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Abstra
tA graph is star-extremal if its fra
tional 
hromati
 number equals its 
ir
ular 
hromati
 num-ber. In Zhu's survey [10℄, only one example of a 
ir
ulant graph of prime order whi
h is notstar-extremal is mentioned, and it was found by a 
omputer sear
h [4℄. In this paper, we in-vestigate the 
ir
ular 
hromati
 number of partitionable graphs. Our results entail that every
ir
ulant partitionable graph, whi
h is not a variant of a web, is not star-extremal, exhibitingthereby an in�nite sequen
e of 
ir
ulant graphs of prime order, whi
h are not star-extremal.Keywords: partitionable graph, homomorphism, 
ir
ular 
hromati
 number, fra
tional 
hro-mati
 number.





3.1. Introdu
tionA graph G is said to be partitionable if there exist two integers p and q (with p � 2 and q � 2)su
h that G has pq + 1 verti
es and for every vertex v of G, the indu
ed subgraph G n fvgadmits a partition into p 
liques of 
ardinality q and also admits a partition into q stable setsof 
ardinality p.Due to results of Lov�asz (1972) [5℄ and Padberg (1974) [6℄, the partitionable graphs 
ontainall minimal imperfe
t graphs, and they re
eived a lot of attention in the past de
ades whenlooking for 
ounterexamples to the famous Strong Perfe
t Graph Conje
ture of Berge (provedby Chudnovsky and Seymour in 2002).In 1979, Chv�atal, Graham, Perold and Whitesides introdu
ed two 
onstru
tions for partition-able graphs [3℄. Due to the initials of these four authors, we 
all CGPW2 graphs the graphsgiven by the se
ond 
onstru
tion.In 1996, Gao and Zhu started the study of 
hromati
 properties of 
ir
ulant graphs [4℄. Theyprovided several 
lasses of 
ir
ulant graphs whi
h are star-extremal, i.e., whose 
ir
ular 
hromati
number equals their fra
tional 
hromati
 number. They also exhibit 
ir
ulant graphs whi
hare not star-extremal, but, apart from one obtained by a 
omputer sear
h, all the others are
onstru
ted using lexi
ographi
 produ
t.In this paper we study the 
ir
ular 
hromati
 number of partitionable graphs and we providean in�nite 
lass of non-star-extremal graphs.The paper is organized as follows: the �rst se
tion is devoted to de�nitions needed for proofs.In the beginning of the se
ond se
tion, we introdu
e a basi
 lemma, whi
h is the starting pointof the paper: it suggests that to study the 
ir
ular 
hromati
 number of a partitionable graph, onemay restri
t its attention to homomorphisms from G into partitionable antiwebs, with the samemaximum 
lique size of G. We �rst study a more general setting, by providing some ne
essary
onditions for the existen
e of a homomorphism between two partitionable graphs. Then weintrodu
e the notion of rank of a partitionable graph G whi
h gives the set of partitionableantiwebs with same maximum 
lique size than G, that G is homomorphi
 to.The results on the stru
ture of partitionable graphs of rank �(G) will allow us to prove thatmany of the CGPW2 graphs are not star-extremal.2. De�nitionsLet G = (V;E) be a simple, undire
ted graph. A 
lique is a set of pairwise adja
ent verti
es anda stable set is a set of pairwise non-adja
ent verti
es. We denote by ! = !(G) the maximum
ardinality of a 
lique of � and � = �(G) the maximum 
ardinality of a stable set of �. Amaximum 
lique is a 
lique of size !(G) and a maximum stable set is a stable set of size �(G).A homomorphism from a graph G into a graph H is a map from the vertex set of G into thevertex set of H su
h that if ij is an edge of G then f(i)f(j) is an edge of H.The 
omplement graph G of G = (V;E) is the graph with vertex set V and edge set fijj i 2V; j 2 V; ij =2 Eg. The graph G with vertex set V is isomorphi
 to the graph G0 with vertexset V 0 if there exists a bije
tive map f from V onto V 0 su
h that ij is an edge of G if and onlyif f(i)f(j) is an edge of G0.A determined edge is an edge ij su
h that there exists a maximum 
lique 
ontaining both iand j. A graph is normalized if every of its edges is a determined edge. The normalized graphof a graph G is the graph with vertex set V (G) and with the set of determined edges of G for



4.edge set. A variant of G is a partitionable graph with the same verti
es, the same maximum
liques and the same maximum stable sets.A web W nk is a graph with vertex set f0; : : : ; n� 1g and edge set fijj min(ji� jj; jj � ij) < kg.An antiweb is the 
omplement of a web. We denote by Cnk the antiweb W nk .A well-known 
lass of partitionable graphs is the 
lass of (�; !)-webs, where an (�; !)-web(with � � 2 and ! � 2) is the web W�!+1! . Noti
e that !(W�!+1! ) = ! and �(W�!+1! ) = �.We 
all partitionable webs these webs, and partitionable antiwebs their 
omplements.We denote by I(G) the interse
tion graph of a graph G, that is the graph whose verti
es arethe maximum 
liques of G, and two verti
es Qi and Qj are adja
ent if and only if Qi and Qj arenot two disjoint maximum 
liques of G. The interse
tion graph I(G) of a graph partitionablegraph G is partitionable and su
h that !(I(G)) = !(G) and �(I(G)) = �(G) [8℄.Let n be any positive integer and Zn denote the 
y
li
 group. Let S be any symmetri
 subsetof Zn n f0g. The 
ir
ulant graph G(n; S) is the graph with n verti
es whose verti
es are theelements of the 
y
li
 group Zn and two verti
es i and j are adja
ent if and only if i � j is anelement of S.Let m1; : : : ;m2r be a set of 2r integers greater than or equal to 2. Let �0 = 1. For everyinteger 1 � i � 2r � 1, let �i = m1m2 � � �miMi = f0; �i�1; 2�i�1; : : : ; (mi � 1)�i�1gC =M1 +M3 + � � �+M2r�1n = m1m2 � � �m2r + 1Let S be the subset f(i� j)j i 2 C; j 2 C; i 6= jg of Zn. Let C[m1; : : : ;m2r℄ be the 
ir
ulantgraph G(n; S). All su
h graphs and their variants are 
alled CGPW2 graphs. Every CGPW2graph is a 
ir
ulant partitionable graph [3℄. Fig. 1 shows a CGPW2 graph.A (k; d)-
oloring of a graph G is a mapping 
 : V (G) ! Zk su
h that
(x)� 
(y) 2 f�d; : : : ;�(k � d)g 8xy 2 E(G):The 
ir
ular 
hromati
 number �
(G) (also 
alled star 
hromati
 number) 
an be thought asthe best possible su
h 
oloring:�
(G) = inf �kd : G has (k; d) � 
oloring� :Noti
e that, when d = 1, we �nd the usual de�nition of proper k-
oloring. This generalizationof the 
hromati
 number was introdu
ed by Vin
e [9℄ who also proved that it takes rationalvalues and is not too far from the ordinary 
hromati
 number. In fa
t, for every graph G,�(G)� 1 < �
(G) � �(G).A fra
tional 
oloring of a graph G is a mapping f from the set of stable sets S(G) of G to theinterval [0; 1℄ su
h that, for ea
h v of G, XS2S(G);v2S f(S) = 1
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16Figure 1: The CGPW2 graph C[2; 2; 2; 2℄The fra
tional 
hromati
 number is�f (G) = min8<: XS2S(G) f(S) : f is fra
: 
ol:9=;If we repla
e the interval [0; 1℄ with the set f0; 1g we get the ordinary 
hromati
 number. Itis also not diÆ
ult to see that �f (G) � �
(G) but the gap between the two parameters may bearbitrarily large as well as it happens for �f (G) and �(G).A graph is said to be star-extremal if �f (G) = �
(G).3. Homomorphisms between partitionable graphsBondy and Hell proved in [2℄ that a graph G is (n; k)-
olorable if and only if G is homomorphi
 toCkn. In this se
tion we show that every partitionable graph is homomorphi
 to a 
ir
ulant graphCnk with same maximum 
lique size, or its 
ir
ular 
hromati
 number is equal to its 
hromati
number.Lemma 3.1. If G is any partitionable graph with �
(G) = nk then ! � bnk 
 � !+1. Furthermorebnk 
 = ! + 1 if and only if k = 1, that is �
(G) = �(G).Proof. We have nk = �
(G) � �(G) = ! + 1. Hen
e bnk 
 � ! + 1. If k = 1 then nk = �
(G) =�(G) = ! + 1. Hen
e bnk 
 = ! + 1.We have ! + 1 = �(G) = d�
(G)e = dnk e. If bnk 
 = ! + 1 then nk = ! + 1. Sin
e n and k arerelatively prime, this implies that k = 1. Hen
e if k > 1 we must have bnk 
 = !.



6.Thus, if G is any partitionable graph, then there are integers k(G) and q(G) with 1 � k(G) ��(G) and 1 � q(G) � k(G) su
h that the 
ir
ular 
hromati
 number of G is equal to !(G)+ q(G)k(G) .We do not know any partitionable graph G su
h that q(G) > 1:Problem 1. Is every partitionable graph G su
h that q(G) = 1?The 
ase q(G) = 1 implies that G is homomorphi
 to the 
omplement of the (!(G); �(G))-web,whi
h is a variant of the (�(G); !(G))-web, hen
e a partitionable graph with the same maximum
lique size. This leads to this more general question: what does it mean for a partitionable graphto be homomorphi
 to another partitionable graph with same maximum 
lique size?We have the following result, whose �rst assertion was suggested by Prop. 4 in [2℄.Theorem 3.2. Let G and H be two partitionable graphs with same maximum 
lique size, su
hthat G is homomorphi
 to H. Theni) vG � vH , where vG (resp. vH) denotes the number of verti
es of G (resp. H).ii) the homomorphism must be surje
tive.iii) G is isomorphi
 to a variant of H if and only if vG = vH .iv) the homomorphism f indu
es a surje
tive homomorphism f 0 from the interse
tion graphof G into the interse
tion graph of H.Proof.Let f be a homomorphism from G into H. For every vertex i of H, we denote by Hi theindu
ed subgraph H n fig and let Gi := f�1(Hi). Let ! = !(G) = !(H).Obviously, f indu
es a homomorphism from Gi into Hi. Sin
e �(Hi) = �
(Hi) = !, there isa homomorphism from Hi into the 
lique C!1 of size !. Hen
e there is a homomorphism fromGi into C!1 . Thus Gi is of size at most vG � 1 for every vertex i of H.Let ��!�Gi denote the in
iden
e ve
tors of the set Gi. Let x be any vertex of G. Noti
e thatx 2 Gi if and only if f(x) 6= i. Hen
e x belongs to exa
tly vH � 1 sets Gi. Thus we getXi2V (H)��!�Gi = (vH � 1)�!1Therefore we have Xi2V (H) jGij = Xi2V (H)��!�Gi :�!1= vH(vH � 1) � vH(vG � 1)Thus vG � vH .We now prove that f must be surje
tive. Let H[Im(f)℄ be the subgraph of H indu
ed by theimage of the homomorphism f . The graph H is a partitionable graph with 
hromati
 number!+ 1. Hen
e for every indu
ed subgraph H 0 of H distin
t of H, the 
hromati
 number of H 0 isat most !.Thus, if f is not surje
tive then H[Im(f)℄ is a proper indu
ed subgraph of H and therefore�
(H[Im(f)℄) � �(H[Im(f)℄ � !. If �
(G) = ! then �(G) = !, a 
ontradi
tion. Hen
e�
(G) > !.Then we get, ! < �
(G) � �
(H[Im(f)℄) � !, whi
h is impossible. Hen
e f is surje
tive.



7.If G is isomorphi
 to a variant of H then obviously vG = vH .If vG = vH then sin
e f is surje
tive, f is bije
tive. Hen
e H 
ontains a partial subgraph H 0whi
h is isomorphi
 to G. Thus H 0 has exa
tly n maximum 
liques of size !. This implies thatH 0 is a variant of H. Therefore, G is a variant of H.Sin
e !(G) = !(H), the homomorphism f maps a maximum 
lique of G onto a maximum
lique of H. Let f 0 be the map from the set of maximum 
liques of G into the set of maximum
liques of H indu
ed by f . If Q and Q0 are two maximum 
liques of G su
h that Q \ Q0 6= ;,then f 0(Q) \ f 0(Q0) = f(Q) \ f(Q0) 6= ;. Hen
e f 0 is a homomorphism from the interse
tiongraph of G into the interse
tion graph of H. Hen
e f 0 is surje
tive.Noti
e that the �rst assertion of Theorem 3.2 is not implied by Prop. 4 in [2℄, as H is notassumed to be vertex transitive.Now, let G be a partitionable graph. Sin
e �(G) = ! + 1, there is a homomorphism from Ginto the 
lique C!+11 of size ! + 1.By Theorem 3.2, for every r > �(G) there is no homomorphism from G into Cr!(G)+1r .Let us denote by rank(G) the greatest integer r su
h that there is a homomorphism from Ginto Cr!(G)+1r . We have that 1 � rank(G) � �(G):Noti
e that the rank gives the following upper bound of �
 :�
(G) � ! + 1rank(G) :Furthermore, if G is a partitionable graph homomorphi
 to a partitionable graph H with thesame maximum 
lique size then rank(G) � rank(H).There are partitionable graphs of rank 1 (Fig. 1 gives an example).The next theorem 
on
erns the rank of the interse
tion graph of a partitionable graph. Thefollowing lemma is useful for its proof.Lemma 3.3. If H is the normalized graph of a 
ir
ulant partitionable graph G then the inter-se
tion graph of G is isomorphi
 to H.Proof. Let H be the normalized graph of a 
ir
ulant partitionable graph G(n; S). Let Q beany maximum 
lique of G(n; S). For every x 2 Zn, Q + x is obviously a maximum 
lique ofG(n; S). If there are two distin
t elements x and y of Zn su
h that Q+ x = Q+ y then Q mustbe a disjoint union of 
osets of the subgroup generated by y� x of Zn. By Lagrange's theorem,the size of this subgroup is a divisor of n and therefore jQj and n are not relatively prime, in
ontradi
tion with the relation n = �(G(n; S))jQj + 1.Hen
e the n maximum 
liques of G(n; S) (and also of H), are fQ+ xj x 2 Zng.Let ij be any edge of H: there exists a maximum 
lique Q + x su
h that i 2 Q + x andj 2 Q + x. Hen
e we get that Q + i interse
ts Q + j (with i 6= j). Thus (Q + i)(Q + j) is anedge of the interse
tion graph of G(n; S).Conversly, let (Q + i)(Q + j) be any edge of the interse
tion graph of G(n; S). We have(i� j) 2 (Q�Q) n f0g. Hen
e there are q and q0 in Q su
h that i� j = q� q0. Thus we get thati is an element of Q+ j � q0. Obviously, j is also an element of Q+ j � q0, as q0 2 Q. Hen
e ijis a determined edge of G(n; S) and therefore an edge of H.Thus H and the interse
tion graph of G(n; S) are isomorphi
.



8.Theorem 3.4. If I(G) denotes the interse
tion graph of a normalized partitionable graph Gthen rank(G) = rank(I(G))Proof. By (iv) of Theorem 3.2, we have that rank(I(G)) � rank(I(Crank(G)�!+1rank(G) )).Sin
e Crank(G)!+1rank(G) is a normalized 
ir
ulant partitionable graph, we have, by Lemma 3.3, thatI(Crank(G)!+1rank(G) ) = Crank(G)!+1rank(G) . Hen
e rank(I(G)) � rank(G).If rank(I(G)) > rank(G) then rank(I(I(G))) > rank(G). But it is well-known [7℄ that I(I(G))is the normalized graph of G, hen
e we get a 
ontradi
tion.4. Cir
ulant partitionable graphsA partitionable graph G with rank(G) = �(G) is said to have maximal rank. Noti
e thatevery odd hole or antihole G has maximal rank. Due to Theorem 3.2, we get the following
hara
terization of the 
lass of partitionable graphs having maximal rank:Corollary 4.1. The partitionable graphs having maximal rank are the variants of partitionablewebs.Lemma 4.2. A star-extremal 
ir
ulant partitionable graph is a variant of a web.Proof. Let G be any star-extremal 
ir
ulant partitionable graph. Sin
e G is vertex transitive,we have �f (G) = n� . Hen
e �
(G) = ! + 1� , that is G is of maximal rank. Hen
e G must be avariant of a web.We are now ready to state the main theorem that proves the existen
e of an in�nite family of
ir
ulant graphs whi
h are not star-extremal.Theorem 4.3. There is an in�nite number of 
ir
ulant partitionable graphs not star-extremalwith a prime number of verti
es.Proof. By Lemma 4.2, it suÆ
es to prove that there are in�nitely many 
ir
ulant partitionablegraphs with a prime number of verti
es whi
h are not variants of webs.Claim 1. If r � 2 and m1; : : : ;m2r are integers with mi � 2 for every 1 � i � 2r, then thepartitionable graph C[m1; : : : ;m2r℄ with m1m2 : : : m2r + 1 verti
es is not a variant of a web.In a web, there are always two mawimum 
liques sharing !� 1 verti
es: we are going to showthat this does not hold in C[m1; : : : ;m2r℄. The maximum 
liques of C[m1; : : : ;m2r℄ are the setsC + x; x 2 Zn. Assume that there is x su
h that jC \ (C + x)j = !� 1. We want to show thatthis leads to a 
ontradi
tion.It is easy to 
he
k that C \ (C +m1) = ;: (1)Hen
e there is a subset T of Zn su
h that the sets M1 + t; t 2 T are pairwise disjoints andC = [t2T (M1 + t). Due to Eq. 1 and sin
e jC \ (C + x)j = ! � 1, for every t in T , there existsan unique element g(t) of T su
h that (M1 + t) \ (M1 + x+ g(t)) 6= ;.Hen
e we get, C \ (C + x) = [t2T ((M1 + t) \ (M1 + x+ g(t))) and this union is disjoint.



9.Sin
e jC \ (C + x)j = ! � 1, there is an unique t0 in T su
h thatj(M1 + t0) \ (M1 + x+ g(t0))j = m1 � 1 (2)and 8t 6= t0; t 2 T; M1 + t = M1 + x+ g(t) (3)Noti
e that t0 +m1m2 or t0 �m1m2 is an element of T .If t0 +m1m2 is an element of T : assume that g(t0) +m1m2 is not an element of T . Then(M1+ t0+m1m2)\ (C+x) = ;: a 
ontradi
tion. Hen
e g(t0)+m1m2 is an element of T . Sin
ej(M1 + g(t0) +m1m2) \ (M1 + t0 +m1m2)j = m1 � 1 6= 0 by Eq. 2, we get g(t0 +m1m2) =g(t0) +m1m2. Then Eq. 3 gives M1 + t0 =M1 + x+ g(t0) in 
ontradi
tion with Eq. 2.The 
ase (t0 �m1m2) 2 T is similar. Thus jC \ (C + x)j 6= ! � 1, whi
h ends the proof ofClaim 1.Claim 1 says that most of CGPW2 graphs are not variants of webs. In parti
ular, for everyinteger k � 2, the graph C[2; 2; 2; k℄ with 8k + 1 verti
es is not a variant of a web. Sin
e 8 and1 are relatively prime, this implies that there are in�nitely many 
ir
ulant partitionable graphswith a prime number of verti
es whi
h are not variants of webs.In Zhu's survey [10℄, it was asked for a 
hara
terization of graphs G su
h that�
(G� v) = �
(G)� 1 for ea
h vertex v of G (�)It is well known that every partitionable graph G is su
h that for every vertex v, we have!(G) = �(G� v) = �
(G� v) ([1℄,[6℄). It follows that a partitionable graph G has property (�)if and only if �
(G) = �(G) = !(G) + 1.A 
omputer 
he
k revealed that the graph C[2; 2; 2; 2℄ is su
h a graph. Hen
e it should beinteresting to look for other su
h graphs in the 
lass of CGPW2 graphs.Referen
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