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Abstract

This paper deals with the state estimation problem for a discrete-time nonlinear system driven
by additive noise (not necessarily Gaussian). The solution here proposed is a filtering algorithm
which is polynomial with respect to the measurements. The first step for the filter derivation
is the embedding of the nonlinear system into an infinite-dimensional bilinear system (linear
drift and multiplicative noise), following the Carleman approach. Then, the infinite dimen-
sional system is approximated by neglecting all the powers of the state up to a chosen degree
i, and the minimum variance estimate among all the ;'"-degree polynomial transformations of
the measurements is computed. The proposed filter can be considered a Polynomial Extended
Kalman Filter (PEKF), because when p = 1 the classical EKF algorithm is recovered. Numer-
ical simulations support the theoretical results and show the improvements of a quadratic filter
with respect to the classical EKF.

Key words: Polynomial filtering, Extended Kalman Filter, Carleman approximation, stochas-
tic systems.






1. Introduction

In the last decades an increasing interest has been devoted to the analysis and control of
nonlinear systems, and the filtering problems related to them. It is well known that the minimum
variance state estimate of a stochastic system requires to the knowledge of the probability density
of the current state conditioned by all the measurements up to the current time. Unfortunately,
the computation of the conditional probabilities is a difficult problem and the optimal filter has
not, in general, a finite-dimensional representation [2, 5, 6]. Further difficulties occur when the
noises driving the system are not Gaussian. However, a great deal of efforts have been made
to approximate the infinite-dimensional equations achieving the conditional probabilities or to
implement suboptimal filters [12].

According to its superior practical usefulness, the Extended Kalman Filter (EKF) (see, e.g.,
[1, 9, 15]) is one of the most widely used algorithm for the filtering of nonlinear systems in many
frameworks, such as adaptive filtering [11], parameter estimation [10], robust control [17], state
observation in zero-noise cases [3, 4], system identification [13], and many others. It is well
known that, being based on the linear approximation of the system, the EKF performs well if
the initial estimation error and the disturbing noises are small enough. In [16] conditions are
given that ensure the boundedness of the state estimation error.

This work deals with the state estimation problem of a discrete-time nonlinear system with
additive state and measurements noises (not necessarily Gaussian). The aim is to derive a
polynomial filtering algorithm based on the p‘" order polynomial Carleman approximation of
the system [14] (instead of the standard linear one of the EKF). The Carleman approximation
allows to approximate a smooth nonlinear stochastic system with a bilinear one (linear drift,
multiplicative noise). The filter is obtained by projecting the state of the approximated system
onto the Hilbert space of all the y degree polynomial transformations of the measurements,
according to a well known result in the literature concerning suboptimal polynomial estimates
of linear and bilinear systems in the discrete-time framework (see [7, §]).

The paper is organized as follows: the next section deals with the system to be filtered and
how to obtain a suitable approximation using the Carleman bilinearization theory; in section
three the polynomial minimum variance filter of the finite-dimensional system approximation
is derived; section four shows some numerical simulations in order to taste the goodness of the
proposed algorithm.



2. The system to be filtered

The class of systems investigated in this paper is described by the following set of discrete-time
equations:

z(k+1) = f(k,x(k) +v(k), >0 £(0) = 20, 2.1)

y(k) = h(k,z(k)) +w(k),

where the state xz(k) is a stochastic variable in IR"™, y(k) is the measured output in IR? and
f:INxIR"— IR" h:IN x IR" — IR? are time-varying nonlinear maps. Both the state
and output noises, {’U(k)} and {w(k)} respectively, are independent sequences of zero-mean
independent random vectors, not necessarily Gaussian, with finite and available moments up to
order 24", named

ERUE)] =¢k),  Blulk)] =g k), i=1,....2u, (2:2)
where the superscript [i] denotes the Kronecker power, defined for a given matrix M by

MOl =1, MU =M@ MU, i>1, (2.3)

with ® the standard Kronecker product. The definition of the Kronecker power and some of
its properties are reported in the Appendix (for a quick survey on the Kronecker algebra see [8]
and references therein). Throughout the paper only the superscripts in square brackets have to
be intended as Kronecker powers.

The initial state zo is a random vector with finite and available moments up to order 2"

B[] = ¢, i=1,...,2u (2.4)

Moreover, o is assumed to be independent of both the noise sequences {v(k)}, {w(k)}.
Under standard analyticity hypotheses, the nonlinear maps f and h can be written by using the
Taylor polynomial expansion around a given state Z. According to the Kronecker formalism,
the system equations in (2.1) can be written as:

k—l—l ZFleE!L’ ) j>[ﬂ+v(k/’),

k>0, x(0) = o, (2.5)
k) = Z Hy (k. &) (2(k) — &) + w(k),
=0
with: . .
Fii(k,x) = T (Vg} ® f) ; Hyi(k,z) = p (Vg] ® h) ) (2.6)

The operator VE@ applied to a function ¢ = ¢(k,z) : IN x IR™ — IRP is defined as follows
VO@yp=1vy,  Vitlgy=v,e Ve, i>1, (2.7)

with V, = [0/0x; --- 0/0x,]. Note that V,®41 is the standard Jacobian of the vector function
1. Analogously, by taking the m!" power of the state and the output vectors:

™l (k4 1) ZFm, w(k) — 3) + o, (b, 30(k), 2(k) —3), k>0,
(2.8)
] () = Z Hyi(k, @) (k) — )™ + 9, (k2 w(k), 2(k) — &),  m € IN.



where

and

e e (2.10)
Hopi(ky) = 5 (VL@ D) 0 il w0) = = (V8 @ [(h o w)) = plm)] )

Looking at the definitions (2.10) it can be seen that the sequences v(k) and w(k) appear as
multiplicative noises in the definitions (2.9) of the sequences ¢,,(k) and 9,,(k). Taking into
account all the state and measurements equations in (2.8) for m > 1, the nonlinear system (2.5)
is embedded into an infinite-dimensional bilinear one (see [14] and references therein for more
details). The finite-dimensional approximation of the bilinear embedding is preliminary to the
construction of a polynomial filter, and will be the object of this section. The statement and
the proof of the Lemmas below require some definitions and results reported in Appendix. An
important formula used in the paper is the one that expresses the Kronecker power of a sum of
v+ 1 vectors z; € IRP, i =0,1,...,v, by using a multiindex t € IN**! ¢ = {to,t1,---,t,}

<§Z> ' => M Hz (2.11)

|t]=i

with a suitable definition of matrices M} € IRP"*?" (see Appendix). The symbol |¢| denotes the
modulus of a multiindex, i.e. [t| =to+--- +t,, and the symbol [ denotes Kronecker products
of indexed vectors.

Given a nonlinear function g : IR™ — IRP and a random vector x assuming values in IR", let
the symbol [g],(x, %) denote the polynomial expansion of g(z) around & up to the degree f.
Lemma A.1 in Appendix proves that [gI™]], = [[g]gn]} I Considering a random vector n € IR,
and the random vector 3 = g(x)+n, the symbol [3], will denote the p-th degree approximation

(9], (z, %) +n. Lemma A.2 proves that [3™], = [[Q]Lm]]u. Thanks to the result of Lemma A.2,

throughout the paper the symbol ﬁLm] will be used to denote either [3™], or [[ﬁ]/[:n]} v
Lemma 2.1. Let z, (k) and y,(k) be the state and output of the system that approzimates (2.1)
by neglecting in (2.5) all the powers greater than p, according to the Carleman approzimation

[m] [m]

scheme. Then x, " and y, ~, m > 1, evolve according to the following equations:

"k +1) ZA 2l (k) + b, (k, &) + vk (k),

Z k)—i—’ym(k x) + wh (k),



where
Y ME DMy 96, ) (Lo RO, @
rER};
Clik, &)= > MIH (k&) (M, _;; ©& ) (Tn ® (—2)l*0), (2.14)
reERY,
with r = {7‘0, e ,ru+1} a multi-index in IN**2 and
m
:ZSTS, Rl ={reN**:r|=i, j<a(r) <p} (2.15)

and the matrices F,., H, defined as:

m
Fr(k,i‘) = (H F}Tj(l{:,i’)) & Lyrusr, (H H ) & Iqm+1 (2.16)

s=0

The deterministic drifts uf', v! and the random sequences {v!'}, {w!'} are given by:

H= Y MIF (k3 e (k)

"o (2.17)
’Vi'u(kvi’) = Z MgHT(kvi‘)( L] ®£'I"M+1( ))7
reRy,
a(r)
= 3 Y AL () @ i) — g (k).
r K s=0
o " (2.18)
= > Yot d) (k) @ (whele) — g2, (),
reRE, s=0
with
A?,s(k@’) = M;LFT(k7j) <M074L(r)*s,s (Iﬂs ® (756)[04(7")73]) ® Inr““)’
(2.19)

O, (k) = MIH, (k, 8) (M2 o (e @ (=8)°0) @ [ ).

Proof. The proof is readily obtained through the application of the result stated in Lemma
A.2 (see appendix).
System (2.12) can be put in a more compact form by defining the extended vectors:

2, (k) Yy ()
X*(k) = : € R, YH(k) = : € R, (2.20)
i (k) yi (k)

with n, =n+n?+---+n# g, =q+¢*+ -+ ¢*, so that:

XP(k+1) = A (k, 8) X (k) + U (k, ) + VA (k),

N ~ (2.21)
YH(k) = C*(k, &) X" (k) + T (k, &) + W (k).



with the obvious definitions of matrices and vectors, inherited by equation (2.12).

Remark 2.2. From the expressions (2.18) for v!(k) and w! (k) it can be seen that the
approximating system (2.21) is affected by multiplicative noise. Moreover, it is easily proved
that the sequences v!'(k) and w! (k) are zero-mean, because the state z, (k) is independent of
the noises v(k) and w(k) at the same instant.

Lemma 2.3. The noises {V“}, {W“} are sequences of uncorrelated random vectors (white
3 % © . . . .
noise sequences). Moreover, named WV" , WW" their covariance matrices, with:

oY (k@) = Bt (0], 9 @) = Bluf kel 0], i =1 (222)

7 J i
the block matrices composing them, then

a(r) a(t)

v (k, @ Z Z st;}m(( (k,f)@A;l(k,i:))

rERY, tERY, 5=0 1=0

(e Cht ) (200 (€ )~ €6, () 92, ) ),
(2.23)

a(r) a(t)

W = Y ZZZstq‘lq]« ) © @ (5, 7))

reR“ teRl, s=0 1=0

e ® T ) (2200 @ (€ () — €2, (R) R €2, () )

(2.24)
where Z!"(k), i =0, ...,2u, are the expected values E[mB](k:)], computed as
m
= Al (k,2) 2! (k) + ul' (k, 2), k>0,
; ! ! i=1,...,2u, (2.25)

Z{(0) = ¢}

Matrices C’Zb in (2.23) and (2.24) are the commutation matrices of Kronecker products, while
st , is the inverse of the stack operator giving matrices in IR**® (see Appendiz and [8]).

Proof. In order to show that the extended noises are both sequences of uncorrelated random
variables, let k > h; by using the Kronecker product properties [8]:

a(r) a(t)
E[!(h) @ =3 > Y (Anp @Al (k)
reRY, teRY, s=0 1=0
]E[;ULS}(h) ® (U[m+ﬂ(h) — :#H(h)) ® xﬁ}(k) ® (U[tu+l](k) — ff}#l (k))}
(2.26)
Now v(k) is independent of v(h), as {v(7), 7 € IN} is a sequence of independent random vectors.
Moreover, z,,(k) only depends on the noise sequence {U(T), T < k}, so that, the expectation in
(2.26) gives:

Tp+1

B[« () @ (o)(h) — &, () @2l (k)] @ B[ (k) — & ()| =0 (227)



Analogously, it comes that also {W“} is a sequence of uncorrelated random variables. Moreover
{V#} is uncorrelated with {W*}, in that, from (2.26),

a(r) a(t)

Ew!(h) -y ZZ( (h, ) ®A§,l(k:,i’))
reRY, teERY, s=0 1=0
. ]E[:c[j}(h) ® (w[m+ﬂ(h) _ 731;+1(h)) ® x%}(k) ® (U[thrl](k) _ €Z)M+1(k))i|'
(2.28)
According to the independence of the state and measurements noise sequences, then Vk, h € IN,
the last expectation is:

E [ngl(h) ® E[wl+(h) — €2 (b)) @ «l(k) @ (vlo+)(k) — € (k))} —0. (2.29)

T+l

At last, the block matrices building the covariances for the extended state noises are

S

[e%

MA

Oy (k@) = B|of (k)0 ()| = st (B[ (k) @ ol (k)] )
a(r)
2

eRE, =0

.E{xﬁ}(k) ® (U[m+1](k) - :W(k)) ® x%](k) ® (U[mﬂ(k) - 5&“("?))})

)
-1 ((Ar Al
l st (8706 & A1)

I
o

reR

[
O’;

a(r) a(t)

=2 2 ZZstninj((A;s%,@@mz,l(k,@)

reR;.‘O teRfl, s=0 1=0

(Tns ® Clivtin ) <1E {xfﬂ}(k)}

® E{(U[tu+1](k) _ é-;);rkl(k)) ® (U[T““](k) - gﬁl(k))D)

(2.30)
Defining Z! (k) = E[zy [Z] (k)], i =0,1,...,2u, equation (2.30) gives back (2.23). Similar com-
putation provide equation (2.24). The recursive equation (2.25) is obtained through the expec-
tation of equation (2.12). 1



3. The filtering algorithm

As previously mentioned, the proposed algorithm aims to extend and improve the applicability
and the results of the Extended Kalman Filter in all those cases where the standard linear
approximation of the system is not satisfactory for the solution of state estimation problem. A
u-th degree polynomial filter can be computed by using the p-th order Carleman approximation
described in Lemma 2.1. More in details, at each step k, the extended state and output equations
are obtained as the embedding of the p*'-degree polynomial approximation of the state and
measurements vectors around the estimate (k) and the prediction Z(k + 1|k) respectively.
Then, following [8], the u*"-degree polynomial minimum variance filter for the approximated
system (the projection onto the Hilbert space of all the p-th order polynomial transformations of
the measurements) is achieved applying the standard Kalman equations to the bilinear extended
system. In the resulting Riccati equations the covariances of the extended noises are needed,
and these can be computed using the recursive equations presented in Lemma 2.3.

As in the case of the classical EKF, the Polynomial Extended Kalman Filter (PEKF) is a
recursive estimation scheme whose performances depend on the specific application. A better
behavior with respect to the classical EKF is expected because a higher degree approximation
of the nonlinear system is adopted. Here follows the steps of the PEKF algorithm.

The Polynomial Extended Kalman Filter (PEKF)
I) Computation of the initial conditions of the filter:

0
N G a priori estimate
XHO] = 1) = E[X"(0)] = | :
¢ of the initial extended state;

n
Pp(0) = Cov(X*(0)), Covariance of the a priori estimate;
ZM0)=¢?, i=1,...,2u, initialization of (2.25);

k = —1, inizialization of the counter;

IT) computation of the p-th degree approximation of the extended output equation around
&(k 4+ 1k) = [In Onx(n,—n)) X" (k + 1|k):

C"(k+1)=C"(k+1,2(k +1]k)),  using (2.14)
M(k+1) =T#(k+1,2(k+1|k)),  using (2.17) (3.1)
TV (h+1) = 0" (k+1,2(k+1|k))  using (2.24);

(note that UW" (k + 1) requires Z/'(k+1),i=1,...,2pu).
ITI) computation of the extended output prediction:

YE(k 4 1]k) = C" (k + 1) X*(k 4 1]k) + T (k + 1); (3.2)

IV) computation of the Kalman gain:

K(k+1) = Pp(k+1)C"(k+1)T (5“(k + D) Ppk+ )T (k+1)T + T (k+ 1))T; (3.3)



10.

V)

VI)

VII)
VIII)

IX)

X)

XT)

computation of the error covariance matrix:
P(k+1) = (In# — K(k+1)C"(k + 1))Pp(/<: +1); (3.4)
computation of the state estimate &(k + 1):

Xtk +1) = X#(k + 1]k) + K (k + 1)(yu(/<;+ 1)~ VH(k + 1yk)),

N (3.5)
i’(kﬁ + 1) = [In Onx(np_n)]Xu(k + 1);

increment of the counter: k£ =k + 1;
computation of the p-th degree approximation of the extended state equation around

(k)
using (2.13)
, using (2.17) (3.1)

T (k) =0V (k,@(k)), using (2.23);

—VH
(also in this case, 7" (k) requires Z!'(k), i =0,1,...,2u);
computation of the extended state prediction:

XH(k+1|k) = A" (B) X" (k) + U (k); (3.7)
computation of the one-step prediction error covariance matrix:
Po(k+1) = A" (1) P(R)A" (1) + T (k); (3.8)

computation of Z¥(k+1),7i=1,...,2u, by using (2.25). GOTO STEP II.
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4. Simulation results

Some significative results are here reported in order to show the effectiveness of the proposed
algorithm. Consider the following nonlinear system:

z1(k+1) =0.8x1(k) + z1(k)z2(k) + 0.1 4+ avi (k), a = 0.01,
zo(k + 1) = 1.5xa(k) — x1(k)z2(k) + 0.1 4+ ava(k), (4.1)
y(k) = z2(k) + aw(k),

with the zero-mean noises vy, v2, w independent and obeying the following discrete distribu-

tions:
P(vi(k) =—1) = 0.6, P(va(k) = —1) =0.8, P(w(k) =—7) =0.3,
P(vi(k) =0) =0.2, P(va(k) =4) =0.2, P(w(k)=3) =0.7. (4.2)
P(vi(k)=3) =0.2,

According also to the nature of the original nonlinear maps, a second order filter has been here
proposed. In the following plots, the estimates obtained with the proposed filtering algorithm
are compared to those obtained with the standard EKF.

The improvements of the PEKF over the EKF can be recognized by comparing the sampling
variances of the estimation errors:

(EKF)=252-107%, 0l(PEKF,—3) =1.86-10"2,

2
! A (4.3)
03(EKF) =3.66-10"%, 03(PEKF,_5) =2.44-10"%

LASE- T Trme state [T 7]
— — Quadratic estimate (PEKF)
------ Linear estimate (EKF)

1.40

1.30F:

1.25

i i i i i i
800 810 820 830 840 850 860 870 880

Fig. 4.1 — True and estimated state: the first component.
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0.19 l‘ lI lI L] L] L] !
—— True state

018 R o — — Quadratic estimate (PEKF) """"""" I
I : : A | B RS Linear estimate (EKI) :

0-0 1 1 II 1 1 1 1
300 810 820 830 840 850 860 870 880

Fig. 4.2 — True and estimated state: the second component.

5. Conclusions

The problem of state estimation for a nonlinear system affected by additive noises, not neces-
sarily Gaussian, has been investigated in this paper. The filtering algorithm here proposed is
based on two steps: first the nonlinear system is approximated using the Carleman bilineariza-
tion approach, taking into account all the powers of the series expansion up to a fixed degree p;
next, the minimum variance filter of the approximating system in the Hilbert space of all the
pth-degree polynomial transformations of the measurements is computed. This step is based
on a well known literature concerning suboptimal polynomial estimates for linear and bilinear
state space representations [7, 8]. When p = 1, the proposed algorithm gives back the standard
Extended Kalman Filter.
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Appendix: the Kronecker algebra

This appendix reports some definitions and results concerning the Kronecker products and
powers that are used in the paper. For a quick survey on Kronecker algebra see [8] and references
therein.

Given two matrices A € IR"**% and B € IR™* the Kronecker product A ® B is defined as
the (rq - 1) X (¢q - ¢p) matrix

alle aLCaB
AeB=| .. (A1)

ar, 1B ... ar, B

where a;; are the entries of A. The i-th Kronecker power of A is defined as

A0 =1 e R,

Al =A@ A~ >, (42)
Throughout the paper only the superscripts in square brackets have to be intended as Kronecker
powers.

The stack of a matrix A is the vector in IR % that piles up all the columns of matrix A,
and is denoted st(A). The inverse operation is denoted st; ! (-), and transforms a vector of size
r-cin a r X ¢ matrix. When written without any subscript, the inverse stack operator should
be intended to generate a square matrix, so that if 4 is a square matrix then st~ (st(A4)) = A.

Some useful properties of the Kronecker product and stack operation, used in the paper, are
the following

(A+B)®@(C+D)=A®C+ARD+B®C+B®D (A.3a)
A (BeC)=(A®B)oC (A.3b)
(A-C)®(B-D)=(A®B)-(C® D) (A.3c)
(A® B)T =AT @ BT (A.3d)

u®v =st(v-ul) (A.3e)

Given two vectors x € IR™ and z € IRP, the products x ® z and z ® x have the same entries in
a different order. A commutation matrix, denoted C’;:C ps 18 @ square matrix in {0, 1}™>" such
that

z®x:C7{p(x®z). (A.4)

The Kronecker powers of a sum of vectors can be expanded by using multiindexes and suitably
defined matrices. For the purposes of this paper, it is useful to consider a multiindex t € IN¥*!
whose entries are numbered from 0 to v, i.e. t = {tg,t1,--- t,}. The modulus of a multiindex,
denoted |¢], is defined as the sum of its entries, i.e. |t| = tg+---+t,. The i-th Kronecker power
of a sum of v + 1 vectors z; € IRP, i =0,1,...,v, can be expressed as

(20 + 21+ b 2) = 3 MP (zgo} o llg. .. z[;ul)_ (A.5)

|t|=1
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with a suitable definition of matrices M} € IRP"*P" (see [8]). Whenever required, we will refer
to M{ as M{ ., . Note that for k <mn, it is My, _, = (7).

Tt is useful to deﬁne the (ordered) Kronecker product of n matrices Ay, h = 1,...n, with the
symbol [, so that

HAa=4040 - 04, (A.6)
h=1

With this definition, equation (A.5) can be put in compact form as

NI
(Z zh> =y My E[ 2l (A.7)
h=0

|t|=i

Using the properties (A.3) the following computations can be done

v (4] v
(Z Ahz’“‘) = > a1 H (Anz)™
h=0 h=0

It|=i

_ Z MID EI A[th] [th (A8)

[t]=1
_ Z MID EI A[th EI Z[th
[t|=1

Consider an analytical function g : IR"™ — IRP. Using the Kronecker formalism, the polynomial
expansion of g(x) around a point & can be written as

=Y @2, vt G = 2_1' (Viey). (A.9)

where V, = [0/0xy --- 0/0x,]. The operator Vi is defined as

Vi@ g(x) = g(w),

. . (A.10)
Virtlggz) =V, @ Vil ®g(z), i>1

Note that V, ® g(x) is the standard Jacobian of the vector function g(z). Let [g],(x,Z) denote
the p-th degree polynomial approximation of g(x), obtained neglecting all the powers greater
then p in the series (A.9). Also the Kronecker powers of g(x) allow a polynomial expansion

[m] ZGm i {L' — J:)H, with Gy, i(x) = 2—1' (ng] ®g[m}) . (A.11)

Let [g[m]]u(m, #) denote the pu-th degree polynomial approximation of gl™l ().

The following function of a multiindex r € IN#*2

o

a(r) =Y _ir;, (A.12)

=1



and the following subsets of IN#*2
'R,Zj = {T‘EW“+2 : |T‘| :i, jSOé(T‘) S,u}, ﬁfi] = {T‘E'R,ﬁj o :0}

are used throughout the paper and in the following Lemma.

Lemma A.1. The following equalities hold:

97 (.3 = [lg)],(@.8) = 3 MG @)@ —D)lo,
7“6727,%0
where
-~ N Ti ~
G.(7) = 6\ @).
i=0

Proof. By definition

[Q]M(!L’,{f) = Z Glﬂ(i’)(l’ - {Z’)m

=0

15.

(A.13)

(A.14)

(A.15)

(A.16)

Let n € IRP. By using some of the properties (A.3) and the multiindex r» € IN#*2 the following

computations can be done

p (]
([Q]u(%i’) - 77)[ - (Z Gri(@)(x — )M + ?7)

1=0
- Z My (H (Gl,i(i’)(:c - :E)m) hﬂ) ® n[mﬂ}]
|r|=m L \i=0
= M (E alil(@) (@ - j)[”z’]> ®nmﬂ1]
[r|=m L \i=0
o p
= Z Mf (H G[lrfz} (i‘) H(gj — j)[”z]) ®n[ru+1]] .
|[r|=m L \i=0 i=0

(A.17)

(A.18)

and taking into account the definition of matrix G, () in (A.15), the following equation is

obtained

(g ®)+0) " = 3 M2 [(@ol@) e~ 9o @],

[r|=m

(A.19)

which is a polynomial of degree mu of x — Z. Taking the summation in the polynomial (A.19)

over all the multiindexes 7 in the set R;, , defines its truncation to the degree s
{([g]u(fn {Z') + 77) [m]} _ Z M;D (ér([i')(f[' _ ‘,i.)[oc(r)} & n[ruﬂ]) .

H K
reRm,O

(A.20)
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Moreover, it is readily verified that setting = 0 the summation can be restricted over r € 7?;%0,

obtaining
(9] (2, %) = Z MG (F)(x — &)1, (A.21)

m,0

On the other hand, defining p,(z, %) = g(z) — [¢],.(x, Z) and substituting n = p,(x, &) in (A.20)
yields

9" (@, &) = ([g)u (@, &) + ppu(a, &))"
Z K— (- j)[a(r)]) ® plr+il(z, 7)) (A.22)

Observing that p,(z,%) is a summation of factors (z — #)l1 with ¢ > p, it is clear that

[g[m]]u(m Z) can be obtained by taking the summation in (A.22) for all r € Rmo, so that
ru+1 = 0 and a(r) < p, obtaining
[g"] (2. 8) = Y MPG.(&)(x —3)L. (A.23)

reﬁ#m’o

Equalities (A.21) and (A.23) give the thesis. I

Lemma A.2. Let g: IR" — IRP be an analytic nonlinear map. Let x and n be independent
random vectors assuming values in IR™ and IRP, respectively. n is assumed to have zero mean
value and finite moments up to the " order:

En =& i=1,...,u (A.24)
Consider the random vector
8= g(z) +n. (A.25)

Let [B],, be the random vector obtained considering the p"-degree polynomial expansion of g(-)
around a given point T € IR™:

18 (k) = [g]u(2, ) + 1 = ZG“ — ) 4. (A.26)
It is: .
] = (18157, = 37 08 (@)l + 6% (&) + (31, (A.27)
where the matrices OF, (%), s =0,...,m, are defined as
O(@) = > MI((Gol@)Mily) @ &, ) (Ine @ (=)0 0), (A.28)
TERMN, s

with r € INF*Y a multiindex v = {ro, -, 7,41}, a(r) defined in (A.12), R defined in (A.13)

and 0, m(x,Z,n) a zero-mean random variable defined as follows:

a(r)

Hum T, T,n) Z Z ( ( il _’gTwl))? (A.29)

rerl ~s=0

m,0
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with the matrices =, (%) given by

E;,s@)—Mf((@@)Mp <fns®<—oz>[a<“‘“>3]>)®fpw+1)- (A-30)

a(r)—s,s

Proof. From (A.20) it is

195, = (e m +0)™] = X M2 [(Gu@ @ - @gied] . (as)
TER%,O
On the other hand, defining p,(z,Z) = g(z) — [g]u(x, T) it is
B = [ (o)l 2) + pula. @)+ )"
8 (A.32)

S (B 810 o )]
Ir|=m

Since p,(x,#) is a sum of factors (z — )l for i > p, the truncation of the polynomial (A.32)
to the power i can be operated by setting p, = 0 and by restricting a(r) < p, thus obtaining

the same summation in (A.31). This proves that [3 [m]]u = [[ﬁ]/&m]}
Subtracting and adding the mean values &, , one has

B, = > w2 [(G@) -0 g,

u

reRM 0
o _ (A.33)
+ Y w2 [(G@ e - @ (g g, )
reRﬁthO
Considering that
a(r)
(0 =20 = 3" ML (o @ (—)0) (434
s=0

and that 71 ® (—2)("=s) = (I,. ® (7)) zls] the first summation can be written as

Z Mp (éT(j) Z Mg(r)*s,s (:U[S} ® (i‘)[a(”s})> ® 6TM+1

= > Y ((@@M ) 96, ) (@ @ (-5 )

Q
~

3
-

= > Y M ((Cr@M) ) @ €y ) (e © (=) ) b (A.35)

<
m
&
T
)
|
o

= Z ( Mf((ér(i’) 2(7«)—5,3) ® £Tu+1) (I"S ® (f)[a(T)S]>> m[S]
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where the terms O, (¥) are defined in (A.28). The second term in (A.33) is a zero-mean
random variable, thanks to the independence of the pair (x,7), and following the computations
similar to those in (A.35) it can be written as:

>

rery

a(r)
< ZM"r (@@ (i)t s1)> (ml]gml)]

o(r)

= % X (G @Ml © DO & (] ) )

i _
r€RL s=0

= 5 Y (@M1 © () ) @ L
reRb =0

: (x[s} ® (plr+] — &HH)),
(A.36)
that is the random variable 0, ,, (7, Z,7) defined in (A.29), with =7 (%) given by (A.30). Sub-
stitution of (A.35) and (A.36) in (A.33) gives equation (A.27). 1

References

[1] B. D. O. Anderson and J. B. Moore, Optimal Filtering, Englewood Cliffs, NJ: Prentice-Hall,
1979.

[2] M. L. Andrade Netto, L. Gimeno, and M. J. Mendes, “On the optimal and suboptimal
nonlinear filtering problem for discrete-time systems,” IEEE Trans. Autom. Contr., Vol. 23,
pp. 1062-1067, 1978.

[3] J. Baras, A. Bensoussan, and M. R. James, “Dynamic observers as asymptotic limits of
recursive filters: Special cases,” SIAM J. Appl. Math., Vol. 48, pp. 1147-1158, 1993.

[4] M. Bontayeb, H. Rafarlaky, and M. Darouach, “Covergence analysis of the extended Kalman
filter used as an observer for nonlinear discrete-time systems,” IEEE Trans. Autom. Contr.,
Vol. 42, pp. 581-586, 1997.

[5] R. Bucy and P. Joseph, Filtering for Stochastic Processes with Applications to Guidance, New
York: Wiley, 1968.

[6] R. Bucy, “Linear and nonlinear filtering,” Proc. of IEEE, Vol. 58, No. 6, June 1970.

[7] F. Carravetta, A. Germani, and M. Raimondi, “Polynomial filtering for linear discrete-time
non-Gaussian systems,” SIAM J. Control and Optim., Vol. 34, No. 5, pp. 1666-1690, 1996.

[8] F. Carravetta, A. Germani, and M. Raimondi, “Polynomial filtering of discrete-time stochastic
linear systems with multiplicative state noise,” IEEE Trans. Autom. Contr., Vol. 42, pp. 1106—
1126, 1997.

[9] C. K. Chuiand G. Chen, Kalman Filtering with Real-Time Applications, New York: Springer-
Verlag, 1987.

[10] A. Gelb, Applied Optimal Estimation, Cambridge, MA: MIT Press, 1984.

[11] G. C. Goodwin and K. S. Sin, Adaptive Filtering, Prediction and Control, Englewood Cliffs,
NJ: Prentice-Hall, 1984.

[12] A. H. Jazwinski, Stochastic Processes and Filtering Theory, New York: Academic, 1970.



19.

[13] Y. Kleyman and I. Mochalov, “Identification of nonstationary systems,” Autom. Rem. Contr.,
Vol. 55, pp. 149-163, 1994.

[14] K. Kowalski and W. H. Steeb, Nonlinear Dynamical Systems and Carleman Linearization,
World Scientific, Singapore, 1991.

[15] L. Ljung, “Asymptotic behavior of the extended Kalman filter as a parameter estimator for
linear systems,” IFEE Trans. Autom. Contr., Vol. 24, pp. 36-50, 1979.

[16] K. Reif, S. Glinther, E. Yaz, and R. Unbehauen, “Stochastic stability of the discrete-time
extended Kalman filter,” IEEE Trans. Autom. Contr., Vol. 44, pp. 714-728, 1999.

[17] M. G. Safonov, Stability and Robustness of Multivariable Feedback Systems, Cambridge MA:
MIT Press, 1980.



