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Abstract

A mathematical model is developed that describes the proliferative behaviour at the stationary
state of the cell population within a tumour cord, i.e. in a cylindrical arrangement of tumour
cells growing around a blood vessel and surrounded by necrosis. The model, that represents
the tumour cord as a continuum, accounts for the migration of cells from the inner to the outer
zone of the cord and describes the cell cycle by a sequence of maturity compartments plus a
possible quiescent compartment. Cell-to-cell variability of cycle phase transit times and changes
in the cell kinetic parameters within the cord, related to changes of the microenvironment, can
be represented in the model. The theoretical predictions are compared against literature data
of the time course of the labelling index (LI) and of the fraction of labelled mitoses (FLM) in
an experimental tumour after pulse labelling with 3H-thymidine. It is shown that the presence
of cell migration within the cord can lead to a marked underestimation of the actual changes
along cord radius of the kinetics of cell cycle progression.
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1. Introduction

According to a common view on tumour development, solid tumours start their growth as
spheroids of proliferating cells that receive oxygen and nutrients necessary to survive and pro-
liferate only through diffusion from the external environment, the neighbouring blood vessels
running externally to the tumour. This avascular phase is followed by angiogenesis, stimulated
by factors released by tumour hypoxic cells, to develop a vascular network inside the tumour
mass itself, that supports its further growth [1]. Experimental models of the avascular phase of
tumour growth are the multicellular spheroids grown in vitro [2]. The growth of multicellular
spheroids or of solid tumours in their initial avascular phase, up to 1-2 mm in diameter, has
been investigated by mathematical models (see the review in [3]).

The above view seems to be quite adequate for the initial growth of experimental tumours
implanted subcutaneously, because tumour cells are placed in a space that is devoid of vessels,
thus requiring angiogenesis to provide vessels to the tumour. For spontaneous tumours or exper-
imental tumours implanted not subcutaneously, there are findings indicating that the tumour
can initially grow by coopting existing host vessels. As the tumour grows, however, part of the
initial vasculature in the internal region of the tumour regresses causing massive tumour cell
death, and subsequently angiogenesis develops [4,5].

The structure of the vascular system that supplies the tumour is complex and irregular in
most neoplastic tissues, so it is difficult to study the relationship between the distance from
blood vessels and the cell proliferation, and therefore between the extent of vasculature and the
tumour growth. In some tumours, however, it is possible to observe cylindrical arrangements
of viable tumour cells, surrounded by necrosis, around blood vessels, and this simple geometry
makes this study more feasible. These structures are named tumour cords [6-11]. In tumours
that show vessel cooption, cuffs of viable tumour cells around the coopted blood vessels have
been observed [4]. The mean thickness of the cords (i.e., the distance between vessel wall and
necrosis) has been found to be 60-120 pm in different tumours, with a mean radius of central
vessel of 1040 pm [6-11].

The cell proliferation within the tumour cord induces migration of cells towards the periphery:
cells are pushed by growing and dividing cells and eventually move into the necrotic zone. A
mathematical model that describes the growth of an isolated tumour cord within a normal tissue
and the formation of necrotic regions, taking into account the diffusion of a chemical critical
for cell viability such as oxygen, was presented in [12]. The model predicts that a constant
value for the radius of the cord will be attained in a finite time. Experimental observations
have shown that the cell proliferation rate, measured by the fraction of cells in S phase and by
the fraction of cells in mitosis, appears to decrease from the vessel wall to the periphery of the
cord [6-8], and this phenomenon is likely to be related to the decrease of the concentration of
oxygen, nutrients, and other critical chemicals. A mathematical model which describes the cell
kinetics in a tumour cord at the stationary state, that is when the cord has attained the maximal
radius compatible with the supply of vital substances, and the structure of the cell population is
time-invariant, was proposed in [13]. In [13], the model was formulated using the age formalism
and the variability of the cell cycle phase transit times was disregarded, all proliferating cells
being assumed to traverse the cycle in the same time. The variability of the microenvironment
within the cord was assumed to affect only the transition of cells to a quiescent postmitotic
compartment.

The mathematical model for the cell population within a tumour cord at the stationary state,
proposed in the present paper, takes into account the cell-to-cell variability of phase transit



times and the decrease of the rate of progression across the cell cycle that is likely to accompany
the migration of cells from the region close to the central vessel to the periphery of the cord. The
time courses of the labelling index and of the fraction of labelled mitoses after pulse labelling of
the S—phase cells, as predicted by the model, are compared with experimental data reported in
the literature.

2. The model

We will describe a tumour cord around a blood vessel of radius r, as a cylinder of tumour
cells of radius R. At the stationary state, the radius R will represent the cord-necrosis interface.
Let r denote the radial distance from the axis of the central blood vessel. As in [13], the changes
of parameters and variables along the axial direction of the cord are neglected, and the tumour
cord is considered as a continuous medium in which the number of tumour cells per unit volume
is assumed constant in space and time. Cell motions in the axial direction are considered to
be negligible, and cell migration in the radial direction is described by a velocity field u(r,t),
common to all cells, irrespective of cell position within the cycle and of its cycling or quiescent
status.

The cell cycle of tumour cells is represented, according to the model proposed by Kendall
[14] and Takahashi [15,16], by a sequence of discrete compartments of cell maturity. Let M =
>, m; be the total number of maturity compartments, m,, i =1,---,4, being the number of
compartments in G1, S, G2, and M phases, respectively. Let \,, k=1,---, M, be the exit rate
constant from compartment k. The rate constants A, may differ for G1, S, G2, and M phases
and we will assume

Ay k=1,---,my
N — Ag k=m+1,--- ,m +m, (1)
k Aga k=my+my+1,--- mi+my+mg

Ay k=mi+my+ms+1,--- M.

We assume that newborn cells can arrest their progression across the cycle and become qui-
escent, so that only a fraction 6(r,t) € [0, 1] of newborn cells enter the G1 phase (see Fig. 1).
The dependence of # on r and ¢ reflects the dependence of cell arrest on the concentrations of
oxygen, nutrients and other chemicals within the cord. Since in their motion towards the cord
periphery cells are likely to experience more severe conditions, we will take the cell arrest as
irreversible. Moreover, we assume that the rate of progression across the cycle can depend on
these concentrations, so that the exit rate constants of the maturity compartments may change
with r and ¢, although we exclude that the A\;’s can vanish. In particular, in view of the larger
variability of G1 phase duration with respect to the other cycle phases [17], the cell microenvi-
ronment is likely to mainly affect the progression through that phase, so in part of the following
treatment only the rate constant A,; will be considered to be varying. If a stationary state is
attained, the concentration of the chemicals along the radial direction will not change with the
time, and 6 and the exit rate constants are functions of the radial distance only. Because of
the worsening of the microenvironment when the distance from the central vessel increases, it
is reasonable to assume that these functions of r are non-increasing. Although it is likely that
cell death can occur within the cord when approaching the periphery, apoptosis within the cord
is disregarded, assuming that at the stationary state cell death occurs immediately beyond the
radius R.
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Fig. 1. Scheme of the cell population model with discrete maturity compartments and quiescent
compartment. For the symbols see the text.

Denoting by n,,(r,?) the number of cells in the k-th compartment, and by ng(r,t) the number
of quiescent cells, in the unit volume at distance r and time ¢, from the previous assumptions
we can write the following conservation equations:

on 10
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8—tk * ;E(Tunk) = A1l — Mg, k=2, M (3)
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Q

Moreover, denoting by n(r,t) the total cell density at r and ¢, we have

on 10
E"‘;E(T“n):)‘MnM- (5)

By assuming that n is constant and equal to 7, and that u(ry,t) =0 (i.e., there is no cell flux
across the vessel wall), u(r,t) can be derived from Eq. (5) as

ru(r,t) = %/T 2A (2, ) np(2,t) dz . (6)

To

In contrast with the present model, we will denote as “Takahashi model” the cell population
model with cell cycle structure as in Fig. 1, but without spatial structure and cell migration.
In a stochastic framework, according to this model cells spend in the maturity compartments
random times that are independent and exponentially distributed with parameter A,. Thus,
under the assumption (1), the time spent in each cell cycle phase has a gamma distribution
with, e.g. for G1 phase, mean value equal to m; /A5, and coefficient of variation ml_l/ . The
expected values of the number of cells in the maturity compartments of cell cycle and in the
quiescent state are given in the Takahashi model by the solution of a set of ODE’s whose right
hand side is the same as that of Egs. (2)-(4). We note that, in deriving the distribution of times
spent by cells in the cell cycle phases within a tumour cord, it should be taken into account that
the maximal life span of a cell is equal to the time needed to migrate from the position at birth



to the boundary with the necrotic zone (and thus is finite if the cell is born at r>r;) and that
the rate of exit from a maturity compartment can be varying with the time.

3. Stationary state

Experimental data suggest that in most of the observed tumour cords the cord radius is
constant with the time. We will assume that in these cords also the maturity distribution is in
a stationary state, i.e. it is time-invariant, so that n,(r,t) =n,(r). Let f, (r)=n,(r)/n be the
fraction of cells in the k-th compartment of maturity at distance r in the stationary state. The
conservation equations become

1d

;%(Tufl) =20\ — M1 (7)
1d
;%(rufk)zkk—lfk—l_kkfka k=2,--- M (8)
1d
S (rufo) =21 = )\ ©)
with .
ru(r) = / 2A fardz. (10)
)
The above equations can be rewritten in the following form:
1 /(" df,
” A dz ar =20y for — Mfr = A Su i (11)
1 /(" df;,
- A fu dz W:Ak—lfk—l_)‘kfk_)‘Mfoka k=2 M (12)
1 dfo
- 2 o dz ar =2(1 = 0)Aprfar — AMfoQ . (13)
To

Equations (7)-(10) are a nonlinear system of integro-differential type with degeneracy at r=r,
since u(r) vanishes there. However, in the case in which 6 and all the rate constants A, are
constant, it is easy to see that there exists a unique solution which is constant with r. Let fk,
k=1,---, M, be this constant solution. From (11)-(12), we obtain the following equations:

20>‘MfM - >\1JF1 - AMfTM./Fl =0 (14)
Mot Jro1 = Mo = A fufe =0, k=2,---, M, (15)
from which we have

= "M 16
fi= s (16)

_ A1 _
_ _ , k=2 M. 17
o= s fes (17)

Supposing f,, assigned, Eqs. (14)-(15) are linear in f,, k=1,---, M so that a nonzero solution
will exist if and only if the determinant of coefficients is zero. By computing this determinant,
we obtain that f,, must satisfy the equation

M —

H Aw + Ay far —90. (18)
= Ak

k=1



If 0.5 <08 <1, the above equation has a real positive solution that is unique and less than one.
Thus, from Egs. (16)-(17), all the fractions f, can be determined. By summing (14)-(15), we
have Enﬂf:l fu :29f1 <1. From (13), we obtain fQ =2(1-0) and thus Enﬂf:l f_k+f_Q =1. We note
that the fractions f, are the same as the fractions obtained from the solution in asynchronous
exponential growth of the Takahashi model with the same parameter values.

In the general case of § and A\, dependent on r, because of the degeneracy at ry, it is not
possible to prescribe data for r =r(, and the values of the unknown functions f,(r) at r=r
(denoted by fp, k=1,--+, M) must be deduced from suitable conditions. We will impose that the
right derivative of the solution at r, is bounded. Thus the values of f2 turn out to be precisely
the ones given by Eqgs. (16)-(18) with 6 and A, evaluated at r,. We will take 6(r;) > 0.5, which
is necessary and sufficient to have f positive. If we assume that 6(r) and the coefficients X, (r)
have enough regularity, knowing their derivatives up to some order at r =r(, it is possible to
calculate the derivatives at r, of the possible solutions of (7), (8) and (10) up to the same order.
We show the procedure for the first derivative in Appendix A.

Assuming the existence of the solution, we now establish the qualitative results:

0< fr(r) <1, k=1,--- M, 0< fo(r)<1, (19)

Z Fe(r)+fo(r) (20)

First we show that f; >0. This is true for r=r,. Suppose that f; is the first function in the set
(f1--- fy) that vanishes at the point r; >r,. For j > 1, using (12) we obtain df;/dr|,_, >0,
unless f;_;(r;) =0, and for j =1 we need f,,(r;) =0 to avoid a positive derivative. In other
words, all the functions must vanish simultaneously. Integrating (11)-(12) backward from r,
we can see, however, that this fact is compatible only with f, =0 for every k, contradicting
the initial values. Concerning fg, it is fo >0 at ry. For r>ry, from (13) it is dfy/dr > 0 if

fo(r) <0. Thus f, cannot become negative. We now prove f; <1 and fg, <1 showing that
F:Z,iwzl fr+fo=1. This is true for r=r,. From Egs. (11)-(13), the equation satisfied by F' is

dF
uSs = (1= F)sfar (21)

This equation shows that F' is increasing in the set {r : F' < 1} and decreasing in the set
{r : F >1}. Now, if one of these sets is not empty we see, integrating backward, that the
condition F'(ry)=1 cannot be matched. Then F must be constant and equal to 1. The existence
and uniqueness of the solution of Egs. (7)-(10) is under study.

To obtain a numerical solution of Egs. (7), (8) and (10), we note that these equations can be
rewritten as the following set of integral equations:

(/ z)\MfMdz>f1(r):2/ ZHAMfMdz—/z)\lfldz (22)

To To To

(/ ZAMfMdZ>fk(T):/ Z>\k—1fk—1d2—/ A frdz, k=2,--- M. (23)

To To To

A solution of the above equations can be obtained by an iterative procedure. We define as z
the vector of all the values f,(r;), k=1,---, M, r; being equispaced mesh points in [r,, R], and
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Fig. 2. Cell cycle phase fractions and fraction of quiescent cells in the stationary state as a
function of radial distance. Kinetic parameters: m; =2, ms =9, ms=m4 =2, A\g1 =0.25h~1,
As=1.0h71 Aga=1.0h71 A\jy=2.0h=1 and O(r)=1/(1 +16((r — 7o) /(R —1())*) . Geometric
parameters: 79 =40 ym, R=100 pm.

rewrite Egs. (22)-(23) as z=_G(z), computing the integrals by the trapezoidal rule. This system
of algebraic equations was solved using the iteration [18]

2"t = 2" 4+ a(G(2™) — 2™), (24)

where " denotes the solution at the n-th step. The convergence (that resulted very slow indeed)
was achieved with small positive «.

Figure 2 represents the steady-state fractions of cells in the G1, S, G2, and M phases, obtained
by summing the fractions f,(r) over the appropriate indexes, and the quiescent fraction fq(r).
The kinetic and geometric parameters of the simulated tumour cord are reported in the figure
legend. It can be observed that the ratios of the phase fractions with respect to the fraction of
proliferating cells are not constant with r.

An experimental technique largely used to study the cell proliferation within tumour cords is
based on the measurement of the fraction of cells in S phase at various radial distances, obtained
as the fraction of labelled cells immediately after the injection of a radioactive DNA precursor,
or of the fraction in M phase, obtained by examination of histological slices of the tumour [6-
8]. Thus, the question arises if these data allow to distinguish whether there is a decelerated
progression through G1 phase, as the radial distance increases, or there is an increase in the
fraction of postmitotically arrested cells, when all the other cell cycle parameters are constant
with ». We prove that this is not possible, see Appendix B, as far as the S and M phase fractions
at the stationary state are considered. However, the technique of labelling S-phase cells followed
by autoradiography also allows to measure the time course of the fraction of labelled cells as
well as the fraction of labelled cells in mitosis. As we will see in the following, the time evolution
of these fractions can be different if a decreasing rate of progression in G1 or a true postmitotic
cell arrest occurs.



4. Pulse labelling

The injection of a labelled DNA precursor will label tumour cells in a way that can be consid-
ered equivalent in practice to a true impulsive labelling. If the injection occurs at t=0, we will
assume that at =07 all (and only) S-phase cells are labelled. Thereafter, the subpopulation
of labelled cells progresses through the cycle and cells undergo division: we will assume that, at
each division, cells generated by labelled cells remain labelled.

Let fi(r,t) be the fraction of labelled cells in the k-th compartment at distance r and time .
We will assume here that the exit rate constants Ag, A5, and A, are constant with r. By writing
the conservation equations for the labelled subpopulation in all the maturity compartments and
in the quiescent compartment, we obtain for the time evolution of the labelled fractions the
following equations:

aft 10
8—t1 + ;E(Tuﬁ) =20y fhr — A Sl (25)
oft 10
8—:_’_;5(7“71]0]19):Ak—lfllc—l_kkfllca k:277M (26)
8fé) 10 l l
o T ;E(Wf@) =2(1=0) Ay fu (27)
where i,
ru(r) = )\M/ z2fp(2)dz, (28)
0
with the initial conditions
! _ fk;('r) k:m1+17"'7m1+m2 ! _
Ti(r, 0) = {0 otherwise, fo(r,0) =0. (29)

Since we assume that cell labelling occurs in a population at the stationary state, the functions
fi(r) and u(r) in the above equations are the fractions of cells and the velocity field in the
stationary state, as defined in the previous section.

Equations (25)-(27) can be rewritten as

of! oft
S Fug =200 S = Al = A fad (30)
of} of}
S tus =N fi - NSl A k=20 M (31)
Of! of!
29 L u @ =91~ Oy fly — Arfuelly- (32)

Equations (30)-(32) are a system of first-order and linear equations, whose characteristic lines
tend to have vanishing slope as r— ;. Thus the initial conditions (29) determine completely the
solution for >0 and r € (ry, R]. For r=r,, by denoting f}°(t)= f!(ry,t) and fg)(t) :fé(ro, t),
we have

d°

dt :29(7"0)>\Mf1l\2—Acl(ro)ﬁo—)\Mfz(\)J {0 (33)
Ve 71 (o) FI2 s = An ) 2 = Me S, =20 ym en
= Agi\To) k-1 G1\To)Jk MIMmTE =2,y

dt
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with the initial conditions

»0 = fk? k:m1+1,---,m1+m2 10 =
< 0) { 0  otherwise, fg(0)=0. (38)

The numerical solution of Egs. (25)-(29) was computed by a finite-difference scheme over a
rectangular grid with fixed mesh size on [0,T]x[r,, R]. Time derivatives were approximated by
forward differences whereas spatial derivatives by backward differences. The scheme required
the knowledge of the solution at r=r,, and this is given by the solution of equations (33)-(38).
The time evolution of the fractions of labelled cells allows to compute the evolution at different
radial distances of various observable quantities, such as the total fraction of labelled cells,
LI(r,t), and the fraction of labelled cells within the cells in mitosis, FFLM(r,t), according to

M
y Y Jiln)
LI(rt) =Y fh(rt) + fh(r,t),  FLM(rt) = == . (39)
. > flr)
k=M—mas+1

Numerical simulations have shown that, for large ¢, LI and FLM converge to a common value
which is independent of 7. Because Egs. (25)-(28) admit stationary solutions of the form f}(r)=
cfp(r) and fé(r) =cfq(r) with 0 <c <1, the observed behaviour suggests that the solution of
(25)-(29) tends to a stationary solution with ¢ depending on the initial condition. If it is so, it
is easy to see from Eq. (39) that both LI(r,t) and FLM((r,t) will tend to ¢ independently of r.

5. Application to experimental data

We applied the above model to the analysis of experimental data reported by Hirst and
Denekamp in [7]. These data have been obtained from the KHH mammary carcinoma, a tumour
that grows in mice showing a corded structure. As reported in [7], when the tumour reached
a diameter of 7.5-10 mm, the animals were injected with 3H-thymidine and, at different times
after label injection, the animals were sacrificed and the tumours excised. Histological sections
were scanned and cells categorized in relation to the nearest visible blood vessel. Three classes
were distinguished: cells close to vessels, cells close to necrosis and cells in the intermediate
zones. The fraction of labelled cells (labelling index, LI) and the fraction of labelled mitoses
(FLM) were measured in the three above defined zones up to 50 hours after label injection.

The LI and FLM data were analyzed under two different hypotheses. First, we assumed
that progression across the G1 phase of cell cycle is not affected by the radial distance of cells,
whereas 0 decreases with r. Alternatively, we assumed that Ag; is affected by the radial distance
whereas no cell arrest occurs (i.e., 8(r)=1).
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Fig. 3. Experimental data of LI as a function of time in the inner (open squares) and the
outer zone (black squares) of the cord. Data replotted from Hirst and Denekamp [7]. Model
predictions with A5, constant and 6 dependent on r (continuous lines). The function 6(r) and
the parameter values are reported in the text.

Under the first hypothesis, using a trial-and-error procedure, a reasonable fitting of the data
was obtained with the following choice of parameter values: m; =2, ms =9, mg = my = 2,
Ag1=0.278h71 Ag=1.059h"1, A\go=1.333h~%, \3;=3.333h~!, and O(r) given by

1
1 4+16((r — 7o) /(R —10))* "

0(r) (40)

The geometric parameters of the cord were rp =40 ym and R=100 pm, according to the average
measured diameters. The values chosen for the m,’s and the exit rate constants are such that
the mean values of Tgy, Ts, Tgo and Ty are 7.2 h, 8.5 h, 1.5 h and 0.6 h, respectively, that is the
phase transit times estimated in [7] for the cells in the inner zone of the cord. Figure 3 shows
the behaviour of LI in the inner and the outer zone of the cord. The predicted time course
was calculated at =50 uym and at r =90 um, respectively. In Fig. 4, the experimental F'LM
data are shown together with their predictions. We note, in particular, that the theoretical
prediction of the FFLM curve in the outer zone fails to follow the rising front of the second wave
of experimental data.

Under the second hypothesis, data were fitted by choosing the following values of the param-
eters: m; =2, my=7, mg=my4=2, Ag, Ag2 and \j; as before, A\g1(r) given by

0.55 -1
S e (i .

and O(r)=1. The time course of the prediction of the labelling index data is depicted in Fig. 5,
showing a fitting of comparable quality with respect to the fitting obtained with 6 dependent
on r. In the prediction of the FFLM curve in the outer zone of the cord, the rising front of the
second wave appears now to be delayed as shown by the data (see Fig. 6).

It can be surprising that the second wave of the predicted FLM curve in the outer zone
(Fig. 6) is so slightly delayed, considering that the value of Ag; at 90 um, as given by Eq. (41),
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Fig. 4. Experimental data of FLM (squares) as a function of time in the inner (upper panel)
and the outer zone (lower panel) of the cord. Data replotted from Hirst and Denekamp [7].
Model predictions with A5, constant and 6 dependent on r (continuous lines). The function
f(r) and the parameter values are reported in the text.

is 0.0243 h~!, which would correspond in the Takahashi model to a mean Tg; of 82.3 h (whereas
A1 at 50 pm is 0.321 h™1, corresponding to a mean Tg; of 6.2 h). This behaviour is due to the
cell migration within the cord. To show the effect of cell migration on the time course of FLM,
we compared the response of our model at »=>50 pm and r=90 pm to the F'LM curves predicted
by the Takahashi model (i.e., a model without cell migration) having A\g1 equal to Ag1(r) at
r=>50 pm and r =90 pm, respectively, and the other parameters unchanged. Figure 7 shows this
comparison: whereas the F'LLM curve in the inner zone slightly differs from that predicted by the
Takahashi model, the difference is very marked when the F LM curve in the outer zone of the
cord is considered, where the FFLM predicted by the present model shows a moderate delay of
the second wave. This marked difference can be explained considering that the labelled mitoses
observed in the outer zone of the cord are the mitoses of cells that have spent the G1 phase at
smaller radial distances where the progression across G1 phase is faster. In other words, because
of cell migration, the mean cell cycle duration of cells dividing at the periphery will be shorter
than that of non-moving cells characterized by the cell kinetic parameters of the cord periphery.

Without taking into account cell migration, previous analyses of the F LM curves, based on
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Fig. 5. Experimental data of LI as in Fig. 3. Model predictions with #=1 and \,; dependent
on r (continuous lines). The function A5, () and the parameter values are reported in the text.
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Fig. 6. Experimental data of FLM (squares) as in Fig. 4. Model predictions with #=1 and A,

dependent on r (continuous lines). The function As;(r) and the parameter values are reported

in the text.
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Fig. 7. Comparison between the F'LM curves predicted by the model of the tumour cord (dashed
lines) and the FLM curves predicted by the Takahashi model (continuous lines): inner zone
(upper panel), outer zone (lower panel). For the values of the parameters see the text.

cell population models similar to the Takahashi model, had found no difference [6] or only slight
differences [7] in the kinetic parameters of cell cycle in regions proximal to the central vessel and
in regions at the periphery of the cord.

6. Concluding remarks

The analysis of labelling data here proposed suggests that, because of the decay of oxygen
and nutrient concentration in tumour cords, the progression across cell cycle is slowed down
as the distance from the central vessel increases. We have found that the retarded progression
suggested by the experimental data can be achieved in the model by suitably lowering only the
rate of progression in G1.

In the presence of decreased rates of progression through cell cycle phases at the periphery of
tumour cords, the kinetic differences between inner and outer zones can be largely masked by
cell migration when data from pulse labelling are considered. Thus, more in general, our results
indicate that a correct analysis of data from tumour microregions requires that the possible cell
migration through these regions has to be taken into account.
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Finally, we note that the continuous-medium approach here adopted was able to describe
substantially the experimental data considered, although the size of the particles (the cells) is
comparable in the tumour cords to the spatial scale. An approach based on the behaviour of
individual cells could, however, improve the description of cell motion, in particular near the
wall of the central vessel.
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Appendix A

We show here how to compute the first right derivative at r = r, denoted as f;°, of the
solution f, of Egs. (7), (8) and (10), assuming that the functions 6(r) and A, (r) have enough
regularity. Let us insert in (7), (8) and (10) the first order approximations

0(r):90+0’0(r—r0), >\k(7°)2>\2+>\;co(7“_7°0)a k=1,---,M

where 0 = 0(ry), 0° = 0'(ry), and A} = A (ry), A = Ai.(ry), and look for the first-order
approximation

fe) = R+ 2 =rg), k=1 M. (A.1)

From divu= X, f;;, we deduce
divie = X [ + (13 + N Fr) (r = 74) (4.2)

and, from Eq. (10),

2 2
o — 7o

1
U~ ;)\g/f M5 :)\g/[f&(r—ro). (A.3)

Using all the above approximations in (7)-(8), the zero order terms cancel because of (14)-(15)
written with 6 and A\, evaluated at r,. Equating the first order terms we arrive at the system

@AM + A1) = = PO+ A) + 2P (0N, + 0°XTL) + f1r (20°05, — fIAR,)  (A4)

k@A far + AR) = =S O far + ) + ALl = Farfe N — Ao fila

k=2, M (A.5)
which defines f;°, k=2,---, M —1, recursively in terms of f;° and f}} by means of
k—1 k )\[) k—1 k >\0
) B [ TNV EER ) S | e I
i=0 Nj=k—i J i=0 Nj=k—i J
k=2 k k30
+Z H A;{:O_i_lf]g_i_l"_)\(l) <H a_J> {0, k: 2,"'7M7 (AG)
i=0 j=k—i j=2 J

where a; = 2)\?\4f1(\)4+>\? and by =\, 3, + A2, Using (A.6) for k=M and replacing f{° by the
expression deduced from (A.4), we obtain the equality:

M—-1 M )\Q -1 M )\Q
e[t X (I 2)ae] =X (1T 2)ouasdie

1=0 “j=M-—i =0 “j=M—1i
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M-2 M
2 11
j=M —

=0 j

M 20
>‘M i 1fM—i—1+(H G—J> — T\ far + 1)

2L (00N + 0°XGE) + Ay f1r (20° = )] (A7)

At this point we note that

H (260° — )<1—f—?<1
260 ’

owing to (18) and taking into account that a; > A9 fM—l—Ag-, and that

_f_{)_kio <1
200 XY+ 09, £9,

because of (16). Thus, by rearranging (A.7), it can be seen that the coefficient of £} is positive.
Therefore (A.7) can be solved for f}} and all the other unknowns f;° can be calculated. We
remark that, if 0 =X2=0, k=1,---, M, then f/°=0 for all k. Following the above proce-
dure higher order derivatives can be calculated, of course their expressions will be much more
complicated.

Appendix B

The following proposition shows that, at the stationary state, the same behaviour of the
fractions in S, G2 and M phases with the radial distance can be given by different pairs of the
functions 6(r) and A5, (1), when Mg, Ay, and Ay, are constant with r.

Proposition 1. Given A\, (r), 6(r), and g, Agy and Xy, constant, let f(r), k=1,---, M, be
the solution of Eqs. (7), (8) and (10). A function \gy(r) can be found such that Egs. (7), (8)
and (10), with . . }

0(r)=1, As=As, Ag2=Aga; Am=Au, (B.1)

have the solution fk(r), k=1,---, M, with the following property
fk(r):fk(r)a k:m1+1a"'7M' (BZ)
Proof. In view of (B.1), the fractions f,(r) will satisfy the equations

1d

;%(”}fl) =2\ far — Ao S (B.3)
ld%(”]fk) =Xa1fro1 — Agifes k=2,--,my (B.4)
%d%(r fm +1) = >‘G1f >‘m1+1fm1+1 (B.5)
i;;(rufk)—)\k 1fk 1 Akfka k=m;+2,--- .M (B.6)

with .
r) = AM/ Zfardz . (B.7)
To
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For r=r, the values f,g of the solution fk of Egs. (B.3)-(B.7) will be given by

~ 2\ ~
0 _ _ M £0 B.8
1 T )\ij(\]/[fM (B-8)
70 ALy 70

fk:mfk—la k=2,---,my (B.9)
70 — 5\OGl _ 70 (BlO)
Mt >‘m1+1 +>\Mf](34 e

- A -

flgzﬁflg—la k=my+2,--- M, (B.11)

k MJ M

where A%, = Aoy (r). We will search the value A, that yields f9, = f3,. Expressing fJ, by
means of (B.8)-(B.11), we obtain the equation

M

Mt SEIAYRIRENTI LY (B.12)
N 30
k=m, +1 G1

and similarly, for f2,, we have the equation

M 0 0 0\ ™1
H Ao + Aarfar Ag1 +0>‘MfM = 290, (B.13)
Ak AG1
k=m1+1

where A%, =\, (1) and 8°=6(r;). From Egs. (B.12)-(B.13), by setting f, = f2,, we obtain

>‘0G1 6° >‘0G1 ,
from which A%; can be found, resulting A%; < A%, for 0.5 < 6° < 1. Since f3; = fJ;, from
Egs. (B.11) we have ]f,? :f,g, k=my+1,---,M — 1, so the property (B.2) holds for r=r;, and
from (B.10) we have A&, £, =A% [y
For r>r,, we note that if

A1 () fm, (r) =Ag1 () fom, (r) 4 (B.15)
then Egs. (B.5)-(B.7) have the solution fu(r) = fo(r), k=my;+1,---, M and thus ru(r) =
ru(r) =Xy, f:o zfar dz. Setting Mg (1) =Ag1(r) fn, (7)/ f1n, (r) and substituting u(r) to @(r) into
Egs. (B.3)-(B.4), we obtain the ODE system (with degeneracy at r=r)

df, £

Y T 2x0far — AGlfmlf'“’—m — Mk (B.16)
df, fr_ 7 N
“d—::AGlfmlffT:—Amfm Kkl—AMfok, k=2---,my. (B.17)

The solution of the above system will give fm, (r) from which Ag1(r) is found through (B.15).
It can be easily seen that the values f2, k=1,---,m,, obtained from (B.8)-(B.11) when A%, is



18.

found from (B.14) are the values at 7, that can be deduced from (B.16)-(B.17). Thus the value
Ag1(rg) obtained from the solution of (B.16)-(B.17) is the value found from (B.14).
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