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Abstract

The path, the wheelbarrow, and the bicycle inequalities have been shown in [5] to be facet
defining for the graphical relazation of STSP(n), the polytope of the symmetric traveling salesman
problem on an n-node complete graph. We show that these inequalities, and some generalizations
of them, define facets also for STSP(n). In conclusion, we characterize a large family of facet
defining inequalities for STSP(n) that include, as special cases, most of the inequalities currently
known to have this property as the comb, the clique tree, and the chain inequalities. Most of
the results given here come from a strong relationship of STSP(n) with its graphical relaxation
that we have pointed out in [18], where the basic proof techniques are also described.
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1. Introduction

“The most spectacular success of the cutting plane technique has certainly been achieved for
the traveling salesman problem” observe Grotschel and Lovész in their survey on Combinatorial
Optimization [8]. This success is due mostly to the exploitation of the current (partial) knowledge
of the structure of the traveling salesman polytope and is the main motivation for pushing this
knowledge a bit further.

In [5], Cornuéjols, Fonlupt, and Naddef define a class of valid inequalities for the symmet-
ric traveling salesman polytope on a graph with n nodes (STSP(n)) known as the path, the
wheelbarrow, and the bicycle inequalities (the PWB inequalities for short). They show that
these inequalities are facet defining for a relaxation of STSP(n), namely the graphical relazation
polyhedron (GTSP(n)).

The main result of this paper is that these inequalities, and many of their generalizations, are
facet defining for STSP(n). This result was contained in the research report [16], which had the
same title as this article and was widely referenced in the literature, both in research and in
survey articles. However, it was very technical and difficult to read, thus was never submitted
for publication. This paper is a substantial revision of that report.

The motivation for adding the PWB inequalities to the list of those defining facets of STSP(n),
besides the fact that they provide a huge and natural generalization of the comb inequalities,
comes from the fact that they are useful in a polyhedral cutting plane algorithm for the solution
of the traveling salesman problem as shown by Naddef and Thienel in [19, 20] (see also [4]). This
experimental evidence confirms the theoretical expectation expressed by Goemans in [6], where
he addresses the problem of measuring the quality of a class of inequalities. As a measure, he
proposes the ratio of the lower bound for the graphical traveling salesman problem obtained by
using all the inequalities of a given class along with the subtour elimination inequalities and the
lower bound produced with only the subtour elimination inequalities. The best value, among
all the inequalities of GTSP(n) known to date, is obtained for the PWB inequalities.

In [18] it is shown how the two polyhedra STSP(n) and GTSP(n) are very tightly related.
On this basis, a technique is developed to prove that some given facet defining inequalities
for GTSP(n) are also facet defining for STSP(n). Moreover, sufficient conditions are stated
under which the composition of facet defining inequalities introduced in [17] for GTSP(n), also
applies to the case of STSP(n). Finally, it is shown how to apply several kinds of liftings to the
inequalities that define facets of STSP(n).

In this paper we first use the technique of [18] to prove that the path, the wheelbarrow, and the
bicycle inequalities are facet defining for STSP(n) (Section 2). Since these inequalities contain
the comb inequalities as a special case, as a byproduct we get another proof that the comb
inequalities define facets of STSP(n). Another such proof for comb inequalities can be found in
[21], besides, of course, the original proof of Grotschel and Padberg [9, 10].

In [18], an edge cloning operation is defined to extend an inequality to a higher dimensional
space, and sufficient conditions under which its application preserves the facet defining property
of an inequality are given. Here we apply this operation to the PWB inequalities. The so called
chain inequalities of [24] are a particular case of the inequalities obtained in this way.

We finally prove that the repeated 2-sum composition of PWB inequalities yields facet defining
inequalities. Clique trees, with at least one node outside all handles and teeth, are a special case
of these inequalities, therefore we get an alternative proof that they are facet defining; the
original one was given by Grotschel and Pulleyblank in [11].



Let G = (V, E) be a graph on n nodes. By e = (u,v) we denote the edge of G having u and
v as endnodes and we let R” be the set of all real vectors whose components are indexed by
the edge set E. For every real vector  in R”, by x., or by z(u,v), we denote the component
of x indexed by e = (u,v). For a subset F' C E, we let (F) be the sum ) .p2.. When G is
complete, we denote it by K,, = (V, E,).

With every Hamiltonian cycle H of K,, we associate a unique incidence vector x in RF». The
components of Y indexed by the edges of H have value 1 while all the other components have
value 0. The symmetric traveling salesman polytope (also called the Hamiltonian cycle polytope)
associated with K, is denoted by STSP(n) and is the convex hull of the set of the incidence
vectors of all the Hamiltonian cycles of K.

The description of STSP(n) with linear inequalities is a classical topic of Polyhedral Combi-
natorics and has attracted a lot of interest. For the fundamentals of Polyhedral Combinatorics
we refer the reader to [22]. While for small values of n (n < 9) a complete description of the
system of inequalities defining facets of STSP(n) has been generated by means of a computer
program (see, e.g., [2]), for arbitrary values of n the knowledge of such a system is far from being
complete and it is very unlikely that it will ever be. In the last 40 years many papers appeared
in which new valid or facet defining inequalities for STSP(n) were introduced. We refer to [12],
[13], [14], and [15] for a list of them and for further details on the traveling salesman polytope.
As new inequalities are discovered, it becomes more and more difficult to keep track of all of
them in a unifying framework; moreover the proof techniques are usually specific for each class
of inequalities.

This paper aims at giving a compact combinatorial description for a large family of facet
defining inequalities that includes most of the known ones as well as at providing a standard
proof technique to show that an inequality defines a facet of STSP(n). As STSP(n) is not full
dimensional, to study its polyhedral structure it is customary to imbed it into a full dimensional
polyhedron called a relaxzation, which is obtained by dropping some conditions on the solution
set, and then to find sufficient conditions for an inequality facet defining for the relaxation to
maintain such a property for STSP(n).

The two major relaxations that have been considered in the study of the polyhedral structure
of STSP(n) are the monotone traveling salesman polytope, introduced in [7], and the graphi-
cal traveling salesman polyhedron. Sufficient conditions for a facet defining inequality for the
monotone relaxation to be facet defining for STSP(n) are given in [1].

A desirable property of a relaxation R is that every facet of STSP(n) be contained in exactly
one of the facets of R that do not contain the entire polytope STSP(n). If this property holds,
then there is a one to one correspondence between a subset of the facets of R and all facets
of STSP(n). Unfortunately, the monotone traveling salesman polytope does not have such a
property. On the contrary, the graphical traveling salesman polyhedron does. For this reason
and for some nice connections with STSP(n), which will be mentioned in the following, this
polyhedron appears to be the most natural and useful relaxation for studying the polyhedral
structure of STSP(n).

We exploit here such connections between STSP(n) and the graphical traveling salesman poly-
hedron. The latter polyhedron has been studied in [5, 17], while its connections with STSP(n)
have been studied in [18]. Most of our proofs are based on the results of these three papers.

To formally define the graphical traveling salesman polyhedron, we need the following defini-
tions.

A multiset of edges of G = (V, E) is a collection F of elements of E that may contain several
copies of the same element. For every element e of F, we call multiplicity of e in F' the number



of times e appears in F. Clearly, a set of edges of G is a multiset where every element has
multiplicity 1. Let F} and F5 be two multisets of edges of G and let F} 4+ F5 denote the multiset
for which the multiplicity of every element is given by the sum of its multiplicities in F; and F5.
By F+eand, if e € F', by F —e we denote the multisets for which the element e has multiplicity
one more and one less than in F', respectively. Finally, t{e} denotes the multiset containing only
the element e with multiplicity t.

Let F' be a multiset of edges of G = (V, E). By G[F] we denote the multigraph having node
set V and having, for every pair of distinct nodes v and v in V, as many edges with endnodes
uw and v as the multiplicity of (u,v) in F. For every node v in V the degree of v in F is the
degree of v in the multigraph G[F], and the neighbors of v in F are the neighbors of v in the
multigraph G[F]. With every multiset F' of edges of G we associate a unique representative
vector xI' € R¥ by setting x equal to the multiplicity of e in F for every e € E. If ¢ is a vector
in R”, the c-length of I, also denoted by c(F), is defined as ¢(F) = cx". For any two multisets
F) and Fy of edges of G, if xf1 < x? we say that F} is contained in Fj.

A spanning closed walk of a graph G = (V| E) is a multiset W of edges of G such that

(i) the degree in W of every v € V is positive and even;

(ii) G[W] is connected.

We simply use the term walk for a spanning closed walk since all our walks are of this kind.

Thus, a Hamiltonian cycle in G is a walk where every node has degree 2, while a walk is not,
in general, a Hamiltonian cycle.

Figure 1 shows a graph and a closed walk which is not a Hamiltonian cycle.

b

Figure 1: Example of a closed walk W in a graph G

The graphical traveling salesman polyhedron associated with the graph G, denoted by GTSP(G)
or GTSP(n) when G = K, is the convex hull of the set of the representative vectors of all the
walks of G and is the polyhedron associated with the graphical traveling salesman problem.

If G is connected, then 27" = {2{e} | e € T'} is a walk for any spanning tree T' of G. Moreover,
W + 2t{e} is a walk for any walk W, for any edge e of G, and for any nonnegative integer t¢.
Therefore, GTSP(G) is a full dimensional unbounded polyhedron. Clearly, GTSP(n) is a relax-
ation of STSP(n) (the degree of each node is no longer required to be 2 but only positive and
even) and STSP(n) = {x € GTSP(n) | z(E) = n} (see [5]). Therefore, STSP(n) is a face of
GTSP(n).

For any inequality fz > fy and for each node u € V', we define the edge set A¢(u) = {(v,w) €
E, ’ uF v, uFw, f(v,w) = f(u,v) +f(u7w)}’

Definition 1.1. An inequality fx > fo defined on RF» is said to be tight triangular (abbreviated
TT) or in tight triangular form (abbreviated TT form) if:

(a) The coefficients f. satisfy the triangular inequality, i.e., f(u,v) < f(u,w) + f(w,v) for
every triple uw,v,w of distinct nodes in V;

(b) A¢(u) #0 for all u in V.



In [18] it is proven that, except for the trivial inequalities 2, > 0 and for the degree inequalities
z(6({u})) > 2, all facet defining inequalities of GTSP(n) are in TT form (here and in the
following, by 6(U) = {(u,v) € E |u € U,v € V \ U} we denote the cocycle of a subset U of V
in the graph G = (V, E)). Moreover, it is shown there that every non trivial inequality cz > ¢
facet defining for STSP(n) has a unique equivalent inequality fx > fo in T'T form, up to scaling
by a nonnegative constant w, where f and fy are defined as follows:

f(u,v) = 7(Ay + Ay + ¢(u,v)) for all (u,v) € E

(1)
fo=7 (22 uev Au + o) ,

where A € RV satisfies

1
Ay = imax{c(v,w) —c(u,v) —c(u,w) |u,v,w e Vu#v#w} foralluelV. (2)
We now show the T'T" form of the comb inequality, probably the best know inequality of the
linear description of STSP(n). We consider the simplest comb inequality, the one with three
teeth. Such an inequality is defined on a subset of vertices H called the handle and on three
mutually disjoint subsets of vertices T1, T», and T3, called the teeth, which intersect H (see
Figure 2).

loiana)

T Ty Ts

Figure 2: A 3-tooth comb and the coefficients of the inequality in 7T form

When first defined by Chvatal [3] and then by Grétschel and Padberg [9] the inequality, where
k is odd and stands for the number of teeth (in our example k& = 3) and where v(U) denotes the
edge set {(u,w) | u,w € U}, was given as

k

k
z(Y(H)) + Y x(v(Ty)) < [H|+ Y (ITi| = 1) = (k+1)/2.

i=1 i=1

After multiplying both sides of the inequality by —1 and applying (2), one obtains for \,
a value given by half the number of sets (handle and teeth) to which u belongs. Then, by
applying (1) (with 7 = 2 to produce integral coefficients), one obtains the following version of
the inequality in T'7T form:

z(0(H))+ > z(6(Tj)) > 3k + 1.
j=1
In the right hand side part of Figure 2 some edges of G are drawn with their coefficients in the
TT-form of the comb inequality defined by the sets in the left hand side. The coefficient of any
edge e is given by the number of sets whose border is crossed by e. To unclutter the figure, only
a few examples of such coefficients are shown.



In [18] it is shown that the T'T form of any facet defining inequality for STSP(n) is also facet
defining for GTSP(n)!. Finally, sufficient conditions are given for an inequality facet defining
for GTSP(n) to define a facet of STSP(n).

Based on these results, the process of finding new valid inequalities for STSP(n) and of proving
that they are facet defining can go along the following four steps.

1. One first restricts the attention to a (possibly sparse) spanning graph G = (V, E) and proves
that an inequality, say cz > cg, defines a facet of GTSP(G). This task may take advantage from
the sparsity of G and from the fact that using walks, rather than Hamiltonian cycles, simplifies
the proofs considerably. Note that G only has to be connected, in order to have a full dimensional
polyhedron GTSP(G), and actually may not be Hamiltonian at all. The graph G is called the
skeleton of the inequality (see [17], pp. 373-374).

2. Using a standard sequential lifting procedure, one then extends the inequality cx > ¢y to be-
come a facet defining inequality for GTSP(n). This is done by choosing an ordering (ej, ez, -, ;)
of the edges of the set E, \ F and then, for each £ = 1,---, 7, by assigning the smallest coefficient
to ey such that the length of the shortest walk in Gy = (V,E U Ule er) is ¢p. The resulting
inequality is facet defining for GTSP(n) by construction. Different orderings of the edges in
E, \ E yield, in general, different inequalities. When this is not the case we say that the skeleton
is stable (see [17]). Examples of a skeleton that is stable and of one that is not are given in
Section 2.

3. Once a facet defining inequality for GTSP(n) has been obtained, one tries to show that
it defines also a facet of STSP(n) by proving that one of the mentioned sufficient conditions is
satisfied.

4. Using the inequalities produced at Step 3 as building blocks, one can apply some operations
described in [17] and [18], which produce new inequalities from known ones, to describe in a
compact way a large family of facet defining inequalities.

It is easy to see that a T'1T" inequality cannot have negative coefficients. However, it can have
coefficients with value zero. A T'T inequality cx > ¢y defined on R¥" with ¢, > 0 for all e € E,, is
called simple. Simple inequalities have a peculiar geometric property. They define all bounded
facets of GTSP(n).

Let (U : W) denote the edge set {(u,w) | u € U,w € W}. Suppose we are given a 77" inequal-
ity cx > co which is not simple. It is easy to see that V' can be partitioned into p sets V!, .- VP
such that:

(a) ce=0forallecy(VY),i=1,---,p;

(b) forall i #j € {1,---,p}, ce =cf >0 fore, f € (Vi:VI).

Since the edges linking two vertices contained in a same subset V' have a zero coefficient, these
edges do not play any structural role in the definition of the inequality, only the edges linking
the various subsets do. In fact, as far as GTSP(n) is concerned, given a facet defining inequality,
one can add as many vertices as desired to any subsets V¢ and obtain a facet defining inequality
for GTSP(n'), ' > n. This suggests to first study the case in which |V?| = 1 for all i, i.e., to
study first simple facet defining inequalities.

The subgraph of GG induced by the set obtained by taking one representative node for each of
the sets V; for ¢ = 1,---,p, is a complete graph K, on p nodes. The simple inequality associated
with cx > cg is the inequality ¢z > cg defined by it on the complete graph K, with

c(ui,uj) =ce, e€(Vi:VI) forall1<i<j<p.

LTill very recently, no examples were known of facet defining inequalities for GTSP(n) that are provably not
facet defining for STSP(n). In [23] Oswald, Reinelt and Theis exhibit some of such inequalities.



From now on, every time we refer to an inequality of type A without using the attribute “simple”
we mean that the inequality may have zero coefficients and that it is associated to a simple
inequality of type A.

The paper is organized as follows. In Section 2 we show that the simple path, wheelbarrow,
and bicycle inequalities (simple PWB for short), proved in [5] to be facet defining for GTSP(n),
define also facets of STSP(n).

In Section 3 we extend the result to all PWB inequalities. In Section 4 we prove that the same
holds for the a generalization of these inequalities which we call extended PWB inequalities.
PWB and extended PWB are obtained from the simple PWB inequalities by applying the
operations mentioned at the step 4 of our “facet hunting” process described above. In Section 5
we study some compositions of PWB inequalities that yield a large superclass of the clique-tree
inequalities.

2. The simple PWB inequalities

The PWB inequalities were first defined in [5]. We give here the alternate definition proposed
in [15] that has been more widely used in the recent literature on the traveling salesman problem
and, being based on handles and teeth, is more similar to the classical definition of the comb
inequalities of which the PWB are a generalization.

Definition 2.1. A k-PWB configuration is a quadruple (H,7T,«a, ), where H = {H, | r =
1,--- h} and T = {T; | i = 1,---,k} are two collections of subsets of V called the handles
and the teeth of the configuration, respectively, and o and B are integer vectors of h and k
components, respectively. Each handle H, has associated the component o, and each tooth T;
has associated the component 3;. The vectors a and 3 satisfy the Equality Interval Property
(see Definition 2.2 below), moreover the handles and the teeth satisfy the following conditions:

H,.C H, 11 forl<r<h-1 (3)
HiNT; #0 fori=1,---k (4)
T;\ Hy, # 0 fori=1,---k (5)
inT; =10 for1<i<j<k (6)
(He \H)O\UZ T =0 for1<r<h-1 (7)

The above conditions state that the handles are linearly nested (3), that the innermost handle
intersects all teeth (4), that each tooth has at least one node not contained in any handle (5),
that the teeth are pairwise disjoint (6), and finally that the node of each handle is contained
either in H; or in a tooth (7).

In Figure 3 an example of a PWB configuration with three teeth and six handles is shown.
The black filled points in the figure represent nonempty sets of nodes while the white filled
points represent possibly empty sets of nodes. The union of all these node sets gives V. It is
easy to verify that the handles and the teeth satisfy the conditions (3)-(7). In particular, by
Condition (7), the nodes that are not contained in any tooth can either belong to H; (in the
figure the set of these nodes is marked as Y') or belong to the complement of Hj (the set of
these nodes is marked as 7).

To complete Definition 2.1, we have to define the Fquality Interval Property. To this purpose,
we need the notion of handle interval relatively to a given tooth T;. A handle interval relatively
to a given tooth T; of a k-PWB configuration is the index set R C {1,---,h} of a maximal set
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Figure 3: Example of a PWB configuration

of handles which have the same intersection with 7;. By definition, a handle interval is made
of consecutive indices. Moreover, the index set {1,---,h} is partitioned into s; handle intervals
relatively to a tooth T;. For example, in the PWB configuration of Figure 3, the handle intervals
relatively to 77 are {1,2,3} and {4, 5,6}, those relatively to T3 are {1}, {2,3}, {4,5}, and {6}.

Definition 2.2. The vectors o and 3 of a k-PWB configuration (H, T, «, ) satisfy the Equality
Interval Property if >, cp . = 3; holds for each tooth T; and for each handle interval R relative
to Tz

It is easy to check that the integers associated with each handle and tooth in Figure 3 define
vectors @ and 3 that do satisfy the Equality Interval Property, thus the one shown is indeed a
PWB configuration.

Definition 2.3. A k-PWB inequality associated with the k-PWB configuration (H,T ,«,3) is
the inequality

h k

h k
S aa(@(H) + 3 Ba0T) = k+1) Y ar +23 5 ®)
r=1 =1

r=1 =1

Note that the coefficient of any edge e is easily computed by adding up the coefficient of all
the sets whose border is crossed by e.

The coefficient vector of inequality (8) is the positive weighted sum of incident vectors of
cocycles in G. Thus, each coefficient satisfies the triangular inequality. It is not difficult to
verify that also condition (b) of Definition 1.1 is satisfied, hence (8) is in 7'T" form.

A comb inequality is a special case of a PWB-inequality. Its configuration has |H| = 1 and
the components of a and 3 have all value 1.

Remark 2.4. If the number of teeth k is even, then the inequality (8) is not valid for the
STSP(n).
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Definition 2.5. A k-PWB configuration (inequality) is called a k-path, a k-wheelbarrow, or
a k-bicycle configuration (inequality) depending on whether both the subsets Hj \ Ui-“:l T; and

(V\ Hy)\ Ule T; are nonempty, or only one of two is empty, or they are both empty.

The Equality Handle Interval property is very binding, and for an arbitrarily chosen quadruple
(H,T,«, ) that satisfies the conditions (3)-(7) there are very little chances that it is satisfied.
For generating all possible k-PWB configuration, a different approach might be more useful
where the elements of the quadruple (H, «, 7, ) are generated by the following simple procedure.

PROCEDURE 2.6. Input: any odd k > 3, any k-tuple of positive integers (ni,---,ng), with
n; > 2 fori € {l,---,k} and any partition of V into the sets Sy, Sz, Sll,---,S,lll, S2... ,S%Q,
s Sf, ‘e ,Sﬁk, where only Sy and Sz are allowed to be empty. Output: a quadruple (H, T, c, 3)

satisfying the Equality Handle Interval property and (3)-(7).
1. let ¢ be the least common multiple of the integers nqy — 1,--- ,ni — 1;
2. fori=1,---,k, let T; = U{S; |j=1,---,n;} and B; = (/(n; — 1);
let H=J{S{|i=1,---,k}U{Y} and cy = min{p; | i =1,---,k};
fori=1,---k, let j; =1 and B} = B; — ay;

let £ =1;

S S S

while j; < n; — 1 for some i € {1,---,k} do the following:

(a) increment ¢ by 1;

(b) for any i such that 8. =0, let 5, = 3; and increment j; by 1;

(c) let Hy :Hg_1U{S;-i li=1,---,k} and oy = min{p} | i=1,---,k};
(d) fori=1,--- k, decrement (3 by ay;

In the case of Figure 3, let us set & = 3 and consider the partition of V' given by the sets
represented by the black and white filled points. Let Sy and Sz be the sets marked as Y and
Z, respectively. Finally, for j = 1,---,k, let S7,--- ,S%j be the sets contained in the tooth T}
and ordered from the top to the bottom. It is easy to verify that the above procedure generates
the teeth, the handles and the coefficients a an (8 as those shown in the drawing.

If the endnodes of an edge of G belong to the same handles and teeth of a k-PWB configuration,
then the coefficient of this edge is zero in (8). On the contrary, if there is a handle or a tooth that
contains only one of the endnodes, then the edge belongs to one of the cocycles of the handles
and of the teeth and its coefficient is positive in (8). Consequently, if there are no two nodes of G
that are contained in the same handles and teeth of a k-PWB configuration, the corresponding
k-PWB inequality is simple. We call simple the k-PWB configuration in this case. For example,
the PWB configuration of Figure 3 is simple if each black filled point represents a single node
of V and each white filled point represents a single node of V or the empty set. In this section
we only consider simple k-PWB configurations and inequalities.

A simple k-PWB configuration induces a labeling of the nodes of G that will be widely used
throughout the paper. If Hj \ Ule T; is nonempty, its only node is labeled Y’; similarly, if
(V\ Hi)\ Ule T; is nonempty, its only node is labeled Z. The n; nodes of a tooth T; can be
linearly ordered in such a way that w € T; precedes v € T; if it is contained in more handles
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than v. Each node of T; is labeled u;'-, where j is the position of the node in such an ordering.
Therefore, uj is the node contained in H; and u,, is contained in no handles. The value of
the superscript of a label uz is defined to be ((i — 1) mod k) + 1, thus, for example, u?“ = ué
Note that this labeling is in agreement with the names given to the sets S;» in Procedure 2.6.
Consequently, given any odd k£ > 3 and any k-tuple of positive integers (nq,---,ng), with n; > 2

for i € {1,---,k} and the labeling

Procedure 2.6 uniquely identifies a k-PWB configuration (H, 7, «, 5). Consequently, we refer to
the labeling (9) as to a k-PWB configuration.

Depending on whether a k-PWB is a k-path (labels Y and Z are present), a k-wheelbarrow
(only label Z is present), or a k-bicycle (Y and Z are missing) configuration, the labeling (9) is
denoted by P(ny,---,ng), W(ny,---,ng), or B(ny,---,ng), respectively.

For convenience we label u) =Y, and uiliﬂ =Z,foralli=1,---,k. The nodes Y and Z are
called the odd nodes of the configuration, all the other nodes are called even (see Figure 4).

_ i
Y = ug

— 0
Z = Up,;+1

Figure 4: The labeling induced by the 3-path configuration of Figure 3 and the skeleton of the
corresponding 3-path inequality

In the following, to simplify the notation, by 7* we denote the edge set

7t = {(u;,uzﬂ) l7e{l,--,n;— 1}} forie {1, -, k}.

An edge of any set 7 or any edge (u},ut) or (u@i,ufwﬂ) for i € {i,---,k} is called a path
edge. By Cy and Cz we denote the cycles whose edge sets are {(u},u}™) |i € {1,---,k}} and
{(ugl,uiﬂl) | i € {1, ---,k}}, respectively. An edge of any of these two cycles is call a cycle
edge. An edge of the type (uj,ul) or (uf,,ul, ) with 2 < ((r —i)modk) < k — 2 is called a
chord (a short chord if one of the two inequalities holds with equality) of the cycle Cy or Cyp,
respectively. Recall that paths (teeth) indices are taken modulo k.

Now it is easy to relate the definition above with the following original definition of the path

inequality given in [5]:
Definition 2.7. The simple k-path inequality associated with P(ny, ---,nyg) is the following
inequality on RE~ | with n = 2 + Zle ng, in which n; = ﬁ forie{l, - k}:

k
cx260:k+1+22m, (10)
i=1
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where o
( |j_Q|77i Jor EZ(U;,’LLZ),]'#Q,
ie{l, -k},
j,q6{07"',ni+1},
_ )it G=Dni—(g— V| for e=(uf,ug), i #r,
Ce = : (11)
Z,T’G{l,"',k‘},
jE{l,"',Tli},
qe{lv"'vnT}v
1 for e=(Y,2)

The coefficient vectors of the simple k-wheelbarrow and of the simple k-bicycle inequalities are
restrictions of the coefficient vector of a simple k-path inequality, obtained by removing all the
edges incident with Y and all the edges incident with Y and Z, respectively.

The coefficients of the equation (8) are exactly those of Definition 2.7 multiplied by the least
common multiple of the numbers n; — 1, ¢ = 1,---,k. Therefore, the two inequalities of the
definitions 2.5 and 2.7 define the same face of STSP(n).

If nj =pforie {1, -k}, the simple path, wheelbarrow, and bicycle configurations and their
corresponding inequalities are called p-regular. The 2-regular PWB inequalities are the comb
inequalities.

For the special case of regular configurations, the coefficients of the associated inequalities can
be written as follows:

o= (k+1)(p+1)—2, (12)
|j_q| for e:(u;"’uf])’ie{l,"'ak}’
J#Q7]7q6{077p+1}7
ce=19 li—al+2 for e=(ujug), i#r i,ref{l, -k} (13)
j>q€{17"'7p}7
p—1 for e=(Y,2).

2.1. The GTSP case

In [5] it is shown that the k-path, the k-wheelbarrow and the k-bicycle inequalities define facets
of GTSP(G), provided that G has a stable skeleton of the inequality as a subgraph. The stable
skeleton for a k-path is given by the union of all the path edges (see an example in Figure 4), for
the k-wheelbarrow it is given by the union of all the path edges and Cy, and for the k-bicycle
it is given by the union of all the path edges, Cy, Cz, and the short chords of these two cycles.

We give here a proof that the k-bicycle inequalities define facets of GTSP(n) which is slightly
different from that of [5] as it also specifies a special set of tight walks that is used in the following
proofs.

We make use the following result proven in [5] (Theorem 3.4):

Theorem 2.8. The simple bicycle inequalities are valid for GTSP(n).

To prove the next theorem we need a few more definitions and a simple lemma.

A walk W is said to be minimal if it does not contain another walk. For every inequality
fx > fo in RF» valid for STSP(n) or for GTSP(G), we call tight the Hamiltonian cycles and
the minimal walks whose representative vectors satisfy the inequality with equality. The set of
tight Hamiltonian cycles and tight walks for f are denoted by Hy and Wy, respectively. The
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dimension of GTSP(G) is |E| (i.e., GTSP(G) is full dimensional) as long as G is connected. A
walk basis of an inequality cz > ¢y defining a facet of GTSP(G) is any set B, of |E| walks in W
whose representative vectors are linearly independent. Note that linear and affine independence
of the representative vectors are equivalent since the zero vector does not belong to GTSP(G)).
A Hamiltonian cycle basis of an inequality cx > ¢y defining a facet of STSP(n) is a set C. of
|Ey| — |V| Hamiltonian cycles in H. whose representative vectors are linearly independent.

If z is a vector in RF» by 2z we denote its restriction (projection) to the subspace R¥ for
E CE,.

Lemma 2.9. Let G = (V, E) be a graph with E C E,, let e* be an edge in E, \ E and fx > fo
be a valid inequality for GTSP(n). If fpxg > fo is facet defining for GTSP(G) and there ezists a
walk of Wy containing e and only edges of E, then the inequality frxp > fo is facet defining
for GTSP(G'), where E' = EU {e*} and G' = (V, E").

Proof. Let B be a walk basis of fgzp > fo and let W be a walk of Wf: containing ¢* and only
edges of . Then BU{W} is a set of walks whose representative vectors are linearly independent,
i.e., it is a walk basis for fpxp > fo. O

The use of Lemma 2.9 is quite evident in our context. Given the stable skeleton G, once we
prove that the inequality is facet defining for GTSP(G), it is straightforward to prove that it is
facet defining for GTSP(n).

In the following theorem and quite often throughout the paper we make use of some special
walks given by the following

Definition 2.10. Fori e {1,---,k} and j € {1,---,n; — 1}, we define (see Figure 5)

Wj‘:27riu{( Up U ifsrjl)\se{z 1+ 2,- z'—i—k—l}}
U{(ui,ui™) [s € {i+ 1,043, i+k—2}}
U{ﬂ'z|€€{1,---7k‘},f§éi}7

Wé:27riu{(u‘1q, s+1)|s€{zz+2 z'—{—k—l}}

U{(quS, utl )| sefi+1,i+3, i+k—2}}
u{wﬂm {1,---,k},£7éz'},
WEG) = Wh — (uy 2 ui™) = 2(uf, wfq) + (i 2, ud) + (0™ uh),
Wh(5) = Wh — (ui™, a7™) = 2(uf, wf 1) + (uh, wf™) + (ug, ui™),
Wi = Wi — (uy,up™) = (u, o) + (uh, ui™) + ()™ 0y ™).

The walks WY, Wg, Wi(2), Wi (2), and W}, are shown in Figures 5(a), 5(b), 5(c), 5(d), and
5(e), respectively, for both the case k = 3 and k& > 5. Observe that all the edges of these walks
are either path edges, or cycle edges, or short chords of the cycle Cy. To unclutter the figures,
all the edge sets 7% have cardinality 1 in most of them. However, any path edge may be replaced
by a path with an arbitrary number of edges. The nodes u} for i € {1,---,k} are those at the

top of the drawings. Moreover, we have operated in the figures a circular permutation of the
paths (teeth). For example, in the figures 5(a) and 5(b) the teeth are ordered from left to right
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Figure 5: The tight walks of Definition 2.10

with the indices i — 1,7,---,k, 1,---,i — 2. In the figures 5(d) and 5(e) the order is i,7 + 1,-- -,
k,1,---,i— 1. To extend the walks shown in the figures to the case when k is greater than 5,
split a cycle edge into three edges, then remove the central edge (marked with a cross in the
figures), and finally connect its endnodes by the path marked by dotted lines in the figures. In
the following we will use the same convention for all the figures involving PWB configurations.

Remark 2.11. The walks of Definition 2.10 satisfy a bicycle inequality at equality. For the
sake of simplicity, in the following we refer to these walks also dealing with wheelbarrow and
path inequalities. In these cases, though, we will always assume that each of these walks be
modified by inserting each required odd node, by removing any cycle edge (of the cycle associated
to the odd node) from the walk, and by adding an edge from each of its endnodes to the odd node.

Theorem 2.12. A simple bicycle inequality cx > cqg associated with the simple k-bicycle config-
uration B(ny,---,nyg) is facet defining for GTSP(n) and has a walk basis B, with the following
properties:

(a) Every walk of B. intersects the edge set of the cycle Cy .

(b) Every walk of B. intersects the edge set of the cycle Cy.
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(c) For each edge e € Cy there exists € € Cy and a walk W € B, containing both e and €.
(d) For each edge e € Cy there exists €' € Cy and a walk W € B, containing both e and €.

Proof. We prove first that the inequality cszg > c¢o is facet defining for GTSP(G), where
G = (V,S) is the subgraph of K, whose edges are all the path edges, all the cycle edges, and
all the short chords of the cycle Cy.

The inequality csxs > ¢p is valid by Theorem 2.8 and is supporting since all the walks of
Definition 2.10 belong to W;-. We show that the set of all these walks constitutes a basis B for
csTs > Cp.

Let fx > ¢y be an inequality defining a facet of GTSP(G) that contains the face defined by
csTsg > ¢, i.e., such that W C Wf:

From f(WA(5) = fF(WE(G")) for §' # j” € {1,--+,n; — 1} it follows that

f(u§l7u§l+l) = f(u;-//,ué//+1) =G; for i€ {1, s ,k}, (14)
j/#jﬂe {1,,7%—1}

For notational convenience we set b; = f (u’m,uf:;ll), di = f (uil,ulf'l), e, = f (uil,ui”), for

Figure 6: The coefficients of some relevant edges

i€ {l,--,k} (see Figure 6). From f(W9) = f(Wg) fori € {1,---,k}, it follows that
(ni —1)gi + bi = (nit1 — 1)gix1 +d; forie {1,--- k}. (15)
From f(W§) = f(Wit) fori € {1,---,k — 1}, it follows that
(ni —1)g; +di = (njix1 — 1)giv1 +b; forie{l,--- k—1}. (16)
The equations (15) and (16) imply
bj=d; forie{l,---,k—1} (17)

and

9i = forie{1,---,k—1}. (18)

From f(Wit) = f(WEH) for i € {1,---,k} it follows that
2h .
ei1=di1 —di + ———— forie{l,--- k}, (19)
niy1 — 1
and from f(W5™) = f(Wh!) for i € {2,---,k} we have

h h
n; +1 n; — 1

di =di_1+ for ¢ € {2, e ,k’} (20)
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If k = 3 then d; = ey, otherwise from f(W}) = f(W}) it follows that dy + d3 = e; + ez and
from (19) we have
h h

d; = +
ni—1  nipp—

forie {1, -, k}. (21)

If for the bicycle inequality cx > ¢y we use the definitions 2.1 and 2.3, with the vectors a and
computed with Procedure 2.6, then setting h = r(, where ( is as defined in Procedure 2.6, one
can see that f. = rce, for e in the skeleton. Since we chose the same right hand sides for both
the inequalities, we have » = 1. Similarly, if we use Definition 2.7, then setting r = 1/(, i.e.,
setting h = 1, we obtain the same result. Therefore, f = cg, the inequality csxg > c¢g is facet
defining for GTSP(G), and the |S| walks of the set B; are linearly independent.

d(e,k) =1 g
(a)
d(e, k) =2 g
(b)
d(e,k) = 3 K
() “a
d(e, k) =4 g

4

Figure 7: Tight walks containing an edge across two paths and only edges of a stable skeleton

To complete the proof, we take a sequence (ej,es,---,es) of the edges in E, \ S and we
construct the sequences of nested edge sets Fy, Fy,- -+, Fs, with Fy = S and Fy = F;_1 U {eg},
for £ =1,2,---,s. Then for every e, we exhibit a walk of W~ containing e, and only edges in

Fy_;. Consequently, by Lemma 2.9, cx > ¢y defines a facet of GTSP(n). We describe now these
walks.

Let e = (u;,ug) be any edge of E, \ S and let d(e,k) = min{(i — r) mod k, (r — i) mod k}.
Depending on the value of d(e, k) we have different kinds of walks. Clearly, 0 < d(e, k) <
(k—1)/2.
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For an edge e = (u;, u; +q) the value of d(e, k) is zero and we consider the walk

WO(e) = le \ {(u§'+t7u§'+t+1) | t=1,---,q— 1} +e.

All the edges of Wy(e), except e, belong to S.

Ford(e,k) = 1,---,4 the corresponding walks W (e), - - - , Wy(e) are shown in Figure 7(a),- - -,(d),
respectively. The reader should not be confused by the fact that in the figures the endnodes of
e = (u;,ug) always have 1 < j < n; and 1 < ¢ < n,. Actually, the walks shown can be easily
modified to accommodate the cases for all possible values of j and ¢ in the sets {1,---,n;} and
{1,---,n,}, respectively, as long as the inequality (¢ — 1)n, > (j — 1)n; is satisfied. If this is not
the case, one can consider the mirror images of the walks of Figure 7, which would correspond
to take the opposite orientation of the cycles Cy and Cyz to draw the walks.

The walks corresponding to a chord of the cycle Cy (when j = ¢ = 1) and to a chord of the
cycle Cz (when j = n; and ¢ = n,.) are of the kind of those shown in Figure 7. All walks Wy(e),
for £ =0,---,4, have the edge e and only edges in S.

If £ <9, then d(e, k) is never greater than 4. Therefore, the above walks are sufficient to
complete the proof that the inequality is facet defining, no matter how the sequence of the edges
in the set E, \ S is chosen.

It is easy to verify that if d(e,k) > 5 it is not possible to construct a walk that uses only e
and edges in S. However it is always possible to construct a walk W5(e) that contains e, some
edges in S and short chords of the cycle C'z. Such a walk is shown in Figure 8, where k has any
value greater than 11 and d(e, k) has any value greater than 5. To apply Lemma 2.9, the edges
of E, \ S have to be ordered in such a way that any edge e with d(e, k) > 5 follows all the short
chords of cycle C'z in the sequence (eq,eg,- -, es).

Figure 8: Tight walk made of an edge across two paths, edges of a stable skeleton and short
chords of Cy

The union of B; and all the walks associated with the edges e1,es, -, es is a walk basis B,
of the inequality cx > ¢y. It is easy to verify, by inspection, that all its walks intersect both the
cycles Cy and Cy.

Finally, for any edge e = (ul,u'™) of the cycle Cy, the walk W contains e and the edge
(ui™,u}), that also belongs to Cy. Analogously, for any edge e = (uﬁll,uﬁﬁl) of the cycle Cyp,

the walk W/ contains e and the edge (uf;} 1,uf“,), that also belongs to C'z. 0
Remark 2.13. As a byproduct of Theorem 2.12, we have that a simple bicycle inequality is
facet defining for GTSP(G), where G = (V,S) is the subgraph of K,, whose edges are all the path
edges, all the cycle edges, and all the short chords of the cycle Cy. This result is a bit stronger
than that given in [5], where G is required to have also all the short chords of the cycle Cy.
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As it is claimed in the proof of Theorem 2.12, the skeleton (V,S) (where S is the union of
the path edges, the edge cycles, and the short chords of Cy) is stable only for £ < 9. One
may wonder what happens for k£ > 11, or, more precisely, what happens if the lifting sequence
described in the proof of the theorem starts with an edge e with d(e,k) > 5. If the edge e is
a chord of Cy, then it is still possible to find a tight walk of the bicycle inequality made of e
and of edges in S (see Figure 9(a)). This implies that the lifting coefficient resulting for e is the

(a)

{ T

Figure 9: Tight walks containing a long chord and only edges of a stable skeleton

b)

same as given in Definition 2.7. The same is true if e is a chord of Cz, but only for & = 11 (see
Figure 9(b)). However, this is no longer true in general; e.g., take the case where n; = 2 for all
i and k = 11. If one starts the lifting sequence with e = (ul,u$), then the result is ¢, = 1; if
(uil, u$) is the second edge in the sequence, the coefficient is again 1. At this point, no matter
how the remaining edges are ordered, the coefficients they get either are as in Definition 2.7,
or have value 4. The edges having a coefficient that differs from the one of Definition 2.7 are
shown in Figure 10, where the edges with coefficient equal to 1 and 4 are drawn with dashed
and solid lines, respectively (note that, to unclutter Figure 10, the arrangement of the nodes has
been changed with respect to Figure 9). Thus, the inequality in this way described by Figure 10
and Definition 2.7 is a new facet defining inequality for STSP(22) that shares the same skeleton
(V,S) with the bicycle inequality. On the other hand, (V,S U {(u},u$), (uil,u$)}) is a stable

skeleton for the new inequality.

2.2. The STSP case

For u € V, we say that a walk W is almost Hamiltonian in u if u has degree 4 in W and every
other node of V has degree 2 in W.

A basis C. of an inequality cz > ¢y, defining a facet of GTSP(n), is called canonical if it
contains |E,| —n Hamiltonian cycles and n almost Hamiltonian walks (i.e., one for each u € V).

The following notion of a set of edges being c-connected in a given node, is the key for the
sufficient conditions, given in [18], for an inequality facet defining for GTSP(n) to preserve such
a property for STSP(n).

Let e = (u,v) and f = (w,y) be two distinct edges in E,,. We say that e and f are c-adjacent
if they belong to a tight Hamiltonian cycle H € H_. Let z be a node in V'; we say that e and f
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Figure 10: Edges in which a new facet defining inequality differs from an 11-bicycle

are c-adjacent in z if:

(i) e and f belong to A.(2);

(ii) there exists a walk W, € W> almost Hamiltonian in z that contains the edges (z,u),
(z,v), (z,w), and (z,y);

(i) W, — (z,u) — (2,v) + e is a Hamiltonian cycle (and such is also W, — (z,w) — (z,y) + f).
A set of edges J C E, is said to be c-connected if for every pair of distinct edges f; and fo € J
there exists a sequence of ¢ edges e, --,e; in J, with e; = f; and e; = fo, where e; is c-adjacent
to €41, for ¢ = 1,---,t — 1. A set of edges J C FE, is said to be c-connected in z if for every
pair of distinct edges f1 and fo € J there exists a sequence of ¢t edges ej,---,e; in F, (not
necessarily belonging to J), with e; = f; and e; = fo, where e; and e;4; are c-adjacent in
z, for i = 1,---,t — 1. Observe that the notion of c-connectedness in z is “weaker” than the
one of c-connectedness, in the sense that, contrarily to what happens for the usual concept of
connectivity, in this case every subset of a set c-connected in z is c-connected in z as well.

Lemma 2.14 (Lemma 2.14 [18]) Let cx > cg be a TT inequality defining a facet of GTSP(n).
If Ac(u) is c-connected in u for every u € V', then cx > ¢y has a canonical basis, thus it is facet-
defining for STSP(n).

For every ordered triple (u, v, w) of distinct nodes in V', we call shortcut on (u, v, w) the vector
Suvw € RP defined by
1 ife=(v,w)
sww(e) =< —1 ifee{(u,v),(u,w)}
0 otherwise.

Adding a shortcut to a walk that is tight for an inequality can produce a new tight walk with
fewer edges. More precisely we have the following

Lemma 2.15 (Lemma 2.5 [18]) Let cx > ¢g be a tight triangular inequality which is support-
ing for GTSP(n), and let W € W2 be a walk having t > n edges and containing the edge e.
For every node u € V' with degree k > 4 in W, there exists a shortcut Sy such that the edge
multiset having representative vector XV + syw is a walk with t — 1 edges belonging to W and
containing the edge e. Necessarily, the edge (v, w) belongs to Ac(u).

The sets A.(u) may contain several edges; therefore, the application of Lemma 2.15 may
require a lengthy procedure. The following lemma requires a weaker condition that is also easier
to verify.
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Lemma 2.16 (Lemma 2.15 [18]) Let cx > cg be a TT inequality defining a facet of GTSP(n).
If there exists a basis B. of cx > cy such that for every w € V there exists a nonempty set of
edges J, C Ac(u) c-connected in u and every walk W € B. can be reduced to an element of
HZ by using only shortcuts in the set {Syww | (v,w) € Jy, u € V'}, then cx > ¢y has a canonical
basis, hence it is facet-defining for STSP(n).

We use now Lemma 2.16 to prove that the simple bicycle inequality defines a facet of STSP(n)
and to derive some properties of one of its canonical bases that will be used in the following to
prove a similar theorem for the simple wheelbarrow inequality.

Theorem 2.17. A simple bicycle inequality cx > co associated with the simple k-bicycle con-
figuration B(ni,ng,---,nk) is facet defining for STSP(n) and has a Hamiltonian cycle basis C.
with the following properties:

(a) Ewvery Hamiltonian cycle of C. intersects the edge set of the cycle Cy .

(b) Ewvery Hamiltonian cycle of C. intersects the edge set of the cycle Cy.

(c) For each edge e € Cy there exists € € Cy and a Hamiltonian cycle H € C. containing
both e and €.

(d) For each edge e € Cy there exists € € Cy and a Hamiltonian cycle H € C. containing
both e and €.

Proof. Let B, the walk basis constructed in the proof of Theorem 2.12. For every node w € V'
we define a set of edges J,, C A.(w) such that, by using shortcuts in the set {Syy. | (y,2) € Ju},
every walk in B. where w has degree 4 can be reduced to a walk where w has degree 2. Then we
show that .J,, is c-connected in w for all w € V. By Lemma 2.16, this implies that the inequality
defines a facet of STSP(n).

Figure 11: The tight walk W built from W}

For w = u;'-, i =1,2,---,k, j=2,---,n; — 1 we set J, = {(u;'-_l,u;'-ﬂ)}. In these cases
Jw € A.(w) and has cardinality 1, and so it is c-connected in w.

For w =}, i=1,2,--,k, weset J, = {(u", ud), (uit ub), (u'™? uz)} CA(w). Ifn; =2
let Wi be the walk W5 of Definition 2.10. If n; > 3 we define Wi = W§ — 2(ub,u}) —
(uf%ll, 5%22) —{(u ],ué-H) | j =3, - — 1} + (ul 71,u3) + (ugl,u;ii), where the set
{(u ]+1) | j =3,---, n; — 1} is empty 1f n; = 3 (see Figure 11, where the edges to be
removed in VV}3 and those to be added to obtain W}; are represented by dotted and thick
lines, respectively). The walk W} belongs to W, as it can be checked using (11), and con-

tains the edges (w, ui™) and (w,u'™) and two copies of edge (w,uj). Moreover, the edge sets

Wi — (w, ui™1) — (w, ub)+(ul ™! u2) and W}; (w, u™) — (w, ub) + (vt ub) are both Hamiltonian
cycles. This implies that (u}~ 1,u22) and (u'™ uj) are c-adjacent in w. Similarly, to show that

the edges (v %, ub) and (u'', ub) are c-adjacent in w, we have to exhibit a suitable walk that



21.

is almost Hamiltonian in w. We can assume that k > 5, since for £ = 3 the edges (uil_z, ub) and

(u1, ud) coincide. Consider the walk W(Z; obtained from W;; by replacing two edges of the cycle
COY with two of its short chords, i.e., W& = Wh—(ul ™, ul) — (ul 2, ul )+ (ul, i 2) +(ui ™ ul?)
(see Figure 12, where we used dotted and thick lines with the same convention as in Figure 11).
From W/, we construct, as before, two Hamiltonian cycles to show that (u§_2, ub) and (ut ub)
are c-adjacent in w. It follows that the set J,, is c-connected in w.

Figure 12: The tight walk W/, built from W}

For w =l ,i=1,2,--- k, weset J, = {(ul ,ul, ), (uit! ,ul )} € Ac(w). The proof

ni—1’ “n;—1 Ni4+17 "Ny
that in this cases the two edges of J,, are c-adjacent in w goes like for the cases w = wuj,
i=1,2,---,k; for each 7 only one walk is used, actually the walk Wé taken “upside down”.

il

Figure 13: Example of reduction by shortcuts

It is easy to verify that each of the walks of the of the basis B, constructed in the proof of
Theorem 2.12 can be reduced to an Hamiltonian cycle using the shortcuts defined by the sets
Jw, w € V. An example of such a reduction is shown in Figure 13 for the walk W3((ui,u}))
of Figure 7(c). Again, for the dotted and the thick lines we follow the convention used for
Figure 11. Observe how the sets J,, have three edges for w belonging to the cycle Cy, while
have only two edges for the nodes of the cycle Cz. This is due to the fact that, for all the walks
of B, if a node w of C'z has degree four, then the walk has a path edge and an edge of C'; that
are incident to w, which is not always the case if w belongs to Cy-.

Finally, by Theorem 2.12, all the walks of B, intersect the cycles Cy and Cyz. It is easy to
check that also the Hamiltonian cycles of C. obtained by shortcuts from those walks share this
property. This proves that the properties (a) and (b) of the statement hold for C.. To prove that
C. has also the properties (c) and (d), consider the walk W (1) of Figure 5 for i = 1,2,-- -, k.
This walk contains the two cycle edges (uil,ui_l) and (uil,u’frl) of Cy whose endnodes have
both degree 2. Therefore, the Hamiltonian cycle of C. obtained by shortcuts from this walk
also contains these two edges. Analogously, the Hamiltonian cycle of C. obtained from the walk
W§(n; — 1) contains both the cycle edges (uf, ,u’ ') and (uf, ,u’! ) of Cy. 0

ng) "Ni—1 57 M4
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2.3. The 1-node lifting

We have seen in Section 2 that a simple bicycle inequality is the restriction of a simple wheelbar-
row inequality obtained by removing the coefficients of the edges incident with the node Z. On
the other hand, one can view a simple wheelbarrow as the extension of a simple bicycle inequal-
ity obtained by adding a node to its corresponding configuration. The operation of adding one
node (and the edges incident with it) to the configuration of a generic facet defining inequality is
called I1-node lifting in [18], where the the conditions on the coefficients of the new edges for the
new inequality to preserve the face defining property are investigated. In particular, the theorem
that follows states sufficient conditions for this to happen. When one of the edges incident with
the new node has a zero coefficient, we have a special case of 1-node lifting, called zero-lifting,
that is exploited in Section 3.

Theorem 2.18 (Theorem 4.4 [18]) Let cx > ¢ be a TT inequality that is facet-defining for
STSP(n); an inequality c*z* > co which is obtained by 1-node lifting of cx > ¢q is facet-defining
for STSP(n + 1) if it is tight triangular and there exist an edge set F C A (upt1) and a
Hamiltonian cycle basis C. of cx > ¢y such that:

(i) FNH #0 for all H € Cc;

(i7) for all e € F there exist €' # e, € € Awx(upy1) and H € HZ such that e and €' belong
to H;

(7i1) every connected component of the graph (V, F') contains at least one odd cycle;

(iv) F is c*-connected in tp1.

Remark 2.19. Theorem 2.18 is proven in [18] by showing that a set of walks, obtained by first
removing one or two edges of the set F' from some walk of the canonical basis C. of cx > ¢y, and
then connecting the endnodes of the removed edges to the node un11, contains a canonical basis
Ce+ of the inequality c*x* > co. Therefore, each walk of Cex shares all the edges of some walk of
C., except some of those that intersect the set F.

Using Theorem 2.18 and Remark 2.19 we can now show that the simple wheelbarrow inequal-
ities define facets of STSP(n) and we can derive some properties of one of their canonical bases
that will be used in the following to prove a similar theorem for the simple path inequalities.

Theorem 2.20. A simple wheelbarrow inequality cx > cq associated with the simple k-wheelbarrow
configuration W (ny,na, -+, ng) is facet defining for STSP(n) and has a Hamiltonian cycle basis
C. with the following properties:

(a) Ewvery Hamiltonian cycle of C. intersects the edge set of the cycle Cyz.

(b) For each edge e € Cy there exists ¢ € Cyz and a Hamiltonian cycle H € C. containing
both e and €.

Proof. A simple wheelbarrow inequality with the coefficients given in (11) is in 7'T" form, since
it is facet defining for GTSP(n) (see Proposition 2.2 [18]). As it has been already observed,
it can be obtained by 1-node lifting of a bicycle inequality ¢ > ¢y. To prove that it is facet
defining for STSP(n) we use Theorem 2.18. Let the set F', required by that theorem, be defined
as follows:

F:Cyu{(ui,u;“) lie{1,2,-,k}, j€ {2,~-,ni+1}}.

The set F' belongs to A.(Y') and satisfies the conditions (i), (ii), and (iii) due to the properties
(a) and (c¢) of Theorem 2.17 and to the fact that the cycle Cy has odd length. We only need
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prove that F' is c-connected in Y. For ¢ = 1,2,---,k, consider the walk Wé(l) of Figure 5.
Such a walk is tight for the bicycle inequality ¢z > ¢yg. This walk contains the two cycle edges
e = (ul,u"!) and ¢ = (u},ui"?) of Oy whose endnodes have both degree 2. Therefore, the
Hamiltonian cycle H € ‘H, obtained by shortcuts from this walk, also contains these two edges.
The walk obtained by removing e and ¢’ from H and adding the four edges that connect the
endnodes of the removed edges to Y is almost Hamiltonian in Y, belongs to W, and implies
that the two edges e and €’ are c-adjacent in Y. Repeating this argument for the walk WE_2(1),
we see that (uil_2,u’i_1) and (ui,u’fz) are c-adjacent in Y as well. Consequently, the edge set
Cy is c-connected in Y. To show that any edge e € F'\ Cy is c-adjacent in Y to some edge
of Cy, it is sufficient to start with a Hamiltonian cycle H € H; that contains e and an edge
¢/ € Cy. Such a Hamiltonian cycle exists by Property (a) of Theorem 2.17. By removing e and
e/ from H and adding the edges that connect their endnodes to Y we produce a walk almost
Hamiltonian in Y, implying that e and ¢’ are c-adjacent in Y. Since the cycle Cz has empty
intersection with the edge set F, the property (a) and (b) of the Hamiltonian cycle basis C.
follow from Remark 2.19 and the properties (b) and (d) of Theorem 2.17. O

Theorem 2.21. A simple path inequality cx > co associated with the simple k-path configuration
P(ny,ng,---,ng) is facet defining for STSP(n).

Proof. A simple path inequality with the coefficients given in (11) is in T'T" form, since it is
facet defining for GTSP(n) (see Proposition 2.2 [18]). In addition it can be obtained by 1-node
lifting of a simple wheelbarrow inequality ¢Z > ¢. To prove that it is facet defining for STSP(n)
we use again Theorem 2.18. Let the set F' required by that theorem be defined as follows:

F = CzU{(uh ) i€ (1,2, k}, j € {1 miss = 1} U{(YVoup)}.

The set F' belongs to A.(Z) and satisfies the conditions (i), (ii), and (iii) due to the properties
(a) and (b) of Theorem 2.20 and to the fact that the cycle Cz has odd length. We only need
prove that F is c-connected in Z. For i = 1,2, k, consider the walk obtained from W}, (n;—1)
of Figure 5 by deleting an edge belonging to Cy and connecting its endnodes to Y. Such a walk
is tight for the simple wheelbarrow inequality ¢z > ¢g. This walk contains the two cycle edges
e=(ul,,ul-t ) and € = (u%z,uzﬁl) of C'z whose endnodes have both degree 2. Therefore, the
Hamiltonian cycle H € H7, obtained by shortcuts from this walk, also contains these two edges.
The walk obtained by removing e and ¢’ from H and adding the four edges that connect the
endnodes of the removed edges to Z is almost Hamiltonian in Z, belongs to W, , and implies
that the two edges e and ¢’ are c-adjacent in Z. Consequently, Cz is c-connected in Z. To show
that any edge e € F'\ Cz and some edge of Cy are c-adjacent in Z, it is sufficient to start with
a Hamiltonian cycle H € HZ that contains e and an edge ¢’ € Cz. Such a Hamiltonian cycle
exists by Property (a) of Theorem 2.20. By removing e and €’ from H and adding the edges
that connect their endnodes to Z, we produce a walk almost Hamiltonian in Z that implies that
e and €’ are c-adjacent in Z. O
The theorems 2.17, 2.20, and 2.21 are summarized in the following.

Theorem 2.22. The simple PWB inequalities are facet defining for STSP(n).

3. The PWB inequalities

As we have seen in Section 1, the configuration of a PWB inequality c*z > ¢ is obtained from
the configuration of a simple one cx > ¢y (same right hand side), by replacing each nodes ¢ with
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a node set V' of arbitrary size. As the edges in v(V?) have a zero coefficient, the operation of
replacing a node i by a set V? in a configuration is called zero-lifting of i.

The following theorem, proved in [18], gives a sufficient condition to derive the facet-defining
property of an inequality from the facet-defining property of its simple archetype.

Theorem 3.1 (Theorem 4.9 [18]) A TT inequality cx > cy is facet-defining for STSP(n) if
its associated simple inequality ¢ > cg is nontrivial and facet-defining for STSP(p) and for every
v €V, the set §(v) in K, is ¢-connected.

We first apply this theorem to the bicycle inequalities.
Theorem 3.2. The bicycle inequalities are facet defining for STSP(n).

Proof. Let c*x* > ¢y be a bicycle inequality and cx > ¢y be its associated simple bicycle
inequality. By converting the walks of the figures 5, 7, and 8 to Hamiltonian cycles using
shortcuts, it is easy to verify the following:

(a) For i = 1,2,---,k and for each edge e incident with u} with e # (ul,u}), there exists a
Hamiltonian cycle of HZ containing both e and (u,ub).

(b) Fori=1,2,--- k and for each edge e incident with v, with e # (u}, _;,u
a Hamiltonian cycle of HZ containing both e and (uy,, _y,uy,;)-

(¢) For i = 1,2,---,k with n; > 3 and for each edge e incident with u; with 1 < j < n;,

e # (ué, “3’—1)7 and e # (ué, u; +1), there exists a Hamiltonian cycle of H_ containing either the

7

n;), there exists

pair of edges e and (u;, uz-_l) or the pair e and (u;, u§»+1).

(d) For ¢ = 1,2,---,k with n; > 3, there exists a Hamiltonian cycle of HZ containing both
(U§‘=U§—1) and (ué,uzﬂ)

From (a), (b), (c), and (d) it follows that d(uj) is c-connected for i = 1,2,---,k and for
j=1,---,n;. Therefore, by Theorem 3.1, the theorem follows. 0

Now we make use of the following lemma to extend the facet-defining property to all the PWB
inequalities.

Lemma 3.3 (Lemma 4.8 [18]) Let cx > ¢y be a TT inequality facet-defining for STSP(n),
c*z* > ¢y be an inequality obtained by 1-node lifting of cx > ¢y and F be a subset of A (upy1)
that satisfies the conditions of Theorem 2.18. Then the following hold:

(a) The edge set §(un+1) C Entq is c¢*-connected if the graph (V, F) is connected.

(b) For every v € V the edge set 6(v) C Ep4q is c¢*-connected if the edge set 6(v) C E, is
c-connected.

Theorem 3.4. The PWB inequalities are facet defining for STSP(n).

Proof. Tt follows from Theorem 3.2, from Lemma 3.3, and from the connectivity of the graph
induced by the edge set F' defined in the theorems 2.20 and 2.21. 0

Many of the inequalities known to define facets of STSP(n) are special cases of PWB inequal-
ities, as it can be easily verified by putting them in 7T form. In particular,

(i) the 2-matching inequalities, introduced by Edmonds, are 2-regular PWB inequalities ob-
tained from a simple inequality possibly by zero-lifting of the nodes Y and Z;

(ii) the Chwdtal comb inequalities, introduced by Chvétal, are 2-regular PWB inequalities
obtained from a simple inequality possibly by zero-lifting of Y, Z, and of the nodes of the cycle
Cy;

(iii) the comb inequalities, introduced by Groétschel and Padberg, are 2-regular PWB inequal-
ities.
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4. The extended PWB inequalities

Some simple inequalities can be obtained by extending other simple inequalities by simultane-
ously adding two nodes to their configuration. An example of such an extension is called edge
cloning in [18] and it is defined as follows:

Definition 4.1. Let cx > ¢g be a TT inequality defined on RF" and e be an edge in E,. We
say that the inequality c*z* > ¢ defined on REn+2t with t > 1, is obtained from cx > ¢y by
cloning t times edge e = (up—1,uy) if (see Figure 14, in which t =1):

¢y = co + 2tce
" (Uis uptj) = ¢
“ (Ui, untj) = ¢
(
(

—~

Ui, Up—1) for1<i<n—21<j<2t—1 andj odd,
Ujy Up,) for1<i<n-—2,2<j<2tandj even,
2¢, for —1<i<j<2tandj—i even,

e for —1<i<j<2tandj—1i odd.

—~

Up+4i, un-‘,—j)

Un+is Un+j) =

C
C
c*
c*

The nodes upy; for 1 < j < 2t and j odd and the nodes u,4; for 1 < j < 2t and j even are
called the clones of the nodes u,—1 and u,, respectively. The edge e = (up—1,uy) s said to be
cloned.

Up—1 2¢Cc Un+1
O

Un, 2¢Ce Upyo

Figure 14: Cloning edge (uy—1,u,) one time

Let cx > ¢p be a TT inequality defining a facet of STSP(n); an edge e = (u,v) is called
c-clonable if the c-length of every walk W of K, is at least ¢y + (de(W) — 2)ce, where d.(W)
is the minimum of the degrees of v and v in W; we say that a node v € V is a-critical for the
inequality if the c-length of a minimum c-length walk of K, — {v} is ¢y — a.

Theorem 4.2 (Theorems 4.12 and 4.13 [18]) Let cx > ¢o be a nontrivial TT inequality
facet-defining for STSP(n) and e = (up—1,uy) be a c-clonable edge such that u,—1 and u, are
2¢ce-critical for cx > cg. Then the following hold:
(a) the inequality c*z* > ¢ obtained by cloning e (t times) is facet-defining for STSP(n + 2t);
(b) the edge subsets 6(up—1),- -, 0(untat) of Entor are c*-connected;
(¢) forveV —{up—1,un}, if 6(v) in K, is c-connected, then 6(v) in K19 is ¢*-connected;
(d) if f = (21,22) # e is an edge in E, such that z1 and zy are 2cy-critical for cx > co, then
z1 and z9 are 2c}—cm’tz’cal for c*x > cf.

Definition 4.3. A simple extended PWB inequality is the inequality obtained by cloning t;
times the edge (u',ub) for each i € I where I is any subset of {1,---,k} such that n; = 2 for all
i € I. An inequality is an extended PWB if its associated simple inequality is a simple extended
PWB.
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Theorem 4.4. The extended PWB inequalities are facet defining for STSP(n).

Proof. Let cx > ¢y be a simple PWB inequality of STSP(n) with n; = 2 for some i. We first
prove the following two claims.

Claim 4.5. Let e = (u},ub), with n; = 2, be an edge of an extended PWB configuration that is
not cloned and let cx > ¢ be the inequality associated with the configuration. Then the validity
of cx > cq implies that e is c-clonable.

Proof. We have to show that if e is not c-clonable, i.e., if there exists a walk W of K,, such
that ¢(W) < ¢g— (de(W) —2)ce, then the inequality is not valid, i.e., there exists a walk W* with
c(W*) < ¢g. If de(W) = 2, then obviously W* = W. If d.(W) > 4 we show how to construct a
walk W’ from W where the minimum degree of u} and u} is d.(W) —2 and c(W’) < ¢(W) — 2c.
Thus, we can construct the walk W* by recursively applying this process. We consider three
distinct cases.

Case (a). W contains at least three copies of e. The walk W' is obtained from W by removing
two copies of e. The multigraph K,,[W’] is connected and ¢(W') = ¢(W) — 2c.

Case (b). W contains two copies of e. Let uf ¢ {ul,ub} and uj ¢ {ul,u’} be neighbors
in W of ull and ué, respectively, such that the multigraph K,[W’] is connected, where W' =
W —e— (u},ud) — (ub,ui) + (uf,ui). Since n; = 2, it follows that either uf € {Y,Z} or q # i
and either uj € {Y,Z} or s # 4. Thus, it is easy to verify from (11) that ¢(W’) < ¢(W) — 2¢,
and that equality holds only if uf =Y and uf = Z.

Case (c). W contains only one copy of e. Among the edges of W different from e that are
incident with u}, there are always two, say (u},w) and (u!, z), or, possibly, two copies of the
same edge (in which case w = z), such that K,[W"] is connected, where W” = W — (u},w) —
(ul, z) + (w,2). Specularly, among the edges of W different from e that are incident with u},
there are always two, say (ub,w’) and (u}, 2’), or, possibly, two copies of the same edge (in which
case w' = 2'), such that K,[W'] is connected, where W/ = W" — (ub,w') — (u, ') + (w', 2'). Tt
is easy to verify from (11) that ¢(W') < ¢(W) — 2ce. 0

Observe that if n; > 2, then none of the edges of the path 7 is c-clonable, because there are
tight walks where both the endnodes of a path edge have degree four (see, e.g., Figure 5). This
explains the exclusion of these edges from the cloning process in Definition 4.3.

Claim 4.6. Both the endnodes of the edge e = (ul,ub) are 2c.-critical.

Proof. The walk W of Definition 2.10 contains two copies of e. The Hamiltonian cycle H; of
K, —{u}}, obtained from W,ZA by removing the two copies of e, has length cg—2c¢.. It follows that
ul is 2ce-critical. Analogously, using the walk Wg, one proves that also ub is 2c.-critical. 0

Let ¢ be the number of edges that have been cloned to obtain the inequality cx > cq, i.e.,
¢ = |{i|t;>0}. If £ = 0, the inequality is valid since it is a simple PWB. Therefore, by
Claim 4.5, e = (u},u}) with n; = 2 is c-clonable and, by Claim 4.6 both its endnodes are
2ce-critical. Thus, applying Theorem 4.2, the inequality c*z* > ¢, obtained from cx > ¢¢ by
cloning e for ¢; times, is facet defining for STSP(n + 2t;) and, for any node v, the edge set
d(v) in K494, is c*-connected. In addition, if the endnodes of an edge f are 2cy-critical, then
they are also 26}—critical. Finally, by induction on £ one shows that any simple extended PWB
inequality ¢T > ¢g is facet defining and that all its nodes are é-connected. Thus, any extended
PWB inequality is facet defining. O

In [24] Padberg and Hong define the chain inequality as follows:
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Let S; CV fori=0,1,---,q be any proper subsets of V satisfying S;N Sy =0 fori =1,---,p,
|SiN Sl >1and [S;\So| >1fori=p+1,---,q,and S;NS; =0 for 1 <i<j<gq. Let RC S
be a subset of Sy satisfying |R| = p and RNS; =0 for i = 1,---,q. Then the chain inequality is

p

> a(a(80) + Y a (R ) < Isul + 17|+ 308 - - [ 55| e

q
, , 2
1=0 =1 i=1

In [24] it is shown that the chain inequality is a valid inequality for STSP(n) with n > 8, when
2 < p < q (for p < 1 the chain inequality coincides with a comb inequality). If ¢ — p is odd,
then the inequality is dominated by a nonnegative linear combination of subtour elimination
and degree constraints (see, e.g., [15] where a generalization of these inequalities is described).

It is not difficult to verify, by putting (22) in T'T form, that the chain inequality is an extended
2-regular PWB inequality obtained by cloning only one path edge of a simple 2-regular PWB
configuration, say (ul,u}), and then zero-lifting all nodes except ul and its clones (these are the
members of the set R in the definition of the chain inequalities).

Extended PWB inequalities generalize chain inequalities not only because the cloning process
can involve all path edges of a 2-regular PWB inequality and because all nodes can be zero-lifted,
but also because these inequalities can be derived from any non-regular PWB inequality having
at least one path of length 2. This generalization of the chain inequalities differs from the one
described in [15].

5. Composition of PWB inequalities

In [17] an operation called 2-sum is described, which yields facet defining inequalities for
GTSP(n) and involves two facet defining inequalities defined on smaller configurations. In [18]
sufficient conditions are given under which an inequality, obtained as the 2-sum of two other
inequalities, defines a facet of STSP(n). We apply the 2-sum operation to PWB inequalities.
For the sake of completeness, we give the formal definition of the 2-sum operation.

Two weighted graphs G' = (V!, E',c!) and G? = (V2, E?,c?) are isomorphic if there exists
a one-to-one correspondence p between their node sets that preserves the weight function, i.e.,
for every edge (u,v) € E', the edge (p(u), p(v)) belongs to E? and ¢! (u,v) = c2(p(u), p(v)).

Definition 5.1. Let ctz! > cg) and *x? > cg be two TT inequalities facet defining for STSP(nq)
and STSP(ny), respectively, and let e; = (u1,v1) € E,, and ea = (ug,v2) € E,, be two edges such
that c*(u1,v1) = c*(ug,v2) = 0 > 0. Denote by V,,, and V,,, the node sets of the two graphs Ky,
and K,,, respectively, by V' the set Vi, — {u1,v1} and by V? the set Vi, — {ug,v2}. Then the
2-sum of the two inequalities, obtained by identifying uy with us and vi with vo, is the inequality
cx > ¢y + g — 20 defined on REn  with n = ny + ny — 2, whose support graph G. = (V, E,, c) is
defined as follows:

(i) V=VI+V2+ {un}

(ii) the subgraph of G, induced by V' + {u,v} is isomorphic to G.1 and u and v correspond
to uy and vy, respectively, in the isomorphism;

(iii) the subgraph of G, induced by V2 4 {u,v} is isomorphic to G2 and v and v correspond
to ug and vo, respectively, in the isomorphism;

(iv) the coefficients of the edges with one endnode in Vi and the other in Va, that we call the
crossing edges of the 2-sum, are computed by a sequential lifting procedure.
The inequalities c'z' > c(l] and z? > cg are called the component inequalities of the 2-sum.
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For the sake of simplicity, from now on every time that the correspondence between nodes,
edges, and walks of each of the graph G, and G,, and their corresponding isomorphic subgraphs
of G, is evident, we omit to mention it explicitly.

In [17] the 2-sum operation is used in a recursive way to generate huge families of inequalities
defining facets of GTSP(n). The most interesting of such families is perhaps the one of the
reqular parity path tree (or reqular parity PWB-tree) inequalities. These inequalities are peculiar
because the lifting procedure does not have to be carried out explicitly, since the coefficient of
each crossing edge is given by the c-length of the shortest path between its endnodes in the
c-weighted graph produced by each 2-sum. This implies that the coefficients of the crossing
edges do not depend on the order of the sequential lifting procedure.

Definition 5.2. A regular parity PWB-tree inequality is one of the following:

(1) A regular PWB inequality Py. In this case the PWB-tree inequality has length 0. The path
edges as well as the even and the odd nodes of Py coincide with the corresponding ones of the
PWB inequality.

(1i) The 2-sum Pyy1 of a regular parity PWB-tree inequality Py, having length ¢, and of a
reqular PWB inequality obtained by identifying the endnodes of a path edge of one inequality
with the endnodes of a path edge of the other, with the constraints that the identified nodes have
the same parity. In this case the PWB-tree inequality has length ¢4+1. The nodes that result from
the two identifications inherit the parity of the nodes from which they derive; the edge between
them is a path edge of Pyy1. The path edges as well as the even and the odd nodes of Py and of
the PWB inequality are path edges, even and odd nodes of Pyy1.

As it was mentioned before, for the regular parity PWB-tree inequalities the following theorem
holds:

Theorem 5.3 (Theorem 5.3 [17]) Let clzt > ¢} and c®2? > be two regular parity PWB-tree
inequalities, cx > ¢y be their 2-sum, and (u,v) be the edge that results from the identification.
Then, using the notation of Definition 5.1, for any x € V' and y € V2 the following holds:

c(z,y) = min {c! (z,u) + (u,y), c' (z,v) + (v, y) } . (23)

The main result of this section is a proof that regular parity PWB-tree inequalities are facet
defining for STSP(n). To do so, we use the following theorem that gives conditions for a 2-sum
inequality to be facet defining for STSP(n).

We call a 2-sum inequality h-liftable if the coefficients of its crossing edges do not change if
Hamiltonian cycles are used in the lifting procedure, instead of walks.

Theorem 5.4 (Theorem 3.5 [18]) Under the assumptions of Definition 5.1, let ctzt > ¢}
and c*z% > c2 be nontrivial inequalities defining facets of STSP(n1) and STSP(ny), respectively.
The 2-sum inequality cx > ¢y is facet-defining for STSP(n) if it is h-liftable and:

(a) vy is 20-critical for c'z! > ¢},

(b) 6(uz) is c*-connected,
and either (Case (A))

() ug is 20-critical for z* > c3,

(d') §(vy) is c'-conmected,
or (Case (B))

(") vy is 20-critical for c*x? > 2,
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(d") S(uq) is c'-connected,

(") there exists a Hamiltonian cycle Hy € H, containing the edge (ui,v1) and any edge
el € Acl (Ul),

(f") there exists a Hamiltonian cycle Hy € H_, containing the edge (u2,v2) and any edge
ez € Ay (v2).

Before stating the main theorem, we prove a lemma concerning the h-liftability of simple
regular parity PWB-tree inequalities and recall three lemmata from [18] that will be used in the
main proof as well.

T
J’a

Figure 15: Tight walks containing edge (u%,u”) and twice edge (ué,u; 1)

Lemma 5.5. The 2-sum of a simple reqular parity PWB-tree and of a simple PWB inequality
is h-liftable.

Proof. We consider the 2-sum of a simple regular parity PWB-tree inequality P, with a simple
regular PWB inequality cx > c¢p, obtained by identifying the endnodes of a path edge of Py
with the endnodes of the edge (u;, ué +1) of the PWB inequality. Without loss of generality, we
can assume that j < n;, and thus that ué 41 Is always even. Let e = (a,uy) be a crossing edge
of the 2-sum inequality. We consider two cases, depending on whether node u; (as well as the
corresponding node of Py) is even or odd. We use the walks of the figures 15, 16, and 17. These
walks belong to W, when cx > ¢p is a path inequality and can be easily adjusted to the cases
when the inequality is either a wheelbarrow or a bicycle.

Case A. Node u; is even. Without loss of generality, we assume that ¢ < j (else, just exchange
the roles of j and j + 1 and of Z and Y'). Then it is easy to see, by (23) and (13), that ¢, =
c!(a, u;) +c2(u§», ug). The inequality Py is facet defining for GTSP(n) (see [17]). Therefore, there
exists a tight walk containing (a,ug) that, by Lemma 2.15, can be turned into a Hamiltonian
cycle H containing (a,ué-). If r = 4, then let W7 be the walk of Figure 15(a); otherwise, let Wy
be the walk of Figure 15(b). This walk contains edge (ué, ué 4+1) twice. The Hamiltonian cycle
H+ W, — 2(u§-, u§-+1) — (a, u;) - (u;, ug) + (a, ug) is tight for the 2-sum inequality and contains
the crossing edge e.

Case B. Node u; is odd, i.e., u; =Y and j = 0. In [17] (Lemma 5.6) it is shown that there

exists a tight walk W for the inequality P, that contains both edges (a,Y) and (Y,u}). We
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Figure 17: A tight walk containing the edges (u},Y) and (Y, ug) and one containing twice edge
(u},Y) and edge (uf,u])

first assume that either r # i or ¢ = n, + 1, in the latter case we have ug = Z. Then it is
easy to see that, by (23) and (11), ¢, = c!(a,Y) 4+ A(Y,u}). If ¢ = n, + 1, then let Wy be
the walk of Figure 16(a); otherwise let it be the walk of Figure 16(b) (the edges represented
by broken lines have to replace the marked edge if node Y has degree 2 in W). The walk
W+ Ws —2(u},Y) — (a,Y) — (Y,ul}) + (a,u) is tight for the 2-sum inequality, contains the
crossing edge e, and, by Lemma 2.15, can be transformed into a tight Hamiltonian cycle by
shortcuts involving only edges of E! since only one edge on E? is incident with u{ and Y,
respectively. Now let us assume that r = i and ¢ > 0. If ¢, = c!(a, Z) +c%(Z, ug), then let W3 be
the walk of Figure 17(a). The walk W' =W + W3 —2(ui,Y) — (a,Y) — (Y, u}) + (a, u}) is tight
for the 2-sum inequality and contains the crossing edge e. Finally, If ¢, = c!(a,u}) + c?(ui, ug),
let H be the Hamiltonian cycle defined for Case (A) and Wy the walk of Figure 17(b). Then
also the walk W” = H + Wy —2(u},Y) — (a,u}) — (uf,u}) + (a,u]) is tight for the 2-sum and
contains e. Both walks W' and W” can be turned into tight walks where every node but Y’
has degree 2, by applying shortcuts involving only edges of E', since only one edge on E? is
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incident with u}. To reduce each of these walks to a Hamiltonian cycle, a shortcut involving a
crossing edge (w,uj), where s # i, is necessary. However, since the coefficients of the inequality
do not depend on the lifting sequence, we can assume, without loss of generality, that the lifting
coefficients for all the crossing edges (w,uf), with s # ¢, are computed first, and the lemma is
proved. O

The following three lemmata give conditions under which some properties of the components
of a 2-sum are carried over to the resulting inequality. The notation used in their statements is
that of Definition 5.1.

Lemma 5.6 (Lemma 3.5 [18]) Under the assumptions of Definition 5.1, let w € V,,, be a-
critical for ctzt > ¢}, and ¢! = a/2 for some edge e € §(w) in K,,. The corresponding node
w € V is a-critical for cx > ¢y if cx > ¢q is supporting for GTSP(n) and any of the following
conditions holds:

(a) w g—f {ulvvl}J

(b) w=wuy and uz is 20-critical for c2x? > 3,

(¢) w=wv1 and vy is 20-critical for c*z* > 2.

Lemma 5.7 (Lemma 3.6 [18]) Under the assumptions of Definition 5.1, if there exists a
Hamiltonian cycle H € Hg, containing two nonadjacent edges e and f € E,, and at least
one of the two nodes us and vy is 20-critical for 2z > 6(2), then there exists a Hamiltonian cycle
H* € H containing the edges in E, corresponding to e and f, respectively.

Lemma 5.8 (Lemma 3.7 [18]) Under the assumptions of Definition 5.1, let §(w) in K,, be
ct-connected for every node w € Vy,, and let §(w) in K,, be c*-connected for every node w € Vi, .
Then 6(w) in K, is c-connected for every node w € V if the following conditions hold:

(1) cx > cq is h-liftable;

(ii) at least one of the two nodes uy and vy is 20-critical for c'xz' > Cé,’

(i31) at least one of the two nodes uy and vy is 20-critical for c*z* > c2.

We have now all the basic tools to prove the following
Theorem 5.9. The regular parity PWDB-tree inequalities are facet defining for STSP(n).

Proof. Let Py be a simple regular parity PWB-tree inequality of length ¢. We proceed by
induction on ¢. The theorem is true for £ = 0 since Py is a PWB inequality. We consider now
the case £ = 1. Thus, by Definition 5.2, P; is the 2-sum of an inequality Py, which we denote
by clz! > c(l], and of a simple PWB inequality c?z? > c%, obtained by identifying the endnodes
of the path edge (u1,v1) of the first inequality to the endnodes of the path edge (ug,v2) of the
second. Using the notation of Definition 5.1, we show now that the conditions of Theorem 5.4
are satisfied. By Lemma 5.5, P, is h-liftable for all values of /.

Claim 5.10. An even endnode of a path edge e of a simple PWB inequality cx > co 1S 2ce-
critical.

Proof. Without loss of generality, we can assume that e = (uz, u; +1), with j € {0,---,n; —1}.
We consider two cases.
The first case arises when j € {1,--+,n; — 1}; in this case both the endnodes of e are even.

Consider the walk W of Definition 2.10 if j = 1, the walk W} if j = n; — 1, and W& (j + 1) if
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j€42,---,n; —2}. Such a walk contains two copies of edge e; in addition, by removing these

two copies, we obtain a walk of V\{ug 41} of c-length ¢o —2c.. Therefore, ué 41 18 2ce-connected.
;- is 2¢.-connected.

In the second case, arising when j = 0, we consider the walk W(ij(l), the only even node is ut.
We add the (odd) node Y = u}), then we remove the two cycle edges (u},ui™) and (ui,u’™),

and finally we add the edges (Y,u} 1), (Y,u}™), and two copies of the edge e = (Y, u}). The
resulting walk has c-length ¢y and contains two copies of e; moreover, the removal of these two
copies of e yields a walk of V' \ {u;} of c-length ¢y — 2c¢,. 0

Similarly, one shows that also u

Claim 5.11. An even endnode of a path edge e of a simple regular parity PWB-tree inequality
cx > ¢ 18 2¢.-critical.

Proof. 1t follows immediately by applying the recursion of Definition 5.2, Claim 5.11, and
Lemma 5.6. O

Since a path edge has at most one odd endnode, we can assume, without loss of generality,
that the nodes u; and ugy are both even. Thus, by claims 5.10 and 5.11, the conditions (a) and
(¢") are satisfied for all values of £. Depending on the parity of the nodes v! and v? we have two
distinct cases.

Case A: v! and v? are even. In this case, by claims 5.10 and 5.11 Condition (¢) is satisfied.

Case B: v! and v? are odd. First, we prove the following

Claim 5.12. Let cx > ¢y be a simple PWB inequality and (u},Y) be one of its path edges
incident with an odd node. Then there exists a Hamiltonian cycle H € H containing (u},Y)
and an edge of A.(Y).

Proof. Consider the walk of Figure 7(a), where j and ¢ are set to 1 and n,, respectively. With
these settings of j and ¢ the walk is actually a Hamiltonian cycle. Replace (u}, uy, ) by the two
edges (u},Y) and (Y,u}, ). For the case of a path inequality, insert node Z into the cycle in a
similar manner, by removing any cycle edge of Cz (by Theorem 2.12 at least one edge of Cy
belongs to the Hamiltonian cycle). The resulting Hamiltonian cycle belongs to H-, contains the

edge (u},Y), and, again by Theorem 2.12, intersects Cy C A.(Y). 0

Claim 5.13. Let cx > ¢y be a simple regular parity PWDB-tree inequality and (u,v) be one of
its path edges incident with an odd node v. Then there exists a Hamiltonian cycle H € HZ
containing (u,v) and an edge of A.(v).

Proof. 1t follows immediately by applying the recursion of Definition 5.2, Claim 5.10, and
Lemma 5.7. 0

End of proof of Theorem 5.9. Claims 5.12 and 5.13 imply that both conditions (e”) and (f")
are satisfied for all values of /.

For ¢ = 1 the two inequalities are of PWB type, hence, by theorems 3.2 and 3.4, the conditions
(b), (d'), and (d") are satisfied. Thus, the inequality is facet defining and each node of the graph
is c-connected with respect to the coefficient vector ¢ of the inequality. This implies that the
same holds for ¢ > 1, by applying the induction and the lemmata 5.5 and 5.8. 0

A clique-tree inequality (see [11]), as long as there is a node not contained in any handle or
tooth, is a special case of a regular parity path three obtained as follows (see [17]):

— only 2-regular PWB inequalities with at least one odd node are used as components,
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— each 2-sum involves an odd node,

— all odd nodes involved in the 2-sums correspond to a single odd node in the resulting
inequality.

It is evident how the regular parity PWB-tree inequalities generalize the clique tree inequalities
in many possible ways.

6. Conclusions

The operations described in this paper can be extended in several directions to prove that further
classes of inequalities derived from PWB inequalities are facet defining for the STSP polytope.
For example, the components of a 2-sum can be extended PWB inequalities, or edge cloning can
be applied to regular parity PWB inequalities.
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