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Abstract

This paper considers the filtering and identification problems for a class of discrete-time un-
certain stochastic systems that admit a finite number of linear working modes. It is shown here
that this class of uncertain systems can be modeled by using a suitably defined extended system,
whose state evolves according to a bilinear model. A polynomial filtering algorithm is derived
for such extended system, which readily provides the polynomial estimates of both the original
state and the working mode. Simulations show the effectiveness of the proposed approach and
the improvements with respect to standard linear filtering algorithms.
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1. Introduction

This work considers discrete-time stochastic linear systems described by equations of the type:
2(k +1) = A(u)x (k)+ B(p)u(k) + F()N (k),
y(k)=C(p)z(k)+D(p)u(k)+G(u)N (k),

k € ZT, where z(k) € IR"™ is the state, u(k) € IRP is the known input, y(k) € IR? is the measured
output, N(k) € IR is the “noise”, a sequence of zero-mean independent random vectors, not
necessarily Gaussian. All system matrices in (1.1) depend on an unknown parameter p taking
values on a finite set WW. Without loss of generality, we assume here that u takes values on
the set of the first m integers, i.e. W = {1, e ,m}. Stated in other words, the system is
characterized by m linear working modes. The problem considered in this paper is to estimate
both the system state and the current working mode.

A great deal of literature treats the state estimation problem for systems of the type (1.1)
when the parameter p undergoes Markov transitions (see [5]-[11]). In this work the unknown
parameter is assumed constant (at least over “long” time intervals). A minimum variance
polynomial filter is presented here to solve both the parameter and state estimation problems.
The polynomial approach has led to important results in the field of suboptimal filtering of non
Gaussian linear [3] and bilinear systems [4]. Recently, polynomial filters have also been studied in
the framework of descriptor [12] and Markov switching systems [5]. The key-point in this paper is
the construction of an extended system, whose state contains a suitable parameterization of the
unknown variable p and its Kronecker products with the Kronecker powers of the original state,
up to a chosen degree v. The extended system has the structure of a bilinear model, i.e. a linear
system driven by multiplicative noise. The output of the extended system is made of the original
output vector and of its Kronecker powers up to the chosen degree v. The best polynomial filter
for the original system is derived through the computation of the best linear filter for the
extended system. Although the polynomial filter is derived here specifically for systems with
unknown and constant working mode, simulation results show the good performances of the
filter also when the system undergoes rare switching.

(1.1)

2. A model for the uncertain system

This section presents an alternative representation for the uncertain system (1.1). For the model
derivation it is useful to regard the constant parameter p as governed by the trivial difference

equation
ulk+1) = k), p(0) = o (2.1)
Consider the natural basis in IR™, denoted &,, = {61, e, - ,em}. Defining the matrix
A=[AQ) A@2) - A(m)] (2:2)
the following identities hold
AG)=Ale; @ 1), i=1,...,m, (2.3)
as it is easy verified from
- O(i-1)nxn
A(ei ®I,)= [A(l) e A(d) - A(m)} I, ) (2.4)



where the symbol ® denotes the standard matrix Kronecker product. Throughout the paper
superscripts in square brackets denote Kronecker powers, defined for a given matrix H by:

HY =1, HPY —HeoHY i>1. (2.5)

(see Appendix A and/or [1] for more details, see [4] for a quick survey on the Kronecker product
and its properties).

Instead of the integer u € W a vector ¥ € &,, can be used to parameterize the m working
modes of system (1.1), suitably exploiting the bijection &,, <> W. Defining ¥ = e, all matrices
in equation (1.1) can be written as follows

Ap) =AW I,), B(n)=B(0&1I,),
Clp)=C(W®1I,), Du)=DWeIL,), (2.6)
Fu)=F@®L), Gu) =G0eI),

where all matrices B,C, D, F, G are defined as A in (2.2). From (2.1), the sequence J(k) = e,
is governed by equations

I(k+1)=9(k), 9(0)=19p. (2.7)
Since ¥(k) € &, it follows that
92 (k) = Exd(k), with By=[el? ... e2]. (2.8)
Proposition 2.1. System (1.1) admits the representation:

z(k+1) = A(W(k) ® z(k)) + B(k)9(k) + F(9(k) @ N(k)),
Ik +1) = 9(k), (2.9)
y(k) = C(9(k) ® z(k)) + D(k)I(k) + G(I(k) @ N(k)),

where the time-varying matrices B(k), D(k) depend on the known input u(k) as follows:

B(k) = B(I, @ u(k)), D(k) = D(I, @ u(k)). (2.10)

Proof. Using identities (2.6) the state and output equations of system (1.1) can be put in
the form:

a(k+1) = A(O(k) @ I,)x(k) + B(9(k) @ I)u(k) + F(9(k) @ I,) N(k), 2.11)
y(k) = C(9(k) ® L) x(k) + D(9(k) @ I,)u(k) + G(I(k) @ I,) N (k '
According to the Kronecker product properties:
(9(k) ® In)x(k) =(9(k) ® I,) - (L@ a(k)) = (0(k) - 1) @ (I - 2(k)) = 9(k) ® (k),
(9(k) ® Ip)u(k) =(0(k) @ Ip) - (L@ u(k)) = I(k) @ u(k) = (In, - I(k)) ® (u(k) -1)  (2.12)

=(In@u(k))-(0(k)@1) = (I @u(k)

~—
<

—
Sy

~—

so that (2.9) and (2.10) are easily obtained. [ |



3. The polynomial filter

It is well known that the optimal solution to the minimum variance filtering problem is given by
the expectation of the state conditioned to all the measurements up to the current time, that is
the projection of the state onto the linear space of all the Borel functions of the measurements:

#(k) = B[a(k)|o (V)] = 1[2(k) BOYG)], (3.1

where Y, = [y7(0) --- yT(k:)]T. In the Gaussian case the conditional expectation is a linear
transformation of the measurements, recursively implemented by the Kalman filter. In the non
Gaussian case, when the conditional expectation is difficult to compute, a suboptimal estimation
approach can be followed. By definition, suboptimal polynomial estimates are optimal in the
Hilbert space of all polynomial transformations of measurements [3, 4]. Choosing an integer v
and assuming that, for all h € ZT,

E[ly7n))?] < o0, i=1,...,2, (3.2)
the Hilbert space of v-degree polynomial transformations of the output sequence can be defined
as follows:

L(YY) =span{l, Y*(0), ---, Y"(k)}, (3.3)
Y¥(0) y(h)
with Y} = o, YY(h) = : . (3.4)
Y (k) Y (n)

The optimal (min. error variance) state and parameter estimates in L(Y}”) are given by the
projections:

. 3.5
Uy (k) = TL[9(k)|L(Y})]- &

In order to ensure that all the moments in (3.2) are finite, the following assumptions are needed:
1) the noise variable N (k) has finite moments up to degree 2v

E[NV(k)] =& <oo, 1<j<2, (3.6)

(note that, being N (k) white, it is & = 0).
2) The initial state (0) = xo, independent of the noise sequence, has finite moments up to
degree 2v:

Bl =¢ <o, 1<j<ow (3.7)

Assumptions 1) and 2) guarantee that the polynomial extended output sequence Y (k), defined
in (3.4), has bounded mean and covariance. Consider now the extended state sequence XV (k)
defined as

Xo(k)
X'k =| [ Xi(k) =9(k) @all(k), (3.8)



(note that Xo(k) = 9(k)). In the following it will be shown that X" (k) and Y" (k) admit a
stochastic bilinear generation model of the type

XY(k+1)=A"(k)X"(k)+F'(N(k), X" (k)),

Y¥(k) = C"(k) X" (k) + G"(N (k), X" (K)),

where A” and CV are suitably defined deterministic matrices, while F*(N(k), X" (k)) and

GY(N(k), X" (k)) are terms in which noise terms multiplies the extended state. The struc-

ture of matrices A” and C” and the properties of the noise sequences F (k) = F¥(N(k), X¥(k))
and G(k) = G"(N(k), X" (k)) will be presented in lemmas 3.4, 3.5 and 3.7.

The best linear estimate of X”(k) is the projection X" (k) = II[X"(k)|L(Y})]. Since F(k)

and G(k) are sequences of zero-mean, uncorrelated random vectors, X”(k) can be recursively

computed using the Kalman filter applied to system (3.9).

(3.9)

Theorem 3.1. The optimal v-degree polynomial estimate of the state x(k) of system (1.1) and
of the unknown vector 9(k) are given by:

(k) = M XY (k) = MITXY (B) LYY, (3.10)
du (k) = T, X" (k) = TIL[X" (k)| L(YY)].

where:
My = [Onxm M Opsmnzioinn)) s
T = In  Opmxm(nstn))»
with M = [I,, - - - I,] € R™™™.

Proof. The proof is easily obtained noting that x(k) and 9(k) are both linear transformations
of the extended state X" (k):

(k) = M(9(k) @ 2(k)) = MX; (k) = M, X" (k)

(3.11)

I(k) = T, X" (k), (3.12)
so that the polynomial minimum variance state estimates in (3.10) are:
&y (k) = W[ (k)|L(YY)] = TM X (R)| L)) = MaTI[XY (k) LOYZ)] = M X (R), (3.13)
dy (k) = TI(R)|L(YY)] = T[T, X" (k)| L(YY)] = TI[X" (k)| L(Y)] = T,X" (k).
|

Remark 3.2. The covariance of the estimation error x(k) — Z,(k) can be extracted from the
covariance of the estimation error of the extended state as follows:

Cov(z(k)— &, (k)) =M, Cov( X" (k) — X" (k)) M. (3.14)

Remark 3.3. Since in general é\y(k/‘) Z Em, a strategy for the estimation of the mode u(k) is
to choose among the elements of &,, the closest one to the estimate 6, (k), according to the
Lo-norm:

k) = Nleam) = 00 (B) oo < lle = 0, (F)lloo; (3.15)

for j = 1,...,m. The motivation for this strategy is that the choice (3.15), when applied
to the conditional expectation of 9J(k), provides the Maximum Likelihood Estimate of p(k).
This happens because the components of J(k) = IE{J(k)|o(Y))} coincide with the conditional
distribution of ¥(k).



The following lemmas give some insights into the structure and properties of the model (3.9).
All the results presented exploit the fact that, according to definition (3.8) and to identity (2.8),
Vi, j,h e ZT:

XM =0 X, Xi®X;=Ei; X, (3.16)
where O and = ; are the matrices defined by:
ONTH = (087 @ Ly ) (In @ CF s ) - (B2 © L)),
0% =[1..-1] € R"™™, (3.17)

n
Ei,] ( & C )(EQ &® Iniﬂ'),

mmnd,nt

with Cg suitably dimensioned commutation matrices for the Kronecker product [4], and E» as
n (2.8) (see [5] for more details).

Lemma 3.4. The iterative equation of the component X;(k) defined in (3.8) is:

k+1 ZAJH th )+]:j(k)a

n (3.18)
Z Sgl th
t1=0
where A (k), Stjl(k:) are the following sequences of deterministic and random matrices:
Ajr (k) = (Im @ J, (k) Zo4, (3.19)
S}, (k) = (Im ® L7, (k) Zoyty (3.20)
with:
tER;
T (k) = Lk ( mnt1 @ &g (K )) (3.21)
t2,t3
teER;
£i1 Z LJ ( mnti ( [t3] (k‘) — £t3 (kf))), (322)
to,t3
Li(k) =M} (ﬁ[tﬂ ® B (k) ® ﬁ[t:ﬂ) K, (3.23)
Kg :(@%171®8f127 th 1)( Lt @ B2 @ Iyes). (3.24)

Mtj in (3.23) are the matriz coefficients for the Kronecker power expansion [4], t = (tl,tg,tg)T
is a multi-index in (ZT)? and R; = {t € @T)> : t1+ta+t3 = j}. Moreover F(k) =

[fo(kr)T e Fy(k)T} Tisa sequence of zero-mean uncorrelated random vectors, whose covariance
matrices W]};(k) = IE[F;(k)F;(k)T] are given by:

Z Z Str_niﬂl mnll < 5171;5]1 (k) . Erl,tlE[Xr1+t1 (k)} ), (325)

J1=0141=0



with st=! the inverse of the stack operator [{] and:

G5 (k) =B[S7, (k) © 1, (k)]

71,61

4 . L (3.26)
(I ® Can nl) (Im2 ® ¢t17,]7“71 (k)) ’ <Im & Cantl,mnrl) (:0,7"1 ® ‘:07151)7
where:
oo (k) = E[L], (k) ® LL (k)]
tERJ reR;
=" (LIRS LLE) ) Lypnts @CE s 1) (3.27)
t2,t3 12,13

’ (Im2ntl+"1 @ <£T3+t3 (k) - £T3 (k) ® £t3 (k)>> (Imntl ® Cmnrl,l)'

Proof. The proof is a straightforward consequence of Lemma 3.2 in [5]. In that framework
system (1.1) is a switching system, and p(k) is a Markov chain with known transition probability
matrix. The iterative equation (3.18) easily comes by taking into account that in the present
case, the unknown parameter does not switch so that, by consequence, the transition probability
matrix is necessarily the identity matrix. The fact that the extended noise {f (k:)} is a sequence
of zero-mean uncorrelated random vectors, comes taking into account that Stjl(k:) and S. (h)
are zero-mean and uncorrelated for any j,4,t1,s1 and for any k # h and, moreover, Sgl(k:) is
independent of X5, (k). [ |

Lemma 3.5. The equations for the Kronecker powers of the measurements defined in (3.4) are:

i
Yl (k) = Chy (k) X1y () + G (k),

“jzo (3.28)
Gi(k) = T (k) X, (k),
t1=0
where Cjy, (k), ’];Jl (k) are the following sequences of deterministic and random matrices:
teER;
Jtl Z TJ < mnt1 ®€t3( )) (329)
2,t3
teER,;
=3 T8 (s @ (N1 )= (1)) ), (3.30)
l2,t3
T (k) = M/ ((7[“] ® D™k é[tS})Kﬂ' (3.31)
t t t> .
and K} as in (3.24). G(k)= (G (k)T .. )T] is a sequence of zero-mean uncorrelated random

E[G;(k)Gi(k)T] are given by:

vectors, whose covariance matrices !pg ( )

Z z St ! < 2—17,21;3 k)‘—‘T‘l tlE[XT1+tl (kﬂ>? (332)

t1=07r1=0



with:
#1350 (k) = BT () © T (1)
reR; t€R;
= D (TGRS ()T @i s (3.33)
r2,r3 t2,t3

’ (Ian"l*tl ® (§t3+7"3(k) - gts(k) ® 57"3 (k>)> (Imnrl ® Cmnﬁ,l)'

Proof. The proof is a straightforward consequence of Lemma 3.3 in [5], according to the same
remarks considered in the proof of Lemma 3.4. |

Remark 3.6. It has to be stressed that, according to Lemmas 3.4 and 3.5, system (3.9) provides
an exact generation model for the sequences X (k) and Y” (k) (i.e. no approximation has been
introduced).

Lemma 3.7. The noise sequences {f(k)} and {Q(k‘)} are such that, for 1 < i,j < v and
Vk,heZ":

(neT (] —
E[E(k)GZT (h)] =0, Vk # h -
E[F;(k)G] (k)] =Qja(k)
with:
Qj.i(k) = Z Z stl ( T’ftl(k:)En,tl]E[XnHl(k)D, (3.35)

t1=07r1=0
where er t1( )= E[Zfl(k’) ® Sfl(k)]

Proof. The proof is a straightforward consequence of Lemma 3.4 in [5], according to the same
remarks considered in the proof of Lemma 3.4. |

According to Lemma 3.7, the extended noises F(k) and G(k) are correlated at the same
instant k£, so that the Kalman Filter equations for correlated noises have been adopted for
the computation of X¥(k), i.c. the best linear filter for system (3.9) [2]; the straightforward
algorithm is the following:

Xv(0] - 1) = E[X(0)],
XU(k) = X" (k|k — 1) + K(k) (VY (k) —C¥ (k) X" (k|k — 1)), (3.36)
XV(k +1)k) = AV (k)XY (k) + Z(k) (Y (k) — CY (k)XY (k|k — 1)).

The gain matrices K(k) and Z(k) are recursively computed through the following Riccati equa-

tions:
Pp(0) =Cov(X"(0)), (3.37)
Z(k) =Q(k) (C* (k) Pp(k)C¥ (k) + w9 (k)" (3.38)
K(k) =Pp(k)C"T (k) (C (k) Pp (k) CT (k) + w9 (k)" (3.39)
P(k) =Pp(k) — K(k)C" (k) Pp(k). (3.40)
Pp(k+1) =A" (k) P(R) AT (k) + W7 (k) — Z(k)QT (k) — A”(R)K(k)QT (k) (3.41)
— QR)KT (k)AY (k). (3.42)

where in (3.42) the Moore-Penrose pseudoinverse has been used.
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Remark 3.8. The algorithm initialization (i.e. X*(0| — 1) and Pp(0)) requires the knowledge
of the initial state statistics up to 2v degree, which are finite and available according to (3.7).

Remark 3.9. Note that the recursive computation of W7 (k), W9 (k) and Q(k) requires the
computation of the expectations IE[X;(k)], i =1,...,2v (see (3.25), (3.32) and (3.35)). These
are the components of IF [X ”(kz)}, and are recursively computed as

E[X"(k+1)] = A (k) E[X"(k)]. (3.43)

4. Simulation results

This section reports simulation results referred to a system of the type (1.1), characterized by
the following data:

o z(k)eR?, u(k)€ R, y(k) € IR?, W:{1,2};

05 0 02 0
e Aj=|-17 05 0|, Bi=|-1}, CIZB _01 (1)] DIZH’
|0 0 0.1 1
(0.3 025 0.1 1
o Ay=|-175 05 0|; By=|2|, 02:[_01 8 ﬂ DQ:{—O(fz};
0 1.2 1 0 '
0.1 0 0
.Flz 0.1 0 O, G1:|:8 8 0013:|’
L0 03 0 '
[0 01 0
eF=1]01 01 0f; GQZB 8 8?}
—01 0 0 '

e the noise N (k) € IR? has independent components, with distributions:

P(Ni(k) =-1/2) = 0.8, P(Na(k) =—1/3) =0.9
P(Ni(k) =2) =0.2, P(Na(k) =3) =0.1, (4.1)

The distribution of N3 is identical to that of Nj.

In the simulation presented u(k) = 1, k > 0. The initialization of the state estimate is made
considering z a gaussian variable, while the initial estimate of ¢ is the mean of the components
of the base vectors (m = 2).

As announced in the introduction, although the derivation of the polynomial filter has been
made under the assumption of a constant parameter p, the simulations here reported consider
one switch of the parameter (i.e. a change of the system working mode) during the system
evolution. In particular, the numerical data here reported refer to a simulation over a 1.000
steps interval, in which one switch of the parameter occurrs at time k = 500.

Figures 1-3 report the components of the true state and of the state estimates obtained with
a first order (v = 1) and a second order (v = 2) filter. The sampling variances of the estimation
errors of the linear and quadratic filters before and after the switching instant are reported
below. The 500 steps before the switching (u(k) = 1) give the following error variances of the 3
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Figure 2: True and estimated state zy(k).
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35 T T
— True state
———————— Observed state
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Figure 3: True and estimated state z3(k).

state components:

0?|,=1 = 1.46-1074, 02|,—3 = 8.01-1075,
03l,=1 =854-107%  03|,— =6.67-1074,
03,1 =9.80-1074, 02— = 3.94-107%.

The 500 steps after the switching (u(k) = 2) give:

02|=1 =1.94-107%  o?|,—o=1.13-107%,
03|,=1 =6.57-107%  03|,—2 =6.16 - 1074,
03,1 =825-1074, 03|,—2 = 2.61-107%

The improvement of the quadratic filter over the linear one is evident: for some state components
the reduction of the error variance is about 60%.

5. Conclusions

The problem of the simultaneous state and parameters estimation for a class of uncertain stochas-
tic systems has been investigated in this paper, and the equations of the best polynomial filter
are derived. Simulation results show the sensible improvement of the second order filter with
respect to the first order one, proving the goodness of the developed theory.
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A. Kronecker Algebra

For the ease of the reader, in this Appendix are reported some useful results on the Kronecker
algebra. The proofs and other further details can be found in [1] and [4]. Let M and N be
matrices of dimensions r X s and p X ¢q respectively, then the Kronecker product M ® N is defined
as the (r-p) x (s-q) matrix

mnN . mlsN
mmaN ... mpsN

where the m;; are the entries of M.
Definition A.1. Let M be an r X s matrix:
M = [ml me ... ms} , (A.2)

where m; denotes the i-th column of M. The stack of M is defined as the r - s vector:

M = . (A.3)

Observe that a vector as in (A.3) can be reduced to a matrix M as in (A.2), once it is known
the number of the rows r of the original matrix, by considering the inverse operation of the stack
denoted by st~!. More generally, let m be a vector in IR*, and r be a divisor of ;. Then the
r x (p/r) matrix given by M = st~1(m,r) is defined so that:

st(M) = m. (A.4)

In presence of vectors m € R(“Q), that is their length is given by a square, the notation
st~1(m) has to be considered as a short version of st™!(m, ).

In case of vectors Kronecker products, it is easy to verify that, if u € IR" and v € IR®, the i-th
entry of u ® v is given by

1—1
s

(Uu®V); = Uy - Uy l:[ }—i—l, m=1|i—1|s+1, (A.5)

where [-] and |-|s denote integer part and s-modulo respectively. Moreover, the Kronecker power
of M is defined as

MO =1¢emR, (A.6a)
MU = M >0, (A.6D)
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Some useful properties of the Kronecker product and stack operation are the followings:

(A+B)® (C+D)=A@C+A®D+B®C+B®D (A.7a)
AR (BeC)=(A®B)aC (A.7Db)
(A-C)®(B-D)=(A® B)-(C®D) (A.7c)
(A® B)T =AT @ BT (A.7d)
st(A-B-C)=(CT® A) - st(B) (A.7e)
u®v =st(v-u’) (A.7f)
tr(A® B) =tr(A) - tr(B) (A.7g)
Other useful properties can be found in [1].
A generalized version of (A.7c), often used throughout the paper is the following:
(A1-B1)® (Ay - Bg) ® (A3 - B3) = (A1 ® A2 ® A3) - (B1 ® Ba ® Bg). (A.8)

According to its definition (A.1), the Kronecker product is not commutative. However, the
following result holds:

Lemma A.2. For any given pair of matrices A € IR™%, B € IR™*™ it is:
B®A=Cl,(A® B)Csp, (A.9)

where Cy.p,, Cs oy are defined so that, denoted {Cy, '}, their (h,1) entries:

L, ifl=(h—1)u+ ([&1] +1);

X (A.10)
0, otherwise.

{Cuﬂ)}h,l = {

Proposition A.3. For any given matrices A, B,C, D, having dimensions ngo X ma, ng X mp,
ne X me, np X mp respectively:

A®B®C®D = (I,, ® C ) (A® C®D & B) (Im, ® Congmpmp) - (A.11)

ncnp,mB

Proof.
By applying property (A.7b), (A.7c) and lemma A.2:

A®B®C®D:(A®(B®(C®D))>

ncnp,nNB

= (A® (cr (C®D®B)Cmcmp,m3)>

= (InA ® Ogan,nB) <A ® ((C ® D ® B)CmCmDva)>
= (I,

1 @ Crinping ) (A®C @D & B)(Iny ® Crogmpmp)- (A.12)
[ |

Remark A.4. Observe that C'; = 1, hence in the vector case when a € IR" and b € IR", (A.9)
becomes

b@a=CJ (a®b). (A.13)

Moreover, in the vector case the commutation matrices satisfy also the following recursive
formula.
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Lemma A.5. Let a,b € IR" andl € IN. Then
W ®a=Gi(n)(acbl), (A.14)

with the sequence {Gy(n) = CT |} given by the following recursive equations

Gi(n) =Cy (A.15a)
Gi(n) =(In1 ® Gi—1(n)) - (G1(n) @ I 1-1), I>1, (A.15b)

where I, , is the identity matriz in R".

A binomial formula can be found for the Kronecker power, which generalizes the classical
Newton one.

Lemma A.6. Let a,b € IR™. For any integer h > 0 the matrixz coefficients of the following
binomial power formula:

h
(a+ )" =3" M (n) (0" @ b H) (A.16)
k=0

constitute a set of matrices {MP(n), ..., M(n); MI(n) € IR”hX”h} such that:

M} (n) =M§(n) = Inp, (A.17a)
M} (n) =M} (n) @ Ip1) + (M (n) @ Ina) - (Injjo1 @ Gj(n)), 1<j<h—1, (A17b)
where Gi(n) and I,,; are as in Lemma A.4.

Lemma A.6 can also be generalized to the polynomial case. Obviously, given any polynomial
ar +...+ap, a; € R", 1 <1 < p, pe IN, its h-th Kronecker power admits a representation as:

(a1 + ag 4 ... +ap)" = Z Mlill,...,hp (a[lhﬂ ® a[QhQ] ® - ® aj[ghp}) (A.18)

where M. ,’;1 by ATE suitable matrices. The definition of symbols ]\4;1 _____ , 1s extended, with [ > 0
when at least one of the [;’s is negative, as

M, 4, =0

s ntxnl: (Alg)
Moreover the following statement can be proved:

Lemma A.7. The matrices Mf;l by € R " ip (A.18) satisfy the recursive formula:

Mp =1 h=1 (A.20a)
h h—1
Mh17~~~,hp - Z (Mhl,...,hiq,...,hp ® Il) (Ih1+...+hrl ® Gh¢+1+.‘.+hp)
1<i<p—1
+My @, h>1. (A.20Db)

Proof. The proof can be found in [4]. |
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B. Extended matrices derivation

The appendix contains two Lemmas showing the computation of the matrices used in equations
(3.16) and in Lemmas 3.4,3.5 and 3.7.

Lemma B.1. Let x € R" and X; =9 ® 2l with 9 taking values in the natural basis of IR™.
Then Vi,j,h € IN:

X][-h] _ @Z,J’ij Xi®X; =5 Xitj, (B.1)

with
ON = (017 @ L) (I © Cpy ) (B2 © Ljn), b >0 (B2)
@%j =[1---1].

and Ei,j ( X CT

mnJ nt

)<E2 ® I i+i ) .

Proof. The first equation in (B.1) is proved by induction: it is clearly true for h = 0. Let it
be true for h = k. Then:

XM= xW e X; = (08 X) @ Xj = (08 @ 1,,,) (0 @ 2P @ 9 © 2U)
= (087 @ Ly ) (I @ CL i) (91 @ 2l D) (B.3)
= (047 @ Ly ) (I @ Cs ir) (B2 ® L)) Xjihr1) = O3 Xy
The second equation in (B.1), easily comes:
Xi@X; =t @il = (L, Cl ; ) (WP @) =(I, @ CL ;B2 ® L)Xy
(B.4)
u

Lemma B.2. Let 9 be a random vector taking values in the natural basis of IR", N be a random
vector taking values in IR, with finite and available moments, named:

E[NU] =¢;, j €N, (B.5)
and z € IR", v € IRP random vectors such that:

v=T1(0®z)+Tod + T (I @ N) (B.6)

with T'1, T, T matrices of suitable dimensions. Moreover, suppose that {ﬁ,N,z} s a triple of
independent random vectors. Then, for each j € IN:

j j
= "M Zyy + oy, wy =Y W7, (B.7)
t1=0 t1=0

with Z; = 9 ® 2Vl and w; zero-mean random vectors. Matrices Htl, Wtjl, deterministic and
random respectively, are given by:

tGRJ‘ tERJ‘

Hi =S Wi (L © &), Wi = 3 Wi (L © (N9 —g)), (BS)

t2,t3 to,t3
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with t = (tl,tg,tg)T a multi-index in IN® and Rj = {t €eIN?: t|+ty+1t3 = j}. The matrices
Wi in (B.8) are defined by

Wj _ j(F[tl} ® F[tQ] ® f[tB])Kj (B.Qa)

(@tl’ X @tQ’ X @tB’ ) ( mnt1 @ o ® Ibt3) (Etl,O X Ibtg). (ng)

Mtj are the matriz coeﬁﬁciem?s for the polynomial Kronecker power expansion [4]. Moreover, the
second order moments of W} (k) are the following:

tGRJ TER;
Woji .
oy (k) = EW], @ WL (R)] = >0 > (W] @ W) (Lyun @ CF vy 1)
to,t3 12,13 (B.lO)

. (Im2ni1+r1 ® <£r3+t3 57‘3 ® £t3)>( mntl ® CmnTl 1)
Matrices Cyp, are the commutation matrices for a Kronecker product (see [4]).

Proof. Applying the Newton formula to the Kronecker powers [4], it comes:

ol = (P1Z1 +T0Zo +f’(19®N))m

teER;

_ Z MJ< }) ® (F[tQ]Z[tﬂ) <f‘[t3} (9@ N) [t3]>> (B.11)

t1,t2,t3
tERj .

- > et (2 e s e M),
t1,t2,l3

By using equations (3.16) and the Kronecker properties [4], the last factor in the sum (B.11)
becomes:

7 e 70" e (0o N)P = (
= (O oo 0 o)) (2,
= (641 ® 61200 012" ) (I ® B2 ® Iy ) (Ziy, ® Zo @ Nt)
= (B! ® 020 ® O1) (L ® By ® Iyts) (S0 @ Iyes ) (2, ® NI3Y)
= K} (Zt1 ® (&, + NI - §t3)> = K{(Z;, ® &,) + K <Zt1 ® (Nl — rftg))

= KI (Lys ® &1,) 20, + K7 (Imntl ® (Nls) - §t3)>Zt1,

so that, substituting (B.12) in (B.11), by using (B.8) and (B.9b), equations (B.7) come. Accord-
ing to the independence of N and Z;,, note that w; is a zero-mean random vector. Equation
(B.10) is below obtained, by using the commutation formula for the Kronecker products [4]:

011" Zn) ® (0 °%0) @ (6" (9 9 N1 )
Z, @ 98 @ Nlisl)

(B.12)

tGRJ reR;

ONE =SS (W @ W B[ Ly @ (N = &) @ Lpars @ (U = 6,

ta,ts 12,13
teR] TGRZ

_Z Z Wj@WZ mntl@c leTSbts)

ta,t3 r2,73

. <Im2nt1+r1 & E[<N[T3] - €r3> &® ( t3] - f@,)})( mntl & Cmnrl 1)

(B.13)
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By writing explicitly the mean value, the lemma is proved. |
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