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Abstract

In this paper, the evolution of a tumour cord after treatment is investigated by extensive numer-
ical simulations on the basis of a mathematical model developed in Bertuzzi et al. (submitted).
The model is formulated in cylindrical symmetry adopting the continuum approach, and takes
into account the influence of oxygen level on the proliferation and death rate of cells, the volume
reduction due to disgregation of dead cells, and the cell killing effects of radiation and drugs.
Some extensions of the model are proposed to represent more accurately the radioresistance of
hypoxic cells and the cytotoxic action of anticancer drugs. The steady state of the cord, and
the cord evolution from the steady state after the delivery of a single dose of an anticancer
agent, are computed for various combinations of model parameters and for different choices of
the functions describing the effects of treatments. The results of the numerical computations
show that, in spite of its many simplifications, the model behaviour appears to be reasonable in
view of the available experimental observations. The model allows having a better insight into
some complex treatment-related events, such as cell reoxygenation and repopulation.
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1. Introduction

The microarchitecture of most solid tumours is very complex, with regions of viable cells in-
termingled with regions of necrosis, in relation to the irregular and poorly effective vascular
network that supplies the tumour. In some human and experimental tumours, however, it is
possible to observe tumour cells arranged in cylindrical structures around central blood vessels
and surrounded by necrosis. These structures are named tumour cords (Tannock, 1968; Hirst
and Denekamp, 1979; Hirst et al., 1982; Moore et al., 1984; Moore et al., 1985; Falkvoll, 1990;
Hirst et al., 1991). The mean thickness of the cords (i.e., the distance between the vessel wall
and the first layer of necrotic cells) has been reported to be 60 — 130 ym in different tumours,
with mean radius of the central vessel of 10 — 40 um. Cell proliferation within the tumour cord
induces migration of cells towards the periphery: cells are pushed by the growing and dividing
cells and eventually move into the necrotic zone. A marked decrease of cell proliferation with
increasing distance from the vessel has been evidenced by experiments using tritiated thymidine
to label S-phase cells (Tannock, 1968; Hirst and Denekamp, 1979; Moore et al., 1984). Oxygen
and/or nutrient deprivation in the cells remote from the central vessel are likely to play a central
role in the decrease of proliferation rate within the cord and in the occurrence of necrosis. Cuffs
of tumour cells around vessels of the host, surrounded by host tissue, have been also observed
as a characteristic form of micrometastases (Folkman, 1995; Holmgren et al., 1995) and in the
initial growth of tumours that involves the cooption of host vessels (Holash et al., 1999). The
response of tumour cords to a single dose of radiation or drugs was investigated by Tannock and
Howes (1973), Moore et al. (1980, 1983) and Falkvoll (1990). The general pattern of the response
showed a regression of the cord radius followed by a regrowth phase towards the unperturbed
value.

A mathematical model that describes the spatial distribution of the proliferating cells (rep-
resented as an age-dependent cell population) and of the quiescent cells in a tumour cord, has
been recently proposed (Bertuzzi and Gandolfi, 2000; Webb, 2002). The authors studied the
stationary state in the case in which the fraction of newborn cells that become quiescent is a
given function of the distance from the blood vessel. The possibility that the progression rate
through cell cycle be dependent on the distance from vessels has been also investigated by rep-
resenting the cell cycle as a sequence of maturity compartments (Bertuzzi et al., 2002) or by
means of continuous maturity (Dyson et al., in preparation). The growth of an isolated tumour
cord within the normal tissue has been analyzed by Bloor and Wilson (1997, 1999) and Bertuzzi
et al. (2000). All these models use a quite elementary representation of tumour and normal
tissues and include the diffusion and consumption of the nutrient. Whereas the former models
consider growth without necrosis formation, in the latter model necrosis formation is described.
The longitudinal expansion of the cord has been modeled in Bloor and Wilson (1999).

Mathematical models of the response of spherical tumours to anticancer drugs have been
recently developed by Jackson and Byrne (2000), Jackson (2002), and Ward and King (2003).
A model of a fully developed system of tumour cords under the influence of cell killing agents
was proposed in Bertuzzi et al. (submitted). The existence of a unique stationary state in the
absence of therapy was established, as well as the existence and uniqueness of the solution of
the evolutive problem that arises following the treatment. In the present paper some extensions
of the model are proposed, with the aim of representing more accurately the radioresistance of
hypoxic cells and the cytotoxic action of anticancer drugs, and the behaviour of the model is
extensively investigated by numerical computation of the solutions. Particular emphasis is put
on the pivotal role of some peculiar features of the model and on how sensitive the solutions are



Fig. 1. Schematic geometry of the tumour cord (symbols explained in the text).

to the main parameters characterizing the treatment. Some comparisons with experimental data
are included. The model is described in sections 2 and 3 and the numerical results are presented
in sections 4 and 5. Appendix A illustrates some details of the computational procedure.

2. Main assumptions

Let us consider an array of tumour cords inside a tumour mass, each cord being separated from
others by a region of necrosis. We concentrate on a cord in the core of the system, and we
describe the cord as a circular cylinder around a central blood vessel, surrounded by a co-axial
cylindrical region of necrosis whose outer boundary is supposed to prevent any exchange of
matter with the neighboring cords. This latter assumption is justifiable by symmetry, viewing
the cord inside a regular array of parallel identical cords, according to the Krogh model of
microcirculation. We denote by r the radial distance from the axis, by r, the radius of the
central vessel, by p, (t) the cord radius, i.e. the interface with the necrotic region, and by B(t)
the outer boundary of the necrotic region (see Fig. 1).

We will distinguish three components in the cord and in the necrotic region: viable tumour
cells, dead cells and extracellular fluid. We adopt a simplified representation of the cell popula-
tion by disregarding the cell age or the structure of the cell cycle. Assuming that viable cells,
dead cells and extracellular fluid have equal mass densities, we only consider the volume frac-
tions occupied locally by these components under the continuum hypothesis. These fractions are
denoted as vy, vy and, respectively, v (with vy, +vy +vg equal to one). In the cord it will be
vy, >0, whereas in the surrounding necrotic zone only dead cells and extracellular fluids will be
present and vy, =0. In this study only the cell killing effects of anticancer treatments are taken
into account. We do not consider indeed the cytostatic effects, i.e. the induction of reversible
blocks in the cell cycle of tumour cells. Moreover, we assume that the treatment does not affect
the tumour vasculature, so that the model is restricted to represent rather mild treatments.



The main assumptions of the model are summarized as follows: (i) Cylindrical symmetry is
assumed, and all the variables describing the cell population state, the cell velocity and the
concentrations of chemicals are independent of the axial coordinate. (ii) Cell velocity is radially
directed. (i77) Oxygen is the only species of “nutrient” considered and we do not distinguish
the intracellular from the extracellular concentration. We denote by o(r,t) the local oxygen
concentration. (7v) The rate of cell proliferation, x (o), is a nondecreasing function of o. More
precisely, we assume that for o greater than a given threshold o, the cells are fully proliferating
and x(o) = x,. Below op, the progression through cell cycle slows down and/or the fraction
of quiescent cells increases, so that x(o) is decreasing. Below o, (0g < op) all cells become
quiescent and x(0)=0. If o increases over o, all cells resume instantaneously the proliferative
status. (v) Cells die if o falls to a threshold value oy (0 < 0g). In addition, random cell
death, either spontaneous and induced by treatments, may occur within the cord. (vi) The rate
of spontaneous cell death, p(0), is a non-increasing function of o, u() € [Lmins hmaz)- (Vi)
Dead cells are degraded to a fluid waste at a rate p, within the cord and at a rate ji, in the
necrotic region. This waste will be drained away by the flow of extracellular fluid along the axial
direction of the cord.

Concerning the above assumptions, we note the following. The consideration of only one
species of nutrient is mainly due to simplicity reasons and it was also adopted in other math-
ematical models of tumour growth (Greenspan, 1972; McElwain and Ponzo, 1977; Adam and
Maggelakis, 1990; Byrne and Chaplain 1995, 1996; Cui and Friedman, 2001; Breward et al.,
2001, 2002). Neglecting the longitudinal cell motion is a simplification that is justifiable away
from the ends of the cord. Moreover the greater importance of radial cell migration in tumour
cords has been suggested by Tannock (1968). The different values of the degradation rates p
and /i can reflect the different modes of cell death, i.e. apoptosis within the cord versus necro-
sis when o falls to the death threshold. A slower degradation of necrotic cells with respect to
apoptotic cells has been evidenced (Majno and Joris, 1995; Darzynkiewicz et al., 1997).

To represent the cell motion, the dynamics of the mixture of cells and extracellular fluids
should be described by writing the momentum balance and including the interactions among
the components (Ambrosi and Preziosi, 2002; Lubkin and Jackson, 2002; Breward et al., 2002).
To avoid new assumptions necessary to express the stress tensor and to take full advantage of the
simplified geometry, we make instead the further simplifying assumptions: (viii) The velocity of
the cellular component is the same for both living and dead cells. This common velocity is given
by the scalar field u(r,t). (iz) The volume fraction v of extracellular fluid is constant in space
and time. In other words, it is assumed that both viable and dead cells possess a uniform spatial
arrangement, which is quickly recovered after any perturbation caused by cell proliferation and
liquefaction of dead cells. These assumptions will lead to a purely kinematic approach, as in
our previous papers on this subject, and have also been adopted in papers on the growth of
avascular (Ward and King, 1997, 1999, 2003) and vascular tumours (Jackson and Byrne, 2000).



3. Model equations

On the basis of the above assumptions, the conservation equations for the volume fractions of
viable and dead cells in 7y <7 < p,(t) can be written as follows:

ot + div(uvy ) = x(0)vy — [plo) + pr(ot) + pele, o) vy, (1)
aay—év + div(uvy) = [1(0) + 1r(0,t) + pele,0)] vy = pyvy - (2)

In equations (1)-(2), pp is the death rate induced by radiation and p is the death rate induced
by a drug, c(r,t) being the concentration of the cytotoxic chemical. The dependence of yp on
t takes into account the schedule of radiation treatment and the delayed effects following the
delivery of a single dose, and the dependence on o(r,t) the different radiosensitivity of hypoxic
cells. The dependence of p on o(r,t) allows us to represent indirectly the possible different
sensitivity to treatment of cycling cells with respect to quiescent cells (at low o values, indeed,
a high fraction of quiescent cells will be present). These death rates are assumed here to depend
on the actual values of o and ¢: we will see in sections 5.2 and 5.3 a generalization of this
assumption. In the necrotic region, for > p, (), the balance equations reduce to

N 4 div(uvy) = vy (3)

Since vy, (r, t)+vy (1, t) is constant in view of assumption (iz), by adding equations (1)-(2) and
by (3) it is easy to obtain

{x(o)u iy (1=v) ry<r<pylt) W

divu L (ru)
VU =—— = N
0 —fiy () <r<B(t),

T or

where v(r,t) is defined as
v(r,t) = w(rt)/(1-vg). (5)

From Eq. (4) with u(ry,t) =0 (there is in fact no cell flux across the vessel wall), the velocity
field is then obtained as

ru(r,t) = {fTi’ 2[(x(0) + uy)v —pyldz mo<r<py(t) (6)
’ pyu(pyst) = (in/2)(r? = p%)  px(t) <r < B(1).

Taking into account Eq. (4) and that div(vu) =vdivu+udr/0r, from Eq. (1) the following
equation for v can be obtained

& 102l = [(x(0) + i) (1~ 1)~ 4l0) ~ 1) — pcleso)]v, ro<r<pylt). (7

Concerning the equation for o, diffusion is by far the dominant transport mechanism for
oxygen and it occurs in a quasi-stationary regime. Thus we have:

Ao = f(o)v, (8)

with the boundary conditions



oo
e =0, (10)

T=Pn (t)

where f(o) is the ratio (times 1—vj) between the consumption rate per unit volume of viable
cells and the diffusion coefficient. At the inner boundary r=r, i.e. at the vessel wall, we have
for simplicity prescribed the (constant) oxygen blood concentration o*, although a more realistic
flux condition might be imposed.

Concerning now the determination of the interface r =p,(¢), we note preliminarily that the
following inequalities must be satisfied

u(py (t),t) = py(t) 20 (11)

U(pN(t)at) Z ON > (12)

since the necrotic material cannot be converted back to living cells, and because the assumption
(v) forbids to have viable cells at o values smaller than o,. Thus, if the cells cross the interface
px(t), that is if u(py,t)—py >0, the cord boundary is defined by the condition

a(pn(t),t) = on, (13)

and the interface is a non-material free boundary. Otherwise, the cord boundary becomes a
material free boundary defined by

px = ulpy (£),1). (14)

The first case occurs, for instance, in the stationary state when pp = o =0. The switch to
the latter case may happen when a sudden massive destruction of cells rapidly lowers oxygen
consumption, and the interface p, (¢) defined by (13) tends to acquire a velocity larger than
u(py(t)). The new boundary is however subjected to the constraint (12). If, during the cord
evolution, o(py(t),t) tends to drop below o, one has to switch back to the free boundary
condition (13).

The equation for v(r,t), Eq. (7), requires an initial condition

v(r,0) = vy (r), (15)

but not a boundary condition for r =r;, because u(r,t) vanishes for r =r;, nor for r = p,(¢)
since py () satisfies the inequality (11). According to the elliptic nature of the equation for o,
we are not allowed to prescribe o(r,0), but there must be compatibility between v and o at
t=0.

The most natural choice is to let the system evolve from the equilibrium solution corresponding
to pp = pe =0, thus we assume that at ¢ =0, when the treatment starts, all the cords are at
the stationary state. We will describe in the next section the steady state of the system. In
this state, a radius B, exists where ©u=0 and, at this boundary, there is no exchange of cellular
material and oxygen with the external environment. During the treatment, the equation

B=u(B(t),t), B(0) =B, (16)

describes the motion of the external boundary, B(¢), of the necrotic region. According to our
idealized geometry, 2B represents the distance between the axes of adjacent vessels in a regular
hexagonal array of cords.



To describe the effects of drug treatments, the model must be complemented with the transport
equation for ¢. Also for the cytotoxic chemical we do not distinguish the concentrations inside
and outside the cells, and we assume uniform diffusivity. Again, it can be assumed that the
transport is mainly diffusive, but we do not consider the process as quasi-stationary because the
drug concentration in the blood vessel may undergo rapid changes due to the administration
modality and the pharmacokinetics of the drug. Some drugs have indeed fast clearance rates:
for instance, 5-Fluorouracil shows a half-life in plasma of about ten minutes (Joulia et al., 1997).
Therefore we have for the concentration c¢(r,t) the following diffusion-absorption equation:

% — DoAc = —pa(c,0)v — Ae, (17)
with
c(ro,t) = c* (1), (18)
el -y, (19)
or r=B(t)
c(r,0) =0, (20)

where: D, is the diffusion coefficient of the drug, ¢ (c, o) represents the net rate of drug uptake
and metabolism by the tumour cells, and the rate constant A\ represents an additional loss,
possibly related to a natural decay of ¢ (if the substance is chemically unstable). The function
c*(t) in (18) will represent the pharmacokinetics of the drug in the tumour vasculature, whereas
condition (19) is consistent with the reflecting nature of the boundary B. The dependence of
¢ on c takes into account the modality of uptake, whereas through the dependence on o it
is possible to insert in the model the different drug uptake by cycling and quiescent cells. We
notice that the boundary condition (18) could be substituted by a flux condition. In this way,
the permeability of the vessel wall to drug would be explicitly represented by an additional
model parameter.

The model might be rewritten in a non-dimensional form by considering the following non-
dimensional variables:

IS

Il

Q

Il

o

Il
eI Ne)

where T),) =In2/x, is the doubling time of the cell population corresponding to the maximal
proliferation rate, and ¢ is a characteristic drug concentration that can be chosen among the
parameters describing the action of the drug (see section 5.3). In our exposition however, except
for the drug concentration, we will use the original variables for a more immediate reference to
the biological meaning of the results.



4. The steady state

In the absence of treatment, we may consider the problem of the existence of a constant cord
radius p, and a time-independent solution o(r), v(r), u(r) that satisfy

wl = [(o) + )1~ 1)~ w(@)]v, 7o <r <oy, (21)

together with Eqs. (6), (8)-(10) and (13), with the requirement u(p ) >0. For suitable values of
the parameters, the existence and uniqueness of this stationary solution was proved in Bertuzzi
et al. (submitted). A necessary condition for the existence of a finite py is f(oy)>0. If f(oy)
were equal to zero, indeed, the problem (8), (10) and (13) for any finite p, could only have
the constant solution o =0, Since u(py,) >0, according to (6) there will exist a radius By,
By > pyo» such that u(B;)=0.

Equation (21) is degenerate at r because u(r,) =0. We have then assumed p(o) =p,,,;,, >0 for
o>o0p (with op < 0*) so that there exists an inner region of the cord in which both proliferation
and death rates are constant. In this case, it is easy to see that the solution v is constant and
equal to M

_ min
for ry <r < pp, with the radius pp such that o(pp)=0p. Taking into account Eq. (22), we can
note that the condition x, > u,,;, is necessary in order to have a positive velocity field. As a
matter of fact, it can be checked that x,—px,,;, is the value of the right derivative of u at r.
Moreover, it can be proved that the volume fraction v remains positive and decreasing in the
interval (pp, py], unless £ =0, in which case v(r)=1 in all the interval (ry, px]-

Depending on the values of parameters, a different steady state may exist in which the necrotic
region is absent. In that case u vanishes before o attains the death threshold oy, and By is de-
fined by u(B,) =0 and o,.(B,) =0, while in general o(B,) >o,. This stationary state is expected
to occur when p and py are sufficiently large, so that the dead cell mass is quickly removed.
Numerical computations (not shown) confirm this conjecture. A similar stationary steady state
appears to occur in the dormant micrometastases observed by Holmgren et al. (1995), in which
no necrosis is present.

The numerical solution of the steady-state problem was computed according to the procedure
described in Appendix Al. In all the simulations presented in this and the following sections,
the function f(o) has the form (Bertuzzi and Gandolfi, 2000):

o
FPKg—i—a 0 € [op,07]
Op—0O 0—0 o
! |F, 2P F @ €
1) QUP—UQ+ PUP—UQ K _+o o [UQ’UP] (23)
o
QK + o € [oy,00]

where Fp and F, are the maximal O, consumption rates of proliferating and quiescent cells,
respectively, and K is a Michaelis-Menten constant. The values of the parameters as well as
the definition of the function (o) are specified in the legend of Figure 2.

Figure 2 shows examples of the stationary solutions for o, v and v obtained for different
choices of the function p(c). We note that, even in the case of u(o) constant, the viable cell
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Fig. 2. Profiles of v(r) (upper left panel), u(r) (lower left) and o(r) (upper right) at the stationary
state, and profiles of the assumed x(o) and u(o) functions (lower right). Parameter values (O,
concentration in mmHg, length in pm, time in h): r; =20, 0* =35, 0p =20, oo=1.125, o =1,
pn = 0.03, fiyy =0.015. Moreover: Fp =0.016, Fp = Fp/3, K, =4.32 (Casciari et al., 1992);
x(0) increasing as a Michaelis-Menten curve in (0q,0p) from 0 to xo=In2/T,,, with T, =24
and x=Yx,/2 at 0=(505+0p)/6. Two different functions p(co) were considered: p(o) constant
and equal to 0.004 (solid lines); p(o) linearly decreasing from ,,,, =0.010 at o =0, down to
Pomin =0.005 at 0 =3 and then constant (dotted lines).

fraction is decreasing after pp because of the decreasing cell proliferation rate as the radial
distance increases. In Fig. 2, the radial distance where u vanishes marks the value B, of the
external boundary B. At r = py,, it is u > 0 and the cord boundary is thus a non-material
boundary. With the parameter values chosen, the stationary radius of the cord is in the range
of the values experimentally observed. In this figure, the extent of the spontaneous cell death
has been increased for illustrative purposes: experimental data reported by Moore et al. (1984)
show necrotic fractions within the cord that do not exceed 10%.
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5. The response to treatment

The numerical solution of the evolutive problem that originates from the perturbation induced
by treatment has been obtained assuming the stationary state as the initial condition. The
numerical procedure is briefly described in the Appendix A2. We will organize our results into
three subsections: the basic features of the cord response, the incorporation of radioresistance
in the model, and the response to cytotoxic drugs.

5.1. The basic response

We start considering the simplest case, that however provides a prototype of the cord response,
in which only the death rate s is present, and this rate is a function 5(t) of time only.

To describe the delayed effects that follow the delivery of a single dose of radiation at t =0,
B(t) will have the form of a broadened pulse. Although the delivery time is very short (few
minutes), cell death may last indeed for many hours after irradiation, sometimes even during
the lifespan of the successive cell generations (Bristow and Hill, 1998; Forrester et al., 1999).
In the simulations here presented, we have assumed for (¢) a trapezoidal pattern with a rising
front lasting 2 h, a plateau until 10 h, and a descending front of variable length, T being the
total duration of the pulse and pp,,. .. the plateau value. In all the following simulations, we
have taken p(o)=0.

Figure 3 (upper panel) shows the geometrical variables of the cord. As indicated by the time
evolution of o(py (),t) (lower left panel), the cord boundary p,, which is non-material at the
stationary state, quickly turns into a material interface and so it remains during all the regression
phase, confirming the crucial role of the constraints (11)-(12) in the model. Then, the boundary
switches again to be non-material during the regrowth phase with a slope discontinuity. The
figure also shows the behaviour of B(t), and of the radii pp(t) and pgy(t) where the oxygen
tension has the values op and o, respectively. The time course of these latter radii, together
with that of o(p, ) in the lower left panel, reveals a substantial reoxygenation of the cord for a
long period after the treatment. We recall that in the region between r;, and pp the proliferation
rate is maximal, whereas between pg and py all cells are quiescent. The lower right panel of
Fig. 3 represents the ratio between the total volume (per unit cord length) of viable cells and

its value at ¢ =0, that is prN(t) rv(r,t)dr/ [P¥° rv(r,0) dr. The strong increase of pp causes
0 0

a marked depletion of viable cells during the interval [0,7]. Whereas the minimum of viable
cell number occurs at t=7T', the minima of p, and B occur later, this fact being related to the
non-instantaneous degradation of dead cells.

The effect of changes in the degradation rate of dead cells is shown in Fig. 4. As expected
from the expression of the cell velocity, the cord regression (and the regression of B) are more
pronounced when the degradation rates are increased. The occurrence time of the minimum of
py does not appear to be substantially changed in this simulation, however a faster response
can be obtained by larger values of . Figure 5 shows the effects of treatments with different
B(t) patterns. First, we have considered patterns with the same area, from a very broadened
pulse to a sharp one. In particular, we assumed f(t) = kp (kt) where B (t) has the trapezoidal
shape previously described, with pp, . = 0.24h™! and T'=12h. As we can see, when the
death rate approaches an impulse, the cord response appears to converge to a limit behaviour
in which the minimum of the regression is reached after some irreducible time. Then, we have
considered patterns with reduced area: an unexpected behaviour occurs in response to low
intensity treatments, that lead to a slight increment of the cord radius. This response can
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Fig. 3. Basic response: time course of the geometrical variables of the cord (upper panel), of
the oxygen concentration at the cord boundary (lower left panel) and of the normalized total
fraction of viable cells (lower right panel). Model parameters as in Fig. 2, except u(o) =0,
py=0.02, iy =0.01. Parameters of the treatment: pp . =0.24h~! T=12h.

be explained by considering that a moderate cell death with a small reduction in ¥ may be
unable to produce the inversion of the velocity at r=py; on the other hand, the reduced oxygen
consumption does allow cell viability at values of p, larger than the stationary value. Of course,
as expected, also in these cases the total volume of viable cells initially decreases (not shown).
An instance of moderate expansion of the cord radius after the treatment appears to occur in
data reported by Moore et al. (1983).
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Fig. 4. Effect of changes in the degradation rate of dead cells: p,(¢) (solid lines), B(t) (dashed
lines). (a) pu=0.04, iy =0.02; (b) pn=0.01, i, =0.005. Other parameters as in Fig. 3.
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Fig. 5. Effect on the cord radius of changes in §(t). Patterns with the same area: k= 0.25
(dashed), k=1 (solid), k=4 (dotted). Pattern with reduced area: ug,,,, =0.04h™1, T=20h

(dash-dotted). Other parameters as in Fig. 3.

5.2. Radioresistance

It is well known that the effects of radiation are influenced by the oxygenation status of the cells:
hypoxic cells are less sensitive than well-oxygenated cells (see, e.g., Bristow and Hill, 1998).

To account for the dependence of the rate of cell death due to radiation on the oxygenation
status, two extreme hypotheses may be considered: (I) The death rate at a certain time ¢ and
radial distance r, that we denote as fi(r,t), depends on the oxygen concentration at (r,¢):

fir(rst) = pg(o(r,t),t). (24)
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This hypothesis has been incorporated in the formulation of the model as described in section
3. (II) The death rate of a cell, that at time ¢ is at the radial distance r, depends on the
oxygen concentration that the cell or its ancestors had experienced at the time of delivery of the
radiation pulse. In this case we write:

ﬁR(Tv t) = NR(O-(C(Tv t)v 0)7 t) ’ (25)

where ((r,t) is the initial position of a cell which is in (r,¢). Thus ( is such that

77(((7" t),t):’)" ) (26)

n(7,t) being the trajectory starting from 7 at t=0 as defined by the following equation:

n= U(ﬁa t) ) 77(727 0) =7. (27)

In the case (II), the numerical solution of the corresponding evolutive problem can be obtained
by means of simple changes in the scheme described in the Appendix.

We make the further assumption that, in both cases, the rate of cell death due to radiation
is the product of a function of time, 3(t), and a function of o, ¢¥5(c). In view of the results
obtained by Chapman et al. (1974) on survival curves, we have chosen

1 o—0
Yr(o) = 3 (1 + 2ﬁ> ; (28)

(with o expressed in mmHg) so that the radiosensitivity of a hypoxic cell is around 1/3 the
radiosensitivity of a well-oxygenated cell.

The two hypotheses on the modality of radioresistance are compared in Fig. 6. The upper
panel shows that the cord regression is less pronounced in the case (IT), indicating a more effective
radioresistance. On the contrary, under hypothesis (I), the rapid reoxygenation of cells makes
the cells sensitive to radiation (as long as § > 0) even at the cord periphery. This increased
sensitivity is confirmed by the lower panel, that depicts the profiles of v as a function of r at
various times, showing the larger depletion of viable cells in the entire cord.

The importance of modelling the dynamics of oxygen concentration, and of accurately repre-
senting the differences in radiosensitivity related to oxygenation, is highlighted by comparing the
effect of a single dose against two equal fractions delivered 24 h apart. Figure 7 shows this com-
parison in terms of the fraction of total viable cells. More precisely, we have considered a death
rate (t) (plots denoted by “a” in the figure), and a death rate given by 0.55(t)+0.58(¢t — 24)
(plots denoted by “b”). When the cell death rate is independent of oxygen concentration, the
dose splitting does not improve the response, as expected in view of the cell repopulation that
occurs between the two pulses. On the contrary, having assumed the radioresistance of hypoxic
cells (according to modality II), the fractionated treatment produces an increased cell killing.
In this case, in fact, the second pulse finds the cell population in a markedly reoxygenated
condition.

We conclude this subsection by showing the model fitting of two experimental responses of
cord radius to a single dose of radiation that are reported in the literature (Fig. 8). The
data reported by Tannock and Howes (1973) refer to tumour cords in a C3H mouse mammary
adenocarcinoma implanted in mice (dose: 6 Gy), whereas the data in Moore et al. (1983) refer to
the rat Morris hepatoma 3924A implanted in rats (dose: 15 Gy). The radius of the central vessel
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Fig. 6. Comparison between two different modalities of oxygen-related radioresistance. Time
course of cord radius (upper panel); profiles of v at the times indicated (lower panel). Modality
(I), dotted lines; modality (II), solid lines. Other parameters as in Fig. 3.

was set at the value of 20 ym for the Morris hepatoma, as reported in Moore et al. (1983), and
at 10 pm for the C3H tumour according to the value measured in a similar tumour (Tannock,
1968). For obtaining a stationary cord radius equal to the experimental values in the untreated
cords, different values of o* were assumed for the two tumours (see the legend of Fig. 8). The
model fitting was obtained by a trial-and-error procedure, representing the radioresistance of
hypoxic cells in both tumours according to the modality II described above. The dynamics
of the response is markedly different in the two cases, the response of the C3H tumour cords
being much faster, so that the parameter values of the fitting curves were very different. In
particular, for the C3H tumour cord, we assumed: a short T, value (equal to 14 h, as reported
for a similar tumour by Tannock (1968)), a rapid degradation of dead cells, and a pattern of
B(t) with high intensity and a very short duration (3(¢) increasing from 0 up to 4.5h=! at 0.5h,
then constant up to 1h, and finally decreasing to 0 at 1.5h). For the 3924A cord, instead, it
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Fig. 7. Total viable cells after a single dose (a) or a two-fractions treatment (b). Cell death
rate independent of O, concentration (dashed lines); death rate dependent on O, concentration

(solid lines). Single pulse: pip,,,, =0.72h™! T'=12h; the two pulses have half intensity and
start 24 h apart. Other parameters as in Fig. 3.
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Fig. 8. Experimental data of cord radius after a single dose of radiation and model predictions.
Data replotted from Tannock and Howes (1973): closed squares. Parameter values (concentra-
tion in mmHg, length in pm, time in h): ry =10, 0* =19, 0p =13, T, =14, p,y =0.166, 5(t) as
described in the text. Data from Moore et al. (1983): closed circles (untreated controls, open

squares). Parameter values: r, =20, o* =35, 0p =20, T;,=48, pun =0.015, 3(t) as described in
the text. Other parameters as in Fig. 3 with u(o)=0.

was necessary to assume a larger T, of 48 h, a slow degradation rate, and a very prolonged
duration of 3. Moreover, the pattern of 8 needed to have a long initial tract with low intensity
(B(t) increasing from 0 to 0.04 h~! at 36 h, then increasing from 0.04h~! to 0.24h~! at 44 h, and
finally decreasing to 0 at 56 h): this initial delay could be related to the occurrence of cell death
mainly in the generations successive to the irradiated generation (Forrester et al., 1999). We
notice that the T, value used for this cord exceeds the experimental value of the cell cycle time
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(27.4h) reported in Moore et al. (1984). This discrepancy might be interpreted by considering
that the T}, value used in our fitting might mimic the possible cytostatic effects of the radiation.

5.3. The response to cytotozic drugs

Anticancer drugs are known to produce a complex pattern of effects on tumour cells (Boyer and
Tannock, 1998). In vitro experiments in which tumour cells were exposed to drugs for a short
period, showed either blocks of cell cycle progression in different cell cycle phases and cell death,
both these effects extending far beyond the incubation time (Montalenti et al., 1998; Sena et
al., 1999).

Even when restricting to cytotoxic effects, it is not simple to assess the relation between drug
concentration and cell death. We will assume that the cell death rate p depends on the uptake
and metabolism (consumption) of drug by the cells, and that the effects of even infinitesimal
consumptions cumulate linearly in time through a stationary weighting function H (). H(6)
is defined as the death rate induced after a time interval # by the impulsive consumption of a
unit amount of drug in the unit volume. In addition, the dependence of the drug effect on the
proliferative status of the cell is indirectly accounted for by a multiplicative factor which is a
function of oxygen concentration. For simplicity, we will disregard the possible dependence on
o of the rate of drug consumption ¢ .

Proceeding similarly as in the previous section, we distinguish the case in which the cell death
at (r,t) depends on the oxygen concentration at (r,t), from the case in which the effect of the
drug taken up at a time that precedes ¢ depends on the oxygen concentration at that time. Thus
we can write in the first and, respectively, in the second case:

fic(r,t) 2/0 H(t = 7)pg(o(r,t))ec(e(r;r, b)) dr (29)
fic(r,t) :/0 H(t = 1)¢c(6(rsr,t)) oo (é(T;m 1)) dT | (30)
with
o(r;mt) = o(n(C(r,t),7),7) (31)
é(T; Ty t) = C(U(C(Tv t)v T)a T) ) (32)

where 9(0) (¢o(0) <1) represents the reduction of the effect in relation to the oxygenation
level.

In this paper, we will limit ourselves to consider the case in which the impulsive response
H has a decay fast enough with respect to the dynamics of drug concentration. Under this
assumption, Eqgs. (29) and (30) are well approximated by the expression

fic(rt) = po(c,0) = g (o(r;t))pe(c(r; b)) (33)
where fi~ denotes the integral of H(¢). Further, we assume

C
pclc) = (I)Mﬁ ) (34)
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Fig. 9. Cord response to a single dose of cytotoxic drug. Effect of changes in the drug diffusion
coefficient: py () (upper panel) and non-dimensional drug concentration ¢’ at the boundary py
(lower panel). D, =5x10"8 (dotted), Dy =2x10"7 (solid), Dy =8 x 107" cm?/s (dashed).
o, =1.0h"t, K,=20, C'"=50, 1, =3h, 7, =0.15h. Other parameters as in Fig. 3. In the
lower panel ¢*'(t) is also shown (dash-dotted).

where ®,, is the maximal rate of cellular uptake and metabolism, and K a Michaelis-Menten
constant. The function ¢ (o) may be expressed as

a; o€ lop,o*]
o—0g
Yolo) =< o+ (o —ay) o € log,0p] (35)
op—0g
Qy o €loy,00]

with aq,a5 <1. Although most drugs are less effective on quiescent cells (in this case a; =1
and a, < 1), some recently developed drugs, such as tirapazamine (Brown and Siim, 1996), are
selectively cytotoxic to hypoxic cells (in this case, ay <1 and a,=1).
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Fig. 10. Effect of changes in the maximal rate of drug consumption. ®,,=0.5 (dotted), ®,,=1.0
(solid), ®,=2.0h~! (dashed). Other parameters as in Fig. 9, with D,=2x10"" cm?/s.

Since the specific sensitivity, fi, of tumour cells to a drug and the drug concentration in
tumour vessels are difficult to assess, it is convenient to introduce the non-dimensional drug
concentration ¢’ =fi~c. In this way, the diffusion-absorption equation (17) reads as follows:

oc' c

E — DCAC, = —Qg\dmy — )\C,, (36)
with
d(rg,t) = (t), (37)
a /
= =0, (38)
or r=B(t)

C,(Ta 0) =0 ) (39)

where @', K[, ¢*'(t) denote, respectively, ®,,, K, c¢*(t) times fi,. Moreover, equations (33)
and (34) give

Cl

(¢, 0) = uu g oo 0). (40)
In the simulations here presented, the time course ¢*'(t) of the drug concentration in a tu-
mour vessel, following the injection of a single dose, is represented as ¢*'(t) = C'[exp(—t/7y)—
exp(—t/7,)]

We focussed on the effects of changes in the parameters D, ®), and K. To give a greater
emphasis to these effects, we have taken A=0 and, initially, 1, =1. Figure 9 depicts the response
of cord radius when the diffusion coefficient undergoes changes from 5x 1078 to 8x10~7 cm?/s.
These values appear to be reasonable for some commonly used drugs: for instance, the diffusion
coefficient for tirapazamine is 7.0 x 1077 ¢cm?/s (Kyle and Minchinton, 1999). The predicted
responses shown in the figure are quite similar but, in this simulation, the decrease of D,
leads to a slight increase of cord regression. This fact can be explained by observing that the

Michaelis-Menten form of the death rate unfavours the higher but shorter concentration peak
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Fig. 11. Effect of changes in the Michaelis-Menten constant of drug consumption: p (t) (upper
panel) and normalized total fraction of viable cells (lower panel). K =10 (dotted), K =20
(solid), K;=30. Other parameters as in Fig. 9, with D, =2x10"" cm?/s.

achieved with the higher values of D, (see the lower panel of the figure, where ¢*'(¢) and the
drug concentration at p, for the three values of D are reported). Much more marked changes
were obtained by varying @/, and K, (see Figs. 10 and 11).

Figure 12 compares the effect of a reduced sensitivity of hypoxic (quiescent or slowly prolif-
erating) cells with the effect of a reduced sensitivity of well-oxygenated (rapidly proliferating)
cells: the different sensitivity patterns correspond to different values of a; and a, in (o).
Although many factors may influence these different responses, the weaker response obtained
in the present example by sparing hypoxic cells can be related to the greater initial fraction of
cells in the cord region (pg, py) With respect to that in the region (ry, pp).
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Fig. 12. Comparison among different sensitivities of cells to oxygen level. «; = a, (solid);
a; =1, ay = 0.2 (dotted); a; = 0.2, ay =1 (dashed). Other parameters as in Fig. 9, with
Dy=2x10""cm?/s.

6. Concluding remarks

The model illustrated in the present paper, despite the numerous simplifying assumptions and
idealizations, appears able to capture the main features of the cord response to single-dose
treatments, i.e. the regression of the cord radius followed by regrowth towards the size observed
in the untreated tumour. The continous-medium approach here adopted was able to describe
substantially the experimental data considered, even though the cell size is comparable in the
tumour cords to the spatial scale.

The simulations of the model have pointed out, in the regression phase of the cord, a time
delay of the minimum of the cord volume with respect to the minimum of the number of tumour
viable cells. This fact emphasizes the difference between the response in terms of cell viability
and in terms of tumour volume, and the role of factors such as the degradation rate of dead cells
in affecting the macroscopic response of the tumour mass.

A particular and valuable feature of the model is the inclusion of the oxygen concentration
within the tumour cord as a model variable. This fact allowed to describe the reoxygenation
process of tumour cells that follows the treatment. Thus, of the four factors that are commonly
recognized as relevant in radiotherapy (the 4 R’s: repair of damage, repopulation, reoxygenation,
redistribution among the cycle phases after phase-specific cell death) the present model explicitly
accounts for two of them, i.e., cell repopulation and reoxygenation. Moreover, reoxygenation can
be related to the recruitment of cells from quiescence to proliferation, and thus can be relevant
in predicting the effects of drugs.

The response predicted by the model appears to be very sensitive to the mode of action of the
cell killing agent, thus indicating that a more accurate description of these modalities is needed
for obtaining better predictions. To this end, a model of the cell population that includes the
structure of the cell cycle might be required: in such a way, the complex pattern of cytostatic and
cell-killing effects that characterize the cellular response to radiation and drugs would be more
completely addressed. A finer description of the response would also require the consideration
of the non-istantaneous transition from cell quiescence to proliferation that is observed after
changes in cell microenvironment. Moreover, the model could be usefully refined by a more
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detailed representation of factors limiting the effective drug penetration in tumour tissues (Jain,
1999; Tannock, 2001).

A critical assumption of the present model is the invariance of the volume fraction occupied
by viable and dead cells. Although this assumption appears to be reasonable in the untreated
cord on the basis of experimental observations (Moore et. al., 1983), it is likely that the fraction
of extracellular fluid be different in the cord and in the necrotic region and be subjected to
changes during treatments inducing cell death. Relaxing this assumption leads to the necessity
of considering the full dynamics of the system, including the flow of the interstitial fluid and of
the waste products. This improved model would provide both a more realistic representation of
cord and tumour mass evolution, and a more correct representation of the transport of drugs
for which diffusion does not dominate convection.

Appendix A: Numerical methods

We give here a short description of the numerical procedure used to compute the stationary
solution and the solution of the evolutive problem.

A.1. Stationary solution

The numerical solution of the steady-state problem was obtained through an iterative procedure
whose steps are described as follows:

1) o(r), py (and pp) are initially determined assuming v(r)=v,, .., with v,,, .. given by Eq, (22),
by means of a shooting procedure that adjusts p, to obtain o(r;) =c*. The radius p, is found by
the bisection method in the interval from r, to a suitably assigned value. For each current value
of pn, Eq. (8) is solved numerically backward from p,;, imposing o(py) =0, and o,(p,)=0.
2) v(r) is obtained by integrating Eq. (21) by the Euler method, starting from pp and using the
current determination of o(r) and p,. In Eq. (21), u is given by Eq. (6) and is computed by
the trapezoidal rule. v is computed, after setting o to oy for r > p,, beyond py and up to a
radius r,,,, such that u(r =¢, £ >0 suitably small.

3) o(r), py (and pp) are determined as in step 1), using the v(r) function found in the preceding
step. More precisely, the required v(r) values are computed by linear interpolation of the values
obtained in the preceding step. For the shooting, the bisection is performed in the interval
[7“0, Irmar] .

The steps 2)-3) are repeated until an acceptable convergence of the functions o(r) and v(r) is

achieved. With reasonable values of the parameters, 10-12 iterations were sufficient to stabilize
the solution.

T mar)

A.2. Solution of the evolutive problem

The basic feature of the procedure is to compute the viable cell fraction v along a prefixed set
of characteristic lines of Eq. (7). Let us denote by 7(7,¢) the characteristic line given by

n= U(ﬂa t) ’ n(f'v 0) =7. (Al)

Let dt be the time step, and M a given set of equispaced starting points 7 in [ry, By]. Supposing
to have the solution v, u, o and c at time t¢:
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1) for each # in M, we compute the characteristic line at ¢+t by the Euler formula using the
velocity w at time ¢; then we compute the value of v at t+dt along the line according to Eq. (7)
using the values o(n(7,t),t), c¢(n(7,t),t) and v(n(r,t),t);

2) the characteristic line passing through (p(f),¢) is also computed at ¢+ d¢. From this value,
denoted as 7, the equation (8) for o is solved backward on [r, 7] with o(7) =0, and o,.(7)=0.
In this computation the variable transformation z=Ilogr is used. The transformation simplifies
the Laplacian to a second-order derivative (Smith, 1965), and in our problem assigns a finer grid
where the solution is more rapidly changing. Let 5(r) be the solution. If:

(a) a(rg) >0*, we search the value p, (t+0t) as the value such that the function o, satisfying
Eq. (8) with o(py) = oy and o,(py) = 0 reaches o* at r =r,. Then we take the resulting
function o as o (-, t+dt);

(b) a(rg) <o*, we set py(t+0dt) to 7 and the function o at t+0¢ is computed by searching the
value of o(7) that gives o* at r,, solving (8) backward with o,.(r)=0;

3) the velocity field at t+dt is computed on the basis of Eq. (6) at the points n(7,t+4dt) and at
p (t+6t);

4) ¢ at t+dt is computed solving Eq. (17) with the boundary conditions (18)-(19) by the Crank-
Nicolson method.

Since the spatial grids for the variables v, o and ¢ are different (and are changing with the time),
suitable interpolations are performed to have these three variables at the same r values.

We give here some further details on the application of the Crank-Nicolson method (Smith,
1965) to our problem. After the variable transformation z = logr and still using ¢ to denote
concentration as function of z, Eq. (17) can be rewritten as

2

O e D S E e, (1)~ Al 1) (42)
Let us divide the interval [logr,,log B(t+0t)] in M equal parts, being dz = (log B—logr,)/M.
Let z, =logry+(i—1)dz, i =1,---,M +1, be the generic grid point. Moreover, we denote
¢; =c(z;,t+0t), ¢, =c(z;,t) and v, =v(z;,t+0t), v, =v(z;,t), the ¢’s and ,’s being obtained
by linear interpolation from the values computed on the grid at time ¢. Then we can write, for

1=2,---, M,
c,—¢ 1

) i —2x,;
- — 7«D
ot 2|° c

Ciy1 — 26, + ¢4
dx2
Cinq —2C: +C;_

Since ¢(c) is a nonlinear function, we perform the linearization:

(c; —¢). (A4)

i

—ole)v; — Xe;

_ A doc
volc) = oc(é) + e

é
Thus, after some algebra, we obtain the following system of linear equations
ayCy + C3 = by — (1 + 6t)
¢i_1ta;c;+ci =0, =3, ,M~—-1 (A5)
cpr—1 + (apr + ey = by
where the a,’s and b,’s are known quantities and the boundary conditions (18) and (19) are

taken into account. The diagonally dominant tridiagonal system (A5) is solved by the Gauss
elimination method, and ¢,,, is set equal to c,,.
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