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Abstract

Abstract. In this paper we investigate the formation of tumour cords (cylindrical arrangements
of tumour cells around blood vessels) within a tumour tissue. The shrinkage and the expansion
of the cord following a stepwise decrease or, respectively, increase of oxygen tension in the blood
vessel are also described. The model represents the tumour cell population as a continuum
and includes two novel aspects with respect to our previous works: cell death does not occur
instantaneously, but is preceded by a reversible pre-necrotic state; the recruitment of cells from
quiescence into proliferation may require a recovery period. Model predictions are compared
with experimental data reported by Hirst et al. (1991).
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1. Introduction

In some experimental and human tumours, it is possible to observe cylindrical arrangements
of tumour cells around blood vessels. Such structures have been named tumour cords [1,2,3,4].
The cords are in general surrounded by regions of necrosis, since the oxygen tension and the
concentration of nutrients such as glucose decay radially within the cord and, when they fall
below some critical values, cell death occurs. When necrosis is present, the mean thickness of
the cords (i.e., the distance between the vessel wall and the first layer of necrotic cells) has been
found to be 60-130 pm in different tumours, whereas the mean radius of the central vessel is in
the range 10-40 pm. As a consequence of cell proliferation within the cord, outward directed cell
migration occurs. The proliferation appears to slow down from the vessel wall to the periphery
of the cord, and this reduction in proliferative activity is likely to be related to the decrease of
the concentration of oxygen, nutrients, and/or other critical chemicals. Recently, mathematical
models have been proposed to describe the stationary state of the cord [5,6,7,8] and the formation
of a single cord within a normal tissue [9,10]. A model for the response of tumour cords to a
single dose of radiation or anticancer drug has been proposed in [11,12].

Among the various factors that influence the proliferative activity and that are necessary for
cell viability, oxygen concentration plays a major role, and experimental observations have shown
the marked effect of oxygen concentration in blood on the radius of tumour cords [13,14]. In
the present paper we investigate the process of cord formation within a tumour tissue, which is
initially well oxygenated with vessels having a constant blood oxygen tension. This process leads
to isolated cords surrounded by necrosis (section 2). Moreover, the shrinkage and the expansion
of the cord following the sudden decrease or, respectively, increase of blood oxygen tension, are
described (sections 3, 4 and 5). The present formulation of the model includes two novel aspects
with respect to our previous works: cell death does not occur instantaneously, but is preceded
by a reversible pre-necrotic state [13]; the recruitment of cells from quiescence into proliferation
may require a recovery period [15,16], due to the need of re-synthesizing some proteins that are
degraded during quiescence (see section 5). A comparison with the experimental data reported
by Hirst et al. (1991) [13] is also presented (section 6).

2. Formation of the tumour cord

We start by developing a model that describes the formation of a tumour cord and of the
surrounding necrosis in a vascularized tumour. In this analysis we will mainly refer to the core
region of an experimental tumour implanted subcutaneously, after angiogenesis has provided in
that region a suitable vascularization. So, in an ideal case, let us suppose that at an initial
time, say t=0, the tumour tissue is well supplied with oxygen and nutrients by a regular array
of parallel and identical blood vessels. In view of the symmetry, we concentrate on a vessel in
the core of the array, and we fix a reference system of cylindrical coordinates on the vessel axis.
Vessels are supposed to be displaced by the growth of the tumour tissue so that the intervessel
distance increases (see Fig. 1). Let r be the radial distance from the axis of the vessel, and r
be the vessel radius.

In the framework of a continuum approach, the tumour cell population will be described by
the volume fraction occupied locally by the cells. The remaining volume, which is filled by the
extracellular matrix and the interstitial fluid, forms a complementary volume fraction which is
supposed to be constant in space and time (assumption (i) ). The other assumptions of the model
are summarized as follows: (ii) Cylindrical symmetry around the reference vessel is assumed,
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Fig. 1. Growth of vascularized tumour tissue (A) with displacement of the vessels, represented
by the small circles, and formation of necrosis (hatched area) separating the cords (B).

and the cell velocity and the concentrations of chemicals are independent of the axial coordinate.
(113) Cell velocity is radially directed. (iv) Oxygen is the only species of “nutrient” considered.
We denote by o(r,t) the local oxygen concentration, without distinguishing intracellular from
extracellular concentration. (v) The rate of cell proliferation (i.e., the rate of increment of cell
volume per unit cell volume) is a nondecreasing C! function of o, x(0); we assume the existence
of a value o such that, below o), all cells become quiescent and x(0)=0. A different hypothesis
that accounts for the possibility that cells do not resume instantaneously the proliferative status
from quiescence will be considered in section 5. (vi) If o decreases to a threshold value oy
(on < UQ), the quiescent cells enter a pre-necrotic state in which they do not consume oxygen.
After a time interval 7 in this state, the cells die. Experimental obervations have shown indeed
that anoxic cells can survive for a time of 6-16 h [13]. Cells in the pre-necrotic state return
instantaneously to consume oxygen and their committment to death ceases if o rises above o ;.
(vii) Cell death when o is larger than oy is neglected. (viii) Dead cells are degraded to a
fluid waste with a rate constant . Waste products are removed by the longitudinal flow of the
interstitial liquid.

From the mass balance and the assumption that the volume fraction of cells (viable, pre-
necrotic, and dead) is constant, the cell velocity field can be easily obtained. Denoting by w(r,t)
the cell velocity at distance r and time ¢, assumption (i) leads to the equation

. |x(6) mPUQUR
divu = {—N in N (1)

where P denotes the region in which cell proliferation occurs, () the region of quiescence, R the
region of quiescent cells reversibly committed to death, and N the necrotic region. Concerning
the concentration of oxygen, diffusion is the dominant transport mechanism and it occurs in a
quasi-stationary regime. As discussed in [11], the convective transport of oxygen by interstitial



fluids can indeed be disregarded. Thus, o(r,t) satisfies the equation

Ao = f(o), (2)

where f(o) represents the ratio between the consumption rate in the unit volume and the
diffusion coefficient. Because of assumption (vi), f(o) must be zero for 0 <o, whereas we have
chosen a Michaelis-Menten form for o> 0o, so we have:

f(a)z{FK+o 7> 0N (3)
0 o<oy.

Finally, according to assumption (7i), before the formation of the pre-necrotic region the
oxygen concentration attains a minimum on a cylindrical surface at » = B(t), which is also the
outer boundary of the cord. Since in view of symmetry there is no mass exchange through this
boundary, B(t) is a material surface, so that

B=u(B,t). (4)

The previously stated assumptions allow us to describe the formation of the cord as follows.
For t>0, and as long as o(r,t) >0y, the evolution of the boundary B and of the concentration
o(r,t), ro <r<B(t), will be given by the solution of Eq. (2) with the boundary conditions

o(ry,t) = o~ (5)

UT(B(t)at) =0, (6)
where B(t), using Eq. (1) with u(ry,t)=0 and (4), is expressed as

. B(t)
B(t)B(t) = / rx(o(r,t))dr (7)

0
B(0) = By, (8)
B, being the initial condition. B, has to be sufficiently close to r, so that the solution of
Egs. (2), (5) and (6) for ¢t =0 gives o(B,,0) > 0,. The oxygen concentration in blood, o*, is
taken constant in time and larger than o4, so that x(0*) >0. We observe that B(t) is increasing
with time since x is nonnegative and positive near r,, and that the solution of Egs. (2), (5) and

(6) depends on time only through the time dependence of B.
We have:

Proposition 1. For any constant B, ry < B < By, there ezists a unique solution o(r; B) of
Eqs. (2), (5), (6). This solution has a unique minimum at r=B(t). Moreover, By is such that:

o(By;By) =0y, (9)

and o depends monotonically on B, with 0o /0B satisfying

B do
—Byf(e®)log—X < —— <0, r,<r<B. (10)
N To 0B 0



Proof. Let us consider the Cauchy problem defined by Eqs. (2), (5) and
Oy (TO) =¥,

with ¥* <0. We have .
ro.(r) =ryX* +/ r'f(o(r'"))dr' (11)

0

and therefore o(r) is the unique solution of the following nonlinear Volterra equation

r /
o(r) = 0* +1o5* log — +/ ' f(o(r")) log —— dr . (12)
TO T TO

Obviously, for any ¥*, the solution o has at most one minimum. From (12), we deduce that
0o /0X* satisfies the linear Volterra equation

Jo r " do r’
o5 = 7o log a + /TO r'f'(a(r'))ax* log a dr',
implying that, for r>r,
% (13)
ox* '

Differentiating (11) with respect to ¥* we find

807"_ T// / do /
T82*_T0+/T0Tf(g(r))82*dr

which, in view of (13), yields 5
O-’I"

T >0. (14)
From the monotone dependence of o and o, on ¥* we deduce that:
(1) there exists a unique ¥%; <0 such that the corresponding function o has the absolute minimum
equal to oy, taken for some r=By;
(ii) for ¥* € (X%, 0) the function o takes its minimum at a point B(X*) < By;
(iii) 0B/0%* <0 and do(B(X*))/0%* >0. As a consequence, for any given B € (ry, By), there
exists one and only one ¥* € (¥3,,0) such that B(X*)=DB.

From (13) and 9B/9%* >0, we may infer that

)
a—;<0, ro <r <B. (15)

Recalling that the following integral equation for o(r; B) holds

min[r’, r
[ I ]d'f'l,

B
o(r; B) = o* - / ' §(o(+'; B)) log

r
o 0

by direct computation we see that

do _ r B Lo . oo min|[r’, 7]
o = ~BIo(BiB) log | - / o B g



which, together with (15), provides the lower estimate

55 > ~By(e")log 2.
that completes the proof of property (10). i

The above proposition guarantees that, if instead of a constant B we have in (6) an increasing
function B(t) with range in (ry, By|, a function o(r,t) is generated by (2), (5) and (6) as
o(r,t)=o(r; B(t)), whose minimum for fixed ¢, o(B(t),t), decreases in ¢, tending to o, if B(t)
tends to By .

Proposition 2. For B, € (ry, By), Problem (2), (5)-(8) has one unique solution (o, B) with
B(t) strictly increasing, under the additional assumption

B2 —r2 B
fi= ST og SN ) < 1. (16)
0

Moreover, the pair (o(B(t),t), B(t)) is bound to reach the value (o,,By) at some finite time
th

Proof. Let us first investigate the dependence of o(r,t), solution of (2), (5), (6), on B(t)
prescribed as a non-decreasing Lipschitz continuous function with B(0) = B, and Lipschitz
constant not exceeding L =x(0*)(B% —r3)/(2B,), in some bounded time interval [0, T, with
LyT < By—B,. We have the following integral equation for o

B(t) : /
o(r,t) =0 — / r' f(o(r',t))log minfr’, r] dr’ .
T To
0
For a pair of functions B, B,, let us consider the corresponding functions o, and o, extended
according to o,(r,t) =o0,(B,(t),t) for B,(t) <r < By, i=1,2. Setting d0 =0, —0, we have the
estimate
min(r’, 7]

min[B, (t),B,(t)] e ) )
6o (r,1)] < / £ 160 (' )] log dr' + C||B, — By,

0 0

where C' is a constant depending on the data. Owing to (16), the above inequality yields
C
[0 < mHBl — Byl (17)

At this point we can set up a simple fixed point argument to prove the existence of a unique
solution to (2),(5)-(8). For B given in the specified class of equi-Lipschitz functions, compute
o(r,t) and define the mapping B — B by means of

%(%Bﬂ) :/:(t) rx(o(r,t))dr,  B(0) = B,. (18)

Note that B belongs to the same set in which B has been chosen (and is continuously differen-

tiable). Such a set is convex and compact in the sup-norm in [0,7]. For any pair (B, B,), from
(18) we derive the Gronwall type inequality

- - B% —r2 ¢ ¢
!
BollBy - Byl < X0 / 160l d7 + Byl / 1B, — By, dr,



where || - || is the sup in (0,7) (taken also with respect to r if needed). Using (17) we obtain

1By = By|| < KT||By - Byl

which gives existence and uniqueness for T such that KT < 1, applying Banach-Caccioppoli
theorem. Existence is also guaranteed for larger time intervals by Schauder’s theorem and
uniqueness also follows by iteration of the same argument, resetting t=0 at the first hypothetic
branching point of the solution.

Thus we conclude that Egs. (2), (5)-(8) have one unique solution (o, B) up to the time ¢ at
which B(tgp)=DB). The fact that ¢ must be finite follows from the following argument. From

B(t)
—ro, = / r' f(o(r',t)) dr'

we deduce the lower estimate
B% —

o, >y = —77”3 ||f|| (19)
T ' 2r, '
From (7) we have

. 1 [Bo
B> —/ rx(o(r,t))dr.
By Js.

Taking into account (19), it follows that o(r, t) > o*+y(r—r,) for r € [ry, B,] and each t. Therefore
we obtain the lower estimate

. 1 By
BZ—/ rx(c* +~(r—ry))dr >0,
By /.,

providing an upper estimate of the time ¢, at which B(tp) =By and thus o(By,tg)=0y. 1
If B, is sufficiently close to r, so that o(B,,0) > 0, arguing as in the proof above we can
say that a time ¢, <ty exists at which o(B(ty),t5) =0g. From that time on, an annular region
in which all cells are quiescent will grow. We suppose that B, does satisfy this requirement.
We denote by pg () the inner radius of the quiescence region. Clearly, pq(to)=B(ty) and, for
t>to,
o(pg(t),t) =oq - (20)
We note that, for t € (t,,tp), pg(t) is decreasing (as a consequence of the lowering of the profile

of o) with a slope that for t—>t2’2 tends to —oo. In fact, let us consider o(pq(%),t) as a function
of time. This function is constant and equal to o, so that, differentiating Eq. (20), we have

_ 0o

ol dng oo
- or

0 i

Po(t)

Since 9o/t = (do/OB)B is negative and finite (see (15)), and 0, (po(t),t) < 0 for t >, we
have () <0. In addition limt—ng pg(t)=—00 because 0, (pg(tg),tg) = 0.

At the time t=ty, the cells at = B(t) = B) enter the pre-necrotic status. We recall that the
pre-necrotic cells do not consume oxygen (assumption (vi)). Hence, the boundary pp(t) between

the quiescent region and the pre-necrotic region, and the function o(r,t) for r € [ry, pg(t)], are
now defined by Egs. (2), (5), and

o(pr(t)t) = oy (21)



Oy (pR(t)a t) =0. (22)
Thus, pg(t) remains equal to B(ty) for ¢t >t (this constant value will be denoted from now on
as pg), with c=0, in [pg, B(t)]. Because the profile of o does not change with ¢ for ¢ >, also
the boundary pg, will remain constant in time at the value py=pq(tg). Since x=0 in QUR we
have there divu =0, hence the boundary B(t) satisfies

B(tg) = pg-

After a time interval 7 spent in the pre-necrotic region, cells will die and a necrotic region
will originate. A necrotic region will thus exist for times larger than ¢+ 7. Let us consider
the trajectory r=mn(t;t,) of a cell entering the pre-necrotic region at time ¢, (¢t >, >1tp); this
trajectory is defined by

N =u(n,t), g <t<ty+T (23)

n(tosto) = Pg - (24)

As long as a cell is in the pre-necrotic region, its velocity u will be given by

ru(r,t) = K (25)
with ~

PQ
K= / rx(o(r,)) dr, (26)

"o

K being independent of time, thus from Eqgs. (23)-(26) we obtain
7 (t; ty) = f’?—z +2K(t — 1) .

At the time t=t,+7, at which cell death occurs, the position of the cell will thus be the same
irrespective of ¢,. Denoting by p, the radius that marks the interface between the pre-necrotic
and the necrotic region, we have

py = [Pk +2K7]'/%. (27)
After the time t=t,+7, recalling Eq. (1), B(t) will evolve according to
BB =K - L(B(t) - p})

B(tR + T) = ﬁN )
and it will become the outer boundary of the necrotic region generated by the cord. Therefore
2K
B(t) — [ﬁ?\f + _(1 _ eu(tR+T—t))]1/2,
1
and, as t— oo, B(t) will tend to the steady-state value given by

_ 2K
B=[oh+=-]" (28)

Figure 2 shows an example of the time evolution of the boundaries that characterize the tumour
cord, with the successive formation around the proliferating cells of the quiescent, prenecrotic
and necrotic regions.
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Fig. 2. Evolution of the cord boundaries. The solid line indicates the evolution of the boundary
B(t) until t=t%, and then the interface with the necrotic region: the boundary B(¢) continues
as the dashed line; py(t), dotted lined; pp(t) dash-dotted line. The regions P, Q, R and N are
also indicated. Parameter values (O, concentration in mmHg, length in pgm, time in h): r,=20,
o* =35, op =20, og=2,0y=1, p=0.02, 7=12. Moreover: F'=0.0128, K =4.32 (Casciari
et al., 1992); x (o) increasing as a Michaelis-Menten curve in (o4,0p) from 0 to x,=1n2/Ty,
with T, (doubling time of the cell population in the vicinity of the blood vessel) equal to 20.

3. Decrease of oxygen concentration in blood

Let us consider a tumour cord at the stationary state, as described in the previous section. The
oxygen concentration profile and the radius p are solutions of Egs. (2), (5), (21) and (22). This
solution also determines the radius pg. Let us suppose that at ¢ =0 the oxygen concentration
in blood drops instantaneously to a value o7 <o, with 07 >o0,. The profile of o and the radius
pr will instantaneously follow this change, and will be given by the equations listed above with
o* changed to o7 in (5). Thereafter, o and pp will be independent of ¢. We will denote with the
subscript 1" all the quantities in the new state defined by the oxygen blood concentration o%,
thus we will have o, (r) <o(r) and pgr,; <pg. The new oxygen profile defines the new boundary
Pg1 with the quiescent region.

Not so trivial is the description of the evolution of the boundary p, for ¢ > 0. We note
preliminarly that the pre-necrotic region at =07 is the old pre-necrotic region augmented by
the interval [pg,pg). For t>0, the velocity field in the pre-necrotic region is independent of ¢
and is given by

ru(r,t) = K, (29)

with .
PQ1
K, = / rx(o (1)) dr (30)

0
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K, being smaller than K. Let py,(t) denote the interface with necrosis at time ¢, and let us
first consider the cells that were initially in the old pre-necrotic region, that is in the interval
[PRr:Pn]- If at time ¢ € (0, 7] one of these cells has the radial position r, it is easy to see from
(29)-(30) that the following relation holds

r? — (%(r,t) = 2K, t,
where ((r,t) is the radial coordinate at ¢ =0 of the trajectory passing through (r,¢). ((r,t) is
given by
¢3(r,t) — PR = 2Kay((r, 1)), (31)
where a,({(r,t)) is the age in the pre-necrotic region of a cell occupying the position ((r,t)
at t=0. Equation (31) carries the information of the state of the system prior to the oxygen

decrease. Because cell death occurs after the cell has spent the time 7 in the pre-necrotic region,
pn(t) satisfies the equation

pR1(t) = Clpni(t),t) = 2Kyt (32)
with ¢ such that ay(¢)+t=7. Taking into account Eq. (31), we have
Clon (), 1) = pr + 2K (1 — 1), (33)
and thus, from Egs. (32), (33) and in view of (27), we get
paa(t) = [ — 2K — K2, 0<t<r. (34)

At t=r, all the cells that initially were in the region [pg,, pg), and that therefore entered the
pre-necrotic region with age zero at t=0, simultaneously will die, so that the interface with the
necrotic region will suddenly move inwards to the radius

Pn1 = [Pr1 + 2K17']1/2 . (35)

Considering the trajectories starting from r=pp, at times larger than zero, it is easy to see that
px(t) remains constant at the value gy, for ¢>7.
In the necrotic region, according to Eq. (1), the velocity field is given by

I
ru(r,t) = Ky — 5( 2 _P?\m(t))a
so that the evolution of the boundary B; will be described by
: H
BB, = K, = S(Bi(t) = (1) (36)
with the initial condition B
B,(0) =B. (37)

Integrating (36)-(37) and taking into account Eq. (34), we obtain for 0<t <t
_ 2K
B (1) = Bt —2(K — K )i+ (0% + ) (1 — o).
W

For t>7, when py,(t)=p,; as given by (35), we have
2K
BA(t) = BY(r)e M7 4 (2 + L) (1 — o707
©

Thus, for t — oo, the boundary B; will tend to the new stationary value given by

— _ 2K q1/2
B, = [1012\'1 + —1] . (38)

Figure 3 shows an example of the response of the tumour cord to a decrease of the oxygen
concentration in blood.
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Fig. 3. Shrinkage of the tumour cord following the decrease of oxygen concentration in blood
from o* =35 to o] =25 at t=0. B(t), dashed line; py(t), solid line; pp(t), dash-dotted line;
po(t), dotted line. Other cord parameters as in Fig. 2.

4. Increase of oxygen concentration in blood

Let us suppose now that at £ =0 the oxygen concentration in blood rises instantaneously to a
value o3 >o0*. We will denote with the subscript /2" all the quantities in the new state defined
by the oxygen blood concentration ¢3. The profile of o will instantaneously follow this change,
and two cases can occur at ¢ =07: either (case I) the equations (2), (5) (with o* changed to
03), (21) and (22) have a solution with pgp, <p,, or (case II) there exists a solution of Egs. (2),
(5) and

05 (Pn) =0, (39)

with 04(py) >0 ,. Thus, the cells that were in the region between g and ppy (or py) leave the
pre-necrotic state instantly resuming viability.

In case I, for ¢ >0, o and pp will be independent of ¢, with pg(t) = pgy and o(r,t) =o0,(r),
and the new oxygen profile will define the new boundary pg, with the quiescent region. Since
Pg2> P> there is an instantaneous recruitment of quiescent cells into proliferation. Let p Na(t)
denote the interface with necrosis at time t. The velocity field is also independent of ¢ and, for
rin [ﬁRZ?pNz(t)]v is given by

ru(r,t) = Ky

with 5
Q2
K, = / rx(o(r 1)) dr (40)
To

K, being larger than K. Let us suppose ppy < py. By considering the trajectories of the cells
that were initially in the interval [ppo, o], and by following the derivation given in the previous
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section, we obtain
pra(t) = [P% +2(K, — K%, 0 <t <1,

where £ is the time at which the cells that were in r=p 1'{2 at t=0 will die, that is

Pr2 — Pr . (41)

For t<t< 7, the interface with the necrotic region will be given by the trajectory starting from
r=pp, at time zero:

Pra(t) = [Pho + 2K,t]/2 (42)

since the cells in 7= pp, at t =0 resume instantly the quiescent status, and cross pp, immediately
after. For t>, since pp, is constant, p,, is also constant and equal to

Prno = [Prs + 2K27']1/2 . (43)

In the case in which pp, =py, ¢ will be equal to zero, and Egs. (42) and (43) will describe the
entire evolution of p,(%).
In the necrotic region the velocity field is given by

I
ru(r,t) = Ky — 5(7"2 - P?vz(t)),
so that the evolution of the boundary B, will be described by
: H
By,B, = K, — 5(33(75) - P?vz(t))
with the initial condition
For t — oo, the boundary B, will tend to the stationary value given by

22

B, = [ﬁ?vz + (44)

In case II, the whole cord up to p, turns back to be viable, and a new phase of growth starts.
This growth may be described as in section 2, with py,(¢) becoming a material interface and
playing now the role of B(¢). Also in this case a new stationary value p,, will be reached, and
the new boundary B will tend to the stationary value given by Eq. (44), provided that K, be
assigned the proper value according to Eq. (40).
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5. Effect of the non-instantaneous recruitment from quiescence

Some experimental observations have suggested that quiescent cells reenter the proliferative
cycle with a certain delay after that a recruitment stimulus has been provided to the population
[15,16]. A representation of this phenomenon appears to be complex, and its accurate description
would require a rather detailed cell population model. We attempted to account for this delay
in our model, which is formulated in terms of the volume fraction occupied by the cells, by
simplifying the dependence of cell proliferation on oxygen concentration with respect to that
assumed in the previous sections. The assumption (v) of section 2 will thus be modified as
follows.

For a viable cell in the tumour cord, as far as the proliferative activity is concerned, we will
distinguish three possible states: full proliferation, quiescence or pre-necrosis, and recovery of
proliferation. The proliferation rate of a fully proliferating cell is x = x,, irrespective of the
oxygen concentration if o> o, whereas the proliferation rate of quiescent or pre-necrotic cells
is zero. When o decreases to o, both fully proliferating cells and cells in the recovery state
become instantaneously quiescent. If o increases over o, at a given time, a quiescent or pre-
necrotic cell passes into the recovery state and its proliferation rate is assumed to change in time
in a way that depends on the age from the entrance into the quiescent state, ag, the cell had at
the transition time. More precisely:

0 0 <0 <t(ag)
X(ag,0) = 0 —t1(aq)

(45)
Xo tZ(G’Q) - tl(aQ)

ti(ag) <0 <ty(ag),

where 0 is the time passed since the transition into the recovery state. That is, the recovery is
a transient state in which after a delay of length ¢, x increases linearly in time and recovers its
maximum value X, at a time ¢, when the cell passes to the state of full proliferation. Both the
delay time ¢; and the overall duration ¢, of the recovery state are assumed to be functions of
ag- The dependence of #; and 7, on the time spent out of the cycle is suggested by the possible
degradation in such a state of some proteins necessary for progressing through the cell cycle.
For simplicity, we have assumed

_ [eaag 0<ag <ap
tl_{t’{ ag > ag (46)
Col 0<ay <ag
tzz{* NG (47)
2 Q<= Q>

where ¢; =t /af and ¢y =15 /a5, with 15 >17.

It is easy to see that the above hypotheses do not change the behaviour of the cord with respect
to that illustrated in section 3, when the oxygen concentration in blood suddenly decreases. On
the contrary, in the case of the increase of oxygen concentration in blood, the cord response will
be different as described in the following.

As in section 4, let us assume that at ¢ =0 the oxygen concentration in blood rises instanta-
neously to a value 03, and first assume that case I occurs. Thus, for ¢ >0, o, pr and pg will
be independent of ¢ with pgy(t) =pro, Pr <Pra <Py and pgy(t) =pga > pg- The cells in the
region [pg, pgo] Will pass at t=0 from the quiescent (or pre-necrotic) state to the recovery state.
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Let r =1)(t) be the trajectory of the cells initially in pg. Since for r <7(t), according to our
present assumptions, it is divu=y,, we have

i(t) = [r§ + (pg —r3)eX’]/2. (48)

We denote by # the time at which 7(¢) reaches r = Pga- For () <r < pgy, 0t < t, let us
define the function aQ(r, t) as the age ag possessed at =0 by the cells that at time ¢ are at the
position r. In the same set, let x(r,t) denote the proliferation rate at the position r and time t.
In view of (45), we have

~ X(G’Q(Tat)at) 0§t<t2(aQ(T7t))
1) = 49
x(r?) {Xo tth(aQ(Tat))- (49)
Thus u(r, t) satisfies the equation
divu = x(r,t) (50)
with the boundary condition
A . X0 /A
0(Eyu(i(t),t) = 52 (7 (t) = r5) (51)
Taking into account that for +<0 it is divu=0 in the interval [pg, pg,], We obtain
2 'f',t _ =2
ag(r,t) M : (52)

B Xo(/% —73)

where ((r,t) is the initial position of the cells that are at the radial position r at time ¢. ((r,t)
is such that

ﬂ(t; C(Ta t)) =T, (53)

where 7 is the solution of
1= u(n,1) (54)
n(0;¢(r,t)) = ¢(r,t). (55)

The problem that arises is to find the functions u(r,t) and ((r,t) that satisfy Eqgs. (49)-(55).

Let us look at a cell initially at r=7 € [,5@, ﬁQQ], with 7 less than a suitable value. As t increases,
after the time c,ag(#,0) the proliferative activity will start and after the time cyay(7,0) the
recovery of proliferation will be complete. Thus two surfaces will arise in the cord from r=pg,
that mark the outer boundary of the region of full recovery and the inner boundary of the region
in which the proliferation rate is still equal to zero. We denote these non-material boundaries
as ¢p(t) and ¢y (t), respectively, and these boundaries are implicitly defined by

CzaQ(¢P(t)at) =1

crag(pg(t),t) =t.

It is easy to recognize that 7(t) < ¢p(t) <dg(t).

If aQ‘(ﬁQQ, 0) > a’é, there exists a radius r* < pg, such th‘at ag(r*, 0) =ag. Let r=n*(t) be
the trajectory starting from r* at ¢ =0, and let ¢* be the time at which n* reaches pg,. Four
cases are possible:
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Fig. 4. Schematic representation of the characteristic boundaries of the recovery transient.
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In cases (a) and (b), both ¢, (t) and ¢p(t) will reach r=pgy, at the times ; and ¢, that are,
respectively, not greater than ¢7 and less than t5. In case (c), ¢ (t) crosses the trajectory n* at
t =1}, whereas ¢p(t) will reach r = pg, at #, <t5. At the time ¢} all the cells between 7*(¢])
and pg, will simultaneously start the recovery of proliferation. In case (d), ¢p(t) crosses the
trajectory n* at t=t3, and the cells between n*(#3) and pg, will simultaneously achieve x =X,
(see Fig. 4). Let us denote by t,,,, the time at which the recovery of proliferation is complete:
t, .. will be equal to %, in cases (a), (b), (c) and to t% in case (d), and in all cases t,,,, <t.
Thus the full proliferation is achieved before the region r € [,5@, ,5Q2] is replenished by the cells
coming from the old proliferating region (ry, pg)-

In order to describe the evolution of the interface with the necrotic region, py, (), we observe
that the velocity field for r € [pg,, ppro(t)] can be expressed as

ru(r; t) = Ky(t),

where, for t<t K, (t) is increasing and given by

mazx?
X0 (52 2 Pz
Ko (t) = 75 (07(8) — ) + rx(r,t) dr (56)
n(t)
whereas, for t>¢, ., K,(t) will be constant and equal to
Xo /-
K, = 70(,02@22 - Tg)-

Proceeding therefore as in section 4, for 0<t <%, ¢ being given by Eq. (41), we have

1/2

o) = |2 | (Ky(s) — K) | (57)
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with K = (x,/2)(pg — r§) according to (26). For t <t <7 the interface with the necrotic region
will become a material boundary and is given by

pwalt) = o 42 [ Ky s " (5%)

For ¢ > 7, the interface turns back to be non-material and increases until t=t%
to

max T T according

s = [ v2 [ Katas] (59

and then remains constant and equal to
pne = [Pho + 2K, (60)

with K, given by (56). In the case in which pp,=py, t will be equal to zero and Eqgs. (58)-(60)
will describe completely the evolution of py4(%).

In case II, as recognized in the previous section, the whole cord up to p, turns back to be
viable at ¢ = 0", and a new phase of growth starts. In describing this growth, the recovery
transient has to be accounted for, since the cells in a region that can extend up to p, will pass
to the recovery state. The recovery phase can be described as above, taking into account that
the boundary pg, will change in time, until the time at which it is o(py4(t),t) =0y (see section
2). We will not give here, however, further details about this case, whose study can be carried
on by the treatment of section 2 suitably modified.

The existence of the solution of the problem defined by Egs. (49)-(55) (and therefore the
existence of the boundaries ¢, and ¢ ) was assessed in [17] by means of a constructive method.
Since the proof is very long and technical, it will not be reported here. The numerical solution
of Egs. (49)-(55) has been obtained by means of an iterative approximating procedure proposed
in [17] and is briefly described as follows with reference, for simplicity, to case I.

Let us denote by € the set of (r,¢) points such that /() <r <pg,, 0<t < t, with 7j(t) given
by Eq. (48), and let 7;, i=1,---,n + 1, be equispaced grid points in the interval [pg, pgo]- Let
x*(r,t) be the k-th approximation of x(r,¢) on 2. By means of Egs. (50)-(51), the velocity field
uF(r,t) is defined and the trajectories n¥(t) starting from #, can be computed from Eq. (54).
Thus, x(nF(t),t) is computed by using Eqgs. (49) and (52), in which it is ¢(n¥(¢),) =#,. By linear
interpolation on the above values of ¥ computed over the trajectories, the new approximation
X**1(r,t) is obtained. Note that, by determining the times ¢,; and t,, on each trajectory through
Egs. (46) and (47), the values of the k + 1-th approximations of ¢, and ¢, at these times are
also determined as ¢g+1(t1i) =nk(t;) and @& (ty;) =nk(ty,). Starting with x'(r,) =0 on Q,
with meaningful values of the parameters, the procedure achieved a reasonable convergence in
4-6 steps.

Figure 5 compares the increase of cord radius, as a consequence of an increase of oxygen
concentration in blood, computed in the case of instantaneous recovery from quiescence to the
case of delayed recovery. Because of the marked increment in o* (from 35 to 70 mmHg), case
IT occurs. To enhance the effect of the delay, a small value of af, =2h, with {7 =¢5=14h have
been chosen. We recall that in the istantaneous case the boundary between full proliferation
and of zero proliferation coincides with the boundary sz(t), whereas in this simulation of the
delayed case this boundary is given by ¢, (¢) up to ¢ =t5. In the delayed case, the stationary
state is substantially reached after a delay of about 4 h.
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Fig. 5. Expansion of the tumour cord following the increase of oxygen concentration in blood
from o* =35 to 05 =70 at t=0. Instantaneous (a) and delayed (b) recruitment of quiescent and
pre-necrotic cells: py (), solid lines; boundary between x =y, and x =0, dotted lines; agp=2h
and t7 =t5=14h. Cord parameters as in Fig. 2 except: x(o) equal to x, (with T, =20) for
o > og and zero otherwise. The hatched area represents the region of full proliferation; the
cross-hatched area indicates the region where x =0 during the delayed recovery.

6. Comparison wth experimental data and concluding remarks

Hirst et al., 1991 [13] measured the changes in the radius of tumour cords of RH carcinoma
implanted in mice when the animals were breathing air with 10% O, and 100% O,. These data
are replotted in Fig. 6 and show a decrement and, respectively, an increment of cord radius, with
some lag before the new stationary value is reached. A reasonable fitting of the data (including
the cord radius of the control) has been obtained by choosing the model parameters as indicated
in the legend of Fig. 6, and changing o* from 57.5 to 39 mmHg and, respectively to 71 mmHg.
The value of T, has been taken according to the cell cycle time reported in [18] for the same
tumour. No meaningful differences were found by simulating the increase of cord radius when
either the delayed recovery from quiescence or the instantaneous recovery was assumed. It might
be surprising that the effect of a five-fold increase in oxygen breathed by the animal be matched
in the model by an increase of o* of only 23.5%, whereas halving the breathed oxygen leads to
a decrease of o* of 32.2%. This fact can be explained by considering that oxygen in blood is
mainly transported as bound to hemoglobin, and that hemoglobin is almost saturated in the
normal breathing conditions (see the saturation curves reported in [19]). It has to be noted that
the available data do not accurately describe the transient phase of the change of cord radius,
which is actually predicted by the model, so that the value of the parameter 7 remains rather
uncertain.

In conclusion, we may observe that the proposed model appears able to describe the changes in
tumour cord morphology induced by changes of oxygen concentration in blood. The inclusion in
the model of a delayed exit from quiescence does not seem to modify significantly the dynamics
of the expansion of the cord when oxygen in blood is increased, unless rather extreme situations
occur. However, the description of this phenomenon might be of importance in other cases,
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Fig. 6. Experimental data of cord radius after exposure to oxygen tensions lower (squares) or
higher (circles) than normal (replotted from Hirst et al., 1991 [13]; the open circle represents
the point at 6 h corrected by excluding an outlier, see [13]). Curves of py () as predicted by the
model (solid lines) according to the theory of sections 3 and 4. Parameter values as in Fig. 2
except: 1y =10, 0* =57.5, x(0) equal to x, (with T, =21.5) for 0 > o, and zero otherwise,
7=9. Moreover: 07 =39 (oxygen decrease), 05 =71 (oxygen increase).

such as the reoxygenation of tumour cells during a therapeutic schedule, to predict the effects
of repeated doses. On the other hand, the description of cord formation is highly idealized since
we assumed a vasculature of identical, parallel and equispaced vessels leading to the formation
of identical cords, that is not in accordance with the experimental observations showing a large
variability of cord radius inside the same tumour [13]. Moreover, it is known that tumour
vascularization is an evolving process driven by angiogenesis, although in the core region of the
tumour this process could be less active. In spite of these limitations, our description of the
appearance in a finite time of isolated tumour cords due to the formation of surrounding necrosis
could be a general feature which is maintained in a much more heterogeneous system.
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