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Abstra
tAbstra
t. In this paper we investigate the formation of tumour 
ords (
ylindri
al arrangementsof tumour 
ells around blood vessels) within a tumour tissue. The shrinkage and the expansionof the 
ord following a stepwise de
rease or, respe
tively, in
rease of oxygen tension in the bloodvessel are also des
ribed. The model represents the tumour 
ell population as a 
ontinuumand in
ludes two novel aspe
ts with respe
t to our previous works: 
ell death does not o

urinstantaneously, but is pre
eded by a reversible pre-ne
roti
 state; the re
ruitment of 
ells fromquies
en
e into proliferation may require a re
overy period. Model predi
tions are 
omparedwith experimental data reported by Hirst et al. (1991).Key words: Tumour 
ords, oxygen di�usion, 
ontinuum modelling, free boundary problems.





3.1. Introdu
tionIn some experimental and human tumours, it is possible to observe 
ylindri
al arrangementsof tumour 
ells around blood vessels. Su
h stru
tures have been named tumour 
ords [1,2,3,4℄.The 
ords are in general surrounded by regions of ne
rosis, sin
e the oxygen tension and the
on
entration of nutrients su
h as glu
ose de
ay radially within the 
ord and, when they fallbelow some 
riti
al values, 
ell death o

urs. When ne
rosis is present, the mean thi
kness ofthe 
ords (i.e., the distan
e between the vessel wall and the �rst layer of ne
roti
 
ells) has beenfound to be 60{130 �m in di�erent tumours, whereas the mean radius of the 
entral vessel is inthe range 10{40 �m. As a 
onsequen
e of 
ell proliferation within the 
ord, outward dire
ted 
ellmigration o

urs. The proliferation appears to slow down from the vessel wall to the peripheryof the 
ord, and this redu
tion in proliferative a
tivity is likely to be related to the de
rease ofthe 
on
entration of oxygen, nutrients, and/or other 
riti
al 
hemi
als. Re
ently, mathemati
almodels have been proposed to des
ribe the stationary state of the 
ord [5,6,7,8℄ and the formationof a single 
ord within a normal tissue [9,10℄. A model for the response of tumour 
ords to asingle dose of radiation or anti
an
er drug has been proposed in [11,12℄.Among the various fa
tors that in
uen
e the proliferative a
tivity and that are ne
essary for
ell viability, oxygen 
on
entration plays a major role, and experimental observations have shownthe marked e�e
t of oxygen 
on
entration in blood on the radius of tumour 
ords [13,14℄. Inthe present paper we investigate the pro
ess of 
ord formation within a tumour tissue, whi
h isinitially well oxygenated with vessels having a 
onstant blood oxygen tension. This pro
ess leadsto isolated 
ords surrounded by ne
rosis (se
tion 2). Moreover, the shrinkage and the expansionof the 
ord following the sudden de
rease or, respe
tively, in
rease of blood oxygen tension, aredes
ribed (se
tions 3, 4 and 5). The present formulation of the model in
ludes two novel aspe
tswith respe
t to our previous works: 
ell death does not o

ur instantaneously, but is pre
ededby a reversible pre-ne
roti
 state [13℄; the re
ruitment of 
ells from quies
en
e into proliferationmay require a re
overy period [15,16℄, due to the need of re-synthesizing some proteins that aredegraded during quies
en
e (see se
tion 5). A 
omparison with the experimental data reportedby Hirst et al. (1991) [13℄ is also presented (se
tion 6).2. Formation of the tumour 
ordWe start by developing a model that des
ribes the formation of a tumour 
ord and of thesurrounding ne
rosis in a vas
ularized tumour. In this analysis we will mainly refer to the 
oreregion of an experimental tumour implanted sub
utaneously, after angiogenesis has provided inthat region a suitable vas
ularization. So, in an ideal 
ase, let us suppose that at an initialtime, say t=0, the tumour tissue is well supplied with oxygen and nutrients by a regular arrayof parallel and identi
al blood vessels. In view of the symmetry, we 
on
entrate on a vessel inthe 
ore of the array, and we �x a referen
e system of 
ylindri
al 
oordinates on the vessel axis.Vessels are supposed to be displa
ed by the growth of the tumour tissue so that the intervesseldistan
e in
reases (see Fig. 1). Let r be the radial distan
e from the axis of the vessel, and r0be the vessel radius.In the framework of a 
ontinuum approa
h, the tumour 
ell population will be des
ribed bythe volume fra
tion o

upied lo
ally by the 
ells. The remaining volume, whi
h is �lled by theextra
ellular matrix and the interstitial 
uid, forms a 
omplementary volume fra
tion whi
h issupposed to be 
onstant in spa
e and time (assumption (i) ). The other assumptions of the modelare summarized as follows: (ii) Cylindri
al symmetry around the referen
e vessel is assumed,



4.

A BFig. 1. Growth of vas
ularized tumour tissue (A) with displa
ement of the vessels, representedby the small 
ir
les, and formation of ne
rosis (hat
hed area) separating the 
ords (B).and the 
ell velo
ity and the 
on
entrations of 
hemi
als are independent of the axial 
oordinate.(iii) Cell velo
ity is radially dire
ted. (iv) Oxygen is the only spe
ies of \nutrient" 
onsidered.We denote by �(r; t) the lo
al oxygen 
on
entration, without distinguishing intra
ellular fromextra
ellular 
on
entration. (v) The rate of 
ell proliferation (i.e., the rate of in
rement of 
ellvolume per unit 
ell volume) is a nonde
reasing C1 fun
tion of �, �(�); we assume the existen
eof a value �Q su
h that, below �Q, all 
ells be
ome quies
ent and �(�)=0. A di�erent hypothesisthat a

ounts for the possibility that 
ells do not resume instantaneously the proliferative statusfrom quies
en
e will be 
onsidered in se
tion 5. (vi) If � de
reases to a threshold value �N(�N <�Q), the quies
ent 
ells enter a pre-ne
roti
 state in whi
h they do not 
onsume oxygen.After a time interval � in this state, the 
ells die. Experimental obervations have shown indeedthat anoxi
 
ells 
an survive for a time of 6-16 h [13℄. Cells in the pre-ne
roti
 state returninstantaneously to 
onsume oxygen and their 
ommittment to death 
eases if � rises above �N .(vii) Cell death when � is larger than �N is negle
ted. (viii) Dead 
ells are degraded to a
uid waste with a rate 
onstant �. Waste produ
ts are removed by the longitudinal 
ow of theinterstitial liquid.From the mass balan
e and the assumption that the volume fra
tion of 
ells (viable, pre-ne
roti
, and dead) is 
onstant, the 
ell velo
ity �eld 
an be easily obtained. Denoting by u(r; t)the 
ell velo
ity at distan
e r and time t, assumption (i) leads to the equationdiv u = ��(�) in P [Q [R�� in N ; (1)where P denotes the region in whi
h 
ell proliferation o

urs, Q the region of quies
en
e, R theregion of quies
ent 
ells reversibly 
ommitted to death, and N the ne
roti
 region. Con
erningthe 
on
entration of oxygen, di�usion is the dominant transport me
hanism and it o

urs in aquasi-stationary regime. As dis
ussed in [11℄, the 
onve
tive transport of oxygen by interstitial
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uids 
an indeed be disregarded. Thus, �(r; t) satis�es the equation�� = f(�) ; (2)where f(�) represents the ratio between the 
onsumption rate in the unit volume and thedi�usion 
oeÆ
ient. Be
ause of assumption (vi), f(�) must be zero for ���N , whereas we have
hosen a Mi
haelis-Menten form for �>�N , so we have:f(�) = (F �K + � � > �N0 � � �N : (3)Finally, a

ording to assumption (ii), before the formation of the pre-ne
roti
 region theoxygen 
on
entration attains a minimum on a 
ylindri
al surfa
e at r=B(t), whi
h is also theouter boundary of the 
ord. Sin
e in view of symmetry there is no mass ex
hange through thisboundary, B(t) is a material surfa
e, so that_B = u(B; t) : (4)The previously stated assumptions allow us to des
ribe the formation of the 
ord as follows.For t>0, and as long as �(r; t)>�N , the evolution of the boundary B and of the 
on
entration�(r; t), r0�r�B(t), will be given by the solution of Eq. (2) with the boundary 
onditions�(r0; t) = �? (5)�r(B(t); t) = 0 ; (6)where B(t), using Eq. (1) with u(r0; t)=0 and (4), is expressed asB(t) _B(t) = Z B(t)r0 r�(�(r; t)) dr (7)B(0) = B0 ; (8)B0 being the initial 
ondition. B0 has to be suÆ
iently 
lose to r0 so that the solution ofEqs. (2), (5) and (6) for t= 0 gives �(B0; 0)>�N . The oxygen 
on
entration in blood, �?, istaken 
onstant in time and larger than �Q, so that �(�?)>0. We observe that B(t) is in
reasingwith time sin
e � is nonnegative and positive near r0, and that the solution of Eqs. (2), (5) and(6) depends on time only through the time dependen
e of B.We have:Proposition 1. For any 
onstant B, r0 < B � BN , there exists a unique solution �(r;B) ofEqs. (2), (5), (6). This solution has a unique minimum at r=B(t). Moreover, BN is su
h that:�(BN ;BN ) = �N ; (9)and � depends monotoni
ally on B, with ��=�B satisfying�BNf(�?) log BNr0 < ���B < 0 ; r0 < r � B : (10)



6. Proof. Let us 
onsider the Cau
hy problem de�ned by Eqs. (2), (5) and�r(r0) = �? ;with �?<0. We have r�r(r) = r0�? + Z rr0 r0f(�(r0)) dr0 (11)and therefore �(r) is the unique solution of the following nonlinear Volterra equation�(r) = �? + r0�? log rr0 + Z rr0 r0f(�(r0)) log r0r0 dr0 : (12)Obviously, for any �?, the solution � has at most one minimum. From (12), we dedu
e that��=��? satis�es the linear Volterra equation����? = r0 log rr0 + Z rr0 r0f 0(�(r0)) ����? log r0r0 dr0 ;implying that, for r>r0, ����? > 0 : (13)Di�erentiating (11) with respe
t to �? we �ndr ��r��? = r0 + Z rr0 r0f 0(�(r0)) ����? dr0whi
h, in view of (13), yields ��r��? > 0 : (14)From the monotone dependen
e of � and �r on �? we dedu
e that:(i) there exists a unique �?N<0 su
h that the 
orresponding fun
tion � has the absolute minimumequal to �N , taken for some r=BN ;(ii) for �?2(�?N ; 0) the fun
tion � takes its minimum at a point B(�?)<BN ;(iii) �B=��?<0 and ��(B(�?))=��?>0. As a 
onsequen
e, for any given B2 (r0; BN ), thereexists one and only one �?2(�?N ; 0) su
h that B(�?)=B.From (13) and �B=��?>0, we may infer that���B < 0 ; r0 < r � B : (15)Re
alling that the following integral equation for �(r;B) holds�(r;B) = �? � Z Br0 r0f(�(r0;B)) log min[r0; r℄r0 dr0 ;by dire
t 
omputation we see that���B = �Bf(�(B;B)) log rr0 � Z Br0 r0f 0(�(r0;B)) ���B log min[r0; r℄r0 dr0 ;



7.whi
h, together with (15), provides the lower estimate���B > �BNf(�?) log BNr0 ;that 
ompletes the proof of property (10).The above proposition guarantees that, if instead of a 
onstant B we have in (6) an in
reasingfun
tion B(t) with range in (r0; BN ℄, a fun
tion �(r; t) is generated by (2), (5) and (6) as�(r; t)=�(r;B(t)), whose minimum for �xed t, �(B(t); t), de
reases in t, tending to �N if B(t)tends to BN .Proposition 2. For B0 2 (r0; BN ), Problem (2), (5)-(8) has one unique solution (�;B) withB(t) stri
tly in
reasing, under the additional assumption� := B2N � r202 log BNr0 kf 0k < 1 : (16)Moreover, the pair (�(B(t); t); B(t)) is bound to rea
h the value (�N ; BN ) at some �nite timetR.Proof. Let us �rst investigate the dependen
e of �(r; t), solution of (2), (5), (6), on B(t)pres
ribed as a non-de
reasing Lips
hitz 
ontinuous fun
tion with B(0) = B0, and Lips
hitz
onstant not ex
eeding LB=�(�?)(B2N � r20)=(2B0), in some bounded time interval [0; T ℄, withLBT <BN�B0. We have the following integral equation for ��(r; t) = �? � Z B(t)r0 r0f(�(r0; t)) log min[r0; r℄r0 dr0 :For a pair of fun
tions B1; B2, let us 
onsider the 
orresponding fun
tions �1 and �2 extendeda

ording to �i(r; t) =�i(Bi(t); t) for Bi(t)<r�BN , i=1; 2. Setting Æ�=�1��2 we have theestimate jÆ�(r; t)j � Z min[B1(t);B2(t)℄r0 r0kf 0k jÆ�(r0; t)j log min[r0; r℄r0 dr0 + CkB1 �B2k ;where C is a 
onstant depending on the data. Owing to (16), the above inequality yieldskÆ�k � C1� � kB1 �B2k : (17)At this point we 
an set up a simple �xed point argument to prove the existen
e of a uniquesolution to (2),(5)-(8). For B given in the spe
i�ed 
lass of equi-Lips
hitz fun
tions, 
ompute�(r; t) and de�ne the mapping B! ~B by means ofddt�12 ~B2� = Z B(t)r0 r�(�(r; t)) dr ; ~B(0) = B0 : (18)Note that ~B belongs to the same set in whi
h B has been 
hosen (and is 
ontinuously di�eren-tiable). Su
h a set is 
onvex and 
ompa
t in the sup-norm in [0; T ℄. For any pair (B1; B2), from(18) we derive the Gronwall type inequalityB0k ~B1 � ~B2kt � B2N � r202 k�0kZ t0 kÆ�k�d� +BNk�kZ t0 kB1 �B2k�d� ;



8.where k � k� is the sup in (0; �) (taken also with respe
t to r if needed). Using (17) we obtaink ~B1 � ~B2k � KTkB1 �B2k ;whi
h gives existen
e and uniqueness for T su
h that KT < 1, applying Bana
h-Ca

ioppolitheorem. Existen
e is also guaranteed for larger time intervals by S
hauder's theorem anduniqueness also follows by iteration of the same argument, resetting t=0 at the �rst hypotheti
bran
hing point of the solution.Thus we 
on
lude that Eqs. (2), (5)-(8) have one unique solution (�;B) up to the time tR atwhi
h B(tR)=BN . The fa
t that tR must be �nite follows from the following argument. From�r�r = Z B(t)r r0f(�(r0; t)) dr0we dedu
e the lower estimate �r > 
 := �B2N � r202r0 kfk : (19)From (7) we have _B � 1BN Z B0r0 r�(�(r; t)) dr :Taking into a

ount (19), it follows that �(r; t)>�?+
(r�r0) for r2 [r0; B0℄ and ea
h t. Thereforewe obtain the lower estimate_B � 1BN Z B0r0 r�(�? + 
(r � r0)) dr > 0 ;providing an upper estimate of the time tR at whi
h B(tR)=BN and thus �(BN ; tR)=�N .If B0 is suÆ
iently 
lose to r0 so that �(B0; 0) > �Q, arguing as in the proof above we 
ansay that a time tQ<tR exists at whi
h �(B(tQ); tQ)=�Q. From that time on, an annular regionin whi
h all 
ells are quies
ent will grow. We suppose that B0 does satisfy this requirement.We denote by �Q(t) the inner radius of the quies
en
e region. Clearly, �Q(tQ)=B(tQ) and, fort>tQ, �(�Q(t); t) = �Q : (20)We note that, for t2(tQ; tR), �Q(t) is de
reasing (as a 
onsequen
e of the lowering of the pro�leof �) with a slope that for t! t+Q tends to �1. In fa
t, let us 
onsider �(�Q(t); t) as a fun
tionof time. This fun
tion is 
onstant and equal to �Q so that, di�erentiating Eq. (20), we have0 = ���r �����Q(t) d�Qdt + ���t �����Q(t) :Sin
e ��=�t= (��=�B) _B is negative and �nite (see (15)), and �r(�Q(t); t) < 0 for t > t+Q, wehave _�Q(t)<0. In addition limt!t+Q _�Q(t)=�1 be
ause �r(�Q(tQ); tQ) = 0.At the time t= tR, the 
ells at r=B(tR)=BN enter the pre-ne
roti
 status. We re
all that thepre-ne
roti
 
ells do not 
onsume oxygen (assumption (vi) ). Hen
e, the boundary �R(t) betweenthe quies
ent region and the pre-ne
roti
 region, and the fun
tion �(r; t) for r2 [r0; �R(t)℄, arenow de�ned by Eqs. (2), (5), and �(�R(t); t) = �N (21)



9.�r(�R(t); t) = 0 : (22)Thus, �R(t) remains equal to B(tR) for t� tR (this 
onstant value will be denoted from now onas ��R), with �=�N in [��R; B(t)℄. Be
ause the pro�le of � does not 
hange with t for t� tR, alsothe boundary �Q will remain 
onstant in time at the value ��Q=�Q(tR). Sin
e �=0 in Q[R wehave there divu=0, hen
e the boundary B(t) satis�esB _B = ��Qu(��Q) ; tR < t < tR + �B(tR) = ��R :After a time interval � spent in the pre-ne
roti
 region, 
ells will die and a ne
roti
 regionwill originate. A ne
roti
 region will thus exist for times larger than tR+� . Let us 
onsiderthe traje
tory r= �(t; t0) of a 
ell entering the pre-ne
roti
 region at time t0 (t� t0� tR); thistraje
tory is de�ned by _� = u(�; t) ; t0 < t < t0 + � (23)�(t0; t0) = ��R : (24)As long as a 
ell is in the pre-ne
roti
 region, its velo
ity u will be given byru(r; t) = K (25)with K = Z ��Qr0 r�(�(r; t)) dr ; (26)K being independent of time, thus from Eqs. (23)-(26) we obtain�2(t; t0) = ��2R + 2K(t� t0) :At the time t= t0+� , at whi
h 
ell death o

urs, the position of the 
ell will thus be the sameirrespe
tive of t0. Denoting by ��N the radius that marks the interfa
e between the pre-ne
roti
and the ne
roti
 region, we have ��N = [��2R + 2K� ℄1=2 : (27)After the time t= tR+� , re
alling Eq. (1), B(t) will evolve a

ording toB _B = K � �2 (B2(t)� ��2N )B(tR + �) = ��N ;and it will be
ome the outer boundary of the ne
roti
 region generated by the 
ord. ThereforeB(t) = ���2N + 2K� (1� e�(tR+��t))�1=2 ;and, as t!1, B(t) will tend to the steady-state value given by�B = ���2N + 2K� �1=2 : (28)Figure 2 shows an example of the time evolution of the boundaries that 
hara
terize the tumour
ord, with the su

essive formation around the proliferating 
ells of the quies
ent, prene
roti
and ne
roti
 regions.
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Fig. 2. Evolution of the 
ord boundaries. The solid line indi
ates the evolution of the boundaryB(t) until t= tN and then the interfa
e with the ne
roti
 region: the boundary B(t) 
ontinuesas the dashed line; �Q(t), dotted lined; �R(t) dash-dotted line. The regions P , Q, R and N arealso indi
ated. Parameter values (O2 
on
entration in mmHg, length in �m, time in h): r0=20,�? = 35, �P =20, �Q = 2, �N = 1, �= 0:02, � = 12. Moreover: F = 0:0128, K =4:32 (Cas
iariet al., 1992); �(�) in
reasing as a Mi
haelis-Menten 
urve in (�Q; �P ) from 0 to �0= ln2=Td0,with Td0 (doubling time of the 
ell population in the vi
inity of the blood vessel) equal to 20.3. De
rease of oxygen 
on
entration in bloodLet us 
onsider a tumour 
ord at the stationary state, as des
ribed in the previous se
tion. Theoxygen 
on
entration pro�le and the radius ��R are solutions of Eqs. (2), (5), (21) and (22). Thissolution also determines the radius ��Q. Let us suppose that at t=0 the oxygen 
on
entrationin blood drops instantaneously to a value �?1<�?, with �?1>�Q. The pro�le of � and the radius�R will instantaneously follow this 
hange, and will be given by the equations listed above with�? 
hanged to �?1 in (5). Thereafter, � and �R will be independent of t. We will denote with thesubs
ript 00100 all the quantities in the new state de�ned by the oxygen blood 
on
entration �?1 ,thus we will have �1(r)<�(r) and ��R1< ��R. The new oxygen pro�le de�nes the new boundary��Q1 with the quies
ent region.Not so trivial is the des
ription of the evolution of the boundary �N for t > 0. We notepreliminarly that the pre-ne
roti
 region at t=0+ is the old pre-ne
roti
 region augmented bythe interval [��R1; ��R). For t>0, the velo
ity �eld in the pre-ne
roti
 region is independent of tand is given by ru(r; t) = K1 (29)with K1 = Z ��Q1r0 r�(�1(r; t)) dr ; (30)



11.K1 being smaller than K. Let �N1(t) denote the interfa
e with ne
rosis at time t, and let us�rst 
onsider the 
ells that were initially in the old pre-ne
roti
 region, that is in the interval[��R; ��N ℄. If at time t2 (0; � ℄ one of these 
ells has the radial position r, it is easy to see from(29)-(30) that the following relation holdsr2 � �2(r; t) = 2K1t ;where �(r; t) is the radial 
oordinate at t=0 of the traje
tory passing through (r; t). �(r; t) isgiven by �2(r; t)� ��2R = 2Ka0(�(r; t)) ; (31)where a0(�(r; t)) is the age in the pre-ne
roti
 region of a 
ell o

upying the position �(r; t)at t=0. Equation (31) 
arries the information of the state of the system prior to the oxygende
rease. Be
ause 
ell death o

urs after the 
ell has spent the time � in the pre-ne
roti
 region,�N1(t) satis�es the equation �2N1(t)� �2(�N1(t); t) = 2K1t ; (32)with � su
h that a0(�)+t=� . Taking into a

ount Eq. (31), we have�2(�N1(t); t) = ��2R + 2K(� � t) ; (33)and thus, from Eqs. (32), (33) and in view of (27), we get�N1(t) = [��2N � 2(K �K1)t℄1=2 ; 0 < t < � : (34)At t=� , all the 
ells that initially were in the region [��R1; ��R), and that therefore entered thepre-ne
roti
 region with age zero at t=0, simultaneously will die, so that the interfa
e with thene
roti
 region will suddenly move inwards to the radius��N1 = [��2R1 + 2K1� ℄1=2 : (35)Considering the traje
tories starting from r= ��R1 at times larger than zero, it is easy to see that�N1(t) remains 
onstant at the value ��N1 for t>� .In the ne
roti
 region, a

ording to Eq. (1), the velo
ity �eld is given byru(r; t) = K1 � �2 (r2 � �2N1(t)) ;so that the evolution of the boundary B1 will be des
ribed byB1 _B1 = K1 � �2 (B21(t)� �2N1(t)) (36)with the initial 
ondition B1(0) = �B : (37)Integrating (36)-(37) and taking into a

ount Eq. (34), we obtain for 0� t��B21(t) = �B2e��t � 2(K �K1)t+ (��2N + 2K� )(1� e��t) :For t>� , when �N1(t)= ��N1 as given by (35), we haveB21(t) = B21(�)e��(t��) + (��2N1 + 2K1� )(1� e��(t��)) :Thus, for t!1, the boundary B1 will tend to the new stationary value given by�B1 = ���2N1 + 2K1� �1=2 : (38)Figure 3 shows an example of the response of the tumour 
ord to a de
rease of the oxygen
on
entration in blood.
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ord following the de
rease of oxygen 
on
entration in bloodfrom �? = 35 to �?1 = 25 at t= 0. B(t), dashed line; �N (t), solid line; �R(t), dash-dotted line;�Q(t), dotted line. Other 
ord parameters as in Fig. 2.4. In
rease of oxygen 
on
entration in bloodLet us suppose now that at t=0 the oxygen 
on
entration in blood rises instantaneously to avalue �?2>�?. We will denote with the subs
ript 00200 all the quantities in the new state de�nedby the oxygen blood 
on
entration �?2 . The pro�le of � will instantaneously follow this 
hange,and two 
ases 
an o

ur at t= 0+: either (
ase I) the equations (2), (5) (with �? 
hanged to�?2), (21) and (22) have a solution with �R2� ��N , or (
ase II) there exists a solution of Eqs. (2),(5) and �2r(��N ) = 0 ; (39)with �2(��N )>�N . Thus, the 
ells that were in the region between ��R and �R2 (or ��N ) leave thepre-ne
roti
 state instantly resuming viability.In 
ase I, for t > 0, � and �R will be independent of t, with �R(t) = ��R2 and �(r; t) = �2(r),and the new oxygen pro�le will de�ne the new boundary ��Q2 with the quies
ent region. Sin
e��Q2> ��Q, there is an instantaneous re
ruitment of quies
ent 
ells into proliferation. Let �N2(t)denote the interfa
e with ne
rosis at time t. The velo
ity �eld is also independent of t and, forr in [��R2; �N2(t)℄, is given by ru(r; t) = K2with K2 = Z ��Q2r0 r�(�2(r; t)) dr ; (40)K2 being larger than K. Let us suppose ��R2< ��N . By 
onsidering the traje
tories of the 
ellsthat were initially in the interval [��R2; ��N ℄, and by following the derivation given in the previous



13.se
tion, we obtain �N2(t) = [��2N + 2(K2 �K)t℄1=2 ; 0 < t < ~t ;where ~t is the time at whi
h the 
ells that were in r= ��+R2 at t=0 will die, that is~t = � � ��2R2 � ��2R2K : (41)For ~t� t�� , the interfa
e with the ne
roti
 region will be given by the traje
tory starting fromr= ��R2 at time zero: �N2(t) = [��2R2 + 2K2t℄1=2 ; (42)sin
e the 
ells in r= ���R2 at t=0 resume instantly the quies
ent status, and 
ross ��R2 immediatelyafter. For t�� , sin
e �R2 is 
onstant, �N2 is also 
onstant and equal to��N2 = [��2R2 + 2K2� ℄1=2 : (43)In the 
ase in whi
h ��R2= ��N , ~t will be equal to zero, and Eqs. (42) and (43) will des
ribe theentire evolution of �N2(t).In the ne
roti
 region the velo
ity �eld is given byru(r; t) = K2 � �2 (r2 � �2N2(t)) ;so that the evolution of the boundary B2 will be des
ribed byB2 _B2 = K2 � �2 (B22(t)� �2N2(t))with the initial 
ondition B2(0) = �B :For t!1, the boundary B2 will tend to the stationary value given by�B2 = ���2N2 + 2K2� �1=2 : (44)In 
ase II, the whole 
ord up to ��N turns ba
k to be viable, and a new phase of growth starts.This growth may be des
ribed as in se
tion 2, with �N2(t) be
oming a material interfa
e andplaying now the role of B(t). Also in this 
ase a new stationary value ��N2 will be rea
hed, andthe new boundary B will tend to the stationary value given by Eq. (44), provided that K2 beassigned the proper value a

ording to Eq. (40).



14.5. E�e
t of the non-instantaneous re
ruitment from quies
en
eSome experimental observations have suggested that quies
ent 
ells reenter the proliferative
y
le with a 
ertain delay after that a re
ruitment stimulus has been provided to the population[15,16℄. A representation of this phenomenon appears to be 
omplex, and its a

urate des
riptionwould require a rather detailed 
ell population model. We attempted to a

ount for this delayin our model, whi
h is formulated in terms of the volume fra
tion o

upied by the 
ells, bysimplifying the dependen
e of 
ell proliferation on oxygen 
on
entration with respe
t to thatassumed in the previous se
tions. The assumption (v) of se
tion 2 will thus be modi�ed asfollows.For a viable 
ell in the tumour 
ord, as far as the proliferative a
tivity is 
on
erned, we willdistinguish three possible states: full proliferation, quies
en
e or pre-ne
rosis, and re
overy ofproliferation. The proliferation rate of a fully proliferating 
ell is � = �0, irrespe
tive of theoxygen 
on
entration if �>�Q, whereas the proliferation rate of quies
ent or pre-ne
roti
 
ellsis zero. When � de
reases to �Q, both fully proliferating 
ells and 
ells in the re
overy statebe
ome instantaneously quies
ent. If � in
reases over �Q at a given time, a quies
ent or pre-ne
roti
 
ell passes into the re
overy state and its proliferation rate is assumed to 
hange in timein a way that depends on the age from the entran
e into the quies
ent state, aQ, the 
ell had atthe transition time. More pre
isely:��(aQ; �) = 8<: 0 0 � � � t1(aQ)�0 � � t1(aQ)t2(aQ)� t1(aQ) t1(aQ) < � � t2(aQ) ; (45)where � is the time passed sin
e the transition into the re
overy state. That is, the re
overy isa transient state in whi
h after a delay of length t1, � in
reases linearly in time and re
overs itsmaximum value �0 at a time t2 when the 
ell passes to the state of full proliferation. Both thedelay time t1 and the overall duration t2 of the re
overy state are assumed to be fun
tions ofaQ. The dependen
e of t1 and t2 on the time spent out of the 
y
le is suggested by the possibledegradation in su
h a state of some proteins ne
essary for progressing through the 
ell 
y
le.For simpli
ity, we have assumed t1 = � 
1aQ 0 � aQ < a?Qt?1 aQ � a?Q (46)t2 = � 
2aQ 0 � aQ < a?Qt?2 aQ � a?Q ; (47)where 
1= t?1=a?Q and 
2= t?2=a?Q, with t?2>t?1.It is easy to see that the above hypotheses do not 
hange the behaviour of the 
ord with respe
tto that illustrated in se
tion 3, when the oxygen 
on
entration in blood suddenly de
reases. Onthe 
ontrary, in the 
ase of the in
rease of oxygen 
on
entration in blood, the 
ord response willbe di�erent as des
ribed in the following.As in se
tion 4, let us assume that at t=0 the oxygen 
on
entration in blood rises instanta-neously to a value �?2 , and �rst assume that 
ase I o

urs. Thus, for t > 0, �, �R and �Q willbe independent of t with �R2(t)= ��R2, ��R< ��R2� ��N , and �Q2(t)= ��Q2> ��Q. The 
ells in theregion [��Q; ��Q2℄ will pass at t=0 from the quies
ent (or pre-ne
roti
) state to the re
overy state.



15.Let r = �̂(t) be the traje
tory of the 
ells initially in ��Q. Sin
e for r < �̂(t), a

ording to ourpresent assumptions, it is divu=�0, we have�̂(t) = [r20 + (��2Q � r20)e�0t℄1=2 : (48)We denote by t̂ the time at whi
h �̂(t) rea
hes r = ��Q2. For �̂(t) � r � ��Q2, 0 � t � t̂, let usde�ne the fun
tion aQ(r; t) as the age aQ possessed at t=0 by the 
ells that at time t are at theposition r. In the same set, let ~�(r; t) denote the proliferation rate at the position r and time t.In view of (45), we have ~�(r; t) = � ��(aQ(r; t); t) 0 � t < t2(aQ(r; t))�0 t � t2(aQ(r; t)) : (49)Thus u(r; t) satis�es the equation divu = ~�(r; t) (50)with the boundary 
ondition �̂(t)u(�̂(t); t) = �02 (�̂2(t)� r20) : (51)Taking into a

ount that for t�0 it is divu=0 in the interval [��Q; ��Q2℄, we obtainaQ(r; t) = �2(r; t) � ��2Q�0(��2Q � r20) ; (52)where �(r; t) is the initial position of the 
ells that are at the radial position r at time t. �(r; t)is su
h that �(t; �(r; t)) = r ; (53)where � is the solution of _� = u(�; t) (54)�(0; �(r; t)) = �(r; t) : (55)The problem that arises is to �nd the fun
tions u(r; t) and �(r; t) that satisfy Eqs. (49)-(55).Let us look at a 
ell initially at r= r̂2 [��Q; ��Q2℄, with r̂ less than a suitable value. As t in
reases,after the time 
1aQ(r̂; 0) the proliferative a
tivity will start and after the time 
2aQ(r̂; 0) there
overy of proliferation will be 
omplete. Thus two surfa
es will arise in the 
ord from r= ��Q,that mark the outer boundary of the region of full re
overy and the inner boundary of the regionin whi
h the proliferation rate is still equal to zero. We denote these non-material boundariesas �P (t) and �Q(t), respe
tively, and these boundaries are impli
itly de�ned by
2aQ(�P (t); t) = t
1aQ(�Q(t); t) = t :It is easy to re
ognize that �̂(t)<�P (t)<�Q(t).If aQ(��Q2; 0)>a?Q, there exists a radius r?< ��Q2 su
h that aQ(r?; 0) = a?Q. Let r= �?(t) bethe traje
tory starting from r? at t=0, and let t? be the time at whi
h �? rea
hes ��Q2. Four
ases are possible:



16.

t *
1

h*

r*
f

Q
f

P

h^

r
Q2

r
0

r

tt *
2

t*

r
Q

t
^Fig. 4. S
hemati
 representation of the 
hara
teristi
 boundaries of the re
overy transient.(a) aQ(��Q2; 0)�a?Q;(b) aQ(��Q2; 0)>a?Q, t?� t?1;(
) aQ(��Q2; 0)>a?Q, t?1<t?� t?2;(d) aQ(��Q2; 0)>a?Q, t?>t?2.In 
ases (a) and (b), both �Q(t) and �P (t) will rea
h r= ��Q2 at the times �t1 and �t2 that are,respe
tively, not greater than t?1 and less than t?2. In 
ase (
), �Q(t) 
rosses the traje
tory �? att= t?1, whereas �P (t) will rea
h r= ��Q2 at �t2 < t?2. At the time t?1 all the 
ells between �?(t?1)and ��Q2 will simultaneously start the re
overy of proliferation. In 
ase (d), �P (t) 
rosses thetraje
tory �? at t= t?2, and the 
ells between �?(t?2) and ��Q2 will simultaneously a
hieve �=�0(see Fig. 4). Let us denote by tmax the time at whi
h the re
overy of proliferation is 
omplete:tmax will be equal to �t2 in 
ases (a), (b), (
) and to t?2 in 
ase (d), and in all 
ases tmax < t̂.Thus the full proliferation is a
hieved before the region r2 [��Q; ��Q2℄ is replenished by the 
ells
oming from the old proliferating region (r0; ��Q).In order to des
ribe the evolution of the interfa
e with the ne
roti
 region, �N2(t), we observethat the velo
ity �eld for r2 [��Q2; �N2(t)℄ 
an be expressed asru(r; t) = K2(t) ;where, for t� tmax, K2(t) is in
reasing and given byK2(t) = �02 (�̂2(t)� r20) + Z ��Q2�̂(t) r~�(r; t) dr ; (56)whereas, for t>tmax, K2(t) will be 
onstant and equal toK2 = �02 (��2Q2 � r20) :Pro
eeding therefore as in se
tion 4, for 0<t<~t, ~t being given by Eq. (41), we have�N2(t) = ���2N + 2Z t0 (K2(s)�K) ds�1=2 ; (57)



17.with K=(�0=2)(��2Q � r20) a

ording to (26). For ~t� t�� the interfa
e with the ne
roti
 regionwill be
ome a material boundary and is given by�N2(t) = ���2R2 + 2Z t0 K2(s) ds�1=2 : (58)For t>� , the interfa
e turns ba
k to be non-material and in
reases until t= tmax+� a

ordingto �N2(t) = ���2R2 + 2Z tt�� K2(s) ds�1=2 ; (59)and then remains 
onstant and equal to��N2 = [��2R2 + 2K2� ℄1=2 ; (60)with K2 given by (56). In the 
ase in whi
h ��R2= ��N , ~t will be equal to zero and Eqs. (58)-(60)will des
ribe 
ompletely the evolution of �N2(t).In 
ase II, as re
ognized in the previous se
tion, the whole 
ord up to ��N turns ba
k to beviable at t = 0+, and a new phase of growth starts. In des
ribing this growth, the re
overytransient has to be a

ounted for, sin
e the 
ells in a region that 
an extend up to ��N will passto the re
overy state. The re
overy phase 
an be des
ribed as above, taking into a

ount thatthe boundary �Q2 will 
hange in time, until the time at whi
h it is �(�N2(t); t)=�N (see se
tion2). We will not give here, however, further details about this 
ase, whose study 
an be 
arriedon by the treatment of se
tion 2 suitably modi�ed.The existen
e of the solution of the problem de�ned by Eqs. (49)-(55) (and therefore theexisten
e of the boundaries �P and �Q) was assessed in [17℄ by means of a 
onstru
tive method.Sin
e the proof is very long and te
hni
al, it will not be reported here. The numeri
al solutionof Eqs. (49)-(55) has been obtained by means of an iterative approximating pro
edure proposedin [17℄ and is brie
y des
ribed as follows with referen
e, for simpli
ity, to 
ase I.Let us denote by 
 the set of (r; t) points su
h that �̂(t)� r� ��Q2, 0� t� t̂, with �̂(t) givenby Eq. (48), and let r̂i, i=1; � � � ; n+ 1, be equispa
ed grid points in the interval [��Q; ��Q2℄. Let~�k(r; t) be the k-th approximation of ~�(r; t) on 
. By means of Eqs. (50)-(51), the velo
ity �elduk(r; t) is de�ned and the traje
tories �ki (t) starting from r̂i 
an be 
omputed from Eq. (54).Thus, ~�(�ki (t); t) is 
omputed by using Eqs. (49) and (52), in whi
h it is �(�ki (t); t)= r̂i. By linearinterpolation on the above values of ~� 
omputed over the traje
tories, the new approximation~�k+1(r; t) is obtained. Note that, by determining the times t1i and t2i on ea
h traje
tory throughEqs. (46) and (47), the values of the k + 1-th approximations of �P and �Q at these times arealso determined as �k+1Q (t1i) = �ki (t1i) and �k+1P (t2i) = �ki (t2i). Starting with ~�1(r; t) = 0 on 
,with meaningful values of the parameters, the pro
edure a
hieved a reasonable 
onvergen
e in4-6 steps.Figure 5 
ompares the in
rease of 
ord radius, as a 
onsequen
e of an in
rease of oxygen
on
entration in blood, 
omputed in the 
ase of instantaneous re
overy from quies
en
e to the
ase of delayed re
overy. Be
ause of the marked in
rement in �? (from 35 to 70 mmHg), 
aseII o

urs. To enhan
e the e�e
t of the delay, a small value of a?Q=2h, with t?1= t?2=14h havebeen 
hosen. We re
all that in the istantaneous 
ase the boundary between full proliferationand of zero proliferation 
oin
ides with the boundary �Q2(t), whereas in this simulation of thedelayed 
ase this boundary is given by �P (t) up to t?1= t?2. In the delayed 
ase, the stationarystate is substantially rea
hed after a delay of about 4 h.
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Fig. 5. Expansion of the tumour 
ord following the in
rease of oxygen 
on
entration in bloodfrom �?=35 to �?2=70 at t=0. Instantaneous (a) and delayed (b) re
ruitment of quies
ent andpre-ne
roti
 
ells: �N (t), solid lines; boundary between �=�0 and �=0, dotted lines; a?Q=2hand t?1 = t?2 =14h. Cord parameters as in Fig. 2 ex
ept: �(�) equal to �0 (with Td0 =20) for� � �Q and zero otherwise. The hat
hed area represents the region of full proliferation; the
ross-hat
hed area indi
ates the region where �=0 during the delayed re
overy.6. Comparison wth experimental data and 
on
luding remarksHirst et al., 1991 [13℄ measured the 
hanges in the radius of tumour 
ords of RH 
ar
inomaimplanted in mi
e when the animals were breathing air with 10% O2 and 100% O2. These dataare replotted in Fig. 6 and show a de
rement and, respe
tively, an in
rement of 
ord radius, withsome lag before the new stationary value is rea
hed. A reasonable �tting of the data (in
ludingthe 
ord radius of the 
ontrol) has been obtained by 
hoosing the model parameters as indi
atedin the legend of Fig. 6, and 
hanging �? from 57:5 to 39mmHg and, respe
tively to 71mmHg.The value of Td0 has been taken a

ording to the 
ell 
y
le time reported in [18℄ for the sametumour. No meaningful di�eren
es were found by simulating the in
rease of 
ord radius wheneither the delayed re
overy from quies
en
e or the instantaneous re
overy was assumed. It mightbe surprising that the e�e
t of a �ve-fold in
rease in oxygen breathed by the animal be mat
hedin the model by an in
rease of �? of only 23.5%, whereas halving the breathed oxygen leads toa de
rease of �? of 32.2%. This fa
t 
an be explained by 
onsidering that oxygen in blood ismainly transported as bound to hemoglobin, and that hemoglobin is almost saturated in thenormal breathing 
onditions (see the saturation 
urves reported in [19℄). It has to be noted thatthe available data do not a

urately des
ribe the transient phase of the 
hange of 
ord radius,whi
h is a
tually predi
ted by the model, so that the value of the parameter � remains ratherun
ertain.In 
on
lusion, we may observe that the proposed model appears able to des
ribe the 
hanges intumour 
ord morphology indu
ed by 
hanges of oxygen 
on
entration in blood. The in
lusion inthe model of a delayed exit from quies
en
e does not seem to modify signi�
antly the dynami
sof the expansion of the 
ord when oxygen in blood is in
reased, unless rather extreme situationso

ur. However, the des
ription of this phenomenon might be of importan
e in other 
ases,
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ord radius after exposure to oxygen tensions lower (squares) orhigher (
ir
les) than normal (replotted from Hirst et al., 1991 [13℄; the open 
ir
le representsthe point at 6 h 
orre
ted by ex
luding an outlier, see [13℄). Curves of �N (t) as predi
ted by themodel (solid lines) a

ording to the theory of se
tions 3 and 4. Parameter values as in Fig. 2ex
ept: r0 = 10, �? = 57:5, �(�) equal to �0 (with Td0 = 21:5) for � � �Q and zero otherwise,�=9. Moreover: �?1=39 (oxygen de
rease), �?2=71 (oxygen in
rease).su
h as the reoxygenation of tumour 
ells during a therapeuti
 s
hedule, to predi
t the e�e
tsof repeated doses. On the other hand, the des
ription of 
ord formation is highly idealized sin
ewe assumed a vas
ulature of identi
al, parallel and equispa
ed vessels leading to the formationof identi
al 
ords, that is not in a

ordan
e with the experimental observations showing a largevariability of 
ord radius inside the same tumour [13℄. Moreover, it is known that tumourvas
ularization is an evolving pro
ess driven by angiogenesis, although in the 
ore region of thetumour this pro
ess 
ould be less a
tive. In spite of these limitations, our des
ription of theappearan
e in a �nite time of isolated tumour 
ords due to the formation of surrounding ne
rosis
ould be a general feature whi
h is maintained in a mu
h more heterogeneous system.
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