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Abstra
tAbstra
t. Tumour 
ells growing around blood vessels form stru
tures 
alled tumour 
ords.We review some mathemati
al models that have been proposed to des
ribe the stationary stateof the 
ord and the 
ord evolution after single-dose 
ell killing treatment. Whereas the 
ellpopulation has been represented with age or maturity stru
ture to des
ribe the 
ord stationarystate, for the response to treatment a simpler approa
h was followed, by representing the 
ellpopulation by means of the 
ell volume fra
tions. In this latter model, where transport of oxygenis in
luded and its 
on
entration is 
riti
al for 
ell viability, some 
onstraints to be imposed onthe interfa
e separating the tumour from the ne
roti
 region have a 
ru
ial role. An analysisof experimental data from untreated tumour 
ords, whi
h involves modelling by 
ell age andby volume fra
tions, and some results about the 
ord response to impulsive 
ell killing, are alsopresented.Key words: Cell populations, tumour 
ord, nonlinear systems of di�erential and integral equa-tions, free boundary problems.





3.1. Introdu
tionThe stru
ture of the vas
ular system that supplies a tumour is in general 
omplex and irregular,so it is diÆ
ult to study the relationship between the distan
e from blood vessels and the 
ellproliferation, and therefore between the extent of vas
ulature and the rate of tumour growth. Insome tumours, however, it is possible to observe 
ylindri
al arrangements of viable tumour 
ellsaround blood vessels, and this kind of symmetry simpli�es the investigation. These stru
turesare named tumour 
ords [31,19,28,29,20℄. The 
ords are generally surrounded by regions ofne
rosis, sin
e the oxygen tension and the 
on
entration of nutrients su
h as glu
ose de
ayradially within the 
ord and, when they fall below some 
riti
al values, 
ell death o

urs. Tumour
ells arranged around vessels of the host, and surrounded by host tissue, have also been observedas a 
hara
teristi
 form of mi
rometastases [22℄ and in the initial growth of tumours involvingthe 
ooption of host vessels [21℄. When ne
rosis is present, the mean thi
kness of the 
ords (i.e.,the distan
e between the vessel wall and the �rst layer of ne
roti
 
ells) has been found to be60{130 �m in di�erent tumours, whereas the mean radius of the 
entral vessel has been foundto be 10{40 �m. As a 
onsequen
e of the 
ell proliferation within the 
ord, outward dire
ted
ell migration o

urs. The proliferation, as quanti�ed by the fra
tion of 
ells in S phase and thefra
tion of 
ells in mitosis measured after 
ell labelling with tritiated thymidine, appears to slowdown from the vessel wall to the periphery of the 
ord [31,19,28℄. Also this redu
ed proliferationis likely to be related to the de
rease of the 
on
entration of oxygen, nutrients, and/or other
riti
al 
hemi
als. The response of tumour 
ords to a single dose of radiation or drugs wasinvestigated in [32,26,27,16℄. The general pattern of the response in these experiments showeda regression of the 
ord radius followed by a regrowth phase towards the unperturbed value.The spatial distribution of the proliferating 
ells (represented as a population with age stru
-ture) and of the quies
ent 
ells in a tumour 
ord, was studied by mathemati
al modelling in[3℄ and [33℄. The model des
ribes the stationary state in the 
ase in whi
h the fra
tion of new-born 
ells that be
ome quies
ent is a given fun
tion of the distan
e from the blood vessel. Thedependen
e of the progression rate through the 
ell 
y
le on the distan
e from vessels was alsoinvestigated, by representing the 
ell 
y
le as a sequen
e of maturity 
ompartments [5℄ or bymeans of 
ontinuous maturity [15℄. The growth of an isolated tumour 
ord within the normaltissue has been analyzed in [8,9℄ and in [4℄: these models use a quite elementary representationof the tumour 
ell population but in
lude the di�usion and 
onsumption of the nutrient. Amathemati
al model for investigating the dynami
s of tumour 
ords under the in
uen
e of 
ellkilling agents was proposed in [6℄. The existen
e of a unique stationary state in the absen
e oftherapy was established, as well as the existen
e and uniqueness of the solution of the evolutiveproblem that arises when the a
tion of treatment is 
onsidered. The response to a single doseof radiation or anti
an
er drug was extensively investigated by numeri
al 
omputation of thesolutions [7℄.In the present paper we give a review of our work in modelling tumour 
ords. In se
tion2, the use of stru
tured 
ell population models to des
ribe the stationary state of a tumour
ord is outlined. The model developed to represent the time evolution of tumour 
ords asa 
onsequen
e of treatments [6℄ is des
ribed in se
tion 3. In this model, the 
ell populationis simply represented by the fra
tion of volume o

upied by the 
ells, but the role of oxygenin modulating 
ell proliferation and maintaining 
ell viability is in
luded. Results 
on
erningthe stationary state and the evolution following the treatment are reported in se
tions 4 and 5.Together with results already published, here we present a detailed analysis of experimental data
on
erning the tumour 
ords of the untreated hepatoma 3924A [28℄. This analysis is based on



4.the models of se
tions 2 and 3. Moreover, expli
it formulas that 
hara
terize the 
ord responseare given in the limit 
ase of impulsive 
ell killing, under further simplifying assumptions.2. The 
ell population stru
ture in a tumour 
ordIn a �rst attempt to model the 
ell population within a tumour 
ord, the population of prolifer-ating 
ells was stru
tured by age in order to represent the position of 
ells in the 
ell 
y
le andthus the di�erent 
y
le phases [3℄. We give here a brief des
ription of that model.It was assumed that the tumour 
ord has 
ylindri
al symmetry, r0 denoting the radius ofthe 
entral blood vessel, r the radial distan
e from the axis of the vessel, and �N the 
ordradius (see Fig. 1). Cords were 
onsidered to be surrounded by ne
rosis, so that �N identi�esthe 
ord=ne
rosis interfa
e. Experimental observations in untreated tumours suggest that theradius of the interfa
e between the 
ord and the ne
rosis is 
onstant with the time. Thus the
ord was assumed to have �N 
onstant, and the model was fo
ussed on the stationary state. Allthe variables des
ribing the 
ord were assumed to be independent of the axial 
oordinate.The population of viable tumour 
ells was 
onsidered as 
omposed by proliferating (
y
ling)
ells and quies
ent 
ells. The population of the 
y
ling 
ells is des
ribed by the 
ell densityn(a; r; t), n(a; r; t) da being the number of 
y
ling 
ells with age between a and a+da, in theunit volume, at position r and time t. For the quies
ent 
ells, nQ(r; t) gives the number ofquies
ent 
ells in the unit volume at position r and time t. Assuming that the 
ell populationis in a stationary state, the 
ell densities will be time-independent fun
tions. Cell motionwithin the 
ord was assumed to be radially dire
ted and was represented at the stationary stateby a single velo
ity �eld u(r) 
ommon to all the 
ells, independently of 
ell age and of theproliferating or quies
ent status. Thus, rearrangements among 
ell subpopulations due to 
ellmotions of di�usive type were ex
luded. The total 
ell density was assumed 
onstant, in view ofmeasurements of the number of 
ells in histologi
al se
tions of untreated tumour 
ords, pointingout that the 
ell density remains rather un
hanged from the inner to the outer regions of the
ord [27,28,29℄.The e�e
t of mi
roenvironment on 
ell 
y
le was represented by assuming that the di�erent
on
entrations of oxygen and/or nutrients, experien
ed by the 
ells as they move within the 
ord,a�e
t only the transition to quies
en
e. Sin
e, in a steady state 
ondition, the 
on
entrationpro�le of 
hemi
als will not 
hange with the time, the dependen
e of 
ell 
y
le parameters onsu
h 
on
entrations leads to a dependen
e of the parameters on the radial distan
e. Thus weassumed that a fra
tion �(r) 2 [0; 1℄ of the 
ells born at position r enters the 
y
le, and afra
tion 1��(r) will be
ome quies
ent. All proliferating 
ells were instead assumed to traversethe 
y
le in the same time T
, and thus we have 0� a� T
. In view of the observed de
reaseof the proliferation along the 
ord radius, the fra
tion � will be a nonin
reasing fun
tion of r.Moreover, the re
ruitment of quies
ent 
ells into the 
y
le was 
onsidered to be negligible in theuntreated 
ords. All 
ells die at r=�N , and the possible random 
ell death within the 
ord wasinitially negle
ted.A

ording to the assumptions previously stated, the 
onservation equations for the 
ell den-sities in the 
ord at the stationary state, n(a; r) and nQ(r), 
an be written as�n�a + 1r ��r (run) = 0 (1)n(0; r) = 2�(r)n(T
; r) (2)



5.1r ddr (runQ) = 2(1� �(r))n(T
; r) : (3)In Eqs. (2) and (3), n(T
; r) yields the rate of 
ell division in the unit volume at distan
e r.A rigorous determination of 
ell motion should take into a

ount the me
hani
al intera
tionsamong 
ells and with the extra
ellular 
uid [2,10,23℄. The study of the internal stresses and ofthe dynami
s of the interstitial 
uid 
an be 
ir
umvented, however, by the assumption that thetotal 
ell density is 
onstant along the radius. In this 
ase, the velo
ity �eld u 
an be easilyobtained. By integrating Eq. (1) with respe
t to age, and taking into a

ount (2) and (3), wehave that the total 
ell density nC(r)nC(r) = nP (r) + nQ(r) = Z T
0 n(a; r) da+ nQ(r) ; (4)where nP (r) is the density of proliferating 
ells at distan
e r, satis�es the equation1r ddr (runC) = n(T
; r) : (5)Assuming nC(r)=n?, the 
ell densities 
an be normalized to this 
onstant value. Let �(a; r)=n(a; r)=n? and fQ(r) = nQ(r)=n?. Sin
e there is no 
ell 
ux a
ross the vessel wall, and thusu(r0) = 0, from (5) it follows that ru(r) = Z rr0 r0�(T
; r0) dr0 : (6)We note that u is positive, unless �(a; r)�0, and thus the 
ells move towards the periphery andthe ne
roti
 region is 
ontinuously fed by 
ells that die when 
rossing the interfa
e �N . Takinginto a

ount Eq. (6), � and fQ will satisfy the following equations:���a + 1r ��r �Z rr0 r0�(T
; r0) dr0 � �� = 0 (7)�(0; r) = 2�(r)�(T
; r) (8)1r ddr �Z rr0 r0�(T
; r0) dr0 � fQ� = 2(1� �(r))�(T
; r): (9)The fun
tions fP (r)=R T
0 �(a; r) da and fQ(r) are the fra
tions of 
y
ling 
ells and, respe
tively,of quies
ent 
ells at position r.The existen
e and uniqueness of the solutions of equations (7)-(9) has been established byWebb [33℄. The 
ondition �(r0) > 1=2 is ne
essary to have a nonzero �(a; r) and appears tobe biologi
ally meaningful, sin
e it states that there exists a portion of the 
ord (at least 
loseto the vessel) in whi
h 
ell division originates a number of proliferating 
ells larger than thenumber of quies
ent 
ells.In the above model, the o

urren
e of 
ell death within the 
ord 
an also be 
onsidered. Asmall per
entage of dead 
ells (less than 10%) has been found indeed by Moore et al. [28℄.To a

ount for 
ell death we may introdu
e a subpopulation of dead 
ells, nN (r) being thenumber of dead 
ells per unit volume at distan
e r, and we assume that dead 
ells disappear bydisgregation a

ording to a rate 
onstant �N . The total 
ell density, nC(r), is now given by the



6.right-hand-side of Eq. (4) plus nN (r), and we still take the total 
ell density 
onstant and equalto n?. Thus, the 
onservation laws 
an be written as���a + 1r ��r (ru�) = ��P (a; r)�(a; r) (10)�(0; r) = 2�(r)�(T
; r) (11)1r ddr (rufQ) = 2(1� �(r))�(T
; r)� �Q(r)fQ(r) (12)1r ddr (rufN) = Z T
0 �P (a; r)�(a; r) da + �Q(r)fQ(r)� �NfN (r) ; (13)where fN(r)=nN (r)=n? is the fra
tion of dead 
ells at position r, and �P (a; r) and �Q(r) are thedeath rate 
onstants of proliferating and, respe
tively, quies
ent 
ells. By integrating Eq. (10)with respe
t to age, and then adding (12) and (13), we obtain for the velo
ity u the expressionru(r) = Z rr0 r0[�(T
; r0)� �NfN(r0)℄ dr0 : (14)Be
ause of the o

urren
e of 
ell death within the 
ord and the su

essive disappearan
e ofdead 
ells, the positivity of the velo
ity �eld up to �N , whi
h is a natural requirement in thestationary state of a 
ord surrounded by ne
rosis, is no longer guaranteed. Suitable 
onstraintshave so to be imposed on T
, �(r) and the loss rates.The assumption that the 
ell 
y
le time is not a�e
ted by 
hanges in the mi
roenvironment
an be relaxed by des
ribing the 
ell 
y
le in terms of 
ell maturity [30℄, i.e., in terms of theposition of the 
ell in the 
ell 
y
le. In [5℄, the 
y
le of tumour 
ells is des
ribed by a sequen
eof M dis
rete 
ompartments of 
ell maturity, so the proliferating 
ell population in the tumour
ord is represented by the fun
tions nk(r; t), k=1; � � � ;M , nk(r; t) being the number of 
ells inthe k-th 
ompartment in the unit volume at distan
e r and time t. Under the assumption thatthe number of 
ells in the unit volume is 
onstant, let fk(r)=nk(r)=n? be the fra
tion of 
ells inthe k-th 
ompartment of maturity at distan
e r in the stationary state. Assuming Poisson exitfrom ea
h 
ompartment, together with the possibility of 
ell arrest in a quies
ent status aftermitosis, the 
onservation equations 
an be written as1r ddr (ruf1) =2��MfM � �1f11r ddr (rufk) =�k�1fk�1 � �kfk ; k = 2; � � � ;M (15)1r ddr (rufQ) =2(1� �)�MfM ;where �k denotes the exit rate 
onstant from the k-th 
ompartment. From the assumption thatthe number of 
ells in the unit volume is 
onstant, for the velo
ity �eld we haveru(r) = Z rr0 r0�M (r0)fM (r0) dr0 : (16)As for the fra
tion �, also the exit rate 
onstants �k's may be fun
tions of r, thus making theprogression through the 
y
le dependent on the radial position of the 
ell. Be
ause of the de
ay



7.of oxygen and nutrient 
on
entrations as r in
reases, these rate 
onstants will be nonin
reasingwith r. We observe, however, that the sto
hasti
 model underlying the equations in (15) has anexponentially distributed residen
e time in ea
h maturity 
ompartment, so that Eqs.(15)-(16)des
ribe a population with 
ell-to-
ell variability of the 
y
le transit time even if the exit rates�k's are independent of r. Existen
e and uniqueness of the solutions of Eqs. (15)-(16) was provedin [5℄.The representation of the population by a 
ontinuous maturity has been 
onsidered by Dysonet al. [15℄. In that paper, the population of proliferating 
ells is des
ribed by a density n(x; r; t),x 2 [0; 1℄ being the 
ell maturity in the 
y
le, and the maturation rate is a fun
tion of 
ellmaturity and radial distan
e. Also in this model, aimed at the des
ription of the stationarystate, the 
ell velo
ity �eld has been determined by imposing that the number of 
ells per unitvolume does not 
hange with r. The existen
e and uniqueness of the steady-state solution hasbeen proved. We noti
e that the age-stru
tured model (1)-(3), in whi
h the 
ell 
y
le durationis 
onstant, 
an be rewritten in terms of maturity by de�ning x=a=T
 and taking the 
onstantmaturation rate 1=T
. In this way, it is a parti
ular 
ase of the model in [15℄.Instead of assuming that the number of 
ells per unit volume is 
onstant, we may supposethat the volume fra
tion o

upied lo
ally by the 
ells is 
onstant within the 
ord, whi
h alsoleads to the determination of the velo
ity �eld u(r). This volume fra
tion will be smaller thanone be
ause an extra
ellular spa
e, �lled by the extra
ellular matrix and liquids, is present inthe tissue. The 
ells have di�erent volumes a

ording to their position in the 
y
le or possiblyto their quies
en
e, so the mean 
ell volume may 
hange with r and a 
onstant lo
al 
ell volumefra
tion is not ne
essarily equivalent to a 
onstant 
ell density nC . Assuming the 
ell volumefra
tion 
onstant with r, has the physi
al meaning that the system is arranged a

ording to auniform \optimal" pa
king of 
ells. Let �C(r) denote the 
ell volume fra
tion at the stationarystate. In the simpler 
ase in whi
h there is no 
ell death within the 
ord we 
an express �C(r)in terms the age stru
tured model (1)-(3), obtaining�C(r) = Z T
0 v(a)n(a; r) da + v(0)nQ(r) (17)where v(a) is the volume of a proliferating 
ell of age a, with v(T
)=2v(0), and the volume ofquies
ent 
ells is assumed equal to v(0). The ratio �C(r)=nC(r) gives the mean 
ell volume atthe position r. By integrating with respe
t to age Eq. (1) multiplied by v(a), and adding Eq. (3)multiplied by v(0), the following equation for �C(r) 
an be written:1r ddr �ru�C� = Z T
0 dvdan(a; r) da : (18)If �C(r) is assumed to be 
onstant and equal to �?, from Eq. (18) it follows thatru(r) = 1�? Z rr0 r0 Z T
0 dvdan(a; r0) da dr0 (19)and, in the simple 
ase of v(a)=v0+(v0=T
)a,ru(r) = v0T
�? Z rr0 r0 Z T
0 n(a; r0) da dr0 : (20)



8.Equations (19) or (20) should now be substituted to Eq. (6) in Eqs. (1)-(3) in order to 
omputethe 
ell densities n(a; r) and nQ(r). These densities will be normalized to �?=v(0), i.e., to themaximal number of 
ells that 
an be 
ontained in the unit volume when the 
ell volume fra
tionis equal to �?. The expression of the 
ell volume fra
tion might also be obtained when the 
ellpopulation is stru
tured by maturity, by writing the 
ell volume as a fun
tion of 
ell maturity.Therefore, assuming �C(r) 
onstant, a new expression for the velo
ity �eld 
ould similarly bederived.We note that, if 
ell volume is linearly in
reasing with age, the mean 
ell volume of proliferating
ells is equal to v0(1+hai=T
), where hai is the mean 
ell age. It 
an be easily seen that themean 
ell volume in the 
ord will be always between v0 (all 
ells quies
ent) and v0= ln 2 (all
ell proliferating). Therefore, under the hypothesis of 
onstant number of 
ells per unit volume,�C(r) should de
rease with r, but the ratio between the 
ell volume fra
tions in the outer andthe inner region of the 
ord 
annot be smaller than ln2. These 
onsiderations suggest that theassumptions of 
onstant �C(r) or 
onstant nC(r) 
ould lead in many 
ases to similar results,despite the di�erent expressions of the velo
ity �eld.Models that in
orporate the 
ell 
y
le stru
ture are useful to analyze experimental data fromlabelling experiments designed to investigate how the 
ell proliferation 
hanges at di�erent dis-tan
es from the blood vessel [31,19,28℄. Examples of these analyses are reported in [3℄ and [5℄,where the 
urves of the labelling index and of the fra
tion of labelled mitoses at di�erent radialdistan
es were simulated by the proposed models and 
ompared to experimental data.However, the above models are not able to explain why the stationary radius of the 
ordattains a parti
ular value, or how the kineti
 parameters of the 
ell population 
hange with theradial distan
e. To this aim, it is ne
essary to 
onsider the transport within the 
ord of the
hemi
als (oxygen and=or nutrients) that are 
riti
al for 
ell viability and are related to 
ellproliferation.3. A model for the treatment-indu
ed evolution of tumour 
ordsin
luding oxygen transportA mathemati
al model aimed at des
ribing the evolution of a tumour 
ord following 
ytotoxi
treatments, and in
luding oxygen transport, was proposed by Bertuzzi et al. [6℄. In that model,the ideal 
ase of a regular array of tumour 
ords whi
h are parallel and identi
al is 
onsidered,so that the attention 
an be fo
ussed on one of them, by supposing that the 
ord is surroundedby a surfa
e whi
h, be
ause of symmetry, prevents any ex
hange of matter with the neighboring
ords. Be
ause of the 
omplexity of the dynami
al problem, a simpli�ed representation of the
ell population was 
hosen, disregarding the 
ell age and the stru
ture of 
ell 
y
le. Three
omponents in the 
ord and in the ne
roti
 region are distinguished: viable tumour 
ells, dead
ells and extra
ellular 
uid. Dead 
ells in the 
ord 
annot now be disregarded be
ause ofthe a
tion of treatment. Only the volume fra
tions o

upied lo
ally by these 
omponents are
onsidered: the fra
tions are denoted as �V , �N and, respe
tively, �E (with �V +�N+�E =1).In the 
ord it will be �V > 0, whereas in the surrounding ne
roti
 zone only dead 
ells andextra
ellular 
uid will be present and �V = 0. Viable 
ells, dead 
ells and extra
ellular 
uidare assumed to have equal mass densities. The treatment is supposed not to a�e
t the tumourvas
ulature.As in the models of the previous se
tion, 
ylindri
al symmetry is assumed, 
ell velo
ity isradially dire
ted and is the same for both living and dead 
ells, and all the variables des
ribingthe 
ell population, the 
ell velo
ity and the 
on
entrations of 
hemi
als are independent of the



9.

Fig. 1. Geometry of the tumour 
ord (symbols explained in the text).axial 
oordinate. The radius of the external boundary that isolates the 
ord will be denotedby B(t) (see Fig. 1). In addition, the following assumptions are made: (i) Oxygen is the onlyspe
ies of \nutrient" 
onsidered and we do not distinguish the intra
ellular from the extra
el-lular 
on
entration. We denote by �(r; t) the lo
al oxygen 
on
entration. The 
onsideration ofonly one spe
ies of nutrient is 
ommon to most of the mathemati
al models of tumour growth[17,24,1,12,14,10℄. (ii) We de�ne a rate of 
ell proliferation, �, su
h that ��V gives the rateof in
rement of the volume fra
tion of viable 
ells. This rate is a nonde
reasing fun
tion of �,�(�). More pre
isely, for � larger than a given threshold �P the 
ells are fully proliferating and�(�) = �0. Below �P , the progression through the 
ell 
y
le slows down and=or the fra
tionof quies
ent 
ells in
reases, so that �(�) is de
reasing. Below �Q (�Q < �P ) all 
ells be
omequies
ent and �(�)=0. If � in
reases over �Q, all 
ells resume instantaneously the proliferativestatus. (iii) Cells die if � falls to a 
riti
al low value �N (�N <�Q). In addition, random 
elldeath, either spontaneous and indu
ed by treatments, may o

ur within the 
ord. (iv) The rateof spontaneous 
ell death is a non-in
reasing fun
tion of �, �(�). (v) Dead 
ells are degraded toa 
uid waste at a rate �N within the 
ord and at a rate ~�N in the ne
roti
 region. These possiblydi�erent de
ay rates may be related with di�erent death me
hanisms (apoptosis vs. ne
rosis).We note that the 
hange of � with � (and thus its de
rease with r) in the model we aredis
ussing 
orresponds to the de
rease of � with r in model (1)-(3), and to the de
rease of thematuration rate with r in the maturity-stru
tured models des
ribed in the pre
eding se
tion.Similarly to the approa
h followed in the models des
ribed in se
tion 2, the 
ell velo
ity isdetermined on the basis of the assumption: (vi) the 
ell volume fra
tion �C=�V+�N is 
onstantboth in the 
ord and in the ne
roti
 region. This is now a severe simpli�
ation, sin
e (vi) isassumed to hold even in the presen
e of the perturbations generated by the treatment-indu
ed
ell death. However, it has a rather 
lear physi
al meaning: the system of 
ells keeps the samepa
king during any perturbation.We denote by P , T , and Q the regions of the 
ord in whi
h �= �0, 0<�<�0, and �= 0,respe
tively, and by N the ne
roti
 region. Also, we introdu
e for the spontaneous 
ell death



10.rate �(�) a threshold �� � �P , above whi
h �(�) = �0� 0, and let it be �0 >�0. We supposethat � is a known 
onstant �? > �P at the wall of the blood vessel. Thus there is an innerregion of the 
ord in whi
h both the proliferation and spontaneous death rates are 
onstant.The fun
tions �(�) and �(�) are pie
ewise 
ontinuously di�erentiable in [�N ; �?℄ with bounded�rst derivatives. In addition, �0(�)>0 for �2(�Q; �P ), and �0<0 only in some interval (���; ��)with ��> �����N .Denoting the 
ell velo
ity and the velo
ity of the extra
ellular 
uid by the ve
tors u and wrespe
tively, the mass balan
e for ea
h of the 
omponents in the region P [ T [Q leads to theequations ��V�t +r � (u �V ) = �(�)�V � [�(�) + �C(
; �) + �R(�; t)℄ �V ; (21)��N�t +r � (u �N ) = [�(�) + �C(
; �) + �R(�; t)℄ �V � �N�N ; (22)��E�t +r � (w �E) = ��(�)�V + �N�N : (23)In writing (21) we have supposed that the proliferation rate is independent of �E ; this is reason-able if �E does not be
ome too small. In Eqs. (21)-(22), �C(
; �) is the death rate indu
ed by a
hemi
al agent whose 
on
entration is 
(r; t), while �R(�; t) represents the a
tion of radiation.It is well known that the radiation e�e
t depends on the oxygen level, whereas the dependen
eon t not only a

ounts for the treatment s
hedule, but is also related to the fa
t that the 
ellkilling e�e
t persists for some time after the radiation pulse [11℄. Both �C and �R are assumedto be twi
e 
ontinuously di�erentiable, and �C(0; �) =�R(�; 0) = 0. In the ne
roti
 region thebalan
e equations redu
e to ��N�t +r � (u �N ) = �~�N�N ; (24)��E�t +r � (w �E) = ~�N�N : (25)Total mass 
onservation is obtained by 
onsidering that �V +�N+�E=1:r � [u(�V + �N ) +w�E ℄ = 0 ; (26)the latter equation emphasizing the presen
e of a divergen
e-free 
ompound velo
ity.It 
an be shown that oxygen transport is largely dominated by di�usion and that it is quasi-steady (i.e., it pro
eeds through equilibrium states) in the typi
al time s
ale of the pro
ess. Thisfa
t makes the 
uid velo
ity w disappear from the di�usion-
onsumption equation for oxygen,whi
h takes the form D�� = '(�)�V ; (27)where D is the di�usion 
oeÆ
ient ('2�10�5 
m2=se
) and oxygen 
onsumption is represented by'(�). A

ording to experimental observations [13℄, '(�) 
an be taken as a fun
tion of Mi
haelis-Menten type, whi
h 
an be di�erent in P and in Q, with a smooth interpolation in T . Moreover,'(�N )>0 has been assumed. Of 
ourse the right-hand side of (27) is equal to zero in N .We observe that equations (21)-(23) (or (24)-(25)) are not suÆ
ient to determine �V ; �N ;u;w,even if the �eld u is purely radial. However, from assumption (vi), �V+�N =�? is 
onstant andthus, introdu
ing the quantity �(r; t) = �V (r; t)�? ; � 2 [0; 1℄ ; (28)



11.from Eqs. (21), (22) and (24) we obtain1r ��r (ru) = ��(�)� � �N (1� �) in P [ T [Q�~�N in N : (29)Therefore, from (21) and (29) we have���t + u���r + ���(�) + �C(
; �) + �R(�; t) � (�(�) + �N )(1� �)� = 0 ; (30)where u(r; t) denotes juj. Using the boundary 
onditionu(r0; t) = 0 ; (31)we get the following equation for the velo
ity �eld:ru(r; t) = Z rr0 r0[(�(�) + �N )� � �N ℄ dr0 ; r0<r��N(t) : (32)Moreover, we 
an rewrite the equation (27) for � in the form�� = f(�)� ; (33)where f(�)='(�)�?=D, and the boundary 
ondition�(r0; t) = �? (34)will be imposed to (33). We remark that the 
omputation of the �eld w 
an be avoided owing tothe assumption (vi). The 
onsequen
e of relaxing (vi) is to bring the full 
uid dynami
s in themodel. Despite its great diÆ
ulty, the resulting problem is 
ertainly worth to be investigated.A 
ru
ial point is the determination of the 
ord=ne
rosis interfa
e r=�N (t). Ordinarily (forinstan
e in the equilibrium 
ondition when �C=�R=0) the ne
roti
 region is 
ontinuously fed(as already seen in se
tion 2), that is, the 
ells 
ross the interfa
e r= �N(t). In this 
ase, i.e.,when u(�N ; t)> _�N (t), the following free boundary 
onditions have to be imposed:�(�N (t); t) = �N (35)���r ����r=�N (t) = 0 : (36)By 
ontrast, there are situations in whi
h the interfa
e r=�N(t) de�ned by Eqs. (35) and (36)tends to a
quire a velo
ity larger than u(�N ; t). This happens when a sudden massive destru
tionof 
ells rapidly lowers oxygen 
onsumption. Clearly, a sign inversion of the di�eren
e u(�N ; t)�_�Nis not allowed, be
ause the ne
roti
 material 
annot be 
onverted to living 
ells, and thus thefollowing 
onstraint must be satis�ed u(�N (t); t) � _�N : (37)When, solving the un
onstrained problem, the inequality (37) is violated, we must 
hange thefree boundary 
onditions and let the interfa
e �N be
ome a material surfa
e, moving with thesame velo
ity of the 
ells. So, Eq. (35) is repla
ed by_�N = u(�N ; t) ; (38)



12.while (36) is still valid.Also the new free boundary problem is subje
ted to a 
onstraint. Indeed, the swit
h from(35), (36) to (38), (36) will make �(�N (t); t) raise above �N . However �(�N (t); t) may laterde
rease and tend to drop below �N . In view of assumption (iii) this event is also forbidden,and in fa
t it marks the ne
essity of returning to the previous free boundary 
onditions. So,while (35), (36) must respe
t the 
onstraint (37), the alternative formulation (38), (36) has tosatisfy the 
onstraint �(�N (t); t) � �N : (39)The presen
e of 
onstraints in the formulation of the model leads to a non-standard free boundaryproblem.Con
erning the motion of the outer boundary B(t) of the ne
roti
 region, sin
e this boundaryis a material surfa
e, we write _B = u(B; t) ; (40)where u(r; t) in the ne
roti
 region 
an be easily expressed taking into a

ount Eq. (29), obtainingru(r; t) = �N (t)u(�N (t); t)� (~�N=2)(r2 � �2N (t)) ; r > �N (t) : (41)Equation (40) requires an initial 
onditionB(0) = B0 ; (42)and the same is true for the equation for �(r; t), i.e., equation (30),�(r; 0) = �0(r) : (43)On the 
ontrary, �(r0; t) has not to be pres
ribed, be
ause r= r0 is a 
hara
teristi
 
urve for(30), owing to (31). A

ording to the ellipti
 nature of the equation for �, we are not allowedto pres
ribe �(r; 0), but there must be some 
ompatibility among �, � and B at t = 0. Themost natural 
hoi
e is to let the system evolve from the stationary solution 
orresponding to�C=�R=0. We will dis
uss the statement of the steady-state problem in the next se
tion.The 
on
entration of the 
ytotoxi
 
hemi
al, appearing in Eq. (30), evolves a

ording to atransport equation. Assuming that di�usion is the prevailing me
hanism, we obtain the followingdi�usion-rea
tion equation �
�t �DC�
 = �'C(
; �)�?� � �
 ; (44)with 
(r0; t) = 
?(t) ; (45)�
�r ����r=B(t) = 0 ; (46)
(r; 0) = 0 : (47)In Eq. (44), DC is the di�usion 
oeÆ
ient of the drug, 'C(
; �) represents the net rate of druguptake and metabolism by the tumour 
ells, and � represents a possible additional loss notrelated to tumour 
ells. The fun
tion 
? in (45) represents the pharma
okineti
s of the drug inthe tumour vas
ulature. The fun
tion 'C(
; �) is assumed 
ontinuously di�erentiable, in
reasingin 
 and vanishing for 
=0, and the fun
tion 
?(t) to be nonnegative, 
ontinuously di�erentiableand vanishing for t=0.



13.4. The untreated 
ord4.1. Properties of the stationary solutionDepending on the values of the model parameters, two 
ases are possible for the stationary state(with �C=�R=0) of the model des
ribed in se
tion 3: the ne
roti
 region 
an be present (CaseI) or not (Case II).The stationary problem in Case I 
onsists in determining the fun
tions �(r), �(r), u(r), with�2 [0; 1℄, and two 
onstants B and �N , B>�N , that satisfy�� = f(�)� ; r0 < r < �N ; (48)�(r0) = �? ; (49)�(�N ) = �N ; (50)d�dr ����r=�N = 0 ; (51)d�dr = � 1u [�(�)� (�(�) + �N )(1� �)℄� ; r0 < r < �N ; (52)ru(r) = �R rr0 r0[(�(�) + �N )� � �N ℄ dr0 ; r0 < r � �N�Nu(�N )� (~�N=2)(r2 � �2N ) ; �N < r � B ; (53)u(B) = 0 : (54)In Case II we drop the unknown �N , and the boundary r=B will limit a region �lled onlyby tumour tissue. Now Eqs. (48), (52) and the �rst in (53) must be satis�ed for r0 < r < B.Equations (49) and (54) are preserved, while (50) and (51) 
hange to�(r) > �N ; for r0 < r < B ; �(B) � �N (500)d�dr ����r=B = 0 : (510)Case II is expe
ted to o

ur when � and �N are suÆ
iently large, so that a substantial volumeof dead 
ells is removed so qui
kly that u vanishes before � rea
hes the threshold �N . Numeri
al
al
ulations 
on�rmed this 
onje
ture. In [6℄ it is proved the following:Theorem 4.1. Under the assumptions previously stated, the steady state problem has one andonly one solution, either exhibiting Case I or Case II.We give here only a sket
h of the basi
 idea of the proof. A "shooting" parameter �? has beenintrodu
ed, together with the 
orresponding family of auxiliary problems in whi
h the Cau
hydata are pres
ribed for Eq. (48), namely (51) andd�dr ����r=r0 = �? < 0 ; (55)disregarding for the moment the free boundary 
onditions. These solutions are put in threedi�erent 
lasses, a

ording to whi
h of the quantities �r; ���N ; u vanishes �rst. We denote



14.these 
lasses by �; �; 
 respe
tively. The monotone dependen
e of the solutions upon �? allowsto identify the solution of the original problem as the only separatrix between the sets �; � (CaseI) or 
; � (Case II).We note that Eq. (52) is degenerate at r0 be
ause u(r0)=0. Sin
e we have assumed that for���P both the proliferation and death rates are 
onstant, it is easy to see that the solution �is 
onstant and equal to �max = 1� �0�0 + �N (56)for r0<r<�P , �P being the radius su
h that �(�P )=�P . Taking into a

ount Eq. (56), it 
anbe found that the 
ondition �0 > �0 is ne
essary in order to have a positive velo
ity �eld. Itis easy to 
he
k indeed that �0��0 is the value of the right derivative of u at r0. Moreover,it 
an be proved [6℄ that the volume fra
tion � remains positive and de
reasing in the interval(�P ; �N ℄, unless ��0, in whi
h 
ase �(r)=1 in (r0; �N ℄.4.2. Assessment of model parameters from the hepatoma 3924A dataA rather 
omplete experimental investigation of tumour 
ords at the stationary state was givenby Moore et al. [28℄ for the hepatoma 3924A implanted in rats. In that paper, besides the mean
ord and vessel radii, the values of the labelling index (LI, the fra
tion of the number of 
ellsthat are in S phase), of the mitoti
 index (MI, fra
tion of 
ells in mitosis) and of the ne
roti
index (NI, fra
tion of dead 
ells) at in
reasing distan
es from the 
entral vessel, are reported.In [3℄, using the LI data and the durations of 
ell 
y
le phases given in [28℄, an estimation ofthe fun
tion �(r) of model (7)-(9) was obtained. Here we will exploit together all these data,to assess the values of some parameters of the model in se
tion 3 and the form of the fun
tions�(�) and �(�).The 
onsideration of a population model stru
tured in terms of a variable related to 
ell 
y
le,is required to relate the mitoti
 index to the proliferation rate �. Let us suppose that the 
ellpopulation is des
ribed by the model of Eqs. (1)-(3), negle
ting for the moment the presen
e ofdead 
ells sin
e the NI data show that, in the tumour 
ords studied, dead 
ells are in a verysmall per
entage. Equation (18) 
an be rewritten, using (17), as1r ddr �ru�C� = ��(r)�C(r) ; (57)where ��(r) = R T
0 (dv=da)n(a; r) daR T
0 v(a)n(a; r) da + v(0)nQ(r) (58)is the proliferation rate at the radial distan
e r. Assuming v(a)=v0+(v0=T
)a, Eq. (58) be
omes��(r) = 1T
 nP (r)nP (r) + nQ(r) + (1=T
) R T
0 an(a; r) da : (59)Taking into a

ount the boundary 
ondition (2), the age density n(a; r) 
an be approximatedby a linear pro�le with value 2�(r)n(T
; r) at a=0, and n(T
; r) at a=T
. Moreover, sin
e theduration TM of the mitoti
 phase is very short 
ompared to T
, for the mitoti
 index we 
anwrite MI(r) ' TM n(T
; r)nP (r) + nQ(r) : (60)
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entration in mmHg, length in�m, time in h): r0=20, �?=37, �P =16, �Q= �N =1, �0=0:25�10�3, �1=2:25�10�3 , ��=5,�N=0:02. Moreover: FP =0:016, FQ=FP =3, K�=4:32 [13℄.Using these approximations in Eq. (59), leads to the following expression for ��(r):��(r) ' 1 + 2�(r)2 MI(r)TM1 + T
 1 + �(r)3 MI(r)TM : (61)The fun
tion �(�) 
an thus be sear
hed in su
h a way that �(�(r)) gives a good approximationof ��(r).



16.Re
onsidering the LI and MI data in [28℄, and assuming TS = 9:3 h and TG2 = 3:7 h (thetransit times in the phases S and G2 of the 
ell 
y
le reported in [28℄), we obtained an improved�tting (see the LI in Fig. 2) with T
=24h (instead of 27:4 h as given in [28℄), TM =0:6 h, and�(r)=1=(1+9[(r�r0)=(�N�r0)℄2:5). The theoreti
al 
urves, LI(r) andMI(r) were 
omputed asLI(r) = Z TG1+TSTG1 �(a; r) da ; MI(r) = Z T
T
�TM �(a; r) da ; (62)where TG1= T
�TS�TG2�TM is the transit time in the G1 phase and �(a; r) is the solutionof Eqs. (7)-(9). Using these estimates of T
, TM and �(r), the experimental values of MI haveprovided the values of ��(r) re
onstru
ted by Eq. (61) and reported in Fig. 2 (upper right panel).Further, as in [3℄, the 
onsumption of oxygen was assumed to be des
ribed byf(�) = F (�) �K� + � ; F (�) =8>><>>:FP � 2 [�P ; �?℄FQ �P���P��Q + FP ���Q�P��Q � 2 [�Q; �P ℄FQ � 2 [�N ; �Q℄ (63)with the values of the parameters FP , FQ and K� derived from [13℄ and indi
ated in the legendof Fig. 2. The threshold �N was �xed at 1mmHg [18℄ and r0 to 20�m a

ording to the valuesmeasured in the 3924A tumour 
ords.Having thus �xed some of the model parameters, we tried to �t (by trial-and-error) the ��data by the fun
tion �(�(r)) and the NI data by 1��(r), and to predi
t the 
ord radius. Areasonable �tting was obtained with �(�) and �(�) of the form shown in Fig. 2 (lower rightpanel), that is: �(�) = 8>><>>: ln 2T
 5(� � �Q)=4� � �Q + (�P � �Q)=4 ; �Q � � � �Pln 2T
 ; �P � � (64)�(�) = 8<:�1� (�1��0) � � �N�� � �N ; �N � � � ���0; �� � � ; (65)and with the values of �?, �P , �Q, ��, �0, �1 and �N reported in the legend of Fig. 2. In usingthe fun
tion 1��(r) to �t the NI data, the mean volume of dead 
ells was impli
itly assumedequal to the mean volume of viable 
ells, whi
h is a good approximation in the 
ase of uniform
ell death. The above set of parameters gave �N equal to 140:06�m, whi
h is very 
lose to themean 
ord radius experimentally observed (141�m).It has to be noted, however, that the same steady-state triple (�(r); �(r); �N ) 
an be a
hievedwith an assigned �(�) and di�erent pairs (�(�); �N ). This fa
t is easily re
ognized in the limit
ase of �(�) and �(�) 
onstant. In this 
ase, re
alling Eq. (56), we 
an see that the same(
onstant) � 
an be a
hieved at the steady state by two pairs (�; �N ) and (�0; �0N ) su
h that�0�+ �0N = ��+ �N ;provided that �; �0 < �. Thus, the pair (�(�); �N ) 
annot be uniquely identi�ed on the basis of�� and NI data, that give independent information on � and �, and the value given to �N wasan a priori 
hoi
e.
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e of �? on the stationary 
ord radius �N0, for r0=10�m (squares), r0=20�m(white 
ir
les) and r0=40�m (bla
k 
ir
les).To 
on
lude this se
tion, we show how the predi
ted 
ord radius 
hanges when the vesselradius and the oxygen 
on
entration in blood are 
hanged, keeping the other parameters at thevalues previously found. In Fig. 3 we have reported �N 
omputed at in
reasing �? values withinthe physiologi
al range, for three di�erent r0 values. It 
an be noted that, although �? is morethan doubled, the stationary 
ord radius exhibits a markedly redu
ed variability.5. The evolution problem and the behaviour of the solutions5.1. The evolution problemTo des
ribe the response of the 
ord, supposed at the stationary state, to a 
ell killing agentdelivered at time t = 0, we have to 
onsider the evolution in time of the model des
ribed inse
tion 3. The evolution problem that arises was studied in [6℄, where the following theoremwas proved:Theorem 5.1. Under the assumptions stated in se
tion 3, a solution of the evolution problemexists globally in time.The solution was obtained as the limit of an approximating sequen
e 
onstru
ted step by stepthrough the pro
edure outlined in the following. The index 0 denotes the initial values. Fix atime T and divide it into n equal parts. In the �rst time step, �rst 
ompute the integral 
urvesof _� = u0(�) ; �(r̂; 0) = r̂ ; r̂ 2 [r0; B0℄ : (66)As a 
onsequen
e B(t)�B0.Next solve the problem for 
 in [r0; B0℄�[0; �℄; �=T=n, setting 'C=0. With this determinationof 
 integrateDu� = ����(�0) + �R(�0; t) + �C(
; �0)� (�(�0) + �N)(1 � ��0)� � ��H(t; 
; �0; ��0) (67)where ��0 is �0 evaluated at the point (�(r; t); 0) 
onne
ted to (r; t) by one of the 
urves (66), andDu denotes di�erentiation along su
h a line. Knowing �, we 
an solve the free boundary problem



18.for � with Cau
hy data �(~�N ; t) = �N and �r(~�N ; t)=0, determining � and the approximatedinterfa
e ~�N (t). Then :~�N must be 
ompared with u0(~�N (t)). If the 
omparison is satisfa
tory,we set �N = ~�N . With the knowledge of � and � the new velo
ity �eld 
an be 
omputed fort2 [0; �℄ using Eqs. (32) and (41). Then pro
eed to the se
ond time step, repla
ing Eq. (66) with_�(t) = u(�(t); t � �); t 2 (�; 2�) ; (68)
ontinuing the previous 
urves. The 
ontinuation of B(t) is found similarly.We go through the same points of the �rst step with the following linearizations: (i) in theproblem for 
, instead of 'C(
; �)� we use 'C(
�; ��)���, where 
�=
(r; t��), ��=�(r; t��), and��� is evaluated at the time t=� on the line (68) 
rossing the point (r; t); (ii) the r.h.s. of (67) isrepla
ed by ��H(t; 
; �� ; ���). On
e the problem for the pair (~�N ; �) has been solved using theinformation already available, :~�N must be 
ompared with u(~�N (t); t��). If the 
omparison issatisfa
tory, we pro
eed to updating the velo
ity �eld u(r; t); t2 [�; 2�℄.The pro
edure is 
arried out as des
ribed if the 
onstraint (37) on the velo
ity is never violated.If the 
onstraint is violated, one has to introdu
e the ne
essary 
hanges to swit
h to the newfree boundary 
onditions (36) and (38) on �N . However, it is not guaranteed that we 
an alwayspro
eed for a �nite interval before another swit
h be ne
essary. In other words, if the swit
heshave an a

umulation point, the 
onstru
tion of the approximated solution 
omes to a stop. ThisdiÆ
ulty is over
ome by introdu
ing, for ea
h n, a toleran
e for the 
onstraints whi
h tends tozero as n!1.The 
onvergen
e of this pro
edure was proved in [6℄ showing that the approximating sequen
eis 
ompa
t with respe
t to a suitable norm. The uniqueness of the solution was also proved, butan additional assumption that limits the norm of the derivative of f(�) was needed.5.2. The 
ord response to a single-dose treatmentThe numeri
al solution of the evolutive problem has been obtained by a s
heme that substantiallyimplements the 
onstru
tion of the approximate solutions seen above. In [7℄, the 
ord responseto a single-dose 
ell killing agent was investigated by simulations. Parti
ular attention wasgiven to the in
uen
e of oxygen 
on
entration in modulating the treatment-indu
ed 
ell death,by exploring also some extensions of the model formulation given in se
tion 3.We present here a simpli�ed 
ase, that however provides a prototype of the 
ord response, inwhi
h the rate of 
ell death indu
ed by treatment is a fun
tion, �(t), of time only. In this way wenegle
t the dependen
e of 
ell death on oxygen 
on
entration that is observed in radiotherapy,and the possible 
hanges of the 
ell death rate with the radial distan
e that, in the 
ase of
hemotherapy, are due to the transport of the drug. To des
ribe the delayed e�e
ts that followthe delivery of a single dose of radiation or drug at t=0, �(t) will have the form of a broadenedpulse. Although the delivery time 
an be very short (as in radiotherapy or when the drug isadministered as a bolus and its pharma
okineti
s is fast), 
ell death may 
ontinue indeed formany hours after delivery, sometimes even during the lifespan of the su

essive 
ell generations[11,25℄. In the simulations that follow, as a basi
 pattern of �(t), we assumed a trapezoidalshape of 12 h length, with a rising front lasting 2 h, a plateau of 8 h, and a des
ending frontlasting 2 h. �max will denote the plateau value. The other parameters of the simulation areindi
ated in the legend of Fig. 4.Figure 4 shows the response of the 
ord. As indi
ated by the time evolution of �(�N (t); t)(lower left panel), the 
ord boundary �N , whi
h is non-material at the stationary state (andin a right neighborhood of t= 0, sin
e �(t) grows 
ontinuously from zero), qui
kly turns into
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time (h)Fig. 4. Response of the tumour 
ord to a single-dose treatment. Geometri
al variables (upperpanel): �N , solid line; B, dashed; �Q, dotted; �P , dash-dotted; the 
ord regions P , T , Q and Nare also indi
ated. Oxygen 
on
entration at the 
ord boundary (lower left panel) and normalizedtotal fra
tion of viable 
ells (lower right panel). Parameter values (O2 
on
entration in mmHg,length in �m, time in h): r0=20, �?=35, �P =20, �Q=1:125, �N =1, �N =0:04, ~�N =0:01.Moreover, FP , FQ and K� as in Fig. 2; �(�) in
reasing as a Mi
haelis-Menten 
urve in (�Q; �P )from 0 to �0=ln2=T
, with T
=24, �(�)=0. Parameters of the treatment: �max=0:24 h�1.a material interfa
e and so it remains during all the regression phase. Then, the boundaryswit
hes again to be non-material at some stage of the regrowth phase, when the ne
roti
 regionis on
e again entered by new 
ells (this point is marked by a slope dis
ontinuity in �N (t)). Thesimulations point out that not only the 
onstraints (37) and (39) 
ome into play, but that theya
tually have a 
ru
ial role. The �gure also shows the time 
ourse of B, and of the radii �Pand �Q where the oxygen tension has the values �P and �Q respe
tively. We re
all that inthe region P between r0 and �P the proliferation rate is maximal, whereas between �Q and �N(region Q) all 
ells are quies
ent, with a transition region T in between. The time 
ourse of �P
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t on the 
ord radius of di�erent �(t) patterns. Patterns with the same area:k = 4 (dotted), k = 1 (solid), k = 0:5 (dashed). Patterns with redu
ed area: total length 24 h,�max=0:06 h�1 (small-dashed), �max=0:04 h�1 (dash-dotted). Other parameters as in Fig. 4,ex
ept �N=0:02 h�1.and �Q, together with that of �(�N ) in the lower left panel, reveals a substantial reoxygenationof the 
ord for a long period after the treatment. The lower right panel of Fig. 4 representsthe ratio between the total volume (per unit 
ord length) of viable 
ells and its value at t=0,that is R �N (t)r0 r�(r; t) dr= R �N0r0 r�(r; 0) dr, and shows the marked depletion of viable 
ells at theend of the time interval in whi
h �>0. Whereas the minimum of viable 
ell number o

urs atthat time, the minima of �N and B o

ur later, this fa
t being related to the non-instantaneousdegradation of dead 
ells. The predi
ted 
ord response, showing a regression followed by aregrowth, is in qualitative agreement with the experimental data reported in [32,26,27,16℄.Figure 5 shows the e�e
ts of treatments with di�erent �(t) patterns. First, we have 
onsideredpatterns with the same area and in
reasing sharpness, assuming �(t) = k ~�(kt) where ~�(t) hasthe trapezoidal shape des
ribed above. When the death rate approa
hes an impulse, the 
ordresponse appears to 
onverge to a limit behaviour. In response to low intensity treatments (withredu
ed areas), the 
ord shows, rather unexpe
tedly, a slight in
rement of its radius. A moderate
ell death with a small redu
tion in �, in fa
t, may be unable to produ
e the inversion of thevelo
ity at r=�N ; on the other hand, the redu
ed oxygen 
onsumption does allow 
ell viabilityat values of �N larger than the stationary value. During this 
ord expansion, of 
ourse, thetotal volume of viable 
ells initially de
reases and thus the density of viable 
ells in the 
ord isredu
ed.



21.5.3. The 
ord response to impulsive 
ell deathTo gain insight into the model behaviour in des
ribing the response to a single-dose treatment,and elu
idate the role of the major parameters, we 
onsider now the ideal 
ase in whi
h the rateof treatment-indu
ed 
ell death is a Dira
 delta fun
tion. In this 
ase, �R and �C are set tozero in Eq. (30) and the e�e
t of treatment is embodied in the new initial 
ondition�(r; 0+) = �(�0(r))�0(r) ; (69)where � is dependent in general on the oxygen 
on
entration and it is �(�)�1. Sin
e Eqs. (33)-(36) 
annot be satis�ed with � given by the initial 
ondition (69) and �N = �N0, it 
an bere
ognized that �N (t) will be a material interfa
e in a right neighborhood of t=0.We 
onsider the very simpli�ed situation in whi
h �=0 (so that �0(r)=1, see Eq. (56)), �(�)is independent of � and equal to �, and �(�)=�<1. The equation for � be
omes independentof � and is written as ���t + u���r = (�+ �N )(1 � �)� ; (70)�(r; 0) = � ; (71)with u given by Eq. (32). It is easy to see that a solution of Eqs. (70)-(71) is �(r; t)=y(t), y(t)being the solution of the logisti
 equation_y = (�+ �N )(1� y)y (72)y(0) = � : (73)This solution is the unique solution of Eqs. (70)-(71). In fa
t, let us 
onsider any possiblesolution, and 
onsider its values along the 
hara
teristi
 lines of (70). Writing the derivativealong the 
hara
teristi
 lines and taking into a

ount that the initial 
ondition is 
onstant withr, we 
an see that at any given time the value of � is the same on all the 
hara
teristi
 lines,and equal to y(t). Having found �, u(r; t) 
an be written expli
itly and, as long as the boundary�N (t) remains a material interfa
e, �N (t) also 
an be written expli
itly. Taking into a

ountthat Eqs. (32) and (38) give�N (t) _�N (t) = Z �N (t)r0 r0[(�+ �N )y(t)� �N ℄ dr0 (74)and that y(t) = �1� �� e�(�+�N )t + 1��1 ; (75)we obtain �2N (t)� r20�2N0 � r20 = �e�t + (1� �)e��N t : (76)The above equation shows that the 
ord 
an initially shrink or expand a

ording to the valueof �. In fa
t, a 
riti
al value exists �̂ = �N�+ �N ; (77)su
h that if �> �̂ it is _�N (0+)> 0, whereas if �< �̂ it is _�N (0+)< 0. When �< �̂, �N (t) willattain a minimum at tmin = 1�+ �N ln�1� �� �N� � ; (78)
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reasing until �(�N (t); t)=�N . The oxygen 
on
entration �(�N (t); t),whi
h is larger than �N at t= 0+, will indeed be de
reasing with time for t>tmin. To see this,we use the monotoni
ity property of � with respe
t to � and �N , reported in the Appendix.Sin
e ��=�� < 0 (see (A7)), and at t= 0+ �N is not 
hanged whereas � is de
reased, we have�(�N0; 0+)>�N . For t>0, taking into a

ount the dependen
e of �(r; t) on �(t) and �N (t), andthat �r(�N (t); t)=0, we 
an writeddt�(�N (t); t) = ���� _� + ����N _�N : (79)This quantity, also be
ause ��=��N < 0 (see (A16)), is negative when �N (t) is in
reasing.Moreover, the value �N will be rea
hed at a �nite time. In fa
t, let us suppose that �(r; t)>�N ,r2 [r0; �N ℄, for all t>0. The value of � at �N 
an be written as�(�N (t); t) = �? � y(t)Z �N (t)r0 rf(�(r; t)) log rr0 dr : (80)Taking into a

ount that f(�)>f(�N ) if �>�N , we obtain�(�N (t); t)� �? < �y(t)f(�N )Z �N (t)r0 r log rr0 dr= �y(t)f(�N)��2N (t)2 log �N (t)r0 � �2N (t)4 + r204 � : (81)Sin
e, a

ording to Eq. (76), �N (t) is in
reasing and unbounded for t large, Eq. (81) impliesthat �(�N (t); t)!�1 as t!1, that 
ontradi
ts the hypothesis. Thus, there will exist a �nitetime �t at whi
h �(�N (t); t) is equal to �N .At the time �t the 
ord radius is ne
essarily larger than �N0, sin
e �(r; �t )= y(�t )< 1, and theboundary swit
hes to be non-material. Thereafter the boundary will tend monotoni
ally to �N0as y(t)!1. Figure 6 shows �N (t) as predi
ted by Eq. (76), for � and � �xed and di�erent valuesof �N . As expe
ted, when �N is in
reased the shrinkage is more pronoun
ed and, if �N is largerthan �, the shrinkage is faster than the regrowth of the 
ord.



23.In the general 
ase in whi
h � depends on �, �0 being its maximal value, we 
an see that theevolution of the 
ord radius, �0N (t), given by Eq. (76) with �=�0, dominates the a
tual �N (t)(until both these boundaries are material). Let us 
onsider the quantitiesXV (t) = Z �N (t)r0 r�V (r; t) dr (82)XN (t) = Z �N (t)r0 r�N(r; t) dr ; (83)that is, the total volumes (divided by 2�, and per unit 
ord length) of viable 
ells and dead
ells, respe
tively. By integrating from r0 to �N Eqs. (21)-(22) multiplied by r, as long as �N (t)is a material boundary we have_XV (t) = Z �N (t)r0 r�(�(r; t))�V (r; t) dr � �0XV (t) (84)_XN (t) = ��NXN (t) : (85)Moreover, taking into a

ount Eq. (29), we get�N (t) _�N (t) = _XV (t) + _XN (t) : (86)Denoting by X0V (t) and X0N (t) the volumes de�ned by Eqs. (82)-(83) in the 
ase of �(�)=�0,it is easy to re
ognize that X0V (t)�XV (t) (be
ause _X0V =�0X0V and the initial 
onditions arethe same) and X0N (t)=XN (t). Thus it is�N _�N � �0XV � �NXN � �0X0V � �NX0N : (87)Sin
e the last expression in (87) gives �0N _�0N , we obtain �N (t)� �0N (t) for t� 0 and until both�N and �0N are material boundaries.As an example of how the approximation (78) behaves, we have 
onsidered the response tothe shortest �(t) in Fig. 5 (dotted line), and 
ompared the time of the minimum of the 
ordradius with the estimate given by Eq. (78). The value of � was set to the minimum of therelative volume of viable 
ells attained in the simulation (� = 0:097), � = �0 = 0:029 h�1 and�N = 0:02 h�1. The estimate was tmin = 37:9 h, whereas the value in Fig. 5 was 46:9 h. Asexpe
ted, be
ause the a
tual � is overestimated by �0, the approximated response is faster thanthe a
tual one, however the time of the maximal regression is estimated within a 20% error.



24.6. Con
luding remarksDeveloping mathemati
al models of proliferating 
ell populations with spatial stru
ture andsubje
ted to 
ell migration, involves the 
onsideration of many di�erent aspe
ts, from the biologyof 
ell 
y
le, to the me
hani
al intera
tions governing the 
ell motions, and to the transport ofnutrients.In this paper we have reviewed models of tumour 
ords in whi
h the 
ell population is des
ribedwith age or 
ell maturity stru
ture, or the 
ells are simply viewed as a 
omponent of a mixtureand the population is 
hara
terized in terms of the fra
tion of volume o

upied lo
ally by the
ells. By means of this simpler approa
h, and by in
luding in the model the oxygen and drugtransport, a reasonable des
ription of the response of tumour 
ords to single-dose treatmentswas a
hieved. A pe
uliar feature of this model is that the boundary between the 
ord and thene
roti
 region, during its evolution after the treatment, may swit
h from being a non-materialinterfa
e (de�ned as the radius at whi
h the oxygen 
on
entration attains a 
riti
al value) tobeing a material one, and vi
eversa.The 
onsideration of models that in
lude a representation of the 
ell 
y
le, besides allowingus the analysis of experimental data obtained by 
ell labelling with DNA pre
ursors, appears onthe other hand of importan
e for a better predi
tion of the e�e
t of radiation and drugs. It iswell known, in fa
t, that the a
tion of most agents shows a marked 
ell-
y
le phase spe
i�
ity.In su
h a way, the 
omplex pattern of 
ytostati
 and 
ell-killing e�e
ts that 
hara
terize the
ellular response to anti
an
er agents would be more 
ompletely addressed.A 
riti
al assumption of the models here dis
ussed is the invarian
e of the total 
ell numberin the unit volume, or of the volume fra
tion o

upied by the 
ells. This assumption leads, inthe adopted geometry, to a purely kinemati
 approa
h for the determination of the 
ell velo
ity�eld. Although this assumption appears to be reasonable in the untreated 
ord on the basis ofsome experimental observations, it is likely that the fra
tion of extra
ellular 
uid be subje
tedto 
hanges during treatments indu
ing 
ell death. If this assumption is relaxed, the momentumbalan
e must be 
onsidered both for the 
ells and the extra
ellular materials. This improvementin the modelling would provide a more realisti
 representation of the 
ord and tumour massevolution and we plan to deal with this point in the future.Appendix: Monotoni
ity properties of the oxygen 
on
entration pro�leLet us 
onsider the following problem, that de�nes the oxygen 
on
entration within the 
ord asa fun
tion of the radial distan
e: �� = f(�)� (A1)�(r0) = �? (A2)�r(�N ) = 0 ; (A3)in the 
ase in whi
h � is 
onstant with r. The solution will be dependent on � and �N , i.e. �=�(r; �; �N ).We 
onsider �rst the dependen
e of � on � (for �xed �N ). Let us denote !(r)= ��=��. Bydi�erentiating (A1)-(A3) with respe
t to �, we obtain!rr + 1r!r = f 0(�(r))!(r)� + f(�(r)) (A4)



25.!(r0) = 0 (A5)!r(�N ) = 0 : (A6)From (A4), for every r where !r=0, it follows that!rr < 0 if ! < � f(�)f 0(�)�!rr > 0 if ! > � f(�)f 0(�)� ;with �f(�)=(f 0(�)�)<0 and in
reasing with r. Thus !(r), for r>r0, 
an only be negative witha minimum larger than inf[�f(�)=(f 0(�)�)℄. Therefore� f(�?)f 0(�?)� < ���� < 0 ; r0 < r � �N : (A7)Con
erning now the dependen
e of � on �N (for �xed �), let us 
onsider the Cau
hy problemde�ned by Eqs. (A1)-(A2) and by �r(r0) = �? ; (A8)with �? su
h that the solution has a positive minimum. We 
an writer�r(r) = r0�? + � Z rr0 r0f(�(r0)) dr0 (A9)and �(r) = �? + r0�? log rr0 + � Z rr0 r0f(�(r0)) log r0r0 dr0 : (A10)Di�erentiating (A10) with respe
t to �?, we obtain the following linear integral equation in��=��? ����? = r0 log rr0 + � Z rr0 r0f 0(�(r0)) ����? log r0r0 dr0 ; (A11)so that, for r>r0, ����? > 0 : (A12)Di�erentiating (A9) with respe
t to �? we haver ��r��? = r0 + � Z rr0 r0f 0(�(r0)) ����? dr0 ; (A13)that implies, in view of (A12), ��r��? > 0 : (A14)Therefore, as �? in
reases, the radius �N =�N(�?) where �r=0 will de
rease, so that ��N=��?<0. Considering now the original problem (A1)-(A3), we 
an de�ne the fun
tion �?(�N ), whi
h



26.gives the value of �r(r0) as a fun
tion of �N . Sin
e this fun
tion is the inverse of the fun
tion�N (�?) de�ned by the problem (A1), (A2) and (A8), we have��?��N < 0 : (A15)Thus, in view of the inequalities (A12), (A14) and (A15), it follows����N < 0 ; r0 < r � �N (A16)��r��N < 0 ; r0 � r < �N : (A17)Referen
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