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Abstract

A new iterative method for the approximation of the root of a nonlinear function f in one
variable is proposed. It is based on a suitable polynomial model of order n derived from the
Taylor series expansion around the current point xp. At each iteration a linear system of
dimension n has to be solved. It is shown that the coefficient matrix of the linear system is
nonsingular if and only if the first derivative of f at zj; is not null. Moreover, it is proved
that the method is locally convergent with convergence rate greater than or equal to n + 1.
Finally, an easily implementable scheme is provided, in which the solution of the linear system
is computed by exploiting specific properties of the coefficient matrix.

Key words:  Root-finding algorithms, Newton’s method, Higher order methods, Rate of
convergence.






1. Introduction

In this paper it will be considered the problem of solving a nonlinear equation in one variable,
that is:
given f: IR — IR, find z* € IR such that f(z*) =0, (1.1)

where it is assumed that the nonlinear map f is of C"-class (n > 1) in its domain, that is it
admits at least n-times continuous derivatives. Newton’s method, as well known, consists in
constructing a sequence of approximate solutions by considering at each step the zero of the
first order Taylor approximation of f at the current point xj, named p;(f;z):

pu(fra) (@) = flan) + FO () (@ — ), (1.2)

where f m(mk) is the first order derivative of f at x (round brackets at superscript are used to
distinguish the order of derivatives from powers). Newton’s iteration consists in setting:

Tk+1 = Tk — mf(l’k) (13)
It is well-known that Newton’s method has local quadratic convergence, provided that
fM(z*) # 0 and ) (z) is Lipschitz continuous in a neighborhood containing the root z*.

In the relevant literature, higher order methods are referred to algorithms having convergence
rate greater than two [7]. Some higher order methods have been derived attempting to extend
the Newton’s idea of solving the linear equation p; ( IE xk) = 0, by considering the n-th order
Taylor approximation of the function f around the current point xy, named p, (f; xx):

(o0 () = Flan) + 1O @) =)+ 57 () o =)+ oo O ) =), (14)

where f()(x) is the i-th derivative of f(z). Note that p,(f;xs)(x) = 0 not always admits
solutions in the real field. Moreover, the solutions can be analytically computed only for n < 4.
For these reasons, no higher order method is based on the computation of the exact solution of
the polynomial equation p, (f;xx)(x) = 0. Several recursive schemes have been proposed which
allow to define usable methods, essentially based on the computation of solutions of linear
equations closely related to p,(f;xy)(z) = 0. The most important, to our knowledge, are the
classical Halley’s [4] and Chebyshev’s [6] methods, that are locally convergent with convergence
rate greater than or equal to n + 1. For n = 2, Halley’s iteration takes the form

2f (xi) S (k)
2(fM (xr))? = @ (2n) f (k)

and sufficient global convergence conditions for this method can be found in [1] and [5], while
the Chebyshev’s iteration consists in setting

1 F2 () 2 ()
S CTEN LV o

Tk4+1 = Tk —

f(l)(xk)

We note that different methods can generate different basins of attraction, so that the availability
of more methods is important both from a theoretical and a practical point of view, and this
motivates the current interest in finding new higher order methods (see, e.g., [2] and [3]).



In this work we propose a higher order method based on an embedded-relazed approach. The
problem of computing a root of f is embedded in that of determining a solution of the following
system:

fi(x) =0, i=1,...,n, (1.5)

which, of course, has the same solutions of the original problem. Then, an n-degree Taylor
expansion of the functions f, f2,..., f around the step xj is considered, so that the system
(1.5) is approximated by p,, (% zx)(x) =0, i =1,...,n, that is:

flxy) fD(xy) - f(";(!xk) R
: + : : : =0, (1.6)
(@) () V) - )@ | | @ = ap)m

n!

according to the notation:

. dj=1,...,n. (1.7)

T=Tp

The novelty of the method here presented is to relax the problem described in (1.6) in the
following one:

f(zg) fO () - % n
: + =0, (1.8)
S (k) TRRIC I ) w0 | Ly

n!
by the formal substitution y; = (z — x1)?, i.e. neglecting the constraints relating the variables
¥;, so that the polynomials become affine functions in the new variables. Finally, denoting with
Y1,k the value of y;, solution of (1.8) at step k, the next iterate is given by:

Tht1 = Tk + Y1.k- (1.9)

We prove that the coefficient matrix of the linear system (1.8) is nonsingular if and only if
fW(z) #0. This means that the method has the same applicability condition of the standard
Newton’s method. Moreover, under the usual assumption that f(1)(z*) # 0, we prove that the
algorithm is locally convergent with convergence rate greater than or equal to n + 1. We note
that, for n = 2, the method coincides with the Chebyshev’s method.

The paper is organized as follows: the next section is devoted to introduce some preliminary
results concerning the proposed methodology; in section three the higher order algorithm is
developed; in section four the main theorem concerning the convergence rate is proved and,
finally, in section five an easy implementable scheme is described.



2. Preliminary results

In this section some preliminary results concerning Taylor polynomials are reported, which will
be used in the sequel for the definition and the convergence analysis of the method proposed in
the paper.

Given the polynomials a(z) = >0 a;z’, f(z) = Z?:o b;jz7, consider the polynomial of
degree 2n

n h 2n n 2n
v(z) = a(z)B(z) = < akbhk> "+ Z < Z akbhk> = Zchxh. (2.1)
k=0 h=0

h=0 h=n+1 \k=h—n

The computation of the coefficients ¢;, can be organized as a matrix product as follows:

bo by -+ by, 0 e 0
0 by - byo1 by ;
[Co cr - an] = [CLO ay - an] ) ) 0 ) ! ] (22)
: . . . i .0
0o --- 0 bo -+ b,_1 by,
Lemma 2.1. Let f,g: IR — IR be n-continuously differentiable nonlinear maps. Then:
Pu(fg:T) = pn (pn(f; z)pn(9; :Z');i’) (2.3)

Proof. Considering the Taylor expansion, according to the notation (1.7), f and g have the
following representation:

i j=0 gt
where R -
T L )| B S (2.5)
lz—z|—0 |x — Z|"
Using (2.4) we can write
f(2)g(x) =Y Hu(@)(@ — )" + Rs(n, 7, ), (2.6)
h=0
with w i)
~ M@ ¢ ()
H = 2.7
k=0
and

Ro= S B@e -+ m > D i3 LD iy miR, (28)
. >



where w e
N S A ) g (fff)
k=h—n
Note that Rj is infinitesimal of the same order of Ry and Rp, so that, from (2.6) we get
n(f9;7) Z Hy (% . (2.10)
On the other hand, we have
2n _
pu(f:2)pn(9: 7 ZHh @-2)"+ Y Hy(@)(x—3)", (2.11)
h=n+1
so that, by definition we obtain
Pn (pn(f Z)pn(9; T ) ZHh (z)(v -z (2.12)

Then, recalling (2.10), the thesis is proved. I
In the sequel, we indicate by Fj (%) the row vector containing the coefficients of p,, ( f* ),
ie.,
_ _ (1), _ 1
Funte) = | 14@) (1)@ - (V@) (2.13)
Lemma 2.2. Consider an n-continuously differentiable function f in a neighborhood of a
given point T and define the following matrix:

f@) (@ ol
0 f@ M@ £l
An(f;2) = | : . (2.14)
f@)  fO(x)
L 0 0 f(@) |
Then, for any k > 0 the following identity holds:
Fioi1,0(Z) = Fion(Z)An(f; 7). (2.15)

Proof. Taking into account that Fy,(Z) = [1 O1x,|, equation (2.15) is true for k = 0. Assume
k > 0: by lemma 2.1 we can write

Pu(052) = pu (4 £32) = pu (pu (£55)pa (£:2): 7). (2.16)

By definition, p,, (pn ( JiE i:) Dn ( f; a‘c) ; a‘c) is the polynomial of degree n obtained considering the

first n + 1 terms of the polynomial p,, (f*;Z)p, (f;Z), so that, by (2.2), it follows that (2.15)
holds. i



The following lemma will be precious in the proof of the convergence of the method and in
the derivation of an efficient implementation.

Lemma 2.3. Consider an n-continuously differentiable function f in a neighborhood of a
given point T, so that the following matriz is defined:

_ 1 0 e 0
Fon(T) _ _ ") (3
Fun(2) f(z) @ - fT'()
Qn(f;7) = : = : : : (2.17)
’ (n)
Fon(Z n( n\y(1) (= 1) @
n(T) @ (mWa) - %
Then, it results:
Cn
ChAn(f; )
Qn(f;z) = , with  Cp, = [1 Oixnl, (2.18)
Cn AL (3 7)
and the matriz Q,,(f; ) admits the following decomposition:
Qn(fv"f) = Ln(f?"f)Un(f;j% (2‘19)
where L, (f; x) is the lower triangular matriz defined as:
B 0, 1< 7, o
[Ln(f@)]i’j = Gj) Fii(z), P> ], i,j=1,...,n+1, (2.20)
and U, (f; ) is the upper triangular matriz defined as:
Ch
Cn(An(f;2) = f(Z)In4a
oo — | | a (2.21)

Moreover the determinant of Q,(f;Z) is:

det Qu(f:7) = (/M (@)) (2.22)

Proof. Equation (2.18) is a straightforward consequence of lemma 2.2. According to (2.14),
matrix A, (f;Z) has the eigenvalue f(Z) with n + 1 multiplicity, that means there exists a
similitude transformation of matrix A, (f;z) in the Jordan form [8]. Then a nonsingular matrix
U, (f;z) is obtained, whose inverse is given by the generalized eigenvectors of A, (f;Z), so that:

rf@) 10 0T

A = VP OAERU (D= | - o | @




It will be proved that such a matrix U, (f;Z) is the one of (2.21). By naming
~ Co(f37) An(f;
Culf;2) = CuUL N (£:7),  La(f;7) = . , (2:24)

it results:

Qn(fv"f) = Ln(f?"f)Un(f; :Z') (2‘25)

Such U, (f;Z) can be found solving the equation U, (f;Z)A,(f;z) = A.(f;2)U,(f;Z).
tracting the term f(Z)U,(f;7) from both sides we get U,(f;Z)A.(f;Z) —
A, (f;2)Un(f;2) — f(Z)Un(f; %), that can be rewritten as

Un(fQi’)(An(fQj) - f(i’)lrwl) = ( n(f;7) — f(Z) n+1) n(f; 7). (2.26)

Exploiting the particular structure of matrices Ay, (f;Z) — f(Z)Ins1 and A, (f;Z) — f(Z)Inia
(note that both of them are nihilpotent), it can be checked that matrix U, (f; ) given by (2.21)
solves the identity (2.26) (note that (A, (f;Z) — f(Z)[,+1)" ™ = 0). Moreover, the explicit
computation of (2.21) gives back an upper triangular matrix with the first row equal to C,,, and
the diagonal elements given by:

(2], = (F) @),  i=1...n+1 (2.27)

According to its form, also the first row of U, L(f; ) is equal to C,,, so that, owing to (2.24) it
comes that C),(f;z) = C,. Then, by computation, matrix L, (f;Z) is given by:

1 0 0 S 0
f(z) 1 0 S0
Lo(f;7) = ff(rff) Qf@ 1 0 , (2.28)

@) () @) (5) @) e 1
that is, formally, (2.20). The determinant in (2.22) comes by taking into account the diagonal
elements of the matrices involved in the lower and upper decomposition of @, (f;Z). According

to the Binet theorem:
deth(f?"f) = deth(f?"f) - det Un(f§:z')v (2‘29)

with det L,,(f;Z) = 1 (see (2.28)) and:

n n o n(n+1)

det U, (f:2) =[] (f<1> ) (f<1>(5c)) = (f(l)(i:)) o (2.30)
i=1
|
Remark 2.4.  The result of lemma 2.3 is inspired by the theory of linear dynamic systems

[8]. Matrix Q,(f;x) is the observability matriz of the pair (A, (f;z),C,), the lower triangular
matrix L, (f;x) is the representation of @, (f;z) in Jordan coordinates, and U, (f;z) is the
matrix that operates the change of coordinates.



3. The higher order algorithm

As previously mentioned in the introduction, the proposed higher order method is based at each
step k on considering the n degree Taylor polynomials at xj, associated to the first n powers of
the nonlinear map f. In order to determine the new iterate xpy1, a first attempt could be that
of setting to zero the considered polynomials, that is

f(zg) FD (zp) . ,f(n;(!zk) .
N : : : — 0. (3.1)
™ () () V) - M (z — ap)"

Unless trivial cases, (3.1) does not admit solution with respect to the indeterminate x — xy.
Equation (3.1) is equivalent to the following constrained linear system:

Y1
folze) + Falzr) | ¢ | =0, yi=(x—ap)’, i=1,...,n, (3.2)
Yn
where
flan) Oy e B
fular) = ) Fulay) = . (3.3)
f7(ar) (V@) - m

The idea of the proposed algorithm is to relax the nonlinear constraints on the variables y; and
to solve the linear system
Y1
fn(xk) + Fo(zk) =0, (3.4)
Yn
provided that it admits solution. By naming y; i the solution associated to the indeterminate
y1, at step k, the next iterate of the method is given by:

T4l = Tk + Y1 k- (3.5)

Note that the method reduces to Newton’s algorithm if n = 1 and to Chebyshev’s if n = 2. By
using the definitions of f,(z3) and F,(x}) given in (3.3), the matrix Q,,(7}) of lemma 2.3 can

be decomposed as follows:
- 1 0

so that, according to (2.22):

n(n+1)
2

det F(x3,) = det Qu(f; 1) = (f(l)(xk)) (3.7)

Therefore, the proposed algorithm has the same applicability of Newton’s in the class of n-
continuously differentiable functions. Indeed, a sufficient condition to guarantee that (3.4)
admits a solution is that the matrix F,,(z)) is nonsingular, which is equivalent to require,
according to (3.7), that the first derivative is nonzero in the current point zy.

In the following section it will be shown the local convergence properties and the convergence
rate of the algorithm.



10.

4. Convergence results

This section is devoted to prove that the proposed higher order method achieves the goal of
finding a root of a nonlinear map with a convergence rate increasing with the order n of the
Taylor expansion. This is shown by using the iterative function coming from (3.5), that is:

() =2 = [1 Ot i (@) fula). (4.1)

Theorem 4.1. Consider the algorithm described by the iterative function ®,(x) in (4.1) for an
(n41)-continuously differentiable function f, with f") # 0 on an open neighborhood containing
x*, with =* such that f(x*) = 0. Then z* is a point of attraction of the algorithm, whose
convergence rate is at least n + 1. Moreover, the asymptotic error constant is given by:

)
(n+ 1)

- ¢?:Ef:1)\7 on(z) = %[1 Ot x(n—1)) Fy () f{" 1 (). (4.2)

Proof. The proof is based on the well-known result (see, e.g., [7]), for which the algorithm
locally converges to x*, with convergence rate at least n+ 1, if and only if the iterative function
®,,(x) defined in (4.1) is at least of order n + 1, that is:

b, (") = 2™,
(%)

, (4.3)
o) (2*) = 0, 1<i<n.

1
n

According to its definition, f and all its powers vanish in 2*, so that f,(z*) = 0 and therefore

P, (z%) = 2" — [1 Orxnn)] Fy (%) fu(2*) = 2*. (4.4)

The theorem is proved verifying that:

(I)gf)(l’) = [le(nfi) @ZJ@H_H_l(SL‘) ce @ZJLH(SL‘)} f;l(l‘) 7n(£L‘), 1= 1, ey, — 1, (45)
O (2) = [Yni(2)  Pna(@) - Yun(@)]F (@) fulo),
with ‘ nl
7/’i,n—i+1(x) = (ilyilm@bn(l’)? 1=12,...,n, (4.6)

where ¢,,(x) is defined in (4.2). The functions v; j(z), j =n —i+1,...,n are suitably defined
functions: the first index in 1); ; identifies the derivative order of the iterative function to which
the term belongs, while the second is for the position in the row vector. Note that definition (4.6)
gives only the first nonzero element of the row in (4.5). Equations (4.5) and (4.6) are proved by
induction. For the development of the proof, it is important to point out the following structure
of the coefficient matrix F,, (x):

Fole) =[N @) L@ - LAY @)]. (4.7)

as it can be verified looking at the definitions (3.3).



11.

Let ¢ = 1. Then, taking into account the first derivative of the iterative function it follows

oM (2) = 1= [1 Oty { (£ @)Y ful@) + £ @) D (@)}

Owing to the structure (4.7) it easily comes that:

Fl@) D)= |,
0

in that ﬁgl)(m) is the first column of matrix F,,. Then (4.8) becomes:

oWV (@) = —[1 Oruinn)] (Fr @)V Fu(a).

As regards the matrix (7, *(z)) (1), we have:

n

d
dx

from which the first derivative in (4.10) becomes:
(@) = [1 Orxinn) (£ @FD (@) F @) fu @),
On the other hand, from (4.7) we have:

F(z) = [P (2) 57 () LAY (@) ]

n!J"
0 - - 0 07
' Lzt
=Fu() |0 3 +ﬁf” (:U)[le(nfl) 1]
SEETIET
L0 0 n 0l
which implies
_0 0 -
2 . -0 1
Flr@FRY@ =10 3 . i o+ 5B @K @[O0 1]
S 000
L0 -+ 0 mn Ol

Substitution of (4.14) in (4.12), recalling definition (4.2), yields

(I)S)(x) = [le(nfl) ¢n(x)]~7:r71($)fn($)>

that is equation (4.5) for i = 1, and this proves the first step of the induction.

_[fnfgl} — J,::,(ll)fr,:l +fn(f7:1>(1) -0 = (f;l)(l) — _Fglf?sl)‘/rj’r:17

(4.8)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



12.

Now, let (4.5) and (4.6) be true for a given 1 < i < n. Then:

O (@) = [Ors(noiy Ui ipa(@) - W0 (@) Frt (@) ful2)
+ [O1x(n—iy Yim—iz1(z) -+ Yin(z)] (f51($)>(1)fn(m) (4.16)
+ [O1x(nmi) Yim—iva(@) - Cin(@)]F (@) fD ().

The last term is equal to zero, according to (4.9) and to the fact that i < n. By using (4.11),
the second term in (4.16) becomes:

~[Otxnoiy Yiminr(@) o (@) (F@FD @) F @ (A7)

Substitution of (4.14) in (4.17) gives

ro 0 *7
. Dok
= [O1x(n—iy Vim—iv1(x) -+ Yin(x)] 0 3 k| BN @) fale) (4.18)
: . 0 =%
L0 --- 0 n xJ
= 7[01><(n7i71) (n—i+ DY p—igr(x) * - *}frjl(x)fn(l‘)v

with the asterisks standing for generic elements whose explicit evaluation is not relevant for the
proof. Note that the scalar (n — i + 1)1 p—i+1(x) in (4.18) occupies the (n — i)-th position in
the row, so that substituting the second term of (4.16) with (4.18), equation (4.5) comes out,
written for ¢ + 1, with:

Giptnmi(@) = —(n — i+ D1 (2) = (~1)n(n — 1) (0 — i + 2)(n — i + Dy (), (4.19)

which proves equation (4.6). From (4.5), equation (4.3) is clearly verified, for 1 < i < n.
Taking into account (4.5), for i = n we can write:

(@) = [Yn1(z) - V(@) Frl (@) fula), (4.20)
from which it follows

(@) = [Yna (@) - Y@ V) E (@) ful2)
(@) - @] ((F2' @)Y @) + 7 @)D (@),

(4.21)
Evaluating (4.21) in 2* and considering (4.9), it comes:
1
(n+1) % * * 0 *
(@) = [Pna(@®) o Ynn(@)] || =Yl
0

so that, recalling (4.6), we get ¥, 1(2*) = (—=1)""nlg,(z*), that is equation (4.2). N
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5. Implementation Issues

In this section it is shown that the proposed algorithm can be easily implemented suitably
taking into account the particular structure of matrices involved in the computations.

Observe that the application of the algorithm requires at each step k the solution of the linear
problem described by (3.4), which is here reported:

Y1
Folze) | 3| = —falar). (5.1)
Yn
By naming y, = (yl,k e yn,k)T the solution of the above system, the component y; ; updates

the step: @41 = x) +y1,x. Below a recursive computation scheme for computing ¥ 1 is derived.

Note that
1

1 01><n yl,k . 1
f;(xk) ]%($k)] E - {Onxl}j (5;“
Yn k

and hence, recalling (3.6), at each step k of the algorithm it is required to compute the vector
T
Y. = (1 Yig ymk) such that

Qulfs )Yy = [0 ! } | (5.2)

nx1
This is made to exploit the result of lemma 2.3, which states that @, (f; zx) can be decomposed
as the product of the lower and upper triangular matrices L, (f;xg), U, (f;xy). It follows that
the problem (5.2) can be decomposed into two simpler problems, and the solution can be found

as follows:
Step 1. Solve for W the linear system

Mg@ww_{l ] (5.4)

Onxl
Step 2. Solve for Y the linear system
Un(f;76)Y = Wi,  with Wy, solution of (5.4). (5.5)

Taking into account the structure of L, (f;xy), the explicit solution of (5.4) is given by

T

Wi=1[1 —flzx) - (—Fflx)"], (5.6)

i.e., naming Wy (j) the j-th element of vector Wy, it is:

Wi() = (= fx))’ ™, j=1,....n+1 (5.7)
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By naming [Ln(f; :I:k)L the j-th row of matrix L,,, j = 1,...,n+ 1 the j-th row of matrix L,,

the structure of the solution Wy can be easily verified by checking that [Ln( f; mk)] Wi =1and
for j > 1:

n+1 J .
[Ln(f; SL‘]C)LWk = Z [Ln(f§xk)}j7iwk(i) = Z <] !

- 5 1—1
=1 1=1

) PR e

= (f(ar) = fz)) " =0

The solution of (5.5) can be recursively computed by exploiting the triangular structure of
matrix U, (f;zr). To this aim, let us explicit the computation of the terms [Un(f;xk)}ij.
First, note that: ’

0 P27, o
(An(fizk) = f@e)Insr), 5 = { o (]7))' i< ih,j=1,...,n+1 (5.9)
Jg—u)! ’

From this and from (2.21), the computation of the elements of U, is recursively derived for
SYE

[Un(f, xk)]l,l = 17
it FU=R) () (5.10)

[Un(foL'k)L,j = 2 U, (f; l’k)L_l,h T

Exploiting the triangular structure of U, (f; xx ), the problem (5.5) is recursively solved as follows

(= flz)"

n,k — [Un(f7$k)] Lt
1 ol
ik — . i Un : ' .
Yik [Un(f§ xk)] i ( f(CUk)) j;ﬂ [ (f l’k)] i1 YLk

where i goes from n—1 to 1. Note that yo; = 1 and that y; , updates the step of the algorithm.

Summarizing, the steps of the algorithm can be put in the following form:



2. for 1=1 ton+1
SO (@)
(1 —1)! ’

a; =

end_for
3. fort1=2 ton+1,

for j=14 ton+1,
j—1

end_for

end_for

bn+1
4. Yn,k = Ak

[U}n—kl,n—&-l
5. for h=1 to n—1,
i=n—h;

1
Yik = 757
[U}H»I,H»l
end_for
6. Tiy1 =Tk + Y1k
7. k=k+1; goto 1

bi =

0. Choose a starting point xy and set k =0;
L. U=0@msnxminy» (U], =1

(= fla) ™

[UL‘,]‘: Z [U}ifl,haj*}H“l;

n+1

(bi—l—l_ Z [U}Hl’jyj—l,k);

j=it2

6. Conclusions

15.

In this work a new methodology for finding the roots of a nonlinear function has been pro-
posed. The algorithm is based on the Taylor expansion of a given order n of the function and of
its powers up to the same order n. As required by the Newton’s algorithm, for the application
of the method it is necessary that at each step the first derivative of the function is not zero.
Increasing the order of the Taylor approximation, a faster algorithm is achieved: it is proved
that the n-order algorithm has a convergence rate of order at least n 4+ 1. Future research will
be devoted to the study of the application of the proposed method to the problem of solving

systems of nonlinear equations.



16.

References

[1] J.A. Ezquerro and M.A. Hernandez, On a convex acceleration of Newton’s method, Journ.
Opt. Th. Appl., Vol. 100, pp. 311-326, 1999.

[2] M. Frontini and E. Sormani, Some variants of Newton’s method with third-order convergence,
Appl. Math. Comp., Vol. 140, pp. 419-426, 2003.

[3] J. Gerlach, Accelerated convergence in Newton’s method, SIAM Rev., Vol. 2, pp. 272-276,
1994.

[4] E. Halley, A new and general method of finding the root of equations, Philos. Trans. Roy. Soc.
London, Vol. 18, pp. 136-194, 1694.

[5] M.A. Hernandez, A note on Halley’s method, Num. Math., Vol. 59, pp. 273-276, 1991.

[6] E. Schroder, Uber unmendlich viele Algorithmen zur Auflosung der Gleichungen, (On in-
finitely many algorithms for solving equations), Math. Ann., Vol. 2, pp. 317-365, 1870.

[7] J. Traub, Iterative Methods for the Solution of Equations, Prentice-Hall, Englewood Cliffs,
N.J., 1964.

[8] L.A. Zadeh and C.A. Desoer, Linear Systems Theory: a State Space Approach, Mcraw-Hill,
New York, 1963.



