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Abstra
tThe model proposed by Hahnfeldt et al. (1999) des
ribes the growth of a tumour assumingthat tumour growth is stri
tly 
ontrolled by the evolution of the vas
ular network that suppliesoxygen and nutrients to tumour 
ells. Consequently, it provides a framework to represent thee�e
ts of antiangiogeni
 therapies. In this paper, some possible modi�
ations of that modelare proposed, and 
onditions that guarantee the eradi
ation of the tumour under a regimen ofperiodi
 antiangiogeni
 therapy are derived. The model variants 
onsidered assume the potentialdoubling time of the vas
ulature to be 
onstant, and subdivide the endothelial 
ell pool, whi
h isinvolved in angiogenesis, in resting and proliferating 
ells allowing for a more detailed des
riptionof drug e�e
ts.Key words: Tumour growth models, Angiogenesis, Periodi
 anti
an
er therapy, Global stabil-ity, For
ed os
illators





3.1. Introdu
tionDuring the progression of tumours, the development of a vas
ular network inside the tumourmass be
omes ne
essary to support the tumour growth [1℄. This phase (vas
ular phase ofgrowth) may be pre
eded by an avas
ular phase in whi
h the tumour is a small mass of prolifer-ating 
ells that re
eive oxygen and nutrients only through di�usion from external blood vessels.Multi
ellular spheroids growing in vitro [2℄ 
an be 
onsidered good experimental models of theavas
ular phase, and the growth of multi
ellular spheroids has been extensively investigated bymathemati
al models (see the review by Adam [3℄, and more re
ently: Byrne [4℄, Ward andKing [5,6℄). The 
omplex pro
ess whi
h leads to the formation of new blood vessels is namedangiogenesis and is stimulated and 
ontrolled by mole
ular fa
tors released by the tumour itself[1,7,8℄. The tumour vas
ulature, however, may be inadequate to supply all the tumour 
ells,and 
onsequently the 
ells most remote from vessels may undergo ne
rosis. Histologi
al studieshave indeed eviden
ed the presen
e of large regions of ne
rosis into solid tumours. Mathemati
almodels of the pro
ess of formation of new vessels under the angiogeni
 stimulus are presentedby Chaplain [9℄ and Anderson and Chaplain [10℄.Models aimed at des
ribing the growth of tumours in the vas
ular phase in
luding also thedevelopment of the vas
ulature are rather few. A simple mathemati
al model that emphasizesthe 
on
ept that the tumour growth is a pro
ess stri
tly 
ontrolled by the development of thevas
ulature has been proposed by Hahnfeldt et al. [11℄. This model assumes that tumour 
ellsprodu
e two family of fa
tors exerting a stimulatory and, respe
tively, an inhibitory e�e
t on thevas
ular network. Endogenous antiangiogeni
 fa
tors have been eviden
ed [12,13℄, and the 
on-trol of tumour growth by the balan
e of proangiogeni
 and antiangiogeni
 signals has also been
onsidered by Ramanujan et al. [14℄. More 
omplex PDE models with spatial stru
ture, thatin
lude tumour 
ells, vas
ular endothelial 
ells, angiogenesis stimulatory fa
tors, and possiblythe 
ell nutrient, have been proposed by De Angelis and Preziosi [15℄ and Ja
kson [16℄, whereasin Breward et al. [17℄ angiogenesis is introdu
ed in the framework of a me
hani
al model oftumour growth. Models that distinguish between immature and mature vessels and des
ribevessel maturation and destabilization, have been presented in Arakelyan et al. [18,19℄.The model in [11℄ 
an easily represent the e�e
t of antiangiogeni
 drugs, and the predi
tionsof the model have been su

essfully 
ompared with the volume response of an experimentalsub
utaneous tumour (a Lewis lung 
ar
inoma implanted in mi
e) treated with di�erent drugs.A modi�
ation of this model has been re
ently adopted by Ergun et al. [20℄ in a theoreti
al studyof optimal antiangiogeni
 therapy. The e�e
tiveness of antiangiogeni
 drugs in the 
ontrol, and insome 
ase in the permanent remission, of experimental tumours has been demonstrated [21℄, andthe potentiality of antiangiogeni
 therapy in humans is 
urrently investigated. Antiangiogeni
therapy should not be impaired by the 
apability of tumour 
ells to evolve toward resistantphenotypes, sin
e the therapy is dire
ted against non-transformed, geneti
ally stable endothelial
ells, and this fa
t is a strong point favouring it [22℄. The antiangiogeni
 potential of 
onventional
hemotherapeuti
 drugs has also been shown [23,24℄.In this paper, the model by Hahnfeldt et al. [11℄ is re
onsidered with the aim of deriving
onditions that guarantee the eradi
ation of the tumour under a regimen of periodi
 antian-giogeni
 therapy. Some possible modi�
ations of the model are proposed. The model variantswe 
onsider assume the potential doubling time of the vas
ulature (i.e. the doubling time inthe absen
e of vas
ulature loss) to be 
onstant, and subdivide the endothelial 
ell pool whi
h isinvolved in the angiogenesis and originates the vessels into resting and proliferating 
ells. Thislatter modi�
ation 
ould make it possible a more detailed des
ription of drug e�e
ts.



4.2. The model by Hahnfeldt et al. (1999)2.1 The original modelThe model proposed by Hahnfeldt et al. [11℄ des
ribes the growth of an experimental tumourunder the main assumption that tumour growth is stri
tly 
ontrolled by the evolution of thevas
ular network. To a

ount for this 
ontrol, the authors introdu
e the 
on
ept of 
arrying
apa
ity of the vas
ulature, de�ned as the tumour volume potentially sustainable by it. The
arrying 
apa
ity will be proportional to the e�e
tive vas
ulature extent, and will be a timedependent variable. The model has been used to des
ribe both the unperturbed growth and thetumour response to regimens of antiangiogeni
 drugs.The dynami
s of the tumour volume V (t) is des
ribed byV 0 = �V f�VK �; (2:1)where K(t) is the 
arrying 
apa
ity of the vas
ulature at time t, and f is a smooth fun
tionof V=K de
reasing on (0;1) and equal to zero for V=K = 1 [25℄. In parti
ular, in [11℄ thefollowing form was 
hosen V 0 = ��V ln� VK �: (2:2)It 
an be noted that the Gompertz form of this equation is not to be related to the possibleGompertzian growth of the overall tumour, sin
e the time behaviour of V , a

ording to Eq.(2.2), is ultimately determined by the behaviour of K as a fun
tion of time. In fa
t, if K(t)were exponentially growing with a given rate 
onstant, V (t) would exhibit asymptoti
ally anexponential growth with the same rate 
onstant of K. What Eq. (2.2) a
tually says is thatthe tumour volume would grow a

ording to a Gompertz 
urve towards a 
onstant value, ifthe vas
ulature extent were 
onstant in time. In the following we will 
onsider for V also theequation V 0 = �V �1� VK �; (2:3)in whi
h the r.h.s. has the logisti
 form. We noti
e that when V < K, V 0=V has an upper boundgiven by � a

ording to Eq. (2.3), whereas it is unbounded a

ording to Eq. (2.2). Sin
e thedoubling time of a tumour, even in the 
ase of an optimal vas
ular support, is bounded by themean 
ell 
y
le time of tumour 
ells, equation (2.3) appears more sound on a biologi
al basis.When K is lower than V , Eq. (2.1) predi
ts a de
rease of V , that is the tumour regression.Con
erning the development of the tumour vas
ular network, the authors assume that an-giogenesis is regulated by the a
tion of stimulatory and inhibitory mole
ules, se
reted by thetumour itself. Moreover, they assumed that: (i) the tumour has spheri
al symmetry; (ii) these
retion rates of fa
tors within the tumour mass are 
onstant in spa
e and time; (iii) the trans-port of mole
ules is due to di�usion (and di�usion is quasi-stationary); (iv) the 
learan
e rate ofthe inhibitory mole
ules is mu
h smaller than D=R2, D being the di�usion 
oeÆ
ient and R thetumour radius; (v) the 
learan
e rate of the stimulatory mole
ules is mu
h greater than D=R2.From these assumptions it is possible to show that the 
on
entration of the inhibitory fa
tor in-side the tumour will be approximately proportional to the square of the tumour radius, whereasthe 
on
entration of the stimulatory fa
tor will be relatively independent of the tumour size.On the basis of this result, the presen
e of a vas
ulature loss, indu
ed by the inhibitory fa
tors,



5.having a rate 
onstant proportional to V 2=3 has been hypothesized. Moreover, to represent thetumour response to treatments by antiangiogeni
 drugs, drugs are assumed to indu
e loss of theneo-formed vas
ulature a

ording to a rate 
onstant proportional to the drug 
on
entration inblood. In view of these assumptions, Hahnfeldt et al. proposed the following equation for K:K 0 = bV � (�+ dV 2=3)K � �g(t)K; (2:4)where g(t) � 0 denotes the drug 
on
entration. The term ��K represent a spontaneous vas
u-lature loss independent of the inhibitory signal generated by the tumour. In the unperturbedgrowth (g(t) = 0), the negative term in (2.4) proportional to V 2=3 is of fundamental importan
esin
e it determines the saturating behaviour of tumour growth. If it were absent, Eqs. (2.1),(2.4)would admit an exponentially growing solution.It 
an be easily seen that system (2.1),(2.4) has the set IR2+ (the positive quadrant of IR2)as the positively invariant set, and in the absen
e of therapy if b > � it has there a uniqueequilibrium point (Ve;Ke), with Ke = Ve = �b� �d �3=2: (2:5)Note that (0; 0) is not an admissible point.2.2 Constant potential doubling time of the vas
ulatureA

ording to equation (2.4), the ratio K 0=K has bV=K as upper limit, so that the potentialdoubling time of the 
arrying 
apa
ity (de�ned by the value of ln 2=(K 0=K) in the absen
e ofvas
ulature loss) is not 
onstant in time, and 
an be
ome very short when K < V , i.e. duringthe therapy. Sin
e in su
h 
ase the overall loss term in (2.4) may be small be
ause V 
an de
reaseand g(t) 
an be 
lose to zero at some times, for instan
e at the end of the time intervals betweensu

essive bolus administrations of a rapidly 
leared drug, the a
tual growth rate of K mayresult so fast that 
ould hardly meet the limitations imposed by the proliferation kineti
s of thevessel endothelial 
ells. This behaviour 
an be seen in one of the simulations reported in [11℄ (�g.3b of that paper). In a more detailed modelling, the growth term of K should take into a

ountthe proliferation of endothelial 
ells within the tumour, their migration from the peritumoralregion into the tumour, and the possible 
ontribution of 
ir
ulating endothelial pre
ursors. Toa

ount for the proliferation kineti
s of endothelial 
ells, in a simpli�ed view the growth termin the equation for K may be assumed proportional to K with a rate 
onstant independentof the tumour volume (a

ording to the hypothesis of a 
on
entration of stimulatory fa
torsindependent of the tumour size). Thus, we will 
onsider the following equation for K, as analternative to Eq. (2.4): K 0 = bK � (�+ dV 2=3)K � �g(t)K: (2:6)A dynami
s for the 
arrying 
apa
ity independent of V has been proposed in [20℄.Numeri
al simulations have shown that model (2.2),(2.6) des
ribes the unperturbed growthwith a shape 
omparable to that of model (2.2),(2.4). Figure 1 gives an example of growth
urves (having the same equilibrium point) produ
ed by the two models. The system (2.1),(2.6)has the point de�ned by (2.5) as equilibrium point.
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Fig. 1. Volume growth of unperturbed tumours. Growth a

ording to Eqs. (2.2),(2.4) (dashedline): � = 0:192 day�1, b = 5:85 day�1, � = 0, d = 8:73 � 10�3 day�1mm�2, V (0) = 200 mm3,K(0) = 625 mm3 (referen
e values, as in Hahnfeldt et al. 1999). Growth a

ording to Eqs.(2.2),(2.6) (solid line): � = 1:08 day�1, b = 0:243 day�1, � = 0, d = 3:63 � 10�4 day�1mm�2,initial 
ondition un
hanged.2.3 Stability of the equilibrium pointWe will 
onsider here the behaviour of the tumour in the absen
e of therapy, that is wheng(t) = 0. By means of the variable and parameter transformations�t = �t (2:7)(�b; ��; �d) = 1� (b; �; d) (2:8)x = ln� VVe� (2:9)y = ln� KKe�; (2:10)from Eqs. (2.2),(2.4), (2.3),(2.4), (2.2),(2.6) and (2.3),(2.6) we obtain, respe
tively, the followingbidimensional systems: x0 = �x+ y; y0 = �bex�y � ��� (�b� ��)e 23x (s1)x0 = 1� ex�y; y0 = �bex�y � ��� (�b� ��)e 23x (s2)x0 = �x+ y; y0 = (�b� ��)(1� e 23x) (s3)x0 = 1� ex�y; y0 = (�b� ��)(1� e 23x); (s4)For the above systems, IR2 is the feasible set and (0; 0) the unique equilibrium point. Theeigenvalues of the Ja
obian matrix 
omputed at the equilibrium point for the systems (s1) and(s2) are real and negative, whereas, in the 
ase of systems (s3) and (s4), they have negativereal part, and are real if and only if (b � �)=� � 3=8. Thus the equilibrium point is lo
allyasymptoti
ally stable. Con
erning the global stability, we have the following:



7.Proposition 1. Let us 
onsider the systems given by Eqs. (2.2),(2.4) and (2.3),(2.4) withg(t) = 0 and b > �. The equilibrium point (2.5) is globally asymptoti
ally stable in IR2+.Proof. We will prove this property for the transformed systems (s1) and (s2). Sin
e in boththe 
ases the divergen
e of the ve
tor �elds asso
iated to these systems is negative, limit 
y
les(or homo
lini
 orbits) are ex
luded thanks to the Dula
's theorem. In order to demonstrate theglobal asymptoti
 stability (GAS) of the origin, we need to show that any semiorbit is 
ontainedin a 
ompa
t set 
ontaining the point (0; 0). Therefore we have to �nd for ea
h system a familyof adsorbing 
urves, i.e. a family of 
losed 
urves around the origin su
h that the 
ux is neverdire
ted outwards, and su
h that for every points in IR2 there exists a 
urve 
ontaining it in itsinterior. For both the systems, the null
lines y = x and y = 
(x), where
(x) = x� ln�e 23x(�b� ��) + ���b �; (2:11)divide the plane in 4 open sets:Q1 = �(x; y)j x < 0; x < y < 
(x)	Q2 = �(x; y)j y > max(x; 
(x))	Q3 = �(x; y)j x > 0; 
(x) < y < x	Q4 = �(x; y)j y < min(x; 
(x))	:It is easy to see that all the re
tangles parallel to the axes having verti
es A1, A2, A3, A4 su
hthat A1 2 Q1, A2 2 Q2, A3 2 Q3, A4 2 Q4, are adsorbing and 
ontain (0; 0). Thus (0; 0) isGAS.We 
an state also:Proposition 2. Let us 
onsider the systems given by Eqs. (2.2),(2.6) and (2.3),(2.6) withg(t) = 0 and b > �. The equilibrium point (2.5) is globally asymptoti
ally stable in IR2+.Proof. Let us 
onsider the transformed systems (s3) and (s4). By setting z = �x+ y, system(s3) 
an be rewritten as x0 = z (2:12)z0 = �z � (�b� ��)(e 23x � 1): (2:13)For system (2.12),(2.13), whi
h has the point (0; 0) as the unique equilibrium point, the \totalenergy": L(x; z) = 12z2 + (�b� ��)Z x0 (e 23 s � 1)ds; (2:14)is a Lyapunov fun
tion, and it is easy to verify that L0 = �z2 � 0. Therefore, from the LaSalle'sinvarian
e theorem it holds that (0; 0) is GAS in IR2. In the 
ase of system (s4), by settingz = 1 � ex�y, we have x0 = z, y = x � ln(1 � z), and y0 = z + z0=(1 � z). Thus (s4) 
an berewritten as x0 = z (2:15)z0 = (1� z)�� z + (�b� ��)(1� e 23x)�: (2:16)



8.System (2.15),(2.16) has the invariant set � = f(x; z)j � 1 < x < +1; z < 1g, whose uniqueequilibrium point is (0; 0). By de�ning the following Lyapunov fun
tion:L(x; z) = �z � ln(1� z) + (�b� ��)�32e 23x � x�; (2:17)we obtain L0 = zz01� z + z(�b� ��)(e 23x � 1) = �z2 � 0: (2:18)Therefore, (0; 0) is GAS in �.Moreover, we have:Proposition 3. If b � �, V (t) and K(t), solutions of Eqs. (2.2),(2.4), (2.3),(2.4), (2.2),(2.6)and (2.3),(2.6) with g(t) = 0, for any initial 
ondition in IR2+ tend to zero as t!1.Proof. The null
lines of systems (2.2),(2.4) and (2.3),(2.4) are K = V and K = 
(V ), where
(V ) = bV�+ dV 23 : (2:19)These 
urves subdivide the positive quadrant of the (V;K) plane in three regions: K � V ,V > 0 (P1); 
(V ) < K < V , V > 0 (P2); 0 < K < 
(V ), V > 0 (P3). It is easy to see thatstarting from P1 or P3 any traje
tory enter P2, whereas starting from P2 it is not possible toenter P1 or P3, and that in P2 it is V 0 < 0 and K 0 < 0. Sin
e in P2 there is no equilibriumpoint, any traje
tory will tend to (0; 0). When K 0 is given by Eq. (2.6), IR2+ 
an be subdividedin two sets P1 and P2, with P2 su
h that 0 < K < V , having the above stated properties, andthus the previous argument still holds.Figure 2 shows an example of the phase portrait for systems (2.2),(2.4) and (2.2),(2.6), bothfor b > � and b < �.3. Periodi
 antiangiogeni
 therapyLet us suppose that an antiangiogen
 drug be administered, so that g(t) > 0 for some t > 0.We will fo
us on the periodi
 therapy, that is we will suppose g(t) to be a periodi
 non-negativefun
tion with period T , whi
h is bounded and pie
e-wise 
ontinuous with a �nite number ofdis
ontinuities in any �nite interval. The periodi
 therapy idealizes a
tual drug s
hedules, su
h asthe drug regimens experimentally tested in [11℄ in whi
h antiangiogeni
 drugs were administeredto the animal bearing the tumour as a sequen
e of boluses at equispa
ed times. In this se
tionwe will establish 
onditions for the tumour eradi
ation, i.e. 
onditions for obtaininglimt!1 V (t) = 0;for any initial 
ondition in IR2+. Let us de�nehgi = 1T Z T0 g(t)dt; (3:1)a = b� �� �hgi; (3:2)
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Fig. 2. Phase portraits of systems (2.2),(2.4) (left 
olumn), and (2.2),(2.6) (right 
olumn).Parameters values as in Fig. 1, ex
ept that for the lower panels in whi
h � > b (� = 1:1b, leftpanel; � = 2:0b, right panel).and F (t) = ��g(t) + �hgi; (3:3)F (t) being thus a bounded periodi
 fun
tion with mean equal to zero.The 
ase of a 
onstant infusion of drug is represented by g(t) = 
onstant = G, and it
orresponds in the model to an exogenous fa
tor whi
h in
reases the natural death rate � to avalue �+ �G. Thus, in view of Propositions 1, 2 and 3, it easy to see that the 
onditiona � 0; (3:4)that is �G � b � �, is ne
essary and suÆ
ient for tumour eradi
ation in the 
ase of 
onstanttherapy. Moreover, when a < 0, it 
an be seen that asymptoti
ally V de
reases to 0 in anexponential way. In the 
ase of model (2.2),(2.4) indeed, re
alling the variable and parameterstransformations (2.7)-(2.10), we obtain for the variable x = ln(V=Ve) the se
ond order equation:x00 + x0 � �be�x0 + (�b� ��)e 23x +�b� �a = 0; (3:5)



10.where �a = a=�. Sin
e x! �1 as �t!1, equation (3.5), after setting w = x0, is asymptoti
allyequivalent to the equation w0 = �w +�be�w � �b+ �a; (3:6)whi
h has a negative and globally attra
tive equilibrium point ŵ. Therefore, V 0=V = x0 ! ŵ,with ŵ < 0. Similar arguments 
an be followed in the 
ase of models (2.3),(2.4), (2.2),(2.6) and(2.3),(2.6).We state now the following Lemma:Lemma 1. Let K(t) be an assigned positive, bounded and pie
e-wise 
ontinuous fun
tion on[0;1). If limt!1K(t) = 0, the solution V (t) of Eq. (2.2) or Eq. (2.3) for any positive initial
ondition tends to zero for t ! 1. Moreover, limt!1min�2[0;t℄K(�) = 0 is ne
essary to havemin�2[0;t℄V (�)! 0.Proof. By the variable transformation X = lnV , Eq. (2.2) 
an be rewritten as the for
edlinear equation X 0 = ��X + � lnK(t); (3:7)whi
h yields limt!1X(t) = �1 if K(t)! 0. In the 
ase of Eq. (2.3), by setting Z = V �1 andrewriting (2.3) as Z 0 = ��Z + �K�1(t); (3:8)the same result is obtained.Sin
e min�2[0;t℄K(�) is a positive and non-in
reasing fun
tion of t, it will tend to a non-negative limit ~k. It is easy to see, by writing expli
itly the solution of the linear equations (3.7)and (3.8), that if this limit is positive X(t) and Z(t) will be bounded. Thus, ~k = 0 is ne
essaryfor min�2[0;t℄V (�)! 0.3.1 Periodi
 therapy: models (2.2),(2.6) and (2.3),(2.6)In the 
ase in whi
h the dynami
s of the 
arrying 
apa
ity of the vas
ulature is des
ribed by Eq.(2.6), a ne
essary and suÆ
ient 
ondition for tumour eradi
ation 
an be easily obtained, thanksto the fa
t that when V is approa
hing 0, the di�erential equation for K be
omes substantiallya linear one.Proposition 4. Given the models (2.2),(2.6) and (2.3),(2.6), the 
ondition a � 0 is ne
essaryand suÆ
ient for the eradi
ation of the tumour under a periodi
 therapy.Proof. Sin
e IR2+ is invariant, we have from Eq. (2.6)K 0 � (b� �� �g(t))K; (3:9)so that it is K(t) � �K(t) for t � 0, where �K(t) is the solution of�K 0 = (b� �� �g(t)) �K; �K(0) = K(0): (3:10)By writing expli
itly the solution of (3.10), we haveK(t) � K(0)e(b����hgi)t eR t0 F (s)ds: (3:11)



11.Sin
e the integral of F is bounded for any t, the 
ondition b� �� �hgi < 0, i.e. a < 0, implieslimt!1K(t) = 0. In view of Lemma 1, this implies the eradi
ation of the tumour both in the
ases in whi
h V 0 is given by Eq. (2.2) and by Eq. (2.3). If a = 0, equation (2.6) be
omesK 0 = (�dV 2=3 + F (t))K; (3:12)and we have: K(t) = K(0)e�d R t0 V (s)2=3ds eR t0 F (s)ds: (3:13)Sin
e V (t) is positive, �(t) = R t0 V 23 (s)ds is a non-de
reasing fun
tion of t, and it may be either�(t) ! +1 or �(t) ! A < +1, A > 0. If �(t) ! +1 we have from (3.13) that K(t) musttend to 0 that implies V vanishing from Lemma 1. If �(t)! A, sin
e it would beK(t) � K(0)�m e�dA; (3:14)where �m = min exp(R t0 F (s)ds), we would have that limmin�2[0;t℄K(�) > 0. Thus, followingLemma 1, it should be ne
essarily limmin�2[0;t℄V (�) > 0, be
ause limmin�2[0;t℄V (�) = 0 implieslimmin�2[0;t℄K(�) = 0, in 
ontradi
tion with � tending to a �nite limit. Therefore we haveV (t)! 0 also for a = 0.Let us suppose now that V (t) ! 0 and a > 0. A time ta will exist su
h that for t > ta it isdV 2=3 < a=2. For t > ta we have b� �� �hgi � dV (t)2=3 > a2 ; (3:15)that implies K(t) > K(ta)e a2 (t�ta)eR t0 F (s)ds; (3:16)and K(t) ! +1, in 
ontradi
tion with V (t) ! 0. Thus a � 0 is ne
essary to have tumoureradi
ation.We note that the model (2.2), (2.6) 
an be formulated as a for
ed nonlinear os
illator withlinear damping. Re
alling that the variable and parameter transformations (2.7)-(2.10) lead tosystem (s3), we may obtain for x = ln(V=Ve) the following se
ond-order di�erential equation:x00 + x0 + �(x) = F (�t); (3:17)where �(x) = (�b� ��)e 23x � �a: (3:18)The fun
tion � is thus in
reasing with x, and limx!�1 �(x) = ��a (negative when a > 0) andlimx!+1 �(x) = +1. Therefore, when g(t) is 
ontinuous, we 
an apply a result by Ahmad(Theorem 3.1 in [26℄) and re
ognize that a > 0, is ne
essary and suÆ
ient to have a boundedsolution of (3.17)-(3.18) on [0;1). Thus we �nd again that a � 0 is ne
essary to have tumoureradi
ation. This ne
essity is physi
ally intuitive: if a > 0 (i.e. hgi enough small), the potentialenergy Epot(x) = R x0 �(s)ds asso
iated to the damped os
illator (3.17) has a unique absoluteminimum, and limx!�1 Epot(x) = limx!+1 Epot(x) = +1. In this 
ase the external boundedzero-mean \for
e" F may make ri
h the dynami
s of the os
illator around the minimum of thepotential energy, but it 
annot unstabilize the damped motion.



12.Similar results 
an be obtained if Eq. (2.6) is generalized as follows. Let the growth rate
onstant of the vas
ulature be a suÆ
ently smooth non-de
reasing or non-in
reasing boundedfun
tion of V , and let the e�e
t of the inhibitors be in
reasing with V :K 0 = b(V )K � (�+ d(V ))K � �g(t)K: (3:19)In Eq. (3.19) we assume limV!1 b(V ) = b1 < 1, d(0) = 0, d0(V ) > 0 and limV!1 d(V ) =d1 � 1. We also suppose that b(0) > � and b1 < �+d1, so that the system in the absen
e oftherapy has one equilibrium point, determined by the equation b(V ) = �+d(V ). In the presen
eof therapy, we have K 0 � (bmax � �� �hgi + F (t))K; (3:20)where bmax = max[b(0); b1℄, and, if bmax � �� �hgi = 0,K 0 = (b(V )� bmax � d(V ) + F (t))K� (�d(V ) + F (t))K: (3:21)Thus, by means of the arguments seen in the above proof, we obtain thatbmax � �� �hgi � 0 (3:22)is suÆ
ient, and b(0) � �� �hgi � 0 (3:23)is ne
essary for tumour eradi
ation.3.2 Pulsed periodi
 therapy: models (2.2),(2.6) and (2.3),(2.6)A largely di�used method to model anti-
an
er therapy is to assume that the e�e
t of drug beinstantaneous. This kind of ideal therapy is 
alled "pulsed therapy" [27,28℄. Therefore, if wesuppose to administer the antiangiogeni
 drug with periodi
ity T , we may des
ribe the behaviourof the tumour subje
ted to therapy by Eqs. (2.1) and (2.6) with g(t) = 0, and under the in�niteinitial 
onditions V (nT+) = V (nT�) (3:24)K(nT+) = (1� p)K(nT�); n = 0; 1; � � � ; (3:25)where p 2 (0; 1). From Eq. (2.6) and taking into a

ount (3.25), we 
an then writeK(nT�) = K(0�) n�1Yi=0(1� p)e(b��)T i; n = 1; 2; � � � ; (3:26)where  i = e�d R (i+1)TiT V (s)2=3ds; i = 0; 1; � � � : (3:27)Note that  i < 1, and that n�1Yi=0  i = e�d R nT0 V (s)2=3ds: (3:28)Moreover, the sequen
e  i tends to 1 if V tends to zero. By suitably adapting the argumentsthat lead to Proposition 4, we easily obtain the following:



13.Proposition 5. Given the models (2.2),(2.6) and (2.3),(2.6), with g(t) = 0 and the in�niteinitial 
onditions (3.24) and (3.25), the 
ondition(1� p)e(b��)T � 1; (3:29)is ne
essary and suÆ
ient for the eradi
ation of the tumour.3.3 Periodi
 therapy: models (2.2),(2.4) and (2.3),(2.4)When the dynami
s of the 
arrying 
apa
ity of the vas
ulature is des
ribed by Eq. (2.4), we
an prove the following:Proposition 6. Given the models (2.2),(2.4) and (2.3),(2.4), the 
ondition a � 0 is ne
essaryfor the eradi
ation of the tumour under a periodi
 therapy.Proof. Re
alling (3.3), equation (2.4) 
an be rewritten asK 0 = �b VK � �� dV 23 � �hgi + F (t)�K; (3:30)from whi
h we have K 0K + b(1� VK ) = b� �� dV 23 � �hgi + F (t): (3:31)If the tumour volume is governed by Eq. (2.2), ln(V=K) is equal to �V 0=(�V ), and be
auselnx � x� 1 we get 1� V=K � V 0=(�V ). Then it followsK 0K + b(1� VK ) = a� dV 23 + F (t) � K 0K +�bV 0V ; (3:32)that is: z0 � a� dV 23 + F (t); (3:33)where z(t) = lnK(t) + �b lnV (t): (3:34)In the 
ase of Eq. (2.3) it is 1� V=K = V 0=(�V ), and we obtainz0 = a� dV 23 + F (t): (3:35)Thus, in both the 
ases of Eq. (2.2) and Eq. (2.3) we obtainz(t) � z(0) + Z t0 (a� dV (s) 23 )ds+ Z t0 F (s)ds: (3:36)If we suppose V (t)! 0 and a > 0, a time ta will exist su
h that for t > ta it is a�dV 2=3 > a=2.For t > ta we will have z(t) > z(ta) + a2 (t� ta) + Z t0 F (s)ds; (3:37)that implies limt!+1 z(t) = +1, that is KV �b ! +1. If V (t)! 0, it must be K(t)! +1, in
ontradi
tion (in view of Lemma 1) with the hypothesis of V tending to 0.



14.In the 
ase of model (2.2),(2.4) we are in a physi
al framework similar to what we have seenduring the analysis of model (2.2),(2.6): a damped os
illator ex
ited by a bounded periodi
alexternal for
e. At varian
e of that model, the damping term is now nonlinear. By means of thevariable transformations (2.7)-(2.10), we 
an indeed rewrite Eqs. (2.2),(2.4) as the se
ond-orderequation in the unknown x = ln(V=Ve):x00 + C(x0)x0 + �(x) = F (�t); (3:38)where C(x0) = � 1 + �b 1�e�x0x0 if x0 6= 01 + �b if x0 = 0; (3:39)and �(x) is still given by (3.18). Note that C(x0) > 1 and limx0!�1 C(x0) = +1,limx0!+1 C(x0) = 1, thus equation (3.38) represents a damped os
illator whose asso
iatedpotential energy Epot(x) has a minimum for a > 0, for
ed by a zero-mean for
e. We were notable to �nd an extension of the Ahmad's theorem to nonlinearly damped os
illators to proofthat the solution of (3.38) remains bounded for a > 0, but also in this 
ase su
h a propertyappears physi
ally intuitive.As a 
onsequen
e, in analogy with model (2.2),(2.6), one 
ould expe
t that a < 0 is suÆ
ientfor eradi
ation, sin
e the potential energy be
omes su
h that limx!�1 Epot(x) = �1. As weare going to see, this does not appear to be true when the therapy is really periodi
 (i.e. whenF (t) 6= 0). Depending on the 
hara
teristi
s of the waveform g(t), eradi
ation may not o

urfor values of hgi that guarantee the eradi
ation in the 
ase of 
onstant therapy. Numeri
alsimulations have shown that when the amplitude of the os
illation of g(t) around the meanvalue is too large, V (t) does not tend to 0 even if a < 0, but asymptoti
ally os
illates around apositive value smaller than the global equilibrium in absen
e of therapy.To assess the in
uen
e of the shape of g(t) we used the square waveform g(t) = G1 � (G1 �G2)H(Mod(t; T )� t1), with G1 > G2 � 0 and 0 < t1 � T=2, H(s) being the Heaviside fun
tion.By introdu
ing the ratio � = S=hgiT , where S denotes the area of g(t) above the mean valueover the interval [0; T ℄, and �1 = t1=T , we 
an rewrite g(t) asg(t) = hgih1 + ��1 � �� 1�1 + 11� �1 �H(Mod(t; T )� �1T )i; (3:40)with the 
onstraint 0 < � < 1 � �1. The result of simulations performed keeping hgi �xed to avalue whi
h yields a < 0, is that the behaviour of the system depends 
riti
ally on �: if � is belowa 
ertain threshold (� 0:42, in the 
ases reported when �1 = 0:49) there is eradi
ation, whereaseradi
ation does not o

ur above the threshold (Fig. 3). This threshold in
reases as the valueof hgi in
reases (data not shown), and de
reases as �1 be
omes smaller. Fig. 4 shows in fa
tthat for � = 0:4 there is no regression of V when �1 = 0:05 (in this 
ase the drug 
on
entrationpro�le presents very high but very short periodi
 spikes), and eradi
ation when S = 0:3.To illustrate further the e�e
t of the shape of g(t), we also assumed the expression:g(t) = g?1� e�
T e�
Mod(t;T ): (3:41)The fun
tion (3.41) des
ribes the asymptoti
 time-behaviour of the drug 
on
entration whendrug is administered as a sequen
e of boluses with period T , in the 
ase of a �rst-order drugpharma
okineti
s. In (3.41) g? denotes the ratio between the single dose administered and the
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Fig. 3. Evolution of tumour volume during periodi
 therapy (a

ording to Eqs. (2.2),(2.4)).Model parameters as in Fig.1 (referen
e values), � = 1:3 day�1
on
�1. g(t) given by Eq. (3.40)with T = 1:0 day, hgi su
h that a = �0:585, �1 = 0:49, � = 0:5 (upper 
urve), � = 0:4 (lower
urve).
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Fig. 4. Evolution of tumour volume during periodi
 therapy (a

ording to Eqs. (2.2),(2.4)).Model parameters as in Fig.1 (referen
e values), � = 1:3 day�1
on
�1. g(t) given by Eq. (3.40)with T = 1:0 day, hgi su
h that a = �0:585, �1 = 0:05, � = 0:4 (upper 
urve), � = 0:1 (lower
urve).distribution volume of the re
ipient, and 
 is the rate 
onstant of drug disappearan
e. We havehgi = g?=
T , so that for g? > g?min(
), g?min(
) = 
T (b � �)=�, it is a < 0. Fig. 5 shows thetime-
ourse of V for three di�erent values of 
, assuming g? = 1:1g?min(
) (so that in all the threesimulations the values of hgi and a are the same). As 
 in
reases, and the drug 
on
entrationtends to be a sequen
e of shorter spikes (see Fig. 6), the 
apability of indu
ing tumour regressionis lost, although the area under the 
urve of g(t) does not 
hange. This phenomenon was foundalso when Eq. (2.2) is repla
ed by a generalized-logisti
 equation with the esponent of V=K less
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Fig. 5. Evolution of tumour volume during periodi
 therapy (a

ording to Eqs. (2.2),(2.4)).Model parameters as in Fig.1 (referen
e values), � = 1:3 day�1
on
�1. g(t) given by Eq. (3.41)with T = 2:0 day, 
 = 10:0 day�1 (upper 
urve), 
 = 5:0 day�1 (middle 
urve), 
 = 1:0 day�1(lower 
urve), g? = 1:1 � b=
T�.than 1 (not shown).When Eq. (2.2) is repla
ed by the logisti
 equation (2.3), we have instead:Proposition 7. Given the model (2.3),(2.4), the 
ondition a � 0 is suÆ
ient for the eradi
ationof the tumour under a periodi
 therapy.Proof. From Eq. (3.35) we have z0 � a+ F (t); (3:42)and z(t) � z(0) + at+ Z t0 F (s)ds; (3:43)i.e., by using the original variables:KV �b � q(t) := K(0)V (0)�b eat+R t0 F (s)ds: (3:44)Inequality (3.44) implies (remember that K > 0)� 1K � � V �bq(t) (3:45)whi
h yields: V 0 = �V (1� VK ) � �V (1� V �b+1q(t) ): (3:46)When a < 0, it is q(t) ! 0 as t ! +1, and then by arguing as in the proof of Lemma 1 wehave that the solution �V of �V 0 = � �V (1� �V �b+1q(t) ) (3:47)
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Fig. 6. Drug 
on
entration pro�les assumed in the simulations of Fig. 5. 
 = 10:0 day�1 (upperpanel), 
 = 5:0 day�1 (middle panel), 
 = 1:0 day�1 (lower panel).will tend to 0, implying V (t) ! 0 (note that (3.47) 
an be rewritten as a linear equation bysetting Z = V �(�b+1)). When a = 0, Eq. (3.35) redu
es toz0 = �dV 23 + F (t); (3:48)from whi
h z(t) = z(0) � dZ t0 V (s) 23 ds+ Z t0 F (s)ds: (3:49)Thus we obtain KV �b = q(t) := K(0)V (0)�b e�(t)+R t0 F (s)ds; (3:50)where �(t) = R t0 V 23 (s)ds, and V 0 = �V (1� V �b+1q(t) ): (3:51)Sin
e �(t) is a non-de
reasing fun
tion of t, it may be either �(t) ! +1 or �(t) ! A < +1,A > 0. If �(t) ! +1, we have from (3.50) that q(t) must tend to 0 that implies, taking into
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ount (3.51), that V tends to 0. If �(t)! A, sin
e it would beq(t) � q(0)�m e�dA; (3:52)where �m = minexp(R t0 F (s)ds), we would have that limmin�2[0;t℄q(�) > 0. Thus, followingLemma 1 extended to Eq. (3.51), it should be ne
essarily limmin�2[0;t℄V (�) > 0, be
auselimmin�2[0;t℄V (�) = 0 implies limmin�2[0;t℄q(�) = 0, in 
ontradi
tion with � tending to a �nitelimit. Therefore we have V (t)! 0 also for a = 0. Furthermore, sin
e it isK 0 � bV � (�+ �gmin)K; (3:53)gmin denoting ming(t), from V (t)! 0 we obtain also that K(t)! 0.From the above results in the 
ase of Eq. (2.4), it 
an be 
onje
tured that when the fun
tionf(V=K) in Eq. (2.1) is su
h that jV 0=�V j < V=K � 1 for V > K, the knowledge of theaveraged value of g(t) is not suÆ
ient to de
ide if eradi
ation will o

ur, whereas it is enough ifjV 0=�V j � V=K � 1.4. A model in
orporating stimulation and proliferation of endothelial 
ellsIn Hahnfeldt et al. [11℄, the antiangiogeni
 drug is assumed to indu
e a dire
t loss of thetumour vas
ulature. Another possible e�e
t of the antiangiogeni
 agents is the inhibition ofstimulation and/or of proliferation of the 
ells involved in angiogenesis, 
ausing in this way aglobal impairment of vas
ulature growth. This e�e
ts 
ould be a

ounted for in the previousmodels by making the growth rate bV in Eq. (2.4) (or the term bK in (2.6)) dependent on thedrug 
on
entration. More a

urately, the stimulation of proliferation and the proliferation of theendothelial 
ells forming the tumour vessels may be taken separately into a

ount in the model,allowing for a greater detail in the des
ription of the a
tion of drugs. We propose here to representthe vas
ular network as a pool of endothelial 
ells subdivided into quies
ent (Q) and 
y
ling (P)
ells. Q 
ells 
an be stimulated to enter the 
y
le by angiogeni
 fa
tors and P 
ells are assumedto reenter the quies
ent state after division. As in [11℄, the 
on
entration of the stimulatoryfa
tor is assumed to be 
onstant, independently of tumour volume, thus the rate 
onstant ofthe stimulation of endothelial 
ells is taken independent of V . The P and Q subpopulations aresubje
ted to loss with a rate 
onstant proportional to V 2=3, again in a

ordan
e with [11℄. The
arrying 
apa
ity of the vas
ulature is assumed proportional, a

ording to a 
oeÆ
ient m, tothe size of the Q 
ell population, sin
e fun
tional vessels are likely to be formed by resting 
ells.Therefore, for the unperturbed tumour growth the following equations 
an be writtenV 0 = �V f� VmQ� (4:1)P 0 = bQ� �P � (�1 + d1V 2=3)P (4:2)Q0 = 2�P � bQ� (�2 + d2V 2=3)Q; (4:3)where f in (4.1) must be read either as in Eq. (2.2) or in (2.3), bQ is the number of quies
entendothelial 
ells re
ruited into the 
ell 
y
le in the unit time, and �P is the number of endothelial
ells dividing in the unit time. The above system is de�ned on the set D = fV > 0; P � 0; Q >



19.0g, and it is easy to re
ognize that D is invariant. By de�ning X =mP and Y =mQ, Eqs.(4.1)-(4.3) be
ome V 0 = �V f�VY � (4:4)X 0 = bY � �X � (�1 + d1V 2=3)X (4:5)Y 0 = 2�X � bY � (�2 + d2V 2=3)Y; (4:6)where now Y denotes the 
arrying 
apa
ity of the vas
ulature. Note that � is related to theduration of the 
ell 
y
le of endothelial 
ells, so that information on the possible value of thisparameter is available [29-31℄. Some algebra shows that a (unique) positive equilibrium pointexists if and only if: �1�2 + �1� + �2b� b� < 0: (4:7)Note that 
ondition (4.7) guarantees that the endothelial 
ell pool is exponentially growing inthe absen
e of the inhibition driven by V 2=3.In the above model the a
tion of antiangiogeni
 drugs 
an be represented by an exogeneousloss that a�e
ts P and Q 
ells, possibly with di�erent rate 
onstants. Thus, during the treatment,X and Y will obey the following equationsX 0 = bY � �X � (�1 + d1V 2=3)X � �1g(t)X (4:8)Y 0 = 2�X � bY � (�2 + d2V 2=3)Y � �2g(t)Y: (4:9)Some drugs, for instan
e 
onventional 
hemotherapeuti
 agents used as antiangiogeni
 
om-pounds [23℄, 
an indu
e apoptosis mainly of proliferating 
ells (and it will be �1 > �2 inEqs.(4.8),(4.9)). The possible 
ell-
y
le-phase spe
i�
ity of these drugs is here impli
itly dis-regarded. Preferential loss of resting endothelial 
ells 
ould be indu
ed by fa
tors, su
h asangiopoietin-2, that destabilize mature tumour vessels [8℄.If the drug instead redu
es the mitoti
 rate of P 
ells and/or redu
es the rate of stimulationof Q 
ells, we 
an writeX 0 = b k1k1 + g(t)Y � � k2k2 + g(t)X � (�1 + d1V 2=3)X (4:10)Y 0 = 2� k2k2 + g(t)X � b k1k1 + g(t)Y � (�2 + d2V 2=3)Y: (4:11)Conventional 
hemotherapeuti
 drugs are known to produ
e blo
ks of 
ell proliferation. On the
ontrary, inhibitors of the vas
ular endothelial growth fa
tor (VEGF) and 
ompetitors for VEGFre
eptors, or inhibitors of metalloproteases, will a�e
t the stimulation of resting endothelial 
ells(and their e�e
t 
an be represented by setting k2 >> k1).In the following, we fo
us our analysis on model (4.4),(4.8),(4.9). Results that parallel thosewe will illustrate 
an be obtained for model (4.4),(4.10),(4.11) by means of similar arguments.



20.4.1 Asymptoti
 equivalen
e to a 2-D systemIf d1 = d2 = d, in the 
ase of a symmetri
 therapy, that is when the drug a�e
ts uniformly theloss of quies
ent and proliferating endothelial 
ells, or the stimulation and the 
ell proliferation(i.e. �1 = �2 or k1 = k2), it 
an be shown that for t large the behaviour of the tumour volumepredi
ted by the pre
eding models tends to be that des
ribed by a 2-dimensional model. Withreferen
e to Eqs. (4.8),(4.9), after setting x = (X Y )T , we may observe that these equations
an be rewritten as x0 = Ax� (dV 23 + �g(t))x; (4:12)where � = �1 = �2. The matrix A has two real eigenvalues:�+= 12(�b� � � �1 � �2 +p(b+ � + �1 + �2)2 � 4(�1�2 + �1� + �2b� b�)) (4:13)��= 12(�b� � � �1 � �2 �p(b+ � + �1 + �2)2 � 4(�1�2 + �1� + �2b� b�)); (4:14)�� being negative, whereas under the 
ondition (4.7) the eigenvalue �+ is positive. Let H be adiagonalizing matrix for A, i.e. HAH�1 = Diag(�+; ��), and let us de�ne the new variables(U W )T = Hx. We thus obtain easily a de
oupling between the variables U e W :U 0 = (�+ � dV 23 � �g(t))U (4:15)W 0 = (�� � dV 23 � �g(t))W: (4:16)Choosing H su
h that the se
ond row of H�1 is equal to (1 1), we have Y = U +W andV 0 = �V f� VU +W �: (4:17)Furthermore, by means of some algebra it is easy to see that the invariant set IR2+ is mappedby the transformation (U W )T = Hx onto the set:
 = n(U;W )j U +W > 0; U > 0; W < ��� + � + �1�+ + � + �1Uo: (4:18)Sin
e from (4.16) it is limt!+1W (t) = 0, andW (t)U(t) = W (0)U(0) e(����+)t; (4:19)we obtain V 0 = �V f� VU +W �= �V f� VU(1 + W (0)U(0) exp[(�� � �+)t℄)�! �V f�VU �; (4:20)i.e. the equations for the variables (V;U) be
ome asymptoti
ally independent of W (t). Thus, inthe 
ase of g(t) = 0 or of periodi
 symmetri
 therapy, model (4.4),(4.8),(4.9) is asymptoti
allyequivalent to model (2.1),(2.6) (see [32℄).



21.In the unperturbed growth, the system (4.15)-(4.17) has in IR3+ the unique equilibrium pointVe = ��+d � 32 ; Ue = Ve; We = 0: (4:21)From the above result of equivalen
e, re
alling Proposition 1, the global asymptoti
 stability ofthe equilibrium point easily follows.Re
alling the 
onditions found of Se
tions 3.1 and 3.2, it is easy to obtain suÆ
ient (andne
essary) 
onditions for the tumour eradi
ation by simmetri
 therapy. In the 
ase in whi
hg(t) is periodi
, d1 = d2, and the drug indu
es endothelial 
ell loss, from Eq. (4.15) we get thefollowing ne
essary and suÆ
ient 
ondition to have limt!+1 (V (t); U(t)) = (0; 0):�+ � �hgi � 0: (4:22)4.2 Asymmetri
 therapySin
e the vas
ulature has been subdivided in two di�erent subpopulations of 
ells, it is of interestto analyze the e�e
t of drugs whi
h do not have the same e�e
t on both.In the 
ase of model (4.4),(4.8),(4.9), we note that equations (4.8),(4.9) de�ne a system whi
his positive and 
ooperative, i.e �X 0�Y = b > 0; �Y 0�X = 2� > 0; (4:23)and it isX 0 = bY � �X � (�1 + d1V 2=3 + �1g(t))X � bY � �X � (�1 + �1g(t))X (4:24)Y 0 = 2�X � bY � (�2 + d2V 2=3 + �2g(t))Y � 2�X � bY � (�2 + �2g(t))Y: (4:25)By applying the Kamke's theorem (see [33℄), we have 0 � X(t) � �X(t) and 0 < Y (t) � �Y (t),where �X(t) and �Y (t) are the solutions of�X 0 = b �Y � � �X � (�1 + �1g(t)) �X; �X(0) = X(0); (4:26)�Y 0 = 2� �X � b �Y � (�2 + �2g(t)) �Y ; �Y (0) = Y (0); (4:27)with X(0) � 0 and Y (0) > 0. Therefore, if g(t) is a periodi
 fun
tion and M is the Floquet'smatrix of the linear time-periodi
 di�erential system (4.26)-(4.27), we have that the 
ondition�(M) � fw 2 C : jwj < 1g (4:28)implies ( �X; �Y )! (0; 0) for t! +1, and then, taking also into a

ount Lemma 1, (V;X; Y )!(0; 0; 0).In the spe
ial 
ase of 
onstant therapy (g(t) = G), the linear system (4.26),(4.27) be
omestime-independent, and we have that eradi
ation is a
hieved if both the eigenvalues have negativereal parts. These eigenvalues are indeed real, and are both negative if and only if�1�2G2 + (b�1 + ��2 + �1�2 + �2�1)G > �(�1�2 + �1� + �2b� b�): (4:29)



22.Thus, sin
e the 
ondition (4.7) is assumed to be satis�ed, a threshold for G above whi
h erad-i
ation o

urs there exists and 
an be easily derived. In parti
ular, if �2 = 0 this suÆ
ient
ondition be
omes �1G > b� � �1�2 � �1� � �2bb+ �2 ; (4:30)and, if �1 = 0, �2G > b� � �1�2 � �1� � �2b� + �1 : (4:31)The meaning of the 
onditions (4.30) and (4.31) appears more 
lear when �1 = �2 = 0: if thedrug kills proliferating endothelial 
ells only, it must be �1G > �; if the target 
ells are thequies
ent ones, it must be �2G > b.If the e�e
t of drug may be 
onsidered as a pulse of 
ell loss, Eqs. (4.5), (4.6) will be subje
tedto the in�nite 
onditionsX(nT+) = (1� px)X(nT�); Y (nT+) = (1� py)Y (nT�); n = 0; 1; : : : (4:32)with, in general, px 6= py. Sin
e system (4.5),(4.6) is positive and 
ooperative, by applying theKamke's theorem in ea
h subinterval (nT; (n+ 1)T ), it is easy to see that 0 � X(t) � �X(t) and0 < Y (t) � �Y (t), where ( �X �Y )T = �x is now the solution of�x0 = A�x (4:33)�x(nT+) = Diag�(1� px); (1� py)��x(nT�); (4:34)�x(0�) = x(0�): (4:35)By setting �z = H�x, H being a diagonalizing matrix for A, we have�z0 = Diag��+; ����z (4:36)�z(nT+) = HDiag�(1� px); (1� py)�H�1�z(nT�); (4:37)from whi
h�z((n+ 1)T+) = HDiag�(1� px); (1� py)�H�1Diag�e�+T ; e��T ��z(nT+): (4:38)Thus, de�ning E = HDiag�(1� px); (1 � py)�H�1Diag�e�+T ; e��T �; (4:39)we have that the 
ondition �(E) � fw 2 C : jwj < 1g; (4:40)where �(E) is the spe
trum of the matrix E, implies limt!+1 �z(t) = 0 and then (V;X; Y ) !(0; 0; 0). When the e�e
t of therapy is symmetri
, i.e. px = py = p, 
ondition (4.40) be
omessimply (1� p)e�+T < 1: (4:41)A

ording to the above results, tumour eradi
ation 
an be a
hieved in the 
ase of model(4.4),(4.8),(4.9) even if �1 = �2 = 0. This is expe
ted to be not true for model (4.4),(4.10),(4.11).The use of Kamke's theorem allows us to re
ognize that for that model the presen
e of sponta-neous vas
ulature loss, i.e. �1+�2 > 0, is ne
essary for eradi
ation when the therapy is 
onstant.



23.If we suppose in fa
t V ! 0, for any � > 0 a time t� will exist su
h that d1V 2=3; d2V 2=3 < �for t > t�. Then, for t > t�, we have that x = (X; Y )T as given by (4.4), (4.10),(4.11) is
omponentwise greater than, or equal to, the solution x̂ of the time-invariant systemx̂0 = (AG � �I)x̂; x̂(t�) = x(t�); (4:42)in whi
h the matrix AG is obtained from (4.10),(4.11) with g(t) = G. Therefore, for � smallenough, �1 = �2 = 0 would imply the existen
e of a positive eigenvalue of AG � �I, in 
ontra-di
tion with the hypothesis.5. Con
luding remarksThe mathemati
al model proposed by Hahnfeldt et al. [11℄, fully embodies the 
on
ept thattumour growth is 
ontrolled ultimately by the evolution of the blood vessel network supplyingoxygen and nutrients to tumour 
ells, and 
onsequently that tumour regression 
an be a
hievedby indu
ing regression of the vas
ulature. Despite its simpli�
ations, this model therefore seemedto us worthy to be furtherly investigated as a possible model for antiangiogeni
 therapy. Themodel is formulated in a very simple way, by introdu
ing the 
arrying 
apa
ity of the vas
ulatureas the 
ontrol variable, and writing a single di�erential equation for des
ribing its evolution. Inthe present paper simple variants have been proposed, su
h as di�erent expressions for thedynami
s of the tumour volume and of the 
arrying 
apa
ity, and the subdivision of the pool ofvessel 
ells into proliferating and resting 
ells, without altering some important features of theoriginal model.For all these resulting models the e�e
t of a periodi
 antiangiogeni
 therapy has been studied,and 
onditions for tumour eradi
ation have been derived. When the dynami
s of the 
arrying
apa
ity is that proposed in [11℄, apparently similar alternatives in the dynami
s of tumourvolume have been found to be not equivalent with respe
t to the eventual e�e
tiveness of therapy.In the 
omparison of di�erent drug s
hedules, periodi
 s
hedules 
hara
terized by the sameaverage values of the drug 
on
entration gave the same �nal out
ome (eradi
ation of tumour ornot) if the tumour volume obeys an equation of logisti
 type, whereas if the tumour is governedby an equation of Gompertz type the out
ome may be di�erent, depending on the shape of thedrug 
on
entration time-
ourse. Con
entration pro�les having short (and high) peaks were lesse�e
tive than time-
ourses not too far from a 
onstant 
on
entration. This �nding might be ofinterest in the 
urrent debate on the e�e
tiveness of mild, dense in time, dosing of drugs [34℄.We stress that the results 
on
erning the eradi
ation here presented refer to periodi
 therapieswithout any 
onstraint on the overall duration and amount of drug, and thus di�er qualitativelyfrom results on optimal s
heduling of antiangiogeni
 therapy as those obtained by Ergun et al.[20℄ under the 
onstraint of a �xed total amount of available drug. Sin
e the model adoptedin [20℄ is derived from model (2.2),(2.4) and has some similarities with model (2.2),(2.6), somegeneral features of the optimal s
heduling found in [20℄ 
ould be expe
ted to hold also for theabove models. A study of the optimal dosing for these models, even under di�erent 
onstraints,would be 
ertainly of interest. We also note that a periodi
 therapy that mainly targets pro-liferating endothelial 
ells 
ould be a�e
ted by "resonan
e" e�e
ts [35-37℄, that is by a redu
edeÆ
a
y of treatment when its period is equal to (or is a multiple of) the mean 
ell 
y
le transittime, if the drug is spe
i�
 for a parti
ular phase of the 
ell 
y
le. In this 
ase, the 
ondition foreradi
ation should not be independent of the period, and its assesment would require a modelin whi
h the 
ompartment of proliferating endothelial 
ells is stru
tured with respe
t to the 
ell
y
le.



24.A more detailed and realisti
 des
ription of the relationship between the tumour and thevas
ulature evolution appears very 
omplex and is still a 
hallenging task. To a

ount for thede
rease of the spe
i�
 growth rate observed in the growth of experimental tumours, other expla-nations are possible than the progressive a

umulation inside the tumour of a fa
tor responsibleof the regression of vessels, in the presen
e of a 
onstant level of pro-angiogeni
 fa
tors [11℄. Theangiogenesis pro
ess involves a deli
ate interplay among di�erent mole
ular fa
tors [7,8℄, su
h asVEGF and angiopoietins produ
ed by tumour 
ells and endothelial 
ells, and goes through theformation of immature vessels that evolve into more stable (mature) ones. This latter transition,together with the time delay between the �rst stimulation of angiogenesis and the assessmentof an e�e
tive vas
ulature, has been 
onsidered in [18,19℄. It has been observed that angio-genesis is more a
tive in the peripheral (and peritumoral) region of the tumour in 
omparisonwith the 
entral region, where massive ne
rosis is often present. This spatial pattern of theneo-vas
ularization 
ould be relevant to shape the law of the overall tumour growth. It mustalso be noted that in tumours di�erent from sub-
utaneously implanted tumours, the 
ooptionof preexisting host vessels [38℄ might be of importan
e in assessing the 
arrying 
apa
ity of thevas
ulature. Moreover, the 
arrying 
apa
ity is not only related to the geometri
 extent of thevas
ulature, but it is related to the amount of oxygen and nutrients that are available in the unittime for the transport to tumour 
ells, and then to the total volumetri
 blood 
ow within thetumour. Thus the repeated bran
hing of ex
hange vessels inside the tumour due to angiogenesisshould lead to vessels in whi
h the 
ow is progressively slower, and ex
hange less eÆ
ient, if thenumber of supporting arteries does not 
hange. As the tumour grows, it 
an be hypothesizedthat the arteries involved do not in
rease in number at a rate suÆ
ient to guarantee a suitableblood 
ow in the 
ore of the tumour, and so the overall growth 
ould be impaired.Finally, we note that in [11℄, and in all the models here studied, the tumour volume is impli
itlyassumed proportional to the size of the tumour 
ell population, this population being the dire
ttarget of the 
ontrol exerted by the extent of the e�e
tive vas
ulature. This view appears tobe reasonable during the tumour growth phase, but it may be less adequate during the tumourregression, when the volume dynami
s may be in
uen
ed by the removal of the abundant ne
roti
material produ
ed by 
ell death. This phenomenon leads to a time-shift between the volumeresponse and the 
ell response to treatments [39℄, and it might be of importan
e in the analysisof experimental volumetri
 data 
olle
ted after therapy.A
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