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Abstract

The mazimum vertex cover problem is the following problem: given a graph G = (V, E) with
nonnegative weights on the edges and a positive integer p, find p vertices of G such that the
total weight of edges covered by these vertices is maximized. This problem is NP-hard, and
the best known polynomial time approximation algorithm to solve it in the general case has
a performance guarantee of 3/4. In this paper, we show that this approximation ratio can be
increased to 1 — 1/(2q) provided that the edge weighting of the input graph can be partitioned
into cliques of size at least q.






1. Introduction

The mazimum vertex cover problem (MVC, for short) is defined as follows: given a graph
G = (V,E) and a positive integer p, find p nodes of G such that they cover as many edges as
possible. Associating with each edge e of G a nonnegative weight w(e), we define a weighted
version of the problem when one wants to maximize the total weight of the edges covered by
at most p vertices. The MVC problem is related to the well known vertez cover (VC) problem
where one wants to minimize the number of nodes covering all the edges of a given graph and it
is NP-hard, since its polynomial solvability would clearly imply the polynomial solvability of the
vertex cover problem. So, we look for approximation algorithms. An approximation algorithm
for a maximization problem is said to achieve approximation ratio p if the solution provided by
the algorithm for any instance of the problem is always at least p times the optimum for the
same instance.

Several algorithmic results were presented even in the not so recent literature, the major of
them concerned with the general mazimum coverage problem where instead of edges the sets to
be covered by p vertices are generic subsets of a given set. The maximum coverage problem is
a useful model for a variety of applications regarding covering graphs with subgraphs, circuit
layout, scheduling, and facility location (see [9] for further details) and this explains the continous
interest it gave rise to.

In early 80’s, Nemhauser and Wolsey [12] and Conforti and Cornuejols [4] considered the
general problem of maximizing a submodular set function F/(X). In particular, let F/(X) be a
nondecreasing submodular function satisfying F'(#) = 0 and let X* be the set maximizing F'(X);
they showed that the greedy heuristic achieves an approximation factor of 1 — (1 —1/|X*[)IX"I >
1 — e L. Tt is not difficult to see that the maximum vertex cover problem belongs to this class
of optimization problems: in fact, the function F'(X) representing the sum of the weights of the
sets covered by the vertices in X satisfies the required conditions [13].

In 1999 Ageev and Sviridenko [3] developed a polynomial time algorithm to find an approxi-
mate solution to the maximum coverage problem. Their algorithm has an approximation ratio
of 1 — (1 —1/r)" where r is the size of the largest subset to be covered: this ratio is in general
not better than the one achieved by the greedy algorithm. Feige [6] showed that, when there
is no bound to the maximum size of the sets to be covered, no performance guarantee better
than 1 — (1 — 1/p)? can be achieved provided that P # NP. A further generalization of the
maximum coverage problem was introduced by Khuller, Moss and Naor [10] and consisted of
a maximum coverage problem plus a knapsack constraint. For this problem they provide a
(1 — e~!)-approximation algorithm.

The MVC problem can be seen as a maximum coverage problem where the sets to be covered
are two-element sets, namely r = 2. The problem is interesting on its own also because of its
tight connections with the MAX2SAT problem [7], and recent work was focused on classes of
graphs where maximum vertex cover can be solved in polynomial time ([2, 1]).

For the MVC problem, Cornuejols, Nemhauser and Wolsey [5] showed that the greedy algo-
rithm almost always finds an optimal solution. Neverthless, as far as we know the best known
approximation factor for the maximum vertex cover problem is 3/4 and it is achieved by the
algorithm of Ageev and Sviridenko. Recently, Han et al. [8] describe a semidefinite program-
ming based algorithm for the MVC problem whose approximation factor depends on o = p/|V|.
This approximation factor increases with o and for o sufficiently large it gives an approximation
factor better than 3/4.

In this paper we show that when the edge weighting of the input graph can be partitioned



into cliques of size at least ¢, the approximation factor of the maximum vertex cover can be
increased to 1 — 1/(2q) independently from o. In particular, we provide a new linear relaxation
of the classical quadratic formulation of MVC introduced in [3] and [7]. Then we show that the
optimal solution z* of our formulation (computable in polynomial time), with objective function
value f*, can be “rounded” in polynomial time to an integral solution Z, with objective function
value f, such that f > (1 - ﬁ)f*.

2. The pipage technique

In this section we describe a deterministic rounding method introduced by Ageev and Sviridenko
and called pipage [3]. This method was used to derive a 1 — (1 — 1/r)"-approximation algorithm
for the maximum coverage problem where r is the maximum size of the sets to be covered.

The pipage rounding method can be described in its generality as follows: let P be the poly-
hedron

n
P={zeR":> z=p0<z<1}, (1)
i=1
and let F'(z1,z9,...,z,) be a function defined on the rational points of P and computable in

polynomial time. Any nonbinary vector x € P has at least two fractional components, say z;
and z;, whose values are strictly between 0 and 1. Thus, we may define z;;(¢) as the point
(1,...,xi+€...,2j—€,...,2,), and, for e € [-min{z;, 1 —z;}, min{l —z;,z;}], clearly z;;(e)
belongs to P.

If the function F'(x) satisfies the following property:

(*) F(z5(e)) is convex with respect to € € [=min{z;, 1 — z;},min{l — z;, z;}]| for each pair of
indices © # j and for each point x € P,

then it is not difficult to verify that e can be chosen so that the new point z;;(e) in P has fewer
fractional components and F'(z;;(e)) > F(z). So, we update the current solution by substituting
x with z;;(€). Now, by iterating this rounding procedure at most n — 1 times we obtain a binary
vector Z such that

F(z) > F(x)

where = was the original fractional point in P. This method is the so-called pipage rounding
procedure.

Now, consider a graph G = (V, E) with |V| = n nodes and |E| = m edges, with a nonnegative
weight w;; associated with every edge ij € E, and let p be a positive integer. The MVC problem
can be formulated as a nonlinear 0 — 1 program as follows:

max Z wij(a:i +z;— xixj)
ijEE
d @i<p (2)
i€V
z; €{0,1} i€V.
The function F(z) = >, p wij(zi+2;—ziz;) satisfies property (+) since F'(z;;(€)) is a quadratic
polynomial in € such that the coefficient of the quadratic term is nonnegative for each pair of



indices 7,7 and for each point x € P. Thus, the pipage rounding procedure can be applied to
the function F(z).

3. Linear formulations

An integer linear programming formulation of the MVC problem can be easily obtained by
introducing two sets of 0 — 1 variables: the variables z;, + = 1,...,n whose value is 1 if and
only if the node 7 belongs to the (partial) vertex cover, and the variables z;; whose value can
be 1 only if the edge ij is covered. Hence, the optimal solutions of MVC are represented by the
solutions of the following integer program:

max sz

inﬁp

eV
Ti+xj >z i ER (3)

zef{0,1} eV
Zij € {0, 1} i) € .

where w and z are the vectors whose components are w;; and z;;, respectively.

The mazimum vertez cover polytope, denoted as Pyrvc(G) € R*T™  is the convex hull of the
integral vectors (z, z) which satisfy the constraints (3). Then, MVC is the problem of maximizing
the linear function w’ z over Pysy-c(G). This polyhedron is related with the well known vertex
cover polyhedron Py ¢(G), which is the convex hull of the incidence vectors of vertex covers of
a graph. In fact, when p = n, the polyhedron Py ¢(G) is obtained from Pyrvc(G) by projecting
onto the subspace of the z variables the face Payyvc(G) N{z € R™ : z;; = 1,ij € E}.

Proposition 3.1. Pyve(G) is full-dimensional (for p > 1).

Proof. Let Y be the set of (z,z) vectors composed by: (i) the null vector; (ii) for every node
i € V, the vector having z; = 1 and all the other components equal to zero; (i7i) for every edge
ij € E and arbitrary node i belonging to it, the vector having z; = z;; = 1 and all the other
components equal to zero. It is sufficient to observe that Y constitutes a set of n+m+ 1 affinely
independent integral vectors satisfying the constraints of (3). I

A natural linear relaxation of MVC is obtained by removing the integrality constraints from
(3) and by optimizing over the resulting polyhedron P’'(G). Better formulations can be obtained
by adding to the linear system defining P'(G) valid inequalities for Pasyc(G). In the following,
we provide a family of such inequalities, called clique inequalities.

Lemma 3.2. Let QQ be a cliqgue of G of size ¢ < p+ 1 and let h be an integer satisfying
1 < h < q—2. Then the following inequality

(g—h)g—h-1)
Z zijgh.z x; + 5 (4)
iJER(Q) i€V(Q)
is facet defining for Pyve(G).

Proof. We can assume that the clique @) coincides with G: the proof for the general case can be
easily obtained by lifting. Hence, we have ¢ = n and gq(q—1)/2 = m. Let (z, z) be any 0—1 vector
in Pyyve(G) and let X CV and Z C E be the sets of nodes and edges whose incidence vectors



are x and z, respectively. Observe that Z is a set of edges (not necessarily maximal) covered by
the set X of nodes. Inequality (4) then is equivalent to |Z| — h|X| < m — hn + h(h +1)/2. To
show that such an inequality is valid it is sufficient to observe that, by letting 6 = |X| —n + h,
we have |[Z| <m — (h—0)(h —d§ —1)/2, i.e.,

h(h+1) 6(0+1) <m—hn+ h(h+1).
2 2 2

Observe that inequality (4) is satisfied as an equality by the incidence vectors (x, z) of pairs
of sets (X,Z) such that n —h —1 < |X| < n—hand Z = Z(X), where Z(X) denotes the
(maximal) set of edges covered by X. All such vectors belong to Pyrvc(G) because p > n — 1.

Let F be the facet of Pyrvc(G) containing all the vectors that satisfy (4) as an equality, and
let o’z + T2 < v be a valid inequality which defines F. Since such an inequality is defined
modulo a multiplicative positive constant and v must be positive, without loss of generality we
may assume y = (¢ — h)(¢ —h —1)/2 = m — hn + h(h + 1) /2. We will complete the proof by
showing that o’z + 872 < v coincides with (4).

Let X C V be any set of nodes satisfying |X| = n—h —1 and let u,v,w be any three
nodes such that u € X, v,w ¢ X. Observe that |Z(X X)| = m — h(h + 1)/2. Let (Z,2) be
the incidence vector of (X Z(X)), (#',2') the incidence vector of (X U {v}, Z(X U {v})), (Z,7)
the incidence vector of (X — {u} U {w} Z(X — {u} U {w})), (z',Z') the incidence vector of
(X — {u} U{v,w}, Z(X — {u} U {v,w})). We have o’z + 72 =a"d' + 73 =Tz + 7z =
o’z + BTZ = ~. Hence, we obtain o (& — &' —Z + @) + T (2 — 2 — 2+ Z') = 0 which implies
Buou = Buow. By the arbitraryness of the choice of X, u, v, w, we have that all the 3 coefficients
are equal: let b be their common value.

Now, observe that o (' — ) + 87 (' — 2) = 0 implies

|Z| — h|X| <m —hn+

v+ Y. Bui=cy+hb=0.
ig XU{v}

Again, by the arbitraryness of the choice of X and v, we get that all the « coefficients are equal
to —hb. Finally, by o’ 7+ 872 = —hb(n —h—1) +bm —h(h+1)/2] =y =m —hn+h(h+1)/2
we get

Y RS\

Since hn — h(h +1)/2 < (n — 1)(n — 2)/2 < n(n — 1)/2 = m, we must have b = 1 which
completes the proof. i

Inequality (4) can be seen as a generalization of the well known clique facet-defining inequality
Yicv Q) Ti > |@Q|—1 for the vertex cover polyhedron Py ¢ (G). In fact, such inequality is obtained
from é4) by letting h =1 and z;; = 1 for ij € E(Q).

Another generalization of a well known facet-defining inequality for the vertex cover polyhe-
dron is the odd-cycle inequality described in the following.

Lemma 3.3. Let C be a cycle of G of length 2k + 1 (k < p+1). Then the following inequality

Z zij < Z z; +k (5)

ijeE(C) ev(C

is facet defining for Pyyve(G).



Proof. Again, we can assume that the cycle C coincides with G: the proof for the general case
can be easily obtained by lifting. Let (z,z) be any (0,1) vector in Pyyc(G) and let X C V
and Z C FE be the sets of nodes and edges whose incidence vectors are x and z, respectively.
Moreover, assume that the nodes of C' are ordinately numbered from 0 to n — 1 and let X be
partitioned into sets Xp and Xy, where X is the set of “dominant” nodes (let us say that
a node 1 € X is dominant if i + 1 ¢ X, sums taken modulo n). Inequality (5) is equivalent
to |Z] —|X]| < (n —1)/2. To show that such an inequality is valid it is sufficient to observe
that |Z| < 2|Xp| + |Xn|, and that | Xp| < (n — 1)/2. Now, to show that inequality (5) is
facet-defining, consider the following sets (sums taken modulo n): (i) for any node i € V let
X;={i,i+2,i4+4,...,i+n—1}, Z; = E; (i7) for any edge ij € E (where j =i+ 1 modulo n)
let X;5 ={i+2,i+4,...,i+n—1}, Z;; = F — {ij}. It is easy to observe that the incidence
vectors of the pairs of sets (X;, Z;), (Xi;, Z;;) are n + m affinely independent vectors satisfying
inequality (5) as an equality. I

In the following section we shall consider the stronger formulation of the MVC problem which
is obtained by adding the clique inequalities associated with a family Q of cliques of G to the
linear relaxation of (3). We let ¢ € V' (ij € E) be any node (edge) of G. With some abuse of
notation, we shall write i € Q) (ij € Q) if the node i (the edge ij) belongs to the clique Q). Thus
we have:

mawaz
Z%‘Sp
iV
Ti + T > 2z i €EF (6)
—h —h-1
ZzijghzxiJr('Q' )<l ) Qe h=1...|Q -2
4 4 2
iJEQ 1€Q
0<z; <1 i€V
0<2z;<1 ij € E.

4. Clique-coverable graphs

Let G = (V,E) be a graph with edge weights w;; € Ry, ij € F and let Q@ = {Q1,...,Q¢} be
a family of cliques of G. The weighted graph (G, w) is said to be covered by Q if there exist
nonnegative numbers cy,...,c; such that:

Wij = Z Ch,.

Qn3tj

Moreover, a weighted graph (G, w) is said to be clique-coverable if there exists a family of
cliques Q such that (G, w) is covered by Q. If we denote by w and ¢ the vectors whose components
are w;; and ¢y, respectively, and by A the 0 — l-matrix with |E| columns whose rows are the
incidence vectors of the edge-sets of cliques in Q, we can write the above property as w’ = ¢! A.

Notice that, given a weighted graph (G, w) and a family of cliques Q, it is easy to check whether
(G,w) is covered by Q. Moreover, if (G, w) is clique-coverable, then it is covered by a family Q
of polynomial size. In the remaining of the section we assume that (G, w) is clique-coverable.

Consider the following linear program:



max ¢’y
Z%‘Sp
1€V L L 1 (7)
vo<h Y a+ WP ZD e oo Q-1
4 2
1€EQ
0<z; <1 1€V

where y = Az is the vector whose components are variables associated with the cliques of Q,
and yg is meant to represent the number of edges in () covered by the current solution. Thus,
(7) is a relaxation of (6).

For any clique @ of G of size ¢ and any vector x satisfying 0 < z; < 1,4 € V, we define

o la=hlg=h-1)
LQ(I)_USII%IEH hiEZQ:I;Z-i— 5

Now, if we replace ZieQ x; by a new variable s, and observe that the minimum in the above
expression is attained when h = ¢ — [s], we get

Mo(s) = Lo(w) = (g — [s])s + IEI=D, ®)

Let L(z) denote the vector whose components are Lg(z), @ € Q. Since (G,w) is covered by
Q, we have:

Proposition 4.1. The linear program (7) is equivalent to:

max ¢’y

y = L(z)
Zfl?i <p (9)

i€V
0<z; <1 1€V.

Finally, for any clique @ of size ¢ in G, define
Fo(z)=(q—1)> zi— Y wj,
1€Q 1JEQ

and let F'(z) be the vector whose components are Fg(z), @ € Q.
To prove our result we need the following theorem of Motzkin and Straus [11] on the maximum
of a square-free quadratic form on a simplex.

Theorem 4.2. Let w be the size of a mazimum clique of a graph G = (V, E) with |V| =n and
let Py be the polyhedron {x € R™: Y ", x; =1,z; > 0}. Then

1(w=1)

max Tixr; == .

z€P1 4 2 w
iyeER



Let @ be any maximum clique of G. Motzkin and Straus also showed that the maximum of
the quadratic form is attained by letting z; = 1/w, for i € @, and z; = 0, otherwise.

Now, let s be a nonnegative real smaller than or equal to w and let P, be the polyhedron
{zeR": 3" 2 =s,0 <z <1}. We generalize the result of Motzkin and Straus as follows:

Lemma 4.3. Let w be the size of a mazimum clique of a graph G = (V, E) with |V| = n and
let s <w. Then

2
-1
maXZIin:%(ww )

Proof. If s = 0 the result is obvious. Otherwise we set y; = z;/sand P' = {y e R" : Y1 , y; =
1,0 <y; < 1/s}. Observe that y € P’ if and only if z € Py and

2
max g T;x; = s | max g YiYs
z€Ps ~ J yeP! 4 I
ijel ijel

Also, we have P’ C Py ={y € R": > ", y;i = 1,y; > 0}. Thus, by Theorem 4.2, we have

Moreover, let @@ be a clique of G of maximum size. Now, the maximum in P; of Zije g Yiy; is
attained at the point ; = 1/w,i € @ and y; = 0 otherwise. Since g belongs to P’ the result
follows. I

Theorem 4.4. For any clique Q of size ¢ > 3, s < q, and any vector x € Ps, we have

2g — 1
2q

Fo(z) > Lq(z).

Proof. To prove the theorem it suffices to show that

F _
min Q(x) > 24 1.

By (8), we replace Lg(z) by Aq(s). Then, since mingep, Fo(z) = (¢—1)s—mazzep, D _;ic0 Tit5,
we apply Lemma 4.3 and rewrite mingep, F/(z) as a function of s as well:
s (¢ —1)

;IelgiFQ(x) =dols) = (¢ -1)s - = .

We now show that ¢g(s)/Ag(s) > (2¢ — 1)/2q, namely that

20(¢ - Ds—s*(g-1) _2g-1
2q(q — [s])s +qfs]([s] —1) = 2¢

After some algebraic manipulations, the above inequality can be reduced to the following one:

(Is1 =1)(2¢ = 1)(2s — [s]) = 2s(q — 1)(s — 1) (10)



10.

If s € [0,1] then the left hand side of inequality (10) becomes zero while the right hand side
is nonpositive, and so the inequality holds.
If s > 1 then we replace [s] by s + fract(s) in (10) and we get

s(s — 1) + fract(s)(2¢ — 1)(1 — fract(s)) >0

which clearly holds. Thus the theorem follows. il
The following is an immediate consequence of the above theorem.

Theorem 4.5. Let G = (V, E) be a graph, let Q be a family of cliques of G and let F(z) and
L(z) be functions defined as above; moreover, let G be the minimum size of a clique in Q. For
any nonnegative vector ¢ and for any vector T with 0 < z; < 1, we have

27 — 1

T )=
>
¢ F(z) > %

' L(z).

Proof. The result follows by noticing that, by Theorem 4.4, for any clique ) € Q of size g, by
letting s = 3, o Z;, the following inequalities hold:

29 —1
2q
Thus, since the vector ¢ is nonnegative, the thesis follows. I

We can now state the main result of the paper.

27 — 1

Fo(#) > T~ Lo(#) > =5~ Lq(®)

Theorem 4.6. Let (G,w) be a clique-coverable graph, where Q is the associated family of
cliques; moreover, let q be the minimum size of a clique Q € Q. Let OPT be the optimal
value of (3). Then, there exists a polynomial-time algorithm which computes a solution (z,Z) of
(3) such that

27 — 1

q

whz > OPT.

Proof. Let z,7 be an optimal solution of (7), with value ¢’5. Since (7) is a relaxation of
(3), its optimal value is not smaller than the optimal value of (3) and can be computed in
polynomial time, since |Q| is polynomial. Moreover, by Proposition 4.1 we have y = L(z) and,
by Theorem 4.5, we have
2 — 1

2q

c'F(z) > ' L(z).

Note that without loss of generality we may assume that z satisfies ), Z; = p. By applying
the pipage rounding procedure described in Section 2, we can transform z into a (0, 1)-vector &
such that Y~ .y, & = >_,cy % = p and ¢ F(2) > ¢! F(Z). Let 2 be the vector whose components
Z;j are defined by Z;; = max{Z;,2;}; then (,Z2) is a solution of (3). Note that F'() = AZ and
so ¢! F(#) = wT z. Hence we have

2¢ — 1

T

27 — 1 27 — 1
wT's > S Tpz) =15 > OPT

I
o)

N
~
=

and the theorem follows. I
Observe that the approximation factor proved by the above theorem is not worse than 3/4
and for triangle coverable weighted graphs it is already 5/6.
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