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Abstract

The paper investigates the problem of tracking a desired level of plasma glucose concentration.
The model for the glucose-insulin system considered here, and recently published, belongs to the
class of single-distributed delay models. The control law is obtained according to the feedback
linearization theory. Both the cases of hyperglycemic and hypoglycemic patients have been
considered. Simulations support theoretical results and show the physical reliability of the
approach proposed.
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1. Introduction

The design of glucose/insulin infusion devices able to control plasma glucose concentration is
of great importance when attempting to reduce the diabetic complications in selected clinical
situations. From an applicative point of view, di®erent therapeutic schemes can be considered,
according to the accuracy of the glucose-insulin model adopted and to the technology available in
actuating the scheme selected. Glucose control strategies are mainly actuated by subcutaneous
or intravenous injections or infusions. The former consist of subcutaneous insulin injections,
three or four times a day, with the dose adjusted on the basis of capillary plasma glucose
concentration measurements: it has a wide ¯eld of application, especially in type 1 diabetes,
because, thanks to its superior management and safety, the dose is administered by the patients
themselves (see [1] and references therein). However, only open loop or semiclosed loop control
strategies can be used, mainly due to the problem of modeling accurately the absorption from
the subcutaneous depot in the plasma circulation (see [1] for a critical review of subcutaneous
absorption models).

On the other hand, a closed loop control design, based on intravenous glucose/insulin ad-
ministration, provides a wider range of possible strategies and ensures a rapid delivery with
negligible delays (see [11] and references therein for a survey of the intravenous route to plasma
glucose control). Naturally, the more accurate is the model of the glucose-insulin kinetics, the
more appropriate and e®ective can the control law be. The modeling of the glucose-insulin sys-
tem is an appealing and challenging topic in biomathematics: many di®erent models have been
presented in the last decades, mostly referring to the well-known experimental framework of the
Intra Venous Glucose Tolerance Test (IVGTT), where a bolus of glucose is administered intra-
venously and glucose and insulin concentrations are frequently sampled (see e.g. the ODEs of
the Minimal Model [2], [12], or the more recent integro-di®erential equations models of [3], [9]).
An interesting survey on a very wide class of most signi¯cative models available in literature
and the software tools related to them can be found in [8]. The main role of these models is to
evaluate glucose and insulin sensitivity in clinical patients [2], [12].

In this paper a closed loop approach is investigated in order to track a desired level of basal
glycemia, by means of intravenous administration of either glucose or insulin. Taking into ac-
count the family of distributed-delay models recently developed in [9], a nonlinear ordinary
di®erential system is achieved, whose components evolve on a suitably de¯ned extended state
space. The key-role is played by the feedback linearization of the system [7]. Di®erently from
other control laws based on the linear approximation of the nonlinear model around the equi-
librium point (e.g. [4, 5]), the proposed approach provides the exact linearization of the system
(no approximations have been considered), by suitably designing the control law. Tracking is,
then, achieved for the linearized system. Both the needs of increasing and decreasing the level
of glycemia to the target have been considered.

Simulation results support the e±cacy of the theoretical developments and show the physical
reliability of the approach proposed.
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2. The glucose-insulin model

The glucose-insulin model here considered belongs to the family of single-distributed delay
models [9], and is reported below; the names of the parameters have been maintained as in
[9].

dG

dt
= ¡b1G(t)¡ b4G(t)I(t) + b7;

dI

dt
= ¡b2I(t) + b6

Z +1

0

!(s)G(t¡ s)ds;

(2.1)

b1 is the insulin-independent glucose disappearance rate, b4 is the insulin dependent glucose
disappearance rate per (¹U/ml) of plasma insulin concentration, b7 is the constant increase in
plasma glucose concentration due to constant baseline liver glucose release, b2 is the ¯rst-order
insulin disappearance rate, b6 is the second-phase insulin release rate per (mg/dl) of average
plasma glucose concentration per unit time.
The kernel !(s) in the insulin dynamics characterizes the choice of the model and is such

that: Z +1

0

!(s)ds = 1;

Z +1

0

s!(s)ds = T < +1: (2:2)

T represents the average time delay.
It has been proven in [9] that all the models provide unique, positive bounded solutions and

admit a unique locally asymptotically stable equilibrium point, given by the basal glycemia and
insulinemia, (Gb; Ib). We can then consider equilibrium concentrations and write:

b1Gb + b4GbIb = b7; b2Ib = b6Gb: (2.3)

Global asymptotical stability is ensured if the average time delay T is su±ciently small, [9].
According to standard identi¯cation procedures, mainly based on the IVGTT, basal values of

glucose and insulin concentrations are acquired as measurements so that equations (2.3) are used
to reduce the total amount of the parameters to be identi¯ed (e.g. b7 and b6 are computed from
b1, b2, b4, identi¯ed, and Gb, Ib, measured). The standard identi¯cation task is performed by
injecting intravenously a glucose bolus and acquiring plasma glucose and insulin concentrations
at frequent times for a period of about three hours. This means, by setting t = t0 the injection
time, that the initial conditions for the IVGTT are:

G(t) ´ Gb; t 2 (¡1; t0);

G(t0) = Gb + b0;

I(t) ´ Ib; t 2 (¡1; t0);

I(t0) = Ib + b3b0;
(2.4)

where b0 is the theoretical increase in plasma concentration over the basal glycemia after the
bolus injection and b3 is the ¯rst-phase insulin concentration increase per (mg/dl) increase in
the glycemia, due to the injected bolus. b0 and b3 are further parameters to be identi¯ed.
As it has been done in [9], also in this paper !(s) has been chosen as:

!(s) = °2se¡°s; ° > 0; (2:5)

so that, the integral in the insulin kinetics is written as:

Z +1

0

!(s)G(t¡ s)ds =

Z +1

0

°2se¡°sG(t¡ s)ds =

Z t

¡1

°2(t¡ ¿ )e¡°(t¡¿)G(¿)d¿: (2:6)



5.

By setting the following positions:

x1(t) = G(t); x3(t) =

Z t

¡1

°2(t¡ ¿)e¡°(t¡¿)G(¿)d¿

x2(t) = I(t); x4(t) =

Z t

¡1

e¡°(t¡¿)G(¿)d¿

(2:7)

due to the linear chain trick [6], the glucose-insulin system (2.1) evolves according to a 4-
dimensional ordinary di®erential system:

dx1
dt

= ¡b1x1(t)¡ b4x1(t)x2(t) + b7;

dx2
dt

= ¡b2x2(t) + b6x3(t);

dx3
dt

= ¡°x3(t) + °
2x4(t);

dx4
dt

= x1(t)¡ °x4:

(2.8)

According to (2.4), the initial conditions for (2.8) in an IVGTT occurring at time t = t0 become:

x1(t0) = Gb + b0; x2(t0) = Ib + b3b0; x3(t0) = Gb; x4(t0) = Gb=°: (2:9)

3. Glucose control: the case of hyperglycemic patients

The aim to decrease the level of plasma glucose concentration in a diabetic patient is of
primary importance, in order to reduce or delay the long-term complications associated with
sustained hyperglycemia. In such a framework, especially in type 1 diabetes, the control law
needs to be a suitably de¯ned insulin infusion, named ui(t), occurring in the insulin dynamics
which is, then, modi¯ed as follows:

dx2
dt

= ¡b2x2(t) + b6x3(t) + ui(t): (3.1)

By taking into account (3.1), system (2.8) will be referred to as:

dx

dt
= f

¡
x(t)

¢
+ gi

¡
x(t)

¢
ui(t) with f(x) =

0

BB
@

¡b1x1 ¡ b4x1x2 + b7
¡b2x2 + b6x3
¡°x3 + °

2x4
x1 ¡ °x4

1

CC
A (3.2)

and gi(x) = (0 1 0 0)T . Consider the output function as the glucose measurements:

y(t) = h
¡
x(t)

¢
= x1; (3.3)

according to which, system (3.2) endowed with the output (3.3) has relative degree 2 [7]:

Lgih =
dh

dx
¢ gi = 0; LgiLfh =

dLfh

dx
¢ gi = ¡b4x1 6= 0; 8x1 > 0: (3:4)
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Note that the relative degree is global in the domain of x, whose components are strictly positive.
Despite of a non-full relative degree, it is possible to design a state feedback control law, which
linearizes the system equations w.r.t. the following change of coordinates:

z = T (x) =

0

BB
@

h(x)
Lfh(x)
x3
x4

1

CC
A =

0

BB
@

x1
¡b1x1 ¡ b4x1x2 + b7

x3
x4

1

CC
A ; (3.5)

with

T¡1(z) =

0

BB
@

z1
b7 ¡ b1z1 ¡ z2

b4z1
z3
z4

1

CC
A : (3:6)

According to (3.5), system (2.8) becomes, in the new coordinates:

dz1
dt

= z2(t);

dz2
dt

= 'i
¡
T¡1(z)

¢
¡ b4z1(t)ui(t);

dz3
dt

= ¡°z3(t) + °
2z4(t);

dz4
dt

= z1(t)¡ °z4(t);

(3.7)

with:
'i(x) = L

2
fh(x) = (b1 + b4x2)(b1x1 + b4x1x2 ¡ b7) + b2b4x1x2 ¡ b4b6x1x3: (3:8)

The linearizing feedback is, then, given by:

ui(t) = ui
¡
x(t)

¢
=

1

LgiLfh
¡
x(t)

¢
³
¡ 'i

¡
x(t)

¢
+ vi(t)

´
=
'i
¡
x(t)

¢
¡ vi(t)

b4x1(t)
; (3.9)

with vi(t) an exogenous input to be assigned in order to achieve the desired tracking. According
to (3.9) the equations (3.7) are linearized as:

dz

dt
= Aiz(t) +Bivi(t);

y(t) = Cz(t);
with

Ai =

2

66
4

0 1 0 0
0 0 0 0
0 0 ¡° °2

1 0 0 ¡°

3

77
5 ; Bi =

2

66
4

0
1
0
0

3

77
5 ;

C =
£
1 0 0 0

¤
:

(3.10)

The input vi is chosen in order to stabilize the linearized closed loop and to assign the desired
glucose level:

vi(t) = Fiz(t) +Ki: (3:11)

Notice that the pair (Ai; Bi) is controllable, which means that, for any chosen set of values
¤ = f¸1; ¸2; ¸3; ¸4g, there exists a suitably de¯ned matrix Fi = [fi;1 fi;2 fi;3 fi;4] such that
the spectrum of Ai + BiFi is equal to ¤. The scalar gain Ki is designed in order to achieve
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the desired basal glucose level Gd = limt7!+1 y(t), so that, by naming Wi(s) the input/output
transfer function of (3.10):

Gd = lim
s7!0

Wi(s) = lim
s7!0

C(sI ¡Ai ¡BiFi)
¡1BiKi = ¡

°Ki
(fi;1 + fi;3)° + fi;4

; (3:12)

from which:

Ki = ¡
Gd
¡
(fi;1 + fi;3)° + fi;4

¢

°
: (3:13)

The scheme of the control law is reported in Fig.3.1.

Fig.3.1 - Glucose control scheme: the hyperglycemic case.

Remark 3.1. By assigning the desired target glycemia, also the target insulinemia changes.
In this case:

lim
t7!+1

z2(t) = 0 ) lim
t7!+1

I(t) = lim
t7!+1

b7 ¡ b1z1(t)¡ z2(t)

b4z1(t)
=
b7 ¡ b1Gd
b4Gd

: (3:14)

²

Remark 3.2. It has to be stressed that in a feasible framework the feedback law ui(t) can
neither assume negative values, nor can produce negative sub-oscillations for the glucose/insulin
evolutions. The ¯rst drawback is readily overcome by assuming to switch o® the feedback when
the input approaches the zero-level; nevertheless, even by adding such an input constrain, sub-
oscillations can still appear. Moreover, as far as the plasma glucose concentration is concerned,
sub-oscillations under 50mg/dl may produce permanent side e®ects, if occurring for too long a
period. Preliminary simulations have, then, the task to determine the closed loop eigenvalues
so as to prevent oscillations, besides converging to the desired glucose level. ²
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4. Glucose control: the case of hypoglycemic patients

Consider the case of a basal level of plasma glucose concentration lower than the one desired
to be tracked. A control law based on a glucose infusion is required in this case. By naming
this control ug(t), the glucose dynamics is modi¯ed as follows:

dx1
dt

= ¡b1x1(t)¡ b4x1(t)x2(t) + b7 + ug(t): (4.1)

By taking into account (4.1), system (2.8) will be referred to as:

dx

dt
= f

¡
x(t)

¢
+ gg

¡
x(t)

¢
ug(t) with f(x) as in (3.2) and gg(x) =

2

66
4

1
0
0
0

3

77
5: (4.2)

According to the output function (3.3), system (4.2) has relative degree 1:

Lggh =
dh

dx
¢ gg = 16= 0: (4:3)

Also in this case the relative degree is global in the domain of x. Nevertheless, the state
feedback linearization can be obtained without a change of coordinates: the linearizing control
law is readily given by

ug(t) = ¡'g
¡
x(t)

¢
+ vg(t); with 'g(x) = Lfh(x) = ¡b1x1 ¡ b4x1x2 + b7; (4.4)

and vg(t) an exogenous input to be assigned in order to achieve the desired tracking. According
to (4.4) the glucose-insulin system (2.8) is linearized as:

dx

dt
= Agx(t) +Bgvg(t);

y(t) = Cx(t);
with

Ag =

2

66
4

0 0 0 0
0 ¡b2 b6 0
0 0 ¡° °2

1 0 0 ¡°

3

77
5 ; Bg =

2

66
4

1
0
0
0

3

77
5 ;

C =
£
1 0 0 0

¤
:

(4.5)

Also in this case, the input vg is chosen in order to stabilize the linearized closed loop and to
assign the desired glucose level:

vg(t) = Fgx(t) +Kg; (4:6)

the pair (Ag; Bg) is controllable which means that, for any chosen set of values ¤ =
f¸1; ¸2; ¸3; ¸4g, there exists a suitably de¯ned matrix Fg = [fg;1 fg;2 fg;3 fg;4] such that
the spectrum of Ag + BgFg is equal to ¤. The scalar gain Kg is designed in order to achieve
the desired basal glucose level Gd = limt7!+1 y(t), so that:

Gd = lim
s7!0

C(sI ¡Ag ¡BgFg)
¡1BgKg = ¡

°b2Kg
(fg;1b2 + fg;2b6 + fg;3b2)° + fg;4b2

; (4:7)

from which:

Kg = ¡
Gd
¡
(fg;1b2 + fg;2b6 + fg;3b2)° + fg;4b2

¢

°b2
: (4:8)
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The scheme of the control law is reported in Fig.2.

Fig.4.1 - Glucose control scheme: the hypoglycemic case.

Remark 4.1. By assigning the desired target glycemia, also the target insulinemia changes.
In this case:

lim
t7!+1

I(t) = lim
t7!+1

x2(t) =
b6Gd
b2
: (4:9)

²

Remark 4.2. Considerations written in Remark 3.2 can be repeated also for the hypoglycemic
case. ²
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5. Numerical simulations

In the following, simulations are proposed referring to a pair of hyperglycemic patients and
to a healthy subject. In all cases, the control law starts at the initial time, set to zero, and
the simulation goes on for 2 hours. The ¯rst case is that of a type 2 diabetic patient, whose
parameters are below reported.

Gb = 150mg=dl;

b1 = 0:018063min¡1

b4 = 1:484 ¢ 10¡4(¹U=ml)¡1min¡1

b7 = 3:6(mg=dl)min¡1

Ib = 40¹U=ml

b2 = 0:041342min¡1

b6 = 0:011(¹U=ml)(mg=dl)¡1min¡1

° = 0:1022min¡1

(5.1)

The desired target level of plasma glucose concentration is set to Gd = 80mg/dl. All eigenvalues
of the closed loop dynamics are chosen equal to ¡0:1. The evolution of glucose and insulin
concentrations is reported in ¯g. 5.1.

Fig.5.1 - Glucose/insulin evolution for a type 2 diabetic patient: ¸ = ¡0:1.

In this case the tracking of the desired target of glycemia is performed in less than an hour.
Below, physical parameters are reported for a type 1 diabetic patient.

Gb = 180mg=dl;

b1 = 0:018063min¡1

b4 = 6:457 ¢ 10¡4(¹U=ml)¡1min¡1

b7 = 3:6(mg=dl)min¡1

Ib = 3¹U=ml

b2 = 0:041342min¡1

b6 = 6:890 ¢ 10¡4(¹U=ml)(mg=dl)¡1min¡1

° = 0:1022min¡1

(5.2)

Also in this case, the desired target level of plasma glucose concentration is set to Gd = 80mg/dl
and the eigenvalues of the closed loop dynamics are chosen equal to ¡0:1. The evolution of the
plasma glucose and insulin concentrations is reported in ¯g. 5.2.
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Fig.5.2 - Glucose/insulin evolution for a type 1 diabetic patient: ¸ = ¡0:1.

In order to test the e®ectiveness of the theoretical results when attempting to increase the de-
sired glucose concentration, the following case has been considered (corresponding, for instance,
to the establishment of a clamped hyperglycemic state in a normal subject). The parameters be-
low reported refer to a healthy subject, whose basal glycemia has to be increased from 79mg/dl
to 120mg/dl.

Gb = 79mg=dl;

b1 = 0:018063min¡1

b4 = 1 ¢ 10¡5(¹U=ml)¡1min¡1

b7 = 1:4763(mg=dl)min¡1

Ib = 62:5¹U=ml

b2 = 0:041342min¡1

b6 = 0:032707(¹U=ml)(mg=dl)¡1min¡1

° = 0:1022min¡1

(5.3)

In ¯g. 5.3 simulations are reported, with the eigenvalues of the closed loop system chosen equal
to ¡0:08.

Finally, taking into account the same healthy subject, a comparison between the natural
response of the organism and the response under supplemental regulation (3.9) is reported
in ¯g.5.4, when an intravenous glucose bolus is injected at time t0 = 10min. According to
(2.4), parameters b0 and b3 are set to b0 = 159:74mg/dl and b3 = 2:827(¹U/ml)(mg/dl)¡1.
Eigenvalues are chosen equal to ¡0:1. It is apparent that the proposed regulator provides a
faster convergence to the target level without oscillations. It should be noted that the theoretical
model chosen does not seem to reproduce well the secondary-phase insulin secretion hump, often
seen in IVGTT's. This limitation leads naturally to the exploration of further models for the
glucose-insulin system.
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Fig.5.3 - Glucose/insulin evolution for a healthy subject: ¸ = ¡0:08.

Fig.5.4 - Glucose/insulin evolution after an IVGTT for a healthy subject: ¸ = ¡0:1.
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6. Conclusions

The tracking to a desired level of glycemia has been investigated according to intravenous ther-
apy acting on a recently published single-distributed delay model of the glucose-insulin system.
The control law design is based on the state feedback linearization theory and provides feasible
glucose/insulin infusions, according to the simulations considered. The regulators proposed in
the present work require the complete knowledge of the state of the system, which means com-
plete glucose and insulin measurements. Nevertheless, according to the state-space methodology
adopted, it may be possible to obtain essentially the same performance following an observer-
based regulator approach, which only uses glucose measurements. This is work in progress by
the same authors.

References

[1] R. Bellazzi, G. Nucci, C. Cobelli, \The subcutaneous route to insulin-dependent diabetes
therapy," IEEE Engineering in Medicine and Biology, Vol. 20, pp. 54{64, 2001.

[2] R.N. Bergman, Y.Z. Ider, C.R. Bowden, C. Cobelli, \Quantitative estimation of insulin sen-
sitivity," Am. J. Physiol. Vol. 236, E667{77, 1979.

[3] A. De Gaetano, O. Arino, \Mathematical modelling of the intravenous glucose tolerance test,"
J. Math. Biol. Vol. 40, pp. 136{168, 2000.

[4] M. E. Fisher, K. L. Teo, \Optimal insulin infusion resulting from a mathematical model of
blood glucose dynamics," IEEE Engineering on Biomedical Engineering, Vol. 36, pp. 479{486,
1989.

[5] L. Kov¶acs, B. Pal¶ancz, Z. Beny¶o, \Classical and modern control strategies in glucose-insulin
stabilization," Proc. of 16-th IFAC World Congress on Autom. Contr. (IFAC05), Prague,
2005.

[6] Y. Kuang, Delay Di®erential Equations with Applications in Population Dynamics, Vol 191
in the series of Mathematics in Science and Engineering, Academic Press, Boston, 1993.

[7] A. Isidori, Nonlinear Control Systems, Third edition. Springer Verlag, 1995.
[8] A. Makroglou, J. Li, Y. Kuang, \Mathematical models and software tools for the glucose-

insulin regulatory system and diabetes: an overview," Applied Numerical Mathematics,
Vol. 56, pp. 559{573, 2006.

[9] A. Mukhopadhyay, A. De Gaetano, O. Arino, \Modelling the intravenous glucose tolerance
test: a global study for a single-distributed-delay model," Discrete and Cont. Dynamic.
Systems-Series B, Vol. 4, No. 2, pp. 407{417, 2004.

[10] G. Nucci, C. Cobelli, \Models of subcutaneous insulin kinetics. A critical review," Comp.
Methods and Programs in Biomedicine. Vol. 62, pp. 249{257, 2000.

[11] R.S. Parker, F.J. Doyle III, N.A. Peppas, \The intravenous route to blood glucose control,"
IEEE Engineering in Medicine and Biology, Vol. 20, pp. 65{73, 1996.

[12] G. To®olo, R.N. Bergman, D.T. Finegood, C.R. Bowden, C. Cobelli, \Quantitative estimation
of ¯-cell sensitivity to glucose in the intact organism; a minimal model of insulin kinetics in
the dog," Diabetes. Vol. 29, No.12, pp. 979{990, 1980.


