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Abstract

This work investigates the simultaneous estimate of both the impulse response samples and the
transmitted signal in a digital communication channel. The minimum variance approach ap-
plied to a suitably defined extended state-space representation, which includes both the channel
samples and the signal, is here adopted. Such a problem cannot be solved by the use of linear
algorithms. It is shown how the proposed polynomial approach overcomes the previously men-
tioned drawback. Numerical simulations referred to a telecommunication framework support
theoretical results.

Key words: Telecommunication systems, Polynomial filtering, Kalman Filtering, Markov
Processes.






1. Introduction

The received signal of a time varying fast-fading digital communication system is usually
modeled by the discrete convolution of the trasmitted data sequence with the channel finite
impulse response samples, plus additive noise [8]. The problem here considered, very important
in communication engineering, is the reconstruction of transmitted signals from noisy received
data taking also into account the stochastic time evolution of the response samples characterizing
the channel. The standard model for the channel of a fast-fading digital link is given by a Gauss-
Markov process, described by a stochastic discrete-time linear system affected by an additive
white Gaussian noise. Of course, in order to correctly reconstruct the transmitted signal, it
is required the knowledge of the channel samples. In a great deal of literature, the channel
estimate is performed by using the Least Mean Squares (LMS)[10], the Recursive Mean Squares
(RMS) [5] or the Kalman Filter (KF) [7]. Each of these algorithms works in connection with a
Viterbi Decoder (VD), implementing the signal deconvolution. More recently, a very interesting
approach has been proposed, based on the Particle Filtering theory [3].

This paper presents a new approach, based on the use of polynomial filters [4]. The key idea is
to define an extended state space including the transmitted data and the channel samples with
some of their Kronecker products. In this larger state space a linear stochastic model driven by
multiplicative noise is so defined, which is able to generate the received data together with its
Kronecker powers up to degree v. Finally to such an extended linear non Gaussian system the
standard Kalman Filter is applied, which achieves the v-degree optimal polynomial estimate
according to the minimum variance criterion. The proposed methodology comes from a recent
work in the filtering of switching systems (see [6] and references therein).

2. The digital channel model

For the sake of simplicity, here it will be considered the case of real scalar observations. The
extension of the more useful complex framework is straightforward. Suppose that the received
data sequence {y(k)} is modeled by using the following discrete-time model [8]:
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where {b(k)} is the transmitted data sequence of independent identically distributed equiprob-
able symbols, taking values on a given real alphabet A of size S and {c(k, j), j=0,....,n—1}
is the time-varying impulse response of a channel of length n. {N g(k:)} is a zero-mean Gaussian
white noise sequence, with finite and available covariance matrix ¥,. Let the “state transition
sequence” of the channel {b(k)} be defined as:

b’ (k) = [b(k) -+ bk —n+1)]. (2.2)
b(k) takes values in A", the set of the M = S™ distinct permutations of the elements of the

alphabet A. The symbols (;, ¢ =1,..., M, denote the n-ples in A™. The sequence {b(k:)} can
be modeled as a first order Markov chain with II its probability transition matrix, given by:

[H} i P{b(k +1) =Glb(k) = ¢}, G, ¢ e A (2.3)



fori,j=1,...,M,and p= {pl, .. ,pM} the initial probability distribution:
P{b(0) = ¢} = pis GeA", i=1,...,M. (2.4)

Denoting ¢(k) = (c¢(k,0),- -+, c(k,n — 1))T the n-dimensional impulse-response samples vector
of the channel, the measurement equation in (2.1) can be put in the more compact form:

y(k) = b7 (k)e(k) + Ny (k). (2.5)

According to [8], {c(k)} can be modeled as a Gauss-Markov process, described by the following
recursive equation:

c(k+1) = Ac(k) + Ng(k), c(0) = co, (2.6)

with {N;(k)} a zero-mean Gaussian white sequence, independent of {N,(k)}, with finite and
available covariance matrix W, and cp a Gaussian random variable, independent of the noise
sequences, with finite and available first and second order moments, ¢y and W, respectively.
By taking into account equations (2.6) and (2.5), it comes out the following stochastic linear
system in the discrete time framework, endowed with a measurement equation, bilinear with
respect to the pair (c,b):

c(k+1) = Ac(k) + N¢(k), c(0) = co,

y(k) = b (k)c(k) + Ny (k). (2.7)

In order to give a simple state-space stochastic generation model of b(k), let us introduce a
bijective map between the canonical basis of IRM and A". Let By = {ei, 1=1,....,.M } denote
the canonical basis of IRM, and consider the bijection P : By; — A" such that

G =Ple;), i=1,...,M. (2.8)

Defining the row vector
BT =[¢f - Gyl (2.9)

an expression that transforms e; in (; is the following one:
(F'=B"e®1,), (2.10)

where the symbol ® denotes the Kronecker product (see the Appendix for more details).
Throughout the paper the symbol I, denotes the identity matrix in IR**®. The sequence
b(k) can be generated by a Markov process {Q(k)} assuming values in By, characterized by
the transition matrix II and initial probability distribution p defined in (2.3) and (2.4), as
follows:

b(k) =P (0(k)), b” (k) = BT (0(k) ® I,,). (2.11)

Moreover 0(k) admits the following state-space representation:
O(k+1)=V(k)0(k), 6(0) = 6y, (2.12)

with 8y = P~*(b(0)) and {V(k)} a sequence of M x M random matrices where, because of the
Markov property of {b(k)}, each j-th column {Vj(kr)} is a sequence of independent random
vectors assuming values in By, with probabilities given by (2.3):

P{V;(k) =e;} = [1I] i,j=1,...,M. (2.13)

ij’



By consequence, V (k) is independent of §(k) and IE[V (k)] = II. It is useful in the sequel to
refer to the parameter state equation (2.12) by using a zero-mean random matrix, that is, by
naming V(k) = V (k) — I, equation (2.12) becomes:

Ok +1) =10(k) + V(k)o(k), E[V(k)] =0, (2.14)

see [6] for more details.

Remark 2.1. According to the above considerations, the stochastic system (2.7) can be put
in the following bilinear state space representation:

c(k+1)=Ac(k)+ Ns(k+1),
O(k + 1) = O(k) + V(k)0(k), (2.15)
y(k) = BT (6(k) ® c(k)) + Ny (k),

in that, from (2.11), the output equation becomes:
BT (0(k) @ 1,)e(k) = BT (0(0k) @ 1,) (1@ (k)

= BT((G(k) 1) @ (I - c(k:))) = BT(0(k) ® c(k)). (2.16)

3. The polynomial filter

According to Remark 2.1, the dynamics of digital channel model is given by a linear sys-
tem, forced by both additive and multiplicative white noises, whereas the output is given by
a quadratic transformation of the state plus additive white Gaussian noise. In this Section
it is shown how to represent such a nonlinear system with a suitable linear model, forced by
multiplicative noise.

It is well known that the optimal solution to the minimum variance filtering problem is given
by the expectation value of the state conditioned by all the measurements up to the current
time, that is the projection P of the state onto the linear space £(Y}) of all the Borel functions
of the measurements:

c(k) = E[e(k)|y(0), ... y(k)] = Pc(k)|L(Vx)], (3.1)

with Y, = [y(0) --- y(k:)]T In the linear Gaussian case the optimal filter is given by the
Kalman Filter, which is a linear transformation of the measurements. Unfortunately, in the non
Gaussian case, there is not a simple characterization of the conditional expectation, so that it
is worthwhile to consider suboptimal estimates which have a simpler mathematical structure.
The simplest suboptimal estimate is the optimal affine one. It consists in projecting the state
onto the subspace L(Y}) of all the linear transformations of the output. For linear systems the
optimal affine estimate is still achieved by the Kalman filter. Suboptimal estimates comprised
between the optimal linear and the conditional expectation can be considered by projecting onto
subspaces greater than L(Y}), like subspaces of polynomial transformations of the measurements
[4]. More in details, the subspace here considered is the following Hilbert space of the polynomial
transformations of the measurements, of a fixed degree v:

¢, (k) = Pc(k)[L(Y)], (3.2)



with L(Y}”) = span{Y¥(0), ---, Y”(k)}, and
Y¥(0) Yi(h) i
ve=| s | vm=]| | T 53
Y¥(k) Y, (h) S

and the extra-assumption that I [|y’(h)[?] < oo, for i = 1,...,v. It will be shown that such a

polynomial approach, together with the state space representation of the Markov chain, is the

way to ensure the simultaneous estimate of both the channel samples and the transmitted data.
Before to give the main Theorem, we need to define the following vector:

Theorem 3.1. The optimal v-degree polynomial estimates of the components c(k) and 0(k)
of the state of the bilinear system (2.15) are given by:

6ulk) = M T () = M XV (R)|07)], s
0, (k) = T, X" (k) = T,P[X" (k)| L(YY)],

with
Mn = [Oan M Oan(n2+-~~+nV)]>
To= Iy Ossastuioin). M= (L 1],
Proof. According to the range of the parameter 6(k), it can be shown that the Kronecker

powers and products in X, defined by (3.4), are given by the following relations (see [6] for
more details):

(3.6)

XM =ehix;, X,©X;=%;Xy;, Yijhel, (3.7)
where ©/J and Z; ; are defined by:

@Z+1J = <®Z7j ® IM?ﬂ) (IM ® Cﬁnﬂ',nih) (E2 ® Inj(h+1>>7

. 3.8
@%J:[l...l]_ (38)
and
i = (In ® Cips ) (B2 © Lyivs) (3.9)
with Fy = [6[12} e eg\zﬂ and C, ;, suitably dimensioned commutation matrices for the Kronecker

product, defined in Appendix. That means, taking into account that all the output Kronecker
powers up to the v-th degree of the measurement equation (2.15) depend of the powers X {Z] (k) =
©51 X, (k), the extended output equation is a linear transformation of the extended state X” (k),
driven by a multiplicative noise. Moreover, both the state c(k) and the Markov parameter 6(k)
are linearly dependent of the extended state X" (k) so that the polynomial minimum variance

state estimate in (3.2) is:
¢y (k) = Ple(k)|L(YY)] = P[M, X" (k)|L(YY)] (3.10)
= MuP[X7(R)|L(YY)] = Mo X (R), |

Analogously the polynomial minimum variance state estimate of 6(k) in equation (3.5) comes.
|



Remark 3.2. Note that the minimum variance estimate of 6(k), generally, does not belong to
Bys. That means that a possible strategy for the estimation of b(k) could be made in two steps:
the first one consists in choosing the closest element in B); to the estimate, namely 0(k):

~ A ~

0(k) = €;), i(k) = argmax;_; 5 0;(k); (3.11)

the second consists in calculating the corresponding B(k) by using equation (2.11), that is:

~

b(k) = B" (€;4) @ In). (3.12)

It is worthwhile to note that when 0(k) is the minimum variance estimate (i.e. the conditional
expectation), then (k) coincides with the Maximum Likelihood Estimate.

In order to obtain the projection in equations (3.5), it has to be shown that the sequences
{X"(k)} and {Y"(k)} obey difference equations of the type:

XY(k+1)=A"(k)X" (k) + F(k),

YV () = (k)X (k) + G(k). (319
with A¥(k) and CV (k) suitably defined matrices and
F(k) = F (k, X" (k), Ny (k). (3.14)

G(k) = G(k, X" (k), Ny(k)),

with F and G suitably defined functions where X" (k) multiplies the noises Ny, N, and their
powers up to order v, in a way that F(k) and G(k) result to be uncorrelated sequences. Such
a problem is similar to the general one solved in [6] where the Markov parameter affected also
the state equation. The following Lemmas show the way to achieve the matrices and the noise
sequences in (3.13).

Lemma 3.3. The iterative equation of the component X;(k) of the extended state X" (k) as
defined in (3.4) is given by:

Xi(k+1) =Y AjX(k)+ F;(k), (3.15)
=0
where ‘
Ay=TeJ,  Fk)=> 8(kXk), (3.16)
=0
SI(k) = (T LI(k) + V(k) ® J + V(k) ® LI (k)), (3.17)
with:

JI =M (n)(AT @ €471,
, , , il » (3.18)
LI(k) = M] (n)(AP @ (N7 (k) — €77)).

M (n) are the matriz coefficients coming from the Kronecker binomial formula (see Appendiz),

while f} = E[Nj[ﬁ (k)] are the state noise moments, whose computation comes from the available
first and second order moments, according to the Gaussian hypotheses.



Proof. According to the Kronecker binomial power formula, it comes:
(k4 1) = (Ac(k) + Ny (k)"

N A () (Al i)
=> M (n)((AMelI(k)) @ N7 (k) (3.19)

i=0
=Y Jlelk) + ) L (k) (k),
i=0 i=0

with Jij and Lg (k) given by (3.18). Then, taking into account the extended state components:
X;(k+1)=((I+V(k)o(k))

® (z Jel(k) + 3" Lz‘(k)c[”(k))
=0 =0

(3.20)
j i
=3 AXi(k)+ S (R)X(k),
=0 =0
with Aj; and S7 (k) as in (3.16) and (3.17).
|

Analogously, the extended output equation in (3.13) is described by the following Lemma:

Lemma 3.4. The iterative equation of the component Y;(k) of the extended output YV (k) as
defined in (3.3) is given by:

Yi(k) =Y CuXi(k)+G;(k), Gi(k)=>_ T (k)Xi(k) (3.21)
i=0 i=0
where _
Cj; = H! (L' 0 &™), H! = (Z > (BT, (3.22)
and
T/ (k) = H} (' @ (NI 7(k) — &77)). (3.23)

f; = IE[N;(IC)] are the output noise moments, whose computation comes from the available first
and second order moments, according to the Gaussian hypotheses.

Proof. According to (2.15), applying the Kronecker binomial formula:
Y;(k) = (BT X1(k) + Ny (k)

(7) ((xtw) o 53-0)

7

<j> (BTlgit (Xi(k) ® Ngﬂ‘(kj)) (3.24)

with C;; and T/ (k) given by (3.22) and (3.23).



The following Lemma is useful in order to find the statistics of the extended noise sequences.

Lemma 3.5. Let {f,«(k‘)}, r e @ C IN, be a class of random sequences, defined by:

T

&(k) =Y Eilk)xi(k), (3.25)

=0

with {E;(k)}, i € Q, sequences of zero-mean uncorrelated random matrices and x;(k) suitably
dimensioned random variables such that x;(k) is independent of Z;(h), Vi,j € @, Vh > k.
Then:

E[¢ (k)¢ ()] =0,  VrseQ, Vh#k, (3.26)
with

(3.27)

where st~ is the inverse of the stack of a matriz (see the Appendix for more details). Moreover,
let {Q(kz)}, r € 1, be a class of random sequences, defined by:

=3 Zi(k)xa(k), (3.28)
=0

with {Zz(k)}, i € Q, sequences of zero-mean uncorrelated random matrices, such that Z;(h) is
independent of x;(k), Vi, j € Q, Vh > k and independent of =;(k), Vi,j € I, Vh,k € Z. Then:

B¢ (k)¢ (h)] =0, Vrsel, VkhelN. (3.29)

Proof. Let r;s € I and h > k. Then &,.(h) and £s(k) are uncorrelated random variables, in
that:

E[¢ Z Z B[=;(k)xi(k)x; (B)E] (b))

=0 j=0

= 33 BE Rt )] BETw)] = o

1=0 5=0

(3.30)

If h = k, equation (3.27) comes by applying the stack properties concerning the Kronecker
product. Analogously to (3.30), equation (3.29) is easily verified for h # k. Moreover, if

h=k:
=SSN BEkR) i) (k) 2] (k)]

i=0 j=0

— ZZE Eq( Xi (B E[Z] (k)] = 0.

1=0 j=0

(3.31)
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Lemma 3.6. The extended noise sequences {F(k)} and {G(k)} are sequences of zero-mean,
uncorrelated random variables and, moreover:

U, = B[F (k) Fs(k)"]

r.S 3.32
=st™! ( ‘I’f’zs’r:sz[ij(k)]) (332

\Ijgs = E[gj (k

L 3.33
=st™" ( OTTE, zIE[Xz‘H(kﬂ) (333

i=0 j=0

Q
=
=
3

with @27 = B[S (k) ® St (k)] and @1 " = E[T#(k) ® T} (k)], and:
E[F.(k)Gs(W)"] =0,  VkheZ (3.34)

Proof. According to (3.16), (3.17), (3.18) and (3.21), (3.22), (3.23), {F(k)} and {G(k)}
are zero-mean sequences because L7 (k), V(k) and T/ (k) are zero-mean random matrices, in-
dependent of X;(k). By consequence, according to Lemma 3.5, both {F(k)} and {G(k)} are
sequences of uncorrelated random vectors. Moreover, matrices S7(k) and T7(h) are indepen-
dent Vh,k € Z, as a consequence of the independence of the state and output noises sequences
(i.e. {Ny¢(k)} and {Ng4(k)} respectively). Then, according to Lemma 3.5, the extended state
and output noises are uncorrelated random sequences. As far as their covariances matrices are
concerned, from (3.27):

E[F(k)FL (k)] = (ZZZESS ) ® S; (k)]

=0 j=0

(3.35)
B[ (k) ® Xi(@]) ,
E[G,(k)G. (k)] = st ( > D E[T; (k) @ T (k)]
=0I=0 (3.36)
{0 % 0] )
from which equations (3.32) and (3.33) easily come by applying (3.7).
|

Proposition 3.7. According to Theorem 3.1, the v-th degree polynomial filtering algorithm is
the following: R A R
¢, (k) = M, X"(k), 0, (k) = T,X"(k),

X(k+1) = A" (k) + K(k + 1) (Y (k +1) (3.37)

- C”A”f("(k)).
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The gain matriz K(k) is computed through the following Riccati equations:

Pp(k+1) = A"P(k)AT + ¥F
P(k) = Pp(k) — K(k)C"Pp(k) (3.38)

K(k) = Pp(k:)C”T(C”Pp(k:)C”T + qu)T

where in (3.38) the Moore-Penrose pseudoinverse has been used. According to Remark 3.2, the
transmitted data estimate b(k) is given by (3.11).

Proof. The filter equations are those of the classical Kalman filter [1] applied to the system
(3.13), that has a multiplicative noise structure (see equations (3.15), (3.16) and (3.21), describ-
ing the components of F and of G). The use of the Kalman algorithm on an extended system
to achieve optimal polynomial filtering of system with multiplicative noise has been already
demonstrated in [4]. Note that in order to obtain the noise covariance matrices U7, W9 of
(3.38), the following 2v order deterministic system has to be computed:

E[X"(k+1)] = AQVZE[X”(k)], (3.39)
which gives the evolution of the mean value of the extended state.
|
Remark 3.8. Because c(k) — ¢(k) = M, (X" (k) — )?”(k)), then:
. ; T
E [(c(k) — &, (k) (e(k) — &, (k) } = M, P(k)MT. (3.40)

4. Linear vs polynomial filtering

Keeping v = 1, according to Theorem 3.1, the best linear estimate is achieved. Taking into
account the system matrices defined in Lemmas 3.3 and 3.4, it comes:

II 0

1_
A _{O e A

} , C'=[0 B"]. (4.1)

As a consequence, the pair (A!, C!) is not observable, in that:

C! (@) BT
Actually, the pair (A!, C!) is even not detectable, as it can be seen by applying the PBH test
for A = 1, which is a non-asymptotically-stable eigenvalue of matrix II and, therefore, of matrix

Al
1 _
rank {A éJi/H_nM}
II— I 0] (4.3)
= rank 0] IIQA—-ILy | <M+ nb.
O BT
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It is possible to recognize that, in this case, the optimal linear filter is not able to improve the
a priort estimate given by the mean value of the transmitted signal.

On the other hand, the polynomial approach overcomes this structural undetectability just
starting with the second order filter, without any further assumption. In fact, according to
(3.18) and (3.22):

IT 0] O
A’=| O 1A 0 :
e O IeAl (4.4)
0 BT 0)

2
C” = @2,1@)53 0O (BT)P}@%J )

so that the pair (A2, C?) may well be observable.

5. Numerical simulations and conclusions

In this section are reported some of the numerical simulations produced in order to test the
proposed algorithm. For the sake of brevity, here is reported only the simple case of a channel
with impulse repsonse length n = 2, while the transmitted data sequence takes values on the
real alphabet of two equiprobable symbols, {0, 1}, that means M = 2" = 4. By naming;:

S I I S

it comes that the transition probability matrix II is given by:

05 05 0 O
0 0 05 05
= 05 05 0 0 [° (5:2)

0 0 05 05

The channel dynamics is:

(5.3)

A [03679 0
| 0 03679]°

with the zero-mean Gaussian noises Ny and IV, endowed with the following covariances matri-
ces:

g2 _ [0:2253 0
—| 0o 01301

2 __
} . 02=0.01. (5.4)

In order to simultaneously estimate both the channel samples and the transmitted signal in
real time a second order filter has been implemented by using just real measurements instead
of the more realistic bidimensional (complex) data. Figures 5.1 and 5.2 show the evolution
of the first 100 simulation samples for the first and second taps of the channel together with
their quadratic estimates. As far as what concern the transmitted signal, it comes that the
percentage of success in this worst case (real data, only quadratic filtering, no use of training
sequences) is greater than 35%. As a concluding remark, note that because the a priori estimate
of the signal can trivially guarantee for our example the 25% of success, a working estimate
has to ensure at least more than 25% of success. For real-time applications, this could be even
enough to guarantee any pergentage of success by artificially introducing suitable redundancies
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in the transmitted signal. Moreover, from a computational point of view the complexity of
the mathematical expression of the algorithm is only apparent, in that the estimate upgrade is

achieved in real-time.

05— — True state
04 \ —— Quadratic estimate | ___

0 20 40 60 80 100

Fig. 5.1 — True and estimated first component.

S S — True state |
—— Quadratic estimate

-
0 20 40 60 80 100

Fig. 5.2 — True and estimated second component.
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Appendix

For the ease of the reader, in this Appendix are reported some useful results on the Kronecker
algebra. The proofs and other further details can be found in [9].

Let M and N be matrices of dimensions r X s and p X g respectively, then the Kronecker
product M ® N is defined as the (r - p) x (s-¢) matrix

mllN e mlSN
maN ... mesN

where the m;; are the entries of M.

Definition A.1. Let M be an r X s matrix:

M=[m; mo ... mg], (A.2)
where m; denotes the i-th column of M. The stack of M is defined as the r - s vector:
my
ma
st(M)=1 . |. (A.3)
mS

Observe that a vector as in (A.3) can be reduced to a matrix M as in (A.2), once it is known
the number of the rows r of the original matrix, by considering the inverse operation of the
stack denoted by st~!. More generally, let m be a vector in IR*, and r be a divisor of y. Then
the r x (u/r) matrix given by M = st=!(m,r) is defined so that:

st(M) = m. (A4)

In presence of vectors m € B(“Z), that is their length is given by a square, the notation st=!(m)
has to be considered as a short version of st™!(m, ).

In case of vectors Kronecker products, it is easy to verify that, if u € IR" and v € IR®, the
i-th entry of u ® v is given by

1—1

(u®v); = up - U l:{ ]—i—l, m=i—1|s+1, (A.5)

where [-] and |-|s denote integer part and s-modulo respectively. Moreover, the Kronecker power
of M is defined as

MO =1¢e R,
MU — pe M > 1. (4.6)
Some useful properties of the Kronecker product and stack operation are the following
(A+B)®@(C+D)=A®C+A®D+B®C+B®D
AR (BRC)=(A®B)®C
(A-CY®(B-D)=(A®B)-(C® D)
(A® B)T =AT @ BT (A7)

st(A-B-C)=(CT ® A) - st(B)

u®v=st(v-ul)

tr(A® B) =tr(A) - tr(B)
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Other useful properties can be found in [2].
According to its definition (A.1), the Kronecker product is not commutative. However, the
following result holds:

Lemma A.2. For any given pair of matrices A € IR"*%, B € IR"™*™, it is:
B® A=Cl,(A® B)Csm, (A.8)
where C,.p,, Cs., are defined so that, denoted {C\, ,}n their (h,l) entries:

Loif l=([p=1f)u+ d%] +1>;

0, otherwise.

{Ou,v}h,l - (A9)

Remark A.3.  Observe that C1; = 1, hence in the vector case when a € IR" and b € IR",
(A.8) becomes
bea=Cr (a®b). (A.10)

Moreover, in the vector case the commutation matrices satisfy also the following recursive

formula.

Lemma A.4. Leta,be IR" andl € IN. Then
W @ a=Gy(n)(ae b, (A.11)
with the sequence {Gi(n) = C,::nz} given by the following recursive equations

Gi(n) =C} .

Gl(n) :(In,l ® Gl—l(n)) . (Gl(n) ® In,l—l), I > 1, (Al?)

where I, , is the identity matriz in R .

A binomial formula can be found for the Kronecker power, which generalizes the classical
Newton one.

Lemma A.5. Leta,b € IR". For any integer h > 0 the matriz coefficients of the following
binomial power formula:

h
(a+0)M =" M (n)(a™ & bl —H) (A.13)
k=0

constitute a set of matrices {M{(n), ..., MJ*(n); M} (n) € R "} such that:

My (n) =Mg(n) = I,
M(n) =(M}~"(n) @ I1) + (M7 (n) ® I, 1) (A.14)

(Ip,j—1 ® Gpj(n)), 1<j<h-—1,

where Gi(n) and I, are as in Lemma A.4.
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