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Abstra
tIn this paper, a method for 
he
king �nite satis�ability of a spe
i�
 
lass of database in-tegrity 
onstraints is presented. In parti
ular, this work starts from a previous result of theauthor 
on
erning a de
idable, sound, and 
omplete method for 
he
king �nite satis�ability of�-
onstraints. �-
onstraints are a sort of path 
onstraints, where � stands for one of the 
om-parison operators >, �, <, �, =. In this paper su
h a method is extended to deal with a moreexpressive 
onstraint language in
luding the inequality operator and null-values. The proposedextension is formally 
hara
terized by providing the ne
essary and suÆ
ient 
onditions thatallow �nite satis�ability of this wider 
lass of integrity 
onstraints to be 
he
ked.





3.1. Introdu
tionDatabase 
onstraints satis�ability and, in parti
ular, �nite satis�ability are key problems indatabase design. Che
king satis�ability of database 
onstraints 
onsists in verifying the existen
eof at least one database that is a model of the 
onstraint set, i.e., the absen
e of 
ontradi
tionswithin the set of integrity 
onstraints independently of any given database. This problem di�ersfrom the 
onstraint satisfa
tion problem, whose goal is to verify whether or not a given databaseis a model of, or satis�es, a set of integrity 
onstraints.Furthermore, database 
onstraints have to be �nitely satis�able, that is, the existen
e of atleast one �nite model is required. In other words, database 
onstraints have to be free of axiomsof in�nity, i.e., sets of 
onstraints that admit only in�nite models [7, 17℄. For instan
e, 
onsiderthe following database 
onstraints:� every person has one age, that is an integer, and one 
hild, that is a person;� the age of a person has to be stri
tly greater than the age of his/her 
hild.This is an axiom of in�nity. In fa
t, every database that is a model of it is ne
essarily in�nite.In this regard, in [18℄ a de
idable, sound, and 
omplete method for 
he
king �nite satis�a-bility of a spe
i�
 
lass of integrity 
onstraints, namely the �-
onstraints, has been presented.�-
onstraints, where � stands for one of the 
omparison operators >, �, <, �, and =, are an in-tegral part of the database s
hema. They are de�ned by paths, that are dot-separated sequen
esof properties that allow navigation through the types of the s
hema.In this paper, an extension of the method presented in [18℄ has been proposed. In parti
ular,su
h a method has been revisited in order to 
he
k �nite satis�ability of a wider set of integrity
onstraints 
ontaining also the inequality operator and null-values. Null-values have been ex-tensively addressed in the literature, with several di�erent semanti
s, su
h us, for instan
e, theunknown [14℄, or the does not exist [31, 42℄ meanings. In this paper null-values are addressedwith the does not exist meaning only.Of 
ourse, due to the ri
her expressive power, the extended 
onstraint language allows thedesigner to des
ribe the appli
ation domain at a �ner level of detail. For instan
e, in thepresen
e of null-values the �rst integrity 
onstraint of the previous example 
an be modi�ed asfollows:� every person has one age, that is an integer, and at most one 
hild, that is a person.In this 
ase, the des
ription of a person is 
loser to the reality, i.e., for a person there is thepossibility, not the need, of having one 
hild. Noti
e that the presen
e of null-values has animportant impa
t on the expressive power of the language and on satis�ability. For instan
e, byallowing 
hild to be a null-value, the above set of integrity 
onstraints be
omes �nitely satis�able.Let us now 
onsider the inequality operator. Also in the restri
tive form of �-
onstraints,the inequality 
onstraint (6=-
onstraint) allows �ner details of the appli
ation domain to bedes
ribed as illustrated in the following example:� every person has one father, that is a person, and drives one vehi
le, that is a 
ar;� every 
ar has one owner, that is a person;� the owner of the vehi
le the person drives is his/her father.



4. � a person is the owner of the vehi
le he/she drives.This is a �nitely satis�able set of integrity 
onstraints (it will be des
ribed in Subse
tion 3.2).However, in every model that 
an be de�ned for it, a person ne
essarily will 
oin
ide with his/herfather. The possibility of expressing 6=-
onstraints allows us to spe
ify the further 
onstraint:� a person does not 
oin
ide with his/her father.The addition of this 
onstraint impa
ts on the satis�ability of the set of statements. In fa
t, theset of 
onstraints, from �nitely satis�able, be
omes unsatis�able.In this paper an extension of the language TQL+, on whi
h the method presented in [18℄is based, has been presented. Su
h a language has been referred to as TQL+in (where i and nstand for inequality and null-values, respe
tively). In order to extend the mentioned methodto database 
onstraints in
luding the inequality operator and null-values, the theory presentedin [18℄ has been revisited. In parti
ular, a de
idable, sound and 
omplete method for �nitesatis�ability 
he
king of TQL+in s
hemas has been de�ned.The paper is organized as follows. In Se
tion 2, the syntax and the semanti
s of the languageTQL+in are given. In Se
tion 3, the extended method is informally presented via examples, byfo
using �rst on null-values and then on inequality. Finally in Se
tion 4, the 
hara
terization ofthe extended method is formally introdu
ed. In parti
ular, in that se
tion, the key de�nitionsthat di�er from the ones given in [18℄ are given, whereas in the Appendix all the remainingde�nitions are re
alled for reader's 
onvenien
e. In Se
tion 5, the 
on
lusion and future workare brie
y presented. Below the related work follows.1.1. Related workThe satis�ability 
he
king of a set of integrity 
onstraints has not been widely addressed inthe literature. There are some results 
on
erning this problem in di�erent data model as, forinstan
e, in the network data model [1℄, in the Entity Relationship model [32, 16℄, or in theObje
t-Oriented data model [9℄. However, the data models proposed in these papers do notallow the modeling of expli
it integrity 
onstraints involving 
omparison operators similar to�-
onstraints. Su
h 
onstraints have been addressed for instan
e in [5℄, in regard to Obje
t-Oriented database s
hemas. In parti
ular, in su
h a paper path relations have been addressedthat are very similar to the �-
onstraints, in
luding the 6= operator and the possibility of spe
-ifying null-values. However, the results provided in that paper do not allow �nite satis�abilityto be 
he
ked for s
hemas 
ontaining both re
ursive de�nitions and path relations, that arerequired to express, for instan
e, the examples illustrated in the Introdu
tion.The 
lass of integrity 
onstraints addressed in this paper 
an be also seen as a restri
ted formof 
y
li
 referential 
onstraints as de�ned in [43℄ (i.e., 
orresponding to in
lusion dependen
ies).In parti
ular, a �-
onstraint 
an be seen as a 
y
li
 referential 
onstraint where the ante
edentis de�ned by one unary predi
ate, the 
onsequent 
ontains unary and binary predi
ates at most,
onstants are not allowed, and the variables obey to a sort of 
on
atenation law as de�ned bythe formal semanti
 of the language TQL+in. In [43℄ (where the 6= operator and null-values arealso allowed), the problem of reasoning with impli
ation 
onstraints (that are a generalization offun
tional dependen
ies) and referential 
onstraints has been addressed. Sin
e the impli
ation



5.problem for fun
tional and in
lusion dependen
ies is unde
idable, in the mentioned paper a
y
li
referential 
onstraints have been addressed, and a novel 
hara
terization for the impli
ation andreferential 
onstraints-refuting problem has been proved.In the 
ontext of dedu
tive databases, s
hema 
onsisten
y 
he
king has been widely inves-tigated by relying on theorem prover te
hniques. For instan
e in Si
 [6℄, formerly known asSat
hmo [7, 8℄, a s
hema is a set of �rst order logi
 formulas, and s
hema 
onsisten
y 
he
kingis performed by using semide
idable pro
edures. Furthermore, it is well-known that su
h pro-
edures are rather ineÆ
ient in the presen
e of the equality operator. The problem of dealingwith equality is one of the main points addressed by the method proposed in [18℄, where a de-
idable method for 
he
king �nite satis�ability of re
ursive s
hemas enri
hed with �-
onstraintshas been presented. Su
h a method is based on a graph-theoreti
 approa
h, where � operatorsare modeled by labeled ar
s. In parti
ular, the nodes 
onne
ted trough ar
s labeled with theequality operator are 
ollapsed, therefore avoiding the proliferation of equality predi
ates typi
alof the theorem prover approa
h. This method will be brie
y re
alled in the following se
tionsin order to extend it to null-values and inequality.Finally, it is worth re
alling that the presen
e of ISA hierar
hies in the data model, indepen-dently of any other kind of integrity 
onstraints, may be sour
e of 
ontradi
tions in the s
hema,due to the well-known inheritan
e 
on
i
ts [2, 28℄. The problem of 
he
king the 
onsisten
y ofObje
t-Oriented database s
hemas organized a

ording to ISA hierar
hies has been analyzed in[4, 19, 20℄ and goes beyond the s
ope of this paper.2. Formal BasisIn this se
tion the language TQL+in is presented. Su
h a language is a fragment of TQL++ [33℄,aimed at modeling the stru
tural aspe
ts and the integrity 
onstraints of an Obje
t-Orienteddatabase (ODB) appli
ation.2.1. TQL+in SyntaxIn TQL+in, a s
hema is de�ned by a set of types. A type des
ribes the stru
ture of the obje
tsthat populate the related type extension (also 
alled 
lass), and the integrity 
onstraints theseobje
ts have to satisfy. For instan
e the �rst example informally illustrated in the Introdu
tion,in TQL+in is expressed as follows:Example 2.1.person := [name : string; age : integer; 
hild : fpersong℄i
 : this:age > this:
hild:age 2In TQL+in, a type has a label (t term) and a tuple that is de�ned by a set of typed properties(tp). In the above example, only one type is present, whose type label is person. In a tuple, aproperty is identi�ed by a label (p term), as for instan
e name or 
hild in the example above, andis asso
iated with a type. In parti
ular, a property 
an be either an attribute or a relationshipif the asso
iated type is respe
tively: (i) an atomi
 type (a type), e.g., integer or string, as forinstan
e, in the example, name; (ii) a t term as, in the example, 
hild, establishing an expli
it



6.link (or asso
iation) between two types. Re
ursive types are allowed (in this 
ase, person isa re
ursive type due to the self re
ursive relationship 
hild). In TQL+in, properties may besingle-valued or null-valued. With respe
t to single-valued properties, null-valued propertiesare denoted by 
urly bra
es. For instan
e 
hild, in the example, is a null-valued property,whereas name and age are single-valued. Noti
e that in a tuple, multiple o

urren
es of thesame property labels are not allowed. Types 
an also be organized a

ording to a generalizationhierar
hy, de
lared by means of the ISA 
onstru
t [10℄.As already mentioned in the Introdu
tion, TQL+in expli
it integrity 
onstraints are �-
onstraints,where � stands for a 
omparison operator, su
h as "=", "�, ">", and, in addition to TQL+, also"6=". In the previous example, we have a simple �-
onstraint stating that the age of a personmust be stri
tly greater than the age of his/her 
hild. Noti
e that in a �-
onstraint a left and aright hand sides are present, ea
h of whi
h is spe
i�ed by the keyword this followed by a path.The keyword this refers to a single obje
t in the extension of the type the integrity 
onstraintis asso
iated with. A path is a sequen
e of p terms, expressed a

ording to the dot-notationformalism, that allows navigation through types. In a path, the same property labels may o

urmore than on
e. For instan
e, the se
ond example dis
ussed in the Introdu
tion in TQL+in 
anbe represented as follows:Example 2.2.person := [name : string; father : person; vehi
le : 
ar℄i
1 : this:father = this:vehi
le:owneri
2 : this:vehi
le:owner = thisi
3 : this:father 6= this
ar := [owner : person;maker : string; 
olor : string℄ 2The formal syntax of TQL+in is presented below: non-terminal symbols are en
losed betweenangle bra
kets, terminal symbols are in bold, symbols in itali
s represent user-de�ned strings,whereas symbols en
losed between 
urly bra
es followed by "*" are optional (the unders
ore
hara
ter stands for iteration).De�nition 2.1. [Syntax of TQL+in℄htypei ::= t term := htype-de�nitioni f, h
 expr1i, h
 exprni g�htype-de�nitioni ::= ISA t term1 t termk f htuplei g�j htupleihtuplei ::= [htp1i, htpmi℄htpi ::= p term : hbodyij p term : fhbodyighbodyi ::= t termj ha typeiha typei ::= integerj real j boolean j stringh
 expri ::= label: this.hpathi h � i thisf.hpathighpathi ::= p term1. p termhh � i ::= � j < j > j � j = j 6= 2



7.The previous examples are both TQL+in s
hemas. The notion of a TQL+in s
hema 
oin
ideswith the one given in [18℄, that is informally re
alled below. Essentially, it 
on
erns the unique-ness of type labels, the absen
e of dangling type labels, the a
y
li
ity of inheritan
e hierar
hiesand, furthermore, the de�nedness of integrity 
onstraints.De�nition 2.2. [TQL+in s
hema℄ A �nite set of types is a TQL+in s
hema (s
hema, for short)i�: � every type label is uniquely de�ned (i.e., the same t term is not asso
iated with more thanone type-de�nition);� there are no dangling type labels (i.e., every t term de
lared in the s
hema is de�ned);� inheritan
e is a
y
li
 (i.e., a type has not itself as supertype, up in the hierar
hy);� for ea
h type � and ea
h asso
iated integrity 
onstraint, every property of a path hasto be present in the tuple of the traversed type. Furthermore, in the 
ase of equality�-
onstraints, the two paths of ea
h integrity 
onstraint have to lead to the same type. 2Noti
e that integrity 
onstraints of the form:i
 : this:
hild:age > this:
hildfor instan
e asso
iated with person of the Example 2.1 would be reje
ted at a pre-pro
essingstage, by using a type-
he
ker.Stru
tural inheritan
e hierar
hies in OBD s
hemas have been extensively investigated, seefor instan
e [19, 20, 4℄. Therefore, in this paper, types are supposed to have all their typedproperties expli
itly given, and types de�ned with the ISA 
onstru
t will be not addressed.2.2. Semanti
s of TQL+inIn this se
tion the formal semanti
s of TQL+in is given. It is inspired by the des
riptive semanti
spresented in [36℄. Noti
e that, with respe
t to TQL+, below the point related to null-valuedproperties and, in the 
onstraint extension, the 6= operator have been added.De�nition 2.3. [Extension fun
tion℄ Let D be a (possibly in�nite) set of oids [26℄ represent-ing a given state of the Appli
ation Domain, T the set of TQL+in senten
es, and P (� T ) theset of p terms. Consider a fun
tion:E : T ! }(D)where } is the powerset, and a fun
tion:P : P ! }(D �D).Then, E is an extension fun
tion over D with respe
t to the type:t term:= type-de�nition, 
 expr1; :::; 
 exprni� the values of E on type-de�nition and 
 exprj , j = 1...n, are 
onstru
ted starting from thevalues of their 
omponents as follows.Given a path = p term1:::p termn, let Spath;x be de�ned as follows:Spath;x = fxg if n = 0;Spath;x = fy 2 D j< x; y >2 P(p term1)g if n = 1;Spath;x = fy 2 D j 9(y1; :::; yn�1) :< x; y1 >2 P(p term1); < y1; y2 >2 P(p term2);< yn�1; y >2 P(p termn)g if n � 2.



8.Type Extension:� E(t term) � D� E(type-definition) = E ([tp; :::; tp℄) = Tj E([tpj ℄)� E(a type) ={ E(integer) = Z \ D{ E(real) = R \D{ E(boolean) = ftrue; falseg \ D{ E(string) = S \ D (where S is the set of all the possible strings)� E([tp℄) = E([p term:body℄) =fx 2 D j kSp term;xk = 1, 8 y 2 Sp term;x ) y 2 E(body)g� E([tp℄) = E([p term:fbodyg℄) =fx 2 D j kSp term;xk � 1, 8 y 2 Sp term;x ) y 2 E(body)gwhere kSp term;xk stands for the 
ardinality of the set Sp term;x.Integrity Constraint Extension:� E(
 expr) = E(label : this:pathi � this:pathj) =fx 2 D j 8 y; z, y 2 Spathi;x; z 2 Spathj ;x ) y � zgwhere, a

ording to the syntax, � is one of the 
omparison operators: >, �, <, �, =, 6=.2Below, the notions of interpretation, model, satis�ability, and �nite satis�ability of a TQL+ins
hema (that 
oin
ide with the ones of TQL+), are re
alled for reader's 
onvenien
e.De�nition 2.4. [Interpretation of a TQL+in s
hema℄ An interpretation of a TQL+in s
hemais a triple I =< D; E ;P > where D is a set representing the Appli
ation Domain, P is a fun
tionas de�ned above, and E is an extension fun
tion over D with respe
t to ea
h type of the s
hema.2De�nition 2.5. [Model of a TQL+in s
hema℄ A model of a TQL+in s
hema is an interpretationI =< D; E ;P > su
h that, for ea
h type:t term := type-definition, 
 expr1; :::; 
 exprnof the s
hema, we have:E(t term) � E(type-definition) \ (Tj E(
 exprj)). 2De�nition 2.6. [Satis�able TQL+in s
hema℄ A TQL+in s
hema is satis�able i� there exists atleast one non-empty model, i.e., one model I =< D; E ;P > su
h that for ea
h t term of thes
hema, we have:E(t term) 6= ;. 2De�nition 2.7. [Finitely Satis�able TQL+in s
hema℄ A TQL+in s
hema is �nitely satis�ablei� there exists at least one non-empty model that is finite, i.e., one model I =< D; E ;P > su
hthat D is �nite. 2



9.3. The Extended Finite Satis�ability Che
king MethodIn this se
tion, the method for 
he
king �nite satis�ability of a TQL+ s
hema presented in [18℄is informally re
alled, and its extension to the language TQL+in is introdu
ed via the examplesinformally dis
ussed in the Introdu
tion. In parti
ular, in the �rst subse
tion the extension
on
erning null-values will be addressed, whereas in the se
ond one, the extension related tothe inequality operator will be illustrated. Before introdu
ing the examples, below an informaldes
ription of the graph on whi
h the method is based is brie
y given.The approa
h proposed in [18℄ is based on the 
onstru
tion of a graph, one for ea
h type ofthe s
hema. Su
h a graph is referred to as F(GeqSat) (where Sat stands for satis�ability, and eqstands for equality). In parti
ular, F(GeqSat) is a s
hema graph, i.e., it is a graph having thenodes labeled with t terms or atomi
 types, and the ar
s labeled with properties or 
omparisonoperators. Furthermore, in a s
hema graph di�erent nodes with the same type label may bepresent and, for ea
h node, outgoing ar
s with the same property label and di�erent destinationnodes are not allowed. Roughly, the main idea behind the F(GeqSat) graph is that ea
h node ofthe graph stands for an instan
e (i.e., an oid or a value) of the type labeling that node, and ea
har
 establishes an asso
iation between type instan
es, a

ording to the stru
ture of the types, ora relation a

ording to the integrity 
onstraints asso
iated with the types. The F(GeqSat) graphasso
iated with a type is in general not 
onne
ted. In parti
ular, in su
h a graph, ea
h nodelabeled with a t term is the origin of a pair of paths, one for ea
h integrity 
onstraint asso
iatedwith the type labeled with the t term. These paths are labeled a

ording to the sequen
es ofproperties de�ning the right and the left hand sides (i.e., the paths) of the related integrity
onstraint. Noti
e that the presen
e of equality 
onstraints plays a spe
ial role. In fa
t, sin
ethe nodes 
onne
ted through ar
s labeled with the equality operator denote the same oids, theyare 
ollapsed into a single node.3.1. Null-valued propertiesConsider the following s
hema, slightly di�erent with respe
t to the one of the Example 2.1:Example 3.1.person := [name : string; age : integer; 
hild : person℄i
 : this:age > this:
hild:age 2In this 
ase the 
hild property is single-valued, that is, we are addressing the language 
omponentthat does not in
lude null-values. As already mentioned in the Introdu
tion, in this 
ase wehave an axiom of in�nity: only databases with an in�nite number of person oids 
an satisfy it.A

ording to [18℄, the F(GeqSat) graph asso
iated with this type is the one shown in Figure 1.In this 
ase, the F(GeqSat(person)) graph is not 
onne
ted. In both the 
onne
ted 
omponentswe 
an see that starting from ea
h of the nodes labeled with person, at least two paths originate:one labeled with the age property, 
orresponding to the left hand side of the integrity 
onstrainti
, the other one labeled with the sequen
e 
hild:age 
orresponding to the right hand side of i
.Noti
e that, for ea
h ar
, the destination node is labeled with the type of the property labelingthe ar
, as de�ned in the s
hema (for instan
e, the destination node of the ar
 labeled with 
hildis labeled with person, as de�ned by the tuple of person).Furthermore, an ar
 between the �nal nodes of the paths modeling the integrity 
onstraintis present, labeled with the related 
omparison operator (we assumed that ar
s labeled with
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Figure 1: F(GeqSat(person)) graph - Example 3.1
omparison operators are dire
ted a

ording to the ">" operator, but the opposite 
hoi
e 
ouldbe adopted as well).A

ording to the theory presented in [18℄, the above s
hema is �nitely satis�able if and onlyif in the F(GeqSat(person)) graph there exists at least one 
onne
ted 
omponent free of 
y
leslabeled with stri
t 
omparison operators (that are referred to as monotoni
 
y
les). Therefore,in this 
ase, sin
e both the 
onne
ted 
omponents of F(GeqSat(person)) 
ontain su
h 
y
les, thes
hema is not �nitely satis�able.1Suppose now to deal with the language TQL+in, i.e, to have the possibility of expressing null-values, and 
onsider the Example 2.1 where the 
hild property is null-valued. The extensionof the mentioned method to null-values is quite immediate. In fa
t, it is possible to deal withthem by simply ignoring the paths of the graph in 
orresponden
e to the null-valued properties.More in general, in the 
onstru
tion of the graph, only the integrity 
onstraints do not 
ontain-ing null-valued properties have to be 
onsidered. Therefore, in the example, rather than theF(GeqSat(person)) graph of Figure 1, one single node labeled with person will be 
onsidered. Asa result, the s
hema is �nitely satis�able, trivially.3.2. The inequality operatorThe extension of the method to the inequality �-
onstraints is less immediate with respe
t tothe previous one. Consider the se
ond example mentioned in the Introdu
tion, without theinequality 
onstraint.Example 3.2.person := [name : string; father : person; vehi
le : 
ar℄i
1 : this:father = this:vehi
le:owneri
2 : this:vehi
le:owner = this
ar := [owner : person;maker : string; 
olor : string℄ 21Noti
e that the presen
e of three nodes labeled with person is due to a sort of "expansion" me
hanism onwhi
h the 
onstru
tion of the F(GeqSat) graph is based. See the Appendix, where the basi
 de�nitions given in [18℄have been re
alled for reader's 
onvenien
e.



11.One of the key points of the F(GeqSat) graph is that the ar
s labeled with equality operatorsdo not appear. In fa
t, sin
e they 
onne
t nodes that have to 
oin
ide (a

ording to the formalsemanti
s of the language), they are always removed and the 
onne
ted nodes 
ollapsed. In theabove example, two integrity 
onstraints with the equality operator are present. It is easy tosee that after the removal of the equality ar
s, the resulting graph is the one shown in Figure 2.Sin
e in su
h a graph there are no monotoni
 
y
les, this s
hema is �nitely satis�able.As already mentioned in the Introdu
tion, any model that satis�es this s
hema ne
essarilyrequires that a person 
oin
ides with his/her father. Therefore, the addition of the further
onstraint i
3 de�ned in the Example 2.2 makes the s
hema unsatis�able. In the extendedmethod, inequality 
onstraints are initially treated similarly to the other �-
onstraints. There-fore, rather than the graph of Figure 2, a graph with an additional ar
 labeled with the 6=operator will be 
onsidered, as shown in Figure 3. Su
h a graph is referred to as F(Geq;inSat ).
personfather

vehicle

owner

carFigure 2: F(GeqSat(person)) graph - Example 3.2
personfather

vehicle

owner

car

=

Figure 3: F(Geq;inSat (person)) graph - Example 3.2In the extended method, a loop labeled with the 6= operator (6=-loop) in all the 
onne
ted 
om-ponents of the F(Geq;inSat ) (in this 
ase it is only one) is a suÆ
ient 
ondition to derive that thes
hema is not �nitely satis�able.In the general 
ase, the method requires a further step. It 
on
erns the removal from thegraph of all the 6=-ar
s labeling 
y
les that are not loops. This is due to the fa
t that, in theabsen
e of the 6= operator in the data model, a 
y
le of �-ar
s labeled with stri
t 
omparisonoperators (on
e the equality ar
s have been removed) denotes a 
ontradi
tion, whereas in thepresen
e of 6=-ar
s, su
h a 
y
le does not denote any 
ontradi
tion. Just to show an exampleabout this, 
onsider the following s
hema:



12.Example 3.3.person := [salary : integer; vehi
le : 
ar℄;i
1 : this:salary > this:vehi
le:pri
e
ar := [pri
e : integer; owner : person℄;i
2 : this:pri
e > this:owner:salary 2This is an axiom of in�nity. In fa
t, it requires an in�nite 
hain of person and 
ar oids tobe de�ned in the database. The F(GeqSat(person)) graph asso
iated with person in this 
ase isshown in Figure 4.
person integer

>

<

person

integer

>

car

vehiclesalary

owner
price

vehicle

integer

salary

Figure 4: F(GeqSat(person)) graph - Example 3.3Su
h a s
hema is not �nitely satis�able due to the presen
e of a monotoni
 
y
le in theF(GeqSat(person)) graph (we have 
onsidered person, but the type 
ar 
ould be 
onsidered aswell). Now, suppose to modify su
h a s
hema by simply repla
ing the > operator of the integrity
onstraint i
2 with the 6= operator, as follows:Example 3.4.person := [salary : integer; vehi
le : 
ar℄;i
1 : this:salary > this:vehi
le:pri
e
ar := [pri
e : integer; owner : person℄;i
2 : this:pri
e 6= this:owner:salary 2In this 
ase, the s
hema is �nitely satis�able. The F(Geq;inSat (person)) graph is shown in Figure5, where the 6=-ar
 has been removed and no monotoni
 
y
le is present.In the next se
tion, the method proposed in [18℄ will be revisited in order to deal with null-valued properties and inequality �-
onstraints.4. Chara
terization of Finitely Satis�able S
hemasIn this se
tion, the extension of the method is formally addressed. Below, we start by introdu
ingthe notion of a non-null integrity 
onstraint. Su
h a notion will be used in order to 
onsider,
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person integer

>

person

integer

>

car

vehiclesalary

owner
price

vehicle

integer

salary

Figure 5: F(Geq;inSat (person) graph - Example 3.4in the 
onstru
tion of the graph, only the integrity 
onstraints do not 
ontaining null-valuedproperties.Notationally, given a type � , I(�) denotes the set of expli
it integrity 
onstraints of � .De�nition 4.1. [Non-null integrity 
onstraint℄ Given a s
hema �, a type � of � su
h thatI(�) 6= ;, and an integrity 
onstraint i
 2 I(�). Then, i
 is non-null i� all the properties de�ningit are not null-valued properties. 2Staring from this notion, all the formal de�nitions that are at the basis of the 
onstru
tion ofthe F(GeqSat) graph 
an be reformulated very similarly to the de�nitions given in [18℄. For thisreason, and also in order to better address the 
ontribution of this paper with respe
t to [18℄, therevisitation of the 
onstru
tion of the F(GeqSat) graph is given in the Appendix (where essentiallyonly the De�nition A.4 has been modi�ed in order to deal with null-valued properties).Therefore, below we assume that the reader is familiar with the de�nitions of a s
hema graph(see De�nition A.2), and a F(GeqSat) graph (see De�nition A.15). Furthermore, it is worthre
alling below the notion of monotoni
 
y
le, that is the same of the paper [18℄, although nowstri
t 
omparison operators in
lude also 6=.De�nition 4.2. [Monotoni
 
y
le℄ Given a s
hema �, a monotoni
 
y
le of a s
hema graphis a loop or a 
y
le of �-ar
s labeled with at least one stri
t 
omparison operator (i.e., 6=, >, or<). 2Now, we are able to give the de�nition of a F(Geq;inSat ) graph.De�nition 4.3. [The F(Geq;inSat ) graph℄ Given a s
hema �, the F(Geq;inSat ) graph if the F(GeqSat)graph where all the 6=-ar
s labeling 
y
les that are not loops have been removed. 2This de�nition allows an immediate extension of the formal 
hara
terization of �nitely satis-�able s
hemas in the presen
e of inequality and null-values.



14.Theorem 4.1. [Chara
terization of �nitely satis�able s
hemas℄ A s
hema � is �nitelysatis�able i� for ea
h type � of � su
h that I(�) 6= ; the s
hema graph F(Geq;inSat (�)) has at leastone 
onne
ted 
omponent free of monotoni
 
y
les.Proof. It is similar to the one given in [18℄, taking into a

ount the following points.Given a type � , the F(GeqSat(�)) graph is 
onstru
ted by re
ursively expanding some of thepaths of a tree modeling the integrity 
onstraints of the type � , that is referred to as TPath(�)tree (see in the Appendix, the De�nition A.8). In parti
ular, in [18℄ it has been proved thatany further expansion of su
h a tree is not relevant to the presen
e of monotoni
 
y
le inthe 
onne
ted 
omponents of the F(GeqSat(�)). This statement also holds in the 
ase of theF(Geq;inSat (�)) graph be
ause its 
onstru
tion derives from an additional step performed on theF(GeqSat(�)).Furthermore, any 
y
le of �-ar
s labeled with >, �, and at least one 6= operator, does notdenote any 
ontradi
tion be
ause it 
an always be "instantiated" with a set of values satisfyingthe related inequalities. 2With regard to the 
omplexity of the method, the proposed extension does not a�e
t theanalysis performed in [18℄. In fa
t, the presen
e of null-values simply inhibits the 
onstru
tionof some of the paths de�ned in the F(GSat) graph. Furthermore, with respe
t to the previousapproa
h, only one further visit of the graph is required, in order to remove the 6=-ar
s that arenot loops. Therefore, also the extended method has an exponential worst 
ase. However, were
all that su
h a worst 
ase rarely o

urs when dealing with the appli
ation domains usuallyaddressed in the database �eld.5. Con
lusion and Future workIn this paper a method for 
he
king �nite satis�ability of a spe
i�
 
lass of database 
onstraintshas been presented. In future work, possible extensions of the expressive power of the languagewill be analyzed, for instan
e in
luding 
onstraint expressions 
omparing attribute values with
onstants. However, sin
e the more expressive the language the harder the reasoning with thelanguage expressions, a deep preliminary analysis about the trade-o� between the expressivepower of the language and the possibility of reasoning with it is required. Su
h an a
tivity,i.e., the identi�
ation of fragments of formal logi
 that allow de
idable reasoning methods to bede�ned, is one of the main 
hallenges of 
on
eptual modeling.A. AppendixIn this se
tion, the notions that are on the basis of the method presented in [18℄ are revisiteda

ording to the proposed extension TQL+in. In the remainder of the paper, for sake of simpli
ity,a type will indi
ate either a type label, i.e., a t term, or an atomi
 type.Below, we start with the notion of the T fun
tion.De�nition A.1. [The T fun
tion℄ Given a s
hema �, the T fun
tion is de�ned on a t term� followed by a sequen
e of n (� 1) p terms of �, as follows:� T (�:p1:::pn) = �:p2:::pn if � has the typed property "p1 : �", i.e.,� := [:::; p1 : �; :::℄



15.� T (�:p1:::pn) is unde�ned otherwise.For 1 � k � n, T k is the 
omposition of the T fun
tion k times, i.e.:T k(�:p1:::pn) = T (T (:::(T (�:p1:::pn)):::)) 2For instan
e, in Example 2.1:T (person:
hild:age) = person:ageand:T 2(person:
hild:age) = integer.De�nition A.2. [The S
hema graph℄ Given a s
hema �, a s
hema graph asso
iated with �(s
hema graph, for short) is a dire
ted labeled graph whose sets N and A of nodes and ar
s,respe
tively, are labeled as follows:� a node n 2 N is labeled with a set of types of �, that is indi
ated as e(n). In general,di�erent nodes may have the same label;� an ar
 a 2 A is an ordered pair of nodes, n;m 2 N , labeled with a:1. p term, say p, de�ned in �. It is indi
ated as:< n;m >p,and is referred to as a property-ar
;2. � operator de�ned in �. It is indi
ated as:< n;m >�,and is referred to as a �-ar
;� for ea
h node n 2 N , if there exist two property-ar
s su
h that:< n;m >p and < n; q >pthen: m � q,i.e., for ea
h node, the outgoing ar
s with the same property labels have the same desti-nation nodes. 2Based on the de�nition of a s
hema graph, the notion of a s
hema tree is given below.De�nition A.3. [The S
hema tree℄ Given a s
hema �, a s
hema tree is a s
hema graph thatis a tree, dire
ted from the root to the leaves, whose ar
s are all property-ar
s. 2In order to formally de�ne the notion of GSat graph tree, below the leftr and rightr sets arepresented, that are related to the modeling of the left and the right hand sides of an integrity
onstraint, respe
tively.Given a s
hema � and a type � of �, we re
all that I(�) indi
ates the set of �-
onstraintsasso
iated with � in �.Below, the de�nition of leftr and rightr sets is given. With respe
t to the one given in [18℄,here only the non-null integrity 
onstraints are 
onsidered (see De�nition 4.1).



16.De�nition A.4. [The leftr and rightr sets℄ Consider a s
hema �, a type � of � su
h thatI(�) 6= ;, and a non-null integrity 
onstraint i
 2 I(�), de�ned as follows:i
 = label : this:p1:::pn � this:q1:::qvThen, the leftr(�; i
) and rightr(�; i
) are two sets of property-ar
s of a s
hema graph originatingfrom the node r and de�ned, respe
tively, as follows:leftr(�; i
) = f< r; r2 >p1 ; < r2; r3 >p2 ; :::; < rn; rn+1 >pngrightr(�; i
) = f< r; s2 >q1 ; < s2; s3 >q2 ; :::; < sv; sv+1 >qvgwhere:- e(r) = f�g;- e(rk+1) = fT k(�:p1:::pk)g, for k = 1...n;- e(sh+1) = fT h(�:q1:::qh)g, for h = 1...v.(In the 
ase of v = 0, rightr(�; i
) is formed by the r node only.) 2The TPath tree is introdu
ed below. It models, essentially, the 
omponent of the GSat graph
ontaining only property-ar
s.De�nition A.5. [The TPath tree℄ Given a s
hema �, 
onsider a type � of � whose asso
iatedset of integrity 
onstraints I(�) is non-empty.Then, the TPath tree of root r asso
iated with � , indi
ated as TPath;r(�), is the s
hema treewhose set of ar
s, say Ar, is de�ned as follows:Ar = Si
2I(�)(leftr(�; i
) [ rightr(�; i
))and whose set of nodes is 
ompletely 
hara
terized by the set Ar.Noti
e that, sin
e TPath;r(�) is a s
hema tree, if there exist two property-ar
s su
h that:< n;m1 >p and < n;m2 >pthen the nodes m1 and m2 are repla
ed by a single node m, su
h that:e(m)=e(m1) [ e(m2).The short form TPath(�) indi
ates the TPath;r(�) tree, where r is any root. 2Noti
e that, sin
e we have a s
hema, in the above de�nition the labels of the nodes m1 andm2 are singletons that 
oin
ide.De�nition A.6. [The F operator℄ Given a s
hema �, let S be the forest of all its possibles
hema trees. Then, the F operation between two s
hema trees T ,T 0 2 S, T = (N;A) andT 0 = (N 0; A0), returns the forest, say T 00, of s
hema trees de�ned as follows:T 00 = T F T 0 = (N 00; A00)where:N 00 = N [N 0, A00 = A [A0. 2De�nition A.7. [The Expand fun
tion℄ Consider a s
hema �, and the forest S of all itspossible s
hema trees. Given a s
hema tree T = (N;A), let N� be the set:N� = fm 2 N j e(m) = f
g; 
 is a t term of �, and I(
) 6= ; g.Then, the Expand fun
tion is de�ned as follows:Expand : S ! Sand, when applied to T , returns the s
hema tree:Expand(T ) = Fn2N�(TPath;n(Æ)) F Twhere e(n) = fÆg.



17.Noti
e that, sin
e the Expand fun
tion returns a s
hema tree, if there exist two property-ar
ssu
h that:< n;m1 >p and < n;m2 >pthen the nodes m1 and m2 are repla
ed by a single node m, su
h that:e(m)=e(m1) [ e(m2). 2De�nition A.8. [The T re
Path tree℄ Given a s
hema � and a type � of � su
h that I(�) 6= ;,the T re
Path(�) tree is a s
hema tree, that is a supergraph of TPath(�), de�ned as follows. LetExpandh(T ) be the 
omposition of the Expand fun
tion h times. Furthermore, assume that:TPath(�) = Expand0(TPath(�))and let Nh be the set of the nodes of the Expandh(TPath(�)) tree, for h � 0. Then:T re
Path(�) = Expandk+1(TPath(�))where k � 0 is the smallest nonnegative integer su
h that the following 
ondition holds:8 n 2 (Nk+1 n Nk) whose label does not 
ontain atomi
 types, if q is the path of the tree:Expandk+1(TPath(�))
onne
ting the root to the node n, and q� is the subpath of q belonging to the tree:Expandk(TPath(�))then, there exists a node m in the path q� su
h that e(n) = e(m) and, furthermore, m has atleast all the outgoing property-ar
s of n. 2Proposition A.1. [The T re
Path tree size℄ Given a s
hema �, for any type � of � su
h thatI(�) 6= ;, the T re
Path(�) tree is de�ned and has a �nite number of nodes.Proof. See [18℄. 2The �r set, introdu
ed below, identi�es the set of �-ar
s that need to be added to the T re
Pathtree to obtain the GSat graph.De�nition A.9. [The �r set℄ Given a s
hema �, a type � of � su
h that I(�) 6= ;, and as
hema graph G. Consider an integrity 
onstraint asso
iated with � , say i
, de�ned as follows:i
 = label : this:p1:::pn � this:q1:::qvIf in G there exist the paths:leftr(�; i
) = f< r; r2 >p1 ; < r2; r3 >p2 ; :::; < rn; rn+1 >pngrightr(�; i
) = f< r; s2 >q1 ; < s2; s3 >q2 ; :::; < sv; sv+1 >qvgde�ned a

ording to Def.A.4, then:�r(�; i
) = f< rn+1; sv+1 >�g if � is >, �, =;�r(�; i
) = f< sv+1; rn+1 >�g if � is <, �.In all the other 
ases:�r(�; i
) = ;. 2De�nition A.10. [The GSat graph℄ Consider a type � of a s
hema � su
h that I(�) 6= ;, andthe asso
iated tree T re
Path(�) = (N;A). Let N� be the set de�ned as in Def.A.7, i.e.:N� = fn 2 N j e(n) = f
g; 
 is a t term of �, and I(
) 6= ; g.Then, GSat(�) = (NSat; ASat) is the s
hema graph de�ned as follows:- NSat = N- ASat = Sm2N� Si
2I(Æ) (�m(Æ; i
)) [Awhere e(m) = fÆg.The root of the tree T re
Path(�) will be referred to as the owner of the GSat(�) graph. 2



18.The following relation, namely the Collapse, is now introdu
ed in order to present the GeqSatgraph.De�nition A.11. [The Collapse relation℄ Given a s
hema �, let G be the set of all itspossible s
hema graphs. Then, let Collapse be the relation:Collapse : G ! Gsu
h that, when applied to a s
hema graph G 2 G, returns a s
hema graph G� 2 G, de�ned asfollows.Let < ni; nj >� be a �-ar
 of G where � is the \=" operator. Then, in G� < ni; nj >� isremoved, and the nodes ni and nj are repla
ed by a node nk su
h that:e(nk) = e(nj) [ e(ni).Noti
e that, sin
e G� must be a s
hema graph, in the 
ase of outgoing property-ar
s withthe same labels, the same of Def.A.7 is applied. 2De�nition A.12. [The GeqSat graph℄ Given a type � of a s
hema �, I(�) 6= ;, 
onsider theGSat(�) graph. Then, GeqSat(�) is a s
hema graph of the same owner of GSat(�), that is the least�xed point (lfp) of the Collapse applied to the GSat(�) graph, i.e.:GeqSat(�) = lfp(Collapse(GSat(�))) 2Noti
e that, in general, GeqSat is a multi-graph, i.e., a pair of nodes may be 
onne
ted throughmore ar
s (di�erently labeled). Furthermore, sin
e the Collapse is applied to a GSat graph, thelabels of the nodes to be 
ollapsed are singletons that 
oin
ide (see Def.2.2 of a TQL+ s
hema).Proposition A.2. [The Collapse lfp℄ The Collapse has a lfp.Proof. See [18℄. 2De�nition A.13. [Pairs of equivalent paths℄ Given a s
hema �, 
onsider a pair of paths,q1,q2 of a s
hema graph, de�ned as follows:q1 = f< r1; r2 >p1 ; < r2; r3 >p2 ; :::; < rm; rm+1 >pmgq2 = f< r01; r02 >p01 ; < r02; r03 >p02 ; :::; < r0m0 ; r0m0+1 >p0m0gwhere ea
h ph, p0k, h = 1:::m, k = 1:::m0, is a property label or a � operator. Then the pair ofpaths s1,s2:s1 = f< g1; g2 >l1 ; < g2; g3 >l2 ; :::; < gn; gn+1 >lngs2 = f< g01; g02 >l01 ; < g02; g03 >l02 ; :::; < g0n0 ; g0n0+1 >l0n0g(where, again, ea
h lq, l0v, q = 1:::n, v = 1:::n0, is a property label or a � operator) is equivalentto the pair q1,q2 i�:- m = n and m0 = n0;- ph = lh, for h = 1:::m, and p0k = l0k, for k = 1:::m0;- e(rh) = e(gh), for h = 1:::m+ 1, and e(r0k) = e(g0k), for k = 1:::m0 + 1- if in q1,q2 there exist, respe
tively, two nodes ri,r0j ,1 � i � m+ 1, 1 � j � m0 + 1, su
h that ri � r0j (i.e., ri and r0j
oin
ide) then, in s1,s2: gi � g0j . 2De�nition A.14. [Indu
ed owner℄ Given a s
hema �, 
onsider a s
hema graph G = (N;A)and a node n 2 N . Then, n is an indu
ed owner in G i� for ea
h pair of paths starting fromthe owner of a GeqSat(
) graph, where 
 2 e(n) and I(
) 6= ;, there exists an equivalent pair ofpaths starting from n in G. 2



19.The notion of a F(G) graph 
an now be formally given.De�nition A.15. [The F(G) graph℄ Given a s
hema �, let G=(N;A) be a s
hema graph.Then, F(G) is the s
hema graph whose 
onne
ted 
omponents, say Gk = (Nk; Ak), k = 1:::s,verify the following 
onditions:- N = Nk,- A � Ak,- 8 n 2 N , n is an indu
ed owner in Gk. 2Proposition A.3. [The F(GeqSat) graph℄ Given a s
hema �, for any type � of �, I(�) 6= ;,the graph F(GeqSat(�)) has at least one (non-empty) 
onne
ted 
omponent.Proof. See [18℄. 2Noti
e that in the 
ase of non-re
ursive s
hemas, F(GeqSat) 
oin
ides with GeqSat.Referen
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