L/\Sl |sTITUTO DI ANALISI DEI SISTEMI ED INFORMATICA
u\l: CONSIGLIO NAZIONALE DELLE RICERCHE

A. Galluccio, A. Pécher

ON THE CIRCULAR CHROMATIC NUMBER OF
PARTITIONABLE GRAPHS

R. 566 Aprile 2002

Anna Galluccio - Istituto di Analisi dei Sistemi ed Informatica del CNR, Viale Manzoni 30,
00185 Roma, Italy. E-mail: galluccio@iasi.rm.cnr.it.

Arnaud Pécher - Laboratoire Bordelais de Recherche en Informatique, Bordeaux, France.
E-mail: pecher@labri.fr.

This work was done while the second author was visiting Istituto di Analisi dei Sistemi ed Informatica -
CNR, Roma (Ttaly), supported by a DONet post-doc grant.

ISSN: 1128-3378



Collana dei Rapporti dell'Istituto di Analisi dei Sistemi ed Informatica, CNR
viale Manzoni 30, 00185 ROMA, Ttaly

tel. ++39-06-77161

fax +439-06-7716461

email: iasi@iasi.rm.cnr.it
URL: http://www.iasi.rm.cnr.it



Abstract

A graph is star-extremal if its fractional chromatic number equals its circular chromatic num-
ber. In Zhu’s survey [10], only one example of a circulant graph of prime order which is not
star-extremal is mentioned, and it was found by a computer search [4]. In this paper, we in-
vestigate the circular chromatic number of partitionable graphs. Our results entail that every
circulant partitionable graph, which is not a variant of a web, is not star-extremal, exhibiting
thereby an infinite sequence of circulant graphs of prime order, which are not star-extremal.

Keywords: partitionable graph, homomorphism, circular chromatic number, fractional chro-
matic number.






1. Introduction

A graph G is said to be partitionable if there exist two integers p and ¢ (with p > 2 and ¢ > 2)
such that G has pg + 1 vertices and for every vertex v of G, the induced subgraph G \ {v}
admits a partition into p cliques of cardinality ¢ and also admits a partition into ¢ stable sets
of cardinality p.

Due to results of Lovdsz (1972) [5] and Padberg (1974) [6], the partitionable graphs contain
all minimal imperfect graphs, and they received a lot of attention in the past decades when
looking for counterexamples to the famous Strong Perfect Graph Conjecture of Berge (proved
by Chudnovsky and Seymour in 2002).

In 1979, Chvatal, Graham, Perold and Whitesides introduced two constructions for partition-
able graphs [3]. Due to the initials of these four authors, we call CGPWj, graphs the graphs
given by the second construction.

In 1996, Gao and Zhu started the study of chromatic properties of circulant graphs [4]. They
provided several classes of circulant graphs which are star-extremal, i.e., whose circular chromatic
number equals their fractional chromatic number. They also exhibit circulant graphs which
are not star-extremal, but, apart from one obtained by a computer search, all the others are
constructed using lexicographic product.

In this paper we study the circular chromatic number of partitionable graphs and we provide
an infinite class of non-star-extremal graphs.

The paper is organized as follows: the first section is devoted to definitions needed for proofs.

In the beginning of the second section, we introduce a basic lemma, which is the starting point
of the paper: it suggests that to study the circular chromatic number of a partitionable graph, one
may restrict its attention to homomorphisms from G into partitionable antiwebs, with the same
mazimum cliqgue size of G. We first study a more general setting, by providing some necessary
conditions for the existence of a homomorphism between two partitionable graphs. Then we
introduce the notion of rank of a partitionable graph G which gives the set of partitionable
antiwebs with same maximum clique size than G, that G is homomorphic to.

The results on the structure of partitionable graphs of rank a(G) will allow us to prove that
many of the CGPWj graphs are not star-extremal.

2. Definitions

Let G = (V, E) be a simple, undirected graph. A clique is a set of pairwise adjacent vertices and
a stable set is a set of pairwise non-adjacent vertices. We denote by w = w(G) the maximum
cardinality of a clique of T' and o = «(G) the maximum cardinality of a stable set of I'. A
mazimum clique is a clique of size w(G) and a mazimum stable set is a stable set of size a(G).

A homomorphism from a graph G into a graph H is a map from the vertex set of G into the
vertex set of H such that if i is an edge of G then f(i)f(j) is an edge of H.

The complement graph G of G = (V, E) is the graph with vertex set V and edge set {ij| i €
V, j €V, ij ¢ E}. The graph G with vertex set V is isomorphic to the graph G’ with vertex
set V' if there exists a bijective map f from V onto V' such that ij is an edge of G if and only
if f(4)f(4) is an edge of G'.

A determined edge is an edge ij such that there exists a maximum clique containing both ¢
and j. A graph is normalized if every of its edges is a determined edge. The normalized graph
of a graph G is the graph with vertex set V(G) and with the set of determined edges of G for



edge set. A wariant of G is a partitionable graph with the same vertices, the same maximum
cliques and the same maximum stable sets.

A web W) is a graph with vertex set {0,...,n — 1} and edge set {ij| min(|i — j|,|j —i|) < k}.
An antiweb is the complement of a web. We denote by C}' the antiweb W—,?

A well-known class of partitionable graphs is the class of (a,w)-webs, where an (o, w)-web
(with @ > 2 and w > 2) is the web W2¥*!. Notice that w(W2t!) = w and a(W2¥*!) = a.
We call partitionable webs these webs, and partitionable antiwebs their complements.

We denote by I(G) the intersection graph of a graph G, that is the graph whose vertices are
the maximum cliques of G, and two vertices (); and @), are adjacent if and only if ); and @); are
not two disjoint maximum cliques of G. The intersection graph I(G) of a graph partitionable
graph G is partitionable and such that w(I(G)) = w(G) and a(I(G)) = a(G) [8].

Let n be any positive integer and 7Z,, denote the cyclic group. Let S be any symmetric subset
of Zn \ {0}. The circulant graph G(n,S) is the graph with n vertices whose vertices are the
elements of the cyclic group Z, and two vertices 7 and j are adjacent if and only if i — j is an
element of S.

Let mq,...,mo, be a set of 2r integers greater than or equal to 2. Let ug = 1. For every
integer 1 <17 < 2r — 1, let

Hi = mima:---m;
M; = {0, pt5—1, 2051, ..., (mi — )pi—1}
C=M + M;3+---+ My
n=mimgy---mo + 1

Let S be the subset {(i —j)| i € C, j € C, i # j} of Zy. Let C[my,...,ma,] be the circulant
graph G(n, S). All such graphs and their variants are called CGPW3 graphs. Every CGPW,
graph is a circulant partitionable graph [3]. Fig. 1 shows a CGPWj graph.

A (k,d)-coloring of a graph G is a mapping ¢ : V(G) — Zj such that

c(z) —c(y) € {£d,...,£(k —d)} Vzy € E(G).

The circular chromatic number x.(G) (also called star chromatic number) can be thought as
the best possible such coloring:

Xc¢(G) = inf {g : G has (k,d) — coloring} .

Notice that, when d = 1, we find the usual definition of proper k-coloring. This generalization
of the chromatic number was introduced by Vince [9] who also proved that it takes rational
values and is not too far from the ordinary chromatic number. In fact, for every graph G,
X(G) =1 < x(G) < x(G).

A fractional coloring of a graph G is a mapping f from the set of stable sets S(G) of G to the
interval [0, 1] such that, for each v of G,

Yo =1

SeS(G)weS



Figure 1: The CGPWj graph C[2,2,2, 2]

The fractional chromatic number is

xf(G) —min{ Z f(S): f is frac. col.}

SeS(G)

If we replace the interval [0, 1] with the set {0, 1} we get the ordinary chromatic number. It
is also not difficult to see that x;(G) < x.(G) but the gap between the two parameters may be
arbitrarily large as well as it happens for x((G) and x(G).

A graph is said to be star-extremal if x¢(G) = x.(G).

3. Homomorphisms between partitionable graphs

Bondy and Hell proved in [2] that a graph G is (n, k)-colorable if and only if G is homomorphic to
Ck. In this section we show that every partitionable graph is homomorphic to a circulant graph
C} with same maximum clique size, or its circular chromatic number is equal to its chromatic
number.

Lemma 3.1. If G is any partitionable graph with x.(G) = % thenw < |¢] < w+1. Furthermore
| %] =w+1if and only if k = 1, that is x.(G) = x(G).

Proof. We have £ = x.(G) < x(G) =w+ 1. Hence | 2] <w + 1. If k£ =1 then } = x.(G) =
x(G) =w+1. Hence [2] =w + 1.
We have w+ 1 = x(G) = [x.(G)] = []. If [3] =w+ 1 then 7 = w+ 1. Since n and k are

relatively prime, this implies that £ = 1. Hence if £ > 1 we must have || = w. 1l



Thus, if G is any partitionable graph, then there are integers k(G) and ¢(G) with 1 < k(G) <
a(G) and 1 < q(G) < k(G) such that the circular chromatic number of G is equal to w(G)+ 9(¢)

]
We do not know any partitionable graph G such that ¢(G) > 1:

N

Problem 1. Is every partitionable graph G such that q(G) =12

The case ¢(G) = 1 implies that G is homomorphic to the complement of the (w(G), a(G))-web,
which is a variant of the (a(G), w(G))-web, hence a partitionable graph with the same maximum
clique size. This leads to this more general question: what does it mean for a partitionable graph
to be homomorphic to another partitionable graph with same maximum clique size?

We have the following result, whose first assertion was suggested by Prop. 4 in [2].

Theorem 3.2. Let G and H be two partitionable graphs with same maximum clique size, such
that G is homomorphic to H. Then

i) vg > vy, where vg (resp. vy ) denotes the number of vertices of G (resp. H).
i1) the homomorphism must be surjective.
iii) G is isomorphic to a variant of H if and only if vg = vy.

iv) the homomorphism f induces a surjective homomorphism f' from the intersection graph
of G into the intersection graph of H.

Proof.

Let f be a homomorphism from G into H. For every vertex i of H, we denote by H; the
induced subgraph H \ {i} and let G; := f~!'(H;). Let w = w(G) = w(H).

Obviously, f induces a homomorphism from G; into H;. Since x(H;) = x.(H;) = w, there is
a homomorphism from H; into the clique C}’ of size w. Hence there is a homomorphism from
G; into CY. Thus Gj is of size at most vg — 1 for every vertex ¢ of H.

Let X, denote the incidence vectors of the set G;. Let = be any vertex of G. Notice that
z € G; if and only if f(z) # i. Hence x belongs to exactly vy — 1 sets G;. Thus we get

%
Y X =(om—1)1

icV(H)
Therefore we have N
Yo 1Gil= Y xG.1
i€V (H) i€V (H)

=vg(vg —1) <wvg(vg — 1)

Thus vg > vy.

We now prove that f must be surjective. Let H[Im(f)] be the subgraph of H induced by the
image of the homomorphism f. The graph H is a partitionable graph with chromatic number
w + 1. Hence for every induced subgraph H' of H distinct of H, the chromatic number of H' is
at most w.

Thus, if f is not surjective then H[Im(f)] is a proper induced subgraph of H and therefore
Xc(H[Im(f)]) < x(HIm(f)] < w. If x.(G) = w then x(G) = w, a contradiction. Hence
Xe(G) > w.

Then we get, w < x(G) < xc(H[Im(f)]) < w, which is impossible. Hence f is surjective.



If G is isomorphic to a variant of H then obviously vg = vg.

If v = vy then since f is surjective, f is bijective. Hence H contains a partial subgraph H'
which is isomorphic to G. Thus H' has exactly n maximum cliques of size w. This implies that
H' is a variant of H. Therefore, G is a variant of H.

Since w(G) = w(H), the homomorphism f maps a maximum clique of G onto a maximum
clique of H. Let f' be the map from the set of maximum cliques of G into the set of maximum
cliques of H induced by f. If Q and Q' are two maximum cliques of G such that Q N Q' # 0,
then f(Q) N f(Q") = f(Q) N f(Q") # 0. Hence f' is a homomorphism from the intersection
graph of G into the intersection graph of H. Hence f’ is surjective. i

Notice that the first assertion of Theorem 3.2 is not implied by Prop. 4 in [2], as H is not
assumed to be vertex transitive.

Now, let G be a partitionable graph. Since x(G) = w + 1, there is a homomorphism from G
into the clique C‘f“ of size w + 1.

By Theorem 3.2, for every r > a(G) there is no homomorphism from G into CZM(G)H.

Let us denote by rank(G) the greatest integer r such that there is a homomorphism from G

mto C:w(G)H. We have that

1 <rank(GQ) < a(G).
Notice that the rank gives the following upper bound of x. :

1

Xe(G) S w rank(G)’

Furthermore, if GG is a partitionable graph homomorphic to a partitionable graph H with the
same maximum clique size then rank(G) > rank(H).

There are partitionable graphs of rank 1 (Fig. 1 gives an example).

The next theorem concerns the rank of the intersection graph of a partitionable graph. The
following lemma is useful for its proof.

Lemma 3.3. If H is the normalized graph of a circulant partitionable graph G then the inter-
section graph of G is isomorphic to H.

Proof. Let H be the normalized graph of a circulant partitionable graph G(n,S). Let @ be
any maximum clique of G(n,S). For every z € Z,, Q + z is obviously a maximum clique of
G(n,S). If there are two distinct elements = and y of Z,, such that @ + z = @ + y then ) must
be a disjoint union of cosets of the subgroup generated by y — = of Z,,. By Lagrange’s theorem,
the size of this subgroup is a divisor of n and therefore |@Q| and n are not relatively prime, in
contradiction with the relation n = a(G(n, 9))|Q| + 1.

Hence the n maximum cliques of G(n,S) (and also of H), are {Q + z| z € Z,}.

Let ij be any edge of H: there exists a maximum clique @) + = such that i € Q + z and
j € Q + z. Hence we get that Q + 4 intersects @ + j (with 4 # 7). Thus (Q +1)(Q + 7) is an
edge of the intersection graph of G(n, S).

Conversly, let (Q + 1)(Q + j) be any edge of the intersection graph of G(n,S). We have
(1—7) € (Q—Q)\ {0}. Hence there are g and ¢’ in @ such that i — j = ¢ — ¢’. Thus we get that
i is an element of Q + 7 — ¢’. Obviously, j is also an element of Q + 7 — ¢, as ¢’ € Q. Hence ij
is a determined edge of G(n, S) and therefore an edge of H.

Thus H and the intersection graph of G(n,S) are isomorphic. il



Theorem 3.4. If I(G) denotes the intersection graph of a normalized partitionable graph G
then
rank(G) = rank(I(G))

Proof. By (iv) of Theorem 3.2, we have that rank(I(G)) > rank(I(Crank(G)XwH)).

rank(QG)
Since C::I?llf((g))wﬂ is a normalized circulant partitionable graph, we have, by Lemma 3.3, that
I(C’::I?ll{(((g))wﬂ) = C;:Sll{(((g))wﬂ. Hence rank(I(G)) > rank(G).

If rank(/(G)) > rank(G) then rank(I(I(G))) > rank(G). But it is well-known [7] that I(I(G))
is the normalized graph of GG, hence we get a contradiction. il

4. Circulant partitionable graphs

A partitionable graph G with rank(G) = a(G) is said to have maximal rank. Notice that
every odd hole or antihole G' has maximal rank. Due to Theorem 3.2, we get the following
characterization of the class of partitionable graphs having maximal rank:

Corollary 4.1. The partitionable graphs having mazimal rank are the variants of partitionable
webs.

Lemma 4.2. A star-extremal circulant partitionable graph is a variant of a web.

Proof. Let G be any star-extremal circulant partitionable graph. Since G is vertex transitive,
we have x7(G) = Z. Hence x.(G) = w + 1, that is G is of maximal rank. Hence G must be a
variant of a web. I

We are now ready to state the main theorem that proves the existence of an infinite family of
circulant graphs which are not star-extremal.

Theorem 4.3. There is an infinite number of circulant partitionable graphs not star-extremal
with a prime number of vertices.

Proof. By Lemma 4.2, it suffices to prove that there are infinitely many circulant partitionable
graphs with a prime number of vertices which are not variants of webs.

Claim 1. If r > 2 and mq,...,mo, are integers with m; > 2 for every 1 < i < 2r, then the
partitionable graph C[my, ..., may] with mima ... mo, + 1 vertices is not a variant of a web.

In a web, there are always two mawimum cliques sharing w — 1 vertices: we are going to show
that this does not hold in C[my,...,ma,]. The maximum cliques of C[m,...,mo,] are the sets
C+z, z € Z,. Assume that there is z such that |C N (C + z)| = w — 1. We want to show that
this leads to a contradiction.

It is easy to check that

Cn(C+mi) = 0. (1)

Hence there is a subset T' of Z,, such that the sets My + ¢, ¢ € T are pairwise disjoints and
C = Uger (M7 + t). Due to Eq. 1 and since |C N (C + z)| = w — 1, for every ¢ in T, there exists
an unique element g(¢) of T such that (M; 4+ t) N (My + = + g(t)) # 0.

Hence we get, C N (C + ) = Uger (M1 +t) N (M1 + = + ¢(¢))) and this union is disjoint.



Since |C N (C + z)| = w — 1, there is an unique ¢y in T such that
(M1 +to) N (M1 +z+g(to))] = mi—1 (2)
and
Vt#ty, teT, Mi+t = M +z+g(t) (3)

Notice that tg + mymo or tg — mims is an element of T'.

If ty + mimg is an element of T: assume that g(tg) + mimso is not an element of 7. Then
(M7 +tog+mimo) N (C+2x) = 0: acontradiction. Hence g(tp) + mims is an element of T'. Since
(M7 + g(to) + mima) N (M + tg + mima)| = my — 1 # 0 by Eq. 2, we get g(to + mima) =
g(to) + mymso. Then Eq. 3 gives My + tg = My + x + g(tp) in contradiction with Eq. 2.

The case (tg — mimsg) € T is similar. Thus |C N (C + z)| # w — 1, which ends the proof of
Claim 1.

Claim 1 says that most of CGPW, graphs are not variants of webs. In particular, for every
integer k > 2, the graph C[2,2,2, k] with 8k + 1 vertices is not a variant of a web. Since 8 and
1 are relatively prime, this implies that there are infinitely many circulant partitionable graphs
with a prime number of vertices which are not variants of webs. i

In Zhu’s survey [10], it was asked for a characterization of graphs G such that

Xc(G —v) = xc(G) — 1 for each vertex v of G (%)

It is well known that every partitionable graph G is such that for every vertex v, we have
w(@) = x(G —v) = x.(G —v) ([1],[6]). It follows that a partitionable graph G has property (x)
if and only if x.(G) = x(G) = w(G) + 1.

A computer check revealed that the graph C]2,2,2,2] is such a graph. Hence it should be
interesting to look for other such graphs in the class of CGPW, graphs.
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