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Abstra
tA mathemati
al model is developed that des
ribes the proliferative behaviour at the stationarystate of the 
ell population within a tumour 
ord, i.e. in a 
ylindri
al arrangement of tumour
ells growing around a blood vessel and surrounded by ne
rosis. The model, that representsthe tumour 
ord as a 
ontinuum, a

ounts for the migration of 
ells from the inner to the outerzone of the 
ord and des
ribes the 
ell 
y
le by a sequen
e of maturity 
ompartments plus apossible quies
ent 
ompartment. Cell-to-
ell variability of 
y
le phase transit times and 
hangesin the 
ell kineti
 parameters within the 
ord, related to 
hanges of the mi
roenvironment, 
anbe represented in the model. The theoreti
al predi
tions are 
ompared against literature dataof the time 
ourse of the labelling index (LI) and of the fra
tion of labelled mitoses (FLM) inan experimental tumour after pulse labelling with 3H-thymidine. It is shown that the presen
eof 
ell migration within the 
ord 
an lead to a marked underestimation of the a
tual 
hangesalong 
ord radius of the kineti
s of 
ell 
y
le progression.Key words: Solid tumours; Cell migration; Cell kineti
s; Mathemati
al model.





3.1. Introdu
tionA

ording to a 
ommon view on tumour development, solid tumours start their growth asspheroids of proliferating 
ells that re
eive oxygen and nutrients ne
essary to survive and pro-liferate only through di�usion from the external environment, the neighbouring blood vesselsrunning externally to the tumour. This avas
ular phase is followed by angiogenesis, stimulatedby fa
tors released by tumour hypoxi
 
ells, to develop a vas
ular network inside the tumourmass itself, that supports its further growth [1℄. Experimental models of the avas
ular phase oftumour growth are the multi
ellular spheroids grown in vitro [2℄. The growth of multi
ellularspheroids or of solid tumours in their initial avas
ular phase, up to 1{2 mm in diameter, hasbeen investigated by mathemati
al models (see the review in [3℄).The above view seems to be quite adequate for the initial growth of experimental tumoursimplanted sub
utaneously, be
ause tumour 
ells are pla
ed in a spa
e that is devoid of vessels,thus requiring angiogenesis to provide vessels to the tumour. For spontaneous tumours or exper-imental tumours implanted not sub
utaneously, there are �ndings indi
ating that the tumour
an initially grow by 
oopting existing host vessels. As the tumour grows, however, part of theinitial vas
ulature in the internal region of the tumour regresses 
ausing massive tumour 
elldeath, and subsequently angiogenesis develops [4,5℄.The stru
ture of the vas
ular system that supplies the tumour is 
omplex and irregular inmost neoplasti
 tissues, so it is diÆ
ult to study the relationship between the distan
e fromblood vessels and the 
ell proliferation, and therefore between the extent of vas
ulature and thetumour growth. In some tumours, however, it is possible to observe 
ylindri
al arrangementsof viable tumour 
ells, surrounded by ne
rosis, around blood vessels, and this simple geometrymakes this study more feasible. These stru
tures are named tumour 
ords [6-11℄. In tumoursthat show vessel 
ooption, 
u�s of viable tumour 
ells around the 
oopted blood vessels havebeen observed [4℄. The mean thi
kness of the 
ords (i.e., the distan
e between vessel wall andne
rosis) has been found to be 60{120 �m in di�erent tumours, with a mean radius of 
entralvessel of 10{40 �m [6-11℄.The 
ell proliferation within the tumour 
ord indu
es migration of 
ells towards the periphery:
ells are pushed by growing and dividing 
ells and eventually move into the ne
roti
 zone. Amathemati
al model that des
ribes the growth of an isolated tumour 
ord within a normal tissueand the formation of ne
roti
 regions, taking into a

ount the di�usion of a 
hemi
al 
riti
alfor 
ell viability su
h as oxygen, was presented in [12℄. The model predi
ts that a 
onstantvalue for the radius of the 
ord will be attained in a �nite time. Experimental observationshave shown that the 
ell proliferation rate, measured by the fra
tion of 
ells in S phase and bythe fra
tion of 
ells in mitosis, appears to de
rease from the vessel wall to the periphery of the
ord [6-8℄, and this phenomenon is likely to be related to the de
rease of the 
on
entration ofoxygen, nutrients, and other 
riti
al 
hemi
als. A mathemati
al model whi
h des
ribes the 
ellkineti
s in a tumour 
ord at the stationary state, that is when the 
ord has attained the maximalradius 
ompatible with the supply of vital substan
es, and the stru
ture of the 
ell population istime-invariant, was proposed in [13℄. In [13℄, the model was formulated using the age formalismand the variability of the 
ell 
y
le phase transit times was disregarded, all proliferating 
ellsbeing assumed to traverse the 
y
le in the same time. The variability of the mi
roenvironmentwithin the 
ord was assumed to a�e
t only the transition of 
ells to a quies
ent postmitoti

ompartment.The mathemati
al model for the 
ell population within a tumour 
ord at the stationary state,proposed in the present paper, takes into a

ount the 
ell-to-
ell variability of phase transit



4.times and the de
rease of the rate of progression a
ross the 
ell 
y
le that is likely to a

ompanythe migration of 
ells from the region 
lose to the 
entral vessel to the periphery of the 
ord. Thetime 
ourses of the labelling index and of the fra
tion of labelled mitoses after pulse labelling ofthe S{phase 
ells, as predi
ted by the model, are 
ompared with experimental data reported inthe literature.2. The modelWe will des
ribe a tumour 
ord around a blood vessel of radius r0 as a 
ylinder of tumour
ells of radius R. At the stationary state, the radius R will represent the 
ord-ne
rosis interfa
e.Let r denote the radial distan
e from the axis of the 
entral blood vessel. As in [13℄, the 
hangesof parameters and variables along the axial dire
tion of the 
ord are negle
ted, and the tumour
ord is 
onsidered as a 
ontinuous medium in whi
h the number of tumour 
ells per unit volumeis assumed 
onstant in spa
e and time. Cell motions in the axial dire
tion are 
onsidered tobe negligible, and 
ell migration in the radial dire
tion is des
ribed by a velo
ity �eld u(r; t),
ommon to all 
ells, irrespe
tive of 
ell position within the 
y
le and of its 
y
ling or quies
entstatus.The 
ell 
y
le of tumour 
ells is represented, a

ording to the model proposed by Kendall[14℄ and Takahashi [15,16℄, by a sequen
e of dis
rete 
ompartments of 
ell maturity. Let M =Pimi be the total number of maturity 
ompartments, mi, i = 1; � � � ; 4, being the number of
ompartments in G1, S, G2, and M phases, respe
tively. Let �k, k=1; � � � ;M , be the exit rate
onstant from 
ompartment k. The rate 
onstants �k may di�er for G1, S, G2, and M phasesand we will assume �k =8>><>>:�G1 k = 1; � � � ;m1�S k = m1+1; � � � ;m1+m2�G2 k = m1+m2+1; � � � ;m1+m2+m3�M k = m1+m2+m3+1; � � � ;M : (1)We assume that newborn 
ells 
an arrest their progression a
ross the 
y
le and be
ome qui-es
ent, so that only a fra
tion �(r; t) 2 [0; 1℄ of newborn 
ells enter the G1 phase (see Fig. 1).The dependen
e of � on r and t re
e
ts the dependen
e of 
ell arrest on the 
on
entrations ofoxygen, nutrients and other 
hemi
als within the 
ord. Sin
e in their motion towards the 
ordperiphery 
ells are likely to experien
e more severe 
onditions, we will take the 
ell arrest asirreversible. Moreover, we assume that the rate of progression a
ross the 
y
le 
an depend onthese 
on
entrations, so that the exit rate 
onstants of the maturity 
ompartments may 
hangewith r and t, although we ex
lude that the �k's 
an vanish. In parti
ular, in view of the largervariability of G1 phase duration with respe
t to the other 
y
le phases [17℄, the 
ell mi
roenvi-ronment is likely to mainly a�e
t the progression through that phase, so in part of the followingtreatment only the rate 
onstant �G1 will be 
onsidered to be varying. If a stationary state isattained, the 
on
entration of the 
hemi
als along the radial dire
tion will not 
hange with thetime, and � and the exit rate 
onstants are fun
tions of the radial distan
e only. Be
ause ofthe worsening of the mi
roenvironment when the distan
e from the 
entral vessel in
reases, itis reasonable to assume that these fun
tions of r are non-in
reasing. Although it is likely that
ell death 
an o

ur within the 
ord when approa
hing the periphery, apoptosis within the 
ordis disregarded, assuming that at the stationary state 
ell death o

urs immediately beyond theradius R.
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Fig. 1. S
heme of the 
ell population model with dis
rete maturity 
ompartments and quies
ent
ompartment. For the symbols see the text.Denoting by nk(r; t) the number of 
ells in the k-th 
ompartment, and by nQ(r; t) the numberof quies
ent 
ells, in the unit volume at distan
e r and time t, from the previous assumptionswe 
an write the following 
onservation equations:�n1�t + 1r ��r (run1) = 2��MnM � �1n1 (2)�nk�t + 1r ��r (runk) = �k�1nk�1 � �knk ; k = 2; � � � ;M (3)�nQ�t + 1r ��r (runQ) = 2(1� �)�MnM : (4)Moreover, denoting by n(r; t) the total 
ell density at r and t, we have�n�t + 1r ��r (run) = �MnM : (5)By assuming that n is 
onstant and equal to �n, and that u(r0; t) = 0 (i.e., there is no 
ell 
uxa
ross the vessel wall), u(r; t) 
an be derived from Eq. (5) asru(r; t) = 1�n Z rr0 z�M (z; t)nM (z; t) dz : (6)In 
ontrast with the present model, we will denote as \Takahashi model" the 
ell populationmodel with 
ell 
y
le stru
ture as in Fig. 1, but without spatial stru
ture and 
ell migration.In a sto
hasti
 framework, a

ording to this model 
ells spend in the maturity 
ompartmentsrandom times that are independent and exponentially distributed with parameter �k. Thus,under the assumption (1), the time spent in ea
h 
ell 
y
le phase has a gamma distributionwith, e.g. for G1 phase, mean value equal to m1=�G1 and 
oeÆ
ient of variation m�1=21 . Theexpe
ted values of the number of 
ells in the maturity 
ompartments of 
ell 
y
le and in thequies
ent state are given in the Takahashi model by the solution of a set of ODE's whose righthand side is the same as that of Eqs. (2)-(4). We note that, in deriving the distribution of timesspent by 
ells in the 
ell 
y
le phases within a tumour 
ord, it should be taken into a

ount thatthe maximal life span of a 
ell is equal to the time needed to migrate from the position at birth



6.to the boundary with the ne
roti
 zone (and thus is �nite if the 
ell is born at r>r0) and thatthe rate of exit from a maturity 
ompartment 
an be varying with the time.3. Stationary stateExperimental data suggest that in most of the observed tumour 
ords the 
ord radius is
onstant with the time. We will assume that in these 
ords also the maturity distribution is ina stationary state, i.e. it is time-invariant, so that nk(r; t) =nk(r). Let fk(r)=nk(r)=�n be thefra
tion of 
ells in the k-th 
ompartment of maturity at distan
e r in the stationary state. The
onservation equations be
ome1r ddr (ruf1) = 2��MfM � �1f1 (7)1r ddr (rufk) = �k�1fk�1 � �kfk ; k = 2; � � � ;M (8)1r ddr (rufQ) = 2(1� �)�MfM (9)with ru(r) = Z rr0 z�MfM dz : (10)The above equations 
an be rewritten in the following form:�1r Z rr0 z�MfM dz�df1dr = 2��MfM � �1f1 � �MfMf1 (11)�1r Z rr0 z�MfM dz�dfkdr = �k�1fk�1 � �kfk � �MfMfk ; k = 2; � � � ;M (12)�1r Z rr0 z�MfM dz�dfQdr = 2(1 � �)�MfM � �MfMfQ : (13)Equations (7)-(10) are a nonlinear system of integro-di�erential type with degenera
y at r=r0,sin
e u(r) vanishes there. However, in the 
ase in whi
h � and all the rate 
onstants �k are
onstant, it is easy to see that there exists a unique solution whi
h is 
onstant with r. Let �fk,k=1; � � � ;M , be this 
onstant solution. From (11)-(12), we obtain the following equations:2��M �fM � �1 �f1 � �M �fM �f1 = 0 (14)�k�1 �fk�1 � �k �fk � �M �fM �fk = 0 ; k = 2; � � � ;M ; (15)from whi
h we have �f1 = 2��M�1 + �M �fM �fM (16)�fk = �k�1�k + �M �fM �fk�1 ; k = 2; � � � ;M : (17)Supposing �fM assigned, Eqs. (14)-(15) are linear in �fk, k=1; � � � ;M so that a nonzero solutionwill exist if and only if the determinant of 
oeÆ
ients is zero. By 
omputing this determinant,we obtain that �fM must satisfy the equationMYk=1 �k + �M �fM�k = 2� : (18)



7.If 0:5<�� 1, the above equation has a real positive solution that is unique and less than one.Thus, from Eqs. (16)-(17), all the fra
tions �fk 
an be determined. By summing (14)-(15), wehavePMm=1 �fk=2��1�1. From (13), we obtain �fQ=2(1��) and thusPMm=1 �fk+�fQ=1. We notethat the fra
tions �fk are the same as the fra
tions obtained from the solution in asyn
hronousexponential growth of the Takahashi model with the same parameter values.In the general 
ase of � and �k dependent on r, be
ause of the degenera
y at r0, it is notpossible to pres
ribe data for r= r0, and the values of the unknown fun
tions fk(r) at r= r0(denoted by f0k , k=1; � � � ;M) must be dedu
ed from suitable 
onditions. We will impose that theright derivative of the solution at r0 is bounded. Thus the values of f0k turn out to be pre
iselythe ones given by Eqs. (16)-(18) with � and �k evaluated at r0. We will take �(r0)>0:5, whi
his ne
essary and suÆ
ient to have f0k positive. If we assume that �(r) and the 
oeÆ
ients �k(r)have enough regularity, knowing their derivatives up to some order at r= r0, it is possible to
al
ulate the derivatives at r0 of the possible solutions of (7), (8) and (10) up to the same order.We show the pro
edure for the �rst derivative in Appendix A.Assuming the existen
e of the solution, we now establish the qualitative results:0 < fk(r) < 1 ; k = 1; � � � ;M ; 0 � fQ(r) < 1 ; (19)MXk=1 fk(r)+fQ(r)=1 : (20)First we show that fk>0. This is true for r=r0. Suppose that fj is the �rst fun
tion in the set(f1 � � � fM ) that vanishes at the point rj > r0. For j > 1, using (12) we obtain dfj=drjr=rj > 0,unless fj�1(rj) = 0, and for j = 1 we need fM (rj) = 0 to avoid a positive derivative. In otherwords, all the fun
tions must vanish simultaneously. Integrating (11)-(12) ba
kward from rj ,we 
an see, however, that this fa
t is 
ompatible only with fk � 0 for every k, 
ontradi
tingthe initial values. Con
erning fQ, it is fQ � 0 at r0. For r > r0, from (13) it is dfQ=dr > 0 iffQ(r)< 0. Thus fQ 
annot be
ome negative. We now prove fk < 1 and fQ < 1 showing thatF =PMk=1 fk+fQ=1. This is true for r=r0. From Eqs. (11)-(13), the equation satis�ed by F isudFdr = (1� F )�MfM : (21)This equation shows that F is in
reasing in the set fr : F < 1g and de
reasing in the setfr : F > 1g. Now, if one of these sets is not empty we see, integrating ba
kward, that the
ondition F (r0)=1 
annot be mat
hed. Then F must be 
onstant and equal to 1. The existen
eand uniqueness of the solution of Eqs. (7)-(10) is under study.To obtain a numeri
al solution of Eqs. (7), (8) and (10), we note that these equations 
an berewritten as the following set of integral equations:�Z rr0 z�MfM dz�f1(r) = 2Z rr0 z��MfM dz � Z rr0 z�1f1 dz (22)�Z rr0 z�MfM dz�fk(r) =Z rr0 z�k�1fk�1 dz �Z rr0 z�kfk dz ; k = 2; � � � ;M : (23)A solution of the above equations 
an be obtained by an iterative pro
edure. We de�ne as xthe ve
tor of all the values fk(ri), k=1; � � � ;M , ri being equispa
ed mesh points in [r0; R℄, and
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Fig. 2. Cell 
y
le phase fra
tions and fra
tion of quies
ent 
ells in the stationary state as afun
tion of radial distan
e. Kineti
 parameters: m1 =2, m2=9, m3 =m4=2, �G1 =0:25 h�1,�S=1:0 h�1, �G2=1:0 h�1, �M =2:0 h�1 , and �(r)=1=(1 + 16((r� r0)=(R� r0))4) . Geometri
parameters: r0=40�m, R=100�m.rewrite Eqs. (22)-(23) as x=G(x), 
omputing the integrals by the trapezoidal rule. This systemof algebrai
 equations was solved using the iteration [18℄xn+1 = xn + �(G(xn)� xn) ; (24)where xn denotes the solution at the n-th step. The 
onvergen
e (that resulted very slow indeed)was a
hieved with small positive �.Figure 2 represents the steady-state fra
tions of 
ells in the G1, S, G2, and M phases, obtainedby summing the fra
tions fk(r) over the appropriate indexes, and the quies
ent fra
tion fQ(r).The kineti
 and geometri
 parameters of the simulated tumour 
ord are reported in the �gurelegend. It 
an be observed that the ratios of the phase fra
tions with respe
t to the fra
tion ofproliferating 
ells are not 
onstant with r.An experimental te
hnique largely used to study the 
ell proliferation within tumour 
ords isbased on the measurement of the fra
tion of 
ells in S phase at various radial distan
es, obtainedas the fra
tion of labelled 
ells immediately after the inje
tion of a radioa
tive DNA pre
ursor,or of the fra
tion in M phase, obtained by examination of histologi
al sli
es of the tumour [6-8℄. Thus, the question arises if these data allow to distinguish whether there is a de
eleratedprogression through G1 phase, as the radial distan
e in
reases, or there is an in
rease in thefra
tion of postmitoti
ally arrested 
ells, when all the other 
ell 
y
le parameters are 
onstantwith r. We prove that this is not possible, see Appendix B, as far as the S and M phase fra
tionsat the stationary state are 
onsidered. However, the te
hnique of labelling S-phase 
ells followedby autoradiography also allows to measure the time 
ourse of the fra
tion of labelled 
ells aswell as the fra
tion of labelled 
ells in mitosis. As we will see in the following, the time evolutionof these fra
tions 
an be di�erent if a de
reasing rate of progression in G1 or a true postmitoti

ell arrest o

urs.



9.4. Pulse labellingThe inje
tion of a labelled DNA pre
ursor will label tumour 
ells in a way that 
an be 
onsid-ered equivalent in pra
ti
e to a true impulsive labelling. If the inje
tion o

urs at t=0, we willassume that at t=0+ all (and only) S-phase 
ells are labelled. Thereafter, the subpopulationof labelled 
ells progresses through the 
y
le and 
ells undergo division: we will assume that, atea
h division, 
ells generated by labelled 
ells remain labelled.Let f lk(r; t) be the fra
tion of labelled 
ells in the k-th 
ompartment at distan
e r and time t.We will assume here that the exit rate 
onstants �S , �G2 and �M are 
onstant with r. By writingthe 
onservation equations for the labelled subpopulation in all the maturity 
ompartments andin the quies
ent 
ompartment, we obtain for the time evolution of the labelled fra
tions thefollowing equations: �f l1�t + 1r ��r (ruf l1) = 2��Mf lM � �1f l1 (25)�f lk�t + 1r ��r (ruf lk) = �k�1f lk�1 � �kf lk ; k = 2; � � � ;M (26)�f lQ�t + 1r ��r (ruf lQ) = 2(1� �)�Mf lM (27)where ru(r) = �M Z rr0 zfM (z) dz ; (28)with the initial 
onditionsf lk(r; 0) = � fk(r) k = m1+1; � � � ;m1+m20 otherwise, f lQ(r; 0) = 0 : (29)Sin
e we assume that 
ell labelling o

urs in a population at the stationary state, the fun
tionsfk(r) and u(r) in the above equations are the fra
tions of 
ells and the velo
ity �eld in thestationary state, as de�ned in the previous se
tion.Equations (25)-(27) 
an be rewritten as�f l1�t + u�f l1�r = 2��Mf lM � �1f l1 � �MfMf l1 (30)�f lk�t + u�f lk�r = �k�1f lk�1 � �kf lk � �MfMf lk ; k = 2; � � � ;M (31)�f lQ�t + u�f lQ�r = 2(1� �)�Mf lM � �MfMf lQ : (32)Equations (30)-(32) are a system of �rst-order and linear equations, whose 
hara
teristi
 linestend to have vanishing slope as r!r0. Thus the initial 
onditions (29) determine 
ompletely thesolution for t�0 and r2 (r0; R℄. For r=r0, by denoting f l0k (t)=f lk(r0; t) and f l0Q (t)=f lQ(r0; t),we have df l01dt = 2�(r0)�Mf l0M � �G1(r0)f l01 � �Mf0Mf l01 (33)df l0kdt = �G1(r0)f l0k�1 � �G1(r0)f l0k � �Mf0Mf l0k ; k = 2; � � � ;m1 (34)



10. df l0m1+1dt = �G1(r0)f l0m1 � �m1+1f l0m1+1 � �Mf0Mf l0m1+1 (35)df l0kdt = �k�1f l0k�1 � �kf l0k � �Mf0Mf l0k ; k = m1+2; � � � ;M (36)df l0Qdt = 2(1 � �(r0))�Mf l0M � �Mf0Mf l0Q ; (37)with the initial 
onditionsf l0k (0) = � f0k k = m1+1; � � � ;m1+m20 otherwise, f l0Q (0) = 0 : (38)The numeri
al solution of Eqs. (25)-(29) was 
omputed by a �nite{di�eren
e s
heme over are
tangular grid with �xed mesh size on [0; T ℄�[r0; R℄. Time derivatives were approximated byforward di�eren
es whereas spatial derivatives by ba
kward di�eren
es. The s
heme requiredthe knowledge of the solution at r=r0, and this is given by the solution of equations (33)-(38).The time evolution of the fra
tions of labelled 
ells allows to 
ompute the evolution at di�erentradial distan
es of various observable quantities, su
h as the total fra
tion of labelled 
ells,LI(r; t), and the fra
tion of labelled 
ells within the 
ells in mitosis, FLM(r; t), a

ording toLI(r; t) = MXk=1 f lk(r; t) + f lQ(r; t) ; FLM(r; t) = MXk=M�m4+1f lk(r; t)MXk=M�m4+1fk(r) : (39)Numeri
al simulations have shown that, for large t, LI and FLM 
onverge to a 
ommon valuewhi
h is independent of r. Be
ause Eqs. (25)-(28) admit stationary solutions of the form f lk(r)=
fk(r) and f lQ(r) = 
fQ(r) with 0� 
� 1, the observed behaviour suggests that the solution of(25)-(29) tends to a stationary solution with 
 depending on the initial 
ondition. If it is so, itis easy to see from Eq. (39) that both LI(r; t) and FLM(r; t) will tend to 
 independently of r.5. Appli
ation to experimental dataWe applied the above model to the analysis of experimental data reported by Hirst andDenekamp in [7℄. These data have been obtained from the KHH mammary 
ar
inoma, a tumourthat grows in mi
e showing a 
orded stru
ture. As reported in [7℄, when the tumour rea
heda diameter of 7.5{10 mm, the animals were inje
ted with 3H-thymidine and, at di�erent timesafter label inje
tion, the animals were sa
ri�
ed and the tumours ex
ised. Histologi
al se
tionswere s
anned and 
ells 
ategorized in relation to the nearest visible blood vessel. Three 
lasseswere distinguished: 
ells 
lose to vessels, 
ells 
lose to ne
rosis and 
ells in the intermediatezones. The fra
tion of labelled 
ells (labelling index, LI) and the fra
tion of labelled mitoses(FLM) were measured in the three above de�ned zones up to 50 hours after label inje
tion.The LI and FLM data were analyzed under two di�erent hypotheses. First, we assumedthat progression a
ross the G1 phase of 
ell 
y
le is not a�e
ted by the radial distan
e of 
ells,whereas � de
reases with r. Alternatively, we assumed that �G1 is a�e
ted by the radial distan
ewhereas no 
ell arrest o

urs (i.e., �(r)=1).
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Fig. 3. Experimental data of LI as a fun
tion of time in the inner (open squares) and theouter zone (bla
k squares) of the 
ord. Data replotted from Hirst and Denekamp [7℄. Modelpredi
tions with �G1 
onstant and � dependent on r (
ontinuous lines). The fun
tion �(r) andthe parameter values are reported in the text.Under the �rst hypothesis, using a trial-and-error pro
edure, a reasonable �tting of the datawas obtained with the following 
hoi
e of parameter values: m1 = 2, m2 = 9, m3 = m4 = 2,�G1=0:278 h�1, �S=1:059 h�1, �G2=1:333 h�1, �M =3:333 h�1 , and �(r) given by�(r) = 11 + 16((r � r0)=(R � r0))4 : (40)The geometri
 parameters of the 
ord were r0=40�m and R=100�m, a

ording to the averagemeasured diameters. The values 
hosen for the mi's and the exit rate 
onstants are su
h thatthe mean values of TG1, TS , TG2 and TM are 7.2 h, 8.5 h, 1.5 h and 0.6 h, respe
tively, that is thephase transit times estimated in [7℄ for the 
ells in the inner zone of the 
ord. Figure 3 showsthe behaviour of LI in the inner and the outer zone of the 
ord. The predi
ted time 
oursewas 
al
ulated at r=50�m and at r=90�m, respe
tively. In Fig. 4, the experimental FLMdata are shown together with their predi
tions. We note, in parti
ular, that the theoreti
alpredi
tion of the FLM 
urve in the outer zone fails to follow the rising front of the se
ond waveof experimental data.Under the se
ond hypothesis, data were �tted by 
hoosing the following values of the param-eters: m1=2, m2=7, m3=m4=2 , �S, �G2 and �M as before, �G1(r) given by�G1(r) = �0:1 + 0:551 + 4:5((r � r0)=(R � r0))1:5 h�1 ; (41)and �(r)=1. The time 
ourse of the predi
tion of the labelling index data is depi
ted in Fig. 5,showing a �tting of 
omparable quality with respe
t to the �tting obtained with � dependenton r. In the predi
tion of the FLM 
urve in the outer zone of the 
ord, the rising front of these
ond wave appears now to be delayed as shown by the data (see Fig. 6).It 
an be surprising that the se
ond wave of the predi
ted FLM 
urve in the outer zone(Fig. 6) is so slightly delayed, 
onsidering that the value of �G1 at 90�m, as given by Eq. (41),
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Fig. 4. Experimental data of FLM (squares) as a fun
tion of time in the inner (upper panel)and the outer zone (lower panel) of the 
ord. Data replotted from Hirst and Denekamp [7℄.Model predi
tions with �G1 
onstant and � dependent on r (
ontinuous lines). The fun
tion�(r) and the parameter values are reported in the text.is 0.0243 h�1, whi
h would 
orrespond in the Takahashi model to a mean TG1 of 82.3 h (whereas�G1 at 50�m is 0.321 h�1, 
orresponding to a mean TG1 of 6.2 h). This behaviour is due to the
ell migration within the 
ord. To show the e�e
t of 
ell migration on the time 
ourse of FLM ,we 
ompared the response of our model at r=50�m and r=90�m to the FLM 
urves predi
tedby the Takahashi model (i.e., a model without 
ell migration) having �G1 equal to �G1(r) atr=50�m and r=90�m, respe
tively, and the other parameters un
hanged. Figure 7 shows this
omparison: whereas the FLM 
urve in the inner zone slightly di�ers from that predi
ted by theTakahashi model, the di�eren
e is very marked when the FLM 
urve in the outer zone of the
ord is 
onsidered, where the FLM predi
ted by the present model shows a moderate delay ofthe se
ond wave. This marked di�eren
e 
an be explained 
onsidering that the labelled mitosesobserved in the outer zone of the 
ord are the mitoses of 
ells that have spent the G1 phase atsmaller radial distan
es where the progression a
ross G1 phase is faster. In other words, be
auseof 
ell migration, the mean 
ell 
y
le duration of 
ells dividing at the periphery will be shorterthan that of non-moving 
ells 
hara
terized by the 
ell kineti
 parameters of the 
ord periphery.Without taking into a

ount 
ell migration, previous analyses of the FLM 
urves, based on
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Fig. 5. Experimental data of LI as in Fig. 3. Model predi
tions with �=1 and �G1 dependenton r (
ontinuous lines). The fun
tion �G1(r) and the parameter values are reported in the text.
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ontinuous lines). The fun
tion �G1(r) and the parameter values are reportedin the text.
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Fig. 7. Comparison between the FLM 
urves predi
ted by the model of the tumour 
ord (dashedlines) and the FLM 
urves predi
ted by the Takahashi model (
ontinuous lines): inner zone(upper panel), outer zone (lower panel). For the values of the parameters see the text.
ell population models similar to the Takahashi model, had found no di�eren
e [6℄ or only slightdi�eren
es [7℄ in the kineti
 parameters of 
ell 
y
le in regions proximal to the 
entral vessel andin regions at the periphery of the 
ord.6. Con
luding remarksThe analysis of labelling data here proposed suggests that, be
ause of the de
ay of oxygenand nutrient 
on
entration in tumour 
ords, the progression a
ross 
ell 
y
le is slowed downas the distan
e from the 
entral vessel in
reases. We have found that the retarded progressionsuggested by the experimental data 
an be a
hieved in the model by suitably lowering only therate of progression in G1.In the presen
e of de
reased rates of progression through 
ell 
y
le phases at the periphery oftumour 
ords, the kineti
 di�eren
es between inner and outer zones 
an be largely masked by
ell migration when data from pulse labelling are 
onsidered. Thus, more in general, our resultsindi
ate that a 
orre
t analysis of data from tumour mi
roregions requires that the possible 
ellmigration through these regions has to be taken into a

ount.



15.Finally, we note that the 
ontinuous-medium approa
h here adopted was able to des
ribesubstantially the experimental data 
onsidered, although the size of the parti
les (the 
ells) is
omparable in the tumour 
ords to the spatial s
ale. An approa
h based on the behaviour ofindividual 
ells 
ould, however, improve the des
ription of 
ell motion, in parti
ular near thewall of the 
entral vessel.A
knowledgements: The support of the Progetto Strategi
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knowledged.Appendix AWe show here how to 
ompute the �rst right derivative at r = r0, denoted as f 00k , of thesolution fk of Eqs. (7), (8) and (10), assuming that the fun
tions �(r) and �k(r) have enoughregularity. Let us insert in (7), (8) and (10) the �rst order approximations�(r) ' �0 + �00(r � r0) ; �k(r) ' �0k + �00k (r � r0) ; k = 1; � � � ;Mwhere �0 = �(r0), �00 = �0(r0), and �0k = �k(r0), �00k = �0k(r0), and look for the �rst-orderapproximation fk(r) ' f0k + f 00k (r � r0) ; k = 1; � � � ;M : (A:1)From divu=�MfM , we dedu
edivu ' �0Mf0M + (�0Mf 00M + �00Mf0M )(r � r0) (A:2)and, from Eq. (10), u ' 1r�0Mf0M r2 � r202 ' �0Mf0M (r � r0) : (A:3)Using all the above approximations in (7)-(8), the zero order terms 
an
el be
ause of (14)-(15)written with � and �k evaluated at r0. Equating the �rst order terms we arrive at the systemf 001 (2�0Mf0M + �01) = �f01 (�00Mf0M + �001 ) + 2f0M (�00�0M + �0�00M ) + f 00M (2�0�0M � f01�0M ) (A:4)f 00k (2�0Mf0M + �0k) = �f0k (�00Mf0M + �00k ) + �00k�1f0k�1 � f 00Mf0k�0M � �0k�1f 00k�1 ;k = 2; � � � ;M (A:5)whi
h de�nes f 00k , k=2; � � � ;M�1, re
ursively in terms of f 001 and f 00M by means of�0kf 00k = � k�1Xi=0� kYj=k�i �0jaj �bk�if0k�i � �0Mf 00M k�1Xi=0� kYj=k�i �0jaj �bk�if0k�i+ k�2Xi=0 kYj=k�i�00k�i�1f0k�i�1 + �01� kYj=2 �0jaj �f 001 ; k = 2; � � � ;M ; (A:6)where aj =2�0Mf0M+�0j and bk =�00Mf0M+�00k . Using (A.6) for k=M and repla
ing f 001 by theexpression dedu
ed from (A:4), we obtain the equality:�0Mf 00M�1 +M�1Xi=0 � MYj=M�i �0jaj �f0M�i� = �M�1Xi=0 � MYj=M�i �0jaj �bM�if0M�i



16. +M�2Xi=0 MYj=M�i�00M�i�1f0M�i�1 +� MYj=1 �0jaj ���f01 (�00Mf0M + �001 )+2f0M (�00�0M + �0�00M ) + �0Mf 00M (2�0 � f01 )� : (A:7)At this point we note that � MYj=1 �0jaj �(2�0 � f01 ) < 1� f012�0 < 1 ;owing to (18) and taking into a

ount that aj>�0Mf0M+�0j , and that1� f012�0 = �01�01 + �0Mf0M < 1be
ause of (16). Thus, by rearranging (A:7), it 
an be seen that the 
oeÆ
ient of f 00M is positive.Therefore (A:7) 
an be solved for f 00M and all the other unknowns f 00k 
an be 
al
ulated. Weremark that, if �00 = �00k = 0, k = 1; � � � ;M , then f 00k = 0 for all k. Following the above pro
e-dure higher order derivatives 
an be 
al
ulated, of 
ourse their expressions will be mu
h more
ompli
ated.Appendix BThe following proposition shows that, at the stationary state, the same behaviour of thefra
tions in S, G2 and M phases with the radial distan
e 
an be given by di�erent pairs of thefun
tions �(r) and �G1(r), when �S , �G2 and �M are 
onstant with r.Proposition 1. Given �G1(r), �(r), and �S, �G2 and �M 
onstant, let fk(r), k=1; � � � ;M , bethe solution of Eqs. (7), (8) and (10). A fun
tion ~�G1(r) 
an be found su
h that Eqs. (7), (8)and (10), with ~�(r)=1; ~�S=�S ; ~�G2=�G2; ~�M =�M ; (B:1)have the solution ~fk(r), k=1; � � � ;M , with the following property~fk(r) = fk(r) ; k = m1+1; � � � ;M : (B:2)Proof. In view of (B:1), the fra
tions ~fk(r) will satisfy the equations1r ddr (r~u ~f1) = 2�M ~fM � ~�G1 ~f1 (B:3)1r ddr (r~u ~fk) = ~�G1 ~fk�1 � ~�G1 ~fk ; k = 2; � � � ;m1 (B:4)1r ddr (r~u ~fm1+1) = ~�G1 ~fm1 � �m1+1 ~fm1+1 (B:5)1r ddr (r~u ~fk) = �k�1 ~fk�1 � �k ~fk ; k = m1+2; � � � ;M (B:6)with r~u(r) = �M Z rr0 z ~fM dz : (B:7)



17.For r=r0, the values ~f0k of the solution ~fk of Eqs. (B:3)-(B:7) will be given by~f01 = 2�M~�0G1 + �M ~f0M ~f0M (B:8)~f0k = ~�0G1~�0G1 + �M ~f0M ~f0k�1 ; k = 2; � � � ;m1 (B:9)~f0m1+1 = ~�0G1�m1+1 + �M ~f0M ~f0m1 (B:10)~f0k = �k�1�k + �M ~f0M ~f0k�1 ; k = m1+2; � � � ;M ; (B:11)where ~�0G1 = ~�G1(r0). We will sear
h the value ~�0G1 that yields ~f0M = f0M . Expressing ~f0M bymeans of (B:8)-(B:11), we obtain the equation� MYk=m1+1 �k + �M ~f0M�k �� ~�0G1 + �M ~f0M~�0G1 �m1 = 2 ; (B:12)and similarly, for f0M , we have the equation� MYk=m1+1 �k + �Mf0M�k ���0G1 + �Mf0M�0G1 �m1 = 2�0 ; (B:13)where �0G1=�G1(r0) and �0=�(r0). From Eqs. (B:12)-(B:13), by setting ~f0M=f0M , we obtain~�0G1 + �Mf0M~�0G1 = � 1�0�1=m1 �0G1 + �Mf0M�0G1 ; (B:14)from whi
h ~�0G1 
an be found, resulting ~�0G1 < �0G1 for 0:5 < �0 < 1. Sin
e ~f0M = f0M , fromEqs. (B:11) we have ~f0k =f0k , k=m1+1; � � � ;M � 1, so the property (B:2) holds for r=r0, andfrom (B.10) we have ~�0G1 ~f0m1=�0G1f0m1 .For r>r0, we note that if ~�G1(r) ~fm1(r)=�G1(r)fm1(r) ; (B:15)then Eqs. (B:5)-(B:7) have the solution ~fk(r) = fk(r), k = m1+1; � � � ;M and thus r~u(r) =ru(r)=�M R rr0 zfM dz. Setting ~�G1(r)=�G1(r)fm1(r)= ~fm1(r) and substituting u(r) to ~u(r) intoEqs. (B:3)-(B:4), we obtain the ODE system (with degenera
y at r=r0)ud ~f1dr = 2�MfM � �G1fm1 ~f1~fm1 � �MfM ~f1 (B:16)ud ~fkdr = �G1fm1 ~fk�1~fm1 � �G1fm1 ~fk~fm1 � �MfM ~fk ; k = 2; � � � ;m1 : (B:17)The solution of the above system will give ~fm1(r) from whi
h ~�G1(r) is found through (B:15).It 
an be easily seen that the values ~f0k , k=1; � � � ;m1, obtained from (B:8)-(B:11) when ~�0G1 is



18.found from (B:14) are the values at r0 that 
an be dedu
ed from (B:16)-(B:17). Thus the value~�G1(r0) obtained from the solution of (B:16)-(B:17) is the value found from (B:14).Referen
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