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Abstra
tIn this paper, the evolution of a tumour 
ord after treatment is investigated by extensive numer-i
al simulations on the basis of a mathemati
al model developed in Bertuzzi et al. (submitted).The model is formulated in 
ylindri
al symmetry adopting the 
ontinuum approa
h, and takesinto a

ount the in
uen
e of oxygen level on the proliferation and death rate of 
ells, the volumeredu
tion due to disgregation of dead 
ells, and the 
ell killing e�e
ts of radiation and drugs.Some extensions of the model are proposed to represent more a

urately the radioresistan
e ofhypoxi
 
ells and the 
ytotoxi
 a
tion of anti
an
er drugs. The steady state of the 
ord, andthe 
ord evolution from the steady state after the delivery of a single dose of an anti
an
eragent, are 
omputed for various 
ombinations of model parameters and for di�erent 
hoi
es ofthe fun
tions des
ribing the e�e
ts of treatments. The results of the numeri
al 
omputationsshow that, in spite of its many simpli�
ations, the model behaviour appears to be reasonable inview of the available experimental observations. The model allows having a better insight intosome 
omplex treatment-related events, su
h as 
ell reoxygenation and repopulation.Key words: Cell populations, tumour 
ord, response to treatment, free boundary problems.





3.1. Introdu
tionThe mi
roar
hite
ture of most solid tumours is very 
omplex, with regions of viable 
ells in-termingled with regions of ne
rosis, in relation to the irregular and poorly e�e
tive vas
ularnetwork that supplies the tumour. In some human and experimental tumours, however, it ispossible to observe tumour 
ells arranged in 
ylindri
al stru
tures around 
entral blood vesselsand surrounded by ne
rosis. These stru
tures are named tumour 
ords (Tanno
k, 1968; Hirstand Denekamp, 1979; Hirst et al., 1982; Moore et al., 1984; Moore et al., 1985; Falkvoll, 1990;Hirst et al., 1991). The mean thi
kness of the 
ords (i.e., the distan
e between the vessel walland the �rst layer of ne
roti
 
ells) has been reported to be 60 � 130�m in di�erent tumours,with mean radius of the 
entral vessel of 10� 40�m. Cell proliferation within the tumour 
ordindu
es migration of 
ells towards the periphery: 
ells are pushed by the growing and dividing
ells and eventually move into the ne
roti
 zone. A marked de
rease of 
ell proliferation within
reasing distan
e from the vessel has been eviden
ed by experiments using tritiated thymidineto label S-phase 
ells (Tanno
k, 1968; Hirst and Denekamp, 1979; Moore et al., 1984). Oxygenand/or nutrient deprivation in the 
ells remote from the 
entral vessel are likely to play a 
entralrole in the de
rease of proliferation rate within the 
ord and in the o

urren
e of ne
rosis. Cu�sof tumour 
ells around vessels of the host, surrounded by host tissue, have been also observedas a 
hara
teristi
 form of mi
rometastases (Folkman, 1995; Holmgren et al., 1995) and in theinitial growth of tumours that involves the 
ooption of host vessels (Holash et al., 1999). Theresponse of tumour 
ords to a single dose of radiation or drugs was investigated by Tanno
k andHowes (1973), Moore et al. (1980, 1983) and Falkvoll (1990). The general pattern of the responseshowed a regression of the 
ord radius followed by a regrowth phase towards the unperturbedvalue.A mathemati
al model that des
ribes the spatial distribution of the proliferating 
ells (rep-resented as an age-dependent 
ell population) and of the quies
ent 
ells in a tumour 
ord, hasbeen re
ently proposed (Bertuzzi and Gandol�, 2000; Webb, 2002). The authors studied thestationary state in the 
ase in whi
h the fra
tion of newborn 
ells that be
ome quies
ent is agiven fun
tion of the distan
e from the blood vessel. The possibility that the progression ratethrough 
ell 
y
le be dependent on the distan
e from vessels has been also investigated by rep-resenting the 
ell 
y
le as a sequen
e of maturity 
ompartments (Bertuzzi et al., 2002) or bymeans of 
ontinuous maturity (Dyson et al., in preparation). The growth of an isolated tumour
ord within the normal tissue has been analyzed by Bloor and Wilson (1997, 1999) and Bertuzziet al. (2000). All these models use a quite elementary representation of tumour and normaltissues and in
lude the di�usion and 
onsumption of the nutrient. Whereas the former models
onsider growth without ne
rosis formation, in the latter model ne
rosis formation is des
ribed.The longitudinal expansion of the 
ord has been modeled in Bloor and Wilson (1999).Mathemati
al models of the response of spheri
al tumours to anti
an
er drugs have beenre
ently developed by Ja
kson and Byrne (2000), Ja
kson (2002), and Ward and King (2003).A model of a fully developed system of tumour 
ords under the in
uen
e of 
ell killing agentswas proposed in Bertuzzi et al. (submitted). The existen
e of a unique stationary state in theabsen
e of therapy was established, as well as the existen
e and uniqueness of the solution ofthe evolutive problem that arises following the treatment. In the present paper some extensionsof the model are proposed, with the aim of representing more a

urately the radioresistan
e ofhypoxi
 
ells and the 
ytotoxi
 a
tion of anti
an
er drugs, and the behaviour of the model isextensively investigated by numeri
al 
omputation of the solutions. Parti
ular emphasis is puton the pivotal role of some pe
uliar features of the model and on how sensitive the solutions are
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Fig. 1. S
hemati
 geometry of the tumour 
ord (symbols explained in the text).to the main parameters 
hara
terizing the treatment. Some 
omparisons with experimental dataare in
luded. The model is des
ribed in se
tions 2 and 3 and the numeri
al results are presentedin se
tions 4 and 5. Appendix A illustrates some details of the 
omputational pro
edure.2. Main assumptionsLet us 
onsider an array of tumour 
ords inside a tumour mass, ea
h 
ord being separated fromothers by a region of ne
rosis. We 
on
entrate on a 
ord in the 
ore of the system, and wedes
ribe the 
ord as a 
ir
ular 
ylinder around a 
entral blood vessel, surrounded by a 
o-axial
ylindri
al region of ne
rosis whose outer boundary is supposed to prevent any ex
hange ofmatter with the neighboring 
ords. This latter assumption is justi�able by symmetry, viewingthe 
ord inside a regular array of parallel identi
al 
ords, a

ording to the Krogh model ofmi
ro
ir
ulation. We denote by r the radial distan
e from the axis, by r0 the radius of the
entral vessel, by �N (t) the 
ord radius, i.e. the interfa
e with the ne
roti
 region, and by B(t)the outer boundary of the ne
roti
 region (see Fig. 1).We will distinguish three 
omponents in the 
ord and in the ne
roti
 region: viable tumour
ells, dead 
ells and extra
ellular 
uid. We adopt a simpli�ed representation of the 
ell popula-tion by disregarding the 
ell age or the stru
ture of the 
ell 
y
le. Assuming that viable 
ells,dead 
ells and extra
ellular 
uid have equal mass densities, we only 
onsider the volume fra
-tions o

upied lo
ally by these 
omponents under the 
ontinuum hypothesis. These fra
tions aredenoted as �V , �N and, respe
tively, �E (with �V +�N+�E equal to one). In the 
ord it will be�V >0, whereas in the surrounding ne
roti
 zone only dead 
ells and extra
ellular 
uids will bepresent and �V =0. In this study only the 
ell killing e�e
ts of anti
an
er treatments are takeninto a

ount. We do not 
onsider indeed the 
ytostati
 e�e
ts, i.e. the indu
tion of reversibleblo
ks in the 
ell 
y
le of tumour 
ells. Moreover, we assume that the treatment does not a�e
tthe tumour vas
ulature, so that the model is restri
ted to represent rather mild treatments.



5.The main assumptions of the model are summarized as follows: (i) Cylindri
al symmetry isassumed, and all the variables des
ribing the 
ell population state, the 
ell velo
ity and the
on
entrations of 
hemi
als are independent of the axial 
oordinate. (ii) Cell velo
ity is radiallydire
ted. (iii) Oxygen is the only spe
ies of \nutrient" 
onsidered and we do not distinguishthe intra
ellular from the extra
ellular 
on
entration. We denote by �(r; t) the lo
al oxygen
on
entration. (iv) The rate of 
ell proliferation, �(�), is a nonde
reasing fun
tion of �. Morepre
isely, we assume that for � greater than a given threshold �P the 
ells are fully proliferatingand �(�) = �0. Below �P , the progression through 
ell 
y
le slows down and=or the fra
tionof quies
ent 
ells in
reases, so that �(�) is de
reasing. Below �Q (�Q < �P ) all 
ells be
omequies
ent and �(�)=0. If � in
reases over �Q, all 
ells resume instantaneously the proliferativestatus. (v) Cells die if � falls to a threshold value �N (�N < �Q). In addition, random 
elldeath, either spontaneous and indu
ed by treatments, may o

ur within the 
ord. (vi) The rateof spontaneous 
ell death, �(�), is a non-in
reasing fun
tion of �, �(�) 2 [�min; �max℄. (vii)Dead 
ells are degraded to a 
uid waste at a rate �N within the 
ord and at a rate ~�N in thene
roti
 region. This waste will be drained away by the 
ow of extra
ellular 
uid along the axialdire
tion of the 
ord.Con
erning the above assumptions, we note the following. The 
onsideration of only onespe
ies of nutrient is mainly due to simpli
ity reasons and it was also adopted in other math-emati
al models of tumour growth (Greenspan, 1972; M
Elwain and Ponzo, 1977; Adam andMaggelakis, 1990; Byrne and Chaplain 1995, 1996; Cui and Friedman, 2001; Breward et al.,2001, 2002). Negle
ting the longitudinal 
ell motion is a simpli�
ation that is justi�able awayfrom the ends of the 
ord. Moreover the greater importan
e of radial 
ell migration in tumour
ords has been suggested by Tanno
k (1968). The di�erent values of the degradation rates �Nand ~�N 
an re
e
t the di�erent modes of 
ell death, i.e. apoptosis within the 
ord versus ne
ro-sis when � falls to the death threshold. A slower degradation of ne
roti
 
ells with respe
t toapoptoti
 
ells has been eviden
ed (Majno and Joris, 1995; Darzynkiewi
z et al., 1997).To represent the 
ell motion, the dynami
s of the mixture of 
ells and extra
ellular 
uidsshould be des
ribed by writing the momentum balan
e and in
luding the intera
tions amongthe 
omponents (Ambrosi and Preziosi, 2002; Lubkin and Ja
kson, 2002; Breward et al., 2002).To avoid new assumptions ne
essary to express the stress tensor and to take full advantage of thesimpli�ed geometry, we make instead the further simplifying assumptions: (viii) The velo
ity ofthe 
ellular 
omponent is the same for both living and dead 
ells. This 
ommon velo
ity is givenby the s
alar �eld u(r; t). (ix) The volume fra
tion �E of extra
ellular 
uid is 
onstant in spa
eand time. In other words, it is assumed that both viable and dead 
ells possess a uniform spatialarrangement, whi
h is qui
kly re
overed after any perturbation 
aused by 
ell proliferation andliquefa
tion of dead 
ells. These assumptions will lead to a purely kinemati
 approa
h, as inour previous papers on this subje
t, and have also been adopted in papers on the growth ofavas
ular (Ward and King, 1997, 1999, 2003) and vas
ular tumours (Ja
kson and Byrne, 2000).



6.3. Model equationsOn the basis of the above assumptions, the 
onservation equations for the volume fra
tions ofviable and dead 
ells in r0<r<�N (t) 
an be written as follows:��V�t + div(u �V ) = �(�)�V � [�(�) + �R(�; t) + �C(
; �)℄ �V ; (1)��N�t + div(u �N ) = [�(�) + �R(�; t) + �C(
; �)℄ �V � �N�N : (2)In equations (1)-(2), �R is the death rate indu
ed by radiation and �C is the death rate indu
edby a drug, 
(r; t) being the 
on
entration of the 
ytotoxi
 
hemi
al. The dependen
e of �R ont takes into a

ount the s
hedule of radiation treatment and the delayed e�e
ts following thedelivery of a single dose, and the dependen
e on �(r; t) the di�erent radiosensitivity of hypoxi

ells. The dependen
e of �C on �(r; t) allows us to represent indire
tly the possible di�erentsensitivity to treatment of 
y
ling 
ells with respe
t to quies
ent 
ells (at low � values, indeed,a high fra
tion of quies
ent 
ells will be present). These death rates are assumed here to dependon the a
tual values of � and 
: we will see in se
tions 5.2 and 5.3 a generalization of thisassumption. In the ne
roti
 region, for r>�N (t), the balan
e equations redu
e to��N�t + div(u �N ) = �~�N�N : (3)Sin
e �V (r; t)+�N (r; t) is 
onstant in view of assumption (ix), by adding equations (1)-(2) andby (3) it is easy to obtaindivu = 1r ��r (ru) = ��(�)� � �N (1� �) r0<r<�N(t)�~�N �N (t)<r<B(t) ; (4)where �(r; t) is de�ned as �(r; t) = �V (r; t)=(1��E ) : (5)From Eq. (4) with u(r0; t) = 0 (there is in fa
t no 
ell 
ux a
ross the vessel wall), the velo
ity�eld is then obtained asru(r; t) = �R rr0 z [(�(�) + �N )� � �N ℄ dz r0<r��N (t)�Nu(�N ; t)� (~�N=2)(r2 � �2N ) �N (t)<r�B(t): (6)Taking into a

ount Eq. (4) and that div(�u) = �divu+u��=�r, from Eq. (1) the followingequation for � 
an be obtained���t + u���r = �(�(�) + �N)(1 � �)� �(�)� �R(�; t)� �C(
; �)�� ; r0<r<�N(t) : (7)Con
erning the equation for �, di�usion is by far the dominant transport me
hanism foroxygen and it o

urs in a quasi-stationary regime. Thus we have:�� = f(�)� ; (8)with the boundary 
onditions �(r0; t) = �? (9)



7.���r ����r=�N (t) = 0 ; (10)where f(�) is the ratio (times 1��E) between the 
onsumption rate per unit volume of viable
ells and the di�usion 
oeÆ
ient. At the inner boundary r=r0, i.e. at the vessel wall, we havefor simpli
ity pres
ribed the (
onstant) oxygen blood 
on
entration �?, although a more realisti

ux 
ondition might be imposed.Con
erning now the determination of the interfa
e r=�N (t), we note preliminarily that thefollowing inequalities must be satis�edu(�N (t); t)� _�N (t) � 0 (11)�(�N (t); t) � �N ; (12)sin
e the ne
roti
 material 
annot be 
onverted ba
k to living 
ells, and be
ause the assumption(v) forbids to have viable 
ells at � values smaller than �N . Thus, if the 
ells 
ross the interfa
e�N (t), that is if u(�N ; t)� _�N >0, the 
ord boundary is de�ned by the 
ondition�(�N (t); t) = �N ; (13)and the interfa
e is a non-material free boundary. Otherwise, the 
ord boundary be
omes amaterial free boundary de�ned by _�N = u(�N (t); t) : (14)The �rst 
ase o

urs, for instan
e, in the stationary state when �R = �C = 0. The swit
h tothe latter 
ase may happen when a sudden massive destru
tion of 
ells rapidly lowers oxygen
onsumption, and the interfa
e �N (t) de�ned by (13) tends to a
quire a velo
ity larger thanu(�N (t)). The new boundary is however subje
ted to the 
onstraint (12). If, during the 
ordevolution, �(�N (t); t) tends to drop below �N , one has to swit
h ba
k to the free boundary
ondition (13).The equation for �(r; t), Eq. (7), requires an initial 
ondition�(r; 0) = �0(r) ; (15)but not a boundary 
ondition for r = r0, be
ause u(r; t) vanishes for r = r0, nor for r= �N (t)sin
e �N (t) satis�es the inequality (11). A

ording to the ellipti
 nature of the equation for �,we are not allowed to pres
ribe �(r; 0), but there must be 
ompatibility between � and � att=0.The most natural 
hoi
e is to let the system evolve from the equilibrium solution 
orrespondingto �R = �C =0, thus we assume that at t=0, when the treatment starts, all the 
ords are atthe stationary state. We will des
ribe in the next se
tion the steady state of the system. Inthis state, a radius B0 exists where u=0 and, at this boundary, there is no ex
hange of 
ellularmaterial and oxygen with the external environment. During the treatment, the equation_B = u(B(t); t) ; B(0) = B0 (16)des
ribes the motion of the external boundary, B(t), of the ne
roti
 region. A

ording to ouridealized geometry, 2B represents the distan
e between the axes of adja
ent vessels in a regularhexagonal array of 
ords.



8. To des
ribe the e�e
ts of drug treatments, the model must be 
omplemented with the transportequation for 
. Also for the 
ytotoxi
 
hemi
al we do not distinguish the 
on
entrations insideand outside the 
ells, and we assume uniform di�usivity. Again, it 
an be assumed that thetransport is mainly di�usive, but we do not 
onsider the pro
ess as quasi-stationary be
ause thedrug 
on
entration in the blood vessel may undergo rapid 
hanges due to the administrationmodality and the pharma
okineti
s of the drug. Some drugs have indeed fast 
learan
e rates:for instan
e, 5-Fluoroura
il shows a half-life in plasma of about ten minutes (Joulia et al., 1997).Therefore we have for the 
on
entration 
(r; t) the following di�usion-absorption equation:�
�t �DC�
 = �'C(
; �)� � �
 ; (17)with 
(r0; t) = 
?(t) ; (18)�
�r ����r=B(t) = 0 ; (19)
(r; 0) = 0 ; (20)where: DC is the di�usion 
oeÆ
ient of the drug, 'C(
; �) represents the net rate of drug uptakeand metabolism by the tumour 
ells, and the rate 
onstant � represents an additional loss,possibly related to a natural de
ay of 
 (if the substan
e is 
hemi
ally unstable). The fun
tion
?(t) in (18) will represent the pharma
okineti
s of the drug in the tumour vas
ulature, whereas
ondition (19) is 
onsistent with the re
e
ting nature of the boundary B. The dependen
e of'C on 
 takes into a

ount the modality of uptake, whereas through the dependen
e on � itis possible to insert in the model the di�erent drug uptake by 
y
ling and quies
ent 
ells. Wenoti
e that the boundary 
ondition (18) 
ould be substituted by a 
ux 
ondition. In this way,the permeability of the vessel wall to drug would be expli
itly represented by an additionalmodel parameter.The model might be rewritten in a non-dimensional form by 
onsidering the following non-dimensional variables: t0 = tTd0 r0 = rr0u0 = Td0r0 u ; �0 = ��N ; 
0 = 
�
where Td0 = ln2=�0 is the doubling time of the 
ell population 
orresponding to the maximalproliferation rate, and �
 is a 
hara
teristi
 drug 
on
entration that 
an be 
hosen among theparameters des
ribing the a
tion of the drug (see se
tion 5.3). In our exposition however, ex
eptfor the drug 
on
entration, we will use the original variables for a more immediate referen
e tothe biologi
al meaning of the results.



9.4. The steady stateIn the absen
e of treatment, we may 
onsider the problem of the existen
e of a 
onstant 
ordradius �N0 and a time-independent solution �(r), �(r), u(r) that satisfyu���r = �(�(�) + �N )(1� �)� �(�)�� ; r0<r<�N0 ; (21)together with Eqs. (6), (8)-(10) and (13), with the requirement u(�N0)>0. For suitable values ofthe parameters, the existen
e and uniqueness of this stationary solution was proved in Bertuzziet al. (submitted). A ne
essary 
ondition for the existen
e of a �nite �N0 is f(�N)>0. If f(�N)were equal to zero, indeed, the problem (8), (10) and (13) for any �nite �N 
ould only havethe 
onstant solution �� �N . Sin
e u(�N0)> 0, a

ording to (6) there will exist a radius B0,B0>�N0, su
h that u(B0)=0.Equation (21) is degenerate at r0 be
ause u(r0)=0. We have then assumed �(�)=�min�0 for���P (with �P < �?) so that there exists an inner region of the 
ord in whi
h both proliferationand death rates are 
onstant. In this 
ase, it is easy to see that the solution � is 
onstant andequal to �max = 1� �min�0 + �N (22)for r0<r<�P , with the radius �P su
h that �(�P )=�P . Taking into a

ount Eq. (22), we 
annote that the 
ondition �0 >�min is ne
essary in order to have a positive velo
ity �eld. As amatter of fa
t, it 
an be 
he
ked that �0��min is the value of the right derivative of u at r0.Moreover, it 
an be proved that the volume fra
tion � remains positive and de
reasing in theinterval (�P ; �N ℄, unless ��0, in whi
h 
ase �(r)=1 in all the interval (r0; �N ℄.Depending on the values of parameters, a di�erent steady state may exist in whi
h the ne
roti
region is absent. In that 
ase u vanishes before � attains the death threshold �N , and B0 is de-�ned by u(B0)=0 and �r(B0)=0, while in general �(B0)>�N . This stationary state is expe
tedto o

ur when � and �N are suÆ
iently large, so that the dead 
ell mass is qui
kly removed.Numeri
al 
omputations (not shown) 
on�rm this 
onje
ture. A similar stationary steady stateappears to o

ur in the dormant mi
rometastases observed by Holmgren et al. (1995), in whi
hno ne
rosis is present.The numeri
al solution of the steady-state problem was 
omputed a

ording to the pro
eduredes
ribed in Appendix A1. In all the simulations presented in this and the following se
tions,the fun
tion f(�) has the form (Bertuzzi and Gandol�, 2000):f(�) =8>>>>><>>>>>:FP �K�+� � 2 [�P ; �?℄�FQ �P���P��Q+FP ���Q�P��Q � �K�+� � 2 [�Q; �P ℄FQ �K�+� � 2 [�N ; �Q℄ (23)where FP and FQ are the maximal O2 
onsumption rates of proliferating and quies
ent 
ells,respe
tively, and K� is a Mi
haelis-Menten 
onstant. The values of the parameters as well asthe de�nition of the fun
tion �(�) are spe
i�ed in the legend of Figure 2.Figure 2 shows examples of the stationary solutions for �, � and u obtained for di�erent
hoi
es of the fun
tion �(�). We note that, even in the 
ase of �(�) 
onstant, the viable 
ell
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e in
reases. In Fig. 2, the radial distan
e where u vanishes marks the value B0 of theexternal boundary B. At r = �N0, it is u > 0 and the 
ord boundary is thus a non-materialboundary. With the parameter values 
hosen, the stationary radius of the 
ord is in the rangeof the values experimentally observed. In this �gure, the extent of the spontaneous 
ell deathhas been in
reased for illustrative purposes: experimental data reported by Moore et al. (1984)show ne
roti
 fra
tions within the 
ord that do not ex
eed 10%.



11.5. The response to treatmentThe numeri
al solution of the evolutive problem that originates from the perturbation indu
edby treatment has been obtained assuming the stationary state as the initial 
ondition. Thenumeri
al pro
edure is brie
y des
ribed in the Appendix A2. We will organize our results intothree subse
tions: the basi
 features of the 
ord response, the in
orporation of radioresistan
ein the model, and the response to 
ytotoxi
 drugs.5.1. The basi
 responseWe start 
onsidering the simplest 
ase, that however provides a prototype of the 
ord response,in whi
h only the death rate �R is present, and this rate is a fun
tion �(t) of time only.To des
ribe the delayed e�e
ts that follow the delivery of a single dose of radiation at t=0,�(t) will have the form of a broadened pulse. Although the delivery time is very short (fewminutes), 
ell death may last indeed for many hours after irradiation, sometimes even duringthe lifespan of the su

essive 
ell generations (Bristow and Hill, 1998; Forrester et al., 1999).In the simulations here presented, we have assumed for �(t) a trapezoidal pattern with a risingfront lasting 2 h, a plateau until 10 h, and a des
ending front of variable length, T being thetotal duration of the pulse and �Rmax the plateau value. In all the following simulations, wehave taken �(�)=0.Figure 3 (upper panel) shows the geometri
al variables of the 
ord. As indi
ated by the timeevolution of �(�N (t); t) (lower left panel), the 
ord boundary �N , whi
h is non-material at thestationary state, qui
kly turns into a material interfa
e and so it remains during all the regressionphase, 
on�rming the 
ru
ial role of the 
onstraints (11)-(12) in the model. Then, the boundaryswit
hes again to be non-material during the regrowth phase with a slope dis
ontinuity. The�gure also shows the behaviour of B(t), and of the radii �P (t) and �Q(t) where the oxygentension has the values �P and �Q respe
tively. The time 
ourse of these latter radii, togetherwith that of �(�N ) in the lower left panel, reveals a substantial reoxygenation of the 
ord for along period after the treatment. We re
all that in the region between r0 and �P the proliferationrate is maximal, whereas between �Q and �N all 
ells are quies
ent. The lower right panel ofFig. 3 represents the ratio between the total volume (per unit 
ord length) of viable 
ells andits value at t= 0, that is R �N (t)r0 r�(r; t) dr= R �N0r0 r�(r; 0) dr. The strong in
rease of �R 
ausesa marked depletion of viable 
ells during the interval [0; T ℄. Whereas the minimum of viable
ell number o

urs at t=T , the minima of �N and B o

ur later, this fa
t being related to thenon-instantaneous degradation of dead 
ells.The e�e
t of 
hanges in the degradation rate of dead 
ells is shown in Fig. 4. As expe
tedfrom the expression of the 
ell velo
ity, the 
ord regression (and the regression of B) are morepronoun
ed when the degradation rates are in
reased. The o

urren
e time of the minimum of�N does not appear to be substantially 
hanged in this simulation, however a faster response
an be obtained by larger values of �N . Figure 5 shows the e�e
ts of treatments with di�erent�(t) patterns. First, we have 
onsidered patterns with the same area, from a very broadenedpulse to a sharp one. In parti
ular, we assumed �(t) = k ~�(kt) where ~�(t) has the trapezoidalshape previously des
ribed, with �Rmax = 0:24 h�1 and T = 12h. As we 
an see, when thedeath rate approa
hes an impulse, the 
ord response appears to 
onverge to a limit behaviourin whi
h the minimum of the regression is rea
hed after some irredu
ible time. Then, we have
onsidered patterns with redu
ed area: an unexpe
ted behaviour o

urs in response to lowintensity treatments, that lead to a slight in
rement of the 
ord radius. This response 
an
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 response: time 
ourse of the geometri
al variables of the 
ord (upper panel), ofthe oxygen 
on
entration at the 
ord boundary (lower left panel) and of the normalized totalfra
tion of viable 
ells (lower right panel). Model parameters as in Fig. 2, ex
ept �(�) = 0,�N=0:02, ~�N=0:01. Parameters of the treatment: �Rmax=0:24 h�1, T =12h.be explained by 
onsidering that a moderate 
ell death with a small redu
tion in � may beunable to produ
e the inversion of the velo
ity at r=�N ; on the other hand, the redu
ed oxygen
onsumption does allow 
ell viability at values of �N larger than the stationary value. Of 
ourse,as expe
ted, also in these 
ases the total volume of viable 
ells initially de
reases (not shown).An instan
e of moderate expansion of the 
ord radius after the treatment appears to o

ur indata reported by Moore et al. (1983).
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ord radius of 
hanges in �(t). Patterns with the same area: k = 0:25(dashed), k=1 (solid), k=4 (dotted). Pattern with redu
ed area: �Rmax=0:04 h�1, T =20h(dash-dotted). Other parameters as in Fig. 3.5.2. Radioresistan
eIt is well known that the e�e
ts of radiation are in
uen
ed by the oxygenation status of the 
ells:hypoxi
 
ells are less sensitive than well-oxygenated 
ells (see, e.g., Bristow and Hill, 1998).To a

ount for the dependen
e of the rate of 
ell death due to radiation on the oxygenationstatus, two extreme hypotheses may be 
onsidered: (I) The death rate at a 
ertain time t andradial distan
e r, that we denote as ~�R(r; t), depends on the oxygen 
on
entration at (r; t):~�R(r; t) = �R(�(r; t); t) : (24)



14.This hypothesis has been in
orporated in the formulation of the model as des
ribed in se
tion3. (II) The death rate of a 
ell, that at time t is at the radial distan
e r, depends on theoxygen 
on
entration that the 
ell or its an
estors had experien
ed at the time of delivery of theradiation pulse. In this 
ase we write:~�R(r; t) = �R(�(�(r; t); 0); t) ; (25)where �(r; t) is the initial position of a 
ell whi
h is in (r; t). Thus � is su
h that�(�(r; t); t)=r ; (26)�(r̂; t) being the traje
tory starting from r̂ at t=0 as de�ned by the following equation:_� = u(�; t) ; �(r̂; 0) = r̂ : (27)In the 
ase (II), the numeri
al solution of the 
orresponding evolutive problem 
an be obtainedby means of simple 
hanges in the s
heme des
ribed in the Appendix.We make the further assumption that, in both 
ases, the rate of 
ell death due to radiationis the produ
t of a fun
tion of time, �(t), and a fun
tion of �,  R(�). In view of the resultsobtained by Chapman et al. (1974) on survival 
urves, we have 
hosen R(�) = 13�1 + 2 � � �N2:0 + � � �N � ; (28)(with � expressed in mmHg) so that the radiosensitivity of a hypoxi
 
ell is around 1=3 theradiosensitivity of a well-oxygenated 
ell.The two hypotheses on the modality of radioresistan
e are 
ompared in Fig. 6. The upperpanel shows that the 
ord regression is less pronoun
ed in the 
ase (II), indi
ating a more e�e
tiveradioresistan
e. On the 
ontrary, under hypothesis (I), the rapid reoxygenation of 
ells makesthe 
ells sensitive to radiation (as long as � > 0) even at the 
ord periphery. This in
reasedsensitivity is 
on�rmed by the lower panel, that depi
ts the pro�les of � as a fun
tion of r atvarious times, showing the larger depletion of viable 
ells in the entire 
ord.The importan
e of modelling the dynami
s of oxygen 
on
entration, and of a

urately repre-senting the di�eren
es in radiosensitivity related to oxygenation, is highlighted by 
omparing thee�e
t of a single dose against two equal fra
tions delivered 24 h apart. Figure 7 shows this 
om-parison in terms of the fra
tion of total viable 
ells. More pre
isely, we have 
onsidered a deathrate �(t) (plots denoted by \a" in the �gure), and a death rate given by 0:5�(t)+0:5�(t � 24)(plots denoted by \b"). When the 
ell death rate is independent of oxygen 
on
entration, thedose splitting does not improve the response, as expe
ted in view of the 
ell repopulation thato

urs between the two pulses. On the 
ontrary, having assumed the radioresistan
e of hypoxi

ells (a

ording to modality II), the fra
tionated treatment produ
es an in
reased 
ell killing.In this 
ase, in fa
t, the se
ond pulse �nds the 
ell population in a markedly reoxygenated
ondition.We 
on
lude this subse
tion by showing the model �tting of two experimental responses of
ord radius to a single dose of radiation that are reported in the literature (Fig. 8). Thedata reported by Tanno
k and Howes (1973) refer to tumour 
ords in a C3H mouse mammaryadeno
ar
inoma implanted in mi
e (dose: 6 Gy), whereas the data in Moore et al. (1983) refer tothe rat Morris hepatoma 3924A implanted in rats (dose: 15 Gy). The radius of the 
entral vessel
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Fig. 6. Comparison between two di�erent modalities of oxygen-related radioresistan
e. Time
ourse of 
ord radius (upper panel); pro�les of � at the times indi
ated (lower panel). Modality(I), dotted lines; modality (II), solid lines. Other parameters as in Fig. 3.was set at the value of 20�m for the Morris hepatoma, as reported in Moore et al. (1983), andat 10�m for the C3H tumour a

ording to the value measured in a similar tumour (Tanno
k,1968). For obtaining a stationary 
ord radius equal to the experimental values in the untreated
ords, di�erent values of �? were assumed for the two tumours (see the legend of Fig. 8). Themodel �tting was obtained by a trial-and-error pro
edure, representing the radioresistan
e ofhypoxi
 
ells in both tumours a

ording to the modality II des
ribed above. The dynami
sof the response is markedly di�erent in the two 
ases, the response of the C3H tumour 
ordsbeing mu
h faster, so that the parameter values of the �tting 
urves were very di�erent. Inparti
ular, for the C3H tumour 
ord, we assumed: a short Td0 value (equal to 14 h, as reportedfor a similar tumour by Tanno
k (1968)), a rapid degradation of dead 
ells, and a pattern of�(t) with high intensity and a very short duration (�(t) in
reasing from 0 up to 4:5 h�1 at 0:5 h,then 
onstant up to 1 h, and �nally de
reasing to 0 at 1:5 h). For the 3924A 
ord, instead, it
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ord radius after a single dose of radiation and model predi
tions.Data replotted from Tanno
k and Howes (1973): 
losed squares. Parameter values (
on
entra-tion in mmHg, length in �m, time in h): r0=10, �?=19, �P =13, Td0=14, �N=0:166, �(t) asdes
ribed in the text. Data from Moore et al. (1983): 
losed 
ir
les (untreated 
ontrols, opensquares). Parameter values: r0=20, �?=35, �P =20, Td0=48, �N=0:015, �(t) as des
ribed inthe text. Other parameters as in Fig. 3 with �(�)=0.was ne
essary to assume a larger Td0 of 48 h, a slow degradation rate, and a very prolongedduration of �. Moreover, the pattern of � needed to have a long initial tra
t with low intensity(�(t) in
reasing from 0 to 0:04 h�1 at 36 h, then in
reasing from 0:04 h�1 to 0:24 h�1 at 44 h, and�nally de
reasing to 0 at 56 h): this initial delay 
ould be related to the o

urren
e of 
ell deathmainly in the generations su

essive to the irradiated generation (Forrester et al., 1999). Wenoti
e that the Td0 value used for this 
ord ex
eeds the experimental value of the 
ell 
y
le time



17.(27:4 h) reported in Moore et al. (1984). This dis
repan
y might be interpreted by 
onsideringthat the Td0 value used in our �tting might mimi
 the possible 
ytostati
 e�e
ts of the radiation.5.3. The response to 
ytotoxi
 drugsAnti
an
er drugs are known to produ
e a 
omplex pattern of e�e
ts on tumour 
ells (Boyer andTanno
k, 1998). In vitro experiments in whi
h tumour 
ells were exposed to drugs for a shortperiod, showed either blo
ks of 
ell 
y
le progression in di�erent 
ell 
y
le phases and 
ell death,both these e�e
ts extending far beyond the in
ubation time (Montalenti et al., 1998; Sena etal., 1999).Even when restri
ting to 
ytotoxi
 e�e
ts, it is not simple to assess the relation between drug
on
entration and 
ell death. We will assume that the 
ell death rate �C depends on the uptakeand metabolism (
onsumption) of drug by the 
ells, and that the e�e
ts of even in�nitesimal
onsumptions 
umulate linearly in time through a stationary weighting fun
tion H(�). H(�)is de�ned as the death rate indu
ed after a time interval � by the impulsive 
onsumption of aunit amount of drug in the unit volume. In addition, the dependen
e of the drug e�e
t on theproliferative status of the 
ell is indire
tly a

ounted for by a multipli
ative fa
tor whi
h is afun
tion of oxygen 
on
entration. For simpli
ity, we will disregard the possible dependen
e on� of the rate of drug 
onsumption 'C .Pro
eeding similarly as in the previous se
tion, we distinguish the 
ase in whi
h the 
ell deathat (r; t) depends on the oxygen 
on
entration at (r; t), from the 
ase in whi
h the e�e
t of thedrug taken up at a time that pre
edes t depends on the oxygen 
on
entration at that time. Thuswe 
an write in the �rst and, respe
tively, in the se
ond 
ase:~�C(r; t) = Z t0 H(t� �) C(�(r; t))'C (
̂(� ; r; t)) d� (29)~�C(r; t) = Z t0 H(t� �) C(�̂(� ; r; t))'C (
̂(� ; r; t)) d� ; (30)with �̂(� ; r; t) = �(�(�(r; t); �); �) (31)
̂(� ; r; t) = 
(�(�(r; t); �); �) ; (32)where  C(�) ( C(�)� 1) represents the redu
tion of the e�e
t in relation to the oxygenationlevel.In this paper, we will limit ourselves to 
onsider the 
ase in whi
h the impulsive responseH has a de
ay fast enough with respe
t to the dynami
s of drug 
on
entration. Under thisassumption, Eqs. (29) and (30) are well approximated by the expression~�C(r; t) = �C(
; �) = ��C C(�(r; t))'C (
(r; t)) (33)where ��C denotes the integral of H(t). Further, we assume'C(
) = �M 
KC + 
 ; (34)



18.

60

100

140

180

0 24 48 72 96 120 144 168

rh
on

 (
m

ic
ro

n)

time (h)

0

10

20

30

40

50

0 4 8 12 16

ad
im

en
si

on
al

 d
ru

g 
co

nc
en

tr
at

io
n

time (h)Fig. 9. Cord response to a single dose of 
ytotoxi
 drug. E�e
t of 
hanges in the drug di�usion
oeÆ
ient: �N (t) (upper panel) and non-dimensional drug 
on
entration 
0 at the boundary �N(lower panel). DC = 5�10�8 (dotted), DC = 2�10�7 (solid), DC = 8�10�7 
m2=s (dashed).�0M = 1:0 h�1, K 0C = 20 , C 0 = 50 , �1 = 3h, �2 = 0:15 h. Other parameters as in Fig. 3. In thelower panel 
?0(t) is also shown (dash-dotted).where �M is the maximal rate of 
ellular uptake and metabolism, and KC a Mi
haelis-Menten
onstant. The fun
tion  C(�) may be expressed as C(�) = 8>><>>:�1 � 2 [�P ; �?℄�2 + (�1 � �2) ���Q�P��Q � 2 [�Q; �P ℄�2 � 2 [�N ; �Q℄ (35)with �1,�2 � 1. Although most drugs are less e�e
tive on quies
ent 
ells (in this 
ase �1 = 1and �2<1), some re
ently developed drugs, su
h as tirapazamine (Brown and Siim, 1996), aresele
tively 
ytotoxi
 to hypoxi
 
ells (in this 
ase, �1<1 and �2=1).
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t of 
hanges in the maximal rate of drug 
onsumption. �0M =0:5 (dotted), �0M =1:0(solid), �0M=2:0 h�1 (dashed). Other parameters as in Fig. 9, with DC=2�10�7 
m2=s.Sin
e the spe
i�
 sensitivity, ��C , of tumour 
ells to a drug and the drug 
on
entration intumour vessels are diÆ
ult to assess, it is 
onvenient to introdu
e the non-dimensional drug
on
entration 
0=��C
. In this way, the di�usion-absorption equation (17) reads as follows:�
0�t �DC�
0 = ��0M 
0K 0C + 
0 � � �
0 ; (36)with 
0(r0; t) = 
?0(t) ; (37)�
0�r ����r=B(t) = 0 ; (38)
0(r; 0) = 0 ; (39)where �0M , K 0C , 
?0(t) denote, respe
tively, �M , KC , 
?(t) times ��C . Moreover, equations (33)and (34) give �C(
0; �) = �0M 
0K 0C + 
0 C(�(r; t)) : (40)In the simulations here presented, the time 
ourse 
?0(t) of the drug 
on
entration in a tu-mour vessel, following the inje
tion of a single dose, is represented as 
?0(t) = C 0[ exp(�t=�1)�exp(�t=�2)℄.We fo
ussed on the e�e
ts of 
hanges in the parameters DC , �0M and K 0C . To give a greateremphasis to these e�e
ts, we have taken �=0 and, initially,  C=1. Figure 9 depi
ts the responseof 
ord radius when the di�usion 
oeÆ
ient undergoes 
hanges from 5�10�8 to 8�10�7 
m2=s.These values appear to be reasonable for some 
ommonly used drugs: for instan
e, the di�usion
oeÆ
ient for tirapazamine is 7:0�10�7 
m2=s (Kyle and Min
hinton, 1999). The predi
tedresponses shown in the �gure are quite similar but, in this simulation, the de
rease of DCleads to a slight in
rease of 
ord regression. This fa
t 
an be explained by observing that theMi
haelis-Menten form of the death rate unfavours the higher but shorter 
on
entration peak
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t of 
hanges in the Mi
haelis-Menten 
onstant of drug 
onsumption: �N (t) (upperpanel) and normalized total fra
tion of viable 
ells (lower panel). K 0C =10 (dotted), K 0C = 20(solid), K 0C=30 . Other parameters as in Fig. 9, with DC=2�10�7 
m2=s.a
hieved with the higher values of DC (see the lower panel of the �gure, where 
?0(t) and thedrug 
on
entration at �N for the three values of DC are reported). Mu
h more marked 
hangeswere obtained by varying �0M and K 0C (see Figs. 10 and 11).Figure 12 
ompares the e�e
t of a redu
ed sensitivity of hypoxi
 (quies
ent or slowly prolif-erating) 
ells with the e�e
t of a redu
ed sensitivity of well-oxygenated (rapidly proliferating)
ells: the di�erent sensitivity patterns 
orrespond to di�erent values of �1 and �2 in  C(�).Although many fa
tors may in
uen
e these di�erent responses, the weaker response obtainedin the present example by sparing hypoxi
 
ells 
an be related to the greater initial fra
tion of
ells in the 
ord region (�Q; �N ) with respe
t to that in the region (r0; �P ).
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m2=s.6. Con
luding remarksThe model illustrated in the present paper, despite the numerous simplifying assumptions andidealizations, appears able to 
apture the main features of the 
ord response to single-dosetreatments, i.e. the regression of the 
ord radius followed by regrowth towards the size observedin the untreated tumour. The 
ontinous-medium approa
h here adopted was able to des
ribesubstantially the experimental data 
onsidered, even though the 
ell size is 
omparable in thetumour 
ords to the spatial s
ale.The simulations of the model have pointed out, in the regression phase of the 
ord, a timedelay of the minimum of the 
ord volume with respe
t to the minimum of the number of tumourviable 
ells. This fa
t emphasizes the di�eren
e between the response in terms of 
ell viabilityand in terms of tumour volume, and the role of fa
tors su
h as the degradation rate of dead 
ellsin a�e
ting the ma
ros
opi
 response of the tumour mass.A parti
ular and valuable feature of the model is the in
lusion of the oxygen 
on
entrationwithin the tumour 
ord as a model variable. This fa
t allowed to des
ribe the reoxygenationpro
ess of tumour 
ells that follows the treatment. Thus, of the four fa
tors that are 
ommonlyre
ognized as relevant in radiotherapy (the 4 R's: repair of damage, repopulation, reoxygenation,redistribution among the 
y
le phases after phase-spe
i�
 
ell death) the present model expli
itlya

ounts for two of them, i.e., 
ell repopulation and reoxygenation. Moreover, reoxygenation 
anbe related to the re
ruitment of 
ells from quies
en
e to proliferation, and thus 
an be relevantin predi
ting the e�e
ts of drugs.The response predi
ted by the model appears to be very sensitive to the mode of a
tion of the
ell killing agent, thus indi
ating that a more a

urate des
ription of these modalities is neededfor obtaining better predi
tions. To this end, a model of the 
ell population that in
ludes thestru
ture of the 
ell 
y
le might be required: in su
h a way, the 
omplex pattern of 
ytostati
 and
ell-killing e�e
ts that 
hara
terize the 
ellular response to radiation and drugs would be more
ompletely addressed. A �ner des
ription of the response would also require the 
onsiderationof the non-istantaneous transition from 
ell quies
en
e to proliferation that is observed after
hanges in 
ell mi
roenvironment. Moreover, the model 
ould be usefully re�ned by a more



22.detailed representation of fa
tors limiting the e�e
tive drug penetration in tumour tissues (Jain,1999; Tanno
k, 2001).A 
riti
al assumption of the present model is the invarian
e of the volume fra
tion o

upiedby viable and dead 
ells. Although this assumption appears to be reasonable in the untreated
ord on the basis of experimental observations (Moore et. al., 1983), it is likely that the fra
tionof extra
ellular 
uid be di�erent in the 
ord and in the ne
roti
 region and be subje
ted to
hanges during treatments indu
ing 
ell death. Relaxing this assumption leads to the ne
essityof 
onsidering the full dynami
s of the system, in
luding the 
ow of the interstitial 
uid and ofthe waste produ
ts. This improved model would provide both a more realisti
 representation of
ord and tumour mass evolution, and a more 
orre
t representation of the transport of drugsfor whi
h di�usion does not dominate 
onve
tion.Appendix A: Numeri
al methodsWe give here a short des
ription of the numeri
al pro
edure used to 
ompute the stationarysolution and the solution of the evolutive problem.A.1. Stationary solutionThe numeri
al solution of the steady-state problem was obtained through an iterative pro
edurewhose steps are des
ribed as follows:1) �(r), �N (and �P ) are initially determined assuming �(r)=�max, with �max given by Eq, (22),by means of a shooting pro
edure that adjusts �N to obtain �(r0)=�?. The radius �N is found bythe bise
tion method in the interval from r0 to a suitably assigned value. For ea
h 
urrent valueof �N , Eq. (8) is solved numeri
ally ba
kward from �N , imposing �(�N )=�N and �r(�N )=0.2) �(r) is obtained by integrating Eq. (21) by the Euler method, starting from �P and using the
urrent determination of �(r) and �N . In Eq. (21), u is given by Eq. (6) and is 
omputed bythe trapezoidal rule. � is 
omputed, after setting � to �N for r >�N , beyond �N and up to aradius rmax su
h that u(rmax)=", ">0 suitably small.3) �(r), �N (and �P ) are determined as in step 1), using the �(r) fun
tion found in the pre
edingstep. More pre
isely, the required �(r) values are 
omputed by linear interpolation of the valuesobtained in the pre
eding step. For the shooting, the bise
tion is performed in the interval[r0; rmax℄.The steps 2){3) are repeated until an a

eptable 
onvergen
e of the fun
tions �(r) and �(r) isa
hieved. With reasonable values of the parameters, 10-12 iterations were suÆ
ient to stabilizethe solution.A.2. Solution of the evolutive problemThe basi
 feature of the pro
edure is to 
ompute the viable 
ell fra
tion � along a pre�xed setof 
hara
teristi
 lines of Eq. (7). Let us denote by �(r̂; t) the 
hara
teristi
 line given by_� = u(�; t) ; �(r̂; 0) = r̂ : (A1)Let Æt be the time step, andM a given set of equispa
ed starting points r̂ in [r0; B0℄. Supposingto have the solution �, u, � and 
 at time t:



23.1) for ea
h r̂ in M, we 
ompute the 
hara
teristi
 line at t+Æt by the Euler formula using thevelo
ity u at time t; then we 
ompute the value of � at t+Æt along the line a

ording to Eq. (7)using the values �(�(r̂; t); t), 
(�(r̂; t); t) and �(�(r̂; t); t);2) the 
hara
teristi
 line passing through (�N (t); t) is also 
omputed at t+Æt. From this value,denoted as �r, the equation (8) for � is solved ba
kward on [r0; �r℄ with �(�r)=�N and �r(�r)=0.In this 
omputation the variable transformation x=log r is used. The transformation simpli�esthe Lapla
ian to a se
ond-order derivative (Smith, 1965), and in our problem assigns a �ner gridwhere the solution is more rapidly 
hanging. Let ��(r) be the solution. If :(a) ��(r0)��?, we sear
h the value �N (t+Æt) as the value su
h that the fun
tion �, satisfyingEq. (8) with �(�N ) = �N and �r(�N ) = 0 rea
hes �? at r = r0. Then we take the resultingfun
tion � as �(�; t+Æt);(b) ��(r0)<�?, we set �N (t+Æt) to �r and the fun
tion � at t+Æt is 
omputed by sear
hing thevalue of �(�r) that gives �? at r0, solving (8) ba
kward with �r(�r)=0;3) the velo
ity �eld at t+Æt is 
omputed on the basis of Eq. (6) at the points �(r̂; t+Æt) and at�N (t+Æt);4) 
 at t+Æt is 
omputed solving Eq. (17) with the boundary 
onditions (18)-(19) by the Crank-Ni
olson method.Sin
e the spatial grids for the variables �, � and 
 are di�erent (and are 
hanging with the time),suitable interpolations are performed to have these three variables at the same r values.We give here some further details on the appli
ation of the Crank-Ni
olson method (Smith,1965) to our problem. After the variable transformation x= log r and still using 
 to denote
on
entration as fun
tion of x, Eq. (17) 
an be rewritten as�
�t = e�2xDC �2
�x2 � 'C(
(x; t))�(x; t) � �
(x; t) : (A2)Let us divide the interval [log r0; logB(t+Æt)℄ in M equal parts, being Æx=(logB�log r0)=M .Let xi = log r0+(i�1)Æx, i = 1; � � � ;M +1, be the generi
 grid point. Moreover, we denote
i= 
(xi; t+Æt), 
̂i= 
(xi; t) and �i= �(xi; t+Æt), �̂i= �(xi; t), the 
̂i's and �̂i's being obtainedby linear interpolation from the values 
omputed on the grid at time t. Then we 
an write, fori=2; � � � ;M , 
i � 
̂iÆt = 12�e�2xiDC 
i+1 � 2
i + 
i�1Æx2 � 'C(
i)�i � �
i+e�2xiDC 
̂i+1 � 2
̂i + 
̂i�1Æx2 � 'C(
̂i)�̂i � �
̂i�: (A3)Sin
e 'C(
) is a nonlinear fun
tion, we perform the linearization:'C(
i) = 'C(
̂i) + d'Cd
 ����
̂i(
i � 
̂i) : (A4)Thus, after some algebra, we obtain the following system of linear equationsa2
2 + 
3 = b2 � 
?(t+ Æt)
i�1 + ai
i + 
i+1 = bi ; i = 3; � � � ;M � 1 (A5)
M�1 + (aM + 1)
M = bM ;where the ai's and bi's are known quantities and the boundary 
onditions (18) and (19) aretaken into a

ount. The diagonally dominant tridiagonal system (A5) is solved by the Gausselimination method, and 
M+1 is set equal to 
M .
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