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Ugo Pietropaoli – Università di Roma Tor Vergata, Dipartimento di Ingegneria dell’Impresa,
Via del Politecnico 1, 00133 Roma, Italia.
Email: pietropaoli@disp.uniroma2.it.

ISSN: 1128–3378



Collana dei Rapporti dell’Istituto di Analisi dei Sistemi ed Informatica “Antonio Ruberti”,
CNR

viale Manzoni 30, 00185 ROMA, Italy

tel. ++39-06-77161
fax ++39-06-7716461
email: iasi@iasi.rm.cnr.it
URL: http://www.iasi.rm.cnr.it



Abstract

In this paper we focus on connected directed/undirected circulant graphs Cn(a, b). We inves-
tigate some topological characteristics of the graphs, and define a simple combinatorial model
for them, which is new for the topic. Building on such a model, we derive a necessary and suf-
ficient condition to test, in O(log2 n) time, whether two circulant graphs Cn(a, b) and Cn(a′, b′)
are isomorphic or not. The method is entirely elementary and consists of comparing two suit-
ably computed integers in {1, . . . , n

gcd(n,a) gcd(n,b) − 1}, and of verifying if {gcd(n, a), gcd(n, b)} =

{gcd(n, a′), gcd(n, b′)}. It also allows for building the mapping function in linear time. As a
by-product we get an alternative proof of the validity of Ádám’s conjecture on all the Cn(a, b)’s.
In addition, simple methods are proposed for computing the positive integer that, given two
isomorphic circulant graphs, “transforms” one of them into the other one, and for generating all
the circulant graphs isomorphic to a given one.

Key words: isomorphism, circulant graphs, Ádám’s conjecture
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1. Introduction

Consider three integers n, a, b such that n > 0 and, w.l.o.g., a, b ∈ {1, . . . , n − 1}. The
(simple) graph Cn(a, b) = (V,E) where V = {v0, v1, . . . , vn−1} and E = {(vi, v(i+a) mod n),
(vi, v(i+b) mod n), for i = 0, . . . , n − 1} is called circulant graph. By directed circulant graph we
shall denote a circulant graph where edges (vi, v(i+a) mod n) are directed from vi to v(i+a) mod n,
and edges (vi, v(i+b) mod n) are directed from vi to v(i+b) mod n. If no direction is defined on the
edges, we get an undirected circulant graph. Examples are drawn in Fig. 1. In the paper, we
shall deal with both directed and undirected circulant graphs (when no specified it means that
we are referring to both of them), and we shall assume that all arithmetic is done modulo n.
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Figure 1: On the left, the undirected circulant graph C12(3, 5) (thus also C12(9, 5), C12(3, 7), C12(9, 7),
C12(5, 3), C12(5, 9), C12(7, 3), and C12(7, 9)). On the right, the directed circulant graph C12(3, 5) (thus
also C12(5, 3)).

W.l.o.g. we shall always assume that a+ b 6= n in the undirected case, and that a 6= b, in both
directed and undirected case, otherwise Cn(a, b) degenerates into Cn(a) = Cn(b). Under these
conditions, the vertices of a directed Cn(a, b) do always have two outgoing and two incoming
edges, while an undirected Cn(a, b) is 3-regular iff either a or b are equal to n

2 , and is 4-regular
in all other cases.

The definition of E shows that Cn(a, b) and Cn(b, a) identify the same graph, both in the
directed and in the undirected case; while Cn(a, b), Cn(−a, b), Cn(a,−b), Cn(−a,−b), Cn(b, a),
Cn(b,−a), Cn(−b, a), Cn(−b,−a) identify the same graph in the undirected case, only.

The circulant graphs we deal with, are a subclass of the more general class of circulant graphs
Cn(a1, a2, . . . , ak) for k = 2 (we denote by a, b the two parameters a1, a2). Circulant graphs
Cn(a1, a2, . . . , ak) are defined on n vertices, and each vertex vi is adjacent to vertices v(i+aj ) mod n,
for j = 1, . . . , k. The set {a1, a2, . . . , ak} is called the connection set of the graph [15, 36, 37].
Circulant graphs Cn(a1, a2, . . . , ak) are Cayley graphs over the cyclic group Zn. In the literature,
they are also called chordal rings or multiple-loops iff a1 = 1 [24, 35, 39]. Circulant graphs
Cn(1, b) are called double loops [21, 28, 30], cyclic graphs [21], or 2-jumps [8].

In this paper we investigate on the isomorphism testing problem for both directed and undi-
rected circulant graphs Cn(a, b):

isomorphism testing

Given two connected circulant graphs Cn(a, b) = (V,E)
and Cn(a′, b′) = (V ′, E′)

Test whether they are isomorphic or not.
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We propose an elementary method to solve isomorphism testing in O(log2 n) time. The
method derives from basic topological properties of circulant graphs Cn(a, b)’s: the necessary
and sufficient condition of Theorem 4.1 for two circulant graphs Cn(a, b), Cn(a′, b′) to be isomor-
phic consists of evaluating if {gcd(n, a), gcd(n, b)} = {gcd(n, a′), gcd(n, b′)} and if two suitably
computed integers in {1, . . . , n

gcd(n,a) gcd(n,b)− 1} are equal. It also allows for building the map-
ping function in linear time. The overall complexity compares favourably with the known results
on the Cn(a1, a2, . . . , ak)’s [10, 16, 17, 33, 38] (see Section 1.1). It is worth observing that, as a
by-product of Theorem 4.1, one gets an alternative proof, based on elementary concepts, of the
validity of Ádám’s conjecture (stated in Section 1.1 and already proved by [13, 18, 30, 37]), for
all directed and undirected connected (3- or 4-regular) Cn(a, b)’s.

We also deal with the problem of finding the positive integer µ that “transforms” a given
Cn(a, b) into a given isomorphic Cn(a′, b′) (its existence is implied by Theorem 2.4), stated as
follows:

µ-search

Given two directed (undirected, resp.) isomorphic connected
circulant graphs Cn(a, b) and Cn(a′, b′)

Find an integer µ ∈ {1, . . . , n − 1}
Such That {a′, b′} ≡ {µa, µb} (mod n)

({a′, b′} ≡ {±µa,±µb} (mod n), resp.).

The last problem we face was suggested in [35] for the graphs Cn(1, a2, . . . , ak), and is defined
as follows:

all-iso

Given a connected circulant graph Cn(a, b)
Find all the graphs isomorphic to it.

An immediate application of Theorem 2.4 allows for solving this problem. In this paper an
alternative algorithm is discussed.

The paper is organized as follows: the literature is reviewed in Section 1.1; in Section 2 prelim-
inary conditions for connectedness and isomorphism are discussed; in Section 3 the structure of
peculiar cycles and a matrix model for the graphs are described; Section 4 is devoted to prove
the main isomorphism theorem, which solves isomorphism testing; in Section 5 the related
problems µ-search and all-iso are solved; Section 6 concludes.

1.1. State of the art

The problem of testing isomorphism of two given circulant graphs Cn(a1, a2, . . . , ak) and Cn(a′1,
a′2, . . . , a′k) is polynomial-time solved in [10, 38] for n prime, while, for arbitrary n, it is shown
to be polynomial-time solvable in [16, 17] and solved in O(n2) in [33].

The isomorphism of circulant graphs is closely related to Ádám’s isomorphism: two directed
(undirected, resp.) graphs Cn(a1, a2, . . . , ak) and Cn(a′1, a′2, . . . , a′k) are Ádám-isomorphic
if there exists a µ ∈ {1, . . . , n − 1} coprime with n such that {a′1, a′2, . . . , a′k} = {µa1, µa2,

. . . , µak} ({a′1, a′2, . . . , a′k} = {±µa1, ±µa2, . . . , ±µak}, resp.). The integer µ will be called

Ádám’s multiplier. The problem of testing Ádám’s isomorphism has been completely solved
in O(k log n(log(k log n) + 2)c) for some absolute constant c, see [11]. It is also proved to be
equivalent to testing for a colour-preserving isomorphism on circulant graphs whose arbitrary
edge (vi, v(i+at) mod n) has colour at [5].
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In 1967 Ádám [1] stated the so-called Ádám’s conjecture: two circulant graphs Cn(a1, a2, . . . , ak)
and Cn(a′1, a′2, . . . , a′k) are isomorphic if and only if they are Ádám-isomorphic. This conjecture
is not generally true: Elspas and Turner [15] showed that directed C8(1, 2, 5) and C8(1, 5, 6)
as well as undirected C16(1, 2, 7) and C16(2, 3, 5) are isomorphic, but not Ádám-isomorphic (in
fact, both isomorphisms are not colour-preserving). The conjecture also fails, among the other
cases, when n is divisible by 8 or by an odd square [31], or when n = p2 where p is a prime
number [2]. However, there are cases where the conjecture holds, for example: when n is prime
[15, 38]; when the adjacency matrix has non-repeated eigenvalues [15]; when n = pq, for p and
q distinct primes [2, 26]; when n is square-free [31] or twice square-free [32]; when a1, a2, . . . , ak

are all coprime with n [14, 37]. Other cases are reported in [3, 8, 31, 36].

When the connection set has two elements, all the above results apply. Ádám’s conjecture is
true also on the following undirected (connected) circulants: (3-regular) Cn(a, n

2 ) with n even
[37]; (4-regular) Cn(1, b) with n = pc, where p is a prime number and c is a positive integer [37];

(4-regular) Cn(1, b) with b < min{n
4 ; φ(n)

2 } where φ(n) is the Euler totient function (in other
words, for a = 1 and “small” b) [28]; on all the Cn(1, b)’s [21]; and, finally, on all the (4-regular)
graphs Cn(a, b)’s [18, 30]. The results by [18, 21, 28, 30], however, were already known: see [13]
both for directed and undirected 4-regular Cn(a, b)’s.

It is interesting to notice that different methods have been used to approach the isomorphism
of circulant graphs: group theory and algebraic-combinatorial theory [2, 17, 18, 19, 26, 27, 31,
32, 33, 34, 36], and the study of the eigenvalues [4, 10, 15, 28] and [29, 30, 35].

Many problems other than isomorphism have been studied on circulant graphs. For example,
planarity, crossing number, coloring, diameter, decomposition into hamiltonian cycles, connec-
tivity (see, for instance [6, 7, 8, 21, 22, 23, 25]). In [35] the problem of counting the number of
graphs isomorphic to Cn(1, a2, . . . , ak) is addressed.

Circulant graphs are of interest as models of communication networks. In particular, isomor-
phism between circulant graphs arises in the area of distributed computer networks, commu-
nication networks, and in vlsi-design. Since the algorithmic performances of a network also
depend on its layout [6, 24, 28], and isomorphic graphs may have different layouts (see Fig. 2),
it is important to recognize isomorphic graphs (isomorphism testing) and to generate all the
graphs isomorphic to a given one (all-iso).
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Figure 2: The isomorphic undirected graphs C12(3, 5) and C12(1, 3).
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2. Some preliminary conditions

This section is devoted to describe the condition for Cn(a, b) to be connected, and to review
some isomorphism conditions.

Proposition 2.1. [8] The graph Cn(a, b) is connected if and only if gcd(n, a, b) = 1.

Notice that Cn(a, b) has gcd(n, a, b) connected components. In particular, if gcd(n, a, b) > 1
its gcd(n, a, b) connected components are all isomorphic to Cn′(a′, b′), where n′ = n

gcd(n,a,b) ,

a′ = a
gcd(n,a,b) , and b′ = b

gcd(n,a,b) [8]. It is worth noticing that each connected component of a

directed Cn(a, b) is strongly connected.

Given two graphs Cn(a, b) = (V,E) and Cn(a′, b′) = (V ′, E′) we shall say that they are isomor-
phic if there exists a mapping function f : V → V ′ such that (f(u), f(v)) ∈ E′ if and only if
(u, v) ∈ E (of course, n = |V | = |V ′| = n′ and |E| = |E′|).

We shall also say that two directed (undirected, resp.) graphs Cn(a, b) and Cn(a′, b′) are Ádám-
isomorphic if there exists a µ ∈ {1, . . . , n − 1} coprime with n such that {a′, b′} = {µa, µb}
({a′, b′} = {±µa,±µb}, resp.). For example consider C175(7, 15). If it is undirected, then
µ = 3 transforms it into the 8 Ádám-isomorphic circulants Cn(a′, b′) with {a′, b′} = {±21,±45},
namely C175(21, 45), C175(154, 45), C175(21, 130), C175(154, 130), C175(45, 21), C175(45, 154),
C175(130, 21), C175(130, 154). If it is directed, then µ = 3 transforms it into the 2 Ádám-
isomorphic circulants C175(21, 45) and C175(45, 21). Observe that two different multipliers, gen-
erally speaking, are needed to compute Cn(a′, b′) from Cn(a, b), or Cn(a, b) from Cn(a′, b′), and
they are the inverse of one another. For example: C175(21, 45) is obtained from C175(7, 15) for
µ = 3, while C175(7, 15) is obtained from C175(21, 45) for µ = 3−1 mod 175 = 117.

Notice that Cn(a, b) and Cn

(

a
gcd(a,b) ,

b
gcd(a,b)

)

are Ádám-isomorphic. In fact, gcd(a, b) is co-

prime with n, as gcd(n, a, b) = 1, and Ádám’s isomorphism can be applied. For example, since
gcd(42, 90) = 6, the graphs C175(42, 90) and C175(7, 15) are Ádám-isomorphic.

The following two propositions are examples of Ádám-isomorphism. When gcd(n, a) = 1, we
have:

Proposition 2.2. [22] Let n, a verify gcd(n, a) = 1, and let t be an integer such that (ta) mod
n = 1. Then, Cn(a, b) and Cn(1, (tb) mod n) are isomorphic.

The proposition is an application of Ádám’s isomorphism with µ = t, since the two conditions
gcd(n, a) = 1 and (ta) mod n = 1 imply gcd(n, t) = 1 (we remark that, assuming gcd(n, a) = 1,
a t as required does always exist). Thus Cn(a, b) and Cn(1, (tb) mod n) are Ádám-isomorphic.

If gcd(n, a) > gcd(n, b) = 1, swap a and b, and the above proposition applies again. Moreover,
if both gcd(n, a) = 1 and gcd(n, b) = 1 hold, the above proposition applies twice, yielding two
graphs Cn(1, x) and Cn(y, 1), with suitable x and y, both isomorphic to Cn(a, b). For example:
the above proposition applies twice to C31(3, 2), yielding C31(1, 11) and C31(17, 1).

Proposition 2.2 can be easily generalized into the following one:

Proposition 2.3. Let n, a verify gcd
(

n, a
gcd(n,a)

)

= 1, and let t be an integer such that (ta) mod

n = gcd(n, a). Then, Cn(a, b) and Cn(gcd(n, a), (tb) mod n) are isomorphic.
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This proposition, too, is an application of Ádám’s isomorphism with µ = t, as gcd
(

n, a
gcd(n,a)

)

=

1 and (ta) mod n = gcd(n, a) imply gcd(n, t) = 1. Like above, we notice that gcd
(

n, a
gcd(n,a)

)

=

1 implies that such a t does always exist, and Cn(a, b) and Cn(gcd(n, a), (tb) mod n) turn out to
be Ádám-isomorphic.

For symmetry reasons, the above proposition can be applied to parameter b, too. For example:
consider the graph C175(42, 90); since gcd(175, 42) = 7 and gcd(175, 90) = 5, applying Proposi-
tion 2.3 twice, we obtain the graphs C175(7, 15) (for t = 146) and C175(119, 5) (for t = 107).

Many authors [13, 18, 30, 37] contributed to prove Ádám’s conjecture for two circulant graphs
Cn(a, b) and Cn(a′, b′) (see Section 1.1). Thus, the following theorem holds:

Theorem 2.4. [13, 18, 30, 37] Two (directed or undirected, 3- or 4-regular) circulant graphs
Cn(a, b) and Cn(a′, b′) are isomorphic if and only if they are Ádám-isomorphic.

From now on, we shall limit ourselves to consider connected circulant graphs, that is Cn(a, b)’s
verifying gcd(n, a, b) = 1. This hypothesis allows us for writing n = H gcd(n, a) gcd(n, b), where
H ∈ Z

+.

3. Cycles and matrices

In the present section we first describe the infinite matrix M∗

n(a, b) associated to graph Cn(a, b),
then we focus on a submatrix of it, the representative matrix Mn(a, b), which will be used to
prove the isomorphism condition. To this extent, it is important to preliminarily investigate the
structure of some peculiar cycles of a connected Cn(a, b).

3.1. Cycles on Cn(a, b)

Consider an arbitrary Cn(a, b) = (V,E). We say that vx, vy ∈ V are a-adjacent and that
(vx, vy) ∈ E is an a-edge if (x ± a) mod n = y; similarly, we say that vx, vy are b-adjacent and
that (vx, vy) ∈ E is a b-edge if (x ± b) mod n = y.

Let us focus on parameter a only (similar results will hold for b). The graph Cn(a) induced
by the whole set of a-edges has gcd(n, a) connected components, each of which is an a-cycle on

n
gcd(n,a) vertices. This means that if gcd(n, a) = 1, there is a unique a-cycle which visits all the

vertices of Cn(a, b). We traverse an a-cycle in a positive direction if we move from vertex vx to
vertex v(x+a) mod n, and in the negative direction if we move from vertex vx to vertex v(x−a) mod n

(in the directed case, the positive direction coincides with the direction of the edges). Notice
that an arbitrary Cn(a, b) has the same a-cycles as Cn(−a, b), but traversing an a-cycle of either
graph corresponds to traversing the same a-cycle of the other one in the opposite direction.

The a-cycles of Cn(a, b) have the following property.

Lemma 3.1. Consider an arbitrary a-cycle of Cn(a, b), say A. Then each pair of vertices
vx, vy ∈ A verifies x ≡ y (mod gcd(n, a)).

Proof. Since vx, vy are assumed to belong to the same a-cycle A, there is a path from vx to vy

with k a-edges. Thus, y ≡ x + ka (mod n). Therefore, y mod gcd(n, a) =
(

x mod gcd(n, a) +
(ka) mod gcd(n, a)

)

mod gcd(n, a) = x mod gcd(n, a), that is, x ≡ y (mod gcd(n, a)).
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For example: consider C42(9, 10) and one of its gcd(42, 9) = 3 a-cycles, say A, whose vertices
are (in the positive direction) v1, v10, v19, . . . , v25, v34, then 1 ≡ 10 ≡ 19 ≡ · · · ≡ 34 (mod 3).

By what above, we are allowed to introduce the following

Definition 3.2. At denotes the (unique) a-cycle such that every vertex vx in it verifies x ≡ t

(mod gcd(n, a)), for t = 0, . . . , gcd(n, a) − 1.

Notice that v0 ∈ A0, v1 ∈ A1, . . . , vgcd(n,a)−1 ∈ Agcd(n,a)−1, and that the indices of all the
vertices in A0 are multiples of gcd(n, a), and viceversa. As an example, consider C42(9, 10),
which has gcd(42, 9) = 3 a-cycles; the vertex set of A0 is {v0, v9, v18, . . . , v24, v33}, the vertex set
of A1 is {v1, v10, v19, . . . , v25, v34}, and the vertex set of A2 is {v2, v11, v20, . . . , v26, v35}.

Similar results hold if we substitute a with b in all the above conditions: in the sequel, Bt

will denote the b-cycle whose arbitrary vertex vx verifies x ≡ t (mod gcd(n, b)), for t =
0, . . . , gcd(n, b) − 1.

3.2. Matrix M∗

n(a, b)

Matrix M∗

n(a, b) is a matrix with an infinite number of rows and columns, and can be correctly
defined for any connected circulant graph Cn(a, b) (see Fig. 3). Each element corresponds to
a vertex of the graph. On the contrary, every vertex of the graph is represented by infinitely
many (regularly placed) elements of M∗

n(a, b). Consider element m∗

i,j corresponding to vertex
vx. Then, elements m∗

i,j−1, m∗

i,j+1 correspond to vertices v(x−a) mod n, v(x+a) mod n, respectively,
which are both a-adjacent to vx, and elements m∗

i−1,j, m∗

i+1,j correspond to vertices v(x−b) mod n,
v(x+b) mod n, respectively, which are both b-adjacent to vx. The definition of a- and b-adjacency
is extended to matrix elements. A similar structure is defined in [7, 9, 20, 39].

31 34 1 4 7 10 13 16 19 22 25 28 31 34 1 4 7 10
3 6 9 12 15 18 21 24 27 30 33 0 3 6 9 12 15 18
11 14 17 20 23 26 29 32 35 2 5 8 11 14 17 20 23 26
19 22 25 28 31 34 1 4 7 10 13 16 19 22 25 28 31 34
27 30 33 0 3 6 9 12 15 18 21 24 27 30 33 0 3 6
35 2 5 8 11 14 17 20 23 26 29 32 35 2 5 8 11 14
7 10 13 16 19 22 25 28 31 34 1 4 7 10 13 16 19 22
15 18 21 24 27 30 33 0 3 6 9 12 15 18 21 24 27 30
23 26 29 32 35 2 5 8 11 14 17 20 23 26 29 32 35 2
31 34 1 4 7 10 13 16 19 22 25 28 31 34 1 4 7 10
3 6 9 12 15 18 21 24 27 30 33 0 3 6 9 12 15 18

Figure 3: Part of the infinite matrix M∗

36(3, 8).

Consider M∗

n(x, y) and notice that parameter x, the first into brackets, is associated by definition
to the rows of M∗

n(x, y), while y, the second one, is associated to the columns of M∗

n(x, y). Thus
the representative matrices M∗

n(a, b) and M∗

n(b, a) of two isomorphic graphs Cn(a, b) and Cn(b, a)
are the transposes of each other.

Traversing an arbitrary row (column, resp.) of M∗

n(a, b) from left to right (top to bottom,
resp.) corresponds to infinitely cycling over the corresponding a-cycle (b-cycle, resp.) in the
positive direction.

If we read the elements of an arbitrary row of M∗

n(a, b) from left to right we actually read the
elements of the corresponding row of M∗

n(−a, b) from right to left. In fact, traversing an a-cycle
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of an arbitrary Cn(a, b) corresponds to traversing the same a-cycle of Cn(−a, b) in the opposite
direction. The same holds w.r.t. b-cycles and columns. That is to say, considering −a or −b,
i.e., complementing a or b w.r.t. n has the effect of reversing the elements of the infinitely many
rows or columns, thus exchanging the positive/negative direction defined on the cycles.

From what above it is clear that a graph Cn(a, b) must be connected in order to fit into
M∗

n(a, b), otherwise it is not possible to represent all vertices.

3.3. Matrix Mn(a, b)

The representative matrix Mn(a, b) is a rectangular submatrix of consecutive rows and columns
of M∗

n(a, b), with the property that all the vertices are represented exactly once (thus it has n

elements). It is defined on R = gcd(n, a) rows and C = n
R columns. The elements mi,j of Mn(a, b)

are in one-to-one correspondence with the vertices of Cn(a, b). Without loss of generality, vertex
v0 matches to element m1,1 in the upper left corner of Mn(a, b). Thus an arbitrary element mi,j

corresponds to vertex vx where x =
(

(i−1)b+(j−1)a
)

mod n for i = 1, . . . , R, and j = 1, . . . , C
(see matrix M36(3, 8) in Fig. 4). Observe that Mn(a, b) repeats itself periodically in the infinite
matrix M∗

n(a, b).

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

Figure 4: Matrix M36(3, 8).

Since Mn(a, b) is a submatrix of M∗

n(a, b), two consecutive elements of a row are a-adjacent, and
two consecutive elements of a column are b-adjacent. Clearly, also the first and last elements
of a same row correspond to a-adjacent vertices. This property allows for saying that there is
a one-to-one correspondence between rows of Mn(a, b) and a-cycles. Precisely, the i-th row of
the matrix, for i = 1, . . . , R, corresponds to a-cycle Aρi

with ρi =
(

(i − 1)b
)

mod R. Notice
that ρ1, ρ2, . . . , ρR represent a “regular” permutation of {0, 1, . . . , R − 1}, in the sense that
ρi − ρi−1 ≡ b (mod R) for i = 2, . . . , R, and ρ1 − ρR ≡ b (mod R) (consider C30(5, 3): the first
row of M30(5, 3) corresponds to A0, the second row corresponds to A3, the third to A1, the
fourth to A4, and the fifth to A2, resulting in ρ1, ρ2, . . . , ρ5 = 0, 3, 1, 4, 2). This property also
shows that the a-cycles A0, A1, . . . , AR−1 are “regularly” assigned to the rows of Mn(a, b), that
is, “equally spaced” modulo R (two rows separate any Ai+1 from Ai in the last example).

On the contrary, no one-to-one correspondence can be set between the columns of Mn(a, b)
and the b-cycles, generally speaking. It depends on the number R of rows of Mn(a, b) and
on the number n

gcd(n,b) of vertices in a b-cycle, respectively. Two cases arise: R = n
gcd(n,b) , or

R < n
gcd(n,b) (it clearly never happens that R > n

gcd(n,b)). In the first case such a one-to-one
correspondence exists: reasoning as above we can prove that the first and last elements of a same
column correspond to b-adjacent vertices, that the j-th column of the matrix, for j = 1, . . . , C,
corresponds to b-cycle B((j−1)a) mod C , and that the b-cycles B0, B1, . . . , BC−1 are “regularly”
assigned to the columns of Mn(a, b). In the second case, that is when R < n

gcd(n,b) , the number

R of elements in a column of Mn(a, b) is not sufficient to contain all the n
gcd(n,b) vertices of a

b-cycle. However, it can be proved that
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Lemma 3.3. Consider an arbitrary element mR,h in the last row of Mn(a, b). Then, there exists
a unique element m1,k in the first row of Mn(a, b) which is b-adjacent to it.

Proof. Let vx be the vertex corresponding to mR,h. Recalling that the last row of Mn(a, b)
corresponds to a-cycle At where t =

(

(R − 1)b
)

mod R, x verifies x ≡ (R − 1)b (mod R).
Actually, two are the vertices b-adjacent to vx, namely, v(x−b) mod n and v(x+b) mod n. The first
one corresponds to element mR−1,h, by definition. We claim that the other one corresponds to
m1,k. Since the vertices corresponding to the elements in the first row of Mn(a, b) are all and
only those belonging to a-cycle A0, their indices are multiples of R (0 included). Thus, we have
to show that x + b ≡ 0 (mod R). The following equalities hold: x + b ≡ x mod R + b mod R ≡
(

(R − 1)b
)

mod R + b mod R ≡ (−b) mod R + b mod R ≡ 0 (mod R), as claimed.

The above lemma shows that the n
gcd(n,b) vertices of each b-cycle are split onto n/ gcd(n,b)

R =
n

gcd(n,a) gcd(n,b) = H columns. Example: consider C36(3, 8) and one of its four b-cycles, say B0,
whose vertices are v0, v8, v16, v24, v32, v4, v12, v20, v28, the first three of which are found in the
first column of M36(3, 8), the second three of which are in the ninth column, and the remaining
three of which are in the fifth column, as H = 3 (see Fig. 5).

0 1 2 ... 8 11
λ36(3, 8)

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

Figure 5: Matrix M36(3, 8); highlighted the elements mR,k = m3,1 and m1,h = m1,9, showing that
λ36(3, 8) = 8.

Consider an element mR,h in the last row of Mn(a, b), and its b-adjacent element m1,k in the
first row of Mn(a, b). Then, for any t ∈ Z

+, mR,(h+t) mod C and mR,(k+t) mod C are b-adjacent
too (in fact they are both a-adjacent in the positive direction to the considered element). This
shows that the quantity (k − h) mod C is a constant.

Definition 3.4. The column-jump of Mn(a, b) is λn(a, b) = (k − h) mod C, where k and h are
such that mR,h and m1,k are b-adjacent.

Example: λ36(3, 8) = 8, and in fact b-cycle B0 goes from column 1 to column 1 + λ36(3, 8) = 9,
then to column (9+λ36(3, 8)) mod C = 5 as C = 12, and back to column (5+λ36(3, 8)) mod C =
1 (see Fig. 5).

Notice that λn(a, b) ∈ {0, . . . , C − 1}, by definition, and that λn(a, b) = 0 if and only if the
b-cycles are in one-to-one correspondence with the columns of Mn(a, b) (this is to say, if and
only if n = gcd(n, a) gcd(n, b), or equivalently if and only if H = 1).

Generally speaking, λn(a, b) 6= λn(b, a): for example 4 = λ36(33, 8) 6= λ36(8, 33) = 3. Moreover,
it is easy to see that λn(−a, b) = C − λn(a, b), and that λn(a,−b) = C − λn(a, b), while, clearly,
λn(−a,−b) = λn(a, b). In other words, considering either −a or −b, that is, complementing
either one among a or b w.r.t. n, has the effect of complementing the column-jump w.r.t. C.
Example: λ36(33, 8) = C−λ36(3, 8) = 4, as C = 12 and λ36(3, 8) = 8, and λ36(33, 28) = λ36(3, 8).

By definition of column-jump, mR,1 is b-adjacent to m1,(λ+1) mod C (λ stands for λn(a, b)), that
is, vertex v((R−1)b) mod n is b-adjacent to vertex v(λa) mod n. That is to say,

(

(R − 1)b + b
)

≡ λa

(mod n). Recalling that R = gcd(n, a), we set the following relation (also defined in [7, 9, 20, 39]):
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gcd(n, a)b ≡ λn(a, b)a (mod n). (1)

This equivalence can be interpreted on the graph as follows. Consider an arbitrary vertex
vi and traverse λn(a, b) a-edges in the positive direction reaching vertex vj with j = (i +
λn(a, b)a) mod n. Then, there also exists a b-path from vi to vj made of gcd(n, a) b-edges, taken
in the positive direction. Thus, the equivalence above describes the way a-cycles and b-cycles
are “linked”, in a topological sense (see Fig. 6, where vi = v0).

0 3 6 9 12 15 18 21
24 = λa = gcd(n, a)b

8 16

Figure 6: The parameter λ: a measure of the way a- and b-cycles are linked in C36(3, 8). Solid lines
represent a-edges, while dashed lines represent b-edges.

It is interesting to study how λn(a, b) reflects onto the structure of Mn(a, b) (here too λ denotes
λn(a, b)). We claim that Mn(a, b) can be partitioned into H = n

gcd(n,a) gcd(n,b) equally sized
submatrices, the blocks, denoted by β0, β1, . . . , βh−1, where block βk is defined on all the R =
gcd(n, a) rows and the (k − 1)-th set of gcd(n, b) consecutive columns. Consider the first set
of gcd(n, b) consecutive columns, that is columns 1 to gcd(n, b). Each of them contains R

consecutive vertices of b-cycles Bγ1 , . . . , Bγgcd(n,b)
, respectively. The b-cycles Bγ1 , . . . , Bγgcd(n,b)

then continue in columns (1+λ) mod C, . . . , (gcd(n, b)+λ) mod C, respectively, then in columns
(1 + 2λ) mod C, . . . , (gcd(n, b) + 2λ) mod C, respectively, and so on, the last portion of each
b-cycle being in columns

(

1+(H−1)λ
)

mod C, . . . ,
(

gcd(n, b)+(H−1)λ
)

mod C. After that, b-
cycle Bγj

starts again from column j, for j = 1, . . . , gcd(n, b), that is
(

j+(H−1)λ+λ
)

mod C =
(j + Hλ) mod C = j. As a consequence, (Hλ) mod C = 0. Recalling that H = n

gcd(n,a) gcd(n,b)

and that C = n
gcd(n,b) , we get that λ has to be a multiple of gcd(n, b). For this reason it is

convenient to introduce the definition of block-jump:

Definition 3.5. The block-jump of Mn(a, b) is Λn(a, b) = k−h
gcd(n,b) mod H = λn(a,b)

gcd(n,b) , where k

and h are such that mR,h and m1,k are b-adjacent.

Notice that Λn(a, b) ∈ {0, . . . ,H − 1}, by definition, and that equivalence (1) becomes

gcd(n, a)b ≡ Λn(a, b) gcd(n, b)a (mod n). (2)

Notice that Λn(a, b) 6= Λn(b, a), generally speaking: for example 2 = Λ108(33, 16) 6= Λ108(16, 33)
= 5. In addition, Λn(−a, b) = H−Λn(a, b), since C

gcd(n,b) = H; the same holds if we consider −b,

that is, if we complement b w.r.t. n; on the contrary, Λn(−a,−b) = Λn(a, b). In this context,
complementing either one among a and b w.r.t. n corresponds to complementing the block-jump
w.r.t. H. Example: Λ36(3, 8) = 2 and Λ36(33, 8) = H − Λ36(3, 8) = 1, as H = 3 (see Fig. 7).

The re-construction process of an arbitrary b-cycle gives a peculiar (and “regular”) permutation
of the blocks (λ, Λ will denote λn(a, b), Λn(a, b), resp.). In fact, b-cycle Bγj

visits column j,
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0 1 2 ... 8 11
λ36(3, 8)

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

0 1 2
Λ36(3, 8)

Figure 7: Partition into blocks (separated by double lines) of M36(3, 8), resulting in Λ36(3, 8) = λ36(3,8)
gcd(n,b) =

8
4 = 2.

which is the j-th column of block β0, then it visits column (j + λ) mod C, which is the j-th
column of block βΛ , then it visits column (j + 2λ) mod C, which is the j-th column of block
β(2Λ) mod C , and so on.

It is worth noticing that the matrix which results by putting block β0 on top of βΛ on top of
β(2Λ) mod C on top of . . . on top of β((H−2)Λ) mod C on top of β((H−1)Λ) mod C is another rectangular
submatrix of M∗

n(a, b) defined on n
gcd(n,b) consecutive rows and gcd(n, b) columns (here too,

without loss of generality, vertex v0 matches to the element in the upper left corner). By doing
so, each b-cycle corresponds to one column of the matrix, while each a-cycle is (regularly) split
onto the H blocks.

4. Isomorphism testing

This section is devoted to describe an easy-to-evaluate necessary and sufficient condition (The-
orem 4.1) to recognize if two given connected circulant graphs Cn(a, b) and Cn(a′, b′) are iso-
morphic. In the affirmative, the mapping function is immediately obtained. As a by-product of
this result, we give an alternative proof of Theorem 2.4.

Recalling that Λn(a, b),Λn(a′, b′) ∈ {0, . . . ,H − 1}, by definition, and that, if Cn(x, y) is
connected, then gcd(n, x) = gcd(n, y) implies gcd(n, x) = gcd(n, y) = 1,we have that:

Theorem 4.1. Let Cn(a, b), Cn(a′, b′) be two directed (undirected, resp.) connected graphs,
and assume w.l.o.g. gcd(n, a) ≤ gcd(n, b) and gcd(n, a′) ≤ gcd(n, b′). Then Cn(a, b), Cn(a′, b′)
are isomorphic if and only if either one of the following two conditions holds:

1. gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) and Λn(a, b) = Λn(a′, b′) (Λn(a, b) ≡
±Λn(a′, b′) (mod H), resp.)

2. gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) and either Λn(a, b) = Λn(a′, b′) or Λn(a, b) =
Λn(b′, a′) (either Λn(a, b) ≡ ±Λn(a′, b′) (mod H), or Λn(a, b) ≡ ±Λn(b′, a′) (mod H),
resp.).

Proof. If part. Consider the matrix Mn(a, b) = [mi,j] defined for the graph Cn(a, b) on
R = gcd(n, a) rows and C = n

gcd(n,a) columns, and the matrix Mn(a′, b′) = [m′

i,j ] defined for

the graph Cn(a′, b′) on R′ = gcd(n, a′) rows and C ′ = n
gcd(n,a′) columns. By hypothesis, it

follows that the two matrices have the same size, being defined on the same number of rows and
columns, and that, clearly, H ′ = H. In order to prove the claim, it suffices to show that there
exists a one-to-one mapping which matches the vertices of Cn(a, b) into those of Cn(a′, b′).

Let us first consider the case Λn(a, b) = Λn(a′, b′), which holds for both directed and undi-
rected graphs and for both conditions (1) and (2). Let v(mi,j) denote the vertex associated
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to element mi,j of Mn(a, b), and v(m′

h,k) the vertex associated to element m′

h,k of Mn(a′, b′).
The required mapping is the one which maps v(mi,j) = v((i−1)b+(j−1)a) mod n onto the ho-
mologous v(m′

i,j) = v((i−1)b′+(j−1)a′) mod n. It is easy to see that the correct adjacencies are
preserved, in the sense that a-edges are biunivocally mapped onto a′-edges, as well as b-
edges are biunivocally mapped onto b′-edges. In fact a-edge

(

v(mi,j), v(mi,(j+1) mod C)
)

is
mapped onto the homologous a′-edge

(

v(m′

i,j), v(m′

i,(j+1) mod C)
)

, for all i = 1, . . . , R and for all
j = 1, . . . , C. As for the b-edges, we distinguish two types: the b-edges connecting an element
of the last row with an element of the first row of Mn(a, b), and the other b-edges. A b-edge
of the first type, say

(

v(mR,j), v(m1,(j+Λn(a,b) gcd(n,b)) mod C)
)

, is mapped onto the homologous
b′-edge

(

v(m′

R,j), v(m′

1,(j+Λn(a′,b′) gcd(n,b′)) mod C)
)

, for j = 1, . . . , C, while a b-edge of the second

type, say
(

v(mi,j), v(mi+1,j)
)

, is mapped onto the homologous b′-edge
(

v(m′

i,j), v(m′

i+1,j)
)

, for
i = 1, . . . , R − 1 and j = 1, . . . , C.

Now consider Λn(a, b) = Λn(b′, a′), which holds for both directed and undirected graphs, for
condition (2), only. In this case it suffices to swap a′ and b′, and the above proof applies.

Now consider Λn(a, b) ≡ −Λn(a′, b′) (mod H), which applies to the undirected case, only,
for both conditions (1) and (2). Consider either one among Cn(−a′, b′) and Cn(a′,−b′), say
Cn(−a′, b′): its block-jump has value Λn(−a′, b′) = H − Λn(a′, b′) = Λn(a, b), as observed after
Definition 3.5. Since Λn(−a′, b′) = Λn(a, b), we are back to the previous case and Cn(−a′, b′)
and Cn(a, b) are isomorphic. Since Cn(−a′, b′) and Cn(a′, b′) identify the same undirected graph,
Cn(a, b) and Cn(a′, b′) are isomorphic too, as claimed.

Finally consider Λn(a, b) ≡ −Λn(b′, a′) (mod H), which holds in the undirected case of condition
(2), only. Again, swap a′ and b′, and the above proof applies.

Only if part. Assume that Cn(a, b) and Cn(a′, b′) are isomorphic. Consider the subgraphs Cn(a),
Cn(b), Cn(a′), and Cn(b′) induced by all the a-edges, all the b-edges, all the a′-edges, and all the
b′-edges, respectively. Since Cn(a, b) and Cn(a′, b′) are isomorphic, Cn(a) and Cn(a′) also are, as
well as Cn(b) and Cn(b′). Recall that Cn(a) consists of gcd(n, a) cycles of n

gcd(n,a) vertices, Cn(b)

consists of gcd(n, b) cycles of n
gcd(n,b) vertices, Cn(a′) consists of gcd(n, a′) cycles of n

gcd(n,a′)

vertices, and Cn(b′) of gcd(n, b′) cycles of n
gcd(n,b′) vertices. Since we assumed w.l.o.g. that

gcd(n, a) ≤ gcd(n, b) and gcd(n, a′) ≤ gcd(n, b′), two cases may happen: either gcd(n, a) =
gcd(n, a′) < gcd(n, b) = gcd(n, b′) or gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′).

If gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′), it remains to show that Λn(a′, b′) = Λn(a, b) in
the directed case, and that Λn(a′, b′) ≡ ±Λn(a, b) (mod H) in the undirected case. Since Cn(a, b)
and Cn(a′, b′) are isomorphic, there exists a one-to-one mapping f which associates vertex vi of
Cn(a, b) to vertex vf(i) of Cn(a′, b′). The mapping f must verify f(i+a) ≡ f(i)+a′ (mod n) and
f(i + b) ≡ f(i) + b′ (mod n) in the directed case, while it must verify either f(i + a) ≡ f(i) + a′

(mod n) or f(i + a) ≡ f(i) − a′ (mod n), as well as either f(i + b) ≡ f(i) + b′ (mod n) or
f(i + b) ≡ f(i) − b′ (mod n) in the undirected case. For the sake of shortness, we resume
these conditions by improperly writing f(i + a) ≡ f(i) ± a′ (mod n) and f(i + b) ≡ f(i) ± b′

(mod n), meaning that the “minus” applies to the undirected case, only. By definition of
Λn(a, b), b gcd(n, a) ≡ Λn(a, b)a gcd(n, b) (mod n). Thus f(b gcd(n, a)) ≡ f(Λn(a, b)a gcd(n, b))
(mod n). By repeatedly applying f(i+a) ≡ f(i)±a′ (mod n) and f(i+ b) ≡ f(i)± b′ (mod n),
we get f(b gcd(n, a)) ≡ ±b′ gcd(n, a) (mod n) and f(Λn(a, b)a gcd(n, b)) ≡ ±Λn(a, b)a′ gcd(n, b)
(mod n). Recalling the definition of Λn(a′, b′) we can write Λn(a′, b′)a′ gcd(n, b′) ≡ b′ gcd(n, a′)
≡ b′ gcd(n, a) ≡ ±f(b gcd(n, a)) ≡ ±f(Λn(a, b)a gcd(n, b)) ≡ ±Λn(a, b)a′ gcd(n, b) ≡
≡ ±Λn(a, b)a′ gcd(n, b′), all the equivalences being modulo n. Since a′

gcd(n,a′) is coprime with H
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and n = H gcd(n, a′) gcd(n, b′), this finally shows that Λn(a′, b′) ≡ ±Λn(a, b) (mod H), which
reduces to Λn(a′, b′) = Λn(a, b) in the directed case, only.

If gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) (hence all equal to 1), it remains to show
that Λn(a′, b′) = Λn(a, b) or Λn(b′, a′) = Λn(a, b) in the directed case, and that Λn(a′, b′) ≡
±Λn(a, b) (mod H) or Λn(b′, a′) ≡ ±Λn(a, b) (mod H) in the undirected case. The assumptions
gcd(n, a) ≤ gcd(n, b) and gcd(n, a′) ≤ gcd(n, b′) do not help, in this case, to associate a with a′

and b with b′ because gcd(n, a), gcd(n, a′), gcd(n, b) and gcd(n, b′) are all equal to 1. That is to
say, since Cn(a), Cn(b) are both hamiltonian cycles, as Cn(a′), Cn(b′) are, two cases may happen:
Cn(a) corresponds to Cn(a′) (hence Cn(b) to Cn(b′)) or Cn(a) corresponds to Cn(b′) (hence
Cn(b) to Cn(a′)). Therefore we possibly have to swap a′ and b′. Having in mind these facts, we
can basically apply the proof above, obtaining Λn(a′, b′)a′ gcd(n, b′) ≡ ±Λn(a, b)a′ gcd(n, b′), or
Λn(b′, a′)b′ gcd(n, a′) ≡ ±Λn(a, b)b′ gcd(n, a′), all the equivalences being modulo n. This finally
shows that Λn(a′, b′) ≡ ±Λn(a, b) (mod H) or Λn(b′, a′) ≡ ±Λn(a, b) (mod H), which reduces
to Λn(a′, b′) = Λn(a, b) or Λn(b′, a′) = Λn(a, b) in the directed case, only.

The computational complexity of applying this theorem depends on the complexity of computing
the four gcd’s and that of (twice) solving the linear congruence (2) to determine the two block-
jumps. This can be done in O(log2 n) time, by Euclid’s algorithm [12].

The mapping function between two isomorphic Cn(a, b) and Cn(a′, b′) can be constructed in
linear time as follows. We shall build a one-to-one correspondence between homologous elements
of the matrices associated to Cn(a, b) and Cn(a′, b′). The matrix associated to Cn(a, b) is always
Mn(a, b), while the matrix associated to Cn(a′, b′) is either one among Mn(a′, b′), Mn(−a′, b′),
Mn(b′, a′), Mn(−b′, a′), depending on the value of the gcd’s and of the block-jumps, as in the
proof of the above theorem.

Consider the case gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) first.

If Λn(a, b) = Λ′

n(a′, b′), vertex v(mi,j) = v((j−1)b+(i−1)a) mod n, associated to element mi,j of
Mn(a, b), is mapped onto the homologous vertex v(m′

i,j) = v((j−1)b′+(i−1)a′) mod n, associated
to element m′

i,j of Mn(a′, b′). As an example consider C36(3, 8) and C36(15, 4), which verify
Λ36(3, 8) = Λ36(15, 4) = 2, depicted in Fig. 8. The mapping function, for example, maps vertex
v(m3,2) = 19 of M36(3, 8) onto vertex v(m′

3,2) = 23 of M36(15, 4).

On the contrary, if Λn(a, b) = H − Λn(a′, b′), the theorem states that two directed graphs are
not isomorphic, while two undirected ones are. In the latter case, the mapping function can
be obtained by associating vertex v(mi,j), corresponding to element mi,j of Mn(a, b), to vertex
v(mi,j) = v((j−1)b′−(i−1)a′) mod n, corresponding to element mi,j of Mn(−a′, b′), as Λn(−a′, b′) =
Λn(a, b). As an example, consider the undirected C36(3, 8) and the undirected C36(21, 4), which
verify Λ36(21, 4) = H − Λ36(3, 8). Since C36(−21, 4) = C36(15, 4), Λ36(3, 8) = Λ36(15, 4). Thus
the mapping function between C36(3, 8) and C36(21, 4) is the same which maps elements of
M36(3, 8) onto homologous elements of M36(15, 4).

Now consider the remaining case gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) (thus all equal
to 1), observing that the representative matrices have one row, only.

If Λn(a, b) = Λn(a′, b′), vertex v(m1,j) of Mn(a, b) is mapped onto the homologous vertex
v(m′

1,j) of Mn(a′, b′), while if Λn(a, b) = Λn(b′, a′), vertex v(m1,j) of Mn(a, b) is mapped onto
the vertex associated to the (homologous) element in the j-th column of Mn(b′, a′).

If Λn(a, b) = H − Λn(a′, b′), the theorem states that two directed graphs are not isomor-
phic, while two undirected ones are. In the latter case, the mapping function can be obtained
by associating vertices corresponding to homologous elements of Mn(−a′, b′) and Mn(a, b), as
Λn(−a′, b′) = Λn(a, b). Finally, if Λn(a, b) = H − Λn(b′, a′), only undirected graphs can be
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considered, and the mapping function can be obtained by associating vertices corresponding to
homologous elements of Mn(−b′, a′) and Mn(a, b), as Λn(−b′, a′) = Λn(a, b).

λ36(3, 8) = λ36(15, 4)

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

0 15 30 9 24 3 18 33 12 27 6 21
4 19 34 13 28 7 22 1 16 31 10 25
8 23 2 17 32 11 26 5 20 35 14 29

Figure 8: The representative matrices of the two isomorphic graphs C36(3, 8) and C36(15, 4).

The above theorem suggests an alternative proof of the only if part of Theorem 2.4, which we
here illustrate (the if part is immediate).

We have to prove that if two (directed or undirected, 3- or 4-regular) circulant graphs Cn(a, b)
and Cn(a′, b′) are isomorphic, then they are Ádám-isomorphic. Throughout this paragraph, the
“minus”, when present, applies to the undirected case, only. Since the given graphs are isomor-
phic, we can apply Theorem 4.1. Thus either gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) or
gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′).

Let gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) (otherwise swap a′ and b′), and consider
µa, µb ∈ {1, . . . , n−1} such that µaa ≡ ±a′ (mod n) and µbb ≡ ±b′ (mod n). Since gcd(n, x mod
n) = gcd(n, x) for any integer x, gcd(n, a) = gcd(n, a′) implies that gcd(µa, n) = 1 and
gcd(n, b) = gcd(n, b′) implies that gcd(µb, n) = 1. By definition of Λ′, and recalling that
µaa ≡ ±a′ (mod n) and µbb ≡ ±b′ (mod n), we can write gcd(n, a)µbb ≡ ±Λ′ gcd(n, b)µaa

(mod n), that is to say µb
b

gcd(n,b) ≡ ±Λ′µa
a

gcd(n,a) (mod H). Since the two graphs are isomor-

phic, by Theorem 4.1, Λ ≡ ±Λ′ (mod H). By definition of Λ, it follows that µa = µb.

Let, now, gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′). Since the gcd’s are all equal, we do
not know whether a corresponds to a′ or to b′ (thus b to b′ or to a′, resp.). That is to say, it
may happen that the role of a′ and b′ has to be exchanged. Having in mind this fact, we can
basically apply the proof above. For this reason, consider µa, µb, µ̄a, µ̄b ∈ {1, . . . , n − 1} such
that µaa ≡ ±a′ (mod n), µbb ≡ ±b′ (mod n), µ̄aa ≡ ±b′ (mod n), and µ̄bb ≡ ±a′ (mod n). We
finally get that either one equality among µa = µb and µ̄a = µ̄b holds, and the proof is complete.

5. Other results

This section is devoted to study the two problems µ-search and all-iso stated in the Intro-
duction. In particular, in Subsection 5.1 an algorithm to solve µ-search is proposed, while in
Subsection 5.2 an exact procedure to solve all-iso is discussed, and its complexity is compared
to a direct application of Ádám’s isomorphism.

5.1. Solving µ-search

Let two isomorphic graphs Cn(a, b) and Cn(a′, b′) be given. The present subsection is devoted
to determine the value of the Ádám’s multiplier µ coprime with n such that {a′, b′} = {µa, µb}
(mod n) in the directed case, and {a′, b′} = {±µa,±µb} (mod n) in the undirected case. Observe
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that the multiplier µ allows for computing Cn(a′, b′) from Cn(a, b), while a different multiplier
is needed to compute Cn(a, b) from Cn(a′, b′).

We distinguish two cases: either gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) (possibly
swapping a′ and b′), or gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) (and all equal to 1).

Consider the case gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′), first, and let p be the
smallest positive integer satisfying pa ≡ a′ (mod n). Consider the quantity p + iH gcd(n, b)
for an arbitrary integer i. Recalling that n = H gcd(n, a) gcd(n, b), it is easy to see that
(p + iH gcd(n, b))a ≡ a′ (mod n). That is to say, a′ is obtained if and only if a is multiplied by
p + iH gcd(n, b) for some i. Since i can be restricted, w.l.o.g., between 0 and gcd(n, a) − 1, it is
convenient to define the set P of the multipliers which transform a into a′:

P = {p + iH gcd(n, b), for i = 0, . . . , gcd(n, a) − 1}.

It must be the case that the searched multiplier µ belongs to P , thus verifies µ ≡ p (mod H).
Now consider b′: we distinguish the directed case from the undirected one.
In the directed case, the searched µ must verify µb ≡ b′ (mod n). Let q be the smallest

positive integer such that qb ≡ b′ (mod n). Reasoning as above, only multipliers of the form
q + jH gcd(n, a), with j arbitrary integer, transform b into b′.

In the undirected case, the searched µ must verify ±µb ≡ b′ (mod n), that is to say, either
µb ≡ b′ (mod n) or µb ≡ n− b′ (mod n) (in a few lines we shall be able to decide). Let q′, q′′ be
the smallest positive integers such that q′b ≡ b′ (mod n) and q′′b ≡ n − b′ (mod n). Reasoning
as above, only multipliers of the form q′ + jH gcd(n, a), with j arbitrary integer, transform b

into b′, and only multipliers of the form q′′ + jH gcd(n, a), with j arbitrary integer, transform b

into n − b′. Set q = q′ if q′ ≡ p (mod H) and q = q′′ if q′′ ≡ p (mod H).
In both the directed and undirected case, define

Q = {q + jH gcd(n, a), for j = 0, . . . , gcd(n, b) − 1}.

It must be the case that the multiplier µ, we are looking for, belongs to Q, and satisfies µ ≡ q ≡ p

(mod H) (in fact, the choice of q in the undirected case was made in order to satisfy the last
equation).

Thus, µ ∈ P∩Q, and there exist integers i ∈ {0, . . . , gcd(n, a)−1} and j ∈ {0, . . . , gcd(n, b)−1}
such that

p + iH gcd(n, b) = q + jH gcd(n, a)

which gives

j =
p − q + iH gcd(n, b)

H gcd(n, a)
.

Such a j exists, as we are given two isomorphic graphs. In order j to be integer we can limit
ourselves to find the only value ī ∈ {0, . . . , gcd(n, a) − 1} which verifies

(

p − q

H
+ ī gcd(n, b)

)

≡ 0 (mod gcd)(n, a)

(by the expressions of p and q it follows immediately that their difference is multiple of H).
Thus,

µ = p + īH gcd(n, b).
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In a similar way we could have computed µ = q + j̄H gcd(n, a), where j̄ ∈ {0, . . . , gcd(n, b)− 1}
is the only value which verifies

( q−p
H + j̄ gcd(n, a)

)

≡ 0 (mod gcd)(n, b).
Notice that the searched value of µ can also be determined by directly computing the inter-

section P ∩Q, which is sometimes convenient, recalling that |P | = gcd(n, a) and |Q| = gcd(n, b).
In particular, when |P | = gcd(n, a) = 1 then µ = p (or, clearly, when |Q| = gcd(n, b) = 1
then µ = q). In addition, if it is the case that p = q, the searched µ is µ = q = p, thus the
computation of the largest among P and Q, and all what follows, can be avoided.

To illustrate the described method, consider the undirected isomorphic graphs Cn(a, b) =
C36(3, 8) and Cn(a′, b′) = C36(21, 8), where gcd(n, a) = gcd(n, a′) = 3, gcd(n, b) = gcd(n, b′) = 4,
and H = 3. We get p = 7, q′ = 1, and q′′ = 8, thus q = q′ = 1, as q′ ≡ p (mod H). The
ī ∈ {0, 1, 2} we have to find, must verify (7−1

3 + 4 · ī) ≡ 0 (mod 3), resulting in ī = 1, and we
finally get µ = 7 + 1 · 3 · 4 = 19. We could also determine the µ by computing P ∩ Q, instead.
As P = {7, 19, 31} and Q = {1, 10, 19, 28}, we get µ = 19, as well.

Now consider the case gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′). Since the gcd’s are all
equal, we do not know whether a transforms into a′ or into b′ (thus b into b′ or into a′, resp.),
but the method is basically the same described above. Consider a′, and let p, p̄ be the smallest
positive integers satisfying pa ≡ a′ (mod n) and p̄a ≡ b′ (mod n), respectively. Now consider
b′, and let q′, q′′, q̄′ q̄′′ (q′′ and q̄′′ for the undirected case, only), be the smallest positive integers
satisfying q′b ≡ b′ (mod n), q′′b ≡ n − b′ (mod n), q̄′b ≡ a′ (mod n) and q̄′′b ≡ n − a′ (mod n).
Since the given graphs are isomorphic, either one equality holds among the following four: p = q′,
p = q′′, p̄ = q̄′, and p̄ = q̄′′. The value of µ corresponds to the value of the valid equality.

To illustrate this case, consider the undirected isomorphic graphs Cn(a, b) = C18(1, 11) and
Cn(a′, b′) = C18(7, 17), where gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) = 1. We get p = 7,
p̄ = 17, q′ = 13, q̄′ = 17, q′′ = 5, and q̄′′ = 11. Thus µ = p̄ = q̄′ = 17.

5.2. Solving all-iso

This subsection is devoted to describe how to generate all the graphs isomorphic to a given
Cn(a, b).

The first possibility is to compute a′ = (µa) mod n and b′ = (µb) mod n for all µ = 1, . . . , n
coprime with n. According to Theorem 2.4, the graphs Cn(a′, b′) generated this way and their
equivalent notations are all and only the graphs isomorphic to Cn(a, b).

Another possibility is to find all the pairs a′, b′ such that gcd(n, a′) = gcd(n, a), gcd(n, b′) =
gcd(n, b), and gcd(n, a)b′ ≡ Λn(a, b) gcd(n, b)a′ (mod n). According to Theorem 4.1, the graphs
Cn(a′, b′) generated this way and their equivalent notations are all and only the graphs isomor-
phic to Cn(a, b).

An alternative way is based on the following result. Given a Cn(a, b), define Ac =
{

ā =
(γ̄a) mod n : gcd(n, ā) = gcd(n, a), with γ̄ = 1, . . . , n − 1 such that γ̄ mod H = c

}

, where
suitable values for c are in {0, . . . ,H − 1}. Ac can also be written as

Ac =
{

ā = (γ̄a) mod n : gcd(n, ā) = gcd(n, a),

with γ̄ = c + k′H for k′ = 0, . . . , gcd(n, b) − 1
}

.

Let also

N(ã) =
{

b̄ = (γ̄b) mod n : gcd(n, b̄) = gcd(n, b),

(γ̄a) mod n = ã, for γ̄ = 1, . . . , n − 1
}

.
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Note that, by definition, any graph Cn(ã, b̃) with ã ∈ Ac, for some c, and b̃ ∈ N(ã), is
isomorphic to Cn(a, b).

Lemma 5.1. Consider a connected circulant graph Cn(a, b). Let a′, a′′ ∈ Ac, for some c ∈
{0, . . . ,H − 1}. Then N(a′) = N(a′′).

Proof. Let γ′, γ′′ ∈ {1, . . . ,H gcd(n, b)} be coprime with n and such that (γ′a) mod n = a′

and (γ′′a) mod n = a′′.
Since (γ̄a) mod n = a′ if and only if γ̄ = γ′+ k′H gcd(n, b) for k′ = 0, . . . , gcd(n, a) − 1, and
(¯̄γa) mod n = a′′ if and only if ¯̄γ = γ′′+ k′′H gcd(n, b) for k′′ = 0, . . . , gcd(n, a)− 1, alternative
ways to express N(a′), N(a′′) are the following: N(a′) =

{

b̄ =
(

(γ′ + k′H gcd(n, b))b
)

mod n, for

k′ = 0, . . . , gcd(n, a)−1 and gcd(n, b̄) = gcd(n, b)
}

and N(a′′) =
{¯̄b =

(

(γ′′+k′′H gcd(n, b))b
)

mod

n, for k′′ = 0, . . . , gcd(n, a) − 1 and gcd(n, ¯̄b) = gcd(n, b)
}

.
Without loss of generality, let γ′ ≤ γ′′ (otherwise swap a′ and a′′). Then, we can write γ′′ =
γ′ +fH for a constant f ∈ {0, . . . , gcd(n, b)−1}, as γ′ mod H = γ′′ mod H = c. Thus, N(a′′) =
{¯̄b =

(

γ′b+fHb+k′′H gcd(n, b)b
)

mod n, for k′′ = 0′ . . . , gcd(n, a)−1 and gcd(n, ¯̄b) = gcd(n, b)
}

.
In order to prove that N(a′) = N(a′′), it suffices to prove that there exists a suitable k′ ∈
{0, . . . , gcd(n, a) − 1}, say k̄, such that γ′b + k̄H gcd(n, b)b ≡ γ′b + fHb (mod n). Recalling
that n = H gcd(n, a) gcd(n, b) and that b

gcd(n,b) is coprime with gcd(n, a), the last equivalence

can be simplified into the following k̄ gcd(n, b) ≡ f (mod gcd(n, a)). Such a k̄ always exists, as
gcd(n, a) and gcd(n, b) are coprime, and the proof is complete.

A similar result holds w.r.t. b, where Bc =
{

b̄ = (γ̄b) mod n : gcd(n, b̄) = gcd(n, b), with

γ̄ = c + k′′H for k′′ = 0, . . . , gcd(n, a) − 1
}

, and N(b̃) is suitably derived from N(ã).

From the definitions of Ac and Bc it follows that: i) A0, B0 are non-empty if and only if H = 1;
ii) Ac = Bc = ∅ for all c such that gcd(c,H) > 1; iii) a′ ∈ Ac if and only if −a′ ∈ AH−c, as well
as b′ ∈ Bc if and only if −b′ ∈ BH−c.

Thus, for some integer c ∈ {0, . . . ,H − 1} we have that: Ac = ∅ implies AH−c = ∅, as
well as Bc = ∅ implies BH−c = ∅; and (a′, b′) ∈ Ac × Bc implies (−a′, b′) ∈ AH−c × Bc,
(a′,−b′) ∈ Ac × BH−c, and (−a′,−b′) ∈ AH−c × BH−c.
In the directed case, define

K =
{

Cn(a′, b′), Cn(b′, a′), for all (a′, b′) ∈
H−1
⋃

c=0

Ac × Bc
}

.

As for the undirected case, define

K =
{

Cn(a′, b′), Cn(a′,−b′), Cn(−a′, b′), Cn(b′, a′), Cn(−b′, a′), Cn(b′,−a′),

for all (a′, b′) ∈
H−1
⋃

c=0

Ac ×Bc
}

=

=
{

Cn(a′, b′), Cn(b′, a′)

for all (a′, b′) ∈
(

(

H−1
⋃

c=0

Ac × Bc
)

∪
(

H−1
⋃

c=0

Ac × BH−c
)

)}

where the last equality holds thanks to what observed above. The following theorem can be
proved:
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Theorem 5.2. Consider a connected circulant graph Cn(a, b), then Cn(a′, b′) is isomorphic to
Cn(a, b) if and only if Cn(a′, b′) ∈ K.

Proof. The only if part immediately follows from the definition of Ac and Bc. As for the if
part, let (a′, b′) ∈ Ac × Bc for some integer c ∈ {0, . . . ,H − 1}. Lemma 5.1 states that the set
N(ã) is the same for every element ã of Ac, for c ∈ {0, . . . ,H − 1}. Thus, it is convenient to
call it N(Ac), and define it as

{

b̄ = (γ̄b) mod n : gcd(n, b̄) = gcd(n, b) and (γ̄a) mod n ∈ Ac,

for γ̄ = 1, . . . , n − 1
}

, with c = 0, . . . ,H − 1. Hence, any pair (ã, b̃) ∈ Ac × N(Ac), for

c = 0, . . . ,H − 1, gives rise to a graph Cn(ã, b̃) isomorphic to Cn(a, b). In order to prove the
theorem, we have to show that N(Ac) = Bc. The proof consists in showing that b̄ ∈ Bc if and
only if b̄ ∈ N(Ac). The if part is immediate, if one recalls that γ̄ mod H = c if (γ̄a) mod n ∈ Ac.
As for the viceversa, let b̄ = (γ̄b) mod n. We have to prove that b̄ ∈ N(Ac) if b̄ ∈ Bc, that
is to say, (γ̄a) mod n ∈ Ac, that is, γ̄ mod H = c and gcd(n, (γ̄a) mod n) = gcd(n, a). The
former of these two conditions follows from the definition of Bc. As for the latter, we first
note that writing gcd(n, (γ̄a) mod n) is equivalent to writing gcd(n, γ̄a). Thus, the condition

gcd(n, (γ̄a) mod n) = gcd(n, a) becomes gcd
(

H gcd(n, b), γ̄ a
gcd(n,a)

)

= 1. This is true because

of the following two facts: i) gcd(n, (γ̄b) mod n) = gcd(n, b) implies γ̄ coprime with n, hence
with H gcd(n, b); ii) by definition, a

gcd(n,a) is coprime with n, hence with H gcd(n, b), and the
proof is complete.

As far as the computational complexity of a direct implementation of the method is concerned,
we focus on the number of times a greatest common divisor is computed. We first observe that
the construction of Ac and Bc requires the computation of gcd(n, b)+gcd(n, a) greatest common
divisors. In particular, when H = 1, we need gcd(n, a) + gcd(n, b) greatest common divisor
operations to construct

⋃H−1
c=0 Ac × Bc = A0 × B0. When H > 1, we need (H − 1)

(

gcd(n, a) +

gcd(n, b)
)

greatest common divisor operations to construct
⋃H−1

c=0 Ac×Bc =
⋃H−1

c=1 Ac×Bc. These
quantities have to be compared with n − 1, which is the number of times a greatest common
divisor is computed by Ádám’s method (in fact, all µ ∈ {1, . . . , n−1} are considered, and for each
of them gcd(µ, n) is evaluated). Recalling that n = H gcd(n, a) gcd(n, b), our method is always
more efficient than a direct implementation of Ádám’s method when min{gcd(n, a), gcd(n, b)} ≥
2, and also when {gcd(n, a), gcd(n, b)} = {1, x}, x ≥ 2, for 2 ≤ H < x − 1.

Actually, the number of gcd’s computed by our method can be improved, under certain con-
ditions. Recall that Ac and Bc are empty for all c such that gcd(c,H) > 1. Thus, if we check
gcd(c,H) > 1 (one more gcd operation for each c), we avoid the computation of Ac and Bc

(possibly saving on the computation of gcd(n, a) + gcd(n, b) greatest common divisors). By
doing so for all c ∈ {0, . . . ,H − 1}, on one hand we increase by H the number of computed
gcd’s, on the other hand we reduce this number by gcd(n, a)+gcd(n, b) whenever gcd(c,H) > 1
is satisfied. The last condition is satisfied at least H

f times, where f 6= 1 is the smallest fac-

tor of H. Thus, the number of gcd’s needed to compute
⋃H−1

c=0 Ac × Bc amounts to H +
H

(

gcd(n, a) + gcd(n, b)
)

− H
f

(

gcd(n, a) + gcd(n, b)
)

, which is definitely better than the previ-
ous method when f < gcd(n, a)+gcd(n, b). In addition, we can further reduce the total number
of gcd’s recalling that A0 = B0 = ∅ for H > 1, and that a′ ∈ Ac if and only if −a′ ∈ AH−c. Thus,
we can limit ourselves to determine Ac only for the values of c ≤

⌈

H−1
2

⌉

such that gcd(c,H) > 1,
and then derive AH−c as {−a′ : a′ ∈ Ac}. The same can be applied to the sets Bc.

The method is illustrated by the following example. Consider C60(3, 5), where gcd(n, a) = 3,
gcd(n, b) = 5, H = 4. Since f = 2 < 3 + 5, the most convenient implementation is the second
one. Thus, A0 = B0 = ∅, as H > 1; then we compute gcd(c,H) for c = 1 and c =

⌈

H−1
2

⌉

= 2
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(totally, 2 gcd’s), resulting in A1, B1 non-empty, as gcd(1,H) = 1; and A2 = B2 = ∅, as
gcd(2,H) > 1; finally we derive derive A3 from A1, as well as B3 from B1. Recalling that A1 =
{

ā = (γ̄3) mod 60 : gcd(60, ā) = 3, with γ̄ = 1+4k′ for k′ = 0, . . . , 4
}

, we get A1 = {3, 27, 39, 51}
(computing 5 gcd’s). Then we derive A3 = {9, 21, 33, 57} from A1 complementing each element
w.r.t. n. Recalling that B1 =

{

b̄ = (γ̄5) mod 60 : gcd(60, b̄) = gcd(60, 5), with γ̄ = 1 + 4k′′ for
k′′ = 0, 1, 2

}

we get B1 = {5, 25} (computing 3 gcd’s), and then derive B3 = {35, 55} from B1

complementing each element w.r.t. n. Thus,
⋃H−1

c=0 Ac × Bc =
{

(3, 5), (27, 5), (39, 5), (51, 5),
(3, 25), (27, 25), (39, 25), (51, 25), (9, 35), (9, 55), (21, 35), (21, 55), (33, 35), (33, 55), (57, 35),
(57, 55)

}

. In order to obtain this result we have computed 2 + 5 + 3 = 10 gcd’s while a direct

implementation of Ádám’s method would have computed n − 1 = 59 gcd’s.

Assume that the given C60(3, 5) is undirected, first, and consider an arbitrary pair in
⋃H−1

c=0 Ac×
Bc, say (27, 5). Complementing none or one of the two parameters, and/or swapping them, we
get the following graphs: C60(27, 5), C60(27, 55), C60(33, 5), C60(5, 27), C60(55, 27), C60(5, 33).
Doing the same for all the other pairs, we obtain the set of all the (undirected) graphs isomorphic
to the given C60(3, 5), namely K =

{

C60(3, 5), C60(3, 25), C60(3, 35), C60(3, 55), C60(5, 3),
C60(5, 9), C60(5, 21), C60(5, 33), C60(5, 39), C60(5, 51), C60(5, 57), C60(9, 5), C60(9, 25),
C60(9, 35), C60(9, 55), C60(21, 5), C60(21, 25), C60(21, 35), C60(21, 55), C60(25, 3), C60(25, 9),
C60(25, 21), C60(25, 33), C60(25, 39), C60(25, 51), C60(25, 57), C60(27, 5), C60(27, 25),
C60(27, 35), C60(27, 55), C60(33, 5), C60(33, 25), C60(33, 35), C60(33, 55), C60(35, 3), C60(35, 9),
C60(35, 21), C60(35, 33), C60(35, 39), C60(35, 51), C60(35, 57), C60(39, 5), C60(39, 25),
C60(39, 35), C60(39, 55), C60(51, 5), C60(51, 25), C60(51, 35), C60(51, 55), C60(55, 3), C60(55, 9),
C60(55, 21), C60(55, 33), C60(55, 39), C60(55, 51), C60(55, 57), C60(57, 5), C60(57, 25),
C60(57, 35), C60(57, 55)

}

.

Now assume that the given C60(3, 5) is directed, and consider an arbitrary pair in
⋃H−1

c=0 Ac ×
Bc, say (27, 5), which gives rise to the graphs C60(27, 5), C60(5, 27). Doing the same for all the
other pairs, we obtain the (not listed) set of all the directed graphs isomorphic to the given
C60(3, 5).

6. Conclusions

In this paper we deal with the isomorphism of circulant graphs Cn(a, b). In particular, we study
the topological structure of these graphs, and we give a necessary and sufficient condition for
two (directed/undirected) connected Cn(a, b) to be isomorphic. One of the contributions of the
paper is that the approach is purely combinatorial and new for the isomorphism problem, which
has been mainly addressed by means of algebraic-combinatorial theory, group theory, and the
theory of the eigenvalues. As a by-product of this approach, we get an alternative proof of
Ádám’s conjecture on arbitrary Cn(a, b)’s, which is based on elementary concepts.

We show that the topological structure of the studied graphs is very strong, being the union
of two families of disjoint cycles (the a-cycles and the b-cycles) suitably linked to one another.
The way cycles are linked is described by means of an easily computed integer. By means of
these concepts we state the isomorphism condition (Theorem 4.1): two (directed/undirected)
circulant graphs are isomorphic if and only if they have the same number of a-cycles and b-cycles,
and these cycles are linked “in the same way”. This condition is very easy to evaluate, and takes
O(log2 n) time. It also allows for immediately reading the isomorphism mapping function.

We also solve the problem of finding the Ádám’s multiplier among two given isomorphic circu-
lant graphs. In addition we propose a method for generating all the circulant graphs isomorphic
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to a given one. This method is different from a direct application of Ádám’s isomorphism, in
that it does not evaluate all the multipliers from 1 to n−1, and in its computational complexity.

Even though Ádám’s conjecture is false for arbitrary Cn(a1, a2, . . . , ak)’s, we believe that
the topological approach introduced in this paper can be extended to characterize isomorphic
graphs Cn(a1, a2, . . . , ak)’s, and to identify subclasses of them on which Ádám’s conjecture is
valid, suitably generalizing Theorem 4.1.
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