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Abstra
tWe 
onsider a simple extension of logi
 programming where variables may range over goals andgoals may be arguments of predi
ates. In this language we 
an write logi
 programs whi
h usegoals as data. We give pra
ti
al eviden
e that, by exploiting this 
apability when transformingprograms, we 
an improve program eÆ
ien
y.We propose a set of program transformation rules whi
h extend the familiar unfolding andfolding rules and allow us to manipulate 
lauses with goals whi
h o

ur as arguments of pred-i
ates. In order to prove the 
orre
tness of these transformation rules, we formally de�ne theoperational semanti
s of our extended logi
 programming language. This semanti
s is a simplevariant of LD-resolution. When suitable 
onditions are satis�ed this semanti
s agrees with LD-resolution and, thus, the programs written in our extended language 
an be run by ordinaryProlog systems.Our transformation rules are shown to preserve the operational semanti
s and termination.Key words: Automati
 program derivation, program transformation, logi
 programming, trans-formation rules, higher order logi
 programming, 
ontinuations





3.1. Introdu
tionProgram transformation is a very powerful and widely re
ognized methodology for derivingprograms from spe
i�
ations. The rules + strategies approa
h to program transformation wasadvo
ated in the 1970s by Burstall and Darlington [5℄ for developing �rst order fun
tionalprograms. Sin
e then Burstall and Darlington's approa
h has been followed in a variety oflanguage paradigms, in
luding logi
al languages [17℄ and higher order fun
tional languages [15℄.The distin
tive feature of the rules + strategies approa
h is that it allows us to separate the
on
ern of proving the 
orre
tness of programs with respe
t to spe
i�
ations from the 
on
ernof a
hieving 
omputational eÆ
ien
y. Indeed, the 
orre
tness of the derived programs is ensuredby the use of semanti
s preserving transformation rules, whereas the 
omputational eÆ
ien
yis a
hieved through the use of suitable strategies whi
h guide the appli
ation of the rules. Thepreservation of the semanti
s is proved on
e and for all, for some given sets of transformationrules, and if we restri
t ourselves to suitable 
lasses of programs, we 
an also guarantee thee�e
tiveness of the strategies for improving eÆ
ien
y.In this paper we will argue through some examples, that a simple extension of logi
 program-ming may give extra power to the program transformation methodology based on rules andstrategies. This extension 
onsists in allowing the use of variables whi
h range over goals, 
alledgoal variables, and the use of goals whi
h are arguments of predi
ates, 
alled goal arguments.In the pra
ti
e of logi
 programming the idea of having goal variables and goal arguments isnot novel. The reader may look, for instan
e, at [16, 22℄. Goal variables and goal arguments
an be used for expressing the meaning of logi
al 
onne
tives and for writing programs in a
ontinuation passing style [19, 21℄ as the following example shows.Example 1. The following program P1:F _G FF _G Gexpresses the meaning of the or 
onne
tive. The following program P2:p([ ℄; Cont) Contp([XjXs ℄; Cont) p(Xs ; q(X ; Cont))q(0; Cont) Contuses the goal variable Cont whi
h denotes a 
ontinuation. The goal p(l; true) su

eeds in P2 i�the list l 
onsists of 0's only. 2Programs with goal variables and goal arguments, su
h as P1 and P2 in the above example,are not allowed by the usual �rst order syntax of Horn 
lauses, where variables 
annot o

ur asatoms and predi
ate symbols are distin
t from fun
tion symbols. Nevertheless, these programs
an be run by ordinary Prolog systems whose operational semanti
s is based on LD-resolution,that is, SLD-resolution with the leftmost sele
tion rule. For the 
on
epts of LD-resolution,LD-derivation, and LD-tree the reader may refer to [1℄The extension of logi
 programming we 
onsider in this paper, allows us to write programswhi
h use goals as data. This extension turns out to be useful for performing program manip-ulations whi
h are required during program transformation and are otherwise impossible. Forinstan
e, we will see that by using goal variables and goal arguments, we are able to performgoal rearrangements (also 
alled goal reorderings in [4℄) whi
h are often required for folding,without a�e
ting program termination and without in
reasing nondeterminism.



4. Goal rearrangement is a long standing issue in logi
 program transformation. Indeed, althoughthe unfold/fold transformation rules by Tamaki and Sato [17℄ preserve the least Herbrand model,they may require goal rearrangements and thus, they may not preserve the operational semanti
sbased on LD-resolution. Moreover, goal rearrangements may in
rease nondeterminism by requir-ing that predi
ate 
alls have to be evaluated before their arguments are suÆ
iently instantiated,and in many Prolog systems, insuÆ
iently instantiated 
alls of built-in predi
ates may 
auseerrors at run-time. In [2℄ it has been proved that by ruling out goal rearrangements, if somesuitable 
onditions hold, then the unfolding, folding, and goal repla
ement transformation rulespreserve the operational semanti
s of logi
 programs based on LD-resolution and, in parti
ular,these rules preserve universal termination, that is, the �niteness of all LD-derivations [1, 20℄.But, unfortunately, if we forbid goal rearrangements, many useful program transformations areno longer possible.In this paper we will show through some examples that in our simple extension of logi
programming we 
an restri
t goal rearrangements to leftward moves of goal equalities. We willalso show that these moves preserve universal termination and do not in
rease nondeterminism,and thus, the deterioration of performan
e of the derived program is avoided.The following simple example illustrates the essential idea of our te
hnique whi
h is based onthe use of goal equalities. More 
omplex examples will be presented in Se
tions 2 and 7.Example 2. Suppose that during program transformation we are required to fold a 
lause ofthe form:1. p(X) a(X); b(X); 
(X)by using a 
lause of the form:2. q(X) a(X); 
(X)We 
an avoid a leftward move of the atom 
(X) by introdu
ing, instead, an equality between agoal variable and a goal, thereby transforming 
lause 1 into the following 
lause:3. p(X) a(X); G=
(X); b(X); GNow we introdu
e the following predi
ate q0 whi
h takes the goal variable G as an argument:4. q 0(X;G) a(X); G=
(X)Then we fold 
lause 3 using 
lause 4, thereby getting the 
lause:5. p(X) q 0(X;G); b(X); GAt this point we may 
ontinue the program transformation pro
ess by transforming 
lause 4,whi
h de�nes the predi
ate q0, instead of 
lause 2, whi
h de�nes the predi
ate q. For instan
e,we may want to unfold 
lause 4 w.r.t. the goal 
(X) o

urring as an argument of the equalitypredi
ate. 2As this example indi
ates, during program transformation we need to have at our disposal sometransformation rules whi
h 
an be used when goals o

ur as arguments. Indeed, in this paper:(i) we will introdu
e transformation rules for our logi
 language whi
h allows goals as arguments,(ii) we will show through some examples that the use of these rules makes it possible to improveeÆ
ien
y without performing goal rearrangements whi
h in
rease nondeterminism, and(iii) we will prove that, under suitable 
onditions, our transformation rules are 
orre
t in thesense that they preserve the operational semanti
s of our logi
 language and, in parti
ular, theypreserve universal termination.



5.In order to show our 
orre
tness result, we will �rst de�ne the operational semanti
s of ourlogi
 language with goal arguments and goal variables. This semanti
s will be given in terms ofordinary LD-resolution, ex
ept for the following two important 
ases whi
h we now examine.The �rst 
ase o

urs when, during the 
onstru
tion of an LD-derivation, we generate a goalwhi
h has an o

urren
e of an unbound goal variable in the leftmost position. In this 
ase we saythat the LD-derivation gets stu
k. This treatment of unbound goal variables is in a

ordan
ewith that of most Prolog systems whi
h halt with error when trying to evaluate a 
all 
onsistingof an unbound variable.The se
ond 
ase o

urs when we evaluate a goal equality of the form: g1 = g2. In this 
asewe stipulate that g1=g2 su

eeds i� g1 is a goal variable whi
h does not o

ur in g2 and it getsstu
k otherwise. (In parti
ular, for any goal g the evaluation of the equality g= g gets stu
k.)This somewhat restri
ted rule for the evaluation of goal equalities is required for the 
orre
tnessof our transformation rules, as the following example shows.Example 3. Let us 
onsider the program Q1:1. h p(q)2. p(G) G=q3. q  swhere h; p; q; and s are predi
ate symbols and G is a goal variable. If we unfold the goal argumentq in 
lause 1 using 
lause 3, we get the 
lause:4. h p(s)and we have the new program Q2 made out of 
lauses 2, 3, and 4. By using ordinary LD-resolution and uni�
ation, the goal h su

eeds in the original program Q1, while it fails in thederived program Q2, be
ause s does not unify with q. 2This example shows that the set of su

esses is not preserved by unfolding w.r.t. a goal argument.Similar in
orre
tness problems also arise with other transformation rules, su
h as folding andgoal repla
ement. These problems 
ome from the fa
t that operationally equivalent goals (su
has q and s in the above example) are not synta
ti
ally equal.In 
ontrast, if we 
onsider our restri
ted rule for the evaluation of goal equalities, the LD-derivation whi
h starts from the goal h and uses the program Q1, gets stu
k when the goalq = q is sele
ted. Also the LD-derivation whi
h starts from the goal h and uses the derivedprogram Q2, gets stu
k when the goal s = q is sele
ted. Thus, the unfolding w.r.t. the argumentq has preserved the operational semanti
s based on LD-resolution with our restri
ted rule forevaluating goal equalities.In this paper we will 
onsider two forms of 
orre
tness for our program transformations: weak
orre
tness and strong 
orre
tness. Suppose that we have transformed a program P1 into aprogram P2 by applying our transformation rules. We say that this transformation is weakly
orre
t i�, for any ordinary goal, that is, a goal without o

urren
es of goal variables and goalarguments, the following two properties hold: (i) if P1 universally terminates, then P2 universallyterminates, and (ii) if both P1 and P2 universally terminate, then they 
ompute the same set ofmost general answer substitutions. The transformation from P1 to P2 is strongly 
orre
t i� (i) itis weakly 
orre
t, and (ii) for any ordinary goal, if P2 universally terminates, then P1 universallyterminates.Thus, when a transformation is weakly 
orre
t, the transformed program may be more de�nedthan the original program in the sense that there may be some goals whi
h have no semanti
value in the original program (that is, either their evaluation does not terminate or it gets



6.stu
k), whereas they have a semanti
 value in the transformed program (that is, their evaluationterminates and it does not get stu
k).This paper is organized as follows. In Se
tion 2 we present an introdu
tory example tomotivate the language extension we will propose in this paper, and the transformation rules forthis extended language. In Se
tion 3 we give the de�nition of the syntax of our extended logi
language with goal variables and goal arguments. In Se
tion 4 we introdu
e the operationalsemanti
s of our extended language.In Se
tions 5 and 6 we present the transformation rules and the 
onditions under whi
h theserules are either weakly 
orre
t or strongly 
orre
t. For this purpose it is 
ru
ial that we assumethat: (i) the evaluation of any goal variable gets stu
k if that variable is unbound, and (ii) theevaluation of goal equalities is done a

ording to the restri
ted rule we mentioned above. Wewill also show that, if a goal does not get stu
k in a program, and we transform this programby using our rules, then the given goal does not get stu
k in the transformed program. In this
ase, as it happens in the examples given in this paper, our operational semanti
s agrees withLD-resolution, and we 
an exe
ute our transformed program by using ordinary Prolog systems.In Se
tion 7 we give some more examples of program transformation using our extended logi
language and our transformation rules. We also give pra
ti
al eviden
e that these transforma-tions improve program eÆ
ien
y. In Se
tion 8 we make some �nal remarks and we 
ompare ourresults with related work.2. A Motivating ExampleIn order to present an example whi
h motivates the introdu
tion of goal variables and goalarguments, we begin by re
alling a well-known program transformation strategy, 
alled tuplingstrategy [11℄. Given a program where some predi
ate 
alls require 
ommon sub
omputations(dete
ted by a suitable program analysis), the tupling strategy is realized by the following threesteps.The Tupling Strategy(Step A) We introdu
e a new predi
ate de�ned by a 
lause, say T , whose body is the 
onjun
tionof the predi
ate 
alls with 
ommon sub
omputations.(Step B) We derive a program for the newly de�ned predi
ate whi
h avoids redundant 
ommonsub
omputations. This step 
an be divided into the following three substeps: (B.1) �rst, weunfold 
lause T , (B.2) then, we apply the goal repla
ement rule to avoid redundant goals, and(B.3) �nally, we fold using 
lause T .(Step C) By suitable folding steps using 
lause T , we express the predi
ates whi
h are ineÆ
iently
omputed by the initial program, in terms of the predi
ate introdu
ed at Step (A).A diÆ
ulty en
ountered when applying the tupling strategy is that, in order to apply the foldingrule as indi
ated at Steps (B) and (C), it is often ne
essary to rearrange the atoms in the bodyof the 
lauses and, as already dis
ussed in the Introdu
tion, these rearrangements may a�e
tprogram termination or in
rease nondeterminism.The following example shows that this diÆ
ulty in the appli
ation of the tupling strategy 
anbe over
ome by introdu
ing goal variables and goal arguments.



7.Example 4. Let us 
onsider the following program Deepest:1. deepest(l(N); N) 2. deepest(t(L;R);X)  depth(L;DL); depth(R;DR); DL � DR; deepest(L;X)3. deepest(t(L;R);X)  depth(L;DL); depth(R;DR); DL � DR; deepest (R;X)4. depth(l(N); 1) 5. depth(t(L;R);D)  depth(L;DL); depth(R;DR); max (DL;DR;M); plus(M; 1;D)where deepest (T;X) holds i� T is a binary tree and X is the label of one of the deepest leaves of T .The two 
alls depth(L;DL) and deepest(L;X) in 
lause 2 may generate 
ommon redundant 
allsof the depth predi
ate. Indeed, both depth(t(L1; R1); N) and deepest(t(L1; R1);X) generate two
alls of the form depth(L1;DL) and depth(R1;DR). In a

ordan
e with the tupling strategy, wetransform the given program as follows.(Step A) We introdu
e the following new predi
ate:6. dd(T;N;D) depth(T;N); deepest(T;X)(Step B.1) We apply a few times the unfolding rule, and we derive:7. dd(l(N); 1; N)  8. dd(t(L;R);D;X) depth(L;DL); depth(R;DR); max (DL;DR;M); plus(M; 1;D);depth(L;DL1); depth(R;DR1); DL1 � DR1; deepest(L;X)9. dd(t(L;R);D;X) depth(L;DL); depth(R;DR); max (DL;DR;M); plus(M; 1;D);depth(L;DL1); depth(R;DR1); DL1 � DR1; deepest(R;X)(Step B.2) Sin
e depth is fun
tional with respe
t to its �rst argument, by applying the goalrepla
ement rule we delete the atoms depth(L;DL1) and depth(R;DR1), in 
lauses 8 and 9, andwe repla
e the o

urren
es of DL1 and DR1 by DL and DR, respe
tively, thereby getting thefollowing 
lauses 10 and 11:10. dd(t(L;R);D;X)  depth(L;DL); depth(R;DR); max (DL;DR;M);plus(M; 1;D); DL � DR; deepest (L;X)11. dd(t(L;R);D;X)  depth(L;DL); depth(R;DR); max (DL;DR;M);plus(M; 1;D); DL � DR; deepest (R;X)(Step B.3) In order to fold 
lause 10 using 
lause 6, we move deepest(L;X) immediately to theright of depth(L;DL). Similarly, in the body of 
lause 11 we move deepest(R;X) immediatelyto the right of depth(R;DR). Then, by folding we derive:12. dd(t(L;R);D;X)  dd(L;DL;X); depth(R;DR); max (DL;DR;M);plus(M; 1;D); DL � DR13. dd(t(L;R);D;X)  depth(L;DL); dd (R;DR;X); max (DL;DR;M);plus(M; 1;D); DL � DR(Step C) Finally, we fold 
lauses 2 and 3 using 
lause 6, so that to evaluate the predi
ates depthand deepest we use the predi
ate dd, instead. Also for these folding steps we have to suitablyrearrange the order of the atoms. By folding, we derive the following program Deepest1:1. deepest(l(N); N) 14. deepest(t(L;R);D;X)  dd(L;DL;X); depth(R;DR); DL � DR15. deepest(t(L;R);D;X)  depth(L;DL); dd (R;DR;X); DL � DR7. dd(l(N); 1; N)  12. dd(t(L;R);D;X)  dd(L;DL;X); depth(R;DR); max (DL;DR;M);plus(M; 1;D); DL � DR



8.13. dd (t(L;R);D;X)  depth(L;DL); dd (R;DR;X); max (DL;DR;M);plus(M; 1;D); DL � DRIn order to evaluate a goal of the form deepest(t;X), where t is a ground tree and X is avariable, we may 
onstru
t an LD-derivation using the program Deepest1 whi
h does not generateredundant 
alls of depth . This LD-derivation performs only one traversal of the tree t and haslinear length with respe
t to the size of t. However, this LD-derivation is 
onstru
ted in anondeterministi
 way, and if the 
orresponding LD-tree is traversed in a depth-�rst manner, likemost Prolog systems do, the program exhibits an ineÆ
ient generate-and-test behaviour. Thus,in pra
ti
e, the tupling strategy may diminish program eÆ
ien
y.The main reason of this de
rease of eÆ
ien
y is that, in order to fold 
lause 10, we had to movethe atom deepest(L;X) to a position to the left of DL � DR, and this move for
es the evaluationof 
alls of deepest(L;X) even when DL � DR fails. (Noti
e that the move of deepest(R;X) tothe left of DL � DR is harmless be
ause DL � DR is evaluated after the failure of DL � DRand, thus, DL � DR never fails.) 2In the following example we will present an alternative program derivation whi
h starts fromthe same initial program Deepest. In this alternative derivation we will use our extended logi
language whi
h will be formally de�ned in the following Se
tion 3. As already mentioned inthe Introdu
tion, when writing programs in our extended language, we may use: (i) the goalequality predi
ate =, (ii) goal variables o

urring at top level in the body of a 
lause, and (iii) thedisjun
tion predi
ate _. This alternative program derivation avoids harmful goal rearrangementsand produ
es an eÆ
ient program without redundant sub
omputations.Example 5. Let us 
onsider the program Deepest listed at the beginning of Example 4 
onsist-ing of 
lauses 1{5. By using disjun
tion in the body of a 
lause, 
lauses 2 and 3 
an be rewrittenas follows:16. deepest (t(L;R);X)  depth(L;DL); depth(R;DR);((DL�DR; deepest(L;X)) _ (DL�DR; deepest(R;X)))After this initial transformation step the derived program, 
all it DeepestOr, 
onsists of 
lauses1, 4, 5, and 16.Now we 
onsider an extension of the tupling strategy whi
h makes use of the transformationrules for logi
 programs with goal arguments and goal variables. These rules will be formallypresented in Se
tion 5. We pro
eed as follows.(Step A) We introdu
e the following new predi
ate g whi
h takes a goal variable G as anargument:17. g(T;D;X;G)  depth(T;D); G=deepest (T;X)Noti
e also that in 
lause 17 the goal deepest(T;X) o

urs as an argument of the equalitypredi
ate.(Step B) We derive a set of 
lauses for the newly de�ned predi
ate g as follows.(Step B.1) We unfold 
lause 17 w.r.t. depth(T;D) and we derive:18. g(l(N); 1;X;G)  G=deepest (l(N);X)19. g(t(L;R);D;X;G)  depth(L;DL); depth(R;DR); max (DL;DR;M);plus(M; 1;D); G=deepest (t(L;R);X)Now, by unfolding 
lauses 18 and 19 w.r.t. the atoms with the deepest predi
ate, we derive:



9.20. g(l(N); 1; N; true) 21. g(t(L;R);D;X;G)  depth(L;DL); depth(R;DR);max (DL;DR;M); plus(M; 1;D);G=(depth(L;DL1); depth(R;DR1);((DL1�DR1; deepest(L;X)) _ (DL1�DR1; deepest(R;X))))(Step B.2) We perform two goal repla
ement steps based on the fun
tionality of depth , and from
lause 21 we derive:22. g(t(L;R);D;X;G)  depth(L;DL); depth(R;DR);max (DL;DR;M); plus(M; 1;D);G=((DL�DR; deepest(L;X)) _ (DL�DR; deepest(R;X)))(Step B.3) In order to fold 
lause 22 using 
lause 17, we �rst introdu
e goal equalities and wethen perform suitable leftward moves of those goal equalities. We derive the following 
lause:23. g(t(L;R);D;X;G)  depth(L;DL); GL=deepest(L;X);depth(R;DR); GR=deepest(R;X);max (DL;DR;M); plus(M; 1;D);G=((DL�DR;GL) _ (DL�DR;GR))Noti
e that we 
an move the goal equality GL= deepest(L;X) to the left of the test DL�DRwithout altering the operational semanti
s of our program. Indeed, this goal equality su

eedsand binds the goal variable GL to the goal deepest(L;X) without evaluating it. The goaldeepest(L;X) will be evaluated only when GL is 
alled. A similar remark holds for the goalequality GR=deepest(L;X). Now, by folding twi
e 
lause 23 using 
lause 17, we get:24. g(t(L;R);D;X;G)  g(L;DL;X;GL); g(R;DR;X;GR);max (DL;DR;M); plus(M; 1;D);G=((DL�DR;GL) _ (DL�DR;GR))(Step C) Now we express the predi
ate deepest in terms of the new predi
ate g by transforming
lause 16 as follows: (i) we �rst repla
e the two deepest atoms by the goal variables GL andGR; (ii) we then introdu
e suitable goal equalities, (iii) we then suitably move to the left thegoal equalities, and (iv) we �nally fold using 
lause 17. We derive the following 
lause:25. deepest(t(L;R);X)  g(L;DL;X;GL); g(R;DR;X;GR);((DL�DR;GL) _ (DL�DR;GR))Our �nal program Deepest2 is as follows:1. deepest(l(N); N) 25. deepest(t(L;R);X)  g(L;DL;X;GL); g(R;DR;X;GR);((DL�DR;GL) _ (DL�DR;GR))20. g(l(N); 1; N; true) 24. g(t(L;R);D;X;G)  g(L;DL;X;GL); g(R;DR;X;GR);max (DL;DR;M); plus(M; 1;D);G=((DL�DR;GL) _ (DL�DR;GR))Now, when we evaluate a goal of the form deepest(t;X), where t is a ground tree and X is avariable, Deepest2 does not generate redundant 
alls and it performs only one traversal of thetree t. Deepest2 is more eÆ
ient than Deepest be
ause in the worst 
ase Deepest2 performs O(n)LD-resolution steps to 
ompute an answer to deepest(t;X), where n is the number of nodes of t,while the initial program Deepest takes O(n2) LD-resolution steps. The program Deepest2 
anbe run by an ordinary Prolog system and 
omputer experiments 
on�rm substantial eÆ
ien
yimprovements with respe
t to the initial program Deepest (see Se
tion 7.6).



10.EÆ
ien
y improvements, although smaller, are obtained also when 
omparing the �nal pro-gram Deepest2 with respe
t to the intermediate program DeepestOr whi
h has been obtainedfrom the initial program Deepest by repla
ing 
lauses 2 and 3 by 
lause 16, thereby avoiding therepetition of the 
ommon goals in 
lauses 2 and 3. Indeed, although more eÆ
ient than Deepestin the worst 
ase, the program DeepestOr still takes a quadrati
 number of LD-resolution stepsto 
ompute an answer to deepest(t;X). 2In Se
tion 7 we will present more examples of program derivation and we will also provide someexperimental results.3. The Extended Logi
 Language with Goals as ArgumentsLet us now formally de�ne our extended logi
 language. Suppose that the following pairwisedisjoint sets are given: (i) individual variables: X;X1;X2; : : : ; (ii) goal variables: G;G1; G2; : : : ;(iii) fun
tion symbols (with arity): f; f1; f2; : : : ; (iv) primitive predi
ate symbols: true, false,=t (denoting equality between terms), =g (denoting equality between goals), and (v) predi
atesymbols (with arity): p; p1; p2; : : : Individual and goal variables are 
olle
tively 
alled variables,and they are ranged over by V; V1; V2; : : : O

asionally, we will feel free to depart from thesenaming 
onventions, if no 
onfusion arises.Terms: t; t1; t2; : : :, goals: g; g1; g2; : : :, and arguments: u; u1; u2; : : :, have the following syntax:t ::= X j f(t1; : : : ; tn)g ::= G j true j false j t1=t t2 j g1=g g2 j p(u1; : : : ; um) j g1 ^ g2 j g1 _ g2u ::= t j gThe binary operators ^ (
onjun
tion) and _ (disjun
tion) are assumed to be asso
iative withneutral elements true and false, respe
tively. Thus, a goal g is the same as true ^ g and g^ true.Similarly, g is the same as false _ g and g_ false. Goals of the form p(u1; : : : ; um) are also 
alledatoms. In the sequel, for reasons of simpli
ity, we will write =, instead of =t or =g, and weleave it to the reader to distinguish between the two equalities a

ording to the 
ontext of use.Noti
e that, a

ording to our operational semanti
s (see Se
tion 4), _ is 
ommutative, ^ is not
ommutative, =t is symmetri
, and =g is not symmetri
.Clauses 
; 
1; 
2; : : : have the following syntax:
 ::= p(V1; : : : ; Vm) gwhere p is a non-primitive predi
ate symbols and V1; : : : ; Vm are distin
t variables. The atomp(V1; : : : ; Vm) is 
alled the head of the 
lause and the goal g is 
alled the body of the 
lause. A
lause of the form: p(V1; : : : ; Vm) true will also be written as p(V1; : : : ; Vm) .Programs P; P1; P2; : : : are sets of 
lauses of the form:p1(V1; : : : ; Vm1) g1...pk(V1; : : : ; Vmk) gkwhere p1; : : : ; pk are distin
t non-primitive predi
ate symbols, and every non-primitive predi
atesymbol o

urring in fg1; : : : ; gkg is an element of fp1; : : : ; pkg. Ea
h 
lause head has distin
tvariables as arguments. Given a program P and a non-primitive predi
ate p o

urring in P , theunique 
lause in P of the form p(V1; : : : ; Vm) g, is 
alled the de�nition of p in P . We say thata predi
ate p is de�ned in a program P i� p has a de�nition in P .



11.An ordinary goal is a goal without goal variables or goal arguments. Formally, an ordinarygoal has the following syntax:g ::= true j false j t1=t t2 j p(t1; : : : ; tm) j g1 ^ g2 j g1 _ g2where t1; t2; : : : ; tm are terms. Ordinary programs are programs whose goals are ordinary goals.Notes on syntax.(1) When no 
onfusion arises, we also use 
omma, instead of ^, for denoting 
onjun
tion.(2) The assumption that in our programs 
lause heads have only variables as arguments isnot restri
tive, be
ause we may always repla
e a non-variable argument, say u, by a variableargument, say V , in the head of a 
lause, at the expense of adding the extra equality V =u inthe body.(3) The assumption that in every program there exists at most one 
lause for ea
h predi
atesymbol is not restri
tive, be
ause one may use disjun
tions in the body of 
lauses. In parti
ular,every de�nite logi
 program written by using the familiar syntax [9℄, 
an be rewritten into anequivalent program of our language by suitable introdu
tions of equalities and _ operators inthe bodies of 
lauses.(4) Our logi
 language is a typed language in the sense that: (i) every individual variable hastype term , (ii) every fun
tion symbol of arity n has type termn ! term , (iii) true, false, andevery goal variable have type bool, (iv.1) =t has type term � term ! bool , (iv.2) =g has typebool � bool ! bool , and (v) every predi
ate symbol of arity n has a unique type of the form:(term j bool )n ! bool . We assume that all our programs 
an be uniquely typed a

ording tothe above rules.4. The Operational Semanti
sIn this se
tion we de�ne the operational semanti
s of our extended logi
 language. We 
hoosea syntax-dire
ted style of presentation whi
h makes use of dedu
tion rules. For an elemen-tary presentation of this te
hnique sometimes 
alled stru
tural operational semanti
s or naturalsemanti
s, the reader may refer to [23℄.Before de�ning the semanti
s of our logi
 language, we re
all the following notions. ByfV1=u1; : : : ; Vm=umg we denote the substitution of u1; : : : ; um for the variables V1; : : : ; Vm. Asusual, we assume that the Vi's are all distin
t and for i=1; : : : ;m, ui is distin
t from Vi. By " wedenote the identity substitution. By #�S we denote the restri
tion of the substitution # to set Sof variables, that is, #�S = fV=u j V=u 2 # andV2Sg. Given the substitutions #; �1; : : : ; �k, by#Æf�1; : : : ; �kg we denote the set of substitutions f#�1; : : : ; #�kg (where, as usual, juxtapositionof substitutions denotes 
omposition [9℄). By g# we denote the appli
ation of the substitution# to the goal g. By mgu(t1; t2) we denote a relevant, idempotent, most general uni�er of theterms t1 and t2.The set of all substitutions is denoted by Subst and the set of all �nite subsets of Subst isdenoted by P(Subst). Given A;B 2 P(Subst), we say that A and B are equally general withrespe
t to a goal g i� (i) for every � 2 A there exists � 2 B su
h that g� is an instan
e of g�,and symmetri
ally, (ii) for every � 2 B there exists � 2 A su
h that g� is an instan
e of g�. Forexample, A = ffX=tg; fX=Y g; fX=Zgg and B = ffX=Wgg are equally general with respe
tto a goal p(X).Given a set of substitutions A 2 P(Subst) and a goal g, let mostgen(A; g) denote a largestsubset of fg# j# 2 Ag su
h that for any two goal g1 and g2 in mostgen(A; g), g1 is not aninstan
e of g2. For example, mostgen(ffX=tg; fX=Y g; fX=Zgg; p(X)) = fp(Y )g. Noti
e that



12.(tt) P ` true 7! f"g(� ) P ` false ^ g 7! ;(teq1) P ` (t1= t2) ^ g 7! ; if t1 and t2 are non-uni�able terms(teq2) P ` gmgu(t1; t2) 7! AP ` (t1= t2) ^ g 7! (mgu(t1; t2)ÆA) if t1 and t2 are uni�able terms(geq) P ` g2fG=g1g 7! AP ` (G=g1) ^ g2 7! (fG=g1gÆA) if the goal variable G is not in vars(g1)(at) P ` g1fV1=u1; : : : ; Vm=umg ^ g 7! AP ` p(u1; : : : ; um) ^ g 7! A�Swhere p(V1; : : : ; Vm) g1 is a renamed apart 
lause of P and S is vars(p(u1; : : : ; um) ^ g)(or ) P ` g1 ^ g 7! A1 P ` g2 ^ g 7! A2P ` (g1 _ g2) ^ g 7! (A1 [A2)Figure 1: Operational Semanti
sthe set denoted by mostgen is not uniquely determined. However, it 
an be shown that, whatever
hoi
e we make for the set denoted by mostgen, any two sets of substitutions A and B areequally general with respe
t to a goal g i� there exists a bije
tion � from mostgen(A; g) tomostgen(B; g) su
h that for any goal h 2 mostgen(A; g), �(h) is a variant of h. In this 
ase wewrite mostgen(A; g) � mostgen(B; g).We use g[u℄ to denote a goal g in whi
h we have sele
ted an o

urren
e of its sub
onstru
t u,where u may be either a term or a goal. By g[ ℄ we denote the goal g[u℄ without the sele
tedo

urren
e of its sub
onstru
t u. We say that g[ ℄ is a goal 
ontext. For any synta
ti
 
onstru
tr, we use vars(r) to denote the set of variables o

urring in r and, for any set fr1; : : : ; rmgof synta
ti
 
onstru
ts, we use vars(r1; : : : ; rm) to denote the set of variables vars(r1) [ : : : [vars(rm). In parti
ular, given a substitution #, a variable belongs to vars(#) i� it o

urs eitherin the domain of # or in the range of #. Given the goals g and g1 and a 
lause 
 of the formp(V1; : : : ; Vm) g[g1℄, the lo
al variables of g1 in 
 are those in the set vars(g1)�(fV1; : : : ; Vmg[vars(g[ ℄)).Given a program P , we de�ne the semanti
s of P as a ternary relation P ` g 7! A, where gis a goal and A is a �nite set of substitutions, meaning that for P and g all LD-derivations are�nite and A is the �nite set of answer substitutions whi
h are 
omputed by these LD-derivations.The relation P ` g 7! A is de�ned by the dedu
tion rules given in Figure 1.A dedu
tion tree � for P ` g 7! A is a tree su
h that: (i) the root of � is P ` g 7! A, and (ii)for every node n of � with sons n1; : : : ; nk (with k � 0), there exists an instan
e of a dedu
tionrule, say r, whose 
on
lusion is n and whose premises are n1; : : : ; nk. We say that n is derivedby applying rule r to n1; : : : ; nk. A proof of P ` g 7! A is a �nite dedu
tion tree for P ` g 7! Awhere every leaf is a dedu
tion rule whi
h has no premises.We say that P ` g 7! A holds i� there exists a proof of P ` g 7! A. If P ` g 7! A holds and



13.A 6= ;, then we say that g su

eeds in P , written P ` g # true . Otherwise, if P ` g 7! ; holds,then we say that g fails in P , written P ` g# false . If g either su

eeds or fails in P we say thatg terminates in P . We say that a goal g is stu
k i� it is either of the form G ^ g1, where G is agoal variable, or of the form (g0=g1) ^ g2, where either g0 is a non-variable goal or g0 is a goalvariable o

urring in g1. We say that g gets stu
k in P i� there exist a set A of substitutionsand a (�nite or in�nite) dedu
tion tree � for P ` g 7! A su
h that a leaf of � is of the formP ` g1 7! B and g1 is stu
k. For instan
e, the goal (G=p)^ (G=q) gets stu
k in any programP . We say that g is safe in P i� g does not get stu
k in P .For every program P and goal g, the three 
ases: (i) g su

eeds in P , (ii) g fails in P , and(iii) g gets stu
k in P , are pairwise mutually ex
lusive, but not exhaustive. Indeed, there is afourth 
ase in whi
h the unique maximal dedu
tion tree with root P ` g 7! A is in�nite andea
h of its leaves, if any, is the 
on
lusion of a dedu
tion rule whi
h has no premises. In this
ase no A exists su
h that P ` g 7! A holds and g does not get stu
k in P .Notes on semanti
s.(1) In our presentation of the dedu
tion rules we have exploited the assumption that ^ and _are asso
iative operators with neutral elements true and false, respe
tively. For instan
e, wehave not introdu
ed the rule P ` false 7! ; be
ause it is an instan
e of rule (� ) for g= true .(2) Given a program P and a goal g, if there exists a proof for P ` g 7! A for some A, then theproof is unique up to isomorphism. More pre
isely, given two proofs, say �1 for P ` g 7! A1and �2 for P ` g 7! A2, there exists a bije
tion � from the nodes of �1 to the nodes of �2 whi
hpreserves the appli
ation of the dedu
tion rules and if �(P ` g1 7! B1) = P ` g2 7! B2 then(i) g1 is a variant of g2, and(ii) 8�12B1 9�22B2 su
h that g1�1 is a variant of g2�2, and(iii) 8�22B2 9�12B1 su
h that g2�2 is a variant of g1�1.This property is a 
onsequen
e of the fa
t that: (i) for any program P and goal g, there exists atmost one rule instan
e whose 
on
lusion is of the form P ` g 7! A for some A, and (ii) our rulesfor the operational semanti
s are deterministi
, in the sense that no 
hoi
e has to be made whenone applies them during the 
onstru
tion of a proof, apart from the 
hoi
e of how to 
omputethe most general uni�ers and how to rename apart the 
lauses.In parti
ular, any two sets A1 and A2 of answer substitutions for a program P and a goal g,are related as follows: if P ` g 7! A1 and P ` g 7! A2 then 8�12A1 9�22A2 g�1 is a variantof g�2 and 8�22A2 9�12 A1 g�2 is a variant of g�1. Thus, A1 and A2 are equally general withrespe
t to g. The same property holds also for any two sets of 
omputed answer substitutionswhi
h are 
onstru
ted by LD-resolution (re
all that by LD-resolution we 
an 
onstru
t di�erentsets of 
omputed answer substitutions by 
hoosing di�erent most general uni�ers and di�erentvariable renamings).Noti
e that if P ` g 7! A1 and P ` g 7! A2 hold then A1 and A2 may have di�erent 
ardinality.Indeed, let us 
onsider the program P 
onsisting of the following 
lause only:p(X;Y;Z) (X=Y ^ Z=Y ) _ (X=Z ^ Y =Z)In this 
ase, sin
e both Z=Y and Y=Z are most general uni�ers of Y =Z, we have that bothP ` p(X;Y;Z) 7! ffX=Y;Z=Y g; fX=Z; Y=Zgg and P ` p(X;Y;Z) 7! ffX=Y;Z=Y gg hold.Noti
e also that the substitution fX=Y;Z=Y g is more general than the substitution fX=Z; Y=Zgand vi
e versa.(3) If P ` g 7! A and # 2 A, then the domain of # is a subset of vars(g).



14.(4) In the presentation of the dedu
tion rules for the ternary relation P ` g 7! A, the programP never 
hanges and thus, it 
ould have been omitted. However, the expli
it referen
e to P isuseful for presenting our Corre
tness Theorem (see Theorem 6.7 in Se
tion 6).(5) We assume that in any relation P ` g 7! A, the program P and the goal g have 
onsistenttypes, that is, the type of every fun
tion and predi
ate symbol should be the same in P and ing. For instan
e, if P = fp(G)  g where G is a goal variable, then P ` p(0) 7! f"g does nothold, be
ause in the program P the predi
ate p has type bool ! bool , while in the goal p(0) thepredi
ate p has type term ! bool . Moreover, for any relation P ` g1 7! A1 o

urring in theproof of P ` g 7! A, we have that program P and goal g1 have 
onsistent types.Now we dis
uss the relationship between LD-resolution and the operational semanti
s de�nedin this se
tion. Apart from the style of presentation (usually LD-resolution is presented by meansof the notions of LD-derivation and LD-tree [1, 9℄), LD-resolution di�ers from our operationalsemanti
s only in the treatment of goal equality. Indeed, by using LD-resolution, the goalequality g1 = g2 is evaluated by applying the ordinary uni�
ation algorithm also in the 
asewhere g1 is not a goal variable or g1 is a goal variable o

urring in vars(g2). In 
ontrast,a

ording to our operational semanti
s, a goal of the form g1 = g2 is evaluated by unifying g1and g2, only if g1 is a variable whi
h does not o

ur in vars(g2) (see rule (geq) above).Thus, if a goal g is safe in P , then the evaluation of g a

ording to our operational semanti
sagrees with the one whi
h uses LD-resolution in the following sense: if g is safe in P , then thereexists a set A of answer substitutions su
h that P ` g 7! A holds i�: (i) all LD-derivationsstarting from g and using P are �nite (that is, g universally terminates in P [1, 20℄), and (ii) Ais the set of the 
omputed answer substitutions obtained by LD-resolution. Point (i) followsfrom the fa
t that in our operational semanti
s, the evaluation of a disjun
tion of goals (seethe (or) rule) requires the evaluation of ea
h disjun
t. Thus, in order to 
ompute the relationP ` g 7! A in the 
ase where g is safe in P , we 
an use any ordinary Prolog system whi
himplements LD-resolution.Noti
e that given a program P and a goal g, if the LD-tree has an in�nite LD-derivation thenno set A of answer substitutions exists su
h that P ` g 7! A. In parti
ular, for the programP = fp(0)  ; p(X)  p(X)g no A exists su
h that P ` p(X) 7! A, while the set of 
omputedanswer substitutions 
onstru
ted by LD-resolution for the program P and the goal p(X) is thesingleton 
onsisting of the substitution fX=0g only.It may also be the 
ase that a goal g is not safe in a program P (thus, there exists no set Aof answer substitutions su
h that P ` g 7! A holds) while, by using LD-resolution, g su

eedsor fails in P . For instan
e, for any program and for any two distin
t nullary predi
ates p and q,(i) the goal p= p is not safe, while it su

eeds by using LD-resolution and (ii) the goal p= q isnot safe, while it fails by using LD-resolution.We re
all that our interpretation of goal equality is motivated by the fa
t that we wantthe operational semanti
s to be preserved by program transformations and, in parti
ular, byunfolding. As already shown in the Introdu
tion, unfortunately, unfolding does not preserve theoperational semanti
s based on ordinary LD-resolution.The following Proposition 4.1 establishes an important property of our operational semanti
s.This property is useful for the proof the 
orre
tness results in Se
tion 6 (see Theorem 6.7).The proof of this proposition is similar to the one in the 
ase of LD-resolution for de�niteprograms (see, for instan
e, [9℄) and will be omitted.



15.Proposition 4.1. Let P be a program, g be an ordinary goal, and A be a set of substitutionssu
h that P ` g 7! A. Then, for all # 2 Subst, the following hold:(i) g# terminates, that is, either P ` g# # true or P ` g# # false, and(ii.1) P ` g# # true i� there exists � 2 A su
h that g# is an instan
e of g�, and(ii.2) P ` g# # false i� it does not exist � 2 A su
h that g# is an instan
e of g�.Let us 
on
lude this se
tion by introdu
ing the notions of re�nement and equivalen
e betweenprograms whi
h we will use in Se
tion 6 to state the weak and strong 
orre
tness of the programtransformations that 
an be realized by applying our transformation rules. These rules arepresented in the next se
tion.De�nition 1 (Re�nement and Equivalen
e) Given two programs P1 and P2, we say thatP2 is a re�nement of P1, written P1 v P2, i� for every ordinary goal g and for every A 2 P(Subst),if P1 ` g 7! A then there exists B 2 P(Subst) su
h that:(1) P2 ` g 7! B and(2) A and B are equally general with respe
t to g.We say that P1 is equivalent to P2, written P1 � P2, i� P1 v P2 and P2 v P1.Remark 1. Re
all that Condition (2) 
an be written as mostgen(A; g) � mostgen(B; g). Inthis sense we will say that if P1 v P2 and the ordinary goal g terminates in P1, then the mostgeneral answer substitutions for g are the same in P1 and P2, modulo variable renaming. 2Remark 2. P1 v P2 implies that, for every ordinary goal g,- if g su

eeds in P1 then g su

eeds in P2, and- if g fails in P1 then g fails in P2. 2Theorem 6.7 stated in Se
tion 6 shows that, if from program P1 we derive program P2 by usingour transformation rules and suitable 
onditions hold, then P1 v P2. In this 
ase we say that thetransformation is weakly 
orre
t. If additional 
onditions hold, then we may have that P1 � P2and we say that the transformation is strongly 
orre
t.In Se
tion 6 we will also show that our transformation rules preserve safety, that is, if fromprogram P1 we derive program P2 by using the transformation rules and goal g is safe in P1,then goal g is safe also in P2.5. The Transformation RulesIn this se
tion we present the transformation rules for our extended logi
 language. We as-sume that starting from an initial program P0 we have 
onstru
ted the transformation sequen
eP0; : : : ; Pi [11, 17℄. By an appli
ation of a transformation rule, from program Pi we derive thenew program Pi+1.Rule R1 (De�nition Introdu
tion)We derive the new program Pi+1 by adding to program Pi a new 
lause, 
alled a de�nition, ofthe form:newp(V1; : : : ; Vm) gwhere: (i) newp is a new non-primitive predi
ate symbol not o

urring in any program of thesequen
e P0; : : : ; Pi, (ii) the non-primitive predi
ate symbols o

urring in g are de�ned in P0,



16.and (iii) V1; : : : ; Vm are some of (possibly all) the distin
t variables o

urring in g.The set of all de�nitions introdu
ed during the transformation sequen
e P0; : : : ; Pi, is denotedby Defi. Thus, Def0 = ;.Rule R2 (Unfolding)Let 
1: h  body [p(u1; : : : ; um)℄ be a renamed apart 
lause in program Pi where p is a non-primitive predi
ate symbol. Let d: p(V1; : : : ; Vm) g be a 
lause in P0 [Defi. By unfolding 
1w.r.t. p(u1; : : : ; um) using d we derive the new 
lause 
2: h  body [gfV1=u1; : : : ; Vm=umg℄. Wederive the new program Pi+1 by repla
ing in program Pi 
lause 
1 by 
lause 
2.Rule R3 (Folding)Let 
1: h body [g#℄ be a renamed apart 
lause in program Pi and let d: p(V1; : : : ; Vm) g bea 
lause in Defi. Suppose that, for every lo
al variable V of g in d, we have that:(1) V # is a lo
al variable of g# in 
1, and(2) the variable V # does not o

ur in W#, for any variable W o

urring in g and di�erentfrom V .Then, by folding 
1 using d we derive the new 
lause 
2: h  body [p(V1; : : : ; Vm)#℄. We derivethe new program Pi+1 by repla
ing in program Pi 
lause 
1 by 
lause 
2.In order to present the goal repla
ement rule (see rule R4 below) we introdu
e the notion ofrepla
ement law. Basi
ally, a repla
ement law denotes two goals whi
h 
an be repla
ed one forthe other in the body of a 
lause. We have two kinds of repla
ement laws: the weak and thestrong repla
ement laws, whi
h ensure weak and strong 
orre
tness, respe
tively (see the end ofthis se
tion for an informal dis
ussion and Se
tion 6 for a formal proof of this fa
t).First we need the following de�nition.De�nition 2 (Depth of a Dedu
tion Tree) Let � be a �nite dedu
tion tree and let m bethe maximal number of appli
ations of the (at) rule in a root-to-leaf path of � . Then we saythat � has depth m.Let � be a proof for P ` g 7! A, for some program P , goal g, and set A of substitutions,and let m be the depth of �. If A= ; we write P ` g #m false ; otherwise, if A 6= ; we writeP ` g #m true.Re
all that, given a program P and a goal g, if for some set A of substitutions there exists aproof for P ` g 7! A, then the proof is unique up to isomorphism. In parti
ular, given a prooffor P ` g 7! A1 and a proof for P ` g 7! A2, they have the same depth.De�nition 3 (Repla
ement Laws) Let P be a program, let g1 and g2 be two goals, and letV be a set of variables.(i) The relation P ` 8V (g1 �! g2) holds i� for every goal 
ontext g[ ℄ su
h that vars(g[ ℄) \vars(g1; g2) � V , and for every b 2 ftrue; falseg, we have that:if P ` g[g1℄ # b then P ` g[g2℄ # b. (y)(ii) The relation P ` 8V (g1 >�! g2), 
alled a weak repla
ement law, holds i� for every goal
ontext g[ ℄ su
h that vars(g[ ℄)\ vars(g1; g2) � V , and for every b 2 ftrue ; falseg, we have that:if P ` g[g1℄ #m b then P ` g[g2℄ #n b with m�n. (yy)(iii) The relation P ` 8V (g1 > ! g2), 
alled a strong repla
ement law , holds i� P ` 8V (g1 >�! g2)and P ` 8V (g2 �! g1).



17.(iv) We write P ` 8V (g1 = ! g2) to mean that the strong repla
ement laws P ` 8V (g1 >�! g2)and P ` 8V (g2 >�! g1) hold.If V = ; then P ` 8V (g1 >�! g2) is also written as P ` g1 >�! g2. If V = fV1; : : : ; Vng thenP ` 8V (g1 >�! g2) is also written as P ` 8V1; : : : ; Vn (g1 >�! g2). If V = vars(g1; g2) thenP ` 8V (g1 >�! g2) is also written as P ` 8 (g1 >�! g2).A few 
omments on the above De�nition 3 are now in order.(1) In the relation P ` 8V (g1 �! g2) we have used the set V of universally quanti�ed variablesas a notational devi
e for indi
ating that when we repla
e g1 by g2 in a 
lause h body [g1℄, thevariables in 
ommon between h body [ ℄ and (g1; g2) are those in V (see the goal repla
ementrule R4 below). Thus, vars(g1) � V is the set of the lo
al variables of g1 in h  body [g1℄ andvars(g2)� V is the set of the lo
al variables of g2 in h body [g2℄.(2) Impli
ation (yy) implies Impli
ation (y).(3) Every strong repla
ement law is also a weak repla
ement law.(4) If P ` 8V (g1 = ! g2) then there exists A1 2 P(Subst) su
h that P ` g1 7! A1 has a proofof depth m i� there exists A2 2 P(Subst) su
h that P ` g2 7! A2 has a proof of depth m.Moreover, if both proofs exist, A1=; i� A2=;.The properties listed in the next proposition follow dire
tly from De�nition 3.Proposition 5.1. Let P be a program, let g1 and g2 be goals, and let V be a set of variables.(i) P ` 8V (g1 �! g2) holds i� for every goal 
ontext g[ ℄ su
h that vars(g[ ℄)\vars(g1; g2) � V ,P ` 8W (g[g1℄ �! g[g2℄) holds, where W = V [ vars(g[ ℄).(ii) P ` 8V (g1 �! g2) holds i� P ` 8W (g1 �! g2) holds, where W = V \ vars(g1; g2).(iii) P ` 8V (g1 �! g2) holds i� for every W � V , P ` 8W (g1 �! g2) holds.(iv) P ` 8V (g1 �! g2) holds i� for every substitution # su
h that vars(#) \ vars(g1; g2) � V ,P ` 8W (g1# �! g2#) holds, where W = vars(V #).(v) P ` 8V (g1 �! g2) holds i� for every renaming substitution � su
h that vars(�) \ V = ;,P ` 8V (g1� �! g2�) holds.The properties obtained from (i) { (v) by repla
ing �! by >�! are also true. We will referto them as Properties (i0) { (v0), respe
tively.De�nition 4. We say that a weak repla
ement law P ` 8V (g1 >�! g2) (or a strong repla
ementlaw P ` 8V (g1 > ! g2)) preserves safety i� for every goal 
ontext g[ ℄ su
h that vars(g[ ℄) \vars(g1; g2) � V , we have that:if g[g1℄ is safe in P then g[g2℄ is safe in P .Rule R4 (Goal Repla
ement)Let 
1: h body [g1℄ be a 
lause in program Pi and let g2 be a goal su
h that: (i) all non-primitivepredi
ate symbols o

urring in g1 or g2 are de�ned in P0, and either (ii.1) P0 ` 8V (g1 >�! g2),or (ii.2) P0 ` 8V (g1 > ! g2), where V = vars(h; body [ ℄) \ vars(g1; g2).By goal repla
ement we derive the new 
lause 
2: h body [g2℄, and we derive the new programPi+1 by repla
ing in program Pi 
lause 
1 by 
lause 
2.In 
ase (ii.1) we say that the goal repla
ement is based on a weak repla
ement law. In 
ase(ii.2) we say that the goal repla
ement is based on a strong repla
ement law. We say that a



18.goal repla
ement preserves safety i� it is based on a (weak or strong) repla
ement law whi
hpreserves safety.Impli
ation (yy) of De�nition 3 makes >�! and > ! to be improvement relations in thesense of [15℄. As stated in Theorem 6.7 of Se
tion 6, Impli
ation (yy) is required for ensuringthe weak 
orre
tness of a goal repla
ement step, while Impli
ation (y) of De�nition 3 does notsuÆ
e. This fa
t is illustrated by the following example.Example 6. Let us 
onsider the program P1:1. p q2. q  We have that P1 ` q �! p and thus, Impli
ation (y) holds by taking g1 to be q, g2 to be p, andg[ ℄ to be the empty goal 
ontext. The repla
ement of q by p in 
lause 1 produ
es the followingprogram P2:1*. p p2. q  This repla
ement is not an appli
ation of rule R4, be
ause Impli
ation (yy) does not hold.(Indeed, we have that the depth of the proof for P1 ` q 7! f"g is smaller than the depth of theproof for P1 ` p 7! f"g). The transformation from program P1 to program P2 is not weakly
orre
t (nor strongly 
orre
t), be
ause p su

eeds in P1, while p does not terminate in P2, andthus, it is not the 
ase that P1 v P2. 2The reader may 
he
k that, for any program P , and goals g, g1, g2, and g3, we have the followingrepla
ement laws. It 
an be shown that these repla
ement laws preserve safety.1. Boolean Laws:P ` 8 (g ^ true = ! g) P ` 8 (g ^ g >�! g)P ` 8 (true ^ g = ! g) P ` 8 (g _ g = ! g)P ` 8 (true _ g >�! true) P ` 8 (g1 _ g2 = ! g2 _ g1)P ` 8 (g ^ false >�! false) P ` 8 ((g1 ^ g2) _ (g1 ^ g3) = ! g1 ^ (g2 _ g3))P ` 8 (false ^ g = ! false) P ` 8 ((g1 ^ g2) _ (g3 ^ g2) = ! (g1 _ g3) ^ g2)P ` 8 (false _ g = ! g) P ` 8 ((g1 _ g2) ^ (g1 _ g3) >�! g1 _ (g2 ^ g3))In the following repla
ement laws 2.1 and 2.2, a

ording to our 
onventions, V stands for eitheran individual variable or a goal variable, and u stands for either a term or a goal, respe
tively.2.1 Introdu
tion and elimination of equalities:P ` 8U (g[u℄ = ! ((V =u) ^ g[V ℄)) where U = vars(g[u℄) and V 62 U .2.2 Rearrangement of equalities:P ` 8U (g[(V =u) ^ g1℄ = ! ((V =u) ^ g[g1℄)) where U = vars(g[g1℄; u) and V 62 U .When referring to goal variables, laws 2.1 and 2.2 will also be 
alled `Introdu
tion and eliminationof goal equalities' and `Rearrangement of goal equalities', respe
tively.3. Rearrangement of term equalities:P ` 8 (g ^ (t1= t2) >�! (t1= t2) ^ g)4. Clark Equality Theory (also 
alled CET, see [9℄):P ` 8X (eq1 = ! eq2) if CET ` 8X (9Y eq1 $ 9Z eq2)



19.where: (i) eq1 and eq2 are goals 
onstru
ted by using true, false, term equalities, 
onjun
tions,and disjun
tions, and (ii) Y =(vars(eq1)�X) and Z=(vars(eq2)�X).Noti
e that, for some program P and for some goals g; g1; g2, and g3, the following do nothold:P ` 8 (true �! true _ g)P ` 8 (false �! g ^ false)P ` 8 ((t1= t2) ^ g �! g ^ (t1= t2))P ` 8 (g1 _ (g2 ^ g3) �! (g1 _ g2) ^ (g1 _ g3))P ` 8V (g2[g1℄ �! g2[G℄ ^ (G=g1)) where V =vars(g2[g1℄) and G 62 VP ` 8V (g[(G=g1) ^ g2℄ �! (G=g1) ^ g[g2℄)where V =(vars(g[g2℄; g1)� fGg) and G 2 vars(g[ ℄; g1)P ` 8 (g[(G=g1) ^ g2℄ �! (G=g1) ^ g[g2℄) where G 62 vars(g[ ℄; g1)Let us now make some remarks on the goal repla
ement rule. In the Weak Corre
tness partof Theorem 6.7 (see Se
tion 6) we will prove that if program P2 is derived from program P1by an appli
ation of the goal repla
ement rule based on a weak repla
ement law, then P2 isa re�nement of P1, that is, P1 v P2. Thus, there may be some ordinary goal g whi
h eithersu

eeds or fails in P2, while g does not terminate in P1, as shown by the following example.Example 7. Let us 
onsider the following two programs P1 and P2, where P2 is derived fromP1 by applying the goal repla
ement rule based on the weak (and not strong) repla
ement lawP1 ` 8 (true _ g >�! true):P1: p true _ q P2: p trueq  q q  qWe have that p does not terminate in P1 and p su

eeds in P2.Next, let us 
onsider the following programs:P3: p q ^ false P4: p falseq  q q  qwhere P4 is derived from P3 by a goal repla
ement rule based on a weak (and not strong)repla
ement law P ` 8 (g ^ false >�! false). We have that p does not terminate in P3, while pfails in P4. 2In the Strong Corre
tness part of Theorem 6.7 we will prove that if program P2 is derivedfrom program P1 by an appli
ation of the goal repla
ement rule based on a strong repla
ementlaw, then P1 and P2 are equivalent, that is P1 � P2. Thus, in parti
ular, for any goal g, gterminates in P1 i� g terminates in P2.Moreover, in Theorem 6.8 of Se
tion 6 we will prove that if program P2 is derived from programP1 by goal repla
ements whi
h preserve safety, then every goal whi
h is safe in P1, is safe alsoin P2.6. Corre
tness of Program TransformationsThe unrestri
ted use of our rules for transforming programs may allow the 
onstru
tion ofin
orre
t transformation sequen
es, as the following example shows.



20.Example 8. Let us 
onsider the following initial program:P0: p qq  By two de�nition introdu
tion steps, we get:P1: p qq  newp1 qnewp2 qBy three folding steps, from program P1 we get the �nal program:P2: p newp1q  newp1 newp2newp2 newp1We have that p su

eeds in P0, while p does not terminate in P2. 2In this se
tion we will present some 
onditions whi
h ensure that every transformation sequen
eP0; : : : ; Pk 
onstru
ted by using our rules, is:(i) weakly 
orre
t, in the sense that P0 [Defk v Pk (see Point (1) of Theorem 6.7),(ii) strongly 
orre
t, in the sense that P0 [Defk � Pk (see Point (2) of Theorem 6.7),(iii) preserves safety, in the sense that, for every goal g, if g is safe in P0 [ Defk then g is safealso in Pk (see Theorem 6.8).Similarly to other 
orre
tness results presented in the literature [2, 11, 15, 17℄, some of the
onditions whi
h ensure (weak or strong) 
orre
tness, require that the transformation sequen
esare 
onstru
ted by performing suitable unfolding steps before performing folding steps.In parti
ular, Theorem 6.7 below ensures the (weak or strong) 
orre
tness of a given trans-formation sequen
e in the 
ase where this sequen
e is admissible, that is, it is 
onstru
ted byperforming parallel leftmost unfoldings (see De�nition 5) on all de�nitions whi
h are used forperforming subsequent foldings.In order to present our 
orre
tness results it is 
onvenient to 
onsider admissible transformationsequen
es whi
h are ordered, that is, transformation sequen
es 
onstru
ted by:(i) �rst, applying the de�nition introdu
tion rule,(ii) then, performing parallel leftmost unfoldings of the de�nitions that are used for subsequentfoldings, and(iii) �nally, performing unfoldings, foldings, and goal repla
ements in any order.Thus, an ordered, admissible transformation sequen
e has all its de�nition introdu
tions per-formed at the beginning, and it 
an be written in the form P0; : : : ; P0[Defk; : : : ; Pk, where Defkis the set of all de�nitions introdu
ed during the entire transformation sequen
e P0; : : : ; P0 [Defk; : : : ; Pk. By Proposition 6.1 below we may assume, without loss of generality, that alladmissible transformation sequen
es are ordered.In order to prove that an admissible transformation sequen
e is weakly 
orre
t (see Point (1)of Theorem 6.7), we pro
eed as follows.(i) In Lemma 6.2 we 
onsider a generi
 transformation by whi
h we derive a program NewPfrom a program P by repla
ing the bodies of the 
lauses of P by new bodies. We show that, ifthese body repla
ements 
an be viewed as goal repla
ements based on weak repla
ement laws,then the transformation from P to NewP preserves su

esses and failures, that is,- if a goal g su

eeds in P then g su

eeds in NewP , and



21.- if a goal g fails in P then g fails in NewP .(ii) Then, in Lemma 6.3 we prove that in an ordered, admissible transformation sequen
eP0; : : : ; P0 [ Defk; : : : ; Pk, any appli
ation of the unfolding, folding, and goal repla
ement ruleis an instan
e of the generi
 transformation 
onsidered in Lemma 6.2, that is, it 
onsists in therepla
ement of the body of a 
lause by a new body, and this repla
ement 
an be viewed as agoal repla
ement based on a weak repla
ement law.(iii) Thus, by using Lemmata 6.2 and 6.3 we get Point (1) of Theorem 6.6. In parti
ular, wehave that in any admissible transformation sequen
e P0; : : : ; P0 [ Defk; : : : ; Pk, su

esses andfailures are preserved, that is:- if a goal g su

eeds in P0 [Defk then g su

eeds in Pk, and- if a goal g fails in P0 [Defk then g fails in Pk.(iv) Finally, Proposition 4.1 allows us to infer the preservation of most general answer substi-tutions from the preservation of su

esses and failures. Indeed, by Proposition 4.1 and Point(1) of Theorem 6.6 we prove that if an ordinary goal g su

eeds in P0 [ Defk then the set ofanswer substitutions for g in P0[Defk and the set of answer substitutions for g in Pk are equallygeneral.A

ording to De�nition 1, Points (iii) and (iv) mean that P0 [Defk v Pk, that is, the ordered,admissible transformation sequen
e P0; : : : ; P0 [Defk; : : : ; Pk is weakly 
orre
t (see Point (1) ofTheorem 6.7).In order to prove that an admissible transformation sequen
e is strongly 
orre
t (see Point (2)of Theorem 6.7), we make the additional hypothesis that all goal repla
ements performed duringthe 
onstru
tion of the transformation sequen
e are based on strong repla
ement laws. Anal-ogously to the proof of weak 
orre
tness whi
h is based on Lemmata 6.2 and 6.3, the proofof strong 
orre
tness is based on Lemmata 6.4 and 6.5 whi
h we give below. By using theselemmata, we prove Point (2) of Theorem 6.6, that is:- if a goal g su

eeds in Pk then g su

eeds in P0 [Defk, and- if a goal g fails in Pk then g fails in P0 [Defk.Finally, by Proposition 4.1 and Theorem 6.6, we prove that any admissible transformationsequen
e in whi
h all goal repla
ements are based on strong repla
ement laws, is strongly 
orre
t(see Point (2) of Theorem 6.7), that is, P0 [Defk � Pk.Now let us formally de�ne the notions of parallel leftmost unfolding of a 
lause, admissibletransformation sequen
e, and ordered admissible transformation sequen
e as follows.De�nition 5. Let 
 be a 
lause in a program P . If 
 is of the form:p(V1; : : : ; Vm) (a1 ^ g1) _ : : : _ (as ^ gs)where a1; : : : ; as are atoms with non-primitive predi
ates, g1; : : : ; gs are goals, and s > 0, thenthe parallel leftmost unfolding of 
lause 
 in program P is the program Q obtained from P byapplying s times the unfolding rule w.r.t. a1; : : : ; as, respe
tively.If 
lause 
 is not of the form indi
ated in De�nition 5 above, then the parallel leftmost unfoldingof 
 is not de�ned.De�nition 6. A transformation sequen
e P0; : : : ; Pk is said to be admissible i� for every h, with0�h<k, if Ph+1 has been obtained from Ph by folding 
lause 
 using 
lause d, then there existi; j, with 0� i<j�k, su
h that Pj is obtained from Pi by parallel leftmost unfolding of d.



22.De�nition 7. An admissible transformation sequen
e P0; : : : ; Pk is said to be ordered i� it is ofthe form P0; : : : ; Pi; : : : ; Pj ; : : : ; Pk, where: (i) the sequen
e P0; : : : ; Pi is 
onstru
ted by applyingthe de�nition introdu
tion rule, (ii) the sequen
e Pi; : : : ; Pj is 
onstru
ted by parallel leftmostunfolding of all de�nitions whi
h have been introdu
ed during the sequen
e P0; : : : ; Pi and areused for folding during the sequen
e Pj ; : : : ; Pk, and (iii) the de�nition introdu
tion rule is neverapplied in the sequen
e Pj ; : : : ; Pk.Given an ordered, admissible transformation sequen
e P0; : : : ; Pi; : : : ; Pj ; : : : ; Pk, the set ofde�nitions introdu
ed during P0; : : : ; Pi is the same as the set of de�nitions introdu
ed duringthe entire sequen
e P0; : : : ; Pk, and thus, in the above De�nition 7 we have that Pi is P0 [Defk.An admissible transformation sequen
e P0; : : : ; Pk whi
h is ordered, is also denoted by P0; : : : ;Pi; : : : ; Pj ; : : : ; Pk, where we expli
itly indi
ate the program Pi after the introdu
tion of thede�nitions, and the program Pj after the parallel leftmost unfolding steps.Proposition 6.1. For any admissible transformation sequen
e P0; : : : ; Pk there exists an ad-missible transformation sequen
e P0; : : : ; Pi; : : : ; Pj ; : : : ; Pk whi
h is ordered.Now, in order to prove the 
orre
tness of transformation sequen
es, we state the followingLemmata 6.2, 6.3, 6.4, and 6.5, whose proofs are given in the Appendix. As already mentioned,these Lemmata 6.2, 6.3, 6.4, and 6.5 will allow us to show that, under suitable 
onditions, forevery admissible transformation sequen
e P0; : : : ; Pk, (i) su

esses and failures are preserved(see Theorem 6.6 below), and (ii) weak 
orre
tness holds (that is, P0 [ Defk v Pk) or strong
orre
tness holds (that is, P0 [Defk � Pk) (see Theorem 6.7 below).Lemma 6.2. Let P and NewP be programs of the form:P : hd1  bd1 NewP : hd1  newbd 1... ...hds  bds hds  newbd sFor r = 1; : : : ; s, let Vr be vars(hdr) and suppose that P ` 8Vr (bdr >�! newbd r).Then, for every goal g and for every b 2 ftrue; falseg, we have that:if P ` g #m b then NewP ` g #n b with m � n.Lemma 6.3. Let us 
onsider an ordered, admissible transformation sequen
e P0; : : : ; Pi; : : : ;Pj ; : : : ; Pk, where Pi is P0 [Defk.(i) For h = i; : : : ; j�1 and for any pair of 
lauses 
1: hd  bd in program Ph and 
2: hd  newbdin program Ph+1, su
h that 
2 is derived from 
1 by applying the unfolding rule, we have that:Pi ` 8V (bd >�! newbd)where V = vars(hd ). (Noti
e that the unfolding rule does not 
hange the heads of the 
lauses.)(ii) For h = j; : : : ; k� 1 and for any pair of 
lauses 
1: hd  bd in program Ph and 
2:hd  newbd in program Ph+1, su
h that 
2 is derived from 
1 by applying the unfolding, orfolding, or goal repla
ement rule, we have that:Pj ` 8V (bd >�! newbd)where V = vars(hd ). (Noti
e that the unfolding, folding, and goal repla
ement rules do not
hange the heads of the 
lauses.)



23.Lemma 6.4. Let P and NewP be programs of the form:P : hd1  bd1 NewP : hd1  newbd1... ...hds  bds hds  newbdsFor r = 1; : : : ; s, let Vr be vars(hdr) and suppose that P ` 8Vr (newbdr �! bdr).Then, for every goal g and for every b 2 ftrue; falseg, we have that if NewP ` g # b then P `g # b.Noti
e that Lemma 6.4 is a partial 
onverse of Lemma 6.2. These two lemmata imply thatif we derive a program NewP from a program P by repla
ing the bodies of the 
lauses of P bynew bodies, and these body repla
ements are goal repla
ements based on strong repla
ementlaws, then every goal terminates in NewP i� it terminates in P .Lemma 6.5. Let us 
onsider a transformation sequen
e P0; : : : ; Pk and let Defk be the set ofde�nitions introdu
ed during that sequen
e. For h = 0; : : : ; k�1 and for any pair of 
lauses 
1:hd  bd in program Ph and 
2: hd  newbd in program Ph+1, su
h that 
2 is derived from 
1by applying the unfolding rule, or the folding rule, or the goal repla
ement rule based on strongrepla
ement laws, we have that:P0 [Defk ` 8V (bd >�! newbd )where V = vars(hd).In parti
ular, as a 
onsequen
e of Lemma 6.3 and Lemma 6.5, we have that in any ordered,admissible transformation sequen
e the unfolding and folding rules 
an be viewed as goal re-pla
ements based on strong repla
ement laws.The following theorem states that for every admissible transformation sequen
e su

esses andfailures are preserved.Theorem 6.6 (Preservation of Su

esses and Failures) Let P0; : : : ; Pk be an admissibletransformation sequen
e and let Defk be the set of de�nitions introdu
ed during that sequen
e.Then for every goal g and for every b 2 ftrue; falseg, we have that:(1) if P0 [Defk ` g #m b then Pk ` g #n b with m � n, and(2) if all appli
ations of the goal repla
ement rule are based on strong repla
ement laws andPk ` g # b, then P0 [Defk ` g # b.Proof : See Appendix. The proof of (1) is based on Proposition 6.1 and Lemmata 6.2 and 6.3,and the proof of (2) is based on Proposition 6.1 and Lemmata 6.4 and 6.5. 2The following theorem establishes the weak 
orre
tness and, under suitable 
onditions, thestrong 
orre
tness of admissible transformation sequen
es.Theorem 6.7 (Corre
tness Theorem) Let P0; : : : ; Pk be an admissible transformation se-quen
e. Let Defk be the set of de�nitions introdu
ed during that sequen
e. We have that:(1) (Weak Corre
tness) P0 [Defk v Pk, that is, Pk is a re�nement of P0 [Defk, and(2) (Strong Corre
tness) if all appli
ations of the goal repla
ement rule are based on strongrepla
ement laws then P0 [Defk � Pk, that is, Pk is equivalent to P0 [Defk.Proof : See Appendix. The proof of (1) is based on Proposition 4.1 and Theorem 6.6 (Point 1),and the proof of (2) is based on Proposition 4.1 and Theorem 6.6 (Points 1 and 2). 2



24.The following two examples show that in the statement of Theorem 6.7 we 
annot drop theadmissibility 
ondition. Indeed, in these examples we 
onstru
t transformation sequen
es whi
hare not admissible and not weakly 
orre
t.Example 9. Let us 
onstru
t a transformation sequen
e as follows. The initial program is:P0: p p ^ qq  falseBy de�nition introdu
tion we get:P1: p p ^ qq  falsenewp  false ^ pThen we perform the unfolding of newp  false ^ p w.r.t. p. (Noti
e that this is not a parallelleftmost unfolding.) We get:P2: p p ^ qq  falsenewp  false ^ p ^ qBy folding we get the �nal program:P3: p p ^ qq  falsenewp  newp ^ qWe have that newp fails in P0 [Def3 (that is, P1), while newp does not terminate in P3. 2Example 10. Let us 
onstru
t a transformation sequen
e as follows. The initial program is:P0: p falseq  true _ qBy de�nition introdu
tion we get:P1: p falseq  true _ qnewp  p _ (p ^ q)Then we perform the unfolding of newp  p_ (p^ q) w.r.t. q. (Noti
e that this is not a parallelleftmost unfolding.) We get:P2: p falseq  true _ qnewp  false _ (p ^ (true _ q))By goal repla
ement based on boolean laws we get:P3: p falseq  true _ qnewp  p _ (p ^ q)By folding we get the �nal program:P4: p falseq  true _ qnewp  newpWe have that newp fails in P0 [Def4 (that is, P1), while newp does not terminate in P4. 2



25.Finally, the following theorem states that a (possibly not admissible) transformation sequen
epreserves safety, if all goal repla
ements performed during that sequen
e preserve safety.Theorem 6.8 (Preservation of Safety) Let P0; : : : ; Pk be a transformation sequen
e and letDefk be the set of de�nitions introdu
ed during that sequen
e. Let us also assume that allappli
ations of the goal repla
ement rule R4 preserve safety. Then, for every goal g, if g is safein P0 [Defk then g is safe in Pk.Proof : See Appendix. The proof is based on Lemmata 8.2 and 8.3 given in the Appendix. 2We end this se
tion by making some 
omments about our 
orre
tness results. Let us 
onsideran admissible transformation sequen
e P0; : : : ; Pk, during whi
h we introdu
e the set Defk ofde�nitions. Then, by Point (1) of Theorem 6.6 program Pk may be more de�ned than programP0 [Defk in the sense that there may be a goal whi
h terminates (i.e., su

eeds or fails) in Pk,while it does not terminate in P0 [Defk . This `in
rease of termination' is often desirable whentransforming programs and it may be a
hieved by goal repla
ements whi
h are not based onstrong repla
ement laws (see, for instan
e, Example 7 in Se
tion 5).Now suppose that during the 
onstru
tion of the admissible transformation sequen
e P0; : : : ;Pkall appli
ations of the goal repla
ement rule are based on strong repla
ement laws. Then, byTheorem 6.6 we have that for all goals g, g terminates in P0 [ Defk i� g terminates in Pk.However, safety may be not preserved, in the sense that there may be a goal g whi
h is safe inP0 [Defk (but g neither su

eeds nor fails in P0 [Defk) and g is not safe in Pk (or vi
e versa),as shown by the following example.Example 11. Let us 
onsider the following two programs P1 and P2:P1: p p P2: p GProgram P2 is derived from P1 by applying the goal repla
ement rule based on the strongrepla
ement law P1 ` p = ! G, whi
h does not preserve safety. We have that p is safe, p doesnot terminate in P1, and p is not safe in P2. Noti
e that the repla
ement law P1 ` p = ! Gtrivially holds be
ause, for any b 2 ftrue; falseg, P1 ` p # b does not hold and P1 ` G # b doesnot hold. 2In order to ensure that if g is safe in P1 then g is safe in P2, it is enough to use repla
ementlaws whi
h preserve safety (see Theorem 6.8). Indeed, unfolding and folding always preservesafety (see Lemma 8.3 in the Appendix).We have not presented any result whi
h guarantees that if a goal is safe in the �nal program Pkthen it is safe in the program P0[Defk . This result 
ould have been a
hieved by imposing furtherrestri
tions on the goal repla
ement rule. However, we believe that this `inverse preservation ofsafety' is not important in pra
ti
e, be
ause usually we start from an initial program where allgoals of interest are safe and we want to derive a �nal program where those goals of interestare still safe. In parti
ular, if in the transformation sequen
e P0; : : : ; Pk the initial program P0is an ordinary program, then every ordinary goal g is safe in P0 and, by Theorem 6.8, we havethat g is safe also in Pk. Thus, as dis
ussed in Se
tion 4, we 
an use ordinary implementationsof LD-resolution to 
ompute the relation Pk j= g 7! A.Noti
e also that, if P0 [ Defk v Pk and an ordinary goal g terminates in P0, then g has thesame most general answer substitutions in P0 [ Defk and Pk, modulo variable renaming (seePoint (i) of Remark 1 at the end of Se
tion 4). However, the set of all answer substitutions



26.may not be preserved, and in parti
ular, there are programs P1 and P2 su
h that P1 v P2 and,for some goal g, we have that P1 ` g 7! A1 and P2 ` g 7! A2, where A1 and A2 have di�erent
ardinality, as shown by the following example adapted from [3℄. A similar property holds if weassume that P1 � P2, instead of P1 v P2.Example 12. Let us 
onsider the following two programs P1 and P2, where P2 is derived from P1by applying the goal repla
ement rule based on the weak repla
ement law P ` 8 (g ^ g >�! g),whi
h holds for every program P and and goal g:P1: p(X) q(X) ^ q(X) P2: p(X) q(X)q(X) X=f(a; Z) q(X) X=f(a; Z)q(X) X=f(Y; a) q(X) X=f(Y; a)We have that:P1 ` p(X) 7! ffX=f(a; Z)g; fX=f(a; a)g; fX=f(Y; a)gg, andP2 ` p(X) 7! ffX=f(a; Z)g; fX=f(Y; a)gg. 2The above example shows that, if during program transformation we want to preserve the set ofanswer substitutions, then we should not apply goal repla
ements based on the repla
ement lawP ` 8 (g ^ g >�! g) whi
h, however, may be useful for avoiding the 
omputation of redundantgoals and improving program eÆ
ien
y.Another repla
ement law whi
h is very useful in many examples of program transformation,is the law whi
h expresses the fun
tionality of a predi
ate. For instan
e, in the Deepest exampleof Se
tion 2, the depth predi
ate is fun
tional with respe
t to its �rst argument in the sensethat, for every goal 
ontext g[ ℄, the following repla
ement law holds:Deepest ` 8 (depth(T;X) ^ g[depth(T; Y )℄ > ! depth(T;X) ^ g[X=Y ℄).The following example, similar to Example 12, shows that in general the fun
tionality law doesnot preserve the set of answer substitutions.Example 13. Let us 
onsider the following two programs P1 and P2, where P2 is derivedfrom P1 by applying the goal repla
ement rule based on the (strong) repla
ement law P1 `8 (q(X;Y ) ^ q(X;Z) > ! q(X;Y ) ^ Y =Z):P1: p(X) q(X;Y ) ^ q(X;Z) P2: p(X) q(X;Y ) ^ Y =Zq(f(a; Z); b) q(f(a; Z); b) q(f(Y; a); b) q(f(Y; a); b) As in Example 12, we have that:P1 ` p(X) 7! ffX=f(a; Z)g; fX=f(a; a)g; fX=f(Y; a)gg andP2 ` p(X) 7! ffX=f(a; Z)g; fX=f(Y; a)gg. 2Finally, noti
e that Theorem 6.7 ensures the preservation of most general answer substitutionsfor ordinary goals only. Thus, the answer substitutions 
omputed for goals with o

urren
es ofgoal variables, may not be preserved, as shown by the following example.Example 14. Let us 
onsider the following two programs P1 and P2, where P2 is derived fromP1 by unfolding 
lause 1 w.r.t. p using 
lause 2:P1: 1. a(G) (G=p) ^G P2: 1*. a(G) (G=q) ^G2. p q 2. p q3. q  3. q  We have that P1 ` a(G) 7! ffG=pgg, and P2 ` a(G) 7! ffG=qgg. 2



27.7. Program Derivation in the Extended LanguageIn this se
tion we present some examples whi
h illustrate the use of our transformation rules.In these examples, by using goal variables and goal arguments, we introdu
e and manipulate
ontinuations. For this reason we have measured the improvements of program eÆ
ien
y byrunning our programs using the BinProlog 
ontinuation passing 
ompiler [18℄. These run-timeimprovements have been reported in Se
tion 7.6. Compilers based on di�erent implementationmethodologies, su
h as SICStus Prolog, may not give the same improvements. However, it shouldbe noti
ed that the eÆ
ien
y improvements we get, do not 
ome from the use of 
ontinuations,but from the program transformations performed by applying our transformation rules (seeSe
tion 5). Indeed, in BinProlog the 
ontinuation passing style transformation in itself gives nospeed-ups.Let us introdu
e the following terminology whi
h will be useful in the sequel. We say that: (i) a
lause is in 
ontinuation passing style i� its body has no o

urren
es of the 
onjun
tion operator,and (ii) a program is in 
ontinuation passing style i� all its 
lauses are in 
ontinuation passingstyle. Thus, every program in 
ontinuation passing style is a binary program in the sense ofTarau and Boyer [19℄, that is, a program with at most one atom in the body of its 
lauses.When writing programs in this se
tion we use the following primitive predi
ates: =, 6=, �,and <. For the derivation of programs in 
ontinuation passing style, we assume that, for ea
hof these predi
ates there exists a 
orresponding primitive predi
ate with an extra argumentdenoting a 
ontinuation. Let us 
all these predi
ates eq�
, di��
, geq�
, and lt�
, respe
tively.We assume that, for every program P , the following strong repla
ement laws hold:P ` 8 ((X=Y ) ^ C = ! eq�
(X;Y;C))P ` 8 ((M 6=N) ^ C = ! di��
(M;N;C))P ` 8 ((M�N) ^ C = ! geq�
(M;N;C))P ` 8 ((M<N) ^ C = ! lt�
(M;N;C))In this se
tion we use the following synta
ti
al 
onventions:(1) the 
onjun
tion operator ^ is repla
ed by 
omma,(2) a 
lause of the form h g1_ g2 is also written as two 
lauses, namely, h g1 and h g2,and(3) a 
lause of the form h  (V =u); g where the variable V does not o

ur in the argumentu, is also written as (h g)fV=ug.7.1. Tree FlippingThis example is borrowed from [8℄ where it is used for showing that 
onjun
tive partial dedu
tionmay a�e
t program termination when transforming programs for eliminating multiple traversalsof data stru
tures. A similar problem arises when multiple traversals of data stru
tures areavoided by applying Tamaki and Sato's unfold/fold transformation rules [17℄ a

ording to thetupling strategy (see Se
tion 2). In this example by using goal arguments and introdu
ing
ontinuations, we are able to derive a program in 
ontinuation passing style whi
h eliminatesmultiple traversals of data stru
tures and, at the same time, preserves universal termination.Let us 
onsider the initial program FlipChe
k:1. 
ip
he
k (X;Y ) 
ip(X;Y ); 
he
k(Y )2. 
ip(l(N); l(N))  3. 
ip(t(L;N;R); t(FR; N;FL)) 
ip(L;FL); 
ip(R;FR)



28.4. 
he
k(l(N)) nat(N)5. 
he
k(t(L;N;R)) nat(N); 
he
k(L); 
he
k(R)6. nat(0) 7. nat(s(N)) nat(N)where: (i) the term l(N) denotes a leaf with label N and the term t(L;N;R) denotes a tree withlabel N and the two subtrees L and R, (ii) nat(X) holds i� X is a natural number, (iii) 
he
k(X)holds i� all labels in the tree X are natural numbers, and (iv) 
ip(X;Y ) holds i� the tree Y
an be obtained by 
ipping all subtrees of the tree X.We would like to transform this program so to avoid the double traversal of trees (see the doubleo

urren
e of Y in the body of 
lause 1). By applying the tupling strategy (or, equivalently,
onjun
tive partial dedu
tion), we derive the following program FlipChe
k1:8. 
ip
he
k (l(N); l(N))  nat(N)9. 
ip
he
k (t(L;N;R); t(FR; N;FL))  nat(N); 
ip
he
k (L;FL); 
ip
he
k (R;FR)Program FlipChe
k1 performs only one traversal of any input tree whi
h is the �rst argumentof 
ip
he
k . However, as already mentioned, FlipChe
k1 does not preserve termination. Indeed,the goal 
ip
he
k (t(l(N); 0; l(a)); Y ) fails in FlipChe
k, while this goal does not terminate in thederived program FlipChe
k1.Now we present a se
ond derivation starting from the same program FlipChe
k and produ
inga �nal program FlipChe
k2 whi
h: (i) is in 
ontinuation passing style, (ii) traverses the inputtree only on
e, and (iii) preserves termination. During this se
ond derivation we introdu
e goalarguments and we make use of the transformation rules introdu
ed in Se
tion 5. The initial stepof this derivation is the introdu
tion of the following new 
lause:10. newp(X;Y;G;C;D)  
ip(X;Y ); G=(
he
k (Y ); C); DAs already mentioned, in this paper we do not illustrate the strategies needed for guiding theappli
ation of our transformation rules and, in parti
ular, we do not indi
ate how to 
onstru
tthe new de�nitions to be introdu
ed, su
h as 
lause 10 above. For 
lause 10 we noti
e that: (i) byintrodu
ing a de�nition with the goal equality G=(
he
k (Y ); C), instead of the goal 
he
k(Y ),we will be able to apply the folding rule by �rst performing leftward moves of goal equalities,instead of (possibly in
orre
t) leftward moves of goals, and (ii) by introdu
ing the 
ontinuationsC and D, we will avoid the expensive use of the 
onjun
tion operator for 
onstru
ting goalarguments.We 
ontinue our derivation by unfolding 
lause 10 w.r.t. 
ip(X;Y ) and we get:11. newp(l(N); l(N); G;C;D)  (G=(
he
k (l(N)); C)); D12. newp(t(L;N;R); t(FR; N;FL); G;C;D)  
ip(L;FL); 
ip(R;FR)(G=(
he
k (t(FR; N;FL)); C)); DWe then unfold 
lauses 11 and 12 w.r.t. the 
he
k atoms, and after some appli
ations of the goalrepla
ement rule based on boolean laws and CET, we get:13. newp(l(N); l(N); G;C;D)  G=(nat(N); C); D14. newp(t(L;N;R); t(FR; N;FL); G;C;D)  
ip(L;FL); 
ip(R;FR);(G=(nat(N); 
he
k (FR); 
he
k (FL); C)); DBy introdu
ing and rearranging goal equalities (see laws 2.1 and 2.2, respe
tively, in Se
tion 5),we transform 
lause 14 into:15. newp(t(L;N;R); t(FR; N;FL); G;C;D)  
ip(L;FL); U =(
he
k(FL); C);
ip(R;FR); V =(
he
k(FR); U); (G=(nat (N); V )); DNow we fold twi
e 
lause 15 using 
lause 10 and we get:



29.16. newp(t(L;N;R); t(FR; N;FL); G;C;D)  newp(L;FL; U; C;newp(R;FR; V; U; (G=(nat (N); V );D) ))In order to express 
ip
he
k in terms of newp we introdu
e a goal equality into 
lause 1 and wederive:17. 
ip
he
k (X;Y ) 
ip(X;Y ); G=(
he
k (Y ); true); GThen we fold 
lause 17 using 
lause 10 and we get:18. 
ip
he
k (X;Y ) newp(X;Y;G; true ; G)The program we have derived so far 
onsists of 
lauses 13, 16, and 18. Noti
e that 
lauses 13and 16 are not in 
ontinuation passing style be
ause the 
onjun
tion operator o

urs in theirbodies. In order to derive 
lauses in 
ontinuation passing style we introdu
e the following newde�nition:19. nat�
(N;C) nat(N); CBy unfolding, folding, and goal repla
ement steps based on the repla
ement law FlipChe
k `8 ((X=Y ); C = ! eq�
(X;Y;C)), we derive the following �nal program FlipChe
k2:18. 
ip
he
k (X;Y ) newp(X;Y;G; true ; G)20. newp(l(N); l(N); G;C;D)  eq�
(G;nat�
(N;C);D)21. newp(t(L;N;R); t(FR; N;FL); G;C;D)  newp(L;FL; U; C; newp(R;FR; V; U; eq�
(G;nat�
(N;V );D) ))22. nat�
(0; C) C23. nat�
(s(N); C) nat�
(N;C)Program FlipChe
k2 traverses the input tree only on
e. Moreover, Theorem 6.6 ensures that,for every goal g of the form 
ip
he
k (t1; t2), where t1 and t2 are any two terms, g terminates inFlipChe
k i� g terminates in FlipChe
k2 (see also Se
tion 7.5 for a more detailed dis
ussion ofthe 
orre
tness properties of our program derivations).7.2. Summing the Leaves of a TreeLet us 
onsider the following program TreeSum that, given a binary tree t whose leaves arelabeled by natural numbers, 
omputes the sum of the labels of the leaves of t.1. treesum(l(N); N) 2. treesum(t(L;R); N) treesum(L;NL); treesum(R;NR); plus(NL;NR; N)3. plus(0;X;X)  4. plus(s(X); Y; s(Z)) plus(X;Y;Z)By using Tamaki and Sato's transformation rules, from program TreeSum we may derive a moreeÆ
ient program with a

umulator arguments. In parti
ular, during this program derivation weintrodu
e the following new predi
ate:5. a

�ts(T; Y; Z) treesum(T;X); plus(X;Y;Z)We also use the asso
iativity of the predi
ate plus, that is, we use the following equivalen
ewhi
h holds in the least Herbrand model M(TreeSum) of the given program TreeSum:M (TreeSum) j= 8X1;X2;X3; S ( 9I (plus(X1;X2; I); plus(I;X3; S)) $9J (plus(X1; J; S); plus(X2;X3; J)))During the derivation, we also make suitable goal rearrangements needed for performing foldingsthat use 
lause 5.



30.We derive the following program TreeSum1.6. treesum(l(N); N) 7. treesum(t(L;R); N) a

�ts(L;NR; N); treesum(R;NR)8. a

�ts(l(N);A

; Z) plus(N;A

; Z)9. a

�ts(t(L;R);A

; N) a

�ts(L;A

;NewA

); a

�ts(R;NewA

; N)The least Herbrand models of programs TreeSum and TreeSum1 de�ne the same relation for thepredi
ate treesum. However, the two programs do not have the same termination behaviour.For instan
e, the goal treesum(t(l(N); 0); Z) fails in TreeSum while it does not terminate inTreeSum1.By introdu
ing goal arguments and using the transformation rules presented in Se
tion 5, weare able to derive a program whi
h: (i) is in 
ontinuation passing style, (ii) preserves termination,and (iii) is asymptoti
ally more eÆ
ient than the original program TreeSum. Our derivationbegins by introdu
ing the following new 
lause:10. gen�ts(T; Y; Z;G;C;D)  treesum(T;X); (G=(plus(X;Y;Z); C)); DWe unfold 
lause 10 and we get:11. gen�ts(l(N); Y; Z;G;C;D)  (G=(plus(N;Y;Z); C)); D12. gen�ts(t(L;R); Y; Z;G;C;D)  treesum(L;LS ); treesum(R;RS );plus(LS ;RS ; S); (G=(plus(S; Y; Z); C)); DNow we may exploit the following generalized asso
iativity law for plus:TreeSum ` 8V ( (plus(X1;X2; I); g[plus(I;X3; S)℄) > !(plus(X1; J; S); g [plus(X2;X3; J)℄) )where V = fX1;X2;X3; Sg [ vars(g[ ℄) and fI; Jg \ vars(g[ ℄) = ;. By this law, from 
lause 12we get the following 
lause:13. gen�ts(t(L;R); Y; Z;G;C;D)  treesum(L;LS ); treesum(R;RS );plus(LS ;S1 ; Z); (G=(plus(RS ; Y;S1 ); C)); DBy introdu
ing and rearranging goal equalities (see laws 2.1 and 2.2 in Se
tion 5), we transform
lause 13 into:14. gen�ts(t(L;R); Y; Z;G;C;D)  treesum(L;LS ); (GL=(plus(LS ; S1; Z); G=GR; D));treesum(R;RS ); (GR=(plus(RS ; Y; S1); C)); GLIn order to derive 
lauses in 
ontinuation passing style we introdu
e the following new de�nitions:15. ts�
(T;N;C) treesum(T;N); C16. plus�
(X;Y;Z;C)  plus(X;Y;Z); CBy unfolding 
lauses 15 and 16 we get:17. ts�
(l(N); N;C) C18. ts�
(t(L;R); N;C)  treesum(L;LN ); treesum(R;RN ); plus(LN;RN;N); C19. plus�
(0;X;X;C)  C20. plus�
(s(X); Y; s(Z); C) plus(X;Y;Z); CBy introdu
ing and rearranging goal equalities, we transform 
lause 18 into:21. ts�
(t(L;R); N;C)  treesum(L;LN ); (G = (plus(LN;RN;N); C));treesum(R;RN ); GBy folding steps and goal repla
ements (based on, among others, the repla
ement law TreeSum `8 ((X=Y ); C = ! eq�
(X;Y;C))), we get the following �nal program TreeSum2:22. treesum(T;N) ts�
(T;N; true)



31.18. ts�
(l(N); N;C) C23. ts�
(t(L;R); N;C) gen�ts(L;RN ; N;G;C; ts�
(R;RN ; G))24. gen�ts(l(N); Y; Z;G;C;D)  eq�
(G; plus�
(N;Y;Z;C);D)25. gen�ts(t(L;R); Y; Z;G;C;D)  gen�ts(L;S1 ; Z;GL; eq�
(G;GR;D);gen�ts(R;Y;S1 ;GR; C;GL))19. plus�
(0;X;X;C)  C20. plus�
(s(X); Y; s(Z); C) plus�
(X;Y;Z;C)This �nal program TreeSum2 is more eÆ
ient than TreeSum. Indeed, in the worst 
ase, TreeSum2takes O(n) steps for solving a goal of the form treesum(t;N), where t is a ground tree and sn(0)is the sum of the labels of the leaves of t, while the initial program TreeSum takes O(n2) steps.Moreover, by our Theorem 6.6 of Se
tion 6, for every goal g of the form treesum(t1; t2), where t1and t2 are any terms, g terminates in TreeSum i� g terminates in TreeSum2 (see also Se
tion 7.5).7.3. Mat
hing a Regular ExpressionLet us 
onsider the following mat
hing problem: given a string S in f0; 1; 2g�, we want to �ndthe position N of an o

urren
e of a substring P of S su
h that P is generated by the regularexpression 0�1. The following program RegExprMat
h 
omputes su
h a position:1. mat
h(S;N) pattern(S); N =02. mat
h([CjS℄; N) 
har(C); mat
h(S;M); plus(s(0);M;N)3. pattern([0jS℄) pattern(S)4. pattern([1jS℄) 5. 
har (0) 6. 
har (1) 7. 
har (2) 8. plus(0;X;X)  9. plus(s(X); Y; s(Z)) plus(X;Y;Z)If we assume the depth-�rst, left-to-right evaluation strategy of Prolog, the running time of thisprogram RegExprMat
h is O(n2) in the worst 
ase, where n is the length of the input string.For a goal of the form mat
h(s;N), where s is a ground string made out of n 0's, the programRegExprMat
h performs one resolution step using 
lause 1 for the 
all to mat
h, and then n reso-lution steps using 
lause 3 for the su

essive 
alls to pattern. When the 
omputation ba
ktra
ks,for the su

essive 
all of mat
h(s1; N), where s1 is the tail of s, the program RegExprMat
hperforms again n�1 resolution steps using 
lause 3.By using the transformation rules of Se
tion 5, we now present the derivation of a new programRegExprMat
h1 whi
h: (i) is in 
ontinuation passing style, (ii) preserves termination, and (iii) isasymptoti
ally more eÆ
ient than the original program RegExprMat
h. Indeed, program Reg-ExprMat
h1 avoids the redundant resolution steps performed by RegExprMat
h using 
lause 3.For our derivation we introdu
e the following new predi
ates with goal arguments whi
h are
ontinuations:10. mat
h�
(S;N;C) mat
h(S;N); C11. newp(S;N;C1; C2) (pattern(S); C1) _ (mat
h(S;N); C2)12. plus�
(X;Y;Z;C) plus(X;Y;Z); CBy unfolding 
lauses 10, 11, and 12 we get:13. mat
h�
([0jS℄; N;C)  (pattern(S); N =0; C) _(mat
h(S;M); plus(s(0);M;N); C)



32.14. mat
h�
([1jS℄; N;C)  (N =0; C) _(mat
h(S;M); plus(s(0);M;N); C)15. mat
h�
([2jS℄; N;C) mat
h(S;M); plus(s(0);M;N); C16. newp([0jS℄; N;C1; C2)  (pattern(S); C1) _(pattern(S); N =0; C2) _(mat
h(S;M); plus(s(0);M;N); C2)17. newp([1jS℄; N;C1; C2)  C1 _(N =0; C2) _(mat
h(S;M); plus(s(0);M;N); C2)18. newp([2jS℄; N;C1; C2)  mat
h(S;M); plus(s(0);M;N); C219. plus�
(0;X;X;C)  C20. plus�
(s(X); Y; s(Z); C) plus(X;Y;Z); CBy goal repla
ement using boolean laws, from 
lause 16 we get:21. newp([0jS℄; N;C1; C2)  (pattern(S); (C1 _ (N =0; C2))) _(mat
h(S;M); plus(s(0);M;N); C2)By performing folding and goal repla
ement steps (based on the repla
ement law RegExprMat
h `8((X = Y ); C = ! eq�
(X;Y;C)) and other laws), we derive the following program RegEx-prMat
h1:22. mat
h(S;N) mat
h�
(S;N; true)23. mat
h�
([0jS℄; N;C) newp(S;M; eq�
(N; 0; C); plus�
(s(0);M;N;C))24. mat
h�
([1jS℄; N;C) eq�
(N; 0; C)25. mat
h�
([1jS℄; N;C) mat
h�
(S;M; plus�
(s(0);M;N;C))26. mat
h�
([2jS℄; N;C) mat
h�
(S;M; plus�
(s(0);M;N;C))27. newp([0jS℄; N;C1; C2)  newp(S;M; (C1 _ eq�
(N; 0; C2)); plus�
(s(0);M;N;C2))28. newp([1jS℄; N;C1; C2)  C129. newp([1jS℄; N;C1; C2)  eq�
(N; 0; C2)30. newp([1jS℄; N;C1; C2)  mat
h�
(S;M; plus�
(s(0);M;N;C2))31. newp([2jS℄; N;C1; C2)  mat
h�
(S;M; plus�
(s(0);M;N;C2))19. plus�
(0;X;X;C)  C32. plus�
(s(X); Y; s(Z); C) plus�
(X;Y;Z;C)This program RegExprMat
h1 is in 
ontinuation passing style, avoids redundant 
alls in 
aseof ba
ktra
king, and takes O(n) resolution steps in the worst 
ase, to �nd an o

urren
e ofa substring of the form 0�1, where n is the length of the input string. Moreover, by ourTheorem 6.6 of Se
tion 6, for every goal g of the form mat
h(t1; t2), where t1 and t2 are anyterms, g terminates in RegExprMat
h i� g terminates in RegExprMat
h1 (see also Se
tion 7.5).7.4. Marking maximal elementsLet us 
onsider the following marking problem. We are given: (i) a list L1 of the form [x0; : : : ; xr℄,where for i=0; : : : ; r, xi is a list of integers, and (ii) an integer n (�0). A list l of s+1 elementswill also be denoted by [l[0℄; : : : ; l[s℄℄. We assume that for i = 0; : : : ; r, the list xi has at leastn+1 elements (and thus, the element xi[n℄ exists) and we denote by m the maximum elementof the set fx0[n℄; : : : ; xr[n℄g. From the list L1 we want to 
ompute a new list L2 of the form[y0; : : : ; yr℄ su
h that, for i=0; : : : ; r, if xi[n℄=m then yi[n℄=> else yi[n℄=xi[n℄.For instan
e, if L1 = [[3; 8;�2; 4℄; [1; 3℄; [1; 8; 1℄℄ and n=1, then m=8, that is, the maximumelement in f8; 3g. Thus, L2 = [[3;>; 2; 4℄; [1; 3℄; [1;>; 1℄℄.



33.The following program MaxMark 
omputes the desired list L2 from the list L1 and the valueN :1. mmark (N;L1; L2) max�nth(N;L1; 0;M); mark (N;M;L1; L2)2. max�nth(N; [ ℄;M;M) 3. max�nth(N; [XjXs ℄; A;M)  nth(N;X;XN ); max (A;XN ; B); max�nth(N;Xs ; B;M)4. nth(0; [HjT ℄;H)  5. nth(s(N); [HjT ℄; E)  nth(N;T;E)6. mark(N;M; [ ℄; [ ℄) 7. mark(N;M; [XjXs ℄; [Y jYs℄)  mark�nth(N;M;X; Y ); mark (N;M;Xs ;Ys)8. mark�nth(0;M; [H1jT ℄; [H2jT ℄)  (M =H1;H2=>) _ (M 6=H1;H2=H1)9. mark�nth(s(N);M; [HjT1℄; [HjT2℄)  mark�nth(N;M; T1; T2)10. max (X;Y;X) X � Y11. max (X;Y; Y ) X < YWhen running this program, the input list L1 = [x0; : : : ; xr℄ is traversed twi
e: (i) the �rsttime L1 is traversed to 
ompute the maximum m of the set fx0[n℄; : : : ; xr[n℄g (see the goalmax�nth(N;L1; 0;M) in the body of 
lause 1), and (ii) the se
ond time L1 is traversed to
onstru
t the list L2 by repla
ing, for i= 0; : : : ; r, the element xi[n℄ by > whenever xi[n℄ =m(see the goal mark (N;M;L1; L2)).Now we use the transformation rules of Se
tion 5 and from program MaxMark we derivea new program program MaxMark1 whi
h: (i) is in 
ontinuation passing style, (ii) preservestermination, and (iii) traverses the list L1 only on
e.By the de�nition introdu
tion rule we introdu
e the following new predi
ates with goal argu-ments:12. newp1(N;L1; L2; A;M;G;C1; C2)  max�nth(N;L1; A;M);(G=(mark (N;M;L1; L2); C1)); C213. newp2(N;X;M; Y;A;B;G1; G2; C)  nth(N;X;XN );(G1=(mark�nth(N;M;X; Y ); G2));max (A;XN ; B); C14. max�
(X;Y;Z;C)  max (X;Y;Z); CWe unfold 
lauses 12, 13, and 14, and then we move leftwards term equalities (see law 3 inSe
tion 5 whi
h allows us to rearrange term equalities). We get the following 
lauses:15. newp1(N; [ ℄; [ ℄;M;M;C1; C1; C2)  C216. newp1(N; [XjXs ℄; [Y jYs ℄; A;M;G;C1; C2)  nth(N;X;XN ); max (A;XN ; B); max�nth(N;Xs ; B;M);(G=(mark�nth(N;M;X; Y ); mark(N;M;Xs ;Ys); C1));C217. newp2(0; [H1jT ℄;M; [H2jT ℄; A;B;G1; G2; C)  (G1=(((M =H1;H2=>) _ (M 6=H1;H2=H1)); G2));max (A;H1; B); C18. newp2(s(N); [HjT1℄;M; [HjT2℄; A;B;G1; G2; C)  nth(N;T1;XN ); (G1=(mark�nth(N;M; T1; T2); G2));max (A;XN ; B); C19. max�
(X;Y;X;C)  X�Y; C20. max�
(X;Y; Y;C) X<Y; CBy introdu
ing and rearranging goal equalities, from 
lause 16 we get:



34.21. newp1(N; [XjXs ℄; [Y jYs ℄; A;M;G;C1; C2)  nth(N;X;XN ); (G1=(mark�nth(N;M;X; Y ); G2));max (A;XN ; B);max�nth(N;Xs ; B;M); (G2=(mark (N;M;Xs ;Ys); C1));(G=G1); C2Finally, by folding steps and goal repla
ements based on the repla
ement laws for the primitivepredi
ates =, 6=, �, and <, we derive the following �nal program MaxMark1:22. mmark (N;L1; L2) newp1(N;L1; L2; 0;M;G; true ; G)15. newp1(N; [ ℄; [ ℄;M;M;C1; C1; C2)  C223. newp1(N; [XjXs ℄; [Y jYs ℄; A;M;G;C1; C2)  newp2(N;X;M; Y;A;B;G1; G2);newp1(N;Xs ;Ys; B;M;G2; C1; eq�
(G;G1; C2)))24. newp2(0; [H1jT ℄;M; [H2jT ℄; A;B;G1; G2; C)  eq�
(G1; (eq�
(M;H1; eq�
(H2;>; G2))_di��
(M;H1; eq�
(H2;H1; G2)));max�
(A;H1; B;C))25. newp2(s(N); [HjT1℄;M; [HjT2℄; A;B;G1; G2; C)  newp2(N;T1;M; T2; A;B;G1; G2; C)26. max�
(X;Y;X;C) geq�
(X;Y;C)27. max�
(X;Y; Y;C) lt�
(X;Y;C)This �nal program MaxMark1 is in 
ontinuation passing style and traverses the input list L1 onlyon
e. Moreover, by our Theorem 6.6 of Se
tion 6, for every goal g of the form mmark (t1; t2; t3),where t1, t2, and t3 are any terms, if g terminates in MaxMark then g terminates in MaxMark1(see also Se
tion 7.5).7.5. Corre
tness of the Program DerivationsLet us brie
y 
omment on the 
orre
tness properties of the program derivations we have pre-sented in this Se
tion 7.In all program derivations of Se
tion 7, when using the transformation rules, we have 
ompliedwith the restri
tions indi
ated at Point (1) of Theorem 6.7 (Weak Corre
tness). Thus, for everyprogram derivation from an initial program P0 to a �nal program Pk, we have that Pk is are�nement of P0 [ Defk, where Defk is the set of de�nitions introdu
ed during the derivation.In parti
ular, for every ordinary goal g, if g terminates in P0, then g terminates in Pk and themost general answer substitutions for g 
omputed by P0 are the same as those 
omputed by Pk.In the examples of Se
tions 7.1, 7.2, and 7.3 we have also 
omplied with the restri
tions ofPoint (2) of Theorem 6.7 (Strong Corre
tness), be
ause all appli
ations of the goal repla
ementrule are based on strong repla
ement laws. Thus, in these examples we have that Pk is equivalentto P0 [Defk. In parti
ular, for every ordinary goal g, if g terminates in Pk then g terminates inP0 [Defk.However, in the derivation of Se
tion 7.4 we have not 
omplied with the restri
tions of Point (2)of Theorem 6.7. In parti
ular, after unfolding 
lauses 12, 13, and 14, we have made leftwardmoves of term equalities by using law 3 of Se
tion 5 and law 3 is not a strong repla
ement law.Thus, there may be an ordinary goal whi
h does not terminate in the initial program MaxMarkand terminates in the �nal program MaxMark1. Indeed, the goal mmark (0; [HjT ℄; [ ℄) does notterminate in MaxMark and terminates in MaxMark1.



35.Finally, in all program derivations of this Se
tion 7, we have 
omplied with the restri
tionsof Theorem 6.8 (Preservation of Safety), be
ause all repla
ement laws we have applied preservesafety. Thus, sin
e every ordinary goal is safe in the ordinary initial program P0, we have thatevery ordinary goal is safe in the �nal program Pk.7.6. Experimental ResultsIn Table 7.6 below we have reported the speed-ups a
hieved in the examples presented in thispaper. The speed-up (see Column D) is de�ned as the ratio between the run-time of the initialprogram (see Column A) and the run-time of the derived, �nal program (see Column B). InColumns A and B we have also indi
ated the asymptoti
 worst-
ase time 
omplexity of theinitial and �nal programs, respe
tively. For ea
h program the 
omplexity is measured in termsof the size of the proofs relative to that program (or, equivalently, the number of LD-resolutionsteps performed using that program). The input goal is indi
ated in Column C. We performedour measurements by using BinProlog on a SUN workstation. This use is justi�ed by the fa
tthat every ordinary goal g is safe both in the initial program P0 and in the �nal program Pk.Thus, we 
an use any Prolog system whi
h implements LD-resolution (and, in parti
ular, theBinProlog system) for 
omputing the relations P0 ` g 7! A and Pk ` g 7! A de�ned by ouroperational semanti
s.A. Initial Program : B. Final Program : C. Input goal D. Speed-up :aAsymptoti
 Complexity Asymptoti
 Complexity run-time(A)run-time(B)1. Deepest : O(n2)b Deepest2 : O(n) deepest(t1;N) 5.22. DeepestOr : O(n2)
 Deepest2 : O(n) deepest(t2;N) 2.73. FlipChe
k : O(n)d FlipChe
k2 : O(n) 
ip
he
k (t3;T ) 1.04. TreeSum : O(n2)e TreeSum2: O(n) treesum(t4;N) 9.25. RegExprMat
h : O(n2)f RegExprMat
h1 : O(n) mat
h(s;N) 1.86. MaxMark : O(n)g MaxMark1 : O(n) mmark(n1;l1;L2) 1.8arun-time(A) denotes the run-time of the program in Column A for the input goal in Column C. run-time(B)denotes the run-time of the program in Column B for the input goal in Column C.bn is the number of nodes of the tree t1.
n is the number of nodes of the tree t2.dn is the number of nodes of the tree t3. For the goal 
ip
he
k(t3;T ), the program FlipChe
k visits the tree t3twi
e, while the program FlipChe
k2 visits t3 only on
e.en is the sum of the leaves of the tree t4.fn is the length of the string s.gn is the sum of the lengths of the lists in l1.Table 1: Speed-ups of the Final Programs with respe
t to the Initial ProgramsIn Column C of Table 7.6 we have that:(1) t1 is a random binary tree with 100,000 nodes;(2) t2 is a random binary tree with 100,000 nodes;(3) t3 is a random binary tree with 20,000 nodes and ea
h node is labeled by a numeral of theform sk(0), where 0�k�500;(4) t4 is a random binary tree with 20,000 nodes whose leaves are labeled by numerals of theform sk(0), where 0�k�500;(5) s is a random sequen
e of integers of the form: f0; 2g500001; and



36.(6) n1 is 700 , l1 is a random list of 1000 lists, and ea
h of these lists 
onsists of 800 integers.When measuring the speed-ups for the programs Deepest and DeepestOr in Rows 1 and 2 wehave 
omputed the set of all answer substitutions, while for the programs FlipChe
k, TreeSum,RegExprMat
h, and MaxMark in Rows 3{6 we have 
omputed one answer substitution only.As already mentioned at the end of Se
tion 2, the value of the speed-up relative to the initialprogram Deepest (see Row 1) is higher than the value of the speed-up relative to the initialprogram DeepestOr (see Row 2), and this is not due to the use of goals as arguments, but tothe introdu
tion of a disjun
tion, thereby 
lauses 2 and 3 have been repla
ed by 
lause 16.The absen
e of speed-up for the �nal program FlipChe
k2 (see Row 3) with respe
t to theinitial program FlipChe
k, is 
aused by the fa
t that the eÆ
ien
y improvements due to theelimination of the double traversal of the input tree t4 are 
an
elled out by the slowdown dueto the introdu
tion of multiple 
ontinuation arguments. However, the experimental results forthe initial program MaxMark and the �nal program MaxMark1 (see Row 6) show that theelimination of double traversals of data stru
tures may yield a signi�
ant speed-up, espe
iallywhen the a

ess to the data stru
ture is very 
ostly. Re
all that the program MaxMark traversestwi
e the list l1, and for ea
h list l in the list l1, the program has to a

ess n1 elements of l. Wehave veri�ed that the speed-up obtained by eliminating the double traversal of l1 in
reases withthe value of n1.8. Final Remarks and Related WorkWe have shown that a simple extension of logi
 programming, where variables may range overgoals and goals may appear as arguments of predi
ate symbols, 
an be very useful for trans-forming programs and improving their eÆ
ien
y.We have presented a set of transformation rules for our extended logi
 language and wehave shown their 
orre
tness with respe
t to the operational semanti
s given in Se
tion 4. Inparti
ular, in Se
tion 6 we have shown that, under suitable 
onditions, our transformation rulespreserve termination (see Theorem 6.6), most general answer substitutions (see Theorem 6.7),and safety (see Theorem 6.8). As in [2℄, for our logi
 programs we 
onsider an operationalsemanti
s based on universal termination (that is, the operational semanti
s of a goal is de�ned i�all LD-derivations starting from that goal are �nite). Theorem 6.7 extends the results presentedin [2℄ for de�nite logi
 programs in that: (i) our language is an extension of de�nite logi
programs, and (ii) our folding rule is more powerful. Indeed, even restri
ting ourselves toprograms that do not 
ontain goal variables and goal arguments, we allow folding steps whi
huse 
lauses whose bodies 
ontain disjun
tions, and this is not possible in [2℄, where for applyingthe folding rule one is required to use exa
tly one 
lause whose body is a 
onjun
tion of atoms.However, one should noti
e that the transformations presented in [2℄ preserve all 
omputedanswer substitutions, while ours preserve the most general answer substitutions only.Our logi
 language has some higher order 
apabilities be
ause goals may o

ur as arguments,but these 
apabilities are limited by the fa
t that the quanti�
ation of fun
tion or predi
atevariables is not allowed. However, the obje
tive of this paper is not the design of a new higherorder logi
 language, su
h as the ones presented in [6, 7, 10℄. Rather, our aim was to demon-strate the usefulness of some higher order 
onstru
ts for deriving eÆ
ient logi
 programs bytransformation. Indeed, we have shown that variables whi
h range over goals are useful in the
ontext of program transformation. Moreover, the use of these variables may avoid the need forgoal rearrangements whi
h 
ould generate programs that do not preserve termination.The approa
h we have proposed in this paper for avoiding in
orre
t goal rearrangements, is
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omplementary to the approa
h des
ribed in [4℄, where the authors give suÆ
ient 
onditions forgoal rearrangements to preserve left termination. (Re
all that a program P is said to be leftterminating i� all ground goals universally terminate in P .) Thus, when these suÆ
ient 
ondi-tions are not met or their validity 
annot be proved, one may apply our te
hnique whi
h avoidsin
orre
t goal rearrangements by the introdu
tion and the rearrangement of goal equalities. In-deed, we have proved that the appli
ation of our te
hnique preserves universal termination, andthus, it preserves left termination as well.The theory we have presented may also be used to give sound semanti
 foundations to thedevelopment of logi
 programs whi
h use higher order generalizations and 
ontinuations. In [12,19℄ and [14, 21℄ the reader may �nd some examples of use of these te
hniques in the 
ase of logi
and fun
tional programs, respe
tively.We leave for future work the development of suitable strategies for dire
ting the use of thetransformation rules we have proposed in this paper.A
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38.AppendixThis Appendix 
ontains:(i) Proposition 8.1 and its proof,(ii) the proofs of Lemmata 6.2, 6.3, 6.4, and 6.5 (based on Propositions 5.1 and 8.1),(iii) Lemmata 8.2 and 8.3 and their proofs (based on Proposition 8.1), and(iv) the proofs of the main results, that is, (iv.1) the proof of Theorem 6.6 (based on Propo-sition 6.1, Lemmata 6.2, 6.3, 6.4, and 6.5), (iv.2) the proof of Theorem 6.7 (based on Propo-sition 4.1 and Theorem 6.6), and (iv.3) the proof of Theorem 6.8 (based on Lemmata 8.2 and8.3).For the proofs of Proposition 8.1 and Lemma 6.2 given below, we need the following de�nition.De�nition 8 (Size and �-measure of a Dedu
tion Tree) Let � be a �nite dedu
tion tree.The size of � is the number of its nodes, and the �-measure of � , denoted �(�), is the pair hm; si,where m is the depth of � and s is the size of � .The values of the �-measure 
an be lexi
ographi
ally ordered, and we stipulate that: hm1; s1i <hm2; s2i i� either m1<m2 or (m1=m2 and s1<s2).Proposition 8.1. Let P be a program, g1, g2 be goals and let V be a set of variables.(i) P ` 8V (g1 �! g2) holds i� for every idempotent substitution # su
h that vars(#) \vars(g1; g2) � V , for every goal g su
h that vars(g) \ vars(g1; g2) � V , and for every b 2ftrue; falseg, we have that:if P ` (g1# ^ g) # b then P ` (g2# ^ g) # b.(ii) P ` 8V (g1 >�! g2) holds i� for every idempotent substitution # su
h that vars(#) \vars(g1; g2) � V , for every goal g su
h that vars(g) \ vars(g1; g2) � V , and for every b 2ftrue; falseg, we have that:if P ` (g1# ^ g) #m b then P ` (g2# ^ g) #n b and m � n.(iii) The following two properties are equivalent:(iii.1) for every goal 
ontext h[ ℄ su
h that vars(h[ ℄) \ vars(g1; g2) � V ,if h[g1℄ is safe in P then h[g2℄ is safe in P , and(iii.2) for every idempotent substitution # su
h that vars(#) \ vars(g1; g2) � V and for everygoal g su
h that vars(g) \ vars(g1; g2) � V ,if g1# ^ g is safe in P then g2# ^ g is safe in P .Proof : (i) only-if part. Let us 
onsider an idempotent substitution # su
h that vars(#) \vars(g1; g2) � V . Let # be fU1=u1; : : : ; Uk=ukg. Sin
e # is idempotent we have that for i =1; : : : ; k, Ui 62 ui. Assume that for every goal g su
h that vars(g) \ vars(g1; g2) � V , and forevery b 2 ftrue ; falseg, there exists A1 2 P(Subst) su
h that P ` (g1# ^ g) 7! A1. We have toshow that there exists A2 2 P(Subst) su
h that P ` (g2# ^ g) 7! A2 and A1=; i� A2=;.By suitably renaming the variables of the goal g1, without loss of generality we may assumethat, for i = 1; : : : ; k, Ui 62 vars(g). Sin
e # is idempotent, by using rules (teq2) and (geq) wemay 
onstru
t a proof of P ` U1=u1 ^ : : :^Uk =uk^ g1 ^ g 7! B1, where B1=(# ÆA1). By thehypothesis that P ` 8V (g1 �! g2) holds and the hypotheses that vars(#) \ vars(g1; g2) � Vand vars(g) \ vars(g1; g2) � V , we have that there exists B2 2 P(Subst) su
h that P ` U1 =u1^: : :^Uk =uk^ g2^g 7! B2 has a proof and B1=; i� B2=;. The only way of 
onstru
ting this



39.proof is by using k times the rules (teq2) or (geq) and 
onstru
ting a proof of P ` g2#^ g 7! A2,where B2=(#ÆA2). Thus, A1=; i� B1=; i� B2=; i� A2=;.(i) if part. We show a slightly more general fa
t than the if part of (i). We assume that for everyidempotent substitution # su
h that vars(#) \ vars(g1; g2) � V , and for every goal g su
h thatvars(g) \ vars(g1; g2) � V , if there exists A1 2 P(Subst) su
h that P ` (g1# ^ g) 7! A1, thenthere exists A2 2 P(Subst) su
h that P ` (g2# ^ g) 7! A2 and A1 =; i� A2 =;. Then we showthat, for every goal 
ontext h[ ℄ and substitution # su
h that vars(h[ ℄#) \ vars(g1; g2) � V ,if there exists B1 2 P(Subst) su
h that P ` h[g1℄# 7! B1then there exists B2 2 P(Subst) su
h that P ` h[g2℄# 7! B2and B1=; i� B2=;.We prove our thesis by indu
tion on the measure �(�) (see De�nition 8) of the proof � ofP ` h[g1℄# 7! B1(re
all that a proof is a parti
ular �nite dedu
tion tree). We reason by 
aseson the stru
ture of the goal 
ontext h[ ℄. We 
onsider the following four 
ases only. The othersare similar and we omit them.- Case 1: h[ ℄ is ^ g3.Assume that P ` g1#^ g3# 7! B1. Then, by hypothesis, we get: P ` g2#^ g3# 7! B2 for someB2 2 P(Subst) su
h that B1=; i� B2=;.- Case 2: h[ ℄ is t1= t2 ^ g3[ ℄.Assume that there exists a proof �1 of P ` t1#= t2# ^ g3[g1℄# 7! B1.If t1# and t2# are not uni�able then, by rule (teq1), B1 is ; and there exists a proof of P `t1#= t2# ^ g3[g2℄# 7! ;.If t1# and t2# are uni�able then, by rule (teq2), B1 is of the form (mgu(t1#; t2#) Æ C1) forsome C1 2 P(Subst) and there exists a proof �2 of P ` g3[g1℄#mgu(t1#; t2#) 7! C1. Sin
e�(�2) < �(�1), by indu
tion hypothesis P ` g3[g2℄#mgu(t1#; t2#) 7! C2 has a proof for someC2 2 P(Subst) and C1=; i� C2=;. Thus, by rule (teq2), there exists B2 2 P(Subst) su
h thatP ` t1#= t2# ^ g3[g2℄# 7! B2 where B2 = mgu(t1#; t2#) Æ C2 and B1 =; i� C1 =; i� C2 =; i�B2=;.- Case 3: h[ ℄ is (G=g3[ ℄) ^ g4.Assume that P ` ((G = g3[g1℄) ^ g4)# 7! B1 has a proof of depth m and size s. Then, G#is a goal variable not o

urring in g3[g1℄#, the node P ` (G# = g3[g1℄#) ^ g4# 7! B1 hasbeen obtained by applying rule (geq), B1 is fG#=g3[g1℄#gÆC1 for some C1 2 P(Subst), andP ` g4#fG#=g3[g1℄#g 7! C1 has a proof of depth m and size s�1. Now, suppose that G# o

ursin g4# n times. Thus, also g1 will o

ur n times in g4#fG#=g3[g1℄#g. Sin
e hm; s�1i < hm; si,by applying the indu
tion hypothesis n times, we have that there exists C2 2 P(Subst) su
hthat P ` g4#fG#=g3[g2℄#g 7! C2 has a proof and C1=; i� C2=;. By using rule (geq), we 
an
onstru
t a proof of P ` G#=g3[g2℄#^ g4# 7! B2, where B2 is fG#=g3[g2℄#gÆC2. Thus, B1=;i� C1=; i� C2=; i� B2=;.- Case 4: h[ ℄ is p(u1; : : : ; ui[ ℄; : : : ; uk) ^ g3.Assume that P ` p(u1#; : : : ; ui[g1℄#; : : : ; uk#) ^ g3# 7! B1 has a proof of depth m and size s.Then, in the last step of this proof, rule (at) has been used, B1 is of the form C1 �vars(p(u1#; : : : ;ui[g1℄#; : : : ; uk#) ^ g3#) for some C1 2 P(Subst), and P ` bodyfU1=u1#; : : : ; Ui=ui[g1℄#; : : : ;Uk=uk#g^g3# 7! C1 has a proof of depth m�1 and size s�1, where p(U1; : : : ; Ui; : : : ; Uk) bodyis a renamed apart 
lause of P . Sin
e hm�1; s�1i < hm; si, by indu
tion hypothesis we have thatthere exists C2 2 P(Subst) su
h that P ` bodyfU1=u1#; : : : ; Ui=ui[g2℄#; : : : ; Uk=uk#g ^ g3# 7!C2 has a proof and C1=; i� C2=;. Thus, by using rule (at), we 
an 
onstru
t a proof of P `



40.p(u1#; : : : ; ui[g2℄#; : : : ; uk#)^g3# 7! B2, where B2 is C2 �vars(p(u1#; : : : ; ui[g2℄#; : : : ; uk#)^g3#)and B1=; i� C1=; i� C2=; i� B2=;.(ii) The proof is similar to the one of (i) and we omit it.(iii) Suppose that (iii.1) holds and suppose also that # is an idempotent substitution su
h thatvars(#) \ vars(g1; g2) � V , g is a goal su
h that vars(g) \ vars(g1; g2) � V , and g1# ^ g is safein P . We have to prove that g2# ^ g is safe in P .Suppose that g2# ^ g is not safe in P . Then there exist A 2 P(Subst) and a dedu
tion tree�1 for P ` g2# ^ g 7! A su
h that a leaf of �1 is of the form P ` g3 7! B and g3 is stu
k.Let # be the substitution fU1=u1; : : : ; Uk=ukg su
h that, for i = 1; : : : ; k, Ui 62 ui. Withoutloss of generality, we may assume that, for i = 1; : : : ; k, Ui 62 vars(g). By using rules (teq2)and (geq), we 
an 
onstru
t a dedu
tion tree �2 for P ` U1 = u1 ^ : : : ^ Uk = uk ^ g2 ^ g 7! Asu
h that �2 has P ` g3 7! B at a leaf. Thus, U1 = u1 ^ : : : ^ Uk = uk ^ g2 ^ g is notsafe in P . Sin
e vars(#) \ vars(g1; g2) � V and vars(g) \ vars(g1; g2) � V , we have thatvars(U1=u1^: : :^Uk=uk^g)\vars(g1; g2) � V and, thus, by (iii.1) U1=u1^: : :^Uk=uk^g1^gis not safe in P . None of the goals U1=u1; : : : ; Uk =uk is stu
k and, thus, a des
endant node ofg1# ^ g is stu
k, that is, g1# ^ g is not safe in P .The proof that (iii.2) implies (iii.1) 
an be done by indu
tion on dedu
tion trees ordered by the�-measure. We omit this proof. 2Proof of Lemma 6.2: Re
all that, by de�nition, for every b 2 ftrue ; falseg, P ` g #m b meansthat there exists A 2 P(Subst) su
h that P ` g 7! A has a proof of depth m and b= true i�A 6= ;. We prove the thesis by indu
tion on the �-measure (see De�nition 8) of the proof ofP ` g 7! A whi
h, by hypothesis, has depth m and size s.Our indu
tion hypothesis is that, for all hm1; s1i < hm; si, for all goals g, and for all A1 2P(Subst), if P ` g 7! A1 has a proof of depth m1 and size s1, then there exists B1 2 P(Subst)su
h that NewP ` g 7! B1 has a proof of depth n1, with m1 � n1, and A1 = ; i� B1 = ;. Wehave to show that there exists B 2 P(Subst) su
h that NewP ` g 7! B has a proof of depthn, with m � n, and A=; i� B=;. We pro
eed by 
ases on the stru
ture of g. We �rst noti
ethat, sin
e ^ is asso
iative with neutral element true, the grammar for generating goals given inSe
tion 2 
an be repla
ed by the following one:g ::= G ^ g1 j true j false ^ g1 j (t1= t2) ^ g1 j (g1=g2) ^ g3 jp(u1; : : : ; um) ^ g1 j (g1 _ g2) ^ g3We 
onsider the following two 
ases only. The others are similar and we omit them.- Case 1: g is (g1 = g2) ^ g3. Assume that P ` (g1 = g2) ^ g3 7! A has a proof of depth mand size s. Then, g1 is a goal variable, say G, G 62 vars(g2), P ` (G= g2) ^ g3 7! A has beenderived by applying rule (geq), and there exists A1 2 P(Subst) su
h that A=(fG=g2g ÆA1) andP ` g3fG=g2g 7! A1 has a proof of depth m and size s�1. Sin
e hm; s�1i < hm; si, by indu
tionhypothesis there exists B1 2 P(Subst) su
h that NewP ` g3fG=g2g 7! B1 has a proof of depthn with m � n and A1 = ; i� B1 = ;. By rule (geq), we have that NewP ` (G= g2) ^ g3 7! B,where B = (fG=g2g Æ B1), has a proof of depth n with m � n. By the de�nition of the Æoperator, we have that A=; i� A1=; i� B1=; i� B=;.- Case 2: g is p(u1; : : : ; um) ^ g1. Assume that P ` p(u1; : : : ; um) ^ g1 7! A has a proofof depth m and size s. Then, P ` p(u1; : : : ; um) ^ g1 7! A has been derived by usingrule (at), and there exists A1 2 P(Subst) su
h that A = (A1 � vars(p(u1; : : : ; uk) ^ g1)) andP ` bd rfV1=u1; : : : ; Vm=umg ^ g1 7! A1 has a proof of depth m� 1 and size s� 1, wherep(V1; : : : ; Vm)  bd r is a renamed apart 
lause of P . Now, by the hypothesis that P `



41.8V1; : : : ; Vm (bdr >�! newbd r), by the fa
t that vars(fV1=u1; : : : ;Vm=umg)\vars(bd r;newbd r) �fV1; : : : ; Vmg and vars(g1) \ vars(bd r;newbd r) � fV1; : : : ; Vmg, and by Proposition 8.1 (ii), wehave that there exists A2 2 P(Subst) su
h that P ` newbd rfV1=u1; : : : ; Vm=umg^g1 7! A2 hasa proof of depth n1 and size s1, with m�1 � n1 and A1 =; i� A2 =;. Sin
e hn1; s1i < hm; si,by indu
tion hypothesis there exists B1 2 P(Subst) su
h that NewP ` newbd rfV1=u1; : : : ;Vm=umg ^ g1 7! B1 has a proof of depth n2 with n1 � n2 and A2 = ; i� B1 = ;. Sin
e hd r isp(V1; : : : ; Vm), by using rule (at) we 
an 
onstru
t a proof for NewP ` p(u1; : : : ; um) ^ g1 7! Bof depth n = n2+1 where B=(B1 �vars(p(u1; : : : ; uk)^g1)). Thus, m � n and, by the de�nitionof the � operator, A=; i� A1=; i� A2=; i� B1=; i� B=;. 2it Proof of Lemma 6.3: (i) Let us 
onsider the transformation sequen
e Pi; : : : ; Pj . Let us also
onsider any index h in fi; : : : ; j�1g and any two 
lauses 
1: hd  bd in program Ph and
2: hd  newbd in program Ph+1. Sin
e Pi; : : : ; Pj is 
onstru
ted by using the unfolding ruleonly, we have that:bd = b[p(u1; : : : ; um)℄ and newbd = b[gfV1=u1; : : : ; Vm=umg℄for some 
lause p(V1; : : : ; Vm) g in Pi, some goal 
ontext b[ ℄, and some m-tuple of arguments(u1; : : : ; um). To prove this lemma we have to show that:Pi ` 8V (b[p(u1; : : : ; um)℄ >�! b[gfV1=u1; : : : ; Vm=umg℄) (�)where V = vars(hd). Now, for every 
lause p(V1; : : : ; Vm) g in Pi we have that:Pi ` 8V1; : : : ; Vm (p(V1; : : : ; Vm) >�! g) (�)From (�), by Point (iv0) of Proposition 5.1 we get:Pi ` 8W (p(u1; : : : ; um) >�! gfV1=u1; : : : ; Vm=umg) (
)where W = vars(u1; : : : ; um). From (
), by Point (i0) of Proposition 5.1 we get:Pi ` 8Z (b[p(u1; : : : ; um)℄ >�! b[gfV1=u1; : : : ; Vm=umg℄) (Æ)where Z = vars(b[p(u1; : : : ; um)℄). From (Æ), by Points (ii0) and (iii0) of Proposition 5.1 we get(�), as desired.(ii) In order to prove Point (ii) of the thesis, we �rst show the following property.Property (A): For every 
lause d: newp(V1; : : : ; Vm)  g in Defk whi
h is used for foldingduring the 
onstru
tion of the sequen
e Pj ; : : : ; Pk, we have that the repla
ement law Pj `8V1; : : : ; Vm (newp(V1; : : : ; Vm) = ! g) holds.Property (A) is a 
onsequen
e of the fa
t that during the sequen
e Pi; : : : ; Pj we have performedthe parallel leftmost unfolding of every 
lause whi
h is used for folding during Pj ; : : : ; Pk.Now we prove Point (ii) of the thesis by 
ases with respe
t to the transformation rule whi
his used to derive program Ph+1 from program Ph, for h = j; : : : ; k�1.- Case 1: Ph+1 is derived from Ph by the unfolding rule using a 
lause whi
h is among thosealso used for folding (in a previous transformation step). The thesis follows from Property (A)and Points (i0), (ii0), (iii0), and (iv0) of Proposition 5.1.- Case 2: Ph+1 is derived from Ph by the unfolding rule using a 
lause 
 whi
h is not amongthose used for folding. Thus, 
 belongs to P0 be
ause the only way of introdu
ing in the bodyof a 
lause an o

urren
e of a non-primitive predi
ate whi
h is not de�ned in P0, is by anappli
ation of the folding rule. Hen
e, 
 belongs to Pj as well. Now, for every 
lause 
 of theform: p(V1; : : : ; Vm) g in Pj we have that:Pj ` 8V1; : : : ; Vm (p(V1; : : : ; Vm) >�! g)



42.The thesis follows from Property (A) and Points (i0), (ii0), (iii0), and (iv0) of Proposition 5.1.- Case 3: Ph+1 is derived from Ph by the folding rule. The thesis follows from Property (A) andPoints (i0), (ii0), (iii0), and (iv0) of Proposition 5.1.- Case 4: Ph+1 is derived from Ph by the goal repla
ement rule based on a repla
ement law of theform P0 ` 8V (g1 >�! g2). The thesis follows from Points (i0), (ii0), and (iii0) of Proposition 5.1and the fa
t that also Pj ` 8V (g1 >�! g2) holds, be
ause the non-primitive predi
ates of fg1; g2gare de�ned in P0, and for ea
h predi
ate p de�ned in P0, the de�nition of p in P0 is equal to thede�nition of p in Pj. 2Proof of Lemma 6.4: We assume that there exists A 2 P(Subst) su
h that NewP ` g 7! A hasa proof of size n. We have to show that there exists B 2 P(Subst) su
h that P ` g 7! B holds,and A=; i� B=;. We pro
eed by indu
tion on n. We assume that, for all m < n, for all goalsh, and for all A1 2 P(Subst), if NewP ` h 7! A1 has a proof of size m, then P ` h 7! B1 hasa proof for some B1 2 P(Subst) su
h that A1 = ; i� B1 = ;. Now we pro
eed by 
ases on thestru
ture of g. We 
onsider the following two 
ases. The other 
ases are similar and we omitthem.- Case 1: g is (g1 = g2) ^ g3. Assume that NewP ` (g1 = g2) ^ g3 7! A has a proof of size n.Then, g1 is a goal variable, say G, G 62 vars(g2), and NewP ` (G = g2) ^ g3 7! A has beenderived by applying rule (geq). Thus, there exists A1 2 P(Subst) su
h that A is (fG=g2g Æ A1)and NewP ` g3fG=g2g 7! A1 has a proof of size n�1. By indu
tion hypothesis there existsB1 2 P(Subst) su
h that P ` g3fG=g2g 7! B1 has a proof and A1 =; i� B1 =;. By using rule(geq), we 
an 
onstru
t a proof of P ` (G = g2) ^ g3 7! B where B is fG=g2g Æ B1. By thede�nition of the Æ operator, we have that A=; i� A1=; i� B1=; i� B=;.- Case 2: g is p(u1; : : : ; um) ^ g1. Assume that NewP ` p(u1; : : : ; um) ^ g1 7! A has a proofof size n. Then, NewP ` p(u1; : : : ; um) ^ g1 7! A has been derived by applying rule (at), andthere exists a proof of size n � 1 of NewP ` newbdrfV1=u1; : : : ; Vm=umg ^ g1 7! A1 wherep(V1; : : : ; Vm) newbdr is a renamed apart 
lause of NewP and A is (A1 �vars(p(u1; : : : ; uk) ^g1)). By indu
tion hypothesis there exists a proof of P ` newbdrfV1=u1; : : : ; Vm=umg^g1 7! B1su
h that A1 = ; i� B1 = ;. Now, by the hypothesis that P ` 8V1; : : : ; Vm (newbdr �! bdr),by the fa
t that vars(fV1=u1; : : : ; Vm=umg) \ vars(bdr; newbdr) � fV1; : : : ; Vmg and vars(g1) \vars(bdr; newbdr) � fV1; : : : ; Vmg, and by Proposition 8.1 (i), we have that P ` bdrfV1=u1; : : : ;Vm=umg ^ g1 7! B2 has a proof for some B2 2 P(Subst) su
h that B1 =; i� B2 =;. Sin
e hd ris p(V1; : : : ; Vm), by using rule (at) we 
an 
onstru
t a proof for P ` p(u1; : : : ; um) ^ g1 7! Bwhere B is (B2 �vars(p(u1; : : : ; uk)^g1)). By the de�nition of the � operator, we have that A=;i� A1=; i� B1=; i� B2=; i� B=;. 2Proof of Lemma 6.5: If Ph+1 is derived from Ph by the unfolding rule using a 
lause of theform p(V1; : : : ; Vm) g in P0 [ Defk, then the thesis follows from Points (i), (ii), (iii), and(iv) of Proposition 5.1, and the fa
t that the repla
ement law P0 [ Defk ` 8V1; : : : ; Vm (g �!p(V1; : : : ; Vm)) holds. Similarly, if Ph+1 is derived from Ph by the folding rule using a 
lause ofthe form newp(V1; : : : ; Vm) g in Defk, then the thesis follows from Points (i), (ii), (iii), and (iv)of Proposition 5.1, and the fa
t that the repla
ement law P0[Defk ` 8V1; : : : ; Vm (newp(V1; : : : ;Vm) �! g) holds. Finally, if Ph+1 is derived from Ph by the goal repla
ement rule, then thethesis follows from the fa
t that it is based on a strong repla
ement law and from Points (i),(ii), and (iii) of Proposition 5.1. 2The following Lemma 8.2 and Lemma 8.3 are ne
essary for proving that a transformation se-quen
e preserves safety (see Theorem 6.8).



43.Lemma 8.2. Let P and NewP be programs of the form:P : hd1  bd1 NewP : hd1  newbd1... ...hds  bds hds  newbd sSuppose that for r = 1; : : : ; s and for all goal 
ontexts b[ ℄ su
h that vars(b[ ℄)\vars(bdr ;newbdr )� vars(hdr), we have that if b[bd r℄ is safe in P then b[newbd r℄ is safe in P. Then, for everygoal g, if g is safe in P then g is safe in NewP.Proof : We assume that g is not safe in NewP and we prove that g is not safe in P . Sin
e gis not safe in NewP, there exist A 2 P(Subst) and a dedu
tion tree � for NewP ` g 7! A su
hthat a leaf of � is of the form NewP ` gstu
k 7! B and the goal gstu
k is stu
k. We pro
eed byindu
tion on the size of � . We 
onsider the following two 
ases only. The others are similar andwe omit them.- Case 1: g is (g1 = g2) ^ g3. Assume that the dedu
tion tree � for NewP ` (g1=g2)^g3 7! Ahas size s. If g1 is not a goal variable or it is a goal variable o

urring in g2, then (g1=g2) ^ g3is not safe in P . Otherwise, g1 is a goal variable, say G, and G 62 vars(g2). Thus, NewP `(G = g2) ^ g3 7! A has been derived by applying rule (geq), and there exists A1 2 P(Subst)su
h that: (a) the subtree �1 of � rooted at NewP ` g3fG=g2g 7! A1 has size s�1, and (b)NewP ` gstu
k 7! B is a leaf of �1. By indu
tion hypothesis g3fG=g2g is not safe in P and, byrule (geq), also (G=g2) ^ g3 is not safe in P .- Case 2: g is p(u1; : : : ; um) ^ g1. Assume that the dedu
tion tree � for NewP `p(u1; : : : ; um) ^ g1 7! A has size s. Thus, NewP ` p(u1; : : : ; um) ^ g1 7! A has beenderived by using rule (at), and there exist A0 2 P(Subst) and a renamed apart 
lausep(V1; : : : ; Vm)  newbd r of NewP su
h that: (a) the subtree �1 of � rooted at NewP `newbd rfV1=u1; : : : ; Vm=umg ^ g1 7! A0 has size s�1 and (b) NewP ` gstu
k 7! B is a leafof �1. By indu
tion hypothesis newbd rfV1=u1; : : : ; Vm=umg ^ g1 is not safe in P . Now, byhypothesis, by the fa
t that vars(fV1=u1; : : : ;Vm=umg) \ vars(bdr;newbdr ) � fV1; : : : ; Vmgand vars(g1) \ vars(bdr;newbdr ) � fV1; : : : ; Vmg, and by Proposition 8.1 (iii), we have thatbd rfV1=u1; : : : ; Vm=umg ^ g1 is not safe in P . Sin
e p(V1; : : : ; Vm)  bd r is a renamed apart
lause of P , by rule (at), also p(u1; : : : ; um) ^ g1 is not safe in P . 2Lemma 8.3. Let P0; : : : ; Pk be a transformation sequen
e and let Defk be the set of de�nitionsintrodu
ed during that sequen
e. For h = 0; : : : ; k�1, for any pair of 
lauses 
1: hd  bdin program Ph and 
2: hd  newbd in program Ph+1, su
h that 
2 is derived from 
1 by anappli
ation of the unfolding rule, or folding rule, or goal repla
ement rule whi
h preserves safety,and for every goal 
ontext b[ ℄ su
h that vars(b[ ℄) \ vars(bd ;newbd) � vars(hd ), we have that:if b[bd ℄ is safe in P0 [Defk then b[newbd ℄ is safe in P0 [Defk.Proof : First we noti
e that, for every 
lause hd0  bd0 in P0 [Defk and for every goal 
ontextb[ ℄ su
h that vars(b[ ℄) \ vars(bd0) � vars(hd0), we have the following:Property (S): b[hd0℄ is safe in P0 [Defk i� b[bd0℄ is safe in P0 [Defk.Now, take any h = 0; : : : ; k�1. We reason by 
ases on the transformation rule applied forderiving the 
lause hd newbd in Ph+1 from the 
lause hd bd in Ph.If hd  newbd is derived from hd  bd by the unfolding rule using a 
lause hd0  bd0 inP0 [ Defk, then for some goal 
ontext g[ ℄, bd is of the form g[hd0#℄ and newbd is of the formg[bd0#℄. Then the thesis follows from the only-if part of Property (S).



44.Similarly, if hd newbd is derived from hd bd by the folding rule using a 
lause hd0  bd0in P0 [Defk, then for some goal 
ontext g[ ℄, bd is of the form g[bd0#℄ and newbd is of the formg[hd0#℄. Then the thesis follows from the if part of Property (S).Finally, if hd newbd is derived from hd bd by applying the goal repla
ement rule, then thethesis follows from the hypothesis that every appli
ation of the goal repla
ement rule preservessafety. 2Proof of Theorem 6.6 (Preservation of Su

esses and Failures): By Proposition 6.1, without lossof generality we may assume that the admissible sequen
e P0; : : : ; Pk is ordered. Let Pj be theprogram obtained at the end of the se
ond subsequen
e of P0; : : : ; Pk, that is, after unfoldingevery 
lause in Defk whi
h is used for folding. Point (1) of this theorem is a 
onsequen
e of thefollowing two fa
ts:(F1) by Lemma 6.2 and Point (i) of Lemma 6.3, we have that, for every goal g and for everyb 2 ftrue; falseg, if P0 [Defk ` g #m b then Pj ` g #n1 b with m � n1, and(F2) by Lemma 6.2 and Point (ii) of Lemma 6.3, we have that: for every goal g and for everyb 2 ftrue; falseg, if Pj ` g #n1 b then Pk ` g #n b with n1 � n.Point (2) of this theorem is a straightforward 
onsequen
e of Lemmata 6.4 and 6.5. 2Proof of Theorem 6.7 (Corre
tness Theorem): (1) First we prove that P0 [Defk v Pk. Let g bean ordinary goal and let A be a set of substitutions su
h that P0 [ Defk ` g 7! A. We have toprove that there exists B 2 P(Subst) su
h that Pk ` g 7! B and A and B are equally generalwith respe
t to g.Sin
e P0 [Defk ` g 7! A, by de�nition there exists b 2 ftrue; falseg su
h that P0 [Defk ` g # b.By Point (1) of Theorem 6.6, we have that Pk ` g # b and, thus, there exists B 2 P(Subst) su
hthat Pk ` g 7! B.In order to prove that A and B are equally general with respe
t to g, we have to show that: (a)for every substitution � 2 A there exists a substitution � 2 B su
h that g� is an instan
e of g�,and (b) for every � 2 B there exists � 2 A su
h that g� is an instan
e of g�.(a) Let � be a substitution in A. From P0 [ Defk ` g 7! A, by Proposition 4.1 (ii.1), we havethat P0 [ Defk ` g� # true. Thus, by Point (1) of Theorem 6.6, we have that Pk ` g� # true.Sin
e Pk ` g 7! B holds, by Proposition 4.1 (ii.1), there exists a substitution � 2 B su
h thatg� is an instan
e of g�.(b) Let � be a substitution in B. From Pk ` g 7! B, by Proposition 4.1 (ii.1), we havethat Pk ` g� # true. From P0 [ Defk ` g 7! A, by Proposition 4.1 (i), we have that eitherP0 [ Defk ` g� # true or P0 [ Defk ` g� # false. Now P0 [ Defk ` g� # false is impossiblebe
ause by Point (1) of Theorem 6.6, we would have Pk ` g� # false. Thus, P0[Defk ` g� # true.Sin
e P0[Defk ` g 7! A, by Proposition 4.1 (ii.1), there exists � 2 A su
h that g� is an instan
eof g�.(2) We have to prove that if all appli
ations of the goal repla
ement rule in the sequen
eP0; : : : ; Pk are based on strong repla
ement laws, then P0 [ Defk � Pk. Sin
e P0 [ Defk v Pkhas been shown at Point (1) of this proof, it remains to show that: Pk v P0 [Defk. The proofis similar to that of Point (1) and it is based on Point (2) of Theorem 6.6 and Point (ii.1) ofProposition 4.1. 2Proof of Theorem 6.8 (Preservation of Safety): Let hd  bd be a 
lause in P0 [ Defk and lethd  newbd be the 
lause in Pk with the same head. By Lemma 8.3 we have that, for everygoal 
ontext b[ ℄ su
h that vars(b[ ℄) \ vars(bd ;newbd ) � vars(hd), if b[bd ℄ is safe in P0 [ Def kthen b[newbd ℄ is safe in P0[Defk. Then, by Lemma 8.2, for every goal g, if g is safe in P0[Defkthen g is safe in Pk. 2
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