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Abstract

Program specialization is a program transformation methodology which improves program effi-
ciency by exploiting the information about the input data which are available at compile time.
We show that current techniques for program specialization based on partial evaluation do not
perform well on nondeterministic logic programs. We then consider a set of transformation rules
which extend the ones used for partial evaluation, and we propose a strategy for guiding the ap-
plication of these extended rules so to derive very efficient specialized programs. The efficiency
improvements which sometimes are exponential, are due to the reduction of nondeterminism
and to the fact that the computations which are performed by the initial programs in differ-
ent branches of the computation trees, are performed by the specialized programs within single
branches. In order to reduce nondeterminism we also make use of mode information for guiding
the unfolding process. To exemplify our technique, we show that we can automatically derive
very efficient semideterministic matching programs and semideterministic parsers for regular
languages. The derivations we have performed could not have been done by previously known
partial evaluation techniques.

Key words: Automatic program derivation, program transformation, logic programming, trans-
formation rules and strategies






1. Introduction

The goal of program specialization [15] is the adaptation of a generic program to a specific context
of use. Partial evaluation [4, 15] is a well established technique for program specialization which
from a program and its static input (that is, the portion of the input which is known at compile
time), allows us to derive a new, more efficient program in which the portion of the output which
depends on the static input, has already been computed. Partial evaluation has been applied
in several areas of computer science, and it has been applied also to logic programs [10, 20, 23],
where it is also called partial deduction. In this paper we follow a rule-based approach to
program specialization. In particular, we consider definite logic programs [22] and we propose
new program specialization techniques based on unfold/fold transformation rules [3, 37]. In our
approach, the process of program specialization can be viewed as the construction of a sequence,
say Py,..., P,, of programs, where P, is the program to be specialized, P, is the specialized
program, and every program of the sequence is obtained from the previous one by applying a
transformation rule.

As shown in [29, 34], partial evaluation of logic programs can be viewed as a particular rule-
based program transformation technique using the familiar definition, unfolding, and folding
rules [37] with the following two restrictions: (i) each new predicate introduced by the definition
rule is defined by precisely one non-recursive clause whose body consists of precisely one atom
(in this sense, according to the terminology of [13], partial evaluation of logic programs is said
to be monogenetic), and (ii) the folding rule uses only clauses introduced by the definition rule.
In what follows the definition and folding rules which comply with restrictions (i) and (ii), are
called atomic definition and atomic folding, respectively.

In Section 2 we will see that the use of these restricted transformation rules makes it easier to
automate the partial evaluation process, but it may limit the program improvements which can
be achieved during program specialization. In particular, when we perform partial evaluation
of nondeterministic programs using atomic definition, unfolding, and atomic folding, it is im-
possible to combine information present in different branches of the computation trees, and as
a consequence, it is often the case that we cannot reduce the nondeterminism of the programs.

This weakness of partial evaluation is demonstrated in Section 2.2 where we revisit the familiar
problem of looking for occurrences of a pattern in a string. It has been shown in [8, 10, 12] that by
partial evaluation of a string matching program, we may derive a deterministic finite automaton,
similarly to what is done by the Knuth-Morris-Pratt algorithm [16]. However, in [8, 10, 12] the
string matching program to which partial evaluation is applied, is deterministic. We show that
by the partial evaluation of a nondeterministic version of the matching program, one cannot
derive a specialized program which is deterministic, and thus, one cannot get a program which
corresponds to a deterministic finite automaton.

In the subsequent sections we propose a specialization technique which enhances partial evalu-
ation by making use of more powerful transformation rules. In particular, we consider a version
of the definition introduction rule so that a new predicate may be introduced by means of several
non-recursive clauses whose bodies consist of several atoms, and we allow folding steps which
use these predicate definitions consisting of several clauses. We also consider the following ex-
tra rules which are used to derive mutually exclusive clauses: head generalization, case split,
equation elimination, and disequation replacement. These rules may introduce equations and
negated equations between terms. We prove that our extended set of program transformation
rules preserves both the least Herbrand model semantics and the operational semantics with
left-to-right selection rule.



We then develop a strategy for applying our transformation rules in an automatic way, so to
specialize programs and reduce their nondeterminism. Our strategy will be based on the modes
associated with predicate calls [40].

Finally, we show by means of some examples which refer to parsing and matching problems,
that our strategy is more powerful than standard partial evaluation. In particular, given a non-
deteministic version of the matching program, one can derive by using our strategy a specialized
program which corresponds to a deterministic finite automaton.

2. Partial Evaluation of Logic Programs via Unfold/Fold Transformations

In this section we illustrate some limitations of the standard techniques of the rule-based ap-
proach to partial evaluation of logic programs [30, 34]. These limitations motivates the introduc-
tion of the new, enhanced rules and strategies for program specialization which we will propose
in Sections 3, 4, and 5.

We begin by recalling in Section 2.1 the basic concepts of the rule-based partial evaluation of
logic programs. We consider definite logic programs [22] (also called programs, for short), that
is, programs whose clauses do not contain negative literals in their body.

We will use the following notations. Atoms and Clauses are the sets of all atoms and all
clauses, respectively. Clauses™ is the set of all finite sequences of clauses and P(Clauses) is the
powerset of Clauses. For any clause C, hd(C) and bd(C) denote the head and the body of C,
respectively. By wvars(A) we denote the set of variables occurring in an atom A. An atom A,
is a variant of an atom A, iff there exists a bijective mapping p from vars(A;) onto vars(As)
such that Ajp = Ay. M(P) denotes the least Herbrand model of a program P. For concepts
not defined here we refer to [22].

2.1. Transformation Rules and Strategies for Partial Evaluation

In the rule-based approach to the partial evaluation we will use the following transformation
rules. Suppose that we are given a program P that we want to partially evaluate.

Rule PE1 (Atomic Definition Introduction) We introduce a clause, called an atomic def-
inition clause, of the form

newp(Xy,...,Xp) « A

where (i) newp is a new predicate, that is, it occurs neither in P nor in previously intro-
duced atomic definition clauses, (ii) A is an atom whose predicate occurs in program P, and
(iii) { X1, ..., Xp} = vars(A).

Rule PE2 (Unfolding). Let C be a clause of the form H < G4, A, G5, where A is an atom
and G1 and Gy are (possibly empty) conjunctions of atoms. Let Cy,...,C,, with n > 0, be
the clauses of P such that A is unifiable with the head of C; with most general unifier J;,
for i = 1,...,n. By unfolding C w.r.t. A we derive the clauses (H <+ G1,bd(C;), G3)¥;, for
1=1,...,n.

Rule PE3 (Atomic Folding). Let C be a clause of the form H + Gy, A9, Gy where G; and
G5 are (possibly empty) conjunctions of atoms, A is an atom, and 9 is a substitution, and let D
be an atomic definition clause of the form N < A. By folding C w.r.t. A9 using D we introduce
the atom N¥ and we derive the clause H < G, N9, Gs.



The partial evaluation of a program P may be realized by applying the atomic definition
introduction, unfolding, and atomic folding rules, according to the strategy which we will specify
below. Our partial evaluation strategy uses two subsidiary strategies: (1) an Unfold strategy,
which derives sequences of clauses by repeatedly applying the unfolding rule, and (2) a Define-
Fold strategy, which introduces new atomic definition clauses and it folds the clauses derived by
the previous Unfold strategy.

In order to implement these subsidiary strategies, the partial evaluation strategy requires the
following two functions: (1) Select and (2) Gen.

(1) The unfolding selection function Select : Clauses™ x Clauses — Atoms U {halt} is defined
for any sequence C1,...,C, of clauses and for any clause C such that C' is derived from C,, by
unfolding and for £ = 1,...,n—1, clause Cy; is derived from clause C, by unfolding. (For this
reason in the partial evaluation strategy below, we have called Ancestors(C) the first argument
of Select.) When applying the Unfold strategy the Select function is used as follows: (i) if
Select((Cy,...,Cy),C) = A where A is an atom in the body of clause C, then C' is unfolded
w.r.t. A, and (ii) if Select((C1,...,Cp),C) = halt then C is not unfolded.

(2) The generalization function Gen : P(Clauses) x Atoms — Clauses is defined for any set
Defs of atomic definition clauses and for any atom A. Gen(Defs, A) is a clause of the form
g(X1,...,Xp) < GenA, where: (i) {X1,...,Xp} = vars(GenA), (ii) A is an instance of GenA,
and (iii) either Gen(Defs, A) is a clause in Defs or g is a new predicate, that is, it occurs neither
in P nor in Defs.

When applying the Define-Fold strategy the generalization function Gen is used as follows:
when we want to fold a clause C' w.r.t. an atom A in its body, we consider the set Defs of all
atomic definition clauses introduced so far and we apply the folding rule using Gen(Defs, A).
This application of the folding rule is indeed possible because, by construction, A is an instance
of the body of Gen(Defs, A).

Partial Evaluation Strategy

Input: A program P and an atomic goal p(t1,...,%;) w.r.t. which we want to specialize P.
Output: A program P, and an atom pye(X1,...,X,), with {Xy,..., X, } = vars(p(t1,..., 1)),
such that for every ground substitution ¥ = {X;/uy,..., X, /u,}, M(P) = p(ty,...,t5)0 iff
M (Ppe) = ppe(X1,..., Xp)0.

Initialize: Let S be the clause ppe(Xi,...,X,) < p(t1,...,ty) and let Ancestors(S) be the
empty sequence of clauses.

Defs :={S}; Pp. :=0; Cls:={S}

while Cls #0 do

(1) Unfold:

while there exists a clause C' € Cls with Select(Ancestors(C),C) # halt do
Let Unf(C) ={E | E is derived by unfolding C' w.r.t. Select(Ancestors(C),C)}.
Cls := (Cls — {C}) U Unf (C);
for each E € Unf(C) let Ancestors(E) be the sequence Ancestors(C) followed by C
end-while ;

(2) Define-Fold:
NewCls := 0 ;



while there exists a clause C' € Cls and there exists an atom A € bd(C) which has not
been introduced by folding do
Let G be the atomic definition clause Gen(Defs, A) and F be the clause derived by
folding C' w.r.t. A using G.
Cls :== (Cls — {C}) U{F};
if G ¢ Defs then (Defs := Defs U{G}; NewCls := NewCls U {G})

end-while ;

Py, := Py, U Cls; Cls := NewCls

end-while

A given unfolding selection function Select is said to be progressive iff for the empty sequence ()
of clauses and for any clause C' with nonempty body, we have that Select((), C') # halt.

We have the following correctness result which is derived from Tamaki and Sato’s correctness
results [37] of the unfold/fold transformation rules w.r.t. the least Herbrand model semantics.

Theorem 2.1 (Correctness of Partial Evaluation) Let Select be a progressive unfolding
selection function. Given a definite program P and an atomic goal p(ti,...,t;), if the Par-
tial Evaluation Strategy using Select terminates with output program P, and output atom
Ppe(X1,...,X;), then for every ground substitution ¥ = {X /u1,..., X, /u,},

M(P) =p(ty,...,ty)0 iff M(Ppe) = ppe(X1,...,X,)0.

We say that an unfolding selection function Select is halting iff for any infi-

nite sequence C7,C5,... of clauses, there exists a non-negative integer mn such that
Select((Cy,Co,...,Cp), Cpy1) = halt.
Given an infinite sequence Aq, As,... of atoms, its image under the generalization function

Gen, is the sequence of sets of clauses defined as follows:

G1 = {newp(X1,...,Xy,) < Ay}, where {X1,..., X} = vars(A;)
Giy1 = G; U {Gen(Gi, Ai+1)} for ¢ > 1.

We say that Gen is stabilizing iff for any infinite sequence Aq, As,... of atoms whose image
under Gen is G, Ga, ..., there exists a positive integer n such that Gy, = G, for all k£ > n.
We have the following theorem whose proof is similar to the one in [19].

Theorem 2.2 (Termination of Partial Evaluation) Let Select be a halting unfolding selec-
tion function and Gen be a stabilizing generalization function. Then for any input program P
and atomic goal p(t1,...,t;), the Partial Evaluation Strategy using Select and Gen terminates.

2.2. An Example of Partial Evaluation: String Matching

In this section we illustrate an example of partial evaluation based on a string matching program.
Given a program for searching a pattern in a string, and a fixed ground pattern p, we want to
derive a new, specialized program for searching the pattern p in a given string. Now we present
a general, deterministic program, called Match, for searching a pattern P in a string S in {a, b}*.
It is a variant of the ones presented in [8, 10]. Sequences in {a,b}* are denoted by lists of a’s
and b’s.



Program Match (initial, deterministic)
match(P, S) «+ match1(P, S, P, S)

matchl([ ],S,Y, Z) «+

match1([C|P],[C|S],Y, Z) < match1(P,S,Y,Z)

matchl([a|P],[b|S],Y,[C|Z]) + match1(Y, Z,Y, Z)

matchl([b|P],[a|S],Y,[C|Z]) < match1(Y,Z,Y, Z)

ANl

This program is deterministic in the sense that given some ground values for P and S, at most
one clause head unifies with an atomic goal at run time. Let us assume that we want to specialize
this program Match w.r.t. the goal match([a,a,b], S), that is, we want to derive a program which
tells us whether or not the pattern [a, a,b] occurs in the string S.

We apply our partial evaluation strategy with the following selection and generalization func-
tions.

(1) The unfolding selection function DetU : Clauses™ x Clauses — Atoms U {halt} is defined
as follows:

(i) DetU((),C) = A if A is the leftmost atom in the body of clause C,

(ii) DetU((C1,Cy,...,Cy),C) = Aif n > 1 and A is the leftmost atom the body of C such
that A is unifiable with at most one clause head in the program to be partially evaluated,
and

(iii) DetU((C1,Cq,...,Cy),C) = halt if there exists no atom in the body of C' which is unifiable
with at most one clause head in the program to be partially evaluated.

(2) The generalization function Variant : P(Clauses) x Atoms — Clauses is defined as follows:

(i) Variant(Defs, A) is a clause C such that bd(C) is a variant of A, if in Defs there exists
any such clause C, and

(ii) Variant(Defs, A) is the clause newp(Xy,...,Xp) < A, where newp is a new predicate
symbol and {X1,..., X} = vars(A), otherwise.

The function DetU corresponds to the determinate unfolding rule considered in [10]. In general,
we have that DetU is not halting and Variant is not stabilizing. Nevertheless, in our example,
as the reader may verify, the partial evaluation strategy using DetU and Variant terminates and
it generates the following specialized program:

Program Matchy, (specialized, deterministic)

6. matchpe(S) < newl(S)
7. newl([a]S]) < new2(S)
8. newl([b|S]) + newl(S)
9. new2([a|S]) + new3(S)
10.  new2([b|S]) + newl(S)
11. new3([b]S]) +

12. new3([alS]) + new3(S)

The program Match,, is deterministic and it corresponds to a deterministic finite automaton in
the sense that: (i) each predicate corresponds to a state, (ii) each clause, except for clause 6



and 11, corresponds to a transition from the state corresponding to the predicate of the head
to the state corresponding to the predicate of the body, (iii) each transition is labelled by the
symbol (either a or b) occurring in the head of the corresponding clause, (iv) clause 6 enforces
that newl is the initial state in the hypothesis that the intended queries are of the of the form
matchye (w), for a ground list w in {a,b}*, and (v) clause 11 corresponds to a transition to a
final state where all words of {a,b}* are accepted.

Thus, via partial evaluation we may derive a deterministic finite automaton from a determin-
istic string matching program, and the derived program corresponds to the Knuth-Morris-Pratt
(KMP) string matching algorithm [16]. For this reason in [36] partial evaluation of logic pro-
grams (referred to as partial deduction), is said to pass the KMP test.

2.3. Some Limitations of Partial Evaluation

We argue that the ability of partial evaluation of logic programs to pass the KMP test is related
to the fact that the initial string matching program Match is rather sophisticated and, indeed,
the correctness proof of the program Match is not straightforward. Actually, partial evaluation
does not pass the KMP test if we consider, instead of the program Match, the following naive,
nondeterministic initial program for string matching:

Program Naive_Match (initial, nondeterministic)
1. naie_match(P,S) < append(X,R,S), append(L,P, X)
2. append([],Y,Y) «
3. append([A|X],Y,[A|Z]) < append(X,Y, Z)

The correctness of this program is straightforward because for a given pattern P and a string
S, Naive_Match checks that P occurs in S by looking in a nondeterministic way for two strings
L and R such that S is the concatenation of L, P, and R in this order.

The reader may verify that partial evaluation does not pass the KMP test when start-
ing from the program Naive_Match. Indeed, if one specializes Naive_Match w.r.t. the goal
naive_match([a, a,b], S) by applying the Partial Evaluation Strategy given above, using the un-
folding selection function DetU and the generalization function Variant, then one derives the
following program Naive_Match,, which does not correspond to a deterministic finite automaton
and it is nondeterministic:

Program Naive_Match,, (specialized, nondeterministic)
4. naive_matchye(S) < newl(X,R,S), new2(L,X)
5. newl([],Y,Y) «
6. newl([A|X],Y,[A|Z]) + newl(X,Y, Z)
7. new2([],[a,a,b]) +
8. new2([A|X],[A|Z]) + new2(X, Z)

This Naive_Matchp, program, in fact, looks in a nondeterministic way for two strings L and
R such that S is the concatenation of L, [a,a,b], and R. If the pattern [a,a,b] is not found
within the string S at a given position, then the search for [a,a,b] is restarted after a shift of
one character to the right w.r.t. that position.

The failure of partial evaluation to pass the KMP test when starting from the program
Naive_Match, is due to some limitations which can be overcome by using the enhanced transfor-
mation rules which we will present in the next section. By applying these enhanced rules we can



define a new predicate by introducing several clauses whose bodies are non-atomic goals, while
by applying the standard rules, a new predicate can be defined by introducing one clause only
and the body of that clause is required to be an atomic goal. By folding using definition clauses
of the enhanced form, we can derive specialized programs where nondeterminism is reduced and
intermediate data structures are avoided. Our enhanced rules will also include the so called case
split rule which can reduce nondeterminism, because given a clause, it produces two mutually
exclusive instances of that clause by introducing negated equations.

By applying the enhanced transformation rules, one can automatically specialize the nonde-
terministic program Naive_Match w.r.t. the goal naive_match([a,a,b],S) thereby deriving the
following deterministic program (the derivation which we do not present here, is similar to the
one presented in Section 6.1):

Program Naive_Match (specialized, deterministic)

9. naive_matchs(S) < newl(S)
10. newl([alS]) + new2(S)

(
11. newl(]C|S]) < C#a,newl(S)
12. new2([alS]) + new3(S)
13. new2([C|S]) + C#a,newl(S)
14. new3([b]S]) + new4(S)
15. new3([alS]) + new3(S)
16. new3([C|S]) < C#b,C#a,newl(S)
17. newd(S) +

Naive_Matchg corresponds in a straightforward way to a deterministic finite automaton. Due
to the introduction of negated equations, the derived program Naive_Matchs may be used also
when the alphabet is a superset of {a,b}. This was not the case for the program Matchy,.

The main limitations of the Partial Evaluation Strategy presented in Section 2.1, are the
following ones:

(i) it fails to eliminate intermediate data structures (see the intermediate list X in clause 4
of Naive_Matchy,) because a sequence of computations cannot be combined into a single
computation (indeed, atomic definition clauses have one atom only in the body);

(ii) it fails to reduce nondeterminism, because it cannot combine the partial evaluations of
multiple alternative computations (indeed, atomic definition clauses are made out of one
clause only); and

(iii) it does not incorporate any reasoning by cases, and it does not introduce negated equations
which may take into account unification failures.

These limitations of the Partial Evaluation Strategy are not due to the choice of the subsidiary
strategies, that is, the unfolding and generalization functions, and instead, they are due to the
restricted way in which partial evaluation can introduce new predicates. As the expert reader
may notice, this restricted way which allows us to use a single clause with an atomic body for
each new predicate, corresponds to the fact that standard partial evaluation [23] is performed
w.r.t. atomic goals only.
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3. Transformation Rules for Logic Programs with Equations and Disequations
between Terms

In this section we introduce an extension of definite logic programs with equations and negated
equations between terms. Negated equations will also be called disequations. The introduction of
equations and disequations during program specialization allows us to derive mutually exclusive
clauses. We also present the enhanced program transformation rules which we use for program
specialization. These rules extend to our language the unfold/fold rules considered in [11, 33, 37].
In particular, similarly to [11, 33], we consider a folding rule by which we can fold several clauses
at a time. In addition, we consider the subsumption rule and the following transformation rules
for introducing and eliminating equations and disequations: (i) head generalization, (ii) case
split, (iii) equation elimination, and (iv) disequation replacement. Our rules preserve the least
Herbrand model as indicated in Theorem 3.3 below.

3.1. Syntax

The syntax of our language is defined starting from the following infinite and pairwise disjoint
sets:

(i) variables: X, Y, Z, X1, Xo, ...,

(ii) function symbols (with arity): f, f1, fo,..., and

(iii) predicate symbols (with arity): true, =, #, p,p1,p2,... The predicate symbols true, =, and
# are said to be basic, and the other ones are said to be non-basic.

We also consider the following sets: (iv) Terms: t,t1,ta,..., (v) Basic atoms: B, By, Bo,...,
(vi) Non-basic atoms: A, Ay, As,..., and (vii) Goals: G,G1,Go, ... Their syntax is as follows:
Terms : tou=X | f(t1y... tn)
Basic Atoms : B = true | ty =ty | t1 #1o
Non-basic Atoms : A=0p(ty,... ty)
Goals : G:=B|A|G,Gy

Basic and non-basic atoms are collectively called atoms. Goals made out of basic atoms only are
said to be basic goals. Goals with at least one non-basic atom are said to be non-basic goals. The
binary operator ‘,” denotes conjunction and it is assumed to be associative with neutral element
true. Thus, a goal G is the same as goal (frue,G), and it is also the same as goal (G, true).
Parentheses are used for grouping goals.

In what follows we will feel free to use different symbols to denote our syntactic expres-
sions, and in particular, we will also denote non-basic atoms by H, Hp,..., and goals by
K, Ky, Body, Body, . ..

Clauses C,Cy,Cy, ... have the following syntax:

C:=H«+ G
Given a clause C of the form: H < G, the atom H, which is non-basic, is called the head of C
and it is denoted by hd(C), and the goal G is called the body of C and it is denoted by bd(C).
A clause H < G where G is a basic goal, is called a unit clause. We write a unit clause of the
form: H < true also as: H <.
We say that C is a clause for a predicate p iff C' is a clause of the form p(...) + Body.
Programs P, Py, P,, ... are sets of clauses.

Given a program P, we say that a predicate p depends on a predicate ¢ (not necessarily distinct
from p) iff either there exists in P a clause for p whose body contains an occurrence of ¢ or
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there exists a predicate r such that p depends on r and r depends on q. We say that a predicate
p depends on a clause C' iff either C is a clause for p or C is a clause for a predicate ¢ and p
depends on gq.

Terms, atoms, goals, clauses, and programs are collectively called expressions, ranged over
by e, e, eg,... By vars(e) we denote the set of variables occurring in an expression e. By e[e;]
we denote an expression where we point out an occurrence of the subexpression e;. e[] is the
expression e[e;] where we have dropped that occurrence of the subexpression e;. We say that
X is a local variable of e; in e[e;] iff X € vars(e;)—vars(e[_]), and X is a linking variable of e;
in ele1] iff X € vars(eq)Nvars(e[.]).

A wariable renaming is a bijective mapping from the set of variables onto itself. An expression
e1 is a variant of an expression ey iff there exists a bijective mapping p from vars(e;) onto
vars(eg) such that e;p = eg. We allow the silent application of variable renamings to clauses.
Any variable renaming preserves the least Herbrand model semantics which we define below.
Given a clause C, a renamed apart clause C’ is any clause obtained from C by applying a variable
renaming, so that each variable of C' does not appear in any other expression. In this sense we
say that the variables of C' are new variables.

For the notions of substitution, domain of a substitution, composition of substitutions, in-
stance, most general unifier (abbreviated as mgu), ground expression, ground substitution, and
for other notions not defined here, we refer to [22]. For any two unifiable terms ¢; and t,, there
exists at least one mgu 9 which is relevant (that is, each variable occurring in ¥ also occurs in
vars(t1) U vars(t2)) and idempotent (that is, 99 = 1) [1]. Without loss of generality, we assume
that all mgu’s considered in this paper are relevant and idempotent.

3.2. Declarative Semantics

The declarative semantics of a program P is its least Herbrand model. The definition of the
least Herbrand model of a program which we now give, differs from the usual one [22] because
the predicates true, =, and # have a fixed interpretation.

We say that a ground basic atom A holds iff: (i) A is true, or (ii) A is ¢t =t for some term ¢,
or (iii) A is t1 # to for some different terms ¢; and 5. We say that a ground basic goal G holds
iff G is the conjunction of ground basic atoms each of which holds. The Herbrand base is the
set HB of all ground non-basic atoms. An Herbrand interpretation is a subset of HB. Given
an Herbrand interpretation I, a ground goal G is true in I, written as I = G, iff: (i) G is a
basic goal and G holds, (ii) G is a non-basic atom which belongs to I, or (iii) G is a conjunction
(G1,G5) and both Gy and G9 are true in I. G is false in I iff it is not the case that G is true
in I. A ground clause C is true in I iff either hd(C) is true in I or bd(C) is false in I. A non
ground clause is true in [ iff all its ground instances are true in I. A program P is true in [ iff
all its clauses are true in 1.

The Herbrand interpretation I is said to be an Herbrand model of a program P iff P is true
in I. Similarly to [22], we can prove the following important property.

Theorem 3.1. For any program P there exists an Herbrand model of P which is the least
(w.r.t. set inclusion) Herbrand model.

The least Herbrand model of a program P is denoted by M (P). For any program P and any
ground atom A, we have that: M(P) = A iff either A is a basic atom and A holds or A is a
non-basic atom and P + A holds, where | denotes the usual entailment relation in first order
predicate calculus.
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3.3. Operational Semantics

We define the operational semantics of our programs by introducing, for each program P, a
derivability relation — p between goals, defined as follows:
(1) (t1=t9, G) —p GIY iff t; and ty are unifiable via an mgu ¢
(2) (t1 #t2, G) —p G iff t; and t9 are not unifiable
3) (A,G) —p (G1,G)Y iff (i) A is a non-basic atom,
(ii) A1 < G is a renamed apart clause in P, and
(iii) A and A; are unifiable via an mgu 9.

The relation % is the reflexive and transitive closure of — p. Given two goals Gy and G such
that Go —p G1 holds, we say that G is derivable from Go using P. We say that the goal G
succeeds in P iff G —7} true. We will feel free to omit the reference to program P when it is
clear from the context.

A sequence Gy —p ... =»p Gy, with n>0, is called a derivation using P. If G,, is true then
the derivation is said to be successful. Given two goals (Ag,Gy) and (A4,,G,), where Ay and
A, are non-basic atoms and n >0, we write (Ag, Go) =p (An, Gy) iff there exists a derivation
(Ao, GU) —=p (Al, Gl) =p...—=p (Anfl, anl) —=p (An, Gn), where Al, - ,Anfl, if any, are
basic atoms.

Our operational semantics can be viewed as an abstraction of the usual Prolog semantics,
because: (i) given a goal Gy, in order to derive a goal G5 such that G —p G9, we consider
the leftmost atom in Gy, (ii) the predicate = is interpreted as unifiability of terms, and (iii) the
predicate # is interpreted as non-unifiability of terms. Similarly to [22], we have the following
relationship between the declarative and the operational semantics.

Theorem 3.2. For any program P and ground goal G, we have that if G succeeds in P then
M(P) = G.

The converse of Theorem 3.2 does not hold. Indeed, consider the program P consisting of the
clause p(1) <~ X #0 only. We have that M(P) = p(1) because there exists a value for X,
namely 1, which is syntactically different from 0. However, p(1) does not succeed in P, because
X and 0 are unifiable terms.

Remark Let us observe that given a program P, a function symbol f, and a ground term r,
(i) in our declarative semantics r # f(X) holds, that is, M(P) = r # f(X), iff there exists a
ground term s such that r is different from f(s), and (ii) in our operational semantics, r # f(X)
succeeds in P, that is, r # f(X) —p true, iff for all ground terms s we have that r is different
from f(s).

3.4. Transformation Rules

The process of program transformation can be viewed as the construction of a sequence of
programs, called transformation sequence. A transformation sequence Py, ..., P, is constructed
from a given initial program P, by applications of the transformation rules 1-9 given below,
as follows. For k = 0,...,n — 1, program Py, is derived from program P by: (i) selecting
a (possibly empty) subset 71 of clauses of Py, (ii) deriving a set 7, of clauses by applying a
transformation rule to v, and (iii) replacing v; by 7o in Pj.

Now we assume that we have constructed from the initial program Py the sequence P, ..., P
of programs. We derive program Pj; which is the next one in the sequence, by applying one
of the following rules.
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Rule 1 (Definition Introduction) We introduce m (>1) new clauses of the form:
Dy. newp(Xy,...,X,) < Body,

D,,. newp(Xy,...,Xp) < Bodyn,

where: (i) newp is a non-basic predicate symbol not occurring in Py, ..., Py, (ii) the variables
X1,...,Xp, are all distinct and for all 4 € {1,...,h} there exists j € {1,...,m} such that X;
occurs in the goal Body;, (iii) for all j € {1,...,m}, every non-basic predicate occurring in
Body; also occurs in Py, and (iv) for all j € {1,...,m}, there exists at least one non-basic atom
in Body;.

Program Py is the program Py U{Di,...,Dp}.

We denote by Defs, the set of clauses, called definition clauses, which have been intro-
duced by the definition introduction rule during the construction of the transformation sequence
Py, ..., Py. In particular, we have that Defs, = (.

Rule 2 (Definition Elimination) Let p be a predicate symbol. By definition elimination
w.r.t. p we derive program Py from program Pj by keeping only the clauses of P, on which p
depends.

Rule 3 (Unfolding) Let C be a clause in program Py of the form: H + Gi, A, Gy, where
A is a non-basic atom. Let Cy,...,Cy,, with m > 0, be the clauses of P such that, for all
i € {1,...,m} A is unifiable with the head of C; via the mgu 9;. For i = 1,...,m, let D; be the
clause (H + G1,bd(C;), G9)9;. By unfolding C w.r.t. A we derive the clauses Dy, ..., Dy,.
Program Py, is the program (P, — {C})U{D,....Dy}.

Notice that an application of the unfolding rule to clause C' amounts to the deletion of C iff
m=0. Sometimes in the literature this particular instance of the unfolding rule is treated as an
extra rule.

Rule 4 (Folding) Let
Ci. H«+ Gl,BOdylﬂ,GQ

Cn. H « Gl,Bodym'ﬂ,Gg
be some clauses in Py, for a suitable substitution 1, and let
Dy. newp(Xy,...,Xn) < Body,

D,,. newp(Xy,...,X}) < Body,,

be all clauses in Defs; which have newp as head predicate. Suppose that for i = 1,...,m,
the following condition holds: for every variable X occurring in the goal Body; and not in
{X1,...,Xn}, we have that: (i) X is a variable which does not occur in (H, G1, G2), and (ii) X9
does not occur in Y1, for any variable Y occurring in Body; and different from X. By folding
Cy,...,Cy using Dy,..., Dy, we derive the single clause C: H + Gy, newp(Xy,..., X)9, Gs.
Program Py is the program (P, — {C4,...,Cpn}) U{C}.

For instance, the clauses Ci: p(X) < q(¢(X),Y),r(Y) and Cs: p(X) + s(X),r(Y) can be
folded (via the substitution ¥ = {U/X,V/Y }) using the two clauses Di: a(U,V) « q(t(U),V)
and Dy: a(U,V) « s(U), and we replace C; and C5 by the clause C: p(X) + a(X,Y),r(Y).
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Rule 5 (Subsumption) (i) Given a substitution 9, we say that a clause H < G| subsumes a
clause (H + G1,G9)9.

Program Py, is derived from program Pj by deleting a clause which is subsumed by another
clause in Py.

Rule 6 (Head Generalization) Let C be a clause of the form: H{X/t} < Body in P,
where {X/t} is a substitution such that X occurs in H and X does not occur in C. By head
generalization, we derive the clause GenC': H < X =t, Body.

Program Py, is the program (P, — {C}) U {GenC}.

Rule 6 is a particular case of the rule of generalization + equality introduction considered, for
instance, in [31].

Rule 7 (Case Split) Let C be a clause in Py of the form: H < Body. By case split of C
w.r.t. the binding X/t where X does not occur in ¢, we derive the following two clauses:

Ci. (H < Body){X/t}

Cs. H + X #t, Body.
Program Py is the program (P, — {C}) U {C1,Cy}. Notice that X need not occur in C.

According to our operational semantics, if G +p,_, G1 using clause Cy and X occurs in H,
then no Gy exists such that G —p, G using clause Cy. The same holds by interchanging C
and Cy. We will return to this property in Definitions 7 (Semideterminism) and 11 (Mutual
Exclusion) below.

Rule 8 (Equation Elimination) Let C; be a clause in Py of the form:

Cl. H + Gl, t1 =19, GQ
If ¢; and %9 are unifiable via the most general unifier ¢, then by equation elimination we derive
the following clause:

CQ. (H — Gl,GQ)'ﬁ
Program Py is the program (P, — {C1}) U{C3}.
If ¢; and ¢2 are not unifiable then by equation elimination we derive program Py,; which is
P, —{Cy}.

Rule 9 (Disequation Replacement) Let C be a clause in program P;. Program Py is
derived from P, by either removing C' or replacing C' as we now indicate:

9.1 if C is of the form: H + G1,t1#t2,Go and t; and to are not unifiable, then C is replaced
by H + Gl, Go

9.2 if C is of the form: H < Gy, f(t1,...,tm)# f(u1,...,um), Ga, then C is replaced by the
following m (> 0) clauses: H «+ Gy,t1#u1,Go, ..., H + Gi,tmFupm, G

9.3 if C' is of the form: H + G, X # X, G4, then C' is removed from Py
9.4 if C' is of the form: H + G1,t# X, G4, then C is replaced by H < G, X #t,G,

9.5 if C' is of the form: H + G1, X #11,Go, X #t2, G5 and there exists a substitution p which
is a bijective mapping from the set of the local variables of £; in C onto the set of the local
variables of to in C such that t;p = to, then C is replaced by H + G, X # t1,Go, Gs.
In particular, if a disequation has two occurrences in the body of a clause, then we can
remove the rightmost one.
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Notice that no rule is given for replacing a single disequation of the form X #¢ when ¢ is unifiable
with X.

The following example shows that by removing any one of two identical atoms in the body of
a clause, the operational semantics is not preserved.

Example 1. Let us consider the program P:

L peq(X,Y), g(X,Y), X£Y
2. q(X,b) +
3. q(a,Y) +
and the program @ obtained from P by replacing clause 1 by the following clause:
4 peq(X,Y), X£Y

The goal p succeeds in P, while it does not succeed in Q. Indeed, (i) for program P we have
that:

p —p ¢ X,Y),qX,Y), X#Y —p q(X,0),X#b —p a#b —p true, and (ii) for program
() we have that: either p—g X#b or p—¢g a#Y. In Case (ii), since X and Y are unifiable
with b and a, respectively, we have that p »—>"é true does not hold.

3.5. Correctness of the Transformation Rules w.r.t. the Declarative Semantics

In this section we show that, under suitable hypotheses, our transformation rules preserve the
declarative semantics presented in Section 3.2. In that sense we also say that our transformation
rules are correct) w.r.t. the given declarative semantics. Our correctness result extends to our
language similar results holding for definite logic programs [11, 33, 37].

Theorem 3.3 (Correctness w.r.t. the Least Herbrand Model) Let PFy,...,P, be a
transformation sequence constructed by using the transformation rules 1-9 and let p be a non-
basic predicate in P,. Let us assume that:

1. if the folding rule is applied for the derivation of a clause C' in program Py from clauses
Ci,...,Cp, in program Pj using clauses D1, ..., Dy, in Defs;, with 0<k<mn,
then for every i € {1,...,m} there exists j € {1,...,n—1} such that D; occurs in P; and
Pj 4 is derived from P; by unfolding D;.

2. during the transformation sequence P,..., P, the definition elimination rule either is
never applied or it is applied w.r.t. predicate p once only, in the last step, that is, when
deriving P, from P, ;.

Then, for every ground atom A with predicate p, M (Py U Defs,,) = A iff M(P,) = A.

Proof: 1t is a simple extension of a similar result presented in [11] for the case where we use the
unfolding, folding, and generalization + equality introduction rules. The proof technique used in
[11] can be adapted to prove also the correctness of our extended set of rules. O

We would like to notice that our transformation rules do not preserve the operational semantics,
as shown by the following examples.
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Example 2. Let us consider the following program P; :

L p(X) < q(X), X#a

2. q(X) «

3. q(X)«+ X=b
By rule 5 we may delete clause 3 which is subsumed by clause 2 and we derive a new program
P,. Now, we have that p(X) succeeds in P;, while it does not succeed in Ps.

Example 3. Let us consider the following program Pj :
L. p(X) «
By the case split rule we may replace clause 1 by the two clauses:

2. pla) +
3. p(X) <+ X+#a

and we derive a new program Py. The goal p(X), X =b succeeds in Ps, while it does not succeed
in Py.

Example 4. Let us consider the following program Ps :
1. p+« X#a, X=0

By rule 8 we may replace clause 1 by:
2. p+<b#a

and we derive a new program Fs. The goal p does not succeed in Ps, while it succeeds in Fs.

In the next section we will introduce a class of programs and a class of goals for which our
transformation rules preserve both the declarative semantics and the operational semantics. In
order to do so, we associate a mode with every predicate. A mode of a predicate specifies the
input arguments of that predicate, and we assume that whenever the predicate is called, its
input arguments are bound to ground terms. We will see that, if some suitable conditions are
satisfied, compliance to modes guarantees the preservation of the operational semantics. This
fact is illustrated by the above Examples 2 and 3, and indeed, in either of them, if we restrict
ourselves to calls of the predicate p with ground arguments, then the initial program and the
derived program have the same operational semantics.

Notice, however, that the incorrectness of the transformation of Example 4 does not depend
on the modes. Thus, to ensure correctness w.r.t. the operational semantics we have to rule out
clauses such as clause 1 of program P;5. Indeed, as we will see in the next section, the clauses we
will consider satisfy the following condition: each variable which occurs in a disequation either
occurs in an input argument of the head predicate or it is a local variable of the disequation.

4. Program Transformations based on Modes

Program modes provide an abstract interpretation framework which allows us: (i) to specify
classes of programs and goals w.r.t. which the transformation rules we have presented in Sec-
tion 3.4, preserve both the declarative semantics (see Section 3.2) and the operational semantics
(see Section 3.3), and (ii) to design our strategy for specializing programs and reducing nonde-
terminism.
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4.1. Modes

A mode for a non-basic predicate p of arity h (> 0) is an expression of the form p(mq,...,mp),
where for ¢ = 1,...,h, m; is either + (denoting any ground term) or ? (denoting any term).
Thus, if h=0, p has a unique mode which is p itself. Given a mode p(m1,...,m;) and an atom
of the form p(ty,...,1tp),

(1) for i = 1,..., h, the term ¢; is said to be an input argument of p iff m; is +, and

(2) a variable of p(ti,...,t,) with an occurrence in an input argument of p, is said to be an

input variable of p(t1,..., ts).

A mode for a program P is a set of modes for non-basic predicates containing exactly one
mode for every distinct, non-basic predicate p occurring in P. Notice that a mode for a program
P may or may not contain modes for non-basic predicates not occurring in P.

Example 5. Given the program P:

p(0,1) +

p(0,Y) < q(Y)
the set M1 = {p(+,7),q(?)} is a mode for P. My = {p(+,?),q(+),r(+)} is different mode for
P.

Definition 1. Let M be a mode for a program P and p a non-basic predicate. We say that
an atom p(ty1,...,t,) satisfies the mode M iff (1) a mode for p belongs to M and (2) for
1 =1,...,h, if the argument ¢; is an input argument of p according to M, then ¢; is a ground
term. In particular, when h=0, we have that p satisfies M iff p € M.

The program P satisfies the mode M iff for each non-basic atom Ay which satisfies M, and for
each non-basic atom A and goal G such that Ay —7} (A, G), we have that A satisfies M.

With reference to Example 5 above, program P satisfies mode Mj, but it does not satisfy mode
Ms. Often the property that a program satisfies a mode can be automatically verified by abstract
interpretation methods (see, for instance, [6]).

4.2. Correctness of the Transformation Rules w.r.t. the Operational Semantics

We now introduce a class of programs, called safe programs, and we prove that if the transfor-
mation rules are applied to a safe program with suitable restrictions, then the given program
and the derived program are equivalent w.r.t. the operational semantics.

Definition 2 (Safe Programs) Let M be a mode for a program P. We say that a clause C
in P is safe w.r.t. M iff for each disequation ¢; # t5 in the body of C, we have that: for each
variable X occurring in ¢ #to either X is an input variable of hd(C') or X is a local variable of
t1 #ty in C. Program P is safe w.r.t. M iff all its clauses are safe w.r.t. M.

For instance, let us consider the mode M = {p(+),q(?)}. Clause p(X) - X # f(Y) is safe w.r.t.
M and clause p(X) + X # f(Y), q(Y) is not safe w.r.t. M because Y occurs both in f(Y’) and
in q(Y).

When mentioning the safety property w.r.t. a given mode M, we feel free to omit the reference
to M, if it is irrelevant or it is understood from the context.

In order to get our desired correctness results (see Theorem 4.1 below), we also need to restrict
the use of our transformation rules as follows.
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Definition 3 (Safe Unfolding) Let Pj be a program and M be a mode for Py. Let us consider
an application of the unfolding rule (see Rule 3 in Section 3.4) whereby from the following clause
of Pk:

H«+ G1,A,Gs
we derive the clauses:

D,. (H — Gl,bd(ol),Gg)’ﬁl

D,,. (H < G1,bd(Cy,),G2)0p,
where Ci,...,Cy, are the clauses in Py such that, for i € {1,...,m}, A is unifiable with the
head of C; via the mgu 9;.

We say that this application of the unfolding rule is safe w.r.t. mode M iff for all ¢ =1,...,m,
for all disequations d in bd(C;), and for all variables X occurring in di;, we have that either X
is an input variable of H¥; or X is a local variable of d; in D;.

Definition 4 (Safe Folding) Let us consider a program Py and a mode M for Pj. Let us also
consider an application of the folding rule (see Rule 4 in Section 3.4) whereby from the following
clauses in Pj:

01. H + Gl,(Al,Kl)ﬁ,GQ

Cm- H « Gla (AmaKm)rﬂa GQ
and the following definition clauses in Defsy:

D;. newp(Xl, Ces ,Xh) — Al,Kl

Dy,. newp(Xy,...,Xp) + An. Ky,

we derive the new clause:
H «+ Gy,newp(Xy,...,X,)9,Gs

We say that this application of the folding rule is safe w.r.t. mode M iff the following Property
Y holds:

(Property ¥) Each input variable of newp(Xy,..., X,)d, is also an input variable of at least
one of the non-basic atoms occurring in (H, Gy, A19,. .., Ap0).

Definition 5 (Safe Head Generalization) Let us consider a program Py and a mode M for
Py.. We say that an application of the head generalization rule (see Rule 6 in Section 3.4) to a
clause of Py is safe ifft H{X/t} and H have the same set of input variables w.r.t. M.

Definition 6 (Safe Case Split) Let us consider a program Py and a mode M for Py. Let us
consider also an application of the case split rule (see Rule 7 in Section 3.4) whereby from a
clause C in Py of the form: H < Body we derive the following two clauses:

Ci. (H < Body){X/t}

Cs. H + X #t, Body.
We say that this application of the case split rule is safe w.r.t. mode M iff X is an input variable

of H, X does not occur in ¢, and for all variables Y € wvars(t), either Y is an input variable of
H orY does not occur in C.
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When applying the safe case split rule, X occurs in H and thus, given a goal G, it is not the
case that for some goals G and G5, we have both G — G using clause C; and G — G4 using
clause C5. In Definition 11 below, we will formalize this property by saying that the clauses C;
and Cy are mutually exclusive.

In Theorem 4.1 below we will show that if we apply our transformation rules and their safe
versions in a restricted way, then a program P which satisfies a mode M and is safe w.r.t. M, is
transformed into a new program, say (), which satisfies M and is safe w.r.t. M. Moreover, the
programs P and () have the same operational semantics.

Theorem 4.1 (Correctness w.r.t. the Operational Semantics) Let FP,...,P, be a
transformation sequence constructed by using the transformation rules 1-9 and let p be a
non-basic predicate in P,. Let M be a mode for Py U Defs, such that: (i) Py U Defs, is safe
w.r.t. M, (ii) Py U Defs, satisfies M, and (iii) the applications of the unfolding, folding, head
generalization, and case split rules during the construction of Py, ..., P, are all safe w.r.t. M.
Suppose also that Conditions 1 and 2 of Theorem 3.3 hold. Then: (i) P, is safe w.r.t. M,
(ii) P, satisfies M, and (iii) for each atom A which has predicate p and satisfies mode M, A
succeeds in Py U Defs,, iff A succeeds in P,.

Proof: See Appendix. O

We now prove that the promotion of disequations in the body of a safe clause preserves the
operational semantics.

Proposition 4.2 (Correctness of Disequation Promotion) Let M be a mode for a pro-
gram Pj. Let us assume that Pj is safe w.r.t. M and Pj satisfies M. Let Cy: H + Gy, G, t1#
to, G3 be a clause in P;. Let P, be the program derived from P; by replacing clause Ci by
clause Cy: H + Gy, t1 #t9, Go, G3. Then: (i) P, is safe w.r.t. M, (ii) P, satisfies M, and
(iii) for each non-basic atom A which satisfies mode M, A succeeds in P iff A succeeds in P;.

Proof: Point (i) follows from the fact that safety does not depend on the position of the disequa-
tion in a clause. Moreover, the evaluation of goal G5 in program P; according our operational
semantics, does not bind any variable in #; # t5, and thus, we get Point (ii). Point (iii) is a
consequence of Points (i) and (ii) and the fact that the evaluation of ¢; #t5 does not bind any
variable in the goals G2 and Gfj. O

The above proposition does not hold if we interchange clause Cy and Cs. Consider, in fact,
the following clause which is safe w.r.t. mode M = {p(+),q(+)}:

Cs. p(X) < X#Y, ¢(7)
This clause satisfies M because for all derivations starting from a ground instance p(t) of p(X)
the atom ¢ # Y does not succeed. In contrast, if we use the clause Cy: p(X) + q(Z), X #Y,
we have that in the derivation starting from p(t), the variable Z is not bound to a ground term
and thus, clause Cy does not satisfy the mode M which has the element g(+).

4.3. Semideterministic Programs

Now we introduce the concept of semideterminism which characterizes a class of programs we
will consider in this paper.
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Definition 7 (Semideterminism) A program P is semideterministic w.r.t. a non-basic atom
A iff for each goal (Ag, Gy) where Ay is a non-basic atom and A —%} (Ao, Gp), there exists at
most one goal (A1, G1) where Ay is a non-basic atom, such that (A, Go) =p (41, G1).

Given a mode M for a program P, we say that P is semideterministic w.r.t. M iff for each
non-basic atom A which satisfies M, P is semideterministic w.r.t. A.

Notice that given a program P which is semideterministic w.r.t. a given mode M, a non-basic
predicate p in P defines on the Herbrand base a relation which is not necessarily functional
w.r.t. the input arguments of p. For instance, the program P:

p(0, X) < ¢(0)
p(1, X) « ¢(X)
q(1)
q(2) +

is semideterministic w.r.t. the mode {p(+,7),¢(?)}, and p denotes a relation which is not func-
tional w.r.t. its first argument, because M(P) |= p(1,1) and M(P) = p(1,2). Notice that
program P is not semideterministic w.r.t. the mode {p(?,7),q(?)}.

Now we give a simple sufficient condition which ensures semideterminism. It is based on the
concept of mutually exclusive clauses which we introduce below. We need some preliminary
definitions.

Definition 8 (Satisfiability of Disequations w.r.t. a Set of Variables) Given a set V of
variables, we say that a conjunction D of disequations, is satisfiable w.r.t. V iff there exists
a ground substitution o with domain V, such that every ground instance of Do holds (see
Section 3.2). In particular, D is satisfiable w.r.t. () iff every ground instance of D holds.

The satisfiability of a conjunction D of disequations w.r.t. a given set V of variables, can be
checked by using the following algorithm defined by structural induction:

(1) true, i.e., the empty conjunction of disequations, is satisfiable w.r.t. V,

(2) (D1, D9) is satisfiable w.r.t. V iff both Dy and Dy are satisfiable w.r.t. V,

(3) X #t is satisfiable w.r.t. V iff X occurs in V and ¢ is either a non-variable term or a variable
occurring in V distinct from X,

(4) t # X is satisfiable w.r.t. V iff X #¢ is satisfiable w.r.t. V,

(5) f(...) #g(...), where f and ¢ are distinct function symbols, is satisfiable w.r.t. V', and

(6) f(t1,... tm) # f(ur,...,uy) is satisfiable w.r.t. V iff at least one disequation among t; #
U1, - .., tm 7 Up i satisfiable w.r.t. V.

The correctness of this algorithm relies on the fact that the set of function symbols is infinite
(see Section 3.1).

Definition 9 (Linearity) A program P is said to be linear iff every clause of P has at most
one non-basic atom in its body.

Definition 10 (Guard of a Clause) The guard of a clause C, denoted grd(C), is bd(C) if all
atoms in bd(C') are disequations, otherwise grd(C) is the (possibly empty) conjunction of the
disequations occurring in bd(C') to the left of the leftmost atom which is not a disequation.
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Definition 11 (Mutually Exclusive Clauses) Let us consider a mode M for the following
two, renamed apart clauses:

Cl. p(tl,ul) < G1

CQ. p(tQ,UQ) < GQ
where: (i) p is a predicate of arity k£ (> 0) whose first h arguments, with 0 <h <k, are input
arguments according to M, (ii) ¢; and ¢9 are h-tuples of terms denoting the input arguments of
p, and (iii) u; and usy are (k—h)-tuples of terms.
We say that Cy and Cs are mutually exclusive w.r.t. mode M iff either (i) ¢; is not unifiable with
to or (ii) ¢; and t9 are unifiable via an mgu ¢ and (grd(Ch), grd(C2))? is not satisfiable w.r.t.
vars(t1, ta).
If h =0 we stipulate that the empty tuples ¢; and to are unifiable via an mgu which is the
identity substitution.

We have the following lemmata.

Lemma 4.3. Let us consider a program P and a conjunction D of disequations. D succeeds in
P iff every ground instance of D holds.

Proof: Let us consider the conjunction (ry # s1,..., ry # sg) of disequations. Every ground
instance of (r; #s$1,..., ry # sg) holds iff for i = 1,...,k, and for every ground substitution o,
r;o # s;0 holds iff for 4 = 1,...,k, and for every ground substitution o, r;o is a ground term
different from s;o iff for ¢ = 1,...,k, it does not exist a ground substitution ¢ such that r;o
and s;o are the same ground term iff for i = 1,...,k, r; and s; are not unifiable iff (rq #s1,...,
Ty # S) succeeds in P. O

Lemma 4.4. Let P be a program which is safe w.r.t. mode M and satisfies mode M. Let the
non-unit clauses of P be pairwise mutually exclusive w.r.t. mode M. Given any non-basic atom
Aj which satisfies M, and any basic goal G, there exists at most one goal (A;, G1) such that
Aq is a non-basic atom and (A4g, Gy) =p (41,G1).

Proof: By the definition of the = p relation (see Section 3.3), we need to prove that for any non-
basic atom Ay which satisfies M, and any basic goal Gg, there exists at most one goal (41, G1)
where A; is a non-basic atom, such that: (i) (Ag,Go) —% (A1, G1), and (ii) the relation —7
is constructed by first applying exactly once Point (3) of our operational semantics, and then
applying to the resulting goal Points (1) and (2) of our operational semantics, as many times as
required to evaluate the leftmost basic atoms, if any.

Since the non-unit clauses of P are pairwise mutually exclusive w.r.t. M, for any given non-
basic atom A which satisfies M, there exists at most one non-unit clause, say C, of P such that
Ay unifies with hd(C) via an mgu, say u, and grd(C)u succeeds in P. In fact, suppose to the
contrary, that there were two such non-unit clauses, say C and Cy. Suppose that, for j=1,2,
clause C is renamed apart and it is of the form:

Cj. p(tj,u]') — g’l“dj, Kj,
where: (i) ¢; is a tuple of terms denoting the input arguments of p and (ii) the goal grd; is the
guard of C;, that is, a conjunction of disequations such that the leftmost atom of the goal K; is
not a disequation.

Suppose that for j =1,2, hd(C;) unifies with Ay via the mgu ;. Since A, satisfies M, for
j=1,2, the input variables of hd(C;) are bound by 9, to ground terms. Since ¢; and t3 have
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a common ground instance, namely 19 (= t292), they have a relevant mgu ¢ whose domain is
a subset of vars(t1,t2), and there exists a ground substitution o with domain vars(ty,ts) such
that t191 =t190(=t299 =t990). Moreover, since the clauses C1 and Cy are renamed apart, we
have that:

(Property a) for j=1,2, if restrict Jo to vars(t;) then J;=190.

By hypothesis, both grd¥; and g¢grd,9¥s succeed in P. Thus, by Lemma 4.3, every ground
instance of grd,9; and grd,9s holds. (Recall that the goals grd 9, and grd,19s are ground goals,
except for the local variables of each disequation occurring in them.)

Since P is safe w.r.t. M, for j = 1,2, every variable occurring in a disequation of grd; ei-
ther occurs in ¢; or it is a local variable of that disequation in Cj. Thus, by Property (),
grd,91 = grd;90 and grd,¥y = grd,¥c. Since every ground instance of grd,9¥, and grd,ds
holds, we have that every ground instance of (grd,9o, grdy¥c) holds. In other words, there
exists a ground substitution o whose domain is vars(ty,t2), such that every ground instance of
(grd,, grdy)9o holds. By definition, this means that (grd,, grds)d is satisfiable w.r.t. vars(ty,to).
This contradicts the fact that the non-unit clauses of P are mutually exclusive w.r.t. M.

We conclude that for any given non-basic atom Ag which satisfies M, Aj unifies via an mgu,
say p, with the head of at most one non-unit clause, say C, of P such that grd(C)u succeeds in
P.

Now there are two cases: (Case i) Ag unifies with the head of the clauses in {C, Dy,..., Dy},

where n >0, C is a non-unit clause, and clauses Dy, ..., D, are all unit clauses, and (Case ii) Ay
unifies with the head of the clauses in {Dy,..., D,}, where n >0 and these clauses are all unit
clauses.

Let us consider Case (i). Let clause C be of the form: H < K for some non-basic goal K.
For any basic goal G, by applying once Point (3) of our operational semantics, we have that:
(Ao, Go) —p (K,Go)p. Thus, (K,Go)p is of the form (Bs,Gs) where Bs is a conjunction of
basic atoms and the leftmost atom of Gy is non-basic. Since for any basic atom B and goal
(3, there exists at most one goal G4 such that (B,G3) —p G4, by using Points (1) and (2)
of our operational semantics, we have that there exists at most one goal (A;,G1) such that
(Bs,G2) —% (A1, G1), where the atom A; is non-basic.

Every other derivation starting from (A, Go) by applying Point (3) of our operational seman-
tics using a clause in {Dy, ..., Dy}, is such that if for some goal G5 we have that (Ag, Go) —7% G5,
then Gy is a basic goal, because from a basic goal we cannot derive a non-basic one. This con-
cludes the proof of the Lemma in Case (i). The proof in Case (ii) is analogous to that of Case

(). =
The following proposition allows us to prove that a program is semideterministic.

Proposition 4.5 (Sufficient Condition for Semideterminism) If (i) P is a linear pro-
gram, (ii) P is safe w.r.t. a given mode M, (iii) P satisfies M, and (iv) the non-unit clauses of
P are pairwise mutually exclusive w.r.t. M, then P is semideterministic w.r.t. M.

Proof: Take a non-basic atom A which satisfies M. Every non-basic atom Ay such that A —%
(Ag, Go) for some goal G, satisfies M because P satisfies M. Since P is linear, G is a basic
goal. By Lemma 4.4 there exists at most one goal (A1, G1) where A; is a non-basic atom, such
that (Ag, Go) =p (A1, G1). This means that P is semideterministic w.r.t. M. O

In Section 5, we will present a strategy for deriving specialized programs which satisfies the
hypotheses of the above Proposition 4.5, and thus, these derived programs are semideterministic.



23.

The following examples show that in Proposition 4.5 no hypothesis on program P can be
discarded.

Example 6. Consider the following program P and the mode M = {p, ¢} for P:

l. p+gq, q
2. q+
3. q+q

P is not linear, but P is safe w.r.t. M and P satisfies M. The non-unit clauses of P which are
the clauses 1 and 3, are pairwise mutually exclusive. However, P is not semideterministic w.r.t.
M, because p —% (gq,q), and there exist two non-basic goals, namely ¢ and (g, q), such that

(¢,9) =p q and (¢,9) =p (q,9)-

Example 7. Consider the following program @ and the mode M = {p(?),q1, g2} for Q:

L p(X) < X#0, ¢

2. p(1) ¢« @
Q@ is linear and it satisfies M, but @) is not safe w.r.t. M because X is not an input variable
of p. Clauses 1 and 2 are mutually exclusive w.r.t. M, because the set of input variables in
p(X) is empty and X #0 is not satisfiable w.r.t. (. However, @ is not semideterministic w.r.t.
M, because p(1) —¢ p(1), and there exist two non-basic goals, namely ¢; and g, such that

p(1) =¢ ¢ and p(1) =¢ ¢o.

Example 8. Consider the following program R and the mode M = {p,r(+),r1,r2} for R:

. p+r(X)
2. 7’(1) —
3. 7(2) 1o

R is linear and safe w.r.t. M, but R does not satisfy M, because p — g r(X) and X is not a ground
term. Clauses 1, 2, and 3 are pairwise mutually exclusive. However, R is not semideterministic
w.r.t. M, because p =% r(X) and there exist two non-basic goals, namely r; and 7y, such that
r(X) =g 7 and r(X) =g ro.

Example 9. Consider the following program S and the mode M = {p,ry,ro} for S:

1. pen

2. pére
S is linear and safe w.r.t. M, and S satisfies M. Clauses 1 and 2 are not pairwise mutually
exclusive. S is not semideterministic w.r.t. M, because p —% p, and there exist two non-basic
goals, namely r; and rg, such that p =g r1 and p =g ro.

5. A Transformation Strategy for Specializing Programs and Reducing Non-
determinism

In this section we present a strategy, called Determinization, for guiding the application of the
transformation rules presented in Section 3.4 so to derive efficient, specialized programs with re-
duced nondeterminism. In particular, we get derived programs which are semideterministic. As
we will indicate in Section 7, our strategy is an enhancement of the specialization technique [5],
called conjunctive partial deduction, which allows the introduction of new predicates defined in
terms of conjunctions of atoms.
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Our Determinization Strategy is based upon three subsidiary strategies: (i) the Unfold-
Simplify subsidiary strategy, which uses the safe unfolding, equation elimination, disequation
replacement, and subsumption rules, (ii) the Partition subsidiary strategy, which uses the safe
case split, equation elimination, disequation replacement, subsumption, and safe head general-
ization rules, and (iii) the Define-Fold subsidiary strategy which uses the definition introduction
and safe folding rules. More details on these subsidiary strategies will be given below in Sec-
tions 5.1, 5.2, and 5.3, respectively.

Given an initial program P, a mode M for P, and an atom p(t1,...,t,) w.r.t. which we want
to specialize P, we introduce by the definition introduction rule, the clause

St ps( X,y ooy Xyp) < p(tr, ... th)

where X1,..., X, are the distinct variables occurring in p(ty,...,%,).
We also define a mode ps(my, ..., m,) for the predicate ps; by stipulating that: for any j =
1,...,r, mjis + iff X; is an input variable of p(¢1, ..., %) according to the mode M. We assume

that the program P is safe w.r.t. M. Thus, also program P U {S} is safe w.r.t. M U {ps(m,
.., my)}. We also assume that P satisfies mode M and thus, program P U {S} satisfies mode
M U {ps(mi,...,my)}.

Our Determinization Strategy is presented below as an iterative procedure that, at each it-
eration, manipulates the following three sets of clauses: (1) Defs, which is the set of clauses
introduced by the definition introduction rule, (2) Cls, which is the set of clauses to be
transformed during the current iteration, and (3) TransfP, which is the set of clauses from
which we will construct the specialized program. Initially, Cls consists of the single clause S:
ps(X1, ..., Xy) < p(t1,...,t,) which is constructed as we have indicated above. From the set
Cls a new, semideterministic set of clauses, namely UnitCls U FoldedCls, is derived by applying
the transformation rules according to the Unfold-Simplify, Partition, and Define-Fold subsidiary
strategies, and this new set is added to TransfP. The derivation of UnitCls U FoldedCls may
require the introduction of new predicates by applying the definition introduction rule. At the
end of each iteration, the set NewDefs of clauses that define the new predicates introduced dur-
ing that iteration, is added to Defs, and the value of the set Cls is updated to NewDefs. The
transformation strategy terminates when Cls ={, that is, no new predicate is introduced during
the current iteration.

Determinization Strategy

Input: A program P, an atom p(ty,...,t,) w.r.t. which we want to specialize P, and a mode
M for P such that P is safe w.r.t. M and P satisfies M.

Output: A specialized program P;, and an atom ps(Xi,...,X,), with {X;,...,X,} =
vars(p(ti,...,tp)) such that: (i) for every ground substitution ¢ = {Xi/ui,...,X;/u,},
M(P) = p(tr,....tp)0 ifft M(P;) E ps(X1,...,X,)¥, and (ii) for every substitution o =
{Xi/v1,...,X,/v,} such that the atom p(ti,...,t,)o satisfies mode M, we have that: (ii.1)
p(t1, ..., tp)o succeeds in P iff ps(Xq,..., X, )o succeeds in Ps, and (ii.2) P; is semideterministic
w.r.t. ps(Xyq,..., X;)o.

Initialize. Let S be the clause ps(X1,...,X,) < p(t1,..., ts).
Defs := {S}; Cls := {S}; TransfP := P; My := M U {ps(m1,...,m;)}, where for any
j=1,...,r, m; =+ iff X; is an input variable of p(ti,..., %) according to the mode M;
while Cls #0 do
(1) Unfold-Simplify. We apply the safe unfolding, equation elimination, disequation replace-
ment, and subsumption rules according to the Unfold-Simplify Strategy given in Section 5.1
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below, and from Cls we derive a new set of clauses UnfoldedCls.

(2) Partition. Let UnitCls be the unit clauses occurring in UnfoldedCls, and NonunitCls be
the set of non-unit clauses in UnfoldedCls.

We apply the safe case split, equation elimination, disequation replacement, and safe head
generalization rules according to the Partition Strategy given in Section 5.2 below, and
from NonunitCls we derive a set PartitionedCls of clauses which is the union of disjoint
subsets of clauses. Each subset is called a packet. The packets of PartitionedCls enjoy the
following properties:

(2a) each packet is a set of clauses of the form (modulo variable renaming):

H < Disegs, G4

H < Disegs, G,
where Diseqs is a conjunction of disequations and for k = 1,...,m, no disequation occurs
in G, and
(2b) for any two clauses C; and Cj, if the packet of Cy is different from the packet of Cy,
then C7 and Cy are mutually exclusive w.r.t. mode M.

(3) Define-Fold. We apply the definition introduction and the safe folding rules according to
the Define-Fold subsidiary strategy given in Section 5.3 below. According to that strategy,
we introduce a minimal (possibly empty) set NewDefs of new definition clauses and a set
M e, of modes such that:

(3a) in M, there exists exactly one mode for each distinct head predicate in NewDefs,
and

(3b) by applying the folding rule, which is safe w.r.t. My, , using the clauses in Defs U
NewDefs, from each packet in PartitionedCls we derive a single clause of the form: H <«
Diseqs, newp(...).
Let FoldedCls be the set of clauses derived by folding the packets in PartitionedCls.
(4) Defs := Defs U NewDefs; Cls := NewDefs; TransfP := TransfP U UnitCls U FoldedCls;
Mg := Mg U My
end-while

We derive the specialized program P, by applying the definition elimination rule and keeping
only the clauses of TransfP on which p; depends.

We now show that, if the Determinization Strategy terminates, then the least Herbrand model
and the operational semantics are preserved. Moreover, the derived specialized program P is
semideterministic w.r.t. ps(Xy,..., X, )o as stated in the following theorem.

Theorem 5.1 (Correctness of the Determinization Strategy) Let us consider a program
P, a non-basic atom p(t1,...,t;), and a mode M for P such that: (1) P is safe w.r.t. M and (2)
P satisfies M. If the Determinization Strategy terminates with output program P, and output
atom pg(Xy,...,X,) where {X1,..., X, } = vars(p(t1,...,tn)), then

(i) for every ground substitution 9 = { X3 /uq,..., X, /u,},
M(P) | ptr,.... )0 ff M(P,) = py(X1,..., X)) and
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(ii) for every substitution o = {X;/v1,..., X, /v, } such that the atom p(t1,...,t,)o satisfies
mode M,

(ii.1) p(t1,...,t)o succeeds in P iff ps(Xq,...,X,)o succeeds in Ps, and

(ii.2) Ps is semideterministic w.r.t. ps(Xy,..., X, )o.

Proof: Let Defs and P; be the set of definition clauses and the specialized program obtained at
the end of the Determinization Strategy.

(i) Since ps(X1,...,X;) < p(t1,...,t) is the only clause for ps; in PU Defs and {X1,..., X, } =
vars(p(ti, ..., tn)), for every ground substitution 9 = { Xy /uq,..., X, /u, } we have that M (P) =
p(t1, ... tp)0 iff M(PUDefs) = ps(X1,...,X,)9. By the correctness of the transformation rules
w.r.t. the least Herbrand model (see Theorem 3.3), we have that M (PUDefs) |= ps(X1,..., X,)0d
iff M(P) E ps(Xy,...,X,)0.

Point (ii.1) follows from Theorem 4.1 because during the Determinization Strategy, each appli-
cation of the unfolding, folding, head generalization, and case split rule is safe.

(ii.2) We first observe that, by construction, for every substitution o, the atom p(ty,...,tp)0
satisfies mode M iff ps(X,..., X, )o satisfies mode M, where M, is the mode obtained from M
at the end of the Determinization Strategy. Thus, Point (ii.2) can be shown by proving that P is
semideterministic w.r.t. M. In order to prove this fact, it is enough to prove that TransfP,,—P
is semideterministic w.r.t. My, where TransfP, is the set of clauses which is the value of the
variable TransfP at the end of the while-do statement of the Determinization Strategy. Indeed,
P; is equal to TransfP,,— P because, by construction, p; does not depend on any clause of P,
and thus, by the final application of the definition elimination rule, all clauses of P are removed
from TransfP,.

By Lemma 4.5, it is enough to prove that: (a) TransfP,—P is linear, (b) TransfP,— P is safe
w.r.t. Mg, (¢) TransfP, — P is satisfies My, and (d) the non-unit clauses of TransfP, — P are
pairwise mutually exclusive w.r.t. M;.

Property (a) holds because according to the Determinization Strategy, after every application
of the safe folding rule we get a clause of the form: H < Disegs, newp(...), where a single
non-basic atom occurs in the body. All other clauses in TransfP, — P are unit clauses.

Properties (b) and (c) follow from Theorem 4.1 recalling that the application of the folding,
head generalization, and case split rules are all safe.

Property (d) can be proved by computational induction. (Basis) Initially, TransfP—P is empty
and thus, all its non-unit clauses are pairwise mutually exclusive w.r.t. M. (Step) At the end of
each execution of the body of the while-do (see Point (4) of the strategy), the non-unit clauses
which are added to the current value of TransfP are the elements of the set FoldedCls and those
non-unit clauses are derived by applying the Partition and Define-Fold subsidiary strategies at
Points (3) and (4), respectively. By construction, the clauses in FoldedCls are pairwise mutually
exclusive w.r.t. Mpe,, and their head predicates do not occur in TransfP. Thus, the clauses
of TransfP U UnitCls U FoldedCls are pairwise mutually exclusive w.r.t. My U Mpe,. As a
consequence, after the two assignments (see Point (4) of the strategy) TransfP := TransfP U
UnitCls U FoldedCls and Mg := MU My, we have that Property (d) holds at the beginning of
the next execution of the body of the while-do, and the proof of the Step case is completed. O

We now describe the three subsidiary strategies for realizing the Unfold-Simplify, Partition,
and Define-Fold transformations as specified by the Determinization Strategy. We will see these
subsidiary strategies in action in the examples of Section 6.
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During the application of our subsidiary strategies it will be convenient to rewrite every safe
clause into its normal form. The normal form N of a safe clause can be constructed by performing
disequation replacements and disequation promotions, so that the following Properties N1-N5
hold:

(N1) every disequation is of the form: X #¢, with ¢ different from X and unifiable with X,
(N2) every disequation occurs in bd(N) to the left of every atom different from a disequation,
(N3) if X #Y occurs in bd(N) and both X and Y are input variables of hd(N), then in hd(N)
the leftmost occurrence of X is to the left of the leftmost occurrence of Y,

(N4) for every disequation of the form X #Y where Y is an input variable, we have that also X
is an input variable, and

(N5) for any pair of disequations d; and dg in bd(N), it does not exist a substitution p which
is a bijective mapping from the set of the local variables of dy in N onto the set of the local
variables of dy in N such that dip = dy. Thus, in particular, no two equal disequations occur in
the normal form of a safe clause.

We have that: (i) the normal form of a safe clause is unique, modulo variable renaming and
disequation promotion, and (ii) given a program P and a mode M for P such that P is safe w.r.t.
M and P satisfies M, if we rewrite a clause of P into its normal form, then the least Herbrand
model semantics and the operational semantics are preserved (this fact is a consequence of
Theorem 3.3, Theorem 4.1, and Proposition 4.2).

A safe clause for which Properties N1-N5 hold, is said to be in normal form. If a clause C' is
in normal form, then by Property N2, every disequation in bd(C') occurs also in grd (C).

5.1. The Unfold-Simplify Subsidiary Strategy

The Unfold-Simplify Strategy first produces instances of the clauses in Cls by unfolding them
w.r.t. the leftmost atom in their body, and then it keeps unfolding the derived clauses as long as
input variables are not instantiated. Now, for giving a formal definition of the Unfold-Simplify
Strategy we introduce the following concept.

Definition 12 (Consumer Atom) Let P be a program and M a mode for P. A non-basic
atom q(t1,...,tx) is said to be a consumer atom iff for every non-unit clause in P whose head
unifies with that non-basic atom via an mgu ¥, we have that for i = 1,...,k, if {; is an input
argument of ¢ then ¢;9 is a variant of ¢;.

The Unfold-Simplify Strategy is realized by the following Unfold-Simplify procedure, where
the expression Simplify(S) denotes the set of clauses derived from a given set S of clauses, by:
(1) first, applying whenever possible, the equation elimination rule to the clauses in S, (2) then,
rewriting the derived clauses into their normal form, and (3) finally, applying as long as possible
the subsumption rule.

Procedure Unfold-Simplify(Cls, UnfoldedCls).

Input: A set Cls of clauses in a program P and a mode M, for P. P is safe w.r.t. M, and for
each C' € C(ls, the input variables of the leftmost non-basic atom in the body of C' are input
variables of the head of C.

Output: A new set UnfoldedCls of clauses which are derived from Cls by applying the safe
unfolding, equation elimination, disequation replacement, and subsumption rules. The clauses
in UnfoldedCls are safe w.r.t. M.
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Unfold w.r.t. Leftmost Non-basic Atom:

UnfoldedCls := {E | there exists a clause C' € Cls and clause E is derived by unfolding
C w.r.t.
the leftmost non-basic atom in its body};

UnfoldedCls := Simplify (UnfoldedCls)

Unfold w.r.t. Leftmost Consumer Atom:
while there exists a clause C' € UnfoldedCls whose body has a leftmost consumer atom,
say A, such that the unfolding of C' w.r.t. A is safe do

UnfoldedCls := (UnfoldedCls — {C}) U{E | E is derived by unfolding C w.r.t. A};
UnfoldedCls := Simplify (UnfoldedCls)

end-while

Notice that, by the hypotheses on the input program P and clauses Cls, the first unfolding step
performed by the Unfold-Simplify procedure is safe.

This strategy differs from usual unfolding strategies for partial evaluation of logic programs
(see, for instance, [10]), because mode information is used. We have found this strategy very
effective on several examples as shown in the following Section 6. However, our strategy has a
drawback in that it may fail to terminate. This drawback can be remedied by applying techniques
for finite unfolding such as those based on well-quasi orders [17] or well-founded measures [24].

5.2. The Partition Subsidiary Strategy

The Partition Strategy is realized by the following procedure, where we will write p(t,u) to
denote an atom with non-basic predicate p of arity k£ (> 0), such that: (i) ¢ is an h-tuple of
terms, with 0 <h <k, denoting the A input arguments of p, and (ii) v is a (k—h)-tuple of terms
denoting the arguments of p which are not input arguments.

Procedure Partition(NonunitCls, PartitionedCls).

Input: A set NonunitCls of non-unit clauses in normal form and without variables in common.
A mode M for NonunitCls. The clauses in NonunitCls are safe w.r.t. M.

Output: A set PartitionedCls of clauses which is the union of disjoint packets of clauses such
that:

(2a) each packet is a set of clauses of the form (modulo variable renaming):

H < Disegqs, Gy

H < Disegs, Gy,
where Diseqs is a conjunction of disequations and for £k = 1,...,m, no disequation occurs in Gy,
and
(2b) for any two clauses Cy and Cs, if the packet of C is different from the packet of Cy, then
C: and Cy are mutually exclusive w.r.t. mode M.
The clauses in PartitionedCls are in normal form and they are safe w.r.t. M.

while there exist in NonunitCls two clauses of the form:

Cy. p(t1,u1) + Body,
Cy. p(te,us) + Body,
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such that: (i) C; and Cy are not mutually exclusive w.r.t. mode M;, and either

(ii.1) ¢ is not a variant of ¢y or

(ii.2) t; is a variant of #5 via an mgu 9 such that ¢;9 = t5, and for any substitution p which
is a bijective mapping from the set of local variables of grd(Ci9) in C1¥ onto the set of local
variables of grd(C3) in Cy, grd(C19p) cannot be made equal to grd(Cs) by applying disequation
promotion do

We take a binding X /r as follows.

(Case 1) Suppose that t; is not a variant of #o. In this case, since C; and Cy are not
mutually exclusive, we have that ¢; and ¢o are unifiable and, for some i,5 € {1,2}, with
i# 7, there exists an mgu ¢ of ¢; and ¢; and a binding Y/t, in ¢ such that ¢;{Y/t,} is not
a variant of ¢;. Without loss of generality we may assume that =1 and j =2. Then we
take the binding X/r to be Y/t,.

(Case 2) Suppose that ¢ is a variant of {9 via an mgu 9. Now every clause whose normal
form has a disequation of the form X #¢ where X is a local variable, is mutually exclusive
w.r.t. any other clause. Thus, for some 4,j € {1,2}, with i# j, there exists a disequation
(Y #t4)9 in grd(C;9) where Y9 is an input variable of hd(C;1), such that for any sub-
stitution p which is a bijective mapping from the set of local variables of grd(C;9) in C;1
onto the set of local variables of grd(C;9) in C;9 and for every disequation (Z #t;)9 in
grd(C;9), we have that (Y #1,)dp is different from (Z # ¢;)9. We also have that Y4 is
an input variable of hd(C;9). Without loss of generality we may assume that i=1, j=2,
t19=t9, and Co¥y=C5. Then we take the binding X/r to be (Y/t,)9.

We apply the case split rule to clause Cy w.r.t. X/r, that is, we derive the two clauses:

Co1. (p(t2,us) < Bodyy){X/r}

Cs. p(te, us) + X #r, Body,
This application of the case split rule is safe because: (i) clauses Cy and C, are safe
w.r.t. Mg, (ii) X is an input variable of hd(Caa) (recall that our choice of X/r in Case
2 ensures that X is an input variable of hd(Cy)), and (iii) each variable in r is either an
input variable of hd(Cs) or a local variable of X #r in Cyy. Thus, clauses Cy; and Cos
are safe w.r.t. mode M, and they are also mutually exclusive w.r.t. Mj.

We update the value of NonunitCls as follows:
NonunitCls := (NonunitCls — {Cy}) U{Ca1, Caa}
NonunitCls := Simplify( NonunitCls).

end-while

Now the set NonunitCls is partitioned into subsets of clauses and after suitable variable renaming
and disequation promotion, each subset is of the form:

p(t,u1) < Disegs, Goaly

p(t, um) < Diseqs, Goal
where Diseqs is a conjunction of disequations and for £ = 1,....m, no disequation occurs in
Goaly, and any two clauses in different subsets are mutually exclusive w.r.t. mode M.

Then we process every subset of clauses we have derived, by applying the safe head generalization
rule so to replace the non-input arguments in the heads of the clauses belonging to the same
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subset by their most specific common generalization. Thus, every subset of clauses will eventually
take the form:
p(t,u)  Eqs,, Diseqs, Goaly

p(t,u) < Eqs,,, Diseqs, Goal,,
where u is the most specific common generalization of the terms wui,...,u, and, for £ =
1,....m, the goal Egs; is a conjunction of the equations V; = vy,...,V, = v, such that
w{Vi/v1, ..., Vi/up} = ug.
Finally, we move all disequations to the leftmost positions of the body of every clause whereby
getting the set PartitionedCls.

The following property is particularly important for the mechanization of our Determinization
strategy.

Theorem 5.2. The Partition procedure terminates.

Proof: 1t is enough to show that the while-do statement in the Partition procedure terminates.
To see this, let us first consider the set NonunitCls;, which is the value of the set NonunitCls
at the beginning of the execution of the while-do statement. NonunitCls;, can be partitioned
into maximal sets of clauses such that: (i) two clauses which belong to two distinct sets, are
mutually exclusive, and (ii) if two clauses, say Cy and C), 11, belong to the same set, then there
exists a sequence of clauses Cy, Cy,...,Cyhy1, with n >0, such that for + = 0,...,n, clauses C;
and Cjy1 are not mutually exclusive.

For our termination proof it is enough to show the termination of the Partition procedure
when starting from exactly one maximal set, say K, of the partition of NonunitCls;, because
during the execution of the Partition procedure, the replacement of a clause, say Cs, by the
clauses, say Co; and Cho, satisfies the following property: if clauses Co and D are mutually
exclusive then C9; and D are mutually exclusive and also C9s and D are mutually exclusive.

Let every clause of K be renamed apart and written in a form, called equational form, where
the input arguments are generalized to new variables and these new variables are bound by
equations in the body. The equational form of a clause C' will be denoted by C'*?. For instance,
given the clause C: p(f(X),r(Y,Y),r(X,U)) + Body, with mode p(+,+,?) for p, we have that
Cis: p(V,W,r(X)) <« V=Ff(X),W=r(Y,Y), Body.

Let K be the set {C | C € K}. Thus, K has the following form:

p(v1,u1) < Eqsy, Diseqs,, Body,

p(vn, un) < Egs,, Disegs,,, Body,,

where, for i = 0,...,n: (1) v; denotes a tuple of variables which are the input arguments of
P, (2) u; denotes a tuple of arguments of p which are not input arguments, (3) Egs, denotes a
conjunction of equations of the form X =¢, which bind the variables in v;, (4) Disegs; denotes
a conjunction of disequations, and (5) Body,; denotes a conjunction of atoms which are different
from disequations (recall that the clauses in NonunitCls;, are in normal form). Equations may
occur also in Body;, but they do not bind any input variable of p(v;, u;).

Let us now introduce the following set T'= {¢ | ¢ is a term or a subterm occurring in Egs; or
Disegs; for some i =1,...,n}.

Every execution of the body of the while-do statement of the Partition procedure works by
replacing a safe clause, say Cy, by two new safe clauses, say Co; and Coy. We will prove the
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termination of the Partition procedure by: (i) mapping the replacements it performs, onto
the corresponding replacements of the clauses written in equational form in the set K¢, and
(i) showing that the set K cannot undergo an infinite number of such replacements.

Let us then consider the equational forms C5?, C57, and Cs9 of the clauses Cy, Cy1, and Coy,
respectively. We have that: (i) bd(Cs7) has one more equation of the form X =r w.r.t. bd(C57),
and (ii) bd(C54) has one more disequation of the form X #r w.r.t. bd(C5?). We also have that
there exists only a finite number of pairs (X, r), because X is a variable symbol occurring in
K*® and r is a term occurring in the finite set 77U {¢ | ¢ is a term or a subterm occurring in
an mgu of a finite number of elements of T'}. (We have considered mgu’s of a finite number of
elements of T, rather than mgu’s of two elements only, because a finite number of clause heads
in K may have the same common instance.)

Thus, in order to conclude the proof, it remains to show that before the replacement of Cy by
Co1 and (U9, neither X =r nor X #r occurs in bd(CQEq). Here and in the rest of the proof, the
notion of occurrence of an equation or a disequation is modulo renaming of the local variables.
Indeed,

(1.1) X #r does not occur in bd(C5?) because X /r is a binding of an mgu of the input arguments
of hd(C1) and hd(Cs), and clauses Cy and Cy are not mutually exclusive, and thus, X #r does
not occur in bd(Cy), and (1.2) X =r does not occur in bd(Cs?) because X /r is, by construction,
a binding of an mgu between the input arguments of the heads of the clauses C; and Cs and
these clauses are obtained as a result of the Simplify function which eliminates every occurrence
of the variable X from Cs, and

— in Case (2): (2.1) X =7 does not occur in bd(C5?) because, by hypothesis, a variant of X #r
occurs in bd(Cp) and clauses C; and C3 are not mutually exclusive, and (2.2) X #r does not
occur in bd(C5?) because X #r does not occur in bd(Cy) (indeed, we choose X #r precisely to
satisfy this condition). O

When the Partition procedure terminates, it returns a set PartitionedCls of clauses which is
the union of packets of clauses enjoying Properties (2a) and (2b) indicated in the Output specifi-
cation of that procedure. These properties are a straightforward consequence of the termination
condition of the while-do statement of that same procedure.

5.3. The Define-Fold Subsidiary Strategy

The Define-Fold Strategy is realized by the following procedure.

Procedure Define-Fold(PartitionedCls, Defs, NewDefs, FoldedCls).
Input: (i) A mode My, (ii) a set PartitionedCls of clauses which are safe w.r.t. M, and (iii) a set
Defs of definition clauses. PartitionedCls is the union of the disjoint packets of clauses computed
by the Partition subsidiary strategy.
Output: (i) A minimal, possibly empty, set NewDefs of definition clauses, together with a
mode M., consisting of exactly one mode for each distinct head predicate in NewDefs. For
each C € NewDefs, the input variables of the leftmost non-basic atom in the body of C are
input variables of the head of C. (ii) A set FoldedCls of folded clauses.
NewDefs := 0; Myey = 0; FoldedCls = (;
while there exists in PartitionedCls a packet @ of the form:

H < Diseqgs, Gy

H < Diseqs, Gp,
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where Diseqs is a conjunction of disequations and for k£ = 1,...,m, no disequation occurs in Gy,

do PartitionedCls := PartitionedCls — @ and apply the definition and safe folding rules as
follows.

(Case «) Let us suppose that the set Defs of the available definition clauses contains a subset
of clauses of the form:

newq(Xq,...,Xp) « Gy

newq(Xy,...,Xp) < Gn

such that: (i) they are all clauses in Defs for predicate newgq, (ii) Xi,..., X} include every
variable which occurs in one of the goals Gy,..., G, and also occurs in one of the goals
H, Disegs (this property is needed for the correctness of folding, see Section 3.4), and
(iii) for s = 1,..., h, if X; is an input argument of newq then X; is either an input variable
of H (according to the given mode M) or an input variable of the leftmost non-basic atom
of one of the goals G1,...,G,,. Then we fold the given packet and we get:

FoldedCls := FoldedCls U {H <+ Diseqs, newq(Xq,...,Xp)}

(Case ) If in Defs there is no set of definition clauses satisfying the conditions described in
Case (), then we add to NewDefs the following clauses for a new predicate newr:

newr(Xy,...,Xp) < Gi

newr(Xi,...,Xp) < Gn

where, for i = 1,..., h, either (i) X; occurs in one of the goals Gy,...,G,, and also occurs
in one of the goals H, Disegs, or (ii) X; is an input variable of the leftmost non-basic atom
of one of the goals Gy, ...,G,. We add to My, the mode newr(m;, ..., my) such that
fori=1,...,h, mj=+ iff X; is either an input variable of H or an input variable of the
leftmost non-basic atom of one of the goals Gy,...,Gy,. We then fold the packet under
consideration and we get:

FoldedCls := FoldedCls U {H « Disegqs, newr(X1,...,Xp)}

end-while

Notice that the post-conditions on the set NewDefs which is an output of the Define-Fold proce-
dure (see Point (i) of the Output of the procedure), ensure the satisfaction of the pre-conditions
on the set Cls which is an input of the Unfold-Simplify procedure. Indeed, recall that the set Cls
is constructed during the Determinization strategy by the assignment Cls := NewDefs. Recall
also that these pre-conditions are needed to ensure that the first unfolding step performed by
the Unfold-Simplify procedure is safe.

Notice also that each application of the folding rule is safe (see Definition 4). This fact is
implied in Case («) by Condition (iii), and in Case (/) by the definition of the mode for newr.

Finally, notice that the Define-Fold subsidiary strategy does not guarantee the termination
of the specialization process. To avoid non-termination we may use generalization techniques
similar to those used in partial evaluation (see the Partial Evaluation Strategy in Section 1
and [10, 15, 18]). We do not discuss further this issue here.
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6. Examples of Application of the Transformation Strategy

In this section we will present some examples of program specialization where we will see in
action our Determinization Strategy together with the Unfold-Simplify, Partition, and Define-
Fold subsidiary strategies.

6.1. A Complete Derivation: Computing the Occurrences of a Pattern in a String

Let us consider the following generalization of the problem of Section 2.2: Given a pattern P
and a string S we want to compute the position, say N, of an occurrence of P in S, that is,
we want to find two strings L and R such that: (i) S is the concatenation of L, P, and R, and
(ii) the length of L is N. A program that for given P and S computes N is as follows.

Program Match_Pos (initial, nondeterministic)
1. match_pos(P, S, N) < append(Y,R,S), append(L,P,Y), length(L,N)

2. length(]],0) «

3. length([H|T],s(N)) < length(T, N)

4. append([ YY) +

5. append([A\X] ,[A|Z]) < append (X,Y, Z)

Given a pattern P and a string S, the Match_Pos program is nondeterministic and either
(i) it computes no position if P does not occur in S, or (ii) it computes one or more positions
(one position for each occurrence of P in S). The mode M for the program Match_Pos is
match_pos(+,+,7), append(?,?7,+), length(+,7)}. We leave it to the reader to verify that
Match_Pos satisfies M.

The derivation we will perform using the Determinization Strategy is more challenging than
the ones presented in the literature (see, for instance, [12, 35]) because an occurrence of the
pattern in the string is specified in the initial program via the append predicate which denotes
list concatenation.

We want to specialize the Match_Pos program w.r.t. the atom match_pos([a,a,b], S, N). Thus,
we introduce the definition clause:

6. sp_match_pos(S, N) < match_pos([a,a,b],S, N)
The mode of the new predicate is sp_match_pos(+,?) because S is an input argument of
match_pos and N is not an input argument. Our transformation strategy starts off with
the following initial values: Defs = Cls = {6}, TransfP = Match_Pos, and My = M U
{sp-match_pos(+,7)}.

First iteration

Unfold-Simplify. By unfolding clause 6 w.r.t. the leftmost atom in its body we derive:
7. sp-match_pos(S, N) < append(Y, R, S), append(L,|a,a,b],Y), length(L,N)
The body of clause 7 has no consumer atoms (notice that, for instance, the mgu of the atom

append (Y, R, S) and the head of clause 5 has the binding S/[A|Z] where S is an input variable).
Thus, the Unfold-Simplify subsidiary strategy terminates. We have: UnfoldedCls = {7}.

Partition. NonunitCls is made out of clause 7 only, and thus, the Partition subsidiary strategy
immediately terminates and produces a set Partitioned Cls which consists of a single packet made
out of clause 7.
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Define-Fold. In order to fold clause 7 in PartitionedCls, the Define-Fold subsidiary strategy
introduces the following definition clause:

8. newl(S,N) + append(Y,R,S), append(L,[a,a,b],Y), length(L,N)
The mode of newl is newl(+,?). By folding clause 7 using clause 8 we derive:

9. sp_match_pos(S,N) + newl(S,N)

Thus, the first iteration of the Determinization Strategy terminates with Defs = {6,8}, Cls =
{8}, TransfP = Match_Pos U {9}, and My = M U {sp_match_pos(+,7), newl(+,7)}.

Second iteration

Unfold-Simplify. We follow the subsidiary strategy described in Section 5.1 and we first unfold
clause 8 in Cls w.r.t. the leftmost atom in its body. We get:

10. newl(S,N) <« append(L,[a,a,bl],[]), length(L, N)

11. newl([C|S],N) < append(Y,R,S), append(L,]a,a,b],[C|Y]), length(L,N)
Now we unfold clauses 10 and 11 w.r.t. the leftmost consumer atom of their body (see the
underlined atoms). The unfolding of clause 10 amounts to its deletion, because the selected
atom is not unifiable with any head in program Match_Pos. The unfolding of clause 11 yields
two new clauses that are further unfolded according to the Unfold-Simplify subsidiary strategy.
After some unfolding steps, we derive the following clauses:

12. newl([a]S],0) < append([a,b], R, S)

13. newl([C|S],s(N)) < append(Y,R,S), append(L,|a,a,b],Y), length(L,N)

Partition. We apply the safe case split rule to clause 13 w.r.t. to the binding C/a, because the
input argument in the head of this clause is unifiable with the input argument in the head of
clause 12 via the mgu {C/a}. We derive the following two clauses:

14. newl([a]S],s(N)) < append(Y,R,S), append(L,[a,a,b],Y), length(L,N)

15. newl([C|S],s(N)) «+ C+#a, append(Y,R,S), append(L,[a,a,b],Y), length(L, N)
Now, the set of clauses derived so far by the Partition subsidiary strategy can be partitioned
into two packets: the first one is made out of clauses 12 and 14, where the input argument of
the head predicate is of the form [a|S], and the second one is made out of clause 15 only, where
the input argument of the head predicate is of the form [C|S] with C #a.

The Partition subsidiary strategy terminates by applying the safe head generalization rule
to clauses 12 and 14, so to replace the second arguments in their heads by the most specific
common generalization of those arguments, that is, a variable. We get the packet:

16. newl([a|lS], M) < M =0, append(|a,b], R, S)

17. newl([a|S], M) <+ M=s(N), append(Y,R,S), append(L,[a,a,b],Y), length(L, N)
For the packet made out of clause 15 only, no application of the safe head generalization rule is
performed. Thus, we have derived the set of clauses PartitionCls which is the union of the two
packets {16,17} and {15}.

Define-Fold. Since there is no set of definition clauses which can be used to fold the packet
{16, 17}, we are in Case () of the Define-Fold subsidiary strategy. Thus, we introduce a new
predicate new?2 as follows:

18. new2(S,M) < M =0, append([a,b], R, S)

19. new2(S,M) « M=s(N), append(Y,R,S), append(L,|a,a,b],Y), length(L,N)
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The mode of new2 is new2(+,7) because S is an input variable of the head of each clause of
the corresponding packet. By folding clauses 16 and 17 using clauses 18 and 19 we derive the
following clause:

20. newl([a|S], M) < new2(S, M)
We then consider the packet made out of clause 15 only. This packet can be folded using clause

8 in Defs. Thus, we are in Case () of the Define-Fold subsidiary strategy. By folding clause 15
we derive the following clause:

21. newl([C|S],s(N)) + C#a, newl(S,N)
Thus, FoldedCls is the set {20,21}.

After these folding steps we conclude the second iteration of the Determinization Strategy
with the following assignments: Defs := Defs U {18,19}; Cls := {18,19}; TransfP := TransfP U
{20,21}; My := Ms U {new2(+,7)}.

Third iteration

Unfold-Simplify. From Cls, that is, clauses 18 and 19, we derive the set UnfoldedCls made out
of the following clauses:

22. new2([a|S],0) + append([b], R, S)

23. new2([a|S],s(0)) < append([a,b], R, S)

24. new2([C|S],s(s(N))) < append(Y, R, S), append(L,|a,a,b],Y ), length(L,N)

Partition. The set NonunitCls is identical to UnfoldedCls. From NonunitCls we derive the set
Partitioned Cls made out of the following clauses:

25. new2([a|S], M) < M =0, append([b], R, S)

26. new2([a|S], M) < M =s(0), append(|a,b], R, S)

27. new2([a|S], M) + M =s(s(N)), append(Y,R,S), append(L,[a,a,b],Y), length(L,N)

28. new2([C|S],s(s(N))) «+ C+#a, append(Y,R,S), append(L,|a,a,b],Y), length(L, N)
Define-Fold. We introduce the following definition clauses:

29. new3(S,M) < M =0, append([b],R,S)

30. new3(S,M) < M=s(0), append([a,a],R,S)

31. new3(S,M) < M=s(s(N)), append(Y,R,S), append(L,|a,a,b],Y), length(L,N)
where the mode for new3 is new3(+,?). By folding, from PartitionedCls we derive the following
two clauses:

32. new2([a|S], M) < new3(S, M)

33. new2([C|S],s(s(N))) + C+#a, newl(S,N)
which constitute the set FoldedCls.

The third iteration of the Determinization Strategy terminates by performing the following
updates: Defs := Defs U {29,30,31}; Cls := {29, 30,31}; TransfP := TransfP U {32,33}; M, :=
M U {new3(+,7)}.

Fourth iteration

Unfold-Simplify. From Cls we derive the new set UnfoldedCls made out of the following clauses:

34. new3([b|S],0) < append([ ], R, S)
35. new3([a|S], s(0)) < append([b], R, S)
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36. new3([a|S], s(s(0))) « append([a,b], R, S)
37. new3([C]S], s(s(s(N)))) < append (Y, R, S), append(L,[a,a,b],Y), length(L,N)

Partition. The set NonunitCls is identical to UnfoldedCls. From NonunitCls we derive the new
set PartitionedCls made out of the following clauses:

38. new3([a|S],s(M)) « M =0, append([b], R, S)

39. new3([a|S],s(M)) < M =s(0), append([a,b],R,S)

40. new3([a|S],s(M)) < M =s(s(N)), append (Y, R, S), append (L, [a,a,b],Y"),length(L, N)
41. new3([b|S], M) + M =0, append([ ], R, S)

42. new3([b|S], M) +— M =s(s(s(N))), append (Y, R, S), append (L, [a,a,b],Y ), length(L, N)
43. new3([C|S], s(s(s(N)))) « C#a,C#b, append(Y, R, S), append (L, [a,a,b],Y ),

length(L, N)
Define-Fold. We introduce two new predicates by the following definition clauses:
44. newd(S,M) + M =0, append(] |, R, S)
45. newd(S, M) < M =s(s(s(N))), append(Y,R,S), append(L,[a,a,b],Y), length(L, N)
We now fold the clauses in PartitionedCls and we derive the set FoldedCls made out of the
following clauses:

46. new3([a|S], s(M)) < new3(R, S)
47. new3([b|S], M) + newd(R,S)
48. new3([C|S], s(s(s(N)))) < C#a, C#b, newl(S, N)

The fourth iteration terminates by performing the following updates: Defs := Defs U {44,45};
Cls := {44,45}; TransfP := TransfP U {46,47,48}; My := MU {newd(+,7)}.

Fifth iteration

Unfold-Simplify. From Cls we derive the new set UnfoldedCls made out of the following clauses:

49. new4(S,0)
50. new4([a|S], s(s(s(0)))) « append([a,b], R, S)
51. newd([C]S], s(s(s(s(N))))) < append(Y, R, S), append(L,[a,a,b],Y), length(L,N)

Partition. The set NonunitCls is made out of clauses 50 and 51. From NonunitCls we derive
the new set PartitionedCls made out of the following clauses:

52. newd([a|S], s(s(s(M)))) < M =0, append([a,b], R, S)
53. newd([a|S], s(s(s(M)))) < M =s(N), append(Y,R,S), append(L,|a,a,b],Y),
length(L, N)
54. newd([C]S], s(s(s(s(N))))) < C#a, append(Y,R,S), append(L,|a,a,b],Y),
length(L, N)

Define-Fold. We are able to perform all required folding steps without introducing new definition
clauses (see Case («) of the Define-Fold procedure). In particular, we fold: (i) clauses 52 and 53
using clauses 18 and 19, and (ii) clause 54 using clause 8. Since no new definition is introduced,
the set Cls is empty and the transformation strategy stops. Our final specialized program is the
following;:
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=a, N:=N+3

any character

Q return N

N:=0
true©
#a and #b, N:=N+3
#a, N:=N+4
Figure 1: Finite automaton with counter N, corresponding to Match_Pos;
Program Match_Posg (specialized, semideterministic)

9. sp_match_pos(S,N) < newl(S,N)
20. newl([a|S], M) + new2(S, M)
21. newl([C|S],s(N)) < C#a, newl(S,N)
32. new2([a|S], M) + new3(S, M)
33. new2([C|S],s(s(N))) + C#a, newl(S,N)
46. new3([a|S],s(M)) < new3(R, S)
47. new3([b|S], M) + newd(R,S)
48. new3E[C§'] s(s(s(N)))) « C#a, C#b, newl(S,N)
([0/8), 5(s(5(M)))) + new? (S, M)
(€18, 5(s(s(5(N))))) « C#a, newl(S, N)

49, newd(S
55. new4d
56. new4d

This final program is semideterministic and it corresponds to the finite automaton with one
counter depicted in Fig. 1. The predicates correspond to the states of the automaton and
the clauses correspond to the transitions. The predicate newl corresponds to the initial state,
because the program is intended to be used for goals of the form sp_match_pos(S, N), where S
is bound to a list of characters, and by clause 1 sp_match_pos(S, N) calls new1(S, N). Notice
that this finite automaton is deterministic except for the state corresponding to the predicate
newd, where the automaton can either (i) accept the input string by returning the value of N
and moving to the final state true, even if the input string has not been completely scanned (see
clause 49), or (ii) move to the state corresponding to new?2, if the symbol of the input string
which is scanned is a (see clause 55), or (iii) move to the state corresponding to newl, if the
symbol of the input string which is scanned is different from a (see clause 56).
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6.2. Multiple Pattern Matching

Now we consider a generalization of the problem described in Section 6.1. Given a list Ps of
patterns and a string S we want to compute the position, say N, of any occurrence in S of a
pattern which is a member of Ps. For any given Ps and S the following program computes N
in a nondeterministic way.

Program Mmatch (initial, nondeterministic)
1. mmatch([P|Ps], S, N) < match_pos(P, S, N)
2. mmatch([P|Ps], S, N) < mmatch(Ps,S, N)

The atom mmatch(Ps, S, N) holds iff there exists a pattern in the list Ps of patterns which occurs
in the string S at position N. The predicate match_pos is defined as in program Match_Pos of
Section 6.1, and its clauses are not listed here. We consider the following mode for the program
Mmatch: {mmatch(+,+,7), match_pos(+,+,7), append(?,7,+), length(+,7)}.

We want to specialize this multi-pattern matching program w.r.t. the list [[a, a, a], [a, a, b]] of
patterns. Thus, we introduce the following definition clause:

3. sp-mmatch(S, N) < mmatch([[a,a,al, [a,a,b]],S, N)

The mode of the new predicate is sp_mmatch(+,7) because S is an input argument of mmatch,
and N does not. Thus, our transformation strategy starts off with the following initial values:
Defs = Cls = {3}, TransfP = Mmatch, and My = M U {sp_mmatch(+,7)}.

The output of the transformation strategy is the following program.

Program Mmatch (specialized, semideterministic)
4. sp-mmatch(S,N) < newl(S,N)

5. newl([a|S], M) < new2(S, M)

6. newl([C|S],s(N)) < C#a, newl(S,N)

7. new2([a|S], M) + new3(S, M)

8. new2([C]S],s(s(N))) « C#a, newl(S,N)

(
E
9. new3([a|S], M) + newd(S, M)
10. new3([b|S], M) < newb(S, M)
11. new3([C|S],s(s(s(N)))) + C#a, C#b, newl(S,N)
12. new4(S,0) «+
(
(
(
(S
(
(

13. new4([alS],s(N)) < new4d(S,N)

14. new4([b|S],s(N)) < new5(S, N)

15. new4 [C?’] s(s(s(s(N))))) «C#a, C#b, newl(S,N)
16. newd

17. newb([alS], s(s(s(N)))) < new2(S, N)

18. newb([C|S], s(s(s(s(N))))) < C#a, newl(S,N)

Similarly to the single-pattern string matching example of the previous Section 6.1, this spe-
cialized, semideterministic program corresponds to a finite automaton with counters which is
deterministic, except for the states corresponding to the predicates new4 and newb where all
strings are accepted. A similar derivation cannot be performed by usual partial evaluation
techniques without a prior transformation into failure continuation passing style [35].
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6.3. From Regular Expressions to Finite Automata

In this example we show the derivation of a deterministic finite automaton by specializing a
general parser for regular expressions w.r.t. a given regular expression. The initial program
Reg_Ezpr for testing whether or not a string belongs to the language denoted by a regular
expression over the alphabet {a,b}, is the one given below.

Program Reg Ezpr (initial, nondeterministic)
1. in_language(FE,S) < string(S), accepts(E,S)
2. string([]) <
3. string([a|S]) < string(S)
4. string([b|S]) < string(S)
5. accepts(E,[E]) < symbol(E)
6. accepts(E1FEy,S) + append(S, S1,S2), accepts(E1,S1), accepts(FEa,Ss)
7. accepts(E1+Es, S) < accepts(E1, S)
8. accepts(E1+ Fs, S) + accepts(FEs, S)
9. accepts(E*,[])
10. accepts(E*,S) < ne_append(S1, S2, S), accepts(E,Sy), accepts(E*,S7)
11.  symbol(a) +
12.  symbol(b) +
13. ne_append([A],Y,[A]Y]) <
14. ne_append([A|X],Y,[A|Z]) < ne_append (XY, Z)

We have that in_language(E, S) holds iff S is a string in {a,b}* and S belongs to the language
denoted by the regular expression E. In the Reg_Fzpr program we have used the predicate
ne_append (Si, Sz, S) which holds iff the non-empty string S is the concatenation of the nonempty
string S1 and the string Sy. The use the ne_append (S, So,S) in clause 10 is motivated by the ob-
jective of writing a terminating program, that is, a program for which we cannot have an infinite
derivation starting from a ground goal. Indeed, if in clause 10 we replace ne_append(St, S, S)
by append(Si, Se,S), then we may construct an infinite derivation because from a goal of the
form accepts(E*,S) we can derive a new goal of the form (accepts(E,[]), accepts(E*,S)).
We consider the following mode for the program Reg_Ezxpr:
{in_language(+, +), string(+), accepts(+,+), symbol(+), ne_append(?,7,+), append(?,7,+)}.
We use our Determinization Strategy to specialize the program Reg_Ezpr w.r.t. the atom
in_language(a(a+b)*b,S). Thus, we begin by introducing the definition clause:

15.  sp_in_language(S) < in_language(a(a+b)*b, S)
We derive the following specialized program Reg_FEzpr;.

Program Reg_Expr, (specialized, semideterministic)

16. sp_in_language(S) < newl(S)

|S]) < new3(S)
21. new3([b]) +

22. new3([a|S]) < new3(S)
23. new3([b|S]) < new3(S)

17. newl(lalS]) + new2(S)
18. new2([b]) +
19. new2([alS]) + new3(S)
20. new2([b

(

(

[
[
[
[
[

This specialized program corresponds to a finite automaton, which is deterministic except in
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the states corresponding to the predicates new2 and new3d when it is scanning the symbol b. In
these states the finite automaton may either enter a final state (see clauses 18 and 21) or remain
in the same state (see clauses 20 and 23).

6.4. Matching Regular Expressions

We consider the following problem of matching a regular expression: Given a regular expression
E and a string S we want to test whether or not there exists a substring of S which belongs to
the language denoted by the regular expression E. The following program solves our matching
problem in a nondeterministic way.

Program Reg_Expr_Match (initial, nondeterministic)
1. re_match(FE,S) < append(Y,R,S), append(L,P,Y), accepts(E, P)

where the predicates append and accepts are defined as in the programs Match_Pos and Reg_FExpr,
respectively, and their clauses are not listed here. The atom re_match(FE, S) holds iff there exists
a string P which occurs as a substring of S such that P belongs to the language denoted by
the regular expression £. We consider the following mode for the program Reg FExpr_Match:
{append(?,?,+), accept(+,+), re_match(+,+)}.

We want to specialize the program Reg_Fxpr_Match w.r.t. the regular expression aa*b. Thus,
we introduce the following definition clause:

2. sp_re_match(S) < re_match(aa*b, S)

The mode of the new predicate is sp_re_match(+) because S is an input argument of re_match.
Thus, our transformation strategy starts off with the following initial values: Defs = Cls = {2},
TransfP = re_Match, and Mgy = M U {sp_re_match(+)}.

The output of the transformation strategy is the following program.

Program Reg_FExpr_Match, (specialized, semideterministic)

sp-re_match(S) < newl(S)

newl([alS]) + new2(S)

newl([C|S]) < C#a, newl(S)

new2([alS]) « new3(S)

new2([C|S]) < C#a, newl(S)

new3([alS]) + new4d(S)

new3([b]S]) + new3(S)

new3([C|S]) «+ C#a, C#b, newl(S)
()

._\
e i BRI

[u—y

new4

Similarly to the single-pattern string matching example of Section 2.2, this specialized, semide-
terministic program corresponds to a deterministic finite automaton.

6.5. Specializing Context-free Parsers to Regular Grammars

Let us consider the following program for parsing context-free languages:
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Program CF_Parser (initial, nondeterministic)
string _parse(G, A, W) «+ string(W), parse(G, A, W)
string ([ ]) <
string ([0|W]) <« string(W)
string ([L|W]) < string (W)
parse(G, [ ] [])
parse(G,[A|X],[A]Y]) < terminal(A), parse(G,X,Y)
parse(G,[A|X],Y) < nonterminal(A), member(A — B,G),
append (B, X, Z), parse(G,Z,Y)

A

8. member(A,[A|X]) <
9. member(A,[B|X]) < member(A, X)

together with the clauses for the predicate append defined as in program Match_Pos of Sec-
tion 6.1, and the unit clauses stating that 0 and 1 are terminals and s,u,v, and w are non-
terminals. The first argument of parse is a context-free grammar, the second argument is a
list of terminal and nonterminal symbols, and the third argument is a word represented as a
list of terminal symbols. We assume that a context-free grammar is represented as a list of
productions of the form z — y, where = is a nonterminal symbol and y is a list of terminal and
nonterminal symbols. We have that parse(G, [s], W) holds iff from the symbol s we can derive
the word W using the grammar G. We consider the following mode for the program CF_Parser:
{parse(+,+,+), terminal(+), nonterminal(+), member(?,+), append(+,+,7)}.
We want to specialize our parsing program w.r.t. the following regular grammar:

s—=0u s—=0v s—=>0w

u— 0 u—0u u—0v

v—0 v—=0v v—=0u

w—1 w—=0w

To this aim we apply our Determinization Strategy starting from the following definition clause:
10.  sp_string_parse(W) < parse([ s = [0,u], s—[0,v], s — [0,w],

u — [0], u— [0,u]l, u—[0,v],
v — [0], v—[0,v], ©v—1[0,u],
w — [1], w — [0, w] ], [s], W)

The mode for the newly introduced predicate is sp_string_parse(+). We derive the following
specialized program CF_Parsers.

Program CF_Parser; (specialized, semideterministic)
11.  sp_string_parse(W) < newl(W)

12. newl([0|W]) + new2(W)

13. new2([0|W]) + new3(W)
14. new2([1|W]) + newd(W)
15. new3([])

16. new3([0|W]) + new5(W)
17. new3([1|W]) + newd(W)
18. newd(]]) «
19. newb([]) «
20. new5([0|W]) + new3(W)
21. new5([1|W]) < newd(W)

This program corresponds to a deterministic finite automaton.
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string_parse(g, [s],[0™1]) (n>2)

string([0"1]), parse(g, [s], [0"1])

parse(g, [s],[0™1])

_— T

parse(g, [u],[0"11])  parse(g,[v],[0™1])  parse(g, [w], [0"'1])

|
parse(g, [u], [0"21]) parse(g, [u], [0"21]) parse(g, [w], [0721])

' parse(a, L0 parse(o, B0V

no successes

Figure 2: Derivation tree Ty for string_parse(g, [s],[0"1])

Now, we would like to discuss the improvements we achieved in this example by applying
our Determinization Strategy. Let us consider the derivation tree T) (see Fig. 2) generated
by the initial program CF_Parser starting from the goal string_parse(g,[s],[0"1]), where g de-
notes the grammar w.r.t. which we have specialized the CF_Parser program and [0"1] denotes
the list [0,...,0,1] with n occurrences of 0. The nodes of T} are labeled by the goals deriv-
able from string_parse(g,[s],[0"1]). In particular, the root of the derivation tree is labeled by
string_parse(g, [s],[0™1]) and a node labeled by a goal G has n children labeled by the goals
G1,...,G, which can be derived from G. The tree T7 has a number of nodes which is O(2").
Thus, by using the initial program CF_Parser it takes O(2") number of steps to search for a
derivation from the root goal string_parse(g,[s],[0"1]) to the goal true. (Indeed, this is the case
if one uses a Prolog compiler.) In contrast, by using the specialized program CF_Parsers, it
takes O(n) steps to search for a derivation from the goal sp_string_parse([0™1]) to true, because
the derivation tree Ty has a number of nodes which is O(n) (see Fig. 3).

The improvement of performance is due to the fact that our Determinization Strategy is able
to avoid repeated derivations by introducing new definition clauses whose bodies have goals with
common subgoals. Then, by performing folding steps using these definition clauses, we reduce
the search space when looking for the goal true starting from a given initial goal.

For instance, our strategy introduces the predicate new?2 defined by the following clauses:

new2(W) « string(W), parse(g, [u], W)
new2(W) < string(W), parse(g, [v], W)
new2(W) <« string(W), parse(g, [w], W)

whose bodies are goals from which common subgoals are derived for A = [0"~'1] and n >
1. Indeed, for instance, parse(g,[u],[0" 2]) can be derived from both parse(g, [u],[0"!]) and
parse(g, [v],[0""1]) (see Fig. 2). The reader may verify that by using the specialized program
CF _Parsers no repeated goal is derived from sp_string_parse(g, [s],[0™1]).

The ability of our Determinization Strategy of putting together various computations per-
formed by the initial program in different branches of the computation tree, so that common
repeated subcomputations are avoided, is based on the same ideas which motivate the tupling
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sp_string_parse (g, [s], [0™1]) (n>2)

|
new1([0™1])

(

|
new?2([0" 1))

|
new3([0"21))

true

Figure 3: Derivation tree Ty for sp_string_parse([0™1])

strategy [26], first proposed as a transformation technique for functional languages.

6.6. Discussion of the Specialization Examples

All program specialization examples presented in this Section were worked out in a fully auto-
matic way by using the MAP program transformation system [32].

The performance of the specialized programs may be further improved by several post-
processing techniques which preserve the operational semantics and the semideterminism of
the programs. In particular, if the specialized programs are to be run by a standard Prolog
system, we may: (i) reorder the clauses so that unit clauses appear before non-unit clauses,
and (ii) remove disequations by introducing cuts instead. For a systematic treatment of cut
introduction, we refer the reader to [7]. As an example we now show the program obtained
from Match_Poss; of Example 6.1 after the above post-processing transformations have been
performed.

Program Match_Poscy (specialized, with cuts)
sp-match_pos(S, N) < newl(S, N)
newl([alS], M) <!, new2(S, M)
newl([C|S], s(N)) (— newl(S, N)
new2([a|S], M) <!, new3(S, M)
new2([C|S], s(s(N ))) — newl(S,N)
new3([alS], s(M)) (— I, new3(R,S)
new3([b|S], M) <!, newd(R, S)
newig[cf] s(s(s(N)))) « newl(S, N)
new4([alS], s(s(s(M)))) < !, new2(S, M)
new4([C|S], s(s(s(s(N))))) < newl(S,N)

In Columns 4 and 5 of the following Table 1 we show the speedups achieved by specializing the
programs listed in Column 1 according to our Determinization Strategy (Column 4), and also
by removing disequations and introducing cuts (Column 5). Every speedup is computed as the
ratio between the timing of the initial program and the timing of the specialized program. For
our experimental results we used SICStus Prolog 3.8.5. To clarify the content of that Table 1
let us remark that:
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(1) Program (2) Static (3) Dynamic | (4) Speedups | (5) Speedups
Input Input (Det) (Det & Cut)

Naive_Match naive_match([aab], S) S| = 1000 0.9 x 10° 1.6 x 103
Naive_Match naive_match([aab], S) \S| = 4000 2.7 x 103 6.7 x 103
Naive_Match naive_match([aaaaaaaaab), S) S| = 1000 0.7 x 10 1.6 x 10
Naive_Match naive_match([aaaaaaaaab), S) S| = 4000 2.9 x 10° 8.3 x 103
Match_Pos match_pos([aab], S, N) S| = 1000 0.4 x 10° 0.9 x 10°
Match_Pos match_pos([aab], S, N) S| = 4000 1.7 x 103 3.8 x 10°
Match_Pos match_pos([aaaaaaaaab), S, N) S| = 1000 1.0 x 103 2.4 x 103
Match_Pos match_pos([aaaaaaaaab), S, N) S| = 4000 3.7 x 103 9.7 x 10°
Mmatch mmatch([[aaal, [aab]], S, N) S| = 1000 0.9 x 10 1.5 x 103
Mmatch mmatch([[aaal, [aab]], S, N) S| = 4000 3.5 x 10° 6.2 x 10°
Mmatch mmatch([[aal, [aaal, [aab]],S,N) | |S| = 1000 1.5 x 10 2.1 x 10°
Mmatch mmatch([[aal, [aaal, [aab]],S,N) | |S| = 4000 6.1 x 10° 8.2 x 10°
Reg_Expr in_language(a(a+b)*b, S) |S| = 100 1.6 x 10* 1.7 x 10*
Reg_Expr in_language(a(a+b)*b, S) |S| = 200 6.9 x 10* 7.4 x 10*
Reg_Expr in_language((aa*b)*, S) |S| = 100 4.7 x 10° 4.7 x 10°
Reg_Ezpr in-language((aa*b)*, S) |S| = 200 3.9 x 10° 3.7 x 10°
Reg_Ezxpr_Match re_match(aa*b, S) |S| = 100 3.2 x 10° 3.7 x 10°
Reg_Expr_Match re_match(aa*b, S) |S| = 200 5.3 x 107 5.8 x 107
Reg_Expr_Match re_match((aa)+(a*b), S) S| =50 7.3 x 10* 8.2 x 10*
Reg_Expr_Match re_match((aa)+(a*b), S) |S| = 100 6.1 x 10° 7.2 x 10°
CF_Parser string_parse(g, [s], W) |W| = 1000 23 23
CF_Parser string_parse(g, [s], W) |W| = 10000 178 178
CF_Parser string_parse (g, [s], W) |W| = 1000 19 19
CF_Parser string_parse(g1, [s], W) |W | = 10000 170 170

Table 1. Speedups (Det): after applying the Determinization Strategy.

Speedups (Det & Cut): after applying the Determinization Strategy

and Cut Introduction.

1. Column 1 shows the names of the initial programs with reference to Example 2.2 and
Examples 6.1-6.5.

2. Column 2 shows the Static Input, that is, the goal w.r.t. which we have specialized the pro-
gram of Column 1. The argument [aab] denotes the list [a, a,b]. Similar notation has been
used for the other static input arguments. The argument g of the first two string_parse
atoms denotes the regular grammar considered in Example 6.5. The argument g; of the
last two string_parse atoms denotes the regular grammar:

{s = Ou,
w — 1w}

s — 1o,

u— 0, u— 0Ov,

u — Qw,

v — 1,

v — Owv,

v— lu, w—1,

3. Column 3 shows the size of the Dynamic Input, that is, the size of the argument which is
supplied to the initial and to the specialized programs after the specialization process for
measuring the speedups.
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4. Column 4, called Speedups (Det), shows the speedups we have obtained after the applica-
tion of our Determinization Strategy.

5. Column 5, called Speedups (Det & Cut), shows the speedups we have obtained after the
application of our Determinization Strategy followed by the removal of disequations and
the introduction of cuts. Notice that for some programs (see, for instance, the entries
for Reg_Exzpr and CF_Parser in Columns 4 and 5), the speedups obtained in this way
are not better than the speedups after the application of the Determinization Strategy
alone. There are two reasons for this: (i) the first one is the absence of disequations in the
specialized program, and (ii) the second one is the ability of our compiler of exploiting the
presence of mutually exclusive clauses through clause indexing, so that the introduction
of cuts does not improve efficiency.

Further post-processing techniques are applicable. For instance, similarly to the familiar case of
finite automata, we may eliminate clauses corresponding to epsilon-transitions where no input
symbols are consumed (such as clause 9 in program Match_Poss), and we may minimize the
number of predicate symbols (this corresponds to the minimization of the number of states).
We do not present here these post-processing techniques which are outside the scope of the

paper.

7. Concluding Remarks and Related Work

We have proposed a specialization technique for logic programs based on an automatic strategy
which makes use of the following transformation rules: (1) definition introduction, (2) definition
elimination, (3) unfolding, (4) folding, (5) subsumption, (6) head generalization, (7) case split,
(8) equation elimination, and (9) disequation replacement. (Actually, we make use of the safe
versions of the rules 4, 6, 7, and 8.) We have also shown that our strategy may reduce the
amount of nondeterminism in the specialized programs and it may achieve exponential gains in
time complexity.

To get these results, we allow new predicates to be introduced by one or more non-recursive
definition clauses whose bodies may contain more than one atom. We also allow folding steps
using these definition clauses. By a folding step a program where a predicate, say p, occurs
in several clause heads, can be transformed into an equivalent program where the predicate p
occurs in one clause only, thereby reducing nondeterminism.

The use of the subsumption rule is motivated by the desire of increasing efficiency by avoiding
redundant computations. Head generalizations are used for deriving clauses with equal heads
and thus, they allow us to perform folding steps. The case split rule is the crucial rule for
the derivation of programs with reduced nondeterminism because it replaces a clause, say C, by
several clauses which correspond to exhaustive and mutually exclusive instantiations of the head
of C'. To get exhaustiveness and mutual exclusion, we allow the introduction of disequalities.
Then, to increase program efficiency when using a Prolog-like evaluator, these disequalities may
be removed in favour of cuts.

We have assumed that the initial program to specialize is given to us together with a mode
of use of its predicates. Our transformation strategy makes use of this mode information for
directing the various transformation steps, and in particular, the unfolding and case split steps.
Moreover, if our strategy terminates, then we derive specialized programs which are semideter-
ministic w.r.t. the given mode. This notion has been formally defined in Section 4.3. Although
semideterminism is not in itself a guarantee for efficiency improvement, it is often the case that
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efficiency is increased by our strategy because it reduces nondeterminism and it also avoids
redundant computations.

The transformation strategy we have proposed may not terminate. This may be due both to
the unfolding strategy, which allows for infinitely many steps, and to the definition and folding
strategy, which allows for the introduction of infinitely many new predicates. The finiteness of
our unfolding strategy can be guaranteed by applying techniques already developed for partial
evaluation, and in particular, some generalization methods for partial evaluation (see, for in-
stance, [10, 19]) can be used for avoiding the definition of an infinite number of new predicates.
Notice, however, that the adaptation of these methods to our framework may not be straight-
forward, because our definition and folding rules are more complex than the ones used in partial
evaluation.

We have implemented our proposed strategy and we have tested it by performing several
program specializations of string matching and parsing programs. In these cases our strategy
is able to automatically derive programs which behaves like Knuth-Morris-Pratt algorithm, in
the sense that they generate a finite automaton from a general pattern matcher and any given
pattern. This was done also in the case of programs for matching sets of patterns and programs
for matching regular expressions.

In these examples the improvement over similar derivations performed by partial evaluation
techniques [8, 10, 35] consists in the fact that we have started from naive, nondeterministic initial
programs, while the corresponding derivations by partial evaluation described in the literature,
use initial programs which already incorporate some ingenuity. A similar remark also applies to
the derivation performed by using supercompilation with perfect driving [12, 38] and generalized
partial computation [9].

A formal derivation of the Knuth-Morris-Pratt algorithm for pattern matching has also been
presented in [2]. This derivation follows the calculational approach which consists in applying
equivalences of higher order functions. On the one hand the calculational derivation is more
general than ours, because it takes into consideration a generic pattern, not a fixed one (the
string [a, a, b] in our Example 2.2), on the other hand the calculational derivation is more specific
than ours, because it deals with single-pattern string matching only, whereas our strategy is
able to automatically derive programs in a much larger class which also includes multi-pattern
matching, matching with regular expressions, and parsing.

We have shown that the transformation rules we use for program specialization, are correct
w.r.t. the declarative semantics of logic programs based on the least Herbrand model. The proof
of this correctness result is similar to the proofs of the correctness results which are presented
in [11, 33, 37].

We have also considered an operational semantics for our logic language where a disequation
t1 # to holds iff £; and t5 are not unifiable. This operational semantics is sound, but not
complete w.r.t. the declarative semantics. Indeed, if a goal operationally succeeds in a program,
then it is true in the least Herbrand model of the program, but not vice versa. Thus, the
proof of correctness of our transformation rules w.r.t. the operational semantics cannot be based
on previous results and it is much more elaborate. Indeed, it requires some restrictions on
the programs and applicability conditions on the transformation rules which are related to the
modes of the predicates.

In Section 2 we have extensively discussed the fact that our specialization technique is more
powerful than partial evaluation [15, 23] (also referred to as partial deduction in the case of
logic programs). The main reason of the greater power of our technique is that it uses more
powerful transformation rules. In particular, partial evaluation corresponds to the use the
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definition introduction, definition elimination, unfolding, and folding transformation rules, with
the restriction that we may only fold a single atom at a time in the body of a clause.

Our extended rules allow us to introduce and transform new predicates defined in terms
of disjunctions of conjunctions of atoms (recall that a set of clauses with the same head is
equivalent to a single clause whose premise is the disjunction of the bodies of the clauses in the
given set). Thus, our technique improves over the one of conjunctive partial deduction [5], which
is a specialization technique where new predicates are defined in terms of conjunctions of atoms.

The use of the case split rule is a form of reasoning by cases, which is a very well-known tech-
nique in mechanical theorem proving (see, for instance, the Edinburgh LCF theorem prover [14]).
Forms of reasoning by cases have been incorporated in program specialization techniques such
as the already mentioned supercompilation with perfect driving [12, 38] and generalized par-
tial computation [9]. However, the strategy presented in this paper is the first fully automatic
transformation technique which uses case reasoning to reduce nondeterminism of logic programs.

Besides specializing programs and reducing nondeterminism, our strategy is able to eliminate
intermediate data structures. Indeed, the initial programs of our examples in Section 6 all have
intermediate lists, while the specialized programs do not have them. Thus, our strategy can
be regarded as an extension of the transformation strategies for the elimination of intermediate
data structures (see the deforestation technique [39] for the case of functional programs and the
strategy for eliminating unnecessary variables [31] for the case of logic programs [31]). More-
over, our strategy derives specialized programs which avoid repeated subcomputations (see the
Context-free Parsing example of Section 6.5). In this respect our strategy is similar to the tupling
strategy for functional programs [26].

Finally, our specialization strategy is related to the program derivation techniques called finite
differencing [25] and incrementalization [21]. These techniques use program invariants to avoid
costly, repeated calculations of function calls. Our specialization strategy implicitly discovers
and exploits program invariants by using the folding rule. It should be noticed, however, that it
is difficult to establish in a rigorous way the formal connection between the basic ideas under-
lying our specialization strategy and the above mentioned invariant-based program derivation
methods. They, in fact, are presented in very different frameworks.

This paper is an improved version of [27, 28].
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Appendix. Proof of Theorem 4.1

For the reader’s convenience, we rewrite the statement of Theorem 4.1.

Theorem 4.1 (Correctness w.r.t. the Operational Semantics) Let P,..., P, be a trans-
formation sequence constructed by using the transformation rules 1-9 and let p be a non-basic
predicate in P,. Let M be a mode for Py U Defs, such that: (i) Py U Defs, is safe w.r.t. M,
(ii) Py U Defs, satisfies M, and (iii) the applications of the unfolding, folding, head generaliza-
tion, and case split rules during the construction of Py,..., P, are all safe w.r.t. M. Suppose
also that:

1. if the folding rule is applied for the derivation of a clause C' in program Py from clauses
Ci,...,Cp, in program Pj using clauses D1, ..., Dy, in Defs;, with 0<k<mn,
then for every i € {1,...,m} there exists j € {1,...,n—1} such that D; occurs in P; and
Pj, is derived from P; by unfolding D;.

2. during the transformation sequence Py, ..., P, the definition elimination rule either is never
applied or it is applied w.r.t. predicate p once only, when deriving P, from P,_;.

Then: (i) P, is safe w.r.t. M, (ii) P, satisfies M, and (iii) for each atom A which has predicate
p and satisfies mode M, A succeeds in Py U Defs,, iff A succeeds in P,.

The proof of Theorem 4.1 will be divided in four parts, corresponding to Propositions 7.1, 7.5,
7.8, and 7.18 presented below.

Proposition 7.1 (Preservation of Safety) shows that program P, derived according to the
hypotheses of Theorem 4.1, is safe w.r.t. mode M (that is, Point (i) of the thesis of Theorem 4.1).
Proposition 7.5 (Preservation of Modes) shows that P, satisfies M (that is, Point (ii) of the thesis
of Theorem 4.1). Propositions 7.8 (Partial Correctness) and 7.18 (Completeness) show the if
part and the only-if part, respectively, of Point (iii) of the thesis of Theorem 4.1. For proving
these propositions we will use various notions and lemmata which we introduce below.

Preservation of Safety

In this section we prove that, if the transformation rules are applied according to the restrictions
indicated in Theorem 4.1, then from a program which is safe w.r.t. a given mode we derive a
program which is safe w.r.t. the same mode.

Proposition 7.1 (Preservation of Safety) Let P,..., P, be a transformation sequence con-
structed by using the transformation rules 1-9. Let M be a mode for Py U Defs, such that:
(i) PyU Defsy, is safe w.r.t. M and (ii) the applications of the unfolding, head generalization, and
case split rules during the construction of P, ..., P, are safe w.r.t. M. Then, for kK =0,...,n,
the program Py is safe w.r.t. M.

Proof: The proof proceeds by induction on k. During the proof we will omit the reference to
mode M. In particular, we will simply say that a program (or a clause) is safe, instead of saying
that a program (or a clause) is safe w.r.t. M.

For k = 0 the thesis follows directly from the hypothesis that Py U Defs,, is safe and thus, Py
is safe. Let us now assume that, for £ < n, program P is safe. We will show that also Py is
safe. We consider the following cases, corresponding to the rule which is applied to derive P4
from P.
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Case 1: Pgyq is derived by applying the definition introduction rule. Py is safe because Py
is safe and, by hypothesis, every definition clause in Defs,, is safe.

Case 2: Py is derived by applying the definition elimination rule. Then Py is safe because
Py is safe and Py, C Py.

Case 3: Py, is derived by a safe application of the unfolding rule (see Definition 3). Let us
consider a clause D; in Py; which has been derived by unfolding a clause C' in P of
the form: H < G;1,A,Gy w.r.t. the atom A. Then there exists a clause C; in P, such
that (i) A is unifiable with hd(C;) via the mgu 9;, and (ii) clause D; in Py, of the form
(H < G1,bd(C;), G2)Y;.

Let us now show that D; is safe. We take a variable X occurring in a disequation 1 # 9
in the body of D;, and we prove that X is either an input variable of hd(D;) or a local
variable of t; #to in D;. We have that t; #t5 is of the form (uy #us9)9;, where uy; #us is a
disequation occurring in Gy, bd(C;), Go. We consider two cases:

Case A: uy #us occurs in G or Ga. Since t1 # to is of the form (uy # us)d;, there exists
a variable Y € wars(uy #wug) such that X € vars(Y). By the inductive hypothesis, C is
safe and thus, Y is either an input variable of hd(C) or a local variable of uy # ug in C.
We have that: (i) if Y is an input variable of hd(C') then X is an input variable of hd(D;),
and (ii) if Y is a local variable of u; #us in C then X =Y = Y4, and X is a local variable
of tl ;étQ n Di-

Case B: uy #us occurs in bd(C;). From the definition of safe unfolding we have that X is
either an input variable of hd(D;) or a local variable of ¢; #t5 in D;.

Case 4: Py, is derived by applying the folding rule. Let us consider a clause Py of the form:
C. H < Gq,newp(Xy,...,Xp)9, Gy

which has been derived by folding the following clauses in Py:

Ci. H <+ Gy, (A, K1)0,Go

Cm. H + Gl, (Am,Km)ﬂ, G2
using the following definition clauses in Defsy:

D;. newp(Xl, c ,Xh) — Al,Kl

D,,. newp(Xy,...,Xp) + A, Ky,

Now we take a variable X occurring in a disequation #; # t9 in the body of C, and we
prove that X is either an input variable of H or a local variable of ¢ #ty in C.

The disequation 1 #t9 occurs in G; or Gy and, by the hypothesis that Py is safe, either
X is an input variable of H or, for ¢ = 1,...,m, X is a local variable of ¢; # to in C;.
If for i = 1,...,m, X is a local variable of ¢ # t5 in C;, then X is a local variable of
t1 #to in C, because by the definition of the folding rule (see Rule 4) X does not occur in
newp(Xy, ..., Xp)?.

Case 5: Pyq is derived by applying the subsumption rule. Py, is safe because Py1 C P.
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Case 6: Py is derived by a safe application of the head generalization rule (see Definition 5).

Let GenC be a clause in Py of the form:
H < Y =t, Body
derived from a clause C in P, of the form:
H{Y/t} « Body
where {Y/t} is a substitution such that Y occurs in H and Y does not occur in C.

Let us now prove that GenC is safe. Let X be a variable occurring in a disequation ¢ #t9
in Body. By inductive hypothesis C' is safe and thus, X is either an input variable of
H{Y/t} or a local variable of t; #¢2 in C. If X is an input variable of H{Y/t}, then it
is also an input variable of H, because by definition of safe head generalization H and
H{Y/t} have the same input variables. If X is a local variable of ¢; #t3 in C, then X is a
local variable of t1 #t5 in GenC, because X does not occur in Y =¢.

Case 7: Py is derived by a safe application of the case split rule (see Definition 6) to a clause

C in Pg. Let us consider the following two clauses in Py q:
Ci. (H < Body){X/t}
Cy. H < X #t, Body.

derived by safe case split from C. Let us now show that C; and Cy are safe. Let us
consider clause C and let Y be a variable occurring in a disequation ¢ #t2 in Body{X/t}.
t1#t9 is of the form (uy #u9){X/t} where u; #uy occurs in Body. We consider two cases.

Case A:'Y € vars(t). By the definition of safe case split, either Y is an input variable of
H or Y does not occur in C'. If Y is an input variable of H, then Y is an input variable of
H{X/t}, and if Y does not occur in C, then Y is a local variable of (uj #u9){X/t} in C;.

Case B: Y ¢ wvars(t). We have that Y occurs in uy # ug, and thus, from the inductive
hypothesis that C is safe, it follows that Y is either an input variable of H or a local
variable of u; # ug in C. If Y is an input variable of H, then Y is either an input
variable of H{X/t}, and if Y a local variable of u; #wu9 in C, then it is a local variable of
(U1 #UQ){X/t} in 01.

Thus, C] is a safe clause.

Let us now consider clause C5 and let Y be a variable occurring in a disequation #; #t5 in
X #t,Body. If t; #1t9 occurs in Body then from the inductive hypothesis that C is safe,
it follows that Y is either an input variable of H or a local variable of t; # to in Co. If
t1 #t9 is X #t, then by the definition of safe case split (i) X is an input variable of H,
and (ii) for every variable Y € wvars(t), either (ii.1) Y is an input variable of H or (ii.2) Y
does not occur in H, Body, and thus, Y is a local variable of X #¢ in Cs.

Thus, Cs is a safe clause.

Case 8: Py is derived by applying the equation elimination rule to a clause Cy in P of the

form: H < G4, t1=t9, G9. We consider two cases:

Case A: t; and t9 are unifiable via the most general unifier . We derive the clause:
Cy. (H < G1,G5)9. We can show that clause C5 is safe similarly to Case 3 (A).

Case B: t; and ty are not unifiable. In this case Py, is safe because Py is P, — {C}
and, by inductive hypothesis all clauses in P} are safe.
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Case 9: Py, is derived by applying the disequation replacement rule to clause C' in Pj. Let
us consider the cases 9.1-9.5 of Rule 9. Cases 9.1 and 9.3-9.5 are straightforward, because
they consist in the deletion of a disequation in bd(C) or in the deletion of clause C. Thus,
in these cases the safety of program Py derives directly from the safety of P.

Let us now consider case 9.2. Suppose that clause C' is of the form: H « G1, f(t1,...,tm)#
flur, ..., um), Go, and it is replaced by the following m (> 0) clauses:

Ci. H+ Gy,t1#u1,Go

Om- H « Glatm#umaGQ

We now prove that, for j = 0,...,m, C} is safe. Indeed, for j = 0...m, if we consider a
variable X occurring in ¢;#u; then, by the inductive hypothesis, either (i) X is an input
variable of H or (ii) X is a local variable of f(t1,...,tn)# f(u1,...,uy) in C, and thus,
X is a local variable of t; #u; in Cj.

In the case where X occurs in a disequation in G; or G, it follows directly from the
inductive hypothesis that X is either an input variable of H or a local variable of that
disequation in Cj.

Thus, C} is safe. O

Preservation of Modes

Now we show that, if the program PyU Defs,, satisfies a mode M and we apply our transformation
rules according to the restrictions indicated in Theorem 4.1, then the derived program P, satisfies
M.

In this section and in the rest of the paper, we will use the following notation and terminology.
Let us consider two non-basic atoms A; and Ay of the form p(ty,...,t,) and p(uy,. .., up),
respectively. By A; = As we denote the conjunction of equations: t; = u1,...,tm = Uy,. By
mgu(Ay, Ay) we denote a relevant mgu of two unifiable non-basic atoms Ay and As. Similarly,
by mgu(ty,ty) we denote a relevant mgu of two unifiable terms ¢; and t5. The length of the
derivation Gy —p Gy —p ... =»p G, is n. Given a program P and a mode M for P, we say
that a derivation Gg —p G1 —p ... —p Gy, is consistent with M iff for i = 0,...,n — 1, if the
leftmost atom of GG; is a non-basic atom A then A satisfies M.

The following properties of the operational semantics can be proved by induction on the length
of the derivations.

Lemma 7.2. Let P be a program and G a goal. GG succeeds in P iff there exists a substitution
9, called an answer substitution for G, such that for all goals G,

(Gl,Gg) '—)} G2’19

Lemma 7.3. Let P be a safe program w.r.t. mode M, let Eqs be a conjunction of equations,
and let G| be a goal without occurrences of disequations. For all goals G, if there exists a goal
(A", G") such that A’ is a non-basic atom which does not satisfy M and

(Egs, G1, G2) —p (A,G)
then there exists a goal (A", G") such that A” is a non-basic atom which does not satisfy M and
(Gla Eqsa GQ) H}; (Al’aG”)
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Lemma 7.4. Let Py,..., P, be a transformation sequence constructed by using the transfor-
mation rules 1-9. Let M be a mode for Py U Defs,, such that: (i) Py, UDefs, is safe w.r.t. M,
(ii) Py U Defs, satisfies M, and (iii) the applications of the unfolding, folding, head general-
ization, and case split rules during the construction of Py, ..., P, are safe w.r.t. M. Then, for
k=0,...,n, for all goals G, if all derivations from G using Py U Defs, are consistent with M,
then all derivations from G using Py are consistent with M.

Proof: By Proposition 7.1 we have that, for £k =0,...,n, the program Py is safe w.r.t. M.
The proof proceeds by induction on k.

The base case (k = 0) follows from the fact that all derivations from G using P, are also
derivations using Py U Defs,.

In order to prove the step case, we prove the following counterpositive statement:

for all goals (Ag,Gy), if there exists a goal (As,Gs) such that (A, Go) = (As, Gs) and
(A5, Gs) does not satisfy M, then there exists a goal (A;, Gy) such that (A, Go) —p, (A1, Gi)
and A; does not satisfy M.

We proceed by induction on the length s of derivation of (As, Gs) from (Ap, Go) using Pyy;.
As an inductive hypothesis we assume that, for all r < s and for all goals G, if there exists a
derivation G Py - Py (Ar, Gy) of length 7, such that A, does not satisfy M, then there
exists (4’,G') such that G =5, (A',G") and A’ does not satisfy M.

Let us consider the derivation (Ao, Go) = p,,, --- —p,,, (As,Gs) of length s, such that As does
not satisfy M.

If s=0 then G is (A, Gs) and (Ay, Gy) =P, (As, Gs) where Ay does not satisfy M.

If s > 0 then we may assume Ay # true, and we have the following cases.

Case 1: Ay is the equation t; =t5. Thus, by Point (1) of the operational semantics of Section
3.3, the derivation from (Ag, Gy) to (As, Gs) using Py is of the form:

(Ao, Go) = p,, Gomgu(ti,ta) =p,, - = p, (As, Gs)

By the inductive hypothesis there exists (A’, G') such that Go mgu(t1,t2) —=p (A',G') and A’
does not satisfy M. Thus, (4o, Go) =5, (A", G').

Case 2: Ay is the disequation ¢; #t9. The proof proceeds as in Case 1, by using Point (2) of the
operational semantics and the inductive hypothesis.

Case 3: Aj is a non-basic atom which satisfies M. (The case where Ay does not satisfy M is
subsumed by the case s =0.) By Point (3) of the operational semantics, the derivation from
(Ag, Go) to (As, Gg) using Py is of the form:
(Ao, Go) = p,,, (bd(E),Go)mgu(Ag, hd(E)) =p,,, ... —=p,, (As,Gs)
where F is a renamed apart clause in Py, 1.
If E € Py then (Ag, Go) —p, (bd(E),Go)mgu(Ag, hd(E)) and the thesis follows directly from
the inductive hypothesis.
Otherwise, if F € (Pyy1 — Pg), we prove that:

there exists a goal (A, Gy) such that (Ag, Go) =}, (Ar, Gt) and A; does not satisfy M (7)

by considering the following cases, corresponding to the rule which is applied to derive E.

Case 3.1: E is derived by applying the definition introduction rule. Thus, E € Defs, and (7)
follows from the inductive hypothesis and the hypothesis that Py U Defs,, satisfies M.
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Case 3.2: F is derived by unfolding a clause C' in Py of the form H + D,Gq, A, G5, where
D is a conjunction of disequations, w.r.t. the non-basic atom A. By Proposition 4.2 we
may assume that no disequation occurs in G, A, Gy. Let C4,...,Cy,, with m > 0, be the
clauses of Py such that, for all i € {1,...,m} A is unifiable with the head of C; via the
mgu ;.

Thus, E is of the form (H <+ D,Gy,bd(C;),G9)9;, for some i € {1,...,m}, and the
derivation from (Ag, Gy) to (As, Gs) using Py, is of the form:

(Ao,Gg) l—)pk+1 ((D,Gl,bd(oi),Gg)’I?i,Go)m l—)pk+1 l—)pk+1 (AS,GS)

where 7; is an mgu of Ag and Hd;. By the inductive hypothesis there exists (A’, G') such
that A’ does not satisfy M and:

((Da Gla bd(CZ)a GQ)ﬂia Gﬂ)nl H}k (A,a GI)
Since ¥; is mgu(A, hd(C;)), 9; is relevant, and vars(Go) Nwvars((A, hd(C;))) = 0, we have
that:
(Da Gla bd(CZ)a GQa GO)’ﬁZnZ H*Pk (A,a G’)
and thus, by the definition of the operational semantics (Point 1), we have that:
(A=hd(C;), Ag=H, D, G1,bd(C;), G2, Go) —p, (A, G")
Then, by properties of mgu’s, we have that:
(Ao=H, A=hd(C;), D, G1,bd(C;), G2, Go) —p, (A, G")
Since Ag satisfies M, C is safe, and C} is renamed apart, we have that vars(D mgu(Ag, H))N
vars(A, hd(C;)) = 0. Therefore, we have that (D mgu(Ag, H) mgu(A mgu(Ag, H), hd(C})))
= (D mgu(Ag, H)) and, thus:
(AO :H, D, A= hd(CZ), Gl, bd(CZ), GQ, Go) '—)}k (AI, G’)
Now, by Lemma 7.3, there exists a goal (A", G") such that:
(AO =H, D, Gl, Azhd(Ci), bd(CZ), GQ, Go) H}k (A”, G”)
where A” is a non-basic atom which does not satisfy M. There are two cases:
Case A. (Ag=H,D,G1) =}, (A",G") for some goal G". In this case, by using clause
C € Py, we have that:
(Ao, Go) =p, (D,G1,A,Gq,Go) mgu(Ag, H) —p (A", G")
for some goal G"".

Case B. There is no (A", G") such that (Ag=H, D,G1) —p_(A",G") and A" does not
satisfy M. In this case (Ag = H,D, Gy, A =hd(C;)) succeeds in Py. It follows that, for
some substitution 99,

(Ap=H,D,Gy, A=hd(C}),bd(C;), Ga, Gyp)
H}k (Azhd(CZ), bd(Ol), GQ, Gg)’ﬂ (by Lemma 7.2)
—p, (bd(C;), G2, Go)¥ mgu(AY, hd(C;))
(because mgu’s are relevant and C; is renamed apart)
H}k (AH’ GHH)
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for some goal G"". Thus,
(AOZHaDaGlaAa GQaGU)
—p, (4, G2, Go)V
—p, (bd(C;), G2, Go)d mgu(Ad, hd(C;))
H}k (AH’ GHH)
and therefore, by using clause C € Py,
(AO, GO) '_>*Pk (A/I’ GHH)
where A” is a non-basic atom which does not satisfy M. Thus, (1) holds.

Case 3.3: E is derived by a safe application of the folding rule (see Definition 4). In particular,

suppose that from the following clauses in Pj:

Ci. H <+ Gy, (A, K1)9,Go

Cm- H « Gla (AmaKm)ﬁa G2
and the following definition clauses in Defs;:

D;. newp(Xl, c ,Xh) — Al,Kl

Dy, newp(Xy,...,Xp) + A, Ky
we have derived the clause E of the form:
E. H + Gy, newp(Xq,...,Xp)0,Gs

where Property 3 of Definition 4 holds, that is, each input variable of newp (X7, ..., X,)d,
is also an input variable of at least one of the non-basic atoms occurring in

(H,Gy, A9, ..., An9).
Thus, the derivation from (Ag, Gg) to (As, G5) using Py is of the form:
(A07 GU) '_>Pk+1 (Gla ’I’Le’U)p(Xl, s 7Xh)793 GQa Go)mgU(Ao, H) H*Pk-H (Asa GS)

By the inductive hypothesis, there exists a goal (A’, G') such that A’ does not satisfy M
and the following holds:

(G1, newp(X1, ..., Xp)9, G2, Go)mgu(Ag, H) =5 (A", G")
There are two cases:

Case A: Gimgu(Ag, H) —p, (A',G") for some goal G". In this case we have that, for
some i € {1,...,m}, and for some goal G",

(Ao, Go) —p, (G, (4s, K;)Y,Ga, Go)mgu (Ao, H) (by using clause C; in Py)
S, (4.G7)
Thus, (1) holds.

Case B: There is no (A", G") such that Gimgu(Ao, H) —p (A", G") and A" does not
satisfy M. In this case Gymgu(Ag, H) succeeds in P, and thus, for some substitution «,

(Ao,Gg) H}k (newp(Xl, .. ,Xh)ﬁ,GQ,Gg)Oz H}k (A’,GI)
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By Property X, we have that newp(Xy,..., Xp)d« satisfies M.
It can be shown the following fact. Let us consider the set of all definition clauses with

head predicate newp in Defs, for any k € {0,...,n}:
newp(Xy,...,Xy) < Body,

newp(Xy, ..., Xy) < Bodyn

If for a substitution 8 and a goal G, the atom newp(Xy,...,X,)B satisfies M and
newp(X1,...,Xp)B8,G —p, (A,G"), where A" is a non-basic atom which does not sat-
isfy M, then for some ¢ € {1,...,m} we have that there exists a goal (A4;, G¢) such that
Body;8,G —p, (Ar, Gi), where Ay is a non-basic atom which does not satisfy M.

By using this fact, we have that, for some i € {1,...,m},
(AOa GU) H*Pk ((A’La K’L)ﬁa G2a GU)a H}k+1 (Ata Gt)
where A, is a non-basic atom which does not satisfy M and thus, (1) holds.

Case 3.4: E is derived by applying the head generalization rule. In this case (}) follows from
the inductive hypothesis and from the definition of the operational semantics (Point 1).

Case 3.5: E is derived by safe case split (see Definition 6) from a clause C' in Pg. By Proposition
4.2, we may assume that C is of the form: H <« D.B, where D is a conjunction of
disequations and in B there are no occurrences of disequations. Thus, E is of one of the
following two forms:

Ci. (H < D,B){X/t}

Co. H+ X#t,D.B
where X is an input variable of H, X does not occur in ¢, and for all variables Y € vars(t),
either Y is an input variable of H or Y does not occur in C.

Case A: F is C;. Thus, the derivation from (Ag,Go) to (As, Gs) using Pryq takes the
form:

(Ao, Go) = py, (D, B){X/t}, Go) mgu(Ag, H{X/t}) —p , (As,Gs)

By the inductive hypothesis, there exists a goal (A’, G') such that A’ does not satisfy M
and the following holds:

(D, B)(X/1}, Go) mgu(Ag, H{X/1)) 5}, (A',G)
By properties of mgu’s and Point (1) of the operational semantics, we have that:
Ag=H, X=t, D, B, Gy =}, (A,G")
By the conditions for safe case split, we have that:
vars((X =t) mgu(Ag, H)) Nwvars((D, B, Gy) mgu(Ao, H)) =0
and therefore:
Ao=H, D, B, Gy =}, (A.G)
Thus, by using clause C' € Py,
(Ao, Go) = p, (D, B, Go)mgu(Ag, H) =5, (A, G")
and (1) holds.
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Case B: E is Cy. Thus, the derivation from (Ag, Gg) to (As, Gs) using Pryq takes the
form:

(Ao, Go) —p,,, (X#t,D,B,Go) mgu(Ag, H) Py (A, Gy)
By the inductive hypothesis, there exists a goal (A’, G') such that A’ does not satisfy M
and:

(X#t, D, B,Go) mgu(Ao, H) —p_(A',G')
Since the answer substitution for any successful disequation is the identity substitution,
we have that:

(D, B, Go) mgu(Ag, H) —7p, (A", G')
Thus, by using clause C' € Py, we have that

(Ao, Go) =p, (A, G)
and (1) holds.

Case 3.6: FE is derived by applying the equation elimination rule. In this case (}) is a conse-
quence of the inductive hypothesis, Point (1) of the operational semantics, the safety of
Py, and Lemma 7.3.

Case 3.7: E is derived by applying the disequation replacement rule. In this case (f) is a
consequence of the inductive hypothesis, Point (2) of the operational semantics, and the
properties of unification. O

From Lemma 7.4 and Definition 1 we have the following proposition.

Proposition 7.5 (Preservation of Modes) Let P,..., P, be a transformation sequence con-
structed by using the transformation rules 1-9. Let M be a mode for Py U Defs, such that:
(i) Po U Defsy, is safe w.r.t. M, (ii) Py U Defs,, satisfies M, and (iii) the applications of the un-
folding, folding, head generalization, and case split rules during the construction of Py,..., P,
are safe w.r.t. M. Then, for £k =0,...,n, the program P satisfies M.

Partial Correctness

For proving the partial correctness of the transformation rules w.r.t. the operational semantics
(that is, Proposition 7.8), we will use the following two lemmata.

Lemma 7.6. Let P be a safe program w.r.t. mode M, let Eqgs be a conjunction of equations,
and let G be a goal without occurrences of disequations. For all goals Go, if
(E'qs, Gl, GQ) l—>*P G2’19
then either
(G1, Egs, G2) —p Ga1
or there exists a goal (A’, G') such that A’ is a non-basic atom which does not satisfy M and
G, —p (A, G)

Lemma 7.7. Let Py,..., P, be a transformation sequence constructed by using the transfor-
mation rules 1-9. Let M be a mode for Py U Defs,, such that: (i) Py U Defs, is safe w.r.t. M,
(ii) PyU Defs, satisfies M, and (iii) the applications of the unfolding, folding, head generalization,
and case split rules during the construction of Py,..., P, are all safe w.r.t. M.
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Then, for k =0,...,n — 1, for each goal G, if there exists a derivation G —p,_,, ... —p, true
which is consistent with M, then G H*PkUDefs true, that is, G succeeds in Py U Defs,,.

Proof: By hypotheses (i-iii), and Propositions 7.1 and 7.5, for £k = 0,...,n, program Py is safe
and satisfies M. Let G be a goal of the form (Ag, Go), such that there exists a derivation

6: (Ao, Go) =Py, - Py, true
which is consistent with M. We will prove that:
(Ag, Go) b UDefs, TTUE

The proof proceeds by induction on the length s of the derivation §.
Base Case. For s = 0, the goal (Ap, Gy) is true and the thesis follows from the fact that true
succeeds in all programs.

Step Case. Let us now assume the following

Inductive Hypothesis: for all r < s and for all goals G, if there exists a derivation G —p,_,
.-+ Py, true of length r which is consistent with M, then G —p, p.s, true.

There are the following three cases.

Case 1: Ag is the equation t; =t9. By Point (1) of the operational semantics of Section 3.3, the
derivation ¢ is of the form:

(tl :tQ,Go) i—)pk+1 GO mgu(tl,tg) i—>pk+1 '—)pk+1 true

Thus, the derivation Go mgu(t1,t2) =p,, ... = p,,, true has length s — 1 and it is consistent
with M. By the inductive hypothesis there exists a derivation Gy mgu(t1, t2) —p, true. Thus,
(Ao, Go) —p, true and (Ao, Go) succeeds in Py U Defsy,.

Case 2: Ay is the disequation t; #t9. The proof proceeds as in Case 1, by using Point (2) of the
operational semantics and the inductive hypothesis.

Case 3: Ay is a non-basic atom which satisfies M (otherwise there is no derivation starting from
(Ao, Go) which is consistent with M). By Point (3) of the operational semantics, the derivation
0 is of the form:

(Ag, Go) i—>pk+1 (bd(E), Gg)mgu(Ao, hd(E)) '_>Pk+1 C '_>Pk+1 true

where F is a renamed apart clause in Py, .

If E € Py then (Ay, Go) —p, (bd(E),Go)mgu(Ag, hd(E)) and the thesis follows directly from
the inductive hypothesis.

Otherwise, if E € (P41 — Pg), we prove that (Ag, Gg) succeeds in Py U Defs,, by considering the
following cases, which correspond to the rules applied for deriving FE.

Case 3.1: FE is derived by applying the definition introduction rule. Thus, F is a clause in
Defs,, of the form: newp(Xy,...,X},) « B and the derivation 0 is of the form:

(newp(t1,...,tn), Go) = pefs, (B{X1/t1,..., Xun/tr},Go) =p,, - =P, lrue
By the inductive hypothesis, we have that:

(B{X1/t1,..., Xn/tn}, Go) —p, true
and thus,

(newp(tr, ... tn), Go) = b upess, true
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Case 3.2: F is derived by unfolding a clause C' in Py of the form H + D,Gy, A, Gy, where
D is a conjunction of disequations, w.r.t. the non-basic atom A. By Proposition 4.2 we

may assume that no disequation occurs in G, A, Gy. Let C4,...,Cy,, with m > 0, be the
clauses of Py such that, for all i € {1,...,m} A is unifiable with the head of C; via the
mgu ;.

Thus, F is of the form (H <+ D,Gy,bd(C;),G2)9;, for some i € {1,...,m}, and the
derivation ¢ is of the form:

(Ao, Go) = p,,, ((D,G1,bd(C;),G2)0i, Go)ni =Py --- Py, true
where 7; is an mgu of Ay and H#;. By the inductive hypothesis we have that:
((D, G1,bd(C}), G2)9i, Go)ni —p, true
Since ¥; is mgu(A, hd(C;)), 9; is relevant, and vars(Go) N vars((A, hd(C;))) = 0, we have
that:
(D, G1,bd(C;), Ga, Go)Iin; —p, true
and thus, by the definition of the operational semantics (Point 1), we have that:
(A=hd(C;), Ag=H, D,G1,bd(C;), G2, Go) —p, true
Then, by properties of mgu’s, we have that:
(Ag=H,A=hd(C;), D,G1,bd(C;), Ga, Gyp) =, true

Since Ag satisfies M, C is safe, and C; is renamed apart, we have
that wvars(D mgu(Ag, H)) N wars(A,hd(C;)) = 0. Therefore, we have that
(D mgu(Ao, H) mgu(A mgu(Ao, H),hd(C;))) = (D mgu(Ag, H)) and, thus:
(AO =H,D, A= hd(CZ), Gl, bd(CZ), GQ, Go) l—>*Pk true
Now, by Lemma 7.6, there are the following two cases.
Case A. (AO =H,D, Gl, Azhd(Oi), bd(CZ), GQ, Go) l—>*Pk true
In this case, by Points (1) and (3) of the operational semantics we have that:
(Ap=H,D,Gq,A,Gs,Gy) —p, true
and thus, by using clause C' in Py,
(Ao, Go) —p, true
Case B. There exists a goal (A’, G') such that:
(AO =H7 Da Gl) H}k (A’a GI)

where A’ is a non-basic atom which does not satisfy the mode M. In this case we have
that, for some goal G”,

Ao —p, (A, G")
which is impossible because Ay and Py satisfy M.

Case 3.3: E is derived by a safe application of the folding rule (see Definition 4). In particular,
suppose that from the following clauses in Pj:
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Cy. H+ G1,(A1,K1)9,G,
Cm H«+ Gi,(An, Kp)Y,Gy
and the following definition clauses in Defsy:
Dy. newp(Xy,...,Xp) « A1, Ky
Dm newp(Xy,...,Xp) < Am, K
we have derived the clause E of the form:

E. H + Gy, newp(Xy,...,Xp)0,Go

where Property 3 of Definition 4 holds, that is, each input variable of newp (X7, ..., X,)?,
is also an input variable of at least one of the non-basic atoms occurring in {H, G, A9,
ey AUt

3 m

Thus, the derivation § is of the form:
(Ao, Go) = p,,, (Gr,newp(Xy,..., Xp)d, Ga, Go)mgu(Ag, H) —p,,, true
By the inductive hypothesis, the following holds:
(G1,newp (X1, ..., Xp)d, Ga, Go)mgu(Ao, H) —p,_true
and therefore, for some substitution «,
(Ao, Go) —=p, (newp(X1,..., Xp)0,Ge, Go)a =, true
By Property X, we have that newp(Xy,..., X,)d« satisfies M.
It can be shown the following fact. Let us consider the set of all definition clauses with

head predicate newp in Defs, for any k € {0,...,n}:

newp(Xy,...,Xy) < Body,

newp(Xy, ..., X) < Bodyn

If for a substitution g for a goal G, the atom newp(Xy,...,X)B, G satisfies M and we
have that newp(X1,...,Xp)B,G —p, true, then for some 7 € {1,...,m} we have that
Body;8 —p, true.

By using this fact, we have that, for some i € {1,...,m},

(A07 GU) '_>>11<3k ((Ala Kz)’ﬂa GQa Gﬂ)a H}k true

Case 3.4: E is derived by applying the head generalization rule. In this case (Ao, Go) —p, true

follows from the inductive hypothesis and from the definition of the operational semantics
(Point 1).

Case 3.5: E is derived by safe case split (see Definition 6) from a clause C' in P;. By Proposition

4.2, we may assume that C is of the form: H < D.B, where D is a conjunction of
disequations and in B there are no occurrences of disequations. Thus, E is of one of the
following two forms:

C1. (H + D, B){X/t}
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Co. H+ X#t,D.B
where X is an input variable of H, X does not occur in ¢, and for all variables Y € vars(t),
either Y is an input variable of H or Y does not occur in C.
Case A: E is C;. Thus, the derivation ¢ takes the form:
(Ao, Go) —p,,, ((D,B){X/t},Go) mgu(Ao, H{X/t}) ey, LTue
By the inductive hypothesis, we have that:
((D, B){X/t}, Go) mgu(A¢, H{X/t}) —p_ true
By properties of mgu’s and Point (1) of the operational semantics, we have that:
(Ao=H, X=t, D, B, Gy) —p, true
By the conditions for safe case split, we have that:
vars((X =t) mgu(Ag, H)) Nvars((D, B, Gy) mgu(Ao, H)) =0
and therefore:
(Ao=H, D, B, Go) —p, true
Thus, by using clause C' € P,
(Ag,Go) —p, (D, B, Go)mgu(Ao, H) l—)}‘gk true
Case B: E is Cy. Thus, the derivation § takes the form:
(Ao, Go) —p,,, (X#t,D,B,Go) mgu(Ag, H) i—)}‘gkﬂ true
By the inductive hypothesis, we have that:
(X#t,D, B,Go) mgu(Ao, H) —7p,_ true
Since the answer substitution for any successful disequation is the identity substitution,
we have that:

(D, B,Go) mgu(Ag, H) —7p_ true
Thus, by using clause C' € Py,
(Ao, Go) —p, true

Case 3.6: E is derived by applying the equation elimination rule. In this case (4q, Go) —p, true
is a consequence of the inductive hypothesis, Point (1) of the operational semantics, the
fact that Py is safe and satisfies M, and Lemma 7.6.

Case 3.7: F is derived by applying the disequation replacement rule. In this case (Ag, Go) =P,
true is a consequence of the inductive hypothesis, Point (2) of the operational semantics,
and the properties of unification. O

Proposition 7.8 (Partial Correctness) Let Fy,..., P, be a transformation sequence con-
structed by using the transformation rules 1-9. Let M be a mode for Py U Defs, such that:
(i) Py U Defs,, is safe w.r.t. M, (ii) Py U Defs, satisfies M, and (iii) the applications of the un-

folding, folding, head generalization, and case split rules during the construction of Py,..., P,
are all safe w.r.t. M.
Then, for £ = 0,...,n, for each non-basic atom A which satisfies mode M, if A succeeds in P

then A succeeds in Py U Defsy.

Proof: By Proposition 7.5, Py is safe and therefore, if a non-basic atom A satisfies mode M and
succeeds in Py, then every successful derivation from A is consistent with M. Thus, the thesis
follows from Lemma, 7.7. O
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Completeness

For the proofs of Propositions 7.1 (Preservation of Safety), 7.5 (Preservation of Modes), and 7.8
(Partial Correctness), we have proceeded by induction on the length of the derivations and by
cases on the rule used to derive program Pjy; from program Pj. For the proof of Proposition
7.18 below (Completeness), we will proceed by induction w.r.t. more sophisticated well-founded
orderings. This proof technique is a suitable modification of the one based on weight consistent
proof trees [11, 37].

The following definition introduces some well-founded orders and other notions which are
needed for the proofs presented in this section.

Definition 13. (i) Given a derivation § of the form Gy —p G; —p ... —p G,, we denote by
A(6) the number of goals G; in ¢ such that G; is of the form (A, K) where A is a non-basic atom.
(ii) We define the following functions p and v which given a program and a goal return either a
non-negative integer or oo (we assume that, for all non-negative integers n, oo > n):

M(PaG):{

min{A(J) | J is a successful derivation of G in P} if G succeeds in P
00 otherwise

(P, G) = min{n | n is the length of a successful derivation of G in P} if G succeeds in P
] o otherwise

(iii) Given a program P and two goals G and Go, we write Gy =p Go iff u(P,G1) > u(P,Gs).
Similarly, we write Gy =p Go iff u(P,G1) > u(P, Gs).

(iv) Given two programs P and @, we say that a derivation Gy —p Gy —p ... =p G, is
quasi-decreasing w.r.t. ¢ iff for i = 0,...,z — 1, either (1) G; >¢g Giy1 or (2) the leftmost atom
of G is a basic atom and G; =¢ Git1.

(v) Let P a program and G, G2 be goals. If there exists a derivation § from Gy to G5 such that
A(0) = s, then we write G —% Ga.

For any program P the relation > p is a well-founded order and, for all goals G1, G4, and G3,
we have that G; =p G5 and Gy >=p G35 implies G =p G3.

Lemma 7.9. Let P be a program and G be a goal. If G succeeds in P then G has a derivation
which is quasi-decreasing w.r.t. > p.

Proof: The derivation ¢ from G using P such that A(d) < A\(¢") for all successful derivations ¢’
from G, is quasi-decreasing w.r.t. >p. O

Lemma 7.10. Let M be a mode for program P, such that P is safe w.r.t. M and P satisfies M.
Let Egs be a conjunction of equations, and Gy, G1, G2 be goals. Suppose also that no disequation
occurs in G and all derivations from the goal (G, G1) are consistent with M. Then:

(i) (Go, G1, Egs, G2) —p true iff (Go, Egs, G1, G2) —p true
(11) ,u(Pa (Gﬂa G1, Egs, GQ)) = ,u(Pa (Goa Eqs, Gy, GQ))

(iii) v(P, (Go, G1, Eqs, G9)) = v(P, (G, Eqs, G1, G3))

Proof: By induction on the length of the derivations. O
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Lemma 7.11. Let M be a mode for program P, such that P is safe w.r.t. M and P satisfies
M. Let ¥ be a substitution and Gy, G, G2 be goals. Suppose also that no disequation occurs
in G5 and all derivations from the goal (G, G2) are consistent with M. Then:

(i) if (Go, Gi, G2)9 =% true then (Go, Ga) —p true
(i) u(P; (Go, G1,G2)0) > p(P, (Go, G2))
(iii) v(P, (Go, G1,G2)9) > v(P, (Go, Ga))
Proof: By induction on the length of the derivations. O

Lemma 7.12. Let M be a mode for program P, such that P is safe w.r.t. M and P satisfies M.
Let Disegs be a conjunction of disequations and G be a goal. Suppose also that vars(Disegs) N
vars(G) = (). Then:

(i) (G, Diseqs) w75 true iff (Diseqs, G) —% true
(ii) (P, (G, Diseqs)) = u(P, (Disegs, G))
(iii) v(P, (G, Diseqs)) = v(P, (Disegs, G))
Proof: The proof proceeds by induction on the length of the derivations. O

Let us consider a transformation sequence Py, ..., P, constructed by using the transformation
rules 1-9 according to the hypothesis of Theorem 4.1. For reasons of simplicity we assume that
each definition clause is used for folding, and thus, by Condition 1 of Theorem 4.1, it is unfolded
during the construction of F,...,FP,. We can rearrange the sequence Fy,..., P, into a new
sequence Py, ..., PyUDefsy, ..., Pj,..., P,..., P, such that: (1) Py, ..., PhUDefsy is constructed
by applications of the definition introduction rule, (2) Py U Defsy, ..., P; is constructed by
unfolding every clause in Defs,, (3) P;,..., P, is constructed by applications of rules 3-9, and
(4) either I = norl =n — 1 and P, is derived from P,_; by an application of the definition
elimination rule w.r.t. predicate p.

Throughout the rest of this section we will refer to the transformation sequence Py,..., Py U
Defsy, ..., Pj,..., P, constructed as indicated above. We also assume that M is a mode for
Py U Defs,, such that: (i) Py U Defs,, is safe w.r.t. M, (ii) Py U Defs, satisfies M, and (iii) the
applications of the unfolding, folding, head generalization, and case split rules during the con-
struction of Py,..., P, are all safe w.r.t. M.

Thus, by Propositions 7.1 and 7.5, for £ =0, ..., n, program Py is safe and satisfies M.

Lemma 7.13. Let us consider the transformation sequence P,...,Py U Defsy,...,P; con-
structed as indicated above. Then the following properties hold.

(i) For all clauses newp(Xy,...,Xy) < Body in Defs,, for all substitutions ¢, and for all goals
G1, G2, such that all derivations from (G, Bodyd, G2) using P; are consistent with M, we have
that:

(i.l) (Gl, Body 79, GQ) tpj (Gl, newp(Xl, e ,Xh)ﬂ, GQ);

(i.2) all derivations starting from (G, newp(Xy,..., Xp)9, Go) using P; are consistent with M;
(ii) for all non-basic atoms A satisfying M, if A succeeds in Py U Defsy, then A succeeds in P;.

Notice that, by Point (i.1), if (G1, Body ¥, G) succeeds in P;j then (G, newp(X1,..., Xp)d, Ga)
succeeds in Pj.
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Proof: By induction on the length of the derivations. O
For the proof of the following Lemma 7.15 we will use the following property.

Lemma 7.14. Let us consider the transformation sequence Pj,..., P, and the mode M for

Py U Defs,, as indicated above. For k = j,...,[ and for all goals G; and G5 such that there

exists a derivation G| —p, ... = p, Go, if all derivations from G using P; are consistent with

M then all derivations from G5 using P; are consistent with M.

Proof: The proof proceeds by induction on & and on the length of the derivation G| —p,

... —p, G2. We omit the details. O
Lemma 7.15. Let us consider the transformation sequence Pj,..., P, and the mode M for
Py U Defsy, as indicated above. Let G be a goal such that (i) no disequation occurs in G and
(ii) all derivations from G using P; are consistent with M. For k = j,...,[, if G has a successful

derivation in P;, then G has a successful derivation in Py which is quasi-decreasing w.r.t. >p,.

Proof: Let us consider the following ordering on goals:
Gi1 > Gy iff either Gy > P; Go or G tpj G5 and I/(Pj,Gl) > I/(Pj,GQ).

> is a well-founded order.
The proof proceeds by induction on k.

Base Case. The case k = j follows from Lemma 7.9.
Step Case. For k > 7 we assume the following:

Inductive Hypothesis (11). For each goal G' such that no disequation occurs in G' and all
derivations from G’ using P; are consistent with M, if G’ has a successful derivation in P;, then
G’ has a successful derivation in P}, which is quasi-decreasing w.r.t. > P;-

Let us now consider a goal G of the form (Ay, Go) such that no disequation occurs in (Ag, Go)
and all derivations from (Ao, Go) using P; are consistent with M. Let us assume that there
exists a derivation of the form:

d: (Ao,Go) —p, ... —p, true

which is quasi-decreasing w.r.t. > p,.
We wish to show that there exists a derivation of the form:

6"t (Ao, Go) =p,, - Py, true

which is quasi-decreasing w.r.t. = p,. We prove the existence of such a derivation ¢’ by induction
on the well-founded order >.
We assume the following:

Inductive Hypothesis (12). For each goal G such that no disequation occurs in G and all deriva-
tions from G using P; are consistent with M and (Ag, Go) > G, if there exists a derivation of
the form:

G —p, ... —p, true

which is quasi-decreasing w.r.t. ~p,, then there exists a derivation of the form:
G —p,, - P, true

which is quasi-decreasing w.r.t. > p;.

Now we proceed by cases.
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Case 1: Ap is the equation t; =t9. By Point (1) of the operational semantics of Section 3.3, the
derivation ¢ is of the form:

(tl :tQ, Go) i—)pk GU mgu(tl,tQ) i—)pk .. '—)pk true
Let us consider the derivation:

Gomgu(ty,t2) —p, ... —p, true
By Proposition 7.8, we have that both (t; =12, Gy) and G mgu(ti,t2) succeed in P;. Moreover,
by Point (1) of the operational semantics v (P}, (t1 = t2,Go)) > v(P;, Go mgu(ti,t2)). Thus,
(t1 = ta, Gy) > Go mgu(ty,t2) and, by the inductive hypothesis (12), there exists a successful
derivation of the form:

Gomgu(ti,ta) =p,,, - =P, true
which is quasi-decreasing w.r.t. = p,. Since (t; =12, Go) =p, Go mgu(t1,12), the following deriva-
tion:

(tl :tQ, Go) i—)pk+1 GO mgu(tl, tg) i—>pk+1 . i—)pk+1 true
is quasi-decreasing w.r.t. > p;.
Case 2: Ay is a non-basic atom which satisfies M (otherwise there is no derivation starting from
(Ao, Go) which is consistent with M). By Point (3) of the operational semantics, in Py there
exists a renamed apart clause C, such that the derivation ¢ is of the form:

(Ag,Go) =Py, (bd(C),Go)mgu(Ag,hd(C)) =P, P, true
By Proposition 4.2 we may assume that clause C is of the form H < Diseqs, B, where Diseqs
is a conjunction of disequations and B is a goal without occurrences of disequations. Thus,
Diseqs mgu(Ag, H) succeeds and 4 is of the form:

(Ao, Go) —p, (Disegs, B,Go)mgu(Ag, H) —p, ... —=p, (B,Go)mgu(Ag, H) —p, ... —p, true
If C' € P44 then there exists a derivation:

(Aﬂa GO) '_>Pk+1 (Diseqs, B7 Gg)mgU(Ag, H) '_>Pk+1 Cee '_>Pk+1 (Ba Gg)mgU(Ag, H)
and the thesis follows from the inductive hypothesis (I2), because we have that (Ao, Go) > p,
(B, Go)mgu (Ao, H) (recall that ¢ is quasi-decreasing w.r.t. =p,).

Otherwise, if C' € (P — Py11), we construct the derivation &’ by considering the following cases,
which correspond to the rules applied for deriving Py, from P.

Case 2.1: Pgq is derived by unfolding clause C' in P w.r.t. a non-basic atom, say A. Thus,
clause C is of the form H <+ Diseqs,G1,A,Gy. Let Cq,...,C,,, with m > 0, be the
clauses of P, such that, for ¢ = 1,...,m, A is unifiable with the head of C;. Thus,
Py = (P — {C})U{Dy,...,Dp}, where for i = 1,...,m, D; is the clause (H <
Diseqs, G1,bd(C;), Go) mgu(A, hd(C;)). For reasons of simplicity we assume that for 7 =
1,...,m, no disequation occurs in bd(C;). In the general case where, for some i €
{1,...,m}, bd(C;) has occurrences of disequations, the proof proceeds in a very simi-
lar way, by using Proposition 4.2, Lemma 7.12, and the hypothesis that all applications of
the unfolding rule are safe (see Definition 3).

The derivation ¢ is of the form:
(Ao, Go) —p, (Disegs,G1,A,Ga,Go)mgu(Ag, H) —p, ... —p, true

From the fact that ¢ is quasi-decreasing w.r.t. >p,, from Point (1) of the operational
semantics, and from the definition of - p,, we have that:
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(Ao, Go) =p; (Ao=H, Disegs, G1, A, G2, Go)
and the derivation

(Ag=H, Diseqs,G1, A, G2, Gy) —p, ... —p, true
is quasi-decreasing w.r.t. > p,.

Thus, by Points (1) and (3) of the operational semantics, there exists a clause in Py, say
C;, such that the derivation

(AO = H, Diseqs, Gl, Azhd(Oi), bd(C,), GQ, Go) =P, P, true
is quasi-decreasing w.r.t. > p,. Moreover, we have that:
(Ao, Gg) ~P; (AO =H, Diseqs, G, Azhd(Oi), bd(CZ), G, Go)

Since all derivations from (A, Go) using P; are consistent with M, we have that all
derivations from (Ao = H, Disegs,G1) using P; are consistent with M, and therefore,
by Lemma 7.4, all derivations from (Aq= H,G1) using Pj are consistent with M. Then,
since no disequation occurs in G1, by Lemma 7.10, there exists a derivation

(Ag=H, Diseqs, A=hd(C;),G1,bd(C;), G2, Go) —p, ... —p, true
which is quasi-decreasing w.r.t. > p,. Moreover, we have that:

(Ao, Go) =p; (Ao=H, Diseqs, A=hd(C;), G1,bd(C;), G, Go).
Now, since by Lemma 7.1 all clauses in Py are safe, we have that:

vars(Diseqs mgu(Ag, H)) N vars((A=hd(C;))mgu(Ag, H)) = 0
and therefore, by using properties of mgu’s, there exists a derivation

(A=hd(C;), Ag=H, Disegs, G1,bd(C;), G2, Go) +p, ... —p, true

which is quasi-decreasing w.r.t. =p,. Let 9; be mgu(A, hd(C;)) and n; be mgu(Ag, H 19;)).
By Points (1) and (2) of the operational semantics, we have that Disegs 9; n; succeeds and
there exists a derivation of the form

((G1,bd(C;),G2) 94, Go) i —p, ... —p, true
Moreover, we have that:

(Ao, Go) =p; ((G1,bd(Cs), Ga) ¥, Go) mi (*)
and thus, by the inductive hypothesis (I12), there exists a derivation of the form

((Gl,bd(Ci),GQ) 191',G0) ;i i—)pk+1 i—)pk+1 true

which is quasi-decreasing w.r.t. > p;.

Since Diseqs ¥; n; succeeds, by using clause D; in Py for the first step, we can construct
the following derivation:

(Ao, Go) = p,., ((Disegs,G1,bd(C;), G2) 9, Go) ni =Py, -+ =Py, true

which, by property (*), is quasi-decreasing w.r.t. = p,.
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Case 2.2: P44 is derived from Py by a safe application of the folding rule (see Definition 4).
In particular, suppose that clause C is one of the following clauses occurring in Py:

Ci. H + Diseqs,Gl, (Al,Kl)'ﬂ,GQ
Cm. H < Diseqs, Gy, (Am, Kn)Y, G

where Disegs is a conjunction of disequations and no disequation occurs in (G1, Gy). We
also suppose that the following definition clauses occur in Defsy:

D;. newp(Xl, B ,Xh) — Al,Kl
Dy, newp(Xy,...,Xp) + A, Ky
and we have derived a clause F of the form:
E. H + Diseqs, Gy, newp(Xy,...,Xp)9, Gy

where Property 3 of Definition 4 holds, that is, each input variable of newp (X7, ..., X)?,

is also an input variable of at least one of the non-basic atoms occurring in
(H,G1,A19,..., Apn9).

Thus, Pk-l—l = (Pk - {Claaom}) U {E}

We may assume, without loss of generality, that clause C is C1, and the derivation 9§ is of
the form:

(Ao, Go) —p, (Disegs,G1, (A1, K1)9, G, Go)mgu(Ag, H) —p, ... —p, true

Thus, Diseqs mgu(Ag, H) succeeds and, since § is consistent with M, by Lemma 7.7, we
have that (G, (A1, K1)9, Ga, Go)mgu(Ag, H) succeeds in P;.

Moreover, by Lemma 7.14, all derivations from (G, (41, K1)¥, Ga2, Go)mgu(Ay, H) using
Pj are consistent with M.

Thus, by Lemmata 7.9 and 7.13, all derivations from
(G, newp(X1,...,Xp)0, G, Go)mgu(Ag, H) using P; are consistent with A and
there exists a derivation of the form:

(G1,newp(Xi, ..., Xp)9, Ga, Go)mgu(Ag, H) —p, ... —p, true
which is quasi-decreasing w.r.t. =p,.

No disequation occurs in (G, newp(Xy,..., Xp)9, Go, Go)mgu(Ag, H), and thus, by the
inductive hypothesis (11), there exists a derivation of the form:

(G, newp(X1,...,Xp)0,Ga, Go)mgu(Ag, H) —p, ... —p, true

which is quasi-decreasing w.r.t. > p;.

Since § is quasi-decreasing w.r.t. =p,, by Lemma 7.13, we also have that:
(Ao, Go) > (G1,newp(Xq,...,Xp)Y, Go, Go)mgu(Ay, H)

Thus, by the Inductive hypothesis (12), there exists a derivation
(G1,newp(X1,...,Xp)0, G2, Go)mgu(Ag, H) —p, ., ... —p,, true

which is quasi decreasing w.r.t. > p;.
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Since Diseqs mgu(Ap, H) succeeds, by using clause E € Py, we can construct the follow-
ing derivation

(Ao, Go) —p,,, (Disegs,G1,newp (X1, ..., Xp)0, G2, Go)mgu(Ag, H) —p, ., ...
Py true
which is quasi-decreasing w.r.t. =p,. Indeed,
(Ao, Go) =p, (Disegs,G1, (A1, K1)9, G2, Go)mgu(Ag, H)
(because ¢ is quasi-decreasing)
=p; (Disegs, G, newp (X1, ..., Xp)9, Go, Go)mgu(Ag, H)
(by Lemma 7.13)
Case 2.3: Py.q is derived by deleting clause C from Py by applying the subsumption rule.
Thus, clause C is of the form (H < Disegs, G1,G3)9 and there exists a clause D in Py of

the form H <+ Diseqs, G1. By Proposition 4.2 we may assume that no disequation occurs
in Gl.

Thus, the derivation (4) is of the form:
(Ao, Go) —p, ((Disegs,G1,G2)9,Go)mgu(Ag, HY) —p, ... —p, true

Since all derivations starting from (Ag, Go) using Py are consistent with M and, by using
clause D, (Ao, Go) —p, (Disegs,G1,Go)mgu(Ag, H), we have that all derivations starting
from (Diseqs, G1,Go)mgu(Ag, H) using Py, are consistent with M. Moreover, no disequa-
tion occurs in Gy and therefore, by Lemma 7.11, there exists a derivation

(Ao, Go) —p, (Disegs,G1,Go)mgu(Ag, H) —p, ... —p, true

which is quasi-decreasing w.r.t. = p,. Thus, (Disegs mgu(Ag, H)) succeeds and there exists
a derivation

(G1,Go)mgu(Ag, H) —p, ... —p, true

which is quasi-decreasing w.r.t. = p,. Since (Ao, Go)>(G1, Go)mgu(Ag, H), by the inductive
hypothesis (I2), there exists a derivation

(G1,Go)mgu(Ag, H) =p,,, ... —p,,, true

which is quasi-decreasing w.r.t. p,. Since D belongs to Py and (Disegs mgu(Ag, H))
succeeds, there exists a derivation

(Ao, Go) = p,,, (Disegs,G1,Go)mgu(Ao, H) —p,,, ... —p,,, true

which is quasi-decreasing w.r.t. =p,.

Case 2.4: Pyyq is derived from Pj by applying the head generalization rule to clause C'. Thus,
C is of the form H{X/t} < Body and Py = (P, — {C}) U{GenC}, where clause GenC
is of the form H <+ X =t, Body.

In this case we can show that we can construct the derivation §’ which is quasi-decreasing
w.r.t. = p;, by using (i) Point (1) of the operational semantics, (ii) the inductive hypothesis
(I2) and (iii) the fact that, for all goals of the form (¢; =t3, G), where ¢; and t3 are unifiable
terms, and for all programs P, u(P, (t1 =t2, G))=u(P, Gmgu(ti,ts)).
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Case 2.5: Py is derived from Py, by applying the safe case split rule (see Definition 6) to clause
C. By Proposition 4.2, we may assume that C is a clause of the form H < Disegs, B, where
Disegs is a conjunction of disequations and B is a goal without occurrences of disequations.
We also assume that from C' we have derived two clauses of the form:

Ci. (H <+ Disegqs, B){X/t}

Co. H + X #t, Diseqs, B
where X is an input variable of H, X does not occur in ¢, and for all variables Y € vars(t),
either Y is an input variable of H or Y does not occur in C.
We have that Py 1 = (P, — {C}) U {C4,Ca}. The derivation ¢ is of the form:

(Ao, Go) —p, (Disegs, B,Go) mgu(Ag, H) —p, ... —p, true

Thus, (Diseqs mgu(Ag, H)) succeeds and, since ¢ is quasi-decreasing, we have that
(Ao, Go) > (B, Go) mgu(Ag, H). The goal (B, Gy) mgu(Ag, H) has no occurrences of dise-
quations and, by the inductive hypothesis (I12), there exists a derivation

(B,Go) mgu(Ao, H) =p, ., ... —p,,, true

which is quasi-decreasing w.r.t. =p,. Since (Disegs mgu(Ag, H)) succeeds, there exists a
derivation

(Disegs, B, Go) mgu(Ao, H) wp, | ... —p,,, true
which is quasi-decreasing w.r.t. > p;.

Since X is an input variable of H, there exists a binding X/u in mgu(Ag, H) where u is a
ground term. We consider the following two cases.

Case A: t and u are unifiable, and thus, u is an instance of ¢. In this case Ag and H{X/t}
are unifiable and, by the hypotheses on X /¢, we have that:

(Disegs, B, Gy) mgu(Ag, H) = ((Disegs, B){X/t}, Go) mgu(Ao, H{X/t})
Thus, we can construct a derivation of the form:

(Ao, Go) = p,,, ((Disegs, B){X/t}, Go) mgu(Ao, H{X/t}) —p,,, ... = p,,, true
which is quasi-decreasing w.r.t. > p;.

Case B: t and u are not unifiable. Thus, (X # t)mgu(Ag, H) succeeds and the following
derivation is quasi-decreasing w.r.t. >p,.

(Ao, Go) +p,,, (X#t, Disegs, B, Go) mgu (Ao, H)
=Py, (Disegs, B, Go) mgu(Ag, H) =p,,, ... = p,,, true
Case 2.6: Py is derived from Py by applying the equation elimination rule to clause C. In
this case the existence of a derivation
(Ao, Go) =Py - Py, true

which is quasi-decreasing w.r.t. >p,, can be proved by using (i) the inductive hypothesis
(I2), (ii) Point (1) of the operational semantics, (iii) the fact that Py is safe and satisfies
M, and (iv) Lemma 7.10.

Case 2.7: Pgyq is derived from Py by applying the disequation replacement rule to clause C.
In this case the existence of a derivation
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(Ao, Go) =P,y --- Py, true

which is quasi-decreasing w.r.t. >p,, can be proved by using (i) the inductive hypothesis
(I2), (ii) Point (2) of the operational semantics, and (iii) the properties of unification.

Lemma 7.16. Let us consider the transformation sequence Pj,..., P, and the mode M for
Py U Defs,, as indicated above. For k = j,...,l, for each non-basic atom A which satisfies mode
M, if A succeeds in P; then A succeeds in Py.

Proof: 1t follows from Lemma 7.15, because if an atom A satisfies M and succeeds in P;,
then A has a successful derivation in P; which is consistent with M and quasi-decreasing w.r.t.
=p;. Indeed, by Proposition 7.5, P; satisfies M, and thus, all derivations starting from A are
consistent with M. O

Lemma 7.17. If program P, is derived from program P,_; by an application of the definition
elimination rule w.r.t. a non-basic predicate p, then for each atom A which has predicate p, if
A succeeds in Py U Defs,, then A succeeds in P,.

Proof: If A has predicate p then p depends on all clauses which are used for any derivation
starting from A. Thus, every derivation from A using Py U Defs,, is also a derivation using P,.
O

Proposition 7.18 (Completeness) Let Py, ..., P, be a transformation sequence constructed
by using the transformation rules 1-9 and let p be a non-basic predicate in P,. Let M be a
mode for Py U Defs, such that: (i) Py U Defs, is safe w.r.t. M, (ii) Py U Defs, satisfies M, and
(iii) the applications of the unfolding, folding, head generalization, and case split rules during
the construction of Py, ..., P, are all safe w.r.t. M. Suppose also that:

1. if the folding rule is applied for the derivation of a clause C' in program Py from clauses
Ci,...,Cp, in program Py using clauses Dy, ..., Dy, in Defsg, with 0<k<mn,
then for every i € {1,...,m} there exists j € {1,...,n—1} such that D; occurs in P; and
Pj 4 is derived from P; by unfolding D;.

2. during the transformation sequence Py, ..., P, the definition elimination rule either is never
applied or it is applied w.r.t. predicate p once only, when deriving P, from P, ;.

Then for each atom A which has predicate p and satisfies mode M, if A succeeds in Py U Defs,
then A succeeds in P,.

Proof: Let us consider a transformation sequence Py, ..., P, constructed by using the transfor-
mation rules 1-9 according to conditions 1 and 2.
As already mentioned, we can rearrange the sequence Fp,...,P, into a new sequence

Po,...,Py U Defsy,,...,Pj,...,P,...,P, such that: (1) P,..., Py U Defsy, is constructed by
applications of the definition introduction rule, (2) Py U Defs,, ..., P; is constructed by unfold-
ing every clause in Defs,, (3) Pj,..., P is constructed by applications of rules 3-9, and (4) either
Il=morl=mn-—1and P, is derived from P,_1 by an application of the definition elimination
rule w.r.t. predicate p.

Thus, Proposition 7.18 follows from Lemmata 7.13, 7.16, and 7.17. O
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