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Abstract

We define the class @feared (fuzzy) line graptes the family of graphs obtained by repeated applica-
tions of the gear composition to a (fuzzy) line grafih Using the decomposition theorem for claw-free
graphs of Chudnovsky and Seymour [2], we show that this ci®sents a large subclass of claw-free
graphs having stability number greater ttgan

We provide a complete linear description of the stable slytq@oe of geared (fuzzy) line graphs. This
result gives the first positive answer to the longstandirgnaguestion of finding a defining linear system
for the stable set polytope of claw-free graphs which areguesi-line [10]. Furthermore, it opens the
possibility of designing a polyhedral algorithm for solgithe stable set problem in claw-free graphs,
possibly computationally more effective than the existimgs of complexityD(n).
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1. Introduction

Let P C R™ be a polyhedron; a linear systeAx < b is said to bedefiningfor P if P = {x € }RK :
Az < b}. Thefacet defining inequalitieffacets for short) for P are those inequalities that constitute
the unique (up to positive multiplications) nonredundaetirdng linear system oP. Givenc € R",
the optimization problenover P consists of finding the maximum value efz for = € P. So, finding
the defining linear system faP is equivalent to transform the original optimization prfl into the
linear programmax{c’ z : Az < b}. Givenz* € R", theseparation problenover P is the problem of
finding an inequality valid for all points aP and violated by:*, or proving thatz* € P. A well-known
result of Grotschel, Lovasz and Schrijver [10] states tha existence of a polynomial time algorithm to
optimize overP, for anyc € R", is equivalent to the existence of a polynomial time sepawagtigorithm
over P, for anyxz* € R™. In practice, a consequence of this result is that a defimiagit system forP
may be dynamically determined by solving the optimizatioobtem with respect to different objective
functions. Therefore, a large accepted conjecture in thaliiwatorial Optimization community is that if
there exists a polynomial time algorithm to optimize ovepdypedronP, then an explicit description of
the defining linear system @ can also be found. Only for very few known problems [3] thigjeature

is still open and one of them is the stable set problem for -¢tae graphs.

GivenagraplG = (V, E) and a vectotw € QK of node weights, thetable set probleris the problem
of finding a set of pairwise nonadjacent nodsble setpf maximum weight. Lety(G, w) denote the
maximum weight of a stable set 6f, we refer toa(G) = «(G, 1) (1 being the vector of all ones) as
the stability numberof G. The stable set polytopedenoted byST AB(G), is the convex hull of the
incidence vectors of the stable setstaf Since the stable set problemA&P-hard, it is unlikely to find
a defining linear system 7' AB(G) for general graphs. Nevertheless there are classes ofgyfaph
which such systems are known, as bipartite graphs, linengrgtl, series-parallel graphs [12], perfect
graphs. For all these classes of graphs, the weighted stebpgoblem is polynomial time solvable and
an explicit linear description 37" AB(G) is known.

Claw-free graphs are those graphs such that the neighlmbioeach node has no stable set of size
three. There exist polynomial time algorithms for solvihg maximum weight stable set problem on a
claw-free graph [13, 14] but, despite many research effrt8, 11, 16] and many disproved conjectures
[9, 6], a linear description of the stable set polytope ofwefeee graphs is still unknown. Finding such
a defining linear system is the first step towards the desigm réw algorithm for claw-free graphs,
possibly computationally more effective than the existimgs (the algorithm in [13]i©(|V|") and the
one in [14]isO(|V|%)).

The recent work of Chudnovsky and Seymour [2] on the strectirclaw-free graphs settled new
directions to investigate the problem of finding a definimgér system fo67T' AB(G) whenG is claw-
free. In this paper we consider the set of claw-free graplis stability number greater 3, denoted Gy
A graph is quasi-line if the neighborhood of each node canavgtipned into two cliques (this implies
that a quasi-line graph is claw-free); we denotedyhe set ofguasi-linegraphs with stability number
greater than 3. Clearly¥) C C. In [1] Chudnovsky and Seymour proved that the@es partitioned into
two sets: Q¢ ((fuzzy) line graphsand Q¢ ((fuzzy) circular interval graphs Then they showed that any
graph inC either belongs t&@°¢ or it can be obtained by composing three types of graphsd#iizzy)
strips

A defining linear system fofT AB(G) was given by Chudnovsky and Seymour [1] whgne Q°
and by Eisenbrand et al. [5] wher € Q°. It remains open the problem of finding a linear description
for STAB(G) whenG € C \ Q°. Here we consider the claggXx’ of graphs obtained by composing
only two types of strips: (fuzzy) linear interval strips afdX -strips. From [2]X* X C C \ Q¢ and the
situation is illustrated in Fig. 1.
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Figure 1: The clas€

starting from a given grapH and substituting an edge &f with the fixed graphdear) shown in Fig. 2.

The gear composition produces new facets for the stableobgbpe [6], calledgeared inequalities
which play an important role in solving the problem of findadjnear description fo67 AB(G) when
G € XX. Here, we prove that any graph # € XX can be built from a graph Q¢ via the gear
composition and then we show that a defining linear systerTod B(G) consists ofrank inequalities,
(lifted) 5-wheel inequalities and (lifted) geared inegtiat.

We now introduce some notations and basic definitions. Wetddny G any graph with node sétz
and edge seF;. Given a vector3 € R™ and a subsef C {1,...,m}, definegs € RISl as the
subvector off restricted on the indices ¢f and3(S) = > . 3;. Given asubse$ C {1,...,m}, we
denote byz® € R™ the incidence vector of.

A linear inequalityy ;... mjz; < mo is valid for STAB(G) if it holds for all z € STAB(G). For
short, we also denote a linear inequalityz < 7 as(r, m). A rank inequalityhasw € {0, 1}/V<l,

We denote by(v) the set of edges aff havingv as endnode and by (v) the set of nodes o
adjacent tow. We also denote by \ A the subgraph ofs induced byVi \ A whereA C Vi; and by
G — e (G + e) the subgraph of7 obtained by removing (adding) the edge

A k-hole C, = (v1,v9,...,v;) is @ chordless cycle of length. A k-antiwheelW = (h : C})
is a graph consisting of a-antihole C;, and a nodeh (hub of W) adjacent to every node af;. If
k = 5, thenCj5 is isomorphic toCs and we refer tol/ as a5-wheel The inequalityZ?:1 Ty, +
2z, < 2 is facet defining forSTAB(W) and it is called5-wheel inequality A claw is 3-antiwheel
denoted by(y : wi,ws,ws3), wherey is the hub of the claw. Agear B is a graph of eight nodes
{CL, b1,bs,c,dy,ds, hy, hg} such thatW1 = (hl 2 a,dy, by, c, ]’Lg) andW2 = (hg s a,ds, bo,c, hl) are
5-wheels (see Fig. 2); moreover, the edges of these wheelseaomly edges ob.

Figure 2: The gear with nodes b, bs, ¢, dy, ds, h1, ho.

In Section 2, we recall the definition gear compositiorand some of its polyhedral properties. In
Section 3, we show that the graphsAiX’ can be built by iteratively applying the gear composition to



2. Gear composition

An edgev; v, of a graphH is said to besimplicial if K; = N(v1) \ {v2} andKy = N(vz) \ {v1} are
cliques ofH and bothK; \ Ky andK, \ K, are nonempty. Notice thdt; and K, might have nonempty
intersection.

Definition 2.1. Let H = (V, Egr) be a graph with a simplicial edge, v, and letB = (Vp, Ep) be a
gear. Thegear compositiomf H and B produces a new grapty’ = (H, B, v1v2), calledgeared graph
such that:

Vo =Vy \ {Ul,UQ} uVg,
Eq=Fg \ (5(’[}1) U 5(212)) UFEpUF| UF5, whereF; = {dlu, b2u|u S Kz} fori = 1,2.

A sketch of how the gear composition works is shown in Fig. 3.
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Figure 3: (a) A graptH with a simplicial edgeve; (b) The geared grapy = (H, B, vivs).

Definition 2.2. Let H = (Vy, Ey) be a graph containing the simplicial edgev, and let(x, o) be
a valid inequality forSTAB(H) such thatr,, = m,, = A > 0. LetB = (Vp, Ep) be a gear and
G = (H, B,v1vy) a geared graph. Then the inequalities

o Z Tix; + A Z i + 2N (xpy + Thy) < T + 2A (@B
’iEVH\{’Ul,UQ} ’iEVB\{hl,hQ}

o Y omami+ A Y wi<m+ A 2)
i€Vi \{v1,v2} i€Vp\A

where A € {{by,c},{ba,c}, {d1,a},{d2,a},{a,c}}

are calledgeared inequalitieassociated witl{, 7). The unique geared inequality that is full support
on Vg is (1) and it will be calledproper geared inequality

Definition 2.3. Let H¢ be a graph obtained frontf = (Vy, Ex) by subdividing the simplicial edge
e = v1v9 With a nodet. An inequality(r, o) which is valid forST AB(H¢) is said to bey-liftable (with
respect taw;vo) if m,, = my, =T = A > 0.



o Y omami+ A m<m+ (3)
i€Vi \{v1,v2} 1€Vp

o Y omami+A Y wi<m (4)
i€Vi\{v1,v2} i€Vp\A

where A€ {{bl,c, bg,hl,hg}, {dl,a,dg,hl,hg}}

are calledg-lifted inequalitiesassociated witli, 7). The unique g-lifted inequality that is full support
on Vg is (3) and it will be calledproper g-lifted inequality

In [7], we showed how the gear composition affects the stabtepolytope of a geared gragh =
(H, B, e). More precisely, we proved that the linear descriptiod®fAB(G) is completely determined
by the linear description 37T AB(H) andST AB(H*). In fact, we have that:

Theorem 2.5. LetG = (H, B,e) be a geared graph. Then the stable set polytSfieAB(G) is de-
scribed by the following linear inequalities:

e clique-inequalities,

(lifted) 5-wheel inequalities,

geared inequalities associated with facet defining inetjealof ST AB(H ) having nonzero coef-
ficient on the endnodes of

g-lifted inequalities associated with facet defining inglities of ST AB(H¢) having nonzero co-
efficient on the endnodes af

facet defining inequalities T AB(H) having zero coefficient on the endnodes.of

This result implies that, iff and H¢ “well behave” with respect to the stable set problem (megnin
that there exists a defining linear system for their stabigaslytopes) then the geared graphs obtained
from H do the same. In the following we will extend some of the potidaé properties of the gear
composition in order to prove that a large subclass of clae-firaphs well behave with respect to the
stable set problem.

3. Geared (fuzzy) line graphs

In 2004, Chudnovsky and Seymour proved that claw-free gragith stability number greater thah
that are not quasi-line are obtained by composing only thirgs of graphs, calle@fuzzy) strips One
kind of strips, thgffuzzy) linear interval stripsis used to generate quasi-line graphs while the other two
kinds of strips, thgfuzzy).X X-strips and the(fuzzy) antihat-stripscontain5-wheels and so, they are
used to generate claw-free graphs that are not quasi-line.

This structure suggests the idea that claw-free graphshvere not quasi-line and have stability num-
ber greater tha might not be so distant from line graphs in terms of polyhkedescription of their
stable set polytope. In the following sections we give adence of this fact by showing that a defining
linear system for the stable set polytopeabhost allclaw-free graphs i€ \ Q¢ is built starting from the
defining linear system of the stable set polytope of line kysap



Definition 3.1. Astrip (G, a, b) consists of a claw-free grapfi together with two designated simplicial
verticesa, b called theendsof the strip. Two strips can be composed as followsAland B be the nodes

of G\ {a, b} adjacent inG to a andb respectively, and defind’ and B’ similarly. Take the disjoint union

of G\ {a,b} and G’ \ {a’,V'}; and let H be the graph obtained from this by adding all possible edges
betweend and A’ and betweerB and B’.

Definition 3.2. Ahomogeneous pair of cliqués G is a pair (A, B) such that:
e AandB are cliques inG andA N B = (),
e |A| >2o0r|B| > 2,
e no vertex ofz \ (A U B) has both a neighbour and a non-neighbourdnand the same 3.

Definition 3.3. LetT be a graph with vertex séty, . . ., u13} and with adjacency as follow$u, . . . , ug)
is a hole ofG of length6. Next,u7 is adjacent touy, us; ug is adjacent touy, us; ug is adjacent to
Ug, U1, U2, U3, ULQ is adjacent tous, uq, us, ug, Ug; UL is adjacent tous, uq, ug, U1, Ug, U10; U2 is ad-
jacent tous, us, us, ug, ug, U1g; U3 IS adjacent touy, us, ug, us, u7, ug. LetX C {ull, U112, ulg}; then
the strip(7"\ X, uz,ug) is called anX X -strip.

We can now state the decomposition theorem of ChudnovskySadhour; the decomposition in-
volves the antihat strips, but we omit their definition sitiogy will never be used in the following.

Theorem 3.4. [2] For every claw-free graphG with o(G) > 4, if G does not admit d-join and there
is no homogeneous pair of cliquesGh then either is a circular interval graph, orG is a composition
of linear interval strips,X X -strips, and antihat strips.

Since graphs containing homogeneous pair cannot be repedseith the above strips, Chudnovsky
and Seymour were forced to introduce the concepguntynes$2] and to give a “fuzzy” version of the
above theorem were all the strips are fuzzy strips. Sincéuttmyness is a very technical concept we do
not go into the detail of its definition (we refer the inteegkteader to [2]). To our purpose it suffices to
observe that (fuzzy) linear interval strips are quasi-tin@phs and to refer to a quasi-line graph that is a
composition of (fuzzy) linear interval strips agfazzy) line graphsRecall that the class of (fuzzy) line
graphs is denoted b@! and the class of (fuzzy) circular interval graphs is dene@°.

It is worth noticing that the fuzzyness does not have mudavegice from the polyhedral point of view.
This was already noticed by Chudnovsky and Seymour who prthe:

Theorem 3.5. [1]If G is a (fuzzy) line graph, thefiT' AB(G) is described by the Edmonds’ inequalities.
And it was further confirmed by the work of Eisenbrand et al(fozzy) circular inteval graphs.

Lemma 3.6. [5] Let F' be a facet ofST AB(G) whereG is a fuzzy circular interval graph. ThehR is
also a facet ofSTAB(G'), whereG’ is a circular interval graph obtained fron% by removing some
edges.

By Theorem 3.4 and its “fuzzy” version, finding a linear dgstion of ST AB(G) for claw-free graphs
with a(G) > 4 is equivalent to finding a linear description 87" AB(G) for (fuzzy) circular interval
graphs, namely the graphs @®°, and for graphs that are composition of fuzzy linear intestaps,
X X-strips and antihat strips. Since the first case has beeadsotf5], we focus our attention on the
aranhes that are a



We call these graph& X -graphsand their family will be denoted a¥ X'.

In the following we show that any X -graph can be obtained by iteratively applying the gear esmp
sition defined in Section 2 to a (fuzzy) line graph, i.e., gpprin Q°. We start by showing that the gear
is a subgraph of a’X X -strip.

Lemma 3.7. The graph obtained by composing a stfi®, v , v2) with the X X -strip (7\{u11, w12, u13},
uz,ug) is a geared graph.

Proof. Rename the nodes by, bs, ¢, di,ds, h1, ho Of @ gearB asug, us, ug, us, U1, Us, Uy, 19, re-
spectively. Thus, the strip composition @, v1,v2) and theX X-strip (T \ {u11, u12,u13}, u7, ug}),
as defined in Definition 3.1, corresponds to the gear conmiposif G' = (Viz, Eq U {v1v2}) and the
gearB. In fact, being the nodes andv, simplicial, we have that the edgev; of G’ is simplicial. The
graph obtained by applying the above strip compositionésigely the geared graghy’, B, v1v7). 11

As a consequence of the above lemma and Definition 3.3 we haveeachX X -strip composition
produces a geared gragh= (H, B, e) plus an extra set” of nodes which are properly adjacent/fo
This, together with Theorem 3.4, implies that a large nunafetaw-free graphs can be seen as geared
graphs. We now prove that we can restrict ourselves to censitdly X X -strips not containing node, 3
since this node can be added using an appropriate lineavahtrip.

Lemma 3.8. The class ofX X-graphs coincides with the subclass of claw-free graphaiobtl by com-
position of X X -strips of type(T" \ {u13}, u7, ug) and (fuzzy) linear interval strips.

Proof. Let G be anX X-graph obtained by composing a stiip, v;,v2) and anX X-strip (T \
X,v7,v8). Suppose thati;3 ¢ X. DefineL’ as the graph obtained froi by adding two new nodes
v} andv), whose neighborhoods aré(v;) = N(v;) U {v;}, fori = 1,2. Clearly, (L', v}, v}) is a strip.
Moreover, letL” be obtained by composind.’, v}, v}) with the linear interval strig P, aq, by) whereP
is the simple pattiag, u13,bp). Then(L”, v, v9) is also a strip. Finally, it is easy to check ti@may
also be obtained by composifg”, v1, v2) with the X X-strip (7' \ (X U {u13}), ur,ug}).

In order to show that the gear composition can be used to Bblidgraphs, we need to show that the
removal of a simplicial edge preserves the property of thlgiof being (fuzzy) line.

Proposition 3.9. H is a (fuzzy) line graph with a simplicial edge= v, v, if and only if (H — e, vy, v2)
is a strip with H — e (fuzzy) line graph.

Proof. First we prove the “if” direction. It suffices to observe tHa is obtained by composing the
strip (H — e, vy, v2) with a strip (P, ag, by) consisting of a patiP = (ag, u, ug,by) and then rename
the nodes.; asv;, i = 1,2. To prove the other direction observe that a (fuzzy) lingpbrs actually a
qguasi-line graph. Hence to prove that—e is a (fuzzy) line graph we must first show that it is quasi-line
i.e., it contains neither a claw nor an odd-antiwheel. Sgppay contradiction thal — e contains a claw
C. Since the only edge which was removed fréfns e = vyv9, we have that” contains bothy; and
vg. S0,C = (y : v1,v9,w) Withy € K1 N Ky andw € Vi \ (K1 U Ko U {v1,v2}). Sincee is simplicial,
there exists anodg € K; \ Ky and anode, € K, \ Ky. Thus,wz; € Ey, i = 1,2, since otherwise
(y : v1,29,w) OF (y : vy, 21,w) would be claws inH, contradicting the hypothesis thaf is quasi-
line. Hence, the edge belongs to thé&-wheel (y : v1,v9, 29, w, 21) contained inH, contradicting the
hypothesis that{ is quasi-line. Similarly, it can be proved th&t — e does not contain odd-antiwheels
and so, it is a quasi-line graph. Thus, by the decompositfaquasi-line graphs in [1]H — e is either
a (fuzzy) line graph or a (fuzzy) circular interval graphn& it is possible to prove that i — e is a
(fuzzy) circular interval graph, theH is also a (fuzzy) circular interval graph, we have that- ¢ is a
(fuzzy) line graph as claimed.



Definition 3.10. Let B = (Vp, Ep) be a gear. An extended gedly is a graph whose vertex set is
Ve UY whereY C {’LLH, ulg} and whose edge setisg U {undl, u11a, u11h1, u11he, utic, unbg} U
{u12da, u12a, uiohy, u1oha, urzc, u12b1 } (see Fig. 4).

Figure 4: The extended ge&% with Y = {u11,ui2}.

An extended gear compositids a gear composition where the ge8ris replaced byBy for some
Y C {ur,ui2}

Definition 3.11. Let H be a (fuzzy) line graph which is not a clique andAg} be the set of its simplicial
edges. Ag-operationone € L7 is either an extended gear composition or an edge subdivisie. A
graphG € Gy, if and only if

eitherG = H,

orG = (L,By,e), whereL € Gj;, By is an extended gear, and € E;;, N Ep, (i.e.,eis a
simplicial edge off on which no g-operation has been performed),

orG = L¢ whereL € Gj; ande € Ej; N EL.

The graphs irG7; will be calledgeared (fuzzy) line graphs
In the following we show that the geared (fuzzy) line grapfesexactly theX X -graphs, i.e.g;; = X X.
Lemma 3.12. The geared (fuzzy) line graphs are theX -graphs.

Proof. By Proposition 3.9 and Lemmas 3.7 and 3.8, it is trivial te Heat X X-graphs are geared
(fuzzy) line graphs. To prove the opposite, suppose by adittion that there exists a graghin Gy,
which is not anX X -graph, withH being a (fuzzy) line graph. In particular, assurdde obtained by
performing the smallest number gfoperations. IfG = H then, by definition,H is an X X-graph.
Hence, eithelz = (L, By, e) or G = L€, wheree = vv2 is a simplicial edge of{.

Suppose first thafy = L°. By the minimality of G we know thatl is an X X-graph. Since: is
simplicial it does not belong to an¥ X -strip of L. So, we can build a new graghfrom L by replacing
eachX X-strip (T \ X,v1,vs) with the simple path{ag, vy, v2,bg). It follows that L is a (fuzzy) line
graph and, by Proposition 3.9, ¢ is also a (fuzzy) line graph. Now we reconstriict- ¢ from L — e
by replacing the simple paths previously introduced with ¢brrespondingX X -strips. ThusL — e is
obtained as a composition &f X-strips and (fuzzy) linear interval strips, and so, it is8X-graph.
SinceG is obtained by composing the stri. — e, v1,v2) and(a, v}, t,v5,b) and renaming; asv;,
i = 1,2, we have that7 is an X X-graph, as claimed.

Consider now the caseé = (L, By,e). As above, we can prove that— e is an X X-graph. If we



10.

From the above results it follows that tB&X -graphs can be built in two different ways: either using
the strip composition defined by Chudnovsky and Seymour]iaffsing the extended gear composition
defined in [6]. This result allows us to exploit the polyhdgmaperties of the gear composition to find a
linear description for the stable set polytopeXoX -graphs. This will be discussed in the next section.

4. Stable set polytope ofX X-graphs

In this section we consider the geared grépk- (H, By, e) obtained as an extended gear composition
of the graphH and the extended ge&ly, with Y C {uyy, u1o}.

Let (,70) be a non trivial facet defining inequality 7" AB(G) which is not a clique or a (lifted)
5-wheel inequality. 1" = () then, by Theorem 2.5;y, o) is one of the following inequalities:

e an inequality of type (1) or (2) associated with a faceS@fAB(H);
e an inequality of type (3) or (4) associated with a faceS@fAB(H®);
e afacet ofSTAB(H).

We now show that the properties of the extended gear conmposio not change substantially when
Y # (. In particular we prove that the above inequalitities carflified” to the higher dimensional
space containing;; andu;s using thesequential liftingprocedure [15] described in the following.

Let) ey oy ™75 < mo be afacet defining inequality SFIAB(G\ {v}). Then) cy. .,y %5+
TpZy < T With 7, = T — MaX,e 57 AB(G\N(v)) 7Tz is facet defining folSTAB(G). This procedure
can be iterated to generate facet defining inequalitietecchifted inequalities in a higher dimensional
space.

We start finding the lifting coefficient af;; andu» for inequalities (1), (2), (3), and (4).

Lemmad4.l. Let G = (H,By,e) withY = {uj;} and (5, 5y) be a geared inequality that is facet
defining forSTAB(G’), whereG' = (H, B,e). If (8, 3) is of type (1), then the node is lifted with
coefficient,,, = A. If (5, 00) is of type (2), then the node; is lifted with coefficients,,, = A if

A ={by,c}or A= {dy,a}, ands,,, = 0 otherwise.

Proof. Let (7x,m) be the original facet defining inequality f8f{TAB(H), thensy = m + 2A. By

definition of lifting
Buy, =m0 + 2\ — :(:S:Sr?]ilf%fu):@ Bz,

There exists a feasible tight solutighfor (7, ) such thatS N (K2 U {v2}) = 0. Thus,v; € S
and S’ = S\ {v1} U{b1,ds} is a stable set such tha(S’) = 7 (S \ {v1}) + 2\ = 79 — A +
2\ = 7w + A. Therefore,3,,, < A. Suppose now that there exists a feasible solutidrsuch that
MAaX,S. 5N (uy;)=0 Bz > my + X\ and, consequently3,,, < A. Thenb;,ds € S, since otherwise
SU{hi} orSU{hs} are stable sets violating, 5y). Therefore,S’ = S\ {b1} U{ds, c} is feasible and,
consequently3(S’) = B(S) + A > my + 2], a contradiction. Hence, the thesis follows. Using similar
arguments, the second part of the statement can prived.

The next lemma has a similar proof that we omit.

Lemma4.2. LetG = (H,By,e) withY = {u;1} and (3, 5p) be a g-lifted inequality that is facet
defining forST AB(G'), whereG' = (H, B, e). If (3, 5y) is of type (3), then the node is lifted with
coefficients,,, = A. If (3, Bp) is of type (4) then the node ; is lifted with coefficients,,, = 0.

The next lemma shows the lifting coefficieny,, for geared and g-lifted inequalities once the nage
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Lemma4.3.LetG = (H,B,e), G' = (H,By,,},¢), andG" = (H, Byy,, u,,},¢). Moreover, let
(8, By) be a facet defining inequality f&T' AB(G’), obtained by lifting the inequality3, 5y) of type
(1) + (4) on nodeu,;. The lifting coefficients,,,, equals

e )\ if (8, 0) is a proper geared inequality (1) or a proper g-lifted inedjta(3),
¢ 0, otherwise.
By symmetry, the results of Lemmas 4-4.3 hold if we interchange the role af; andu.s.
However the extension of the geBrwith the nodes:;; andu;5 does generate not only inequalities

that are (sequential liftings of) inequalities defined ifimiéons 2.2 and 2.4. Indeed, new facet defining
inequalities appear. More precisely,

Theorem 4.4.LetG = (H, B,e), G' = (H, Byy,,3,¢), andG" = (H, By, u.},¢€)- Let(m,m) be a
g-liftable facet defining inequality fo§ 7T AB(H®), then

> mw+ Maa, + Ty +a1,) < 70 (5)
1€V \{v1,v2}

is facet defining for botbT AB(G’) and ST AB(G"); moreover,

Z mix; + )\(acbl + Ty, + wdQ) < o (6)
iGVH\{vl,vz}

is facet defining foST AB(G”).

Here we want to focus on a few remarks that will be useful téebetnderstand the next results. First,
observe that the huly of a 5-wheel can not be the endnode of a simplicial edge, sinceN (v;)\ {v2}

is not a clique. This implies that geared and g-lifted inditjea associated with non negativity, rank, and
5-wheel inequalities have only coefficients 1 or 2. In paitic the extreme nodes of a simplicial edge,
have only coefficient 1. We now define recursively a new faroflinequalities:

An inequality(vy, o) € G if and only if (v, 1) is (the sequential lifting of)
either a rank inequality,
or a 5-wheel inequality,
or a geared or a g-lifted inequality associated with an inalify in G.

Using definitions 2.2 and 2.4, and the fact that the gear caitipo does not produce new simplicial
edges, it is not difficult to see that any inequalitygnhas only coefficients 1 or 2. For the sake of
simplicity, from now on, we call geared inequalities thegualities inG containing both coefficients
and2 that are not (lifted) 5-wheel inequalities. Consider now piolyhedron

GSTAB(G) ={z € RK\ x satisfies G}. (7)

In [6] it was proved that if7 is a geared graph, the¥" AB(G) C GST AB(G); moreover, a grapty
is said to bgj-perfect if the equality holds. Theorem 2.5 states thak;, # (H, B, ¢) is a geared graph,
then a defining linear system f&fT'AB(G) can be easily provided once we know a defining linear
system forSTAB(H) andST AB(H¢). In other words,
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Using the results of Lemmas 4:8.3 and Theorem 4.4, we can extend the above result to geared
(fuzzy) line graphs, i.e., graphs §f;, as follows:

Theorem 4.6. Let H be a graph andr7; the set of its simplicial edges. L&Y be the graph obtained
from H by subdividing all the edges i C E%,. If H and HF are G-perfect for anyF' C E7;, then
every graphG' € Gy, is G-perfect.

We now prove that the claw-free graphsii’ areG-perfect. More precisely we prove that

Theorem 4.7. If G is an X X -graph thenST AB(G) is defined by the (sequential lifting of the) following
inequalities:

e rank inequalities,
e 5-wheel inequalities,
e geared inequalities.

Proof. By Lemma 3.12, the grapfi is a geared (fuzzy) line graph, namely it belongs to the famil
Gi; whereH is a (fuzzy) line graph. By Proposition 3.9, the grafih— e is also a (fuzzy) line graph.
To obtain H¢ one just needs to compos$él — e, vy, vy) with the strip (P, a,b) where P is the path
(a,u,t,uz,b) and then rename; asv;, i = 1,2. Hence,H¢ is a (fuzzy) line graph and the same holds
for HT' for any subset” C E%; of simplicial edges off. By Theorem 3.5, we know th&tT AB(H)
andSTAB(HT) are described only by rank-inequalities, i.e., the Edmbimésjualities [4], and soff
and H'" areG-perfect. Hence, by Theorem 4.6, every grapte Gj; is G-perfect, i.e.,STAB(G) is
completely described by inequalitiesgnand the theorem followd
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