I./\Sl |sTITUTO DI ANALISI DEI SISTEMI ED INFORMATICA
LI\'Q CONSIGLIO NAZIONALE DELLE RICERCHE

A. Bertuzzi, A. d’Onofrio, A. Fasano, A. Gandolfi

MODELLING CELL POPULATIONS

WITH SPATIAL STRUCTURE:

STEADY STATE AND TREATMENT-INDUCED
EVOLUTION OF TUMOUR CORDS

R. 578 Novembre 2002

Alessandro Bertuzzi — Istituto di Analisi dei Sistemi ed Informatica del CNR, viale Manzoni
30 - 00185 Roma, Italy. Email : bertuzzi@iasi.cnr.it.

Alberto d’Onofrio — European Institute of Oncology, Division of Epidemiology and Biostatis-
tics, Via Ripamonti 435 - 20141 Milano, Italy. Email : alberto.d’onofrio@ieo.it.

Antonio Fasano - Dipartimento di Matematica “U. Dini”, Universita di Firenze, viale Mor-
gagni 67/A - 50134 Firenze, Italy. Email : fasano@math.unifi.it.

Alberto Gandolfi — Istituto di Analisi dei Sistemi ed Informatica del CNR, viale Manzoni 30
- 00185 Roma, Italy. Email : gandolfi@iasi.cnr.it.

This work was partially supported by CIMAB, Italy, by the Progetto Strategico CNR “Metodi e Modelli
Matematici nello Studio dei Fenomeni Biologici”, and by the National Research Project “Problemi
a Frontiera Libera”, co-financed by MIUR.

ISSN: 1128-3378



Collana dei Rapporti
dell’Tstituto di Analisi dei Sistemi ed Informatica, CNR

viale Manzoni 30, 00185 ROMA, Italy

tel. +439-06-77161

fax ++439-06-7716461

email: iasi@iasi.rm.cnr.it
URL: http://www.iasi.rm.cnr.it



Abstract

Abstract. Tumour cells growing around blood vessels form structures called tumour cords.
We review some mathematical models that have been proposed to describe the stationary state
of the cord and the cord evolution after single-dose cell killing treatment. Whereas the cell
population has been represented with age or maturity structure to describe the cord stationary
state, for the response to treatment a simpler approach was followed, by representing the cell
population by means of the cell volume fractions. In this latter model, where transport of oxygen
is included and its concentration is critical for cell viability, some constraints to be imposed on
the interface separating the tumour from the necrotic region have a crucial role. An analysis
of experimental data from untreated tumour cords, which involves modelling by cell age and
by volume fractions, and some results about the cord response to impulsive cell killing, are also
presented.

Key words: Cell populations, tumour cord, nonlinear systems of differential and integral equa-
tions, free boundary problems.






1. Introduction

The structure of the vascular system that supplies a tumour is in general complex and irregular,
so it is difficult to study the relationship between the distance from blood vessels and the cell
proliferation, and therefore between the extent of vasculature and the rate of tumour growth. In
some tumours, however, it is possible to observe cylindrical arrangements of viable tumour cells
around blood vessels, and this kind of symmetry simplifies the investigation. These structures
are named tumour cords [31,19,28,29,20]. The cords are generally surrounded by regions of
necrosis, since the oxygen tension and the concentration of nutrients such as glucose decay
radially within the cord and, when they fall below some critical values, cell death occurs. Tumour
cells arranged around vessels of the host, and surrounded by host tissue, have also been observed
as a characteristic form of micrometastases [22] and in the initial growth of tumours involving
the cooption of host vessels [21]. When necrosis is present, the mean thickness of the cords (i.e.,
the distance between the vessel wall and the first layer of necrotic cells) has been found to be
60-130 pm in different tumours, whereas the mean radius of the central vessel has been found
to be 1040 pm. As a consequence of the cell proliferation within the cord, outward directed
cell migration occurs. The proliferation, as quantified by the fraction of cells in S phase and the
fraction of cells in mitosis measured after cell labelling with tritiated thymidine, appears to slow
down from the vessel wall to the periphery of the cord [31,19,28]. Also this reduced proliferation
is likely to be related to the decrease of the concentration of oxygen, nutrients, and/or other
critical chemicals. The response of tumour cords to a single dose of radiation or drugs was
investigated in [32,26,27,16]. The general pattern of the response in these experiments showed
a regression of the cord radius followed by a regrowth phase towards the unperturbed value.

The spatial distribution of the proliferating cells (represented as a population with age struc-
ture) and of the quiescent cells in a tumour cord, was studied by mathematical modelling in
[3] and [33]. The model describes the stationary state in the case in which the fraction of new-
born cells that become quiescent is a given function of the distance from the blood vessel. The
dependence of the progression rate through the cell cycle on the distance from vessels was also
investigated, by representing the cell cycle as a sequence of maturity compartments [5] or by
means of continuous maturity [15]. The growth of an isolated tumour cord within the normal
tissue has been analyzed in [8,9] and in [4]: these models use a quite elementary representation
of the tumour cell population but include the diffusion and consumption of the nutrient. A
mathematical model for investigating the dynamics of tumour cords under the influence of cell
killing agents was proposed in [6]. The existence of a unique stationary state in the absence of
therapy was established, as well as the existence and uniqueness of the solution of the evolutive
problem that arises when the action of treatment is considered. The response to a single dose
of radiation or anticancer drug was extensively investigated by numerical computation of the
solutions [7].

In the present paper we give a review of our work in modelling tumour cords. In section
2, the use of structured cell population models to describe the stationary state of a tumour
cord is outlined. The model developed to represent the time evolution of tumour cords as
a consequence of treatments [6] is described in section 3. In this model, the cell population
is simply represented by the fraction of volume occupied by the cells, but the role of oxygen
in modulating cell proliferation and maintaining cell viability is included. Results concerning
the stationary state and the evolution following the treatment are reported in sections 4 and 5.
Together with results already published, here we present a detailed analysis of experimental data
concerning the tumour cords of the untreated hepatoma 3924A [28]. This analysis is based on



the models of sections 2 and 3. Moreover, explicit formulas that characterize the cord response
are given in the limit case of impulsive cell killing, under further simplifying assumptions.

2. The cell population structure in a tumour cord

In a first attempt to model the cell population within a tumour cord, the population of prolifer-
ating cells was structured by age in order to represent the position of cells in the cell cycle and
thus the different cycle phases [3]. We give here a brief description of that model.

It was assumed that the tumour cord has cylindrical symmetry, r, denoting the radius of
the central blood vessel, r the radial distance from the axis of the vessel, and p, the cord
radius (see Fig. 1). Cords were considered to be surrounded by necrosis, so that p, identifies
the cord/necrosis interface. Experimental observations in untreated tumours suggest that the
radius of the interface between the cord and the necrosis is constant with the time. Thus the
cord was assumed to have p, constant, and the model was focussed on the stationary state. All
the variables describing the cord were assumed to be independent of the axial coordinate.

The population of viable tumour cells was considered as composed by proliferating (cycling)
cells and quiescent cells. The population of the cycling cells is described by the cell density
n(a,r,t), n(a,r,t) da being the number of cycling cells with age between a and a-+da, in the
unit volume, at position r and time ¢. For the quiescent cells, nQ(r, t) gives the number of
quiescent cells in the unit volume at position r and time t. Assuming that the cell population
is in a stationary state, the cell densities will be time-independent functions. Cell motion
within the cord was assumed to be radially directed and was represented at the stationary state
by a single velocity field u(r) common to all the cells, independently of cell age and of the
proliferating or quiescent status. Thus, rearrangements among cell subpopulations due to cell
motions of diffusive type were excluded. The total cell density was assumed constant, in view of
measurements of the number of cells in histological sections of untreated tumour cords, pointing
out that the cell density remains rather unchanged from the inner to the outer regions of the
cord [27,28,29].

The effect of microenvironment on cell cycle was represented by assuming that the different
concentrations of oxygen and/or nutrients, experienced by the cells as they move within the cord,
affect only the transition to quiescence. Since, in a steady state condition, the concentration
profile of chemicals will not change with the time, the dependence of cell cycle parameters on
such concentrations leads to a dependence of the parameters on the radial distance. Thus we
assumed that a fraction (r) € [0,1] of the cells born at position r enters the cycle, and a
fraction 1—6(r) will become quiescent. All proliferating cells were instead assumed to traverse
the cycle in the same time 7, and thus we have 0 <a <7T,. In view of the observed decrease
of the proliferation along the cord radius, the fraction # will be a nonincreasing function of r.
Moreover, the recruitment of quiescent cells into the cycle was considered to be negligible in the
untreated cords. All cells die at 7= p,;, and the possible random cell death within the cord was
initially neglected.

According to the assumptions previously stated, the conservation equations for the cell den-
sities in the cord at the stationary state, n(a,r) and ng(r), can be written as
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In Egs. (2) and (3), n(T,,r) yields the rate of cell division in the unit volume at distance r.
A rigorous determination of cell motion should take into account the mechanical interactions
among cells and with the extracellular fluid [2,10,23]. The study of the internal stresses and of
the dynamics of the interstitial fluid can be circumvented, however, by the assumption that the
total cell density is constant along the radius. In this case, the velocity field u can be easily
obtained. By integrating Eq. (1) with respect to age, and taking into account (2) and (3), we
have that the total cell density ng(r)

Te
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where np(r) is the density of proliferating cells at distance r, satisfies the equation
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Assuming n(r) =n*, the cell densities can be normalized to this constant value. Let ¢(a,r)=
n(a,r)/n* and fq(r ) =ng(r)/n*. Since there is no cell flux across the vessel wall, and thus
u(rg) = 0, from (5) it follows that

ru(r) = /T r'$(T.,r")dr'". (6)

We note that u is positive, unless ¢(a, ) =0, and thus the cells move towards the periphery and
the necrotic region is continuously fed by cells that die when crossing the interface p,. Taking
into account Eq. (6), ¢ and fg will satisfy the following equations:
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The functions fp( fo (a,7) da and fg(r) are the fractions of cycling cells and, respectively,

of quiescent cells at position r.

The existence and uniqueness of the solutions of equations (7)-(9) has been established by
Webb [33]. The condition 6(r,) > 1/2 is necessary to have a nonzero ¢(a,r) and appears to
be biologically meaningful, since it states that there exists a portion of the cord (at least close
to the vessel) in which cell division originates a number of proliferating cells larger than the
number of quiescent cells.

In the above model, the occurrence of cell death within the cord can also be considered. A
small percentage of dead cells (less than 10%) has been found indeed by Moore et al. [28].
To account for cell death we may introduce a subpopulation of dead cells, ny(r) being the
number of dead cells per unit volume at distance r, and we assume that dead cells disappear by
disgregation according to a rate constant . The total cell density, n(r), is now given by the



right-hand-side of Eq. (4) plus n(r), and we still take the total cell density constant and equal
to n*. Thus, the conservation laws can be written as
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where fy (r)=ny(r)/n* is the fraction of dead cells at position r, and pup(a,r) and g (r) are the
death rate constants of proliferating and, respectively, quiescent cells. By integrating Eq. (10)
with respect to age, and then adding (12) and (13), we obtain for the velocity u the expression

rulr) = [ PIOT) — S (14)

To

Because of the occurrence of cell death within the cord and the successive disappearance of
dead cells, the positivity of the velocity field up to p,, which is a natural requirement in the
stationary state of a cord surrounded by necrosis, is no longer guaranteed. Suitable constraints
have so to be imposed on T, #(r) and the loss rates.

The assumption that the cell cycle time is not affected by changes in the microenvironment
can be relaxed by describing the cell cycle in terms of cell maturity [30], i.e., in terms of the
position of the cell in the cell cycle. In [5], the cycle of tumour cells is described by a sequence
of M discrete compartments of cell maturity, so the proliferating cell population in the tumour
cord is represented by the functions n,(r,t), k=1,---, M, n,(r,t) being the number of cells in
the k-th compartment in the unit volume at distance r and time ¢. Under the assumption that
the number of cells in the unit volume is constant, let f, (r)=n,(r)/n* be the fraction of cells in
the k-th compartment of maturity at distance r in the stationary state. Assuming Poisson exit
from each compartment, together with the possibility of cell arrest in a quiescent status after
mitosis, the conservation equations can be written as
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where )\, denotes the exit rate constant from the k-th compartment. From the assumption that
the number of cells in the unit volume is constant, for the velocity field we have

ru(r) = /T "X (") far (r') dr' . (16)

As for the fraction 6, also the exit rate constants \,’s may be functions of r, thus making the
progression through the cycle dependent on the radial position of the cell. Because of the decay



of oxygen and nutrient concentrations as r increases, these rate constants will be nonincreasing
with r. We observe, however, that the stochastic model underlying the equations in (15) has an
exponentially distributed residence time in each maturity compartment, so that Eqgs.(15)-(16)
describe a population with cell-to-cell variability of the cycle transit time even if the exit rates
A, ’s are independent of r. Existence and uniqueness of the solutions of Eqgs. (15)-(16) was proved
in [5].

The representation of the population by a continuous maturity has been considered by Dyson
et al. [15]. In that paper, the population of proliferating cells is described by a density n(z,r,t),
x € [0,1] being the cell maturity in the cycle, and the maturation rate is a function of cell
maturity and radial distance. Also in this model, aimed at the description of the stationary
state, the cell velocity field has been determined by imposing that the number of cells per unit
volume does not change with r. The existence and uniqueness of the steady-state solution has
been proved. We notice that the age-structured model (1)-(3), in which the cell cycle duration
is constant, can be rewritten in terms of maturity by defining z=a/T, and taking the constant
maturation rate 1/7,. In this way, it is a particular case of the model in [15].

Instead of assuming that the number of cells per unit volume is constant, we may suppose
that the volume fraction occupied locally by the cells is constant within the cord, which also
leads to the determination of the velocity field u(r). This volume fraction will be smaller than
one because an extracellular space, filled by the extracellular matrix and liquids, is present in
the tissue. The cells have different volumes according to their position in the cycle or possibly
to their quiescence, so the mean cell volume may change with r and a constant local cell volume
fraction is not necessarily equivalent to a constant cell density n.. Assuming the cell volume
fraction constant with r, has the physical meaning that the system is arranged according to a
uniform “optimal” packing of cells. Let v(r) denote the cell volume fraction at the stationary
state. In the simpler case in which there is no cell death within the cord we can express v(r)
in terms the age structured model (1)-(3), obtaining

yc(r):/o “w(a)n(a,r) da + v(0)no(r) (17)

where v(a) is the volume of a proliferating cell of age a, with v(T.) =2v(0), and the volume of
quiescent cells is assumed equal to v(0). The ratio v (r)/nc(r) gives the mean cell volume at
the position r. By integrating with respect to age Eq. (1) multiplied by v(a), and adding Eq. (3)
multiplied by v(0), the following equation for v(r) can be written:

L i) = /0 T nfa,r) da. (18)

If v (r) is assumed to be constant and equal to v*, from Eq. (18) it follows that

= V*/ / 'Y dadr’ (19)

and, in the simple case of v(a) =vo+(vo/T:)a,

n(a,r") dadr'. (20)




Equations (19) or (20) should now be substituted to Eq. (6) in Egs. (1)-(3) in order to compute
the cell densities n(a,r) and ng(r). These densities will be normalized to v*/v(0), i.e., to the
maximal number of cells that can be contained in the unit volume when the cell volume fraction
is equal to v*. The expression of the cell volume fraction might also be obtained when the cell
population is structured by maturity, by writing the cell volume as a function of cell maturity.
Therefore, assuming v(r) constant, a new expression for the velocity field could similarly be
derived.

We note that, if cell volume is linearly increasing with age, the mean cell volume of proliferating
cells is equal to vo(1+(a)/T.), where (a) is the mean cell age. It can be easily seen that the
mean cell volume in the cord will be always between v, (all cells quiescent) and v,/In2 (all
cell proliferating). Therefore, under the hypothesis of constant number of cells per unit volume,
Ve (r) should decrease with r, but the ratio between the cell volume fractions in the outer and
the inner region of the cord cannot be smaller than In2. These considerations suggest that the
assumptions of constant v (r) or constant n(r) could lead in many cases to similar results,
despite the different expressions of the velocity field.

Models that incorporate the cell cycle structure are useful to analyze experimental data from
labelling experiments designed to investigate how the cell proliferation changes at different dis-
tances from the blood vessel [31,19,28]. Examples of these analyses are reported in [3] and [5],
where the curves of the labelling index and of the fraction of labelled mitoses at different radial
distances were simulated by the proposed models and compared to experimental data.

However, the above models are not able to explain why the stationary radius of the cord
attains a particular value, or how the kinetic parameters of the cell population change with the
radial distance. To this aim, it is necessary to consider the transport within the cord of the
chemicals (oxygen and/or nutrients) that are critical for cell viability and are related to cell
proliferation.

3. A model for the treatment-induced evolution of tumour cords
including oxygen transport

A mathematical model aimed at describing the evolution of a tumour cord following cytotoxic
treatments, and including oxygen transport, was proposed by Bertuzzi et al. [6]. In that model,
the ideal case of a regular array of tumour cords which are parallel and identical is considered,
so that the attention can be focussed on one of them, by supposing that the cord is surrounded
by a surface which, because of symmetry, prevents any exchange of matter with the neighboring
cords. Because of the complexity of the dynamical problem, a simplified representation of the
cell population was chosen, disregarding the cell age and the structure of cell cycle. Three
components in the cord and in the necrotic region are distinguished: viable tumour cells, dead
cells and extracellular fluid. Dead cells in the cord cannot now be disregarded because of
the action of treatment. Only the volume fractions occupied locally by these components are
considered: the fractions are denoted as vy, vy and, respectively, vy (with vy, +vy+vg=1).
In the cord it will be v, > 0, whereas in the surrounding necrotic zone only dead cells and
extracellular fluid will be present and vy, = 0. Viable cells, dead cells and extracellular fluid
are assumed to have equal mass densities. The treatment is supposed not to affect the tumour
vasculature.

As in the models of the previous section, cylindrical symmetry is assumed, cell velocity is
radially directed and is the same for both living and dead cells, and all the variables describing
the cell population, the cell velocity and the concentrations of chemicals are independent of the



Fig. 1. Geometry of the tumour cord (symbols explained in the text).

axial coordinate. The radius of the external boundary that isolates the cord will be denoted
by B(t) (see Fig. 1). In addition, the following assumptions are made: (i) Oxygen is the only
species of “nutrient” considered and we do not distinguish the intracellular from the extracel-
lular concentration. We denote by o(r,t) the local oxygen concentration. The consideration of
only one species of nutrient is common to most of the mathematical models of tumour growth
[17,24,1,12,14,10]. (i7) We define a rate of cell proliferation, x, such that xv, gives the rate
of increment of the volume fraction of viable cells. This rate is a nondecreasing function of o,
Xx(0). More precisely, for o larger than a given threshold o the cells are fully proliferating and
X(0) = xo- Below op, the progression through the cell cycle slows down and/or the fraction
of quiescent cells increases, so that x(o) is decreasing. Below o (0g < op) all cells become
quiescent and x(0)=0. If o increases over o, all cells resume instantaneously the proliferative
status. (7ii) Cells die if o falls to a critical low value oy (0 <0g). In addition, random cell
death, either spontaneous and induced by treatments, may occur within the cord. (iv) The rate
of spontaneous cell death is a non-increasing function of o, p(o). (v) Dead cells are degraded to
a fluid waste at a rate ;1 within the cord and at a rate fi 5, in the necrotic region. These possibly
different decay rates may be related with different death mechanisms (apoptosis vs. necrosis).

We note that the change of x with o (and thus its decrease with r) in the model we are
discussing corresponds to the decrease of # with r in model (1)-(3), and to the decrease of the
maturation rate with r in the maturity-structured models described in the preceding section.

Similarly to the approach followed in the models described in section 2, the cell velocity is
determined on the basis of the assumption: (vi) the cell volume fraction v, =vy+v) is constant
both in the cord and in the necrotic region. This is now a severe simplification, since (vi) is
assumed to hold even in the presence of the perturbations generated by the treatment-induced
cell death. However, it has a rather clear physical meaning: the system of cells keeps the same
packing during any perturbation.

We denote by P, T, and @) the regions of the cord in which x = x,, 0 <x < xq, and x =0,
respectively, and by N the necrotic region. Also, we introduce for the spontaneous cell death
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rate p(o) a threshold o, <op, above which pu(o) =y >0, and let it be xo > 1. We suppose
that o is a known constant c* > o, at the wall of the blood vessel. Thus there is an inner
region of the cord in which both the proliferation and spontaneous death rates are constant.
The functions x (o) and p(o) are piecewise continuously differentiable in [0y, 0*] with bounded
first derivatives. In addition, x'(0) >0 for o € (6g,0p), and p’' <0 only in some interval (7,,0,)
with o, >5,>0y.

Denoting the cell velocity and the velocity of the extracellular fluid by the vectors u and w
respectively, the mass balance for each of the components in the region P U T U @ leads to the
equations

%Ltv + V- (ury) = x(o)vy — [ulo) + pele, o) + pgr(o,t) vy, (21)
W 49 () = [1(0) + ncle,0) + uplo, O] vy — vy (22)
%Lf + V- (wrg) =—x(o)vy +puyvy (23)

In writing (21) we have supposed that the proliferation rate is independent of v; this is reason-
able if vy, does not become too small. In Eqgs. (21)-(22), pq(c, o) is the death rate induced by a
chemical agent whose concentration is ¢(r,t), while pip(0,t) represents the action of radiation.
It is well known that the radiation effect depends on the oxygen level, whereas the dependence
on t not only accounts for the treatment schedule, but is also related to the fact that the cell
killing effect persists for some time after the radiation pulse [11]. Both p. and pp are assumed
to be twice continuously differentiable, and p(0,0) =z (0,0) =0. In the necrotic region the
balance equations reduce to

ov -
—82\7 + V- (uvy) = —fiyvy, (24)
ov N
a—f + V- (wrg) =fiyvy. (25)

Total mass conservation is obtained by considering that vy, +vy+vy=1:
V-lu(vy +vy) +wrg] =0, (26)

the latter equation emphasizing the presence of a divergence-free compound velocity.

It can be shown that oxygen transport is largely dominated by diffusion and that it is quasi-
steady (i.e., it proceeds through equilibrium states) in the typical time scale of the process. This
fact makes the fluid velocity w disappear from the diffusion-consumption equation for oxygen,
which takes the form

DAoc = ¢(o)vy,, (27)

where D is the diffusion coefficient (~2107° cm?/sec) and oxygen consumption is represented by
¢(0). According to experimental observations [13], ¢(o) can be taken as a function of Michaelis-
Menten type, which can be different in P and in (), with a smooth interpolation in T'. Moreover,
¢(0,) >0 has been assumed. Of course the right-hand side of (27) is equal to zero in N.

We observe that equations (21)-(23) (or (24)-(25)) are not sufficient to determine vy, vy, u, w,
even if the field u is purely radial. However, from assumption (vi), vy, +v, =v* is constant and
thus, introducing the quantity

v(r,t) = , vejo1], (28)
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from Egs. (21), (22) and (24) we obtain

%%(ru):{)i%f]\)fu—ig]\],él‘—u) in PUTUQ (29)
Therefore, from (21) and (29) we have
ov ov
o7 T U5, TvIne) +ncle,0) + pplot) = (x(0) + ny)(1 = v)] =0, (30)
where u(r, t) denotes |u|. Using the boundary condition
u(ry,t) =0, (31)
we get the following equation for the velocity field:
rulrt) = [ @) + v =l s 1 << pn (). (32
o
Moreover, we can rewrite the equation (27) for o in the form
Ao = f(o)v, (33)
where f(0)=¢(o)v*/D, and the boundary condition
o(rg,t) =o* (34)

will be imposed to (33). We remark that the computation of the field w can be avoided owing to
the assumption (vi). The consequence of relaxing (vi) is to bring the full fluid dynamics in the
model. Despite its great difficulty, the resulting problem is certainly worth to be investigated.

A crucial point is the determination of the cord/necrosis interface r = p, (¢). Ordinarily (for
instance in the equilibrium condition when p =y =0) the necrotic region is continuously fed
(as already seen in section 2), that is, the cells cross the interface r=p,(¢). In this case, i.e.,
when u(py,t) > py(t), the following free boundary conditions have to be imposed:

o(pn(t),t) =on (35)
oo

97 = 0. (36)
O =)

By contrast, there are situations in which the interface r=py (¢) defined by Egs. (35) and (36)
tends to acquire a velocity larger than u(p -, t). This happens when a sudden massive destruction
of cells rapidly lowers oxygen consumption. Clearly, a sign inversion of the difference u(p,t)—px
is not allowed, because the necrotic material cannot be converted to living cells, and thus the
following constraint must be satisfied

u(pn (t),8) = Py - (37)

When, solving the unconstrained problem, the inequality (37) is violated, we must change the
free boundary conditions and let the interface p, become a material surface, moving with the
same velocity of the cells. So, Eq. (35) is replaced by

PN = U(PN, t) ’ (38)
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while (36) is still valid.

Also the new free boundary problem is subjected to a constraint. Indeed, the switch from
(35), (36) to (38), (36) will make o(py(t),t) raise above o,. However o(py(),t) may later
decrease and tend to drop below o,. In view of assumption (74) this event is also forbidden,
and in fact it marks the necessity of returning to the previous free boundary conditions. So,
while (35), (36) must respect the constraint (37), the alternative formulation (38), (36) has to
satisfy the constraint

ooy (£),8) > o . (39)
The presence of constraints in the formulation of the model leads to a non-standard free boundary
problem.

Concerning the motion of the outer boundary B(t) of the necrotic region, since this boundary
is a material surface, we write

B =u(B,1), (40)

where u(r, t) in the necrotic region can be easily expressed taking into account Eq. (29), obtaining
ru(r,t) = py(Bulpy (£),8) = (i /2)(r? = R (), 7> py(2). (41)
Equation (40) requires an initial condition
B(0) = By, (42)
and the same is true for the equation for v(r,t), i.e., equation (30),
v(r,0) = vy(r). (43)

On the contrary, v(ry,t) has not to be prescribed, because r =r, is a characteristic curve for
(30), owing to (31). According to the elliptic nature of the equation for o, we are not allowed
to prescribe o(r,0), but there must be some compatibility among v, 0 and B at ¢t =0. The
most natural choice is to let the system evolve from the stationary solution corresponding to
pe=pp=0. We will discuss the statement of the steady-state problem in the next section.

The concentration of the cytotoxic chemical, appearing in Eq. (30), evolves according to a
transport equation. Assuming that diffusion is the prevailing mechanism, we obtain the following
diffusion-reaction equation

% — DoAc = —pg(c,0)v* v — Ae, (44)
with
c(ro,t) = (1), (45)
el (46)
or r=B(t)
c(r,0) =0. (47)

In Eq. (44), D is the diffusion coefficient of the drug, ¢ (c,o) represents the net rate of drug
uptake and metabolism by the tumour cells, and A represents a possible additional loss not
related to tumour cells. The function ¢* in (45) represents the pharmacokinetics of the drug in
the tumour vasculature. The function ¢ (c, o) is assumed continuously differentiable, increasing
in ¢ and vanishing for ¢c=0, and the function ¢*(¢) to be nonnegative, continuously differentiable
and vanishing for t=0.
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4. The untreated cord

4.1. Properties of the stationary solution

Depending on the values of the model parameters, two cases are possible for the stationary state
(with g =pr=0) of the model described in section 3: the necrotic region can be present (Case
I) or not (Case II).

The stationary problem in Case I consists in determining the functions o(r), v(r), u(r), with
v€]0,1], and two constants B and p,, B >py, that satisfy

Ao = f(o)yw, ry<r<py, (48)
o(ry) =0, (49)
olpy) =on, (50)

do
e, —0, (51)

dv 1
Y Llo) ~ (xlo) + i) (L=, o <7 <y (52
ru(r) = { f:o r'[(x(o) +~/1'N)V —2MN]2d7"’a ro <1 < py (53)
pnu(py) — (Bn/2)(r® —py), py <7< B,

u(B) =0. (54)

In Case IT we drop the unknown p,;, and the boundary r = B will limit a region filled only
by tumour tissue. Now Eqgs. (48), (52) and the first in (53) must be satisfied for r, <r < B.
Equations (49) and (54) are preserved, while (50) and (51) change to

o(r)>oyn, forrg<r<B, oB)>oy (50")
do
— =0. 51
dr |._p (51)

Case II is expected to occur when p and pp are sufficiently large, so that a substantial volume
of dead cells is removed so quickly that u vanishes before o reaches the threshold o . Numerical
calculations confirmed this conjecture. In [6] it is proved the following:

Theorem 4.1. Under the assumptions previously stated, the steady state problem has one and
only one solution, either exhibiting Case I or Case II

We give here only a sketch of the basic idea of the proof. A ”shooting” parameter ¥* has been
introduced, together with the corresponding family of auxiliary problems in which the Cauchy
data are prescribed for Eq. (48), namely (51) and

do

dr |, _

=¥ <0, (55)

To

disregarding for the moment the free boundary conditions. These solutions are put in three
different classes, according to which of the quantities o,,0 —oy,u vanishes first. We denote
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these classes by «, 3,7 respectively. The monotone dependence of the solutions upon ¥* allows
to identify the solution of the original problem as the only separatrix between the sets 3, « (Case
I) or v, (Case II).

We note that Eq. (52) is degenerate at r, because u(r,)=0. Since we have assumed that for
0 >o0p both the proliferation and death rates are constant, it is easy to see that the solution v

is constant and equal to
Ho

Xo 1t My

for ro <r<pp, pp being the radius such that o(pp)=0p. Taking into account Eq. (56), it can
be found that the condition x, > u, is necessary in order to have a positive velocity field. It
is easy to check indeed that x,—p, is the value of the right derivative of u at r,. Moreover,
it can be proved [6] that the volume fraction v remains positive and decreasing in the interval
(pp,pN], unless p=0, in which case v(r)=1 in (rq, py]-

v =1-

(56)

4.2. Assessment of model parameters from the hepatoma 3924A data

A rather complete experimental investigation of tumour cords at the stationary state was given
by Moore et al. [28] for the hepatoma 3924A implanted in rats. In that paper, besides the mean
cord and vessel radii, the values of the labelling index (LI, the fraction of the number of cells
that are in S phase), of the mitotic index (M1, fraction of cells in mitosis) and of the necrotic
index (N1, fraction of dead cells) at increasing distances from the central vessel, are reported.
In [3], using the LI data and the durations of cell cycle phases given in [28], an estimation of
the function #(r) of model (7)-(9) was obtained. Here we will exploit together all these data,
to assess the values of some parameters of the model in section 3 and the form of the functions
x(0) and (o).

The consideration of a population model structured in terms of a variable related to cell cycle,
is required to relate the mitotic index to the proliferation rate x. Let us suppose that the cell
population is described by the model of Eqgs. (1)-(3), neglecting for the moment the presence of
dead cells since the NI data show that, in the tumour cords studied, dead cells are in a very
small percentage. Equation (18) can be rewritten, using (17), as

1d

s (ruve) = x(r)ve(r), (57)

where

() = . fOTC(dv/da)n(a,r)da

(58)
Iy cv(a)n(a,r)da + v(0)ng(r)

is the proliferation rate at the radial distance r. Assuming v(a)=vy+ (vy/T.)a, Eq. (58) becomes

() = i np(r) .
xr) T np(r) + ng(r) + (1/T,) fOTc an(a,r)da

(59)

Taking into account the boundary condition (2), the age density n(a,r) can be approximated
by a linear profile with value 20(r)n(T.,,r) at a=0, and n(T,,r) at a=T,.. Moreover, since the
duration T, of the mitotic phase is very short compared to T,, for the mitotic index we can
write

TM TL(TC, ’I“)

MI(r) ~ m.

(60)
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Fig. 2. Experimental data of LI (upper left panel) and NI (lower left) replotted from Moore
et al. [28]. Data of x(r) (upper right) reconstructed by Eq. (61) using the M I data reported in
[28]. Curves predicted by the model (solid lines). Estimated profiles of x (o) (solid line) and u(o)
(dotted line) in the lower right panel. Parameter values (O, concentration in mmHg, length in
pm, time in h): ry=20, 0* =37, 0p =16, og=0on=L1, ug =0.25-1073, p; =2.25-1073, 0, =9,
iy =0.02. Moreover: Fp=0.016, Fu=Fp/3, K,=4.32 [13].

Using these approximations in Eq. (59), leads to the following expression for x(r):

1+20(r) MI(r)

2 T
X(r) = yareanl (61)
o1 ] +39(7") MTI(r)
M

The function x(o) can thus be searched in such a way that x(o(r)) gives a good approximation
of x(r).
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Reconsidering the LI and M data in [28], and assuming T = 9.3h and T, = 3.7h (the
transit times in the phases S and G2 of the cell cycle reported in [28]), we obtained an improved
fitting (see the LI in Fig. 2) with T, =24h (instead of 27.4h as given in [28]), T}, =0.6h, and
0(r)=1/(149[(r—ry)/(px—70)]?®). The theoretical curves, LI(r) and MI(r) were computed as

Te+Tg T,
LI(r) = / Slar)da,  MI(r) = / b(a,r) da, (62)

T, T.-T,,

where Ty =T, —Tg—Tgy—T), is the transit time in the G1 phase and ¢(a,r) is the solution
of Egs. (7)-(9). Using these estimates of T, T, and 6(r), the experimental values of MT have
provided the values of x(r) reconstructed by Eq. (61) and reported in Fig. 2 (upper right panel).
Further, as in [3], the consumption of oxygen was assumed to be described by

Fp o€ lop,o”]
o Op—0O 0—0¢g
JO) = FO) gy Fo) =4 Fag oot e =2 o e log.onl (63)

Fy o € [on,00]

with the values of the parameters Fpp, Fj; and K, derived from [13] and indicated in the legend
of Fig. 2. The threshold o, was fixed at 1 mmHg [18] and 7, to 20 um according to the values
measured in the 3924A tumour cords.

Having thus fixed some of the model parameters, we tried to fit (by trial-and-error) the ¥
data by the function x(o(r)) and the NI data by 1—v(r), and to predict the cord radius. A
reasonable fitting was obtained with x (o) and u(o) of the form shown in Fig. 2 (lower right
panel), that is:

In?2 5(0 — O'Q) /4

, og<o<op
T, o —oq+(op—o0g)/4
= 64
RO (64)
—, o0op<o
T, P
U_UN
(g — ) —— N <o<
(o) = 1 — (g MO)Uu—O'N, on<o<o, (65)

lu[)? ngaa

and with the values of 0%, 0p, 0, 0y, g, 11 and py reported in the legend of Fig. 2. In using
the function 1—v(r) to fit the NI data, the mean volume of dead cells was implicitly assumed
equal to the mean volume of viable cells, which is a good approximation in the case of uniform
cell death. The above set of parameters gave py equal to 140.06 pm, which is very close to the
mean cord radius experimentally observed (141 pm).

It has to be noted, however, that the same steady-state triple (v(r),o(r), p) can be achieved
with an assigned x(o) and different pairs (u(o), g5 ). This fact is easily recognized in the limit
case of x(o) and p(o) constant. In this case, recalling Eq. (56), we can see that the same
(constant) v can be achieved at the steady state by two pairs (u, u,) and (p', u'y) such that

!

W
X+uy  xtpy

provided that p, ' < x. Thus, the pair (u(0), ) cannot be uniquely identified on the basis of
x and NI data, that give independent information on x and v, and the value given to p, was
an a prior:i choice.
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Fig. 3. Influence of o* on the stationary cord radius py,, for r, =10 gm (squares), r, =20 pgm
(white circles) and 7y =40 pm (black circles).

To conclude this section, we show how the predicted cord radius changes when the vessel
radius and the oxygen concentration in blood are changed, keeping the other parameters at the
values previously found. In Fig. 3 we have reported p, computed at increasing o* values within
the physiological range, for three different r, values. It can be noted that, although o* is more
than doubled, the stationary cord radius exhibits a markedly reduced variability.

5. The evolution problem and the behaviour of the solutions

5.1. The evolution problem

To describe the response of the cord, supposed at the stationary state, to a cell killing agent
delivered at time ¢t =0, we have to consider the evolution in time of the model described in
section 3. The evolution problem that arises was studied in [6], where the following theorem
was proved:

Theorem 5.1. Under the assumptions stated in section 3, a solution of the evolution problem
exists globally in time.

The solution was obtained as the limit of an approximating sequence constructed step by step
through the procedure outlined in the following. The index 0 denotes the initial values. Fix a

time T and divide it into n equal parts. In the first time step, first compute the integral curves
of

n= Uo(ﬂ) ) n(fvo) =7, S [T07 BO] : (66)

As a consequence B(t)=B,.
Next solve the problem for ¢ in [ry, By|x[0, 0], 0 =T/n, setting ¢, =0. With this determination
of ¢ integrate

D,v = —v[pu(og) + pg(0g,t) + pcle,09) = (x(00) + pn) (1 = 7°)] = —vH(t,¢,00,7°)  (67)

0

where " is v, evaluated at the point (£(r,t),0) connected to (r, ) by one of the curves (66), and

D,, denotes differentiation along such a line. Knowing v, we can solve the free boundary problem



18.

for o with Cauchy data o(py,t) = o and 0,.(py,t) =0, determining o and the approximated

interface py (¢). Then py must be compared with ug(py(t)). If the comparison is satisfactory,
we set py = py. With the knowledge of o and v the new velocity field can be computed for
t €10, 0] using Egs. (32) and (41). Then proceed to the second time step, replacing Eq. (66) with

n(t) =u(n(t),t —0), te(6,20), (68)

continuing the previous curves. The continuation of B(t) is found similarly.

We go through the same points of the first step with the following linearizations: (i) in the
problem for ¢, instead of ¢ (c, o)v we use p(c?,?)v?, where ¢ =c(r,t—0), 0 = (r,t—0), and
7Y is evaluated at the time t=6 on the line (68) crossing the point (r,#); (ii) the r.h.s. of (67) is
replaced by —vH (t,c,0? v%). Once the problem for the pair (5,,) has been solved using the

information already available, py must be compared with u(py(t),t—6). If the comparison is
satisfactory, we proceed to updating the velocity field u(r,t), ¢t€[0,26)].

The procedure is carried out as described if the constraint (37) on the velocity is never violated.
If the constraint is violated, one has to introduce the necessary changes to switch to the new
free boundary conditions (36) and (38) on p,. However, it is not guaranteed that we can always
proceed for a finite interval before another switch be necessary. In other words, if the switches
have an accumulation point, the construction of the approximated solution comes to a stop. This
difficulty is overcome by introducing, for each n, a tolerance for the constraints which tends to
Zero as n— 0o.

The convergence of this procedure was proved in [6] showing that the approximating sequence
is compact with respect to a suitable norm. The uniqueness of the solution was also proved, but
an additional assumption that limits the norm of the derivative of f(o) was needed.

5.2. The cord response to a single-dose treatment

The numerical solution of the evolutive problem has been obtained by a scheme that substantially
implements the construction of the approximate solutions seen above. In [7], the cord response
to a single-dose cell killing agent was investigated by simulations. Particular attention was
given to the influence of oxygen concentration in modulating the treatment-induced cell death,
by exploring also some extensions of the model formulation given in section 3.

We present here a simplified case, that however provides a prototype of the cord response, in
which the rate of cell death induced by treatment is a function, 3(¢), of time only. In this way we
neglect the dependence of cell death on oxygen concentration that is observed in radiotherapy,
and the possible changes of the cell death rate with the radial distance that, in the case of
chemotherapy, are due to the transport of the drug. To describe the delayed effects that follow
the delivery of a single dose of radiation or drug at t=0, 3(¢) will have the form of a broadened
pulse. Although the delivery time can be very short (as in radiotherapy or when the drug is
administered as a bolus and its pharmacokinetics is fast), cell death may continue indeed for
many hours after delivery, sometimes even during the lifespan of the successive cell generations
[11,25]. In the simulations that follow, as a basic pattern of 3(t), we assumed a trapezoidal
shape of 12 h length, with a rising front lasting 2 h, a plateau of 8 h, and a descending front
lasting 2 h. f,, .. will denote the plateau value. The other parameters of the simulation are
indicated in the legend of Fig. 4.

Figure 4 shows the response of the cord. As indicated by the time evolution of o(py (1), )
(lower left panel), the cord boundary p,, which is non-material at the stationary state (and
in a right neighborhood of ¢ =0, since (t) grows continuously from zero), quickly turns into
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Fig. 4. Response of the tumour cord to a single-dose treatment. Geometrical variables (upper
panel): py, solid line; B, dashed; pg, dotted; pp, dash-dotted; the cord regions P, T,  and N
are also indicated. Oxygen concentration at the cord boundary (lower left panel) and normalized
total fraction of viable cells (lower right panel). Parameter values (O, concentration in mmHg,
length in pm, time in h): 7, =20, 0* =35, 0p =20, 0o=1125, oy =1, uy=0.04, iy =0.01.
Moreover, Fp, F; and K, as in Fig. 2; x(0) increasing as a Michaelis-Menten curve in (04, 0p)
from 0 to x,=In2/T,, with T,=24, u(c)=0. Parameters of the treatment: 3,,,, =0.24h™.

a material interface and so it remains during all the regression phase. Then, the boundary
switches again to be non-material at some stage of the regrowth phase, when the necrotic region
is once again entered by new cells (this point is marked by a slope discontinuity in px(¢)). The
simulations point out that not only the constraints (37) and (39) come into play, but that they
actually have a crucial role. The figure also shows the time course of B, and of the radii pp
and pg where the oxygen tension has the values op and o, respectively. We recall that in
the region P between r, and pp the proliferation rate is maximal, whereas between pg and py
(region @) all cells are quiescent, with a transition region 7" in between. The time course of pp



20.

180 T T T T T T
160 §
140 b

120

rhon (micron)

100 | —

80 1 1 1 1 1 1
0 24 48 72 96 120 144 168

time (h)

Fig. 5. Effect on the cord radius of different 3(¢) patterns. Patterns with the same area:
k=4 (dotted), k=1 (solid), £ =0.5 (dashed). Patterns with reduced area: total length 24 h,
Bimaz =0.06 h™1 (small-dashed), 3,,,, =0.04h~! (dash-dotted). Other parameters as in Fig. 4,
except p1 =0.02h~1.

and pg, together with that of o(p, ) in the lower left panel, reveals a substantial reoxygenation
of the cord for a long period after the treatment. The lower right panel of Fig. 4 represents
the ratio between the total volume (per unit cord length) of viable cells and its value at t =0,

that is prN(t) rv(r,t)dr/ [°M° ru(r,0) dr, and shows the marked depletion of viable cells at the

end of the time interval in which 8 >0. Whereas the minimum of viable cell number occurs at
that time, the minima of p, and B occur later, this fact being related to the non-instantaneous
degradation of dead cells. The predicted cord response, showing a regression followed by a
regrowth, is in qualitative agreement with the experimental data reported in [32,26,27,16].

Figure 5 shows the effects of treatments with different 5(¢) patterns. First, we have considered
patterns with the same area and increasing sharpness, assuming 8(t) = kB (kt) where 3(t) has
the trapezoidal shape described above. When the death rate approaches an impulse, the cord
response appears to converge to a limit behaviour. In response to low intensity treatments (with
reduced areas), the cord shows, rather unexpectedly, a slight increment of its radius. A moderate
cell death with a small reduction in v, in fact, may be unable to produce the inversion of the
velocity at r=p,; on the other hand, the reduced oxygen consumption does allow cell viability
at values of py larger than the stationary value. During this cord expansion, of course, the
total volume of viable cells initially decreases and thus the density of viable cells in the cord is
reduced.
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5.83. The cord response to impulsive cell death

To gain insight into the model behaviour in describing the response to a single-dose treatment,
and elucidate the role of the major parameters, we consider now the ideal case in which the rate
of treatment-induced cell death is a Dirac delta function. In this case, up and p, are set to
zero in Eq. (30) and the effect of treatment is embodied in the new initial condition

v(r,0%) = a(oy(r))ve(r), (69)

where « is dependent in general on the oxygen concentration and it is a(o) <1. Since Egs. (33)-
(36) cannot be satisfied with v given by the initial condition (69) and py = ppyg, it can be
recognized that p, () will be a material interface in a right neighborhood of ¢=0.

We consider the very simplified situation in which =0 (so that v,(r)=1, see Eq. (56)), x(o)
is independent of o and equal to x, and a(0)=a<1. The equation for ¥ becomes independent
of o and is written as

ot = (et uy)(1=v)y, (70)

v(r,0) = «, (71)

with u given by Eq. (32). Tt is easy to see that a solution of Eqgs. (70)-(71) is v(r,t) =y(¢), y(t)
being the solution of the logistic equation

y=(x+nupx)(1-yy (72)
y(0) = a. (73)

This solution is the unique solution of Eqs. (70)-(71). In fact, let us consider any possible
solution, and consider its values along the characteristic lines of (70). Writing the derivative
along the characteristic lines and taking into account that the initial condition is constant with
r, we can see that at any given time the value of v is the same on all the characteristic lines,
and equal to y(¢). Having found v, u(r,t) can be written explicitly and, as long as the boundary
py(t) remains a material interface, py () also can be written explicitly. Taking into account
that Eqs. (32) and (38) give

PN (t)
o (D (£) = / P00+ )y () — ] dr” (74)
To
and that )
y(t) — ( - ae—(xﬂm)t + 1)—1 : (75)
we obtain ) )
P 10 _ ext 4 (1 - ajeint. (76)

PRo = To
The above equation shows that the cord can initially shrink or expand according to the value
of a.. In fact, a critical value exists
b= _HMNn : (77)
X+ by
such that if @ > da it is p5(0%) >0, whereas if a < & it is p,(07) <0. When a < &, py(t) will
attain a minimum at

1 ln(l—a,u_N)

= : (78)
X+ by « X

min
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Fig. 6. Plot of py(t) as given by Eq. (76); «=0.15, x=0.015h~!, 4, =0.015h~! (solid line)
and p,=0.06 h~! (dashed line).

and then p (¢) will be increasing until o(py(t),t) =0,. The oxygen concentration o(py(t),1),
which is larger than oy at t= 0%, will indeed be decreasing with time for ¢>1,,,,.. To see this,
we use the monotonicity property of o with respect to v and py, reported in the Appendix.
Since do/dv <0 (see (A7)), and at t= 0T p, is not changed whereas v is decreased, we have
(ppng,0F) >0y . For >0, taking into account the dependence of o(r,t) on v(t) and py(t), and
that o, (px(t),1)=0, we can write

d (on (). 1) 80.+ do .

—0 = —UV+ —pn-

di PN\t), o Dpx PN
This quantity, also because do/dpy < 0 (see (A16)), is negative when p, () is increasing.
Moreover, the value o, will be reached at a finite time. In fact, let us suppose that o(r,t) >0y,
r€lry, pyl, for all £>0. The value of o at py can be written as

(79)

pn(t) r
olpn(t),t) = 0" —y(?) / rf(o(r;t))log - dr. (80)

Taking into account that f(o)> f(oy) if 0> 0, we obtain

PN(t) r
o(on (B).8) — 0* < —y(t)f(on) / e
_ ooy [(PR®) v PR() 78
= 1) fton) (5 1og 20— [0 T, (51)

Since, according to Eq. (76), py(t) is increasing and unbounded for ¢ large, Eq. (81) implies
that o(py(t),t) = —o0 as t— o0, that contradicts the hypothesis. Thus, there will exist a finite
time ¢ at which o(py(¢),t) is equal to o .

At the time ¢ the cord radius is necessarily larger than py,, since v(r,t)=y(¢) <1, and the
boundary switches to be non-material. Thereafter the boundary will tend monotonically to p
as y(t) — 1. Figure 6 shows py () as predicted by Eq. (76), for o and x fixed and different values
of p1. As expected, when 1, is increased the shrinkage is more pronounced and, if u is larger
than x, the shrinkage is faster than the regrowth of the cord.
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In the general case in which x depends on o, X, being its maximal value, we can see that the
evolution of the cord radius, p% (¢), given by Eq. (76) with x = x,, dominates the actual py (t)
(until both these boundaries are material). Let us consider the quantities

P (t)
Xy (t) = / rvy(r,t) dr (82)

0

pn(t)
Xy(t) = / rvy(r,t) dr, (83)
To
that is, the total volumes (divided by 27, and per unit cord length) of viable cells and dead
cells, respectively. By integrating from r to p, Eqgs. (21)-(22) multiplied by r, as long as p (%)
is a material boundary we have

. pn(t)
Xy (1) = / r(o(r, )y (. £) dr < X0 X (1) (84)

0

Xy (t) = —py Xy (1) (85)

Moreover, taking into account Eq. (29), we get

pn(t)pn(t) = XV (t) + XN(t) . (86)

Denoting by XU (¢) and X% (#) the volumes defined by Eqgs. (82)-(83) in the case of x(o) =X,
it is easy to recognize that X (¢) > Xy, (t) (because X = x,X{ and the initial conditions are
the same) and X% (#) =X (#). Thus it is

PNON < XoXy — Xy < Xng' - MNXJQI' (87)

Since the last expression in (87) gives pQ 0%, we obtain py (t) < p% (t) for >0 and until both
py and p% are material boundaries.

As an example of how the approximation (78) behaves, we have considered the response to
the shortest 3(¢) in Fig. 5 (dotted line), and compared the time of the minimum of the cord
radius with the estimate given by Eq. (78). The value of o was set to the minimum of the
relative volume of viable cells attained in the simulation (= 0.097), x = x, = 0.029h~! and
pn =0.02h™!. The estimate was t,,,;,, = 37.9h, whereas the value in Fig. 5 was 46.9h. As
expected, because the actual y is overestimated by x,, the approximated response is faster than
the actual one, however the time of the maximal regression is estimated within a 20% error.
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6. Concluding remarks

Developing mathematical models of proliferating cell populations with spatial structure and
subjected to cell migration, involves the consideration of many different aspects, from the biology
of cell cycle, to the mechanical interactions governing the cell motions, and to the transport of
nutrients.

In this paper we have reviewed models of tumour cords in which the cell population is described
with age or cell maturity structure, or the cells are simply viewed as a component of a mixture
and the population is characterized in terms of the fraction of volume occupied locally by the
cells. By means of this simpler approach, and by including in the model the oxygen and drug
transport, a reasonable description of the response of tumour cords to single-dose treatments
was achieved. A peculiar feature of this model is that the boundary between the cord and the
necrotic region, during its evolution after the treatment, may switch from being a non-material
interface (defined as the radius at which the oxygen concentration attains a critical value) to
being a material one, and viceversa.

The consideration of models that include a representation of the cell cycle, besides allowing
us the analysis of experimental data obtained by cell labelling with DNA precursors, appears on
the other hand of importance for a better prediction of the effect of radiation and drugs. It is
well known, in fact, that the action of most agents shows a marked cell-cycle phase specificity.
In such a way, the complex pattern of cytostatic and cell-killing effects that characterize the
cellular response to anticancer agents would be more completely addressed.

A critical assumption of the models here discussed is the invariance of the total cell number
in the unit volume, or of the volume fraction occupied by the cells. This assumption leads, in
the adopted geometry, to a purely kinematic approach for the determination of the cell velocity
field. Although this assumption appears to be reasonable in the untreated cord on the basis of
some experimental observations, it is likely that the fraction of extracellular fluid be subjected
to changes during treatments inducing cell death. If this assumption is relaxed, the momentum
balance must be considered both for the cells and the extracellular materials. This improvement
in the modelling would provide a more realistic representation of the cord and tumour mass
evolution and we plan to deal with this point in the future.

Appendix: Monotonicity properties of the oxygen concentration profile

Let us consider the following problem, that defines the oxygen concentration within the cord as
a function of the radial distance:

Ao = f(o)v (A1)
o(ry) = o (42)
Oy (pn) =0, (A3)
in the case in which v is constant with r. The solution will be dependent on v and p;, i.e. o=

o(r,v, py)-
We consider first the dependence of o on v (for fixed p,). Let us denote w(r)=00/0v. By
differentiating (A1)-(A3) with respect to v, we obtain

e+ 0, = [ (()wlr)v + f(o(r) (A4



w(ry) =0 (45)

w.(py) = 0. (A6)

From (A4), for every r where w, =0, it follows that

f(o)
Wy ifw< —
<0 < f’(O')IJ
Wrr >0 if w>— f{((g))y ,

with —f(o)/(f'(0)r) <0 and increasing with r. Thus w(r), for r >, can only be negative with
a minimum larger than inf[—f(o)/(f'(c)v)]. Therefore

* 0
_%<8_Z<0’ rg <1 <py- (A7)

Concerning now the dependence of o on py, (for fixed v), let us consider the Cauchy problem
defined by Egs. (A1)-(A2) and by
o,(rg) = %", (A8)

with 3* such that the solution has a positive minimum. We can write
ro.(r) = rgX* + 1// r' f(o(r') dr' (A9)
To
and

(s !
o(r) =o* +ryX*log 7"1 + V/ r' f(o(r')) log ::— dr'. (A10)
0 T 0

Differentiating (A10) with respect to ¥*, we obtain the following linear integral equation in
o |0X*

do r " do r!
o5 =0 log a + U/ro r'f'(a(r'))az* log a dr', (A11)
so that, for r >r,
do
. Al2
e >0 (A12
Differentiating (A9) with respect to £¥* we have
do, " do
ross = 7o + V/ro r'f'(a(r'))az* dr', (A13)
that implies, in view of (A412),
do
L . Al4
>0 (A14)

Therefore, as ¥* increases, the radius p =p, (£*) where o, =0 will decrease, so that Jp, /0X* <
0. Considering now the original problem (A1)-(A3), we can define the function ¥*(py;), which
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gives the value of 0,(r,) as a function of p,. Since this function is the inverse of the function
pn (X*) defined by the problem (A1), (A2) and (A8), we have

ox*
Ipy

<0. (A15)

Thus, in view of the inequalities (A12), (A14) and (A15), it follows

do
— <0, rp<r<p (A16)
8,0N 0 N
oo

<0, rg<r<py-. Al7
apN 0 N ( )
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