direction if we move from vertex v, t0 vertex v(;_q) mod n
(in the directed case, the positive direction coincides with the direction of the edges). Notice
that an arbitrary C),(a,b) has the same a-cycles as Cy,(—a, b), but traversing an a-cycle of either
graph corresponds to traversing the same a-cycle of the other one in the opposite direction.

The a-cycles of Cy,(a,b) have the following property.

Lemma 3.1. Consider an arbitrary a-cycle of Cy(a,b), say A. Then each pair of vertices
Uy, Uy € A verifies x =y (mod ged(n,a)).

Proof. Since v, vy are assumed to belong to the same a-cycle A, there is a path from v, to v,
with k a-edges. Thus, y = 2 + ka (mod n). Therefore, y mod ged(n,a) = (x mod ged(n,a) +
(ka) mod ged(n, a)) mod ged(n,a) = x mod ged(n, a), that is, z =y (mod ged(n,a)). B



For example: consider Cy2(9,10) and one of its ged(42,9) = 3 a-cycles, say A, whose vertices
are (in the positive direction) vy, v10,v19,. .., V25, V34, then 1 =10 =19 =--- = 34 (mod 3).
By what above, we are allowed to introduce the following

Definition 3.2. A; denotes the (unique) a-cycle such that every vertex v, in it verifies x = t
(mod ged(n,a)), fort=0,...,ged(n,a) — 1.

Notice that vg € Ag, v1 € A1, .-+, Vged(n,a)—1 € Aged(n,a)—1, and that the indices of all the
vertices in Ag are multiples of ged(n,a), and viceversa. As an example, consider Cy2(9,10),
which has ged(42,9) = 3 a-cycles; the vertex set of Ag is {vg, vy, v1s, ..., Va4, v33}, the vertex set
of Ay is {v1,v10,v19, - .., V25,v34}, and the vertex set of Ay is {va, v11, v20, - .., V26, U35 }-

Similar results hold if we substitute a with b in all the above conditions: in the sequel, By
will denote the b-cycle whose arbitrary vertex v, verifies x = ¢ (mod ged(n,b)), for t =
0,...,gcd(n,b) — 1.

3.2. Matrix M (a,b)

Matrix M;(a,b) is a matrix with an infinite number of rows and columns, and can be correctly
defined for any connected circulant graph Cp,(a,b) (see Fig. 3). Each element corresponds to
a vertex of the graph. On the contrary, every vertex of the graph is represented by infinitely

many (regularly placed) elements of My (a,b). Consider element m; ; corresponding to vertex

vz. Then, elements m; ;_;, m; ;. correspond to vertices V(y—q) mod n: U(z+a) mod ns r€SPectively,

7
which are both a-adjacent to vz, and elements m;_; ;, m;,, ; correspond to vertices V(z—p) mod n

V(z+b) mod n» Tespectively, which are both b-adjacent to v;. The definition of a- and b-adjacency
is extended to matrix elements. A similar structure is defined in [7, 9, 20, 39].

31 | 34 1 4 7 10 | 13 | 16 | 19 | 22 | 25 | 28 | 31 | 34 1 4 7 10
3 6 9 12 | 15 | 18 | 21 | 24 | 27 | 30 | 33 | O 3 6 9 12 | 15 | 18
11 | 14 | 17 | 20 | 23 | 26 | 29 | 32 | 35 | 2 5 8 11 | 14 | 17 | 20 | 23 | 26
19 | 22 | 25 | 28 | 31 | 34 1 4 7 |10 | 13|16 | 19 | 22 | 25 | 28 | 31 | 34
27 130 | 33| O 3 6 9 12 | 15 | 18 | 21 | 24 | 27 | 30 | 33 | O 3 6
35 2 5 8 11 | 14 | 17 | 20 | 23 | 26 | 29 | 32 | 35 2 5 8 11 | 14
7 |10 | 13|16 |19 | 22 | 25 | 28 | 31 | 34 1 4 7 |10 | 13| 16 | 19 | 22
15 | 18 | 21 | 24 | 27 | 30 | 33| O 3 6 9 12 | 15 | 18 | 21 | 24 | 27 | 30
23 | 26 | 29 | 32 | 35 2 5 8 11 | 14 | 17 | 20 | 23 | 26 | 29 | 32 | 35 | 2
31 | 34 1 4 7 10 | 13 | 16 | 19 | 22 | 25 | 28 | 31 | 34 1 4 7 10
3 6 9 12 | 156 | 18 | 21 | 24 | 27 | 30 | 33 | O 3 6 9 12 | 15 | 18

Figure 3: Part of the infinite matrix M34(3, 8).

Consider M (x,y) and notice that parameter z, the first into brackets, is associated by definition
to the rows of M} (z,y), while y, the second one, is associated to the columns of M*(x,y). Thus
the representative matrices M (a,b) and M (b, a) of two isomorphic graphs C,,(a, b) and C,, (b, a)
are the transposes of each other.

Traversing an arbitrary row (column, resp.) of M (a,b) from left to right (top to bottom,
resp.) corresponds to infinitely cycling over the corresponding a-cycle (b-cycle, resp.) in the
positive direction.

If we read the elements of an arbitrary row of M (a,b) from left to right we actually read the
elements of the corresponding row of M (—a,b) from right to left. In fact, traversing an a-cycle



of an arbitrary C,,(a,b) corresponds to traversing the same a-cycle of C,(—a,b) in the opposite
direction. The same holds w.r.t. b-cycles and columns. That is to say, considering —a or —b,
i.e., complementing a or b w.r.t. n has the effect of reversing the elements of the infinitely many
rows or columns, thus exchanging the positive/negative direction defined on the cycles.

From what above it is clear that a graph C)(a,b) must be connected in order to fit into
M (a,b), otherwise it is not possible to represent all vertices.

3.3. Matrix M,(a,b)

The representative matrix M, (a,b) is a rectangular submatrix of consecutive rows and columns
of M} (a,b), with the property that all the vertices are represented exactly once (thus it has n
elements). It is defined on R = ged(n, a) rows and C' = % columns. The elements m; ; of My (a,b)
are in one-to-one correspondence with the vertices of C,,(a,b). Without loss of generality, vertex
vo matches to element mq ; in the upper left corner of M, (a,b). Thus an arbitrary element m; ;
corresponds to vertex v, where x = ((z— Do+ (5 — 1)a) modnfori=1,...,R,andj=1,...,C
(see matrix Ms(3,8) in Fig. 4). Observe that M, (a,b) repeats itself periodically in the infinite
matrix M (a,b).

Figure 4: Matrix M34(3,8).

Since My, (a,b) is a submatrix of M (a,b), two consecutive elements of a row are a-adjacent, and
two consecutive elements of a column are b-adjacent. Clearly, also the first and last elements
of a same row correspond to a-adjacent vertices. This property allows for saying that there is
a one-to-one correspondence between rows of M, (a,b) and a-cycles. Precisely, the i-th row of
the matrix, for ¢ = 1,..., R, corresponds to a-cycle A, with p; = ((’L - 1)b) mod R. Notice
that pi,pe,...,pr represent a “regular” permutation of {0,1,..., R — 1}, in the sense that
pi— pi—1 =b (mod R) fori =2,..., R, and p; — pg = b (mod R) (consider C5¢(5,3): the first
row of Msy(5,3) corresponds to A, the second row corresponds to Ag, the third to Aj, the
fourth to A4, and the fifth to As, resulting in pq,po,...,p5 = 0,3,1,4,2). This property also
shows that the a-cycles Ag, A1, ..., Ar_1 are “regularly” assigned to the rows of M, (a,b), that
is, “equally spaced” modulo R (two rows separate any A;;1 from A; in the last example).

On the contrary, no one-to-one correspondence can be set between the columns of M, (a,b)
and the b-cycles, generally speaking. It depends on the number R of rows of M,(a,b) and
on the number m of vertices in a b-cycle, respectively Two cases arise: R = m or
R < m (it clearly never happens that R > o d (b In the first case such a one-to-one
correspondence exists: reasoning as above we can prove tilat the first and last elements of a same
column correspond to b-adjacent vertices, that the j-th column of the matrix, for j =1,...,C,
corresponds to b-cycle B((j_1)q) mod ¢, and that the b-cycles By, By,...,Bc-1 are “regularly”
assigned to the columns of M, (a,b). In the second case, that is when R < m, the number
R of elements in a column of M, (a,b) is not sufficient to contain all the

3 vertices of a
b-cycle. However, it can be proved that

_n _
ged(n,b



10.

Lemma 3.3. Consider an arbitrary element mpj, in the last row of My(a,b). Then, there exists
a unique element my i, in the first row of My(a,b) which is b-adjacent to it.

Proof. Let v, be the vertex corresponding to mpj. Recalling that the last row of M, (a,b)
corresponds to a-cycle A; where t = ((R — 1)b) mod R, z verifies z = (R — 1)b (mod R).
Actually, two are the vertices b-adjacent to vy, namely, v(z_p) mod n @0d V(g4p) mod n- The first
one corresponds to element mpg_1 5, by definition. We claim that the other one corresponds to
my k. Since the vertices corresponding to the elements in the first row of M, (a,b) are all and
only those belonging to a-cycle Ag, their indices are multiples of R (0 included). Thus, we have
to show that £ +b =0 (mod R). The following equalities hold:  +b = 2 mod R+ b mod R =
((R—1)b) mod R+ bmod R = (—b) mod R+ bmod R=0 (mod R), as claimed. B

n n/ged(n,b) _
= =

The above lemma shows that the Zed(nb) vertices of each b-cycle are split onto

m = H columns. Example: consider C34(3,8) and one of its four b-cycles, say By,
whose vertices are v, vs, vig, Vo4, V32, V4, V12, V20, Uog, the first three of which are found in the

first column of M36(3,8), the second three of which are in the ninth column, and the remaining
three of which are in the fifth column, as H = 3 (see Fig. 5).

0o 1 2 8 11
[ — : ! A36(3,8)

0] 369 [12]15] 18] 21 27 [ 30 [ 33
g |11 |14]17 202326293235 2| 5
- 19 [ 22 | 25 [ 28 [ 31 |34 | 1 4 7 |10 | 13

Figure 5: Matrix M36(3,8); highlighted the elements mpj = ms1 and myp = mi9, showing that
As36(3,8) = 8.

Consider an element mpgj in the last row of My(a,b), and its b-adjacent element m,j in the
first row of M,,(a,b). Then, for any t € Z*, MR, (h+t) mod ¢ aANd MR (1 44) mod ¢ are b-adjacent
too (in fact they are both a-adjacent in the positive direction to the considered element). This
shows that the quantity (k — h) mod C' is a constant.

Definition 3.4. The column-jump of M, (a,b) is \,(a,b) = (k —h) mod C, where k and h are
such that mpg , and mq i are b-adjacent.

Example: A36(3,8) = 8, and in fact b-cycle By goes from column 1 to column 1 + As36(3,8) = 9,
then to column (94 \36(3,8)) mod C' =5 as C' = 12, and back to column (54 A36(3,8)) mod C' =
1 (see Fig. 5).

Notice that A\,(a,b) € {0,...,C — 1}, by definition, and that A\,(a,b) = 0 if and only if the
b-cycles are in one-to-one correspondence with the columns of M, (a,b) (this is to say, if and
only if n = ged(n, a) ged(n, b), or equivalently if and only if H = 1).

Generally speaking, A\, (a,b) # A, (b, a): for example 4 = A\34(33,8) # A36(8,33) = 3. Moreover,
it is easy to see that A\, (—a,b) = C — \,(a,b), and that A\, (a, —b) = C — A\, (a,b), while, clearly,
An(—a,—b) = Ap(a,b). In other words, considering either —a or —b, that is, complementing
either one among a or b w.r.t. n, has the effect of complementing the column-jump w.r.t. C.
Example: A36(33,8) = C'—A36(3,8) =4, as C = 12 and A34(3,8) = 8, and A36(33,28) = A\36(3, 8).

By definition of column-jump, mg 1 is b-adjacent to my (x11) mod ¢ (A stands for A, (a, b)), that
is, vertex v((r—1)p) mod n i b-adjacent to vertex v(xs) mod n- That is to say, (R—=1)b+b) = Xa
(mod n). Recalling that R = ged(n, a), we set the following relation (also defined in [7, 9, 20, 39]):
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ged(n,a)b = Ap(a,b)a  (mod n). (1)

This equivalence can be interpreted on the graph as follows. Consider an arbitrary vertex
v; and traverse A,(a,b) a-edges in the positive direction reaching vertex v; with j = (i +
An(a,b)a) mod n. Then, there also exists a b-path from v; to v; made of ged(n, a) b-edges, taken
in the positive direction. Thus, the equivalence above describes the way a-cycles and b-cycles
are “linked”, in a topological sense (see Fig. 6, where v; = vg).

“.0 3 6 9 12 15 18 21
. bo—>o—>o—>o—>o—>o—>o—;o 24 = da = ged(n, a)b
N

s
N 7
N Ve
N Ve

7
No— — — — >
8 16

Figure 6: The parameter \: a measure of the way a- and b-cycles are linked in C36(3,8). Solid lines
represent a-edges, while dashed lines represent b-edges.

It is interesting to study how A, (a,b) reflects onto the structure of M, (a, b) (here too A denotes
An(a,b)). We claim that M, (a,b) can be partitioned into H = W equally sized
submatrices, the blocks, denoted by By, 01, ..., 8n_1, where block (i is defined on all the R =
ged(n,a) rows and the (k — 1)-th set of ged(n,b) consecutive columns. Consider the first set
of ged(n,b) consecutive columns, that is columns 1 to ged(n,b). Each of them contains R
consecutive vertices of b-cycles By, ..., B, d(n5)? respectively. The b-cycles By, ,..., B, Amd)
then continue in columns (14+X) mod C, ..., (ged(n,b)+A) mod C, respectively, then in columns
(14+2X) modC,..., (ged(n,b) + 2X) mod C, respectively, and so on, the last portion of each
b-cycle being in columns (1+(H —1)A) mod C, ..., (ged(n,b)+ (H —1)A) mod C. After that, b-
cycle B, starts again from column j, for j = 1,...,gcd(n,b), that is (j+(H—-1)A+X) mod C =
(j + H\) mod C = j. As a consequence, (HA) mod C' = 0. Recalling that H = m
and that C = o d( By We get that \ has to be a multiple of ged(n,b). For this reason it is
convenient to introduce the definition of block-j -jump:

mod H = 2nlab) , where k

Definition 3.5. The block-jump of M,(a,b) is Ay, (a,b) = )

gc d( b)
and h are such that mpg ) and mqj are b-adjacent.

Notice that Ay (a,b) € {0,...,H — 1}, by definition, and that equivalence (1) becomes

ged(n,a)b = Ay(a,b) ged(n,b)a  (mod n). (2)

Notice that A, (a,b) # A, (b, a), generally speaking: for example 2 = Ajp3(33,16) # A103(16,33)
= 5. In addition, A, (—a,b) = H— A, (a,b), since m = H; the same holds if we consider —b,
that is, if we complement b w.r.t. n; on the contrary, A,(—a,—b) = A,(a,b). In this context,

complementing either one among a and b w.r.t. n corresponds to complementing the block-jump
w.r.t. H. Example: As4(3,8) =2 and A3(33,8) = H — A36(3,8) =1, as H = 3 (see Fig. 7).

The re-construction process of an arbitrary b-cycle gives a peculiar (and “regular”) permutation
of the blocks (A, A will denote A, (a,b), Ay(a,b), resp.). In fact, b-cycle B,; visits column j,
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[ — | ! A36(3,8)
0 [ 369 12]15 1821 - 27 [ 30 [ 33
14 [ 17|20 [ 23] 26 | 29 35 2[5
el 1o [ 22 |25 |[28 [31 [34] 1 4 7 | 10|13
f | | A36(3,8
! ) ! 36(3,8)
Figure 7: Partition into blocks (separated by double lines) of M354(3, 8), resulting in Asg(3,8) = gjgéi’ig =

8 _
8 —2.

which is the j-th column of block [y, then it visits column (j + A) mod C, which is the j-th
column of block 3y , then it visits column (5 + 2A) mod C, which is the j-th column of block
B(2A) mod ¢, and so on.

It is worth noticing that the matrix which results by putting block £y on top of 55 on top of
B(2A) mod ¢ OB top of ... on top of B(z_2)A) mod ¢ O1 t1OP Of B((7-1)A) mod ¢ 1S another rectangular
submatrix of M(a,b) defined on m consecutive rows and ged(n,b) columns (here too,
without loss of generality, vertex vp matches to the element in the upper left corner). By doing
so, each b-cycle corresponds to one column of the matrix, while each a-cycle is (regularly) split
onto the H blocks.

4. Isomorphism testing

This section is devoted to describe an easy-to-evaluate necessary and sufficient condition (The-
orem 4.1) to recognize if two given connected circulant graphs Cy(a,b) and Cy,(a’,V’) are iso-
morphic. In the affirmative, the mapping function is immediately obtained. As a by-product of
this result, we give an alternative proof of Theorem 2.4.

Recalling that A,(a,b), An(a’,b') € {0,..., H — 1}, by definition, and that, if C,(z,y) is
connected, then ged(n,z) = ged(n,y) implies ged(n, x) = ged(n,y) = 1,we have that:

Theorem 4.1. Let Cy,(a,b), C,(a’',b') be two directed (undirected, resp.) connected graphs,
and assume w.l.o.g. ged(n,a) < ged(n,b) and ged(n,a’) < ged(n,b'). Then Cyp(a,b), Cy(d’,b")
are isomorphic if and only if either one of the following two conditions holds:

1. ged(n,a) = ged(n,d’) < ged(n,b) = ged(n,b') and Ay(a,b) = Ay(d, V) (An(a,b) =
+A,(d',b) (mod H), resp.)

2. ged(n, a) = ged(n, d’) = ged(n, b) = ged(n,b') and either Ay, (a,b) = Ay, (a’, V) or Ap(a,b) =
A (W' a")  (either Ay(a,b) = £A,(a’, V) (mod H), or Ay(a,b) = £A,(V,a’) (mod H),
resp.).

Proof. If part. Consider the matrix M,(a,b) = [m; ;| defined for the graph Cy(a,b) on
R = ged(n,a) rows and C = sed(may columns, and the matrix My, (a',b') = [m] ;] defined for
the graph Cy,(d’,b') on R’ = ged(n,a’) rows and C' = m columns. By hypothesis, it
follows that the two matrices have the same size, being defined on the same number of rows and
columns, and that, clearly, H' = H. In order to prove the claim, it suffices to show that there

exists a one-to-one mapping which matches the vertices of Cy,(a,b) into those of C),(a’, V).

Let us first consider the case A,(a,b) = A,(a’,b"), which holds for both directed and undi-
rected graphs and for both conditions (1) and (2). Let v(m; ;) denote the vertex associated
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to element m; ; of My(a,b), and v(mj, ;) the vertex associated to element mj, , of My(a',b").
The required mapping is the one which maps v(m; ;) = V((-1)b4(j—1)a) mod n ONtO the ho-
mologous v(m;]) = U((i—1)/+(j—1)a’) mod n- 1t is easy to see that the correct adjacencies are
preserved, in the sense that a-edges are biunivocally mapped onto a’-edges, as well as b-
edges are biunivocally mapped onto b'-edges. In fact a-edge (v(mi,j),v(miv(jﬂ) mod (J)) is
mapped onto the homologous a’-edge (v(m;j), v(mg’(jﬂ) mod ¢))s foralli =1,... R and for all
j=1,...,C. As for the b-edges, we distinguish two types: the b-edges connecting an element
of the last row with an element of the first row of M, (a,b), and the other b-edges. A b-edge
of the first type, say (v(mR,j),v(mL(ﬁAn(a,b) ged(n,b)) mod c)), is mapped onto the homologous
b'-edge (U(mlR,j)’U(m/l,(j—l—An(a’,b’)gcd(n,b’)) mod ¢))s for 7 =1,....C, while a b-edge of the second
type, say (v(m;;),v(mis1,5)), is mapped onto the homologous b'-edge (v(m;j),v(m;H’j)), for
i=1,...,R—1land j=1,...,C.

Now consider A, (a,b) = A, (¥, a’), which holds for both directed and undirected graphs, for
condition (2), only. In this case it suffices to swap a’ and ¥, and the above proof applies.

Now consider A,(a,b) = —A,(a’,b') (mod H), which applies to the undirected case, only,
for both conditions (1) and (2). Consider either one among C,(—d’,b") and C,(a',—V'), say
Cp(—a',V'): its block-jump has value A, (—d’,b') = H — A, (a', V) = Ay (a,b), as observed after
Definition 3.5. Since A, (—d’,b’) = A,(a,b), we are back to the previous case and Cy(—d, V)
and C),(a,b) are isomorphic. Since Cp,(—a’,b") and Cy,(a’, V') identify the same undirected graph,
Cp(a,b) and C,(d’,b") are isomorphic too, as claimed.

Finally consider A, (a,b) = —A,(V,a’) (mod H), which holds in the undirected case of condition
(2), only. Again, swap a’ and ¥, and the above proof applies.

Only if part. Assume that C,(a,b) and Cy,(a’, ') are isomorphic. Consider the subgraphs Cy,(a),
Cr(b), Cy(a’), and C,(b') induced by all the a-edges, all the b-edges, all the a’-edges, and all the
b'-edges, respectively. Since Cy,(a,b) and Cy,(a’,') are isomorphic, Cy,(a) and C),(a’) also are, as
well as Cy,(b) and C,,(b'). Recall that Cy,(a) consists of ged(n, a) cycles of m vertices, Cp, ()
consists of ged(n,b) cycles of () Vertices, Ch(a’) consists of ged(n,a’) cycles of wedlma]
vertices, and Cy(b') of ged(n,b') cycles of Wyiub’) vertices. Since we assumed w.l.o.g. that
ged(n,a) < ged(n,b) and ged(n,a’) < ged(n,b'), two cases may happen: either ged(n,a) =
ged(n,a’) < ged(n,b) = ged(n, ') or ged(n,a) = ged(n,a’) = ged(n,b) = ged(n, V).

If ged(n, a) = ged(n,ad’) < ged(n,b) = ged(n,b'), it remains to show that A, (a’,b') = Ay, (a,b) in
the directed case, and that A, (a/,b") = £A,(a,b) (mod H) in the undirected case. Since Cy,(a,b)
and C),(a’,b") are isomorphic, there exists a one-to-one mapping f which associates vertex v; of
Ch(a,b) to vertex vsqy of Cp(a’,0'). The mapping f must verify f(i+a) = f(i)+a’ (mod n) and
fli+b) = f(i)+V (mod n) in the directed case, while it must verify either f(i+a) = f(i) + o’
(mod n) or f(i+a) = f(i) — a’ (mod n), as well as either f(i +b) = f(i) + b (mod n) or
f(@+b) = f(i) =V (mod n) in the undirected case. For the sake of shortness, we resume
these conditions by improperly writing f(i + a) = f(i) £ o’ (mod n) and f(i +b) = f(i) £V
(mod n), meaning that the “minus” applies to the undirected case, only. By definition of
An(a,b), bged(n,a) = Ay (a,b)aged(n,b) (mod n). Thus f(bged(n,a)) = f(Ay(a,b)aged(n,b))
(mod n). By repeatedly applying f(i+a) = f(i) £ a’ (mod n) and f(i+b) = f(i) £ b (mod n),
we get f(bged(n,a)) = £b ged(n,a) (mod n) and f(Ay,(a,b)aged(n,b)) = +A,(a,b)a’ ged(n,b)
(mod n). Recalling the definition of A, (a’,b’) we can write A, (a’,b')a’ ged(n,t') = ¥ ged(n, a’)

= b ged(n,a) = +f(bged(n,a)) = £f(An(a,b)aged(n,b)) = :l:A,n(a, b)a' ged(n,b) =

= +A,(a,b)d’ ged(n, '), all the equivalences being modulo n. Since m is coprime with H
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and n = chd( n,a’)g d( ,b'), this finally shows that A, (d’,b') = £A,(a,b) (mod H), which
reduces to A (a’,b') = Ap(a,b) in the directed case, only.

If ged(n,a) = gcd( n,a’) = ged(n,b) = ged(n,b') (hence all equal to 1), it remains to show
that A, (a’,b') = An(a,b) or Ap(V/,a’) = An(a,b) in the directed case, and that A,(a’,V) =
+A,(a,b) (mod H) or A,(V,a’) = +A,(a,b) (mod H) in the undirected case. The assumptions
ged(n,a) < ged(n,b) and ged(n, a’) < ged(n,b’) do not help, in this case, to associate a with o’
and b with b because ged(n,a), ged(n,d’), ged(n,b) and ged(n,b') are all equal to 1. That is to
say, since Cy,(a), Cp,(b) are both hamiltonian cycles, as C,(a’), C,, (V') are, two cases may happen:
Cp(a) corresponds to Cy(a’) (hence C,(b) to C,(b')) or Cy(a) corresponds to C,(b') (hence
Cr(b) to Cp(a’)). Therefore we possibly have to swap ¢’ and ¥'. Having in mind these facts, we
can basically apply the proof above, obtaining A, (a’,?)a’ ged(n,t') = £A,(a,b)ad’ ged(n, '), or
A (W, a )V ged(n,ad') = £A,(a,b)t ged(n, d’), all the equivalences being modulo n. This finally
shows that A, (a’,b') = £A,(a,b) (mod H) or A,(b,ad") = £A,(a,b) (mod H), which reduces
to Ap(a’,b') = Ap(a,b) or Ap(V,a') = Ap(a,b) in the directed case, only. I

The computational complexity of applying this theorem depends on the complexity of computing
the four ged’s and that of (twice) solving the linear congruence (2) to determine the two block-
jumps. This can be done in O(log?n) time, by Euclid’s algorithm [12].

The mapping function between two isomorphic Cy,(a,b) and C,(a’,b") can be constructed in
linear time as follows. We shall build a one-to-one correspondence between homologous elements
of the matrices associated to Cy,(a,b) and Cy,(a’,b’). The matrix associated to Cy,(a,b) is always
M, (a,b), while the matrix associated to Cy,(a’,b’) is either one among M, (a’,V'), M, (—d’, V),
M,(V',d"), M,(—b',a"), depending on the value of the ged’s and of the block-jumps, as in the
proof of the above theorem.

Consider the case ged(n,a) = ged(n, d’) < ged(n,b) = ged(n, ') first.

If An(a,b) = A7, (a',b'), vertex v(m; ;) = V((j—1)b+(i—1)a) mod n» associated to element m; ; of

M, (a,b), is mapped onto the homologous vertex v(m; ;) = V((j_1)p+(i—1)a’) mod n, associated
to element m) ; of My(a’,V’). As an example consider C3(3,8) and C36(15,4), which verify
As6(3,8) = A36(15 4) = 2, depicted in Fig. 8. The mapping function, for example, maps vertex
v(mg2) = 19 of M36(3,8) onto vertex v(mj,) = 23 of Mze(15,4).

On the contrary, if A,,(a,b) = H — A, (d’, V'), the theorem states that two directed graphs are
not isomorphic, while two undirected ones are. In the latter case, the mapping function can
be obtained by associating vertex v(m; ;), corresponding to element m; ; of My(a,b), to vertex
V(T 5) = V((j—1)b—(i—1)a’) mod n» COTTesponding to element 7; ; of M, (—a’,V'), as Ap(—a', ') =
An(a,b). As an example, consider the undirected Cs4(3,8) and the undirected Cs6(21,4), which
verify Ass(21,4) = H — A36(3,8). Since Csg(—21,4) = Cs6(15,4), Az6(3,8) = Asg(15,4). Thus
the mapping function between Csg(3,8) and Cs6(21,4) is the same which maps elements of
M36(3,8) onto homologous elements of M3g(15,4).

Now consider the remaining case ged(n, a) = ged(n, a’) = ged(n, b) = ged(n, V') (thus all equal
to 1), observing that the representative matrices have one row, only.

If Ap(a,b) = Ap(d,b'), vertex v(my ;) of My(a,b) is mapped onto the homologous vertex
v(m ;) of My(a',b'), while if A,(a,b) = Ap(b',a’), vertex v(ma ;) of My(a,b) is mapped onto
the vertex associated to the (homologous) element in the j-th column of M, (b, a’).

If Ayp(a,b) = H — A,(d,b), the theorem states that two directed graphs are not isomor-
phic, while two undirected ones are. In the latter case, the mapping function can be obtained
by associating vertices corresponding to homologous elements of M, (—a’,t') and M,(a,b), as
Ap(—=d' V) = Ay(a,b). Finally, if Ay(a,b) = H — A, (Y, d’), only undirected graphs can be
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considered, and the mapping function can be obtained by associating vertices corresponding to
homologous elements of M, (—b',a’) and M, (a,b), as A, (=b',a") = A, (a,b).

————— X36(3,8) = A36(15,4) ————

0] 3 6] 9 12[15] 18] 21 27 [ 30 | 33
8 | 11 | 14 |17 | 20 [ 23 [ 26 | 20 [ 32[35 ] 2 | 5
el 19 |22 |25 [28 31 [34] 1 4 | 7110713

0 J15]30] 9 [24] 3 [18[33 B 27 6 [ 21
4 [ 193413 ]28 22 | 1 |16 [ 31|10 [ 25
BBl 23] 2 [17[32]11 ]2 5 [20 351429

-

Figure 8: The representative matrices of the two isomorphic graphs Css(3,8) and Cs6(15,4).

The above theorem suggests an alternative proof of the only if part of Theorem 2.4, which we
here illustrate (the if part is immediate).

We have to prove that if two (directed or undirected, 3- or 4-regular) circulant graphs C),(a,b)
and Cy,(a’,b") are isomorphic, then they are Adém—isomorphic. Throughout this paragraph, the
“minus”, when present, applies to the undirected case, only. Since the given graphs are isomor-
phic, we can apply Theorem 4.1. Thus either ged(n,a) = ged(n,a’) < ged(n,b) = ged(n, ') or
ged(n,a) = ged(n,d’) = ged(n, b) = ged(n, b').

Let ged(n,a) = ged(n,a’) < ged(n,b) = ged(n,b’) (otherwise swap o’ and V'), and consider
tay iy € {1,...,n—1} such that p,a = +a’ (mod n) and b = +b" (mod n). Since ged(n, z mod
n) = ged(n,z) for any integer z, ged(n,a) = ged(n,a’) implies that ged(pg,n) = 1 and
ged(n,b) = ged(n,b’) implies that ged(up,n) = 1. By definition of A’, and recalling that
pga = +a' (mod n) and ppb = £V (mod n), we can write ged(n,a)upd = +A ged(n, b)uqa
(mod n), that is to say /‘bwbmb) = iA/uam (mod H). Since the two graphs are isomor-
phic, by Theorem 4.1, A = +A’ (mod H). By definition of A, it follows that p, = .

Let, now, ged(n,a) = ged(n,a’) = ged(n,b) = ged(n,b'). Since the ged’s are all equal, we do
not know whether a corresponds to a’ or to 0’ (thus b to b’ or to o/, resp.). That is to say, it
may happen that the role of @’ and ¥ has to be exchanged. Having in mind this fact, we can
basically apply the proof above. For this reason, consider pq, iy, fia, iy € {1,...,n — 1} such
that pea = +a’ (mod n), upb = £b' (mod n), figa = £’ (mod n), and fiph = +a’ (mod n). We
finally get that either one equality among u, = up and i, = fip holds, and the proof is complete.

5. Other results

This section is devoted to study the two problems p-SEARCH and ALL-ISO stated in the Intro-
duction. In particular, in Subsection 5.1 an algorithm to solve p-SEARCH is proposed, while in
Subsection 5.2 an exact procedure to solve ALL-1SO is discussed, and its complexity is compared
to a direct application of Adam’s isomorphism.

5.1. Solving u-SEARCH

Let two isomorphic graphs C),(a,b) and C,(a’,b’) be given. The present subsection is devoted
to determine the value of the Addm’s multiplier x coprime with n such that {a’,0'} = {pa, ub}
(mod n) in the directed case, and {a’,b'} = {+pa, +ub} (mod n) in the undirected case. Observe
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that the multiplier p allows for computing Cy,(a’,V’) from C,(a,b), while a different multiplier
is needed to compute C),(a,b) from Cy,(da’, V).

We distinguish two cases: either ged(n,a) = ged(n,a’) < ged(n,b) = ged(n,b’) (possibly
swapping @’ and V'), or ged(n,a) = ged(n,a’) = ged(n,b) = ged(n,b’) (and all equal to 1).

Consider the case ged(n,a) = ged(n,a’) < ged(n,b) = ged(n,b'), first, and let p be the
smallest positive integer satisfying pa = o/ (mod n). Consider the quantity p + iH ged(n, b)
for an arbitrary integer i. Recalling that n = H ged(n,a)ged(n,b), it is easy to see that
(p+iH ged(n,b))a = a’ (mod n). That is to say, a’ is obtained if and only if a is multiplied by
p+iH ged(n, b) for some 4. Since i can be restricted, w.l.o.g., between 0 and ged(n,a) — 1, it is
convenient to define the set P of the multipliers which transform a into a':

P ={p+iH ged(n,b), fori =0,...,ged(n,a) — 1}.

It must be the case that the searched multiplier u belongs to P, thus verifies p = p (mod H).

Now consider b': we distinguish the directed case from the undirected one.

In the directed case, the searched p must verify pub = b’ (mod n). Let ¢ be the smallest
positive integer such that gb = ' (mod n). Reasoning as above, only multipliers of the form
q + jH ged(n, a), with j arbitrary integer, transform b into b'.

In the undirected case, the searched p must verify +ub = ¥ (mod n), that is to say, either
ub =1V (mod n) or ub=n—1>b" (mod n) (in a few lines we shall be able to decide). Let ¢’,¢” be
the smallest positive integers such that ¢'b = b (mod n) and ¢"b =n — ¥ (mod n). Reasoning
as above, only multipliers of the form ¢’ + jH ged(n,a), with j arbitrary integer, transform b
into o', and only multipliers of the form ¢” + jH ged(n, a), with j arbitrary integer, transform b
inton—1¥b. Set ¢g=¢' if ¢ =p (mod H) and ¢ = ¢" if ¢" =p (mod H).

In both the directed and undirected case, define

Q ={q+jH gced(n,a), for j =0,...,ged(n,b) — 1}.

It must be the case that the multiplier 1, we are looking for, belongs to ), and satisfies y = ¢ = p
(mod H) (in fact, the choice of ¢ in the undirected case was made in order to satisfy the last
equation).

Thus, u € PNQ, and there exist integers i € {0, ...,ged(n,a)—1} and j € {0,...,ged(n,b)—1}
such that

p+iH ged(n,b) = g+ jH ged(n, a)
which gives
. p—q+iHged(n,b)
N H ged(n,a) )

Such a j exists, as we are given two isomorphic graphs. In order j to be integer we can limit
ourselves to find the only value i € {0,...,ged(n,a) — 1} which verifies

(7% i gcd(n,b)> =0 (mod ged)(n,a)

(by the expressions of p and ¢ it follows immediately that their difference is multiple of H).
Thus,

pw=p+iH ged(n,b).
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In a similar way we could have computed u = q+ jH ged(n, a), where j € {0, ..., ged(n,b) — 1}
is the only value which verifies (42 + jged(n,a)) =0 (mod ged)(n, b).

Notice that the searched value of p can also be determined by directly computing the inter-
section PN, which is sometimes convenient, recalling that |P| = ged(n,a) and |Q| = ged(n, b).
In particular, when |P| = ged(n,a) = 1 then p = p (or, clearly, when |Q| = ged(n,b) = 1
then p = ¢). In addition, if it is the case that p = ¢, the searched u is p = g = p, thus the
computation of the largest among P and (), and all what follows, can be avoided.

To illustrate the described method, consider the undirected isomorphic graphs C,(a,b) =
C36(3,8) and Cy,(a', V') = C36(21, 8), where ged(n, a) = ged(n,d’) = 3, ged(n,b) = ged(n, V') = 4,
and H =3. Weget p=17,¢ =1,and ¢’ =8, thusq =¢ =1, as ¢ = p (mod H). The
1 € {0,1,2} we have to find, must verify (% +4-i) =0 (mod 3), resulting in 4 = 1, and we
finally get £t =74+ 1-3-4 =19. We could also determine the p by computing P N @, instead.
As P ={7,19,31} and @Q = {1,10,19,28}, we get u = 19, as well.

Now consider the case ged(n,a) = ged(n,a’) = ged(n,b) = ged(n,b’). Since the ged’s are all
equal, we do not know whether a transforms into o’ or into o’ (thus b into b’ or into a’, resp.),
but the method is basically the same described above. Consider a’, and let p, p be the smallest
positive integers satisfying pa = @’ (mod n) and pa = ¥ (mod n), respectively. Now consider
b, and let ¢/, ¢", 7 @ (¢" and @ for the undirected case, only), be the smallest positive integers
satisfying ¢'b = b (mod n), ¢"b=n -V (mod n), b =d' (mod n) and 7’b =n — a’ (mod n).
Since the given graphs are isomorphic, either one equality holds among the following four: p = ¢/,
p=¢q", p=¢, and p = ¢’. The value of u corresponds to the value of the valid equality.

To illustrate this case, consider the undirected isomorphic graphs C),(a,b) = C15(1,11) and
Cn(a', V) = C18(7,17), where ged(n,a) = ged(n,a’) = ged(n,b) = ged(n, b)) = 1. We get p =7,
p=17,¢ =13,7 =17, ¢" =5,and ¢’ =11. Thus p=p=¢q = 17.

5.2. Solving ALL-1SO

This subsection is devoted to describe how to generate all the graphs isomorphic to a given
Ch(a,b).

The first possibility is to compute @’ = (ua) mod n and ¥’ = (ub) mod n for all p =1,...,n
coprime with n. According to Theorem 2.4, the graphs C,(a’,b') generated this way and their
equivalent notations are all and only the graphs isomorphic to Cy,(a,b).

Another possibility is to find all the pairs o/, b’ such that ged(n,d’) = ged(n,a), ged(n, V') =
ged(n, b), and ged(n, a)b’ = Ay (a,b) ged(n,b)a’ (mod n). According to Theorem 4.1, the graphs
Cp(d', V) generated this way and their equivalent notations are all and only the graphs isomor-
phic to Cy(a,b).

An alternative way is based on the following result. Given a C,(a,b), define A° = {(‘1 =
(a) mod n : ged(n,a) = ged(n,a), with 7 = 1,...,n — 1 such that y mod H = c}, where
suitable values for ¢ are in {0,..., H — 1}. A° can also be written as

A¢ ={a = (ya) mod n : ged(n,a) = ged(n, a),
with ¥ = c+ k'H for k' =0,...,gcd(n,b) — 1}.
Let also

N(a) ={b = (3b) mod n : ged(n,b) = ged(n,b),
(7a) modn =a, for y=1,...,n—1}.
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Note that, by definition, any graph C,(a, 5) with @ € A°, for some ¢, and b € N(a), is
isomorphic to Cy(a,b).

Lemma 5.1. Consider a connected circulant graph Cy(a,b). Let d',a” € A°, for some ¢ €
{0,...,H —1}. Then N(da’) = N(a").

Proof. Let v',+" € {1,..., H ged(n,b)} be coprime with n and such that (ya) mod n = o
and (7”a) mod n = a”.

Since (Ja) mod n = & if and only if ¥ = '+ k' H ged(n,b) for ¥/ =0, ..., ged(n,a) — 1, and
(Ja) mod n = a” if and only if ¥ ="+ K" H ged(n, b) for K" =0, ..., ged(n,a) — 1, alternative
ways to express N(a’), N(a”) are the following: N(a') = {b= ((7 + k' H ged(n, b))b) mod n, for
K =0,...,gcd(n,a)—1 and ged(n,b) = ged(n, b) } andN ") = {b= ((y"+k"H ged(n,b))b) mod
n, for ¥ =0,...,ged(n,a) — 1 and ged(n,b) = ged(n, b)}

Without loss of generality, let 4/ < 4" (otherwise swap a’ and a”). Then, we can write 7"/ =
7'+ fH for a constant f € {0,...,ged(n,b) —1}, as v’ mod H = +” mod H = ¢. Thus, N(a") =
{b= (v/b+ fHb+k"H ged(n,b)b) mod n, for k” = 0'...,ged(n,a)—1 and ged(n, b) = ged(n, b) }.
In order to prove that N(a’) = N(a” ), it suffices to prove that there exists a suitable k' €
{0,...,gcd(n,a) — 1}, say k, such that v'b + kH ged(n,b)b = v'b + fHb (mod n). Recalling
that n = H ged(n,a) ged(n,b) and that m is coprime with ged(n,a), the last equivalence
can be simplified into the following k ged(n,b) = f (mod ged(n,a)). Such a k always exists, as
ged(n, a) and ged(n, b) are coprime, and the proof is complete. B

A similar result holds w.r.t. b, where B¢ = {b = (3b) modn : ged(n,b) = gcd(n,b), with
¥=c+k'H for K" =0,...,gcd(n,a) — 1}, and N (b b) is suitably derived from N (a).

From the definitions of A¢ and B¢ it follows that: i) AY, BY are non-empty if and only if H = 1;
i) A° = B¢ = () for all ¢ such that ged(c, H) > 1; iii) o’ € A° if and only if —a’ € A7¢, as well
as b/ € B¢ if and only if —b € BH—¢,

Thus, for some integer ¢ € {0,...,H — 1} we have that: A° = ) implies A7~¢ = 0, as
well as B¢ = () implies B7=¢ = (; and (a’,0/) € A° x B¢ implies (—d',t/) € AT=¢ x B,
(a',—b) € A¢ x BH=¢ and (—d',—V') € AH—¢ x B~
In the directed case, define

H-1
K ={Cp(d,V),Cn(t/,d), for all (a’,V') € U A® x B}
c=0
As for the undirected case, define
K = {Cud,V),Cy, (a/ —b/) Cn(=d V), Cr(t,ad),Cr (=, d),Cp (b, —d),
for all (a’,b) € U A x B} =
={QWW%Wﬁ

for all (',d) € <UAWW Uﬁxﬂﬂﬂ

where the last equality holds thanks to what observed above. The following theorem can be
proved:
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Theorem 5.2. Consider a connected circulant graph Cyp(a,b), then Cy(a', ') is isomorphic to
Ch(a,b) if and only if Cy(d', V') € K.

Proof. The only if part immediately follows from the definition of A¢ and B¢. As for the if
part, let (a/,0') € A° x B¢ for some integer ¢ € {0,...,H —1}. Lemma 5.1 states that the set
N(a) is the same for every element a of A€, for ¢ € {0,..., H — 1}. Thus, it is convenient to
call it N(A°), and define it as {b = (¥b) mod n : ged(n,b) = ged(n,b) and (Ja) mod n € A°,
for ¥y = 1,...,n — 1}, with ¢ = 0,...,H — 1. Hence, any pair (a,b) € A° x N(A°), for
c=0,...,H — 1, gives rise to a graph Cy(a, 5) isomorphic to Cy(a,b). In order to prove the
theorem, we have to show that N(A°) = B¢. The proof consists in showing that b € B¢ if and
only if b € N(A°). The if part is immediate, if one recalls that ¥ mod H = c if (ya) mod n € A°.
As for the viceversa, let b = (Jb) mod n. We have to prove that b € N(A°) if b € B¢, that
is to say, (7a) mod n € A€, that is, y mod H = ¢ and gecd(n, (ya) mod n) = ged(n,a). The
former of these two conditions follows from the definition of B¢. As for the latter, we first
note that writing ged(n, (ya) mod n) is equivalent to writing ged(n,ya). Thus, the condition

a

wdinay ) = L This is true because

ged(n, (ya) mod n) = ged(n,a) becomes ged <H ged(n, b)),y
of the following two facts: i) ged(n, (4b) mod n) = ged(n,b) implies 5 coprime with n, hence
with H ged(n,b); ) by definition, m is coprime with n, hence with H ged(n,b), and the
proof is complete. 1

As far as the computational complexity of a direct implementation of the method is concerned,
we focus on the number of times a greatest common divisor is computed. We first observe that
the construction of A¢ and B¢ requires the computation of ged(n, b) 4+ ged(n, a) greatest common
divisors. In particular, when H = 1, we need ged(n,a) + ged(n,b) greatest common divisor
operations to construct Ug:_ol A x B¢ = A% x BY. When H > 1, we need (H —1)(ged(n, a) +
ged(n, b)) greatest common divisor operations to construct U?:_Ol Ax B¢ = Uf{:_ll A°¢xB¢. These
quantities have to be compared with n — 1, which is the number of times a greatest common
divisor is computed by Adém’s method (in fact, all u € {1,...,n—1} are considered, and for each
of them ged(p, n) is evaluated). Recalling that n = H ged(n, a) ged(n, b), our method is always
more efficient than a direct implementation of Addm’s method when min{ged(n, a), ged(n,b)} >
2, and also when {ged(n,a),ged(n,b)} = {1,z2}, > 2, for 2< H <z — 1.

Actually, the number of ged’s computed by our method can be improved, under certain con-
ditions. Recall that A° and B¢ are empty for all ¢ such that ged(c, H) > 1. Thus, if we check
ged(e, H) > 1 (one more ged operation for each ¢), we avoid the computation of A¢ and B¢
(possibly saving on the computation of ged(n,a) + ged(n,b) greatest common divisors). By
doing so for all ¢ € {0,...,H — 1}, on one hand we increase by H the number of computed
ged’s, on the other hand we reduce this number by ged(n, a) + ged(n, b) whenever ged(c, H) > 1

is satisfied. The last condition is satisfied at least % times, where f # 1 is the smallest fac-

tor of H. Thus, the number of gcd’s needed to compute U?:_ol A¢ x B¢ amounts to H +

H(gcd(n, a) + ged(n, b)) - ?(gcd(n, a) + ged(n, b)), which is definitely better than the previ-
ous method when f < ged(n,a)+ged(n,d). In addition, we can further reduce the total number
of ged’s recalling that A% = B® = () for H > 1, and that o’ € A if and only if —a’ € A”~¢. Thus,
we can limit ourselves to determine .4 only for the values of ¢ < {%1 such that ged(c, H) > 1,
and then derive A7 ¢ as {—a’ : a’ € A°}. The same can be applied to the sets B°.

The method is illustrated by the following example. Consider Cgo(3,5), where ged(n,a) = 3,
ged(n,b) =5, H = 4. Since f = 2 < 3+ 5, the most convenient implementation is the second
one. Thus, A° = B° = (), as H > 1; then we compute gcd(c, H) for ¢ = 1 and ¢ = [#1 =2



20.

(totally, 2 gcd’s), resulting in A', B! non-empty, as ged(1,H) = 1; and A% = B = (), as
ged(2, H) > 1; finally we derive derive A% from A!, as well as B3 from B!. Recalling that A! =
{d = (¥3) mod 60 : ged(60,a) = 3, with ¥ = 14+4k" for k' =0, ... ,4}, we get Al = {3,27,39,51}
(computing 5 ged’s). Then we derive A% = {9,21,33,57} from A! complementing each element
w.r.t. n. Recalling that B' = {b = (55) mod 60 : ged(60,b) = ged(60,5), with 5 = 1 + 4k” for
k' =0,1,2} we get B = {5,25} (computing 3 ged’s), and then derive B* = {35,55} from B!
complementing each element w.r.t. n. Thus, [J7 ' A° x B¢ = {(3,5), (27,5), (39,5), (51,5),
(3,25), (27,25), (39,25), (51,25), (9,35), (9,55), (21,35), (21,55), (33,35), (33,55), (57,35),
(57, 55)}. In order to obtain this result we have computed 2 4+ 5 + 3 = 10 ged’s while a direct
implementation of Adédm’s method would have computed n — 1 = 59 ged’s.

Assume that the given Cgo(3,5) is undirected, first, and consider an arbitrary pair in Uf:_ol A€ x
B¢, say (27,5). Complementing none or one of the two parameters, and/or swapping them, we
get the following graphs: Cgo(27,5), Ce0(27,55), Ce0(33,5), Ceo(5,27), Ceo(55,27), Ceo(5,33).
Doing the same for all the other pairs, we obtain the set of all the (undirected) graphs isomorphic
to the given Cgo(3,5), namely K = {C0(3,5), C0(3,25), Ce0(3,35), Ceo(3,55), Ceo(5,3),
060(57 9)7 060(57 21)7 060(57 33)7 060(57 39)7 060(57 51)7 060(57 57)7 060(97 5)7 060(97 25),

)
C60(9,35), Ce0(9,55), Cs0(21,5), Ceo(21,25), Ceo(21,35), Ceo(21,55), Cs0(25,3), Ceo(25,9),
060(257 21)7 060(257 33)7 060(257 39)7 060(257 51)7 060(257 57)7 060(277 5)7 060(277 25)7
C0(27,35), Ce0(27,55), Ce0(33,5), Ce0(33,25), Cso(33,35), Ce0(33,55), Ceo(35,3), Ceo(35,9),
Ceo (357 21)7 060(357 33)7 Cso (357 39)7 060(357 51)7 060(357 57)7 Cso (397 5)7 060(397 25)7
C0(39,35), Cs0(39,55), Ceo(51,5), Ce0(51,25), Ceo(51,35), Ceo(51,55), Ceo(55,3), Ceo(55,9),
060(557 21)7 060(557 33)7 060(557 39)7 060(557 51)7 060(557 57)7 060(577 5)7 060(577 25)7

060(577 35)7 060(577 55)} :
Now assume that the given Cgo(3,5) is directed, and consider an arbitrary pair in U?:_ol A° x
B¢, say (27,5), which gives rise to the graphs Cs0(27,5), Cgo(5,27). Doing the same for all the

other pairs, we obtain the (not listed) set of all the directed graphs isomorphic to the given
Cs0(3,5).

6. Conclusions

In this paper we deal with the isomorphism of circulant graphs C,,(a,b). In particular, we study
the topological structure of these graphs, and we give a necessary and sufficient condition for
two (directed /undirected) connected C,,(a,b) to be isomorphic. One of the contributions of the
paper is that the approach is purely combinatorial and new for the isomorphism problem, which
has been mainly addressed by means of algebraic-combinatorial theory, group theory, and the
theory of the eigenvalues. As a by-product of this approach, we get an alternative proof of
Adam’s conjecture on arbitrary Cy,(a,b)’s, which is based on elementary concepts.

We show that the topological structure of the studied graphs is very strong, being the union
of two families of disjoint cycles (the a-cycles and the b-cycles) suitably linked to one another.
The way cycles are linked is described by means of an easily computed integer. By means of
these concepts we state the isomorphism condition (Theorem 4.1): two (directed/undirected)
circulant graphs are isomorphic if and only if they have the same number of a-cycles and b-cycles,
and these cycles are linked “in the same way”. This condition is very easy to evaluate, and takes
O(log?n) time. It also allows for immediately reading the isomorphism mapping function.

We also solve the problem of finding the Adam’s multiplier among two given isomorphic circu-
lant graphs. In addition we propose a method for generating all the circulant graphs isomorphic
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to a given one. This method is different from a direct application of Addm’s isomorphism, in
that it does not evaluate all the multipliers from 1 to n — 1, and in its computational complexity.

Even though Adam’s conjecture is false for arbitrary C,(aj,as,...,ar)’s, we believe that
the topological approach introduced in this paper can be extended to characterize isomorphic
graphs C(a1,as,...,ax)’s, and to identify subclasses of them on which Adam’s conjecture is
valid, suitably generalizing Theorem 4.1.
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