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Abstra
tWe present a dynami
 programming algorithm for solving the single-Unit Commitment (1UC)problem with ramping 
onstraints and arbitrary 
onvex 
ost fun
tion. The algorithm is basedon a new approa
h for eÆ
iently solving the single-unit E
onomi
 Dispat
h (ED) problem withramping 
onstraints and arbitrary 
onvex 
ost fun
tions, improving on previously known ones thatwere limited to pie
ewise-linear fun
tions. For simple 
onvex fun
tions, su
h as the quadrati
 onestypi
ally used in appli
ations, the solution 
ost of all the involved (ED) problems, 
omprised thatof �nding an optimal primal and dual solution, is O(n3). Coupled with a \smart" visit of the state-spa
e graph in the dynami
 programming algorithm, this enables one to solve (1UC) in O(n3)overall.Key words: Dynami
 Programming, Unit Commitment problem, Ramping Constraints





3.1. Introdu
tionThe single-Unit Commitment problem (1UC) requires to optimally operate one generating thermalunit within a 
ertain dis
retized time horizon. The 
ost (or revenue) for generating power varieswith ea
h time instant. The generating unit is subje
t to some te
hni
al restri
tions, most notablyminimum up- and down-time 
onstraints, as well as upper and lower bounds over the produ
edpower when the unit is operational.(1UC) is a mixed-integer nonlinear problem, hen
e in general nontrivial to solve. It is parti
ularlyrelevant be
ause it appears as a sub-problem to be repeatedly solved within Lagrangian s
hemesfor (multi-)Unit Commitment (UC) problems, that require to 
oordinate the operations of severalgenerating units, within a 
ertain dis
retized time horizon, to satisfy a given power demand atminimum 
ost. These Lagrangian s
hemes are among the most eÆ
ient solution te
hniques for this
lass of diÆ
ult, large-s
ale mixed-integer nonlinear problems [1, 4, 5, 6, 10, 12℄, not least be
ausethey are easily extended to a

ommodate 
ontributions from other types of generating units, su
has hydro-ele
tri
 ones. Also, Lagrangian te
hniques 
an be relatively easily extended to 
onsider
onstraints arising from selling the generated power on a free market [7℄.Within a Lagrangian approa
h, one (1UC) per ea
h generating unit is repeatedly solved withvarying obje
tive fun
tion, when
e the need for eÆ
ient solution methods for this problem. Whenno ramping 
onstraints are imposed, (1UC) 
an be solved by means of a two-stage pro
ess: �rstthe optimal generated power, if the unit is 
ommitted, is independently 
omputed for ea
h timeperiod, and then the optimal set of time periods where the unit has to be 
ommitted is 
omputed,taking into a

ount the results of the previous phase, by means of a simple dynami
 programmingpro
edure. The resulting algorithm has a 
omplexity of O(n), n being the number of time instantsin the dis
retized time horizon, if the start-up 
ost of the unit is time invariant, and O(n2) if thestart-up 
ost of the unit is time dependent, i.e., the 
ost of 
ommitting the unit at a 
ertain timeinstant depends on how long the unit has been un
ommitted.Unfortunately, this approa
h fails when ramping 
onstraints need to be 
onsidered. Ramping
onstraints limit the maximum in
rease or de
rease of generated power from one time instant tothe next, and re
e
t the thermal and me
hani
al inertia that has to be overtaken in order for theunit to in
rease or de
rease its output. These phenomena 
annot be disregarded for large units orif the time dis
retization interval is \small" (e.g., 15 minutes). The reason of the failure is that thevariables representing the power output are no longer independent, on
e that 
ommitment de
isionshave been taken; rather, they are linked by the ramping 
onstraints. Hen
e, it is no longer possibleto determine the optimal generated power, if the unit is 
ommitted, independently for ea
h timeperiod. Thus, the \
lassi
al" dynami
 programming pro
edure 
an no longer be used to determinethe optimal 
ommitment. Dis
retizing the power variables spa
e one may keep using a standarddynami
 programming pro
edure [3℄, but the 
omputational burden in
reases 
onsiderably, and theobtained solution is an approximated one.In [8℄, an approa
h is presented for eÆ
iently solving (1UC) with ramping 
onstraints whenthe 
ost fun
tion is pie
ewise-linear. The approa
h is based on the following idea: re-de�ne thestate spa
e of the dynami
 programming pro
edure so that 
omputation of the state 
osts redu
esto an \easy" (although still harder than in the standard 
ase) problem, the E
onomi
 Dispat
hwith Ramping Constraints (ED). The eÆ
ien
y is obtained by using a 
onstru
tive dynami
 pro-gramming pro
edure that solves (ED) with a pie
ewise-linear 
ost fun
tion, similar to that of [2℄and [11℄. Thus, two nested dynami
 programming pro
edures are employed in order to obtain anoverall eÆ
ient approa
h.However, in most 
ases the 
ost fun
tion of the real unit is approximated, in (1UC), with aquadrati
 fun
tion. Closely approximating the quadrati
 fun
tion with a pie
ewise-linear one may



4.require a large number of pie
es, thereby in
reasing the 
ost of the overall solution pro
edure. Wepropose an eÆ
ient algorithm for (ED) with general 
onvex 
ost fun
tions that solves all the O(n2)(ED)s required to perform the dynami
 programming pro
edure on the 
ommitment de
isions inO(n3) in the 
ase of quadrati
 
ost fun
tions. The algorithm is simple to implement and works fora very general form of (1UC) with time-varying upper and lower limits over the generated power,as well as time-varying and di�erent limits for ramp-up and ramp-down 
onstraints. Coupled witha \smart" visit of the state-spa
e graph in the dynami
 programming algorithm, this enables oneto solve (1UC) in O(n3) overall.The stru
ture of the paper is as follows. In Se
tion 2 a formulation of (1UC) is brie
y presented.In Se
tion 3 the dynami
 programming pro
edure, similar to that of [8℄, for solving (1UC) isre
alled, the 
orresponding (ED) problems are dis
ussed, and the \smart" visit is des
ribed thatallows one to solve the problem in O(n3) on
e that all the node 
osts have been 
omputed. Then, inSe
tion 4 the algorithm for solving (ED) is presented and analyzed. Finally in Se
tion 5 
on
lusionsare drawn.2. FormulationThe single-Unit Commitment problem (1UC) is as follows. A thermal generating unit, burningsome type of fuel (oil, gas, 
oal, . . . ) is given. The unit is 
hara
terized by a maximum andminimum power output, lt and ut, respe
tively, for ea
h time instant (e.g., hour or half-hour)in a set T = f1; : : : ; ng, 
overing some time horizon (e.g., a day or a week). If the unit is
ommitted (a
tively generating power) at time instant t, it is subje
t to a 
onvex power generating
ost fun
tion f t(pt), where pt is the amount of power produ
ed. In the following we will onlyassume that f t is 
losed 
onvex and that f t(0) = 0 (any 
onstant term in f t 
an be \atta
hed"to 
ommitment variables, as dis
ussed next). The operation of the unit must satisfy a number ofte
hni
al 
onstraints, typi
ally the minimum up- and down-time ones: whenever the unit is turnedon it must remain 
ommitted for at least �+ 
onse
utive time instants, and, analogously, wheneverthe unit is turned o� it must remain un
ommitted for at least �� 
onse
utive time instants. It istherefore useful to introdu
e binary variables xt indi
ating (if 1) the 
ommitment of the unit attime instant t. We then de�ne X as the set of s
hedules respe
ting minimum up- and down-time
onstraints; also, for any x 2 X, we de�ne 
(x) as the 
ost of the s
hedule: this may 
omprise�xed generating 
ost and time-dependent or time-invariant start-up 
ost. Other 
ombinatorial
onstraints and 
osts 
ould be in
luded as well, as long as they are 
onsistent with the dynami
programming pro
edure dis
ussed in the next se
tion.The last set of te
hni
al requirements are the ramping 
onstraints. These require that the max-imum in
rease of generated power from time instant t to the next be limited to �t+ > 0, and,analogously, the maximum de
rease of generated power from time instant t to the next be limitedto �t� > 0. Note that this de�nition 
an be applied only if the unit is 
ommitted in both timeperiod t and t + 1. We therefore 
onsider a general form of ramping 
onstraints where an upperbound �lt, lt � �lt � ut, is known on the maximum amount of power that 
an be generated if theunit is turned on in time period t (that is, it was un
ommitted in t� 1) and, analogously, an upperbound �ut, lt � �ut � ut, is known on the maximum amount of power that 
an be generated if theunit is turned o� at the end of time period t (that is, it will be un
ommitted in t+ 1).A formulation of (1UC) is: min 
(x) +Xt2T f t(pt) (1)ltxt � pt � utxt t 2 T (2)



5.pt+1 � pt + xt�t+ + (1� xt)�lt+1 t = 0; : : : ; n� 1 (3)pt � pt+1 + xt+1�t� + (1� xt+1)�ut t = 0; : : : ; n� 1 (4)x 2 X (5)Constraints (3) are ramp-up 
onstraints, i.e., they limit the maximum in
rease in power attainableat time instant t (assuming that the unit is 
ommitted in t). Note that we assume to know thestate of the unit at the time instant prior to the beginning of the operation, i.e., its 
ommitment x0and the generated power p0. Also, for the sake of minimum up- and down-time 
onstraints, weassume to know how long the unit has been on (if x0 = 1) or o� (if x0 = 0). Constraints (4) areramp-down 
onstraints, i.e., they limit the maximum de
rease in power attainable at time instant t.We remark that this formulation is more general than those usually 
onsidered (
f. [2, 8, 11℄) notonly be
ause the 
ost fun
tions need not be pie
ewise-linear, but also be
ause we allow di�erentlimits �t+ and �t� for ramp-up and ramp-down 
onstraints, and we allow them to depend on thetime instant t.It is well-known that, if 
onstraints (3) and (4) are not present, (1UC) is easily solvable by atwo-stage pro
edure. First, the un
onstrained optimum of ea
h f t~pt = argmin ff t(p) : p 2 R g (6)(assumed unique for simpli
ity) is 
omputed, and used to �nd the optimal power produ
tion levelif the unit is 
ommittedp�t = min f ut;max f ~pt; lt g g = argmin f f t(p) : lt � p � ut g (7)by simply proje
ting ~pt over the feasible set [lt; ut℄. The value zt = f t(p�t ) is the 
ontribution ofvariable pt to the obje
tive fun
tion value if the unit is 
ommitted at time instant t (xt = 1),while 0 is the 
ontribution if the unit is un
ommitted (xt = 0). Thus, zt is the 
ost (or revenue)of 
ommitting the unit, to be 
onsidered together with �xed 
osts and start-up 
osts, e�e
tivelyeliminating the pt variables from the problem. The remaining 
ombinatorial problem in the xtvariables alone 
an be easily solved by dynami
 programming.In the simple 
ase where start-up 
ost are time invariant, that is, the 
ost of starting up theunit at a 
ertain time instant does not depend on how long the unit has been un
ommitted (but itmay depend on the spe
i�
 time instant), the state spa
e of the dynami
 programming | the setof nodes of the graph over whi
h the shortest path problem is 
omputed | is made of 2n nodes,say (t; 1) and (t; 0) for t 2 T , representing respe
tively the unit being 
ommitted (xt = 1) or not(xt = 0) at time instant t, plus a \sour
e" s and a \sink" d. There are ar
s between nodes (t; 1) and(t+1; 1) for all t < n, representing the fa
t that the unit, that has already passed the �+ periods ofmandatory 
ommitment, is kept on in time instant t, labeled with the sum of the 
orresponding ztand �xed 
ost (if any). Analogously, there are ar
s between nodes (t; 0) and (t + 1; 0) for allt < n, representing the fa
t that the unit, that has already passed the �� periods of mandatoryun
ommitment, is kept o� in time instant t, labeled with zero 
ost. Then, there are ar
s for stateswit
hes, i.e., ar
s from (t; 1) to (t+ ��; 0), with zero 
ost, indi
ating the shutdown of the unit attime instant t + 1 and its remaining un
ommitted for the following �� periods, and ar
s (t; 0) to(t+ �+; 1), indi
ating the start-up of the unit at time instant t+1 and its remaining 
ommitted forthe following �+ periods, with the proper start-up 
ost plus the generating and �xed 
osts for allthe interval. When t+ �+ (��) is larger than T , the ar
s go to the sink d, and the 
ost is properlymodi�ed. Then, there are ar
s from the sour
e s to the nodes 
ompatible with the initial state ofthe unit. That is, if the unit is initially un
ommitted sin
e �0 time periods, there is an ar
 from s



6.to (maxf�� � �0; 1g; 0); if �� > �0 this indi
ates that the unit has to remain un
ommitted for the�rst �� � �0 time periods. Analogously, if the unit is initially 
ommitted sin
e �0 time periods,there is an ar
 from s to (maxf�+� �0; 1g; 1); if �0 < �+ this indi
ates that the unit has to remain
ommitted for the �rst �+ � �0 time periods, with appropriate 
ost. Finally, there are zero-
ostar
s from (n; 1) and (n; 0) to the sink d.Clearly, every s�d path on this graph represents a feasible solution to (1UC), and the 
ost of thepath is equal to the 
ost of the solution. Hen
e, (1UC) is redu
ed to a shortest path problem onan a
y
li
 graph, that 
an be solved in linear time on the number of ar
s, roughly 4n, i.e., in O(n).If time-dependent start-up 
osts have to be 
onsidered, the graph has to be expanded somewhat,introdu
ing nodes (t;�k) indi
ating that the unit has remained un
ommitted for the last k 
on-se
utive time instants, and properly modifying the ar
s. The maximum value of k that has to be
onsidered is the number of time instants after whi
h the unit has 
ompletely \
ooled o�", i.e., arestart has the same 
ost than a 
old start; in general, this value may be as large as n, althoughusually it is smaller. Thus, the size of the graph grows from O(n) to O(n2) in the worst 
ase, andthe 
omplexity of the pro
edure in
reases a

ordingly.This pro
edure, however, fails if 
onstraints (3) and (4) are present. In fa
t, the pt variables areno longer independent, on
e that the xt variables are �xed, sin
e they are linked together by theramping 
onstraints; hen
e, it is no longer possible to determine the optimal generated power p�t ,and the 
orresponding 
ontribution zt of variable pt to the obje
tive fun
tion value, independentlyfor ea
h time period.3. The dynami
 programming pro
edureIn order to solve (1UC) with 
onstraints (3) and (4), a di�erent dynami
 programming pro
edure
an be used. As in [8℄, the state spa
e of the dynami
 programming 
omprises, in prin
iple, allpairs (h; k) for h 2 T and k � h, plus a \sour
e" s and a \sink" d. The meaning of ea
h state(h; k) is: \the unit is turned on at time instant h (i.e., it was un
ommitted at time instant h� 1),and it will be turned o� again at time instant k (i.e., it will be un
ommitted at time instant k+1).Clearly, all states su
h that k < h+ �+ � 1 
orrespond to infeasible operations and need not to be
onstru
ted.In the state graph G, there is an ar
 between node (h; k) and node (r; q) if r � k + �� + 1,i.e., it is feasible to turn on the unit at time instant r given that it has been turned o� at timeinstant k. Ea
h of these ar
s are labeled with the start-up 
ost of the unit at time instant r; notethat time-dependent start-up 
ost are easily handled within this framework. There are also ar
sfrom the sour
e s to all nodes (h; k) 
ompatible with the initial state of the unit. That is, if theunit is un
ommitted sin
e �0 time periods there is an ar
 from s to ea
h node (h; k) su
h thath+ �0 � 1 � ��; these ar
s are labeled with the 
orresponding start-up 
ost. If instead the unit is
ommitted sin
e �0 time periods, there is an ar
 from s to ea
h node (1; k) su
h that k + �0 � �+,labeled with zero 
ost. Finally, there is a zero-
ost ar
 from ea
h node to the sink d.Clearly, every s� d path on this graph represents a feasible solution to (1UC). By now, the 
ostof the path only represent the 
ontribution of start-up 
osts to the obje
tive fun
tion. Obvioulsy,�xed generating 
osts (if any) 
an also be easily in
luded: we 
an asso
iate with ea
h node (h; k)the sum of all �xed 
osts of all periods from h to k (extremes in
luded) as 
ost of the node, sin
ethe unit will be 
ommitted in that interval.Furthermore, for ea
h node (h; k), the optimal 
ontribution of the variable generating 
osts, thatdepend on the pt variables, 
an be \easily" 
omputed. In fa
t, it is the optimal value of the following



7.E
onomi
 Dispat
h with Ramping Constraints problem for the interval [h; k℄:min kXt=h f t(pt) (8)lt � pt � ut h � t � k (9)ph � �lh (10)pt+1 � pt +�t+ t = h; : : : ; k � 1 (11)pt � pt+1 +�t� t = h; : : : ; k � 1 (12)pk � �uk : (13)We will denote problem (8) { (13) as (EDhk). Sin
e all the relevant binary variables are �xed,this is an optimization problem with 
onvex obje
tive fun
tion and linear 
onstraints. Hen
e, itsoptimal obje
tive fun
tion value z�hk = z(EDhk) 
an be \easily" 
omputed. By summing z�hk to theweight of ea
h node (h; k), the 
ost of ea
h s� d path on the graph is that of the feasible solutionit represents. Hen
e, on
e again (1UC) is redu
ed to a shortest path problem on an a
y
li
 graphwith O(n2) nodes and O(n4) ar
s. Thus, the problem 
an be solved in O(n4) on
e that all the datahas been 
omputed.However, the 
omplexity of the visit 
an be redu
ed by exploiting some stru
tural properties ofthe state-spa
e graph G. Consider the set of nodes (h; k) in G partitioned into levels Vk = f(h; k) :1 � h � kg for k � 1 (level V0 
ontains only the starting node s). From the de�nition of G, itimmediately follows that:� all nodes in Vk have the same set of adja
ent nodes;� the 
ost of the ar
 between (h; k) and (r; q) only depends on k and r.Therefore, it is possible to visit G in as
ending order of level k, avoiding to expli
itly explore theforward star of all but one node for ea
h level.More in detail, the pro
edure works as follows. For ea
h k = 1; : : : ; n we keep a list Sk � Vk ofthe rea
hed nodes in Vk with the label dhk 
orresponding to the length of the shortest path foundso far. S0 
ontains s with label 0. For k = 0; 1; : : : ; n we repeat the following steps:� evaluate z�hk = (EDhk) for all nodes in Sk (for k = 0 the result is zero);� �nd the node (h; k) in Sk with smallest value of z�hk + dhk;� visit all the adja
ent nodes of (h; k) updating their labels, if appropriate, and insert them inthe 
orresponding list Sq if they do not already belong to it.Clearly, the 
hosen order is a valid one, and the visit terminates having determined a shortests � d path. In prin
iple, all the O(n2) nodes of G are visited, and therefore the 
omputation ofall the 
orresponding z�hk values is required. However, for ea
h k we only 
onsider the node (h; k)asso
iated with the shortest path from s, so that we need only 
he
king its O((n � k)2) outgoingar
s. Therefore, the 
omplexity of the visit is redu
ed to O(n3) plus the 
ost of solving the O(n2)
onvex problems (EDhk), with up to n variables.Despite the relatively low size of the problem, this may turn out to be an heavy task, espe
ially
onsidering that several (1UC) problems are typi
ally solved at ea
h one of the many iterations ofLagrangian approa
hes to more 
omplex (UC) problems (
f., e.g., [1, 4, 5, 6, 7, 10, 12℄). Hen
e,solving (EDhk) eÆ
iently | or, more to the point, solving all the O(n2) of them eÆ
iently | is
ru
ial. In the next se
tion we will develop an eÆ
ient dynami
 programming algorithm for thesolution of (sequen
es of) (EDhk).



8.4. Solving the e
onomi
 dispat
h problemWe will devise an algorithm for eÆ
iently solving sequen
es of (EDhk) problems for k = h; : : : ; n.It is ne
essary to introdu
e the parametri
 problem (EDhk(�p)), i.e., the restri
tion to (EDhk)
orresponding to �xing the \last" variable pk to the �xed value �p (equivalently, imposing theextra 
onstraint pk = �p). We then study the properties of the optimal obje
tive fun
tion valueof (EDhk(�p)) as a fun
tion of the parameter �p. To simplify matters somewhat, however, it is
onvenient to give a slightly di�erent de�nition of the fun
tion under examination:zhk(�p) = � minf fh(ph) : (9) ; (10) ; ph = �p g if h = k;minfPkt=h f t(pt) : (9) ; (10) ; (11) ; (12) ; pk = �p g otherwise.That is, we allow �p to assume any value in the interval [lk; uk℄, even those values su
h that �xingpk = �p in formulation (8) { (13) would result in an infeasible problem due to the stri
ter upperbounds imposed by 
onstraints (11) or (13). This is done sin
e we will use zhk to 
ompute zh(k+1);in the latter problem, 
onstraint (13) 
orresponds to variable pk+1, and therefore it is no longerbinding for pk.We �rst state some general properties of the fun
tion:Proposition 4.1. The fun
tion zhk is 
onvex. Moreover, it has a pie
ewise nature, that is, it is�nite-valued only in v + 1 intervals [m0;m1℄, [m1;m2℄ . . . [mv;mv+1℄, with lk � m0, mv+1 � ukand v � 2(k � h), in whi
h zhk(�p) = zi(�p) if �p 2 [mi;mi+1℄where ea
h fun
tion zi is the sum of at most k � h + 1 fun
tions f t for t 2 [h; k℄ (and therefore itis 
onvex).Convexity of zhk is a 
onsequen
e of well-known general properties that need not be dis
ussedhere beyond noting that zhk is the value fun
tion [9℄ of the 
onvex program (EDhk(�pk)) withrespe
t to the right-hand side �pk of its 
onstraint pk = �pk. Its pie
ewise nature, and the morespe
i�
 properties will be demonstrated next by outlining the steps for eÆ
iently 
onstru
ting thepie
ewise representation of zhk.We will pro
eed by indu
tion to prove that the 
laimed properties are true; equivalently, we will(eÆ
iently) 
onstru
t pie
ewise representations of the fun
tions zhh, zh(h+1), . . . zhk, in this order.At ea
h step we will exploit the previously 
omputed representation to 
onstru
t that of the nextproblem. During the pro
ess, for ea
h step k we will also (eÆ
iently) 
ompute and exploitp�hk = argminf zhk(p) : p 2 [lk; uk℄ g ;that is, the k-th (last) 
omponent of the optimal solution of (EDhk) where 
onstraint (13) is relaxed.At the basis of the indu
tion pro
ess, the 
ase k = h is straightforward, sin
ezhh(�p) = fh(�p)for all �p 2 [lh; uh℄. Hen
e, there are v + 1 = 1 intervals and v + 1 = 1 fun
tions with the requiredproperties (i.e., 0 = v � 2(h � h) = 0). In this 
ase, p�hk is just p�h as 
omputed with formulae (6)and (7).Now, we assume the 
laim proved for some value of k| and the 
orresponding set of intervals andfun
tions to have already been expli
itly 
omputed | and pro
eed in proving that Proposition 4.1



9.holds for k+1, too. We will denote �mi the extremes of the intervals for zh(k+1), �zi the 
orrespondingfun
tions and �v + 1 their number.Consider any �xed value �p 2 [lk+1; uk+1℄. Constraints (11) and (12), written for pk+1 = �p and pk,result in �p��k+ � pk � �p+�k� :Sin
e zhk is in�nite-valued for pk outside [m0;mv+1℄, one has to set �m0 = maxflk+1;m0��k�g and�m�v+1 = minfuk+1;mv+1 +�k+g; in fa
t, zh(k+1) is 
learly in�nite-valued outside this interval, and�nite-valued inside it.Now, 
onsider how the optimal solution to (EDh(k+1)(�p)) 
an be 
omputed, exploiting the (al-ready 
omputed) pie
ewise representation of zhk. The problem 
an 
learly be rewritten aszh(k+1)(�p) = fk+1(�p) + minf zhk(pk) : m0 � pk � mv+1 ; �p��k+ � pk � �p+�k� g:In other words, the optimal solution to (EDh(k+1)(�p)) | at least, its k-th 
omponent | is just the
onstrained minimum of zhk in the interse
tion of the intervals [�p��k+; �p+�k�℄ and [m0;mv+1℄; wewill denote that minimum as p�k(�p). In order to tra
e the fun
tion zh(k+1)(�p), it is only ne
essaryto understand how p�k(�p) behaves as �p 
hanges. This is, however, very simple to pi
ture.Consider the 
onstrained minimum p�hk of zhk over [m0;mv+1℄ (or, equivalently, [lk; uk℄), that weassume to have already 
omputed: sin
e zhk is 
onvex, p�k(�p) is just its proje
tion over the feasibleinterval [�p��k+; �p+�k�℄ (14)(
f. (7)), that is, p�k(�p) = min f �p+�k�;max f p�hk; �p��k+g g : (15)Note that we are assuming p�hk to be unique; however, the following arguments 
an be easilyextended to 
ases where zhk has a (known) non-pointed interval as set of optimal solutions.We 
an pi
torially des
ribe the pro
ess as follows, with the help of Figure 1. Basi
ally, as �p\travels" from �m0 to �m�v+1, three di�erent 
ases 
an arise:(a) When �p is on the leftmost part of the interval [ �m0; �m�v+1℄ where zh(k+1) is �nite-valued, e.g.,�p = �m0, p�hk is \on the right" of the feasible interval (14); hen
e, p�k(�p) = �p + �k�, that is,p�k(�p) is a linear fun
tion of �p.(b) As �p in
reases, eventually p�hk \enters" the feasible interval (14): then, p�k(�p) is equal to p�hk,remaining \still" even if �p \moves".(
) Finally, �p be
omes large enough su
h that p�hk \exits again" from the feasible interval (14),this time remaining \on the left"; then on p�k(�p) = �p��k+, so, again, p�k(�p) in
reases linearlyas �p does.Of 
ourse, not all three 
ases (a), (b) and (
) need ne
essarily happen. For instan
e, p�hk mayalready belong to (14) for �p = �m0, or it may never leave it even if �p = �m�v+1, and so on. However,the above three 
ases 
over all that 
an possibly happen.It is now easy to see how, given the expli
it des
ription of zhk in terms of the v+1 sub-intervals of[m0;mv+1℄ and the asso
iated fun
tions zi, we 
an eÆ
iently 
onstru
t a pie
ewise representationof zh(k+1) with �v + 1 intervals where �v � v + 2.0) Set �p = �m0, �v = 0, and let 0 � q � v be the index of the interval to whi
h p�k(�p) = �p +�k�belongs (if it is a breakpoint, 
hoose the interval on the right). Set �u = minfuk+1;mv+1+�k+g.
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Figure 1: Evolution of p�k(�p) as �p varies1) If 
ase (a) is not veri�ed goto step 2), otherwise set �z�v(p) = fk+1(p) + zq(p+�k�). Computethe maximum value of �p su
h that p�k(�p) remains in the q-th interval, p�hk remains outsidethe feasible interval and �p remains feasible, that is, �p = minfmq+1 ��k�; p�hk ��k�; �ug. Set�v = �v + 1, �m�v = �p, q = q + 1 and repeat step 1).2) If 
ase (b) is not veri�ed goto step 3), otherwise set �z�v(p) = fk+1(p) + zq(p�hk). Compute themaximum value of �p su
h that p�hk remains inside the feasible interval and �p remains feasible,that is, �p = minfp�hk +�k+; �ug. Set �v = �v + 1, �m�v = �p and goto step 3).3) If �p = �u then terminate, otherwise set �z�v(p) = fk+1(p)+ zq(p��k+). Compute the maximumvalue of �p su
h that p�k(�p) = �p��k+ remains in the q-th interval and �p remains feasible, thatis, �p = minfmq+1 +�k+; �ug. Set �v = �v + 1, �m�v = �p, q = q + 1 and repeat step 3).Clearly, the total number of intervals for zh(k+1) is at most equal to that for zhk plus the twoones 
orresponding to p�hk \entering" and \leaving" the feasible set, that is, the former interval qin step 2) is repla
ed by at most 3 new intervals. Note that the intervals \on the left" of these newones, if any, 
orrespond to intervals for zhk \shifted left" by �k�, while the intervals \on the right"of the new ones, if any, 
orrespond to intervals for zhk \shifted right" by �k+. The �nal number ofintervals may well be stri
tly less than v+3. Also, sin
e ea
h zi is 
omposed of the sum of at mostk�h+1 original fun
tions f t, ea
h �zj is 
omposed of the sum of at most k�h+2 = (k+1)�h+1



11.original fun
tions f t. This 
ompletes the proof of Proposition 4.1.During the above pro
ess, it is very easy to 
ompute not only p�h(k+1), but also the optimalsolution of minf zh(k+1)(p) : p 2 [lk+1; �uk+1℄ g ;that is, the last 
omponent of the optimal solution of (EDh(k+1)), where 
onstraint (13) is imposed.Thus, the above pro
edure 
an be used to solve (EDhk) problems.The 
omplexity of the pro
edure depends on the a
tual form of the fun
tions f t; if the fun
tionsare quadrati
, as 
ommon in pra
ti
al appli
ations, ea
h step of the pro
edure is O(1). Therefore,assuming that (EDh(k�1)) has already been solved (with the same method), the 
omplexity tosolve (EDhk) is O(k � h), and, 
onsequently, the 
omplexity to solve all the problems (EDhh),(EDh(h+1)), : : :, (EDhk) is O((k�h)2). Hen
e, solving all the O(n2) (ED) problems in the dynami
programming pro
edure of the previous paragraph has O(n3) 
omplexity. All in all, 
ombining the\smart" visit of the state-spa
e graph G with the above eÆ
ient pro
edure for solving (EDhk), we
an solve (1UC), for the quadrati
 
ase, in O(n3). The same 
omplexity bound holds for any other
lass of 
onvex fun
tions 
losed under the sum operation and su
h that an O(1) 
losed-form formulaexists for 
omputing the un
onstrained minima, su
h as, among others, polynomial fun
tions ofdegree at most �ve. The approa
h is however likely to prove eÆ
ient even for other 
lasses offun
tions, sin
e univariate un
onstrained optimization approa
hes 
an be used to 
ompute therequired un
onstrained minima. This is likely to be mu
h more eÆ
ient than the 
orrespondingmultivariate 
onstrained optimization approa
hes required to solve (EDhk) as a whole.Although the optimal obje
tive fun
tion value of ea
h (EDhk) problem is all that is needed forsolving (1UC), the optimal solutions are then required to re
onstru
t a full optimal solution |both in the 
ommitment variables and in the power variables | of the problem. More spe
i�
ally,the optimal solutions of all the (EDhk) problems 
orresponding to all nodes in the optimal pathare needed. However, those solutions are easily found with a \ba
kward pass", using the availableinformation 
onstru
ted in the \forward pass". In fa
t, 
onsider a given problem (EDhk). Asdis
ussed above, the optimal value of the \last" variable pk, say �pk, is available when the problemis solved. Then, it is immediate to 
ompute the optimal value �pk�1 of the previous variable pk�1(if k > h) by just 
omputing the proje
tion of the available 
onstrained minimum p�h(k�1) (of zh(k�1),over [lk�1; uk�1℄) onto [�pk��k�1+ ; �pk+�k�1� ℄. Iterating this pro
edure, the whole solution of (EDhk)
an 
learly be found in O(k�h). Sin
e only the optimal solution of the \relevant" (EDhk) problems| those 
orresponding to nodes in the optimal path | is required, and the total number of timeinstants in whi
h the unit is 
ommitted, in those nodes, is at most n, the optimal solution to (1UC),in terms of the power variables, 
an be found in O(n).It is easy to see that the dual optimal solution to ea
h (EDhk) 
an also be 
onstru
ted, duringthe \ba
kward pass", together with the optimal primal solution. In fa
t, ea
h �pt for h � t � k isthe 
onstrained minimum of zht subje
t to (9) { (13), that ultimately de�ne a nonempty intervalin the real line. Thus, if �pt lies in the stri
t interior of the interval, i.e., none of the 
onstraints isa
tive, then all the 
orresponding optimal dual variables are zero. Assume instead that exa
tly one
onstraint, say (11), is a
tive in �pt and that zht is di�erentiable in �pt (the argument 
an be easilyextended to the 
ase of multiple a
tive 
onstraints). The Karush-Kuhn-Tu
ker 
onditions requirethat z0ht(�pt) = �where � is the optimal dual variable of (11). Similar formulae 
an be easily derived for all other
onstraints. Hen
e optimal dual information is readily available at the only 
ost of 
omputingthe derivative of zht. In the quadrati
 
ase, where this is O(1), the total 
ost of retrieving the



12.dual optimal solution to (EDhk) is O(k � h). Clearly, the above te
hnique 
an be extended to anondi�erentiable zht; only, left and right derivatives are to be 
omputed.Somewhat surprisingly, it does not appear that the pro
edure 
an be signi�
antly streamlined orsimpli�ed if further assumptions are made on the data. For instan
e, in many pra
ti
al appli
ationsone has lt = l, ut = u, �t� = �t+ = � < u � l (for if � � u � l then ramping 
onstraints areredundant), �lt = �ut = l + � for all t 2 T , and f t(p) = ap2 + btp (that is, only the linear part ofthe quadrati
 obje
tive fun
tion depends on the time instant). Yet, it does not appear that theworst-
ase 
omplexity results 
an be improved even if all the above assumptions are made.However, it is possible to improve the performan
es of the method in pra
ti
e by avoiding to(forming and) visiting all the state-spa
e graph G of the dynami
 programming pro
edure. This
an be done by observing that every ar
 and node in G \
overs" a 
ertain number of (
onse
utive)time instants in T , and ea
h s � d path in G ultimately \
overs" exa
tly n time instants. Thus,adding to the 
ost of ea
h ar
 and node a quantity proportional to the number of time instantsit 
overs, say M times the number of time instants where M is the same for all ar
s and nodes,the 
ost of every s� d path in
reases by Mn, and therefore the optimal solution does not 
hange.A
tually, one may even de�ne a di�erent value Mt for ea
h t 2 T and add it to ea
h node/ar
that \
overs" t. This allows us to make the 
ost of every ar
 and node in G nonnegative by simply
hoosing M large enough. In typi
al appli
ations we do not even need to 
ompute the a
tual 
ostof every ar
 and node for being able to 
ompute a suitable value for M ; in fa
t, only the 
osts ofthe nodes 
an be negative, hen
e, 
omputing z�t = minff t(p) : p 2 [lt; ut℄g (
f. (7)) and settingM = �minfminf z�t : t 2 T g; 0g one ensures that all the resulting node (and ar
) 
osts arenonnegative.Then, knowing the obje
tive fun
tion value of one | hopefully, good | solution, that is, the
ost of one s � d path, it may be possible to early terminate the visit of some part of the graph,avoiding to generate some of its nodes and the 
orresponding ar
s. In fa
t, having all ar
 and node
osts being made nonnegative, the 
ost of any partial s�d path 
annot be smaller than the 
ost ofany s� d path 
ontaining it. Thus, if a partial path is found whose 
ost is larger than that of thebest known solution, the visit of the graph from its last node 
an be interrupted. In a Lagrangiansetting [1, 4, 5, 6, 7, 10, 12℄, a reasonable 
hoi
e for the initial \in
umbent" s�d path 
ould be theoptimal solution of the (1UC) problem 
orresponding to the same unit at the previous Lagrangianiteration. Of 
ourse, as soon as a better s � d path is found during the visit, the value of the\in
umbent" 
an be updated.5. Con
lusionsWe have proposed an eÆ
ient dynami
 programming algorithm for solving (1UC) with ramping
onstraints and general 
onvex 
ost fun
tions. The algorithm requires to solve O(n2) \simple"
onvex programs, with up to n variables ea
h, in order to 
ompute the data for the dynami
programming pro
edure; the main 
ontribution of the paper is pre
isely the proposal of a neweÆ
ient algorithm for solving these problems. The resulting algorithm is simple to implement andworks for a very general form of (1UC) with time-varying upper and lower limits over the generatedpower, as well as time-varying and di�erent limits for ramp-up and ramp-down 
onstraints. Coupledwith a \smart" visit of the state-spa
e graph in the dynami
 programming algorithm, this enablesone to solve (1UC) in O(n3) overall for suitable 
ost fun
tions, su
h as quadrati
 ones.It is worth noting that the proposed approa
h 
an be extended to more general versions of (1UC)as well:� Data dependent on the history of the unit. It is easy to see that the approa
h immedi-



13.ately extends, with almost no 
hange, to problems where the data of (EDh;k) | (
oeÆ
ientof the) 
ost fun
tions, 
oeÆ
ients of the ramping 
onstraints, maximum and minimum pro-du
tion levels | depend not only on t, but on h as well, that is, on how long the unit hasbeen 
ommitted. This may be useful, e.g., to exploit better data �tting for the 
oeÆ
ients ofthe 
ost fun
tions, in order to more a

urately re
e
t the true operational 
ost of the unit.Note that a \monolithi
" Integer NonLinear Programming model implementing this featurewould be signi�
antly larger than (1) { (5), and therefore signi�
antly more diÆ
ult to solveby standard means, while our approa
h handles this generalization almost for free.� Di�erent dis
retization intervals for 
ommitment and power variables. In some
ases, one may want to use di�erent | typi
ally, �ner | dis
retization intervals for powervariables than for 
ommitment de
isions. This may be due either to spe
i�
 regulations of theoperating 
ontext, or to the need to better re
e
t the operating 
hara
teristi
s of the unit. Itis easy to see that our approa
h 
an be easily extended to handle this 
ase as well; the total
omplexity be
omes O(m2n), where m(� n) is the number of power variables.A
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