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Abstra
tLet P (G;�) be the 
hromati
 polynomial of a graph G with n verti
es, stability number �,and 
lique number !. We demonstrate lower and upper bounds, whi
h depend on � and !,respe
tively, for the ratio P (G;�� 1)=P (G;�). Namely, we show that, for every � � n,�� n+ �� ��� n+ �� 1�� n+ � �� � P (G;�� 1)P (G;�) � �� !� ��� 1� �n�! :We 
hara
terize the graphs that yield the lower bound or the upper bound.Moreover, let �(G) be the mean number of 
olours used in any 
oloring of the graph G. Ourresults yield new bounds on �(G), i.e.:n� (n� !)�n� 1n �n�! � �(G) � n� ���� 1� �� :





3.1. Introdu
tionIn this paper, all our graphs will be undire
ted, simple, and �nite. Let G be an arbitrary graphwith n verti
es. A vertex 
olouring of G is an assignment of 
olours to the verti
es of G sothat adja
ent verti
es get di�erent 
olours. The minimum number of 
olours needed in a vertex
olouring of G is 
alled the 
hromati
 number of G and is denoted by �(G). Let 
k(G) denotethe total number of vertex 
olourings of G that use pre
isely k 
olours; 
learly, 
k(G) > 0 if andonly if k � �(G).Let P (G;�) denote the total number of vertex 
olourings of G that use at most � 
olours. Itis well known that P (G;�) is a polynomial in �:P (G;�) = nXk=1 
k(G)(�)k;where (�)k = �(� � 1) � � � (� � k + 1); P (G;�) is 
alled the 
hromati
 polynomial of G. Forinstan
e, if G = Kn (the 
omplete graph with n verti
es) then P (G;�) = (�)n; if G = On (thegraph with n verti
es and no edges) then P (G;�) = �n; if G = Tn (an arbitrary tree with nverti
es) then P (G;�) = �(�� 1)n�1. In this paper, � will be a positive integer.Consider the set of all 
olourings of G with at most n 
olours. The mean 
olour number of G,denoted by �(G) is the average of the number of 
olours used by a 
olouring in this set. Themean 
olour number of G is related to the 
hromati
 polynomial of G (see [2℄):�(G) = n�1� P (G;n� 1)P (G;n) � :Sin
e �(G) � �(G) � n;it follows that 0 � P (G;n� 1)P (G;n) � n� �(G)n :In 1995, Bartels and Welsh [2℄ 
onje
tured thatP (G;n� 1)P (G;n) � �n� 1n �n ;or equivalently, P (G;n� 1)P (G;n) � P (On; n� 1)P (On; n) :This 
onje
ture was proved by Dong [4℄ in 1998, who showed the following result.Theorem 1. ([4℄) Let G be a graph with n verti
es. Then, for every � � n,P (G;� � 1)P (G;�) � ��� 1� �n : (1)To prove Theorem 1, Dong gave a better bound on P (G;��1)=P (G;�) in 
ase G was 
onne
ted.



4.Theorem 2. ([4℄) Let G be a 
onne
ted graph with n verti
es. Then, for every � � n,P (G;� � 1)P (G;�) � �� 2� ��� 2�� 1�n�2 : (2)Moreover, if x is a vertex of G su
h that G� x is 
onne
ted, then for every � � n,P (G� x; �)P (G;�) � 2�� 3(�� 1)(2� � d� 2) ; (3)where d denotes the degree of x in G.In this paper we shall improve Theorem 1 and inequality (2) in Theorem 2; moreover, we shallgive a lower bound on P (G;� � 1)=P (G;�). The proof of our generalization of inequality (2)uses a te
hnique similar to that of Dong, and in parti
ular relies on inequality (3).We 
lose this se
tion with some easy properties of the 
hromati
 polynomial of a graph thatwill be used in this paper. For this purpose, let G be a graph and let x and y be two verti
esof G; G + xy will denote the graph obtained from G by adding the edge xy (if it does notexists); Gjxy will denote the simple graph obtained from G by 
ontra
ting the verti
es x andy (i.e. by identifying x and y and by repla
ing every multiple edge by a single one); G � xwill denote the graph obtained from G by removing vertex x. Let x be a non-isolated vertexof G and let x1; : : : ; xd denote the verti
es that are adja
ent to x; if xi and xj , with i > j, arenon-adja
ent, then Gxij will denote the graph obtained from G � x by adding the edges x1xi,x2xi, : : :, xj�1xi (if they do not exist) and by 
ontra
ting xi and xj . Finally, a 
lique-
utset in agraph G = (V;E) is a 
lique whose removal from G dis
onne
ts the graph; when G has a 
lique
utset Kt we shall write G = G1 [ G2, where G1 and G2 are the two indu
ed subgraphs of Gsu
h that G1 \G2 = Kt.Property 1. Let G be a graph and let x and y be two non-adja
ent verti
es in G. ThenP (G;�) = P (G+ xy; �) + P (Gjxy; �):Property 2. Let G be a graph with n verti
es and let x be a vertex of G that is adja
ent to allother verti
es. Then P (G;�) = �P (G� x; �� 1):Property 3. ([4℄) Let G = (V;E) be a graph, let x be a vertex of G, and let x1; : : : ; xd be theverti
es that are adja
ent to x, with d � 1. ThenP (G;�) = (�� d)P (G � x; �) + dXi=2 X1�j<i: xixj =2E P (Gxij ; �):Property 4. Let G = (V;E) be a non-
onne
ted graph and let C1; : : : ; Ck denote its 
onne
ted
omponents. Then P (G;�) = kYi=1P (Ci; �):



5.Property 5. Let G = (V;E) be a graph, let Kt denote a 
lique 
utset in G, and let G1 and G2denote the two indu
ed subgraphs of G su
h that G = G1 [G2 and Kt = G1 \G2. ThenP (G;�) = P (G1; �)P (G2; �)P (Kt; �) :2. The main resultsFor every graph G, let �(G) denote the stability number of G (maximum 
ardinality of a subsetof pairwise non-adja
ent verti
es), and let !(G) denote the 
lique number of G (maximum
ardinality of a subset of pairwise adja
ent verti
es).To every graph G with n verti
es, we 
an asso
iate two graphs L(G) and U(G): L(G) is the
omplete union of an independent set S of size �(G) and a 
lique of size n� �(G); U(G) is thedisjoint union of a 
lique K of size !(G) and an independent set of size n� !(G). In Figure 1we show a graph G along with the 
orresponding L(G) and U(G). Note that when the graph Gis Kn or On then both graphs G(L) and U(L) are equal to G.
G L(G) U(G)Figure 1Sin
e P (L(G); �) = P (Kn��(G); �)(�� n+ �(G))�(G)and sin
e P (U(G); �) = P (K!(G); �)�n�!(G);it follows that P (L(G); � � 1)P (L(G); �) = �� n+ �(G)� ��� n+ �(G)� 1�� n+ �(G) ��(G) ;P (U(G); � � 1)P (U(G); �) = �� !(G)� ��� 1� �n�!(G) :The following result will show that P (L(G); � � 1)=P (L(G); �) is a lower bound on P (G;��1)=P (G;�) and that P (U(G); � � 1)=P (U(G); �) is an upper bound on P (G;�� 1)=P (G;�).Theorem 3. Let G be a graph with n verti
es. Then for every � � n,P (G;�� 1)P (G;�) � �� n+ �(G)� ��� n+ �(G) � 1�� n+ �(G) ��(G) (4)



6. P (G;�� 1)P (G;�) � �� !(G)� ��� 1� �n�!(G) : (5)Theorem 3 implies Theorem 1. To see this, note that for every two integers m; k with m �k � 0, we 
an write m� km = kYi=1 m� im� i+ 1 � kYi=1 m� 1m ;and so m� km � �m� 1m �k ; (6)with equality if and only if k = 1. Hen
e,�� !(G)� ��� 1� �n�!(G) � ��� 1� �n ; (7)inequality (7) follows dire
tly from (6) with m = � and k = !(G).Now, Dong's upper bound on P (G;� � 1)=P (G;�) is related to the empty graph On, in thesense that P (On; �� 1)P (On; �) = ��� 1� �n :Note that On 
an be seen as the \most sparse" graph having n verti
es with 
lique number equalto one; on the other hand, our graph U(G) 
an be seen as the \most sparse" graph having nverti
es with 
lique number equal to !(G).To the best of our knowledge, the only lower bound on P (G;� � 1)=P (G;�) that was knownwas (�� n)=n; this lower bound is related to the 
omplete graph Kn, in the sense thatP (Kn; �� 1)P (Kn; �) = �� nn :The graph Kn 
an be seen as the \most dense" graph having n verti
es with stability numberequal to one; our graph L(G) 
an be seen as the \most dense" graph having n verti
es withstability number equal to �(G).It is natural to ask whi
h graphs G rea
h the lower bound and/or the upper bound. Clearly,when G = L(G) (i.e., G is the 
omplete union of a maximum independent set and a 
lique) thenP (G;� � 1)=P (G;�) is equal to the lower bound; when G = U(G) (i.e., G is the disjoint unionof a maximum 
lique and an independent set) then P (G;� � 1)=P (G;�) is equal to the upperbound. The following result shows that those are the only possible 
ases.Theorem 4. Let G be a graph with n verti
es, let � = �(G), and let ! = !(G). Then for every� � n, P (G;� � 1)P (G;�) = �� n+ �� ��� n+ �� 1�� n+ � �� ; if and only if G = L(G);P (G;� � 1)P (G;�) = �� !� ��� 1� �n�! ; if and only if G = U(G):



7.To prove the validity of (5) in Theorem 3, we shall prove a stronger result for a 
onne
tedgraph.Theorem 5. Let G be a 
onne
ted graph with n verti
es. Then, for every � � n,P (G;�� 1)P (G;�) � �� !(G)� ��� 2�� 1�n�!(G) : (8)Theorem 5 implies inequality (2) in Theorem 2. To see this, note that this is obvious when!(G) � 2 (in this 
ase, the upper bound given by (2) or (8) is the same). When !(G) � 3, we
an show that the upper bound given by (8) is smaller than the upper bound given by (2), thatis �� !(G)� ��� 2�� 1�n�!(G) < �� 2� ��� 2�� 1�n�2 : (9)To see the validity of (9), note that��� 2�� 1�n�2 ��� 1�� 2�n�!(G) = ��� 2�� 1�!(G)�2 ;and that �� !(G)�� 2 = (�� 2)� (!(G) � 2)�� 2 ;and so, by (6), �� !(G)�� 2 � ��� 3�� 2�!(G)�2 < ��� 2�� 1�!(G)�2 :To give a meaning to the upper bound in (8), we need to introdu
e one more graph related toG: the graph C(G). C(G) = (V;E) is a 
onne
ted graph with n verti
es 
omposed by a 
liqueK and a tree T having pre
isely one 
ommon vertex; K and T have !(G) and n � !(G) + 1verti
es, respe
tively. Sin
e, in general, there are many su
h trees, the graph C(G) may be notunique. In Figure 2 we show a graph G and a 
orresponding C(G).

G C(G)Figure 2



8.Sin
e P (C(G); �) = P (K!(G); �)P (Tn�!+1; �)� ;it follows that P (C(G); �� 1)P (C(G); �) = �� !(G)� ��� 2�� 1�n�!(G) :Hen
e, the upper bound in (8) is nothing but P (C(G); �� 1)=P (C(G); �). Note that the upperbound in (2) is nothing but P (Tn; ��1)=P (Tn; �). While the graph Tn 
an be seen as the \mostsparse" 
onne
ted graph with n verti
es (n � 2) having 
lique number equal to two, our graphC(G) 
an be seen as the \most sparse" 
onne
ted graph with n verti
es having 
lique numberequal to !(G).3. Proof of the resultsAs stated in the previous se
tion, to prove Theorem 3, we �rst need to prove Theorem 5.Proof of Theorem 5. Let G be an arbitrary 
onne
ted graph with n verti
es; write ! = !(G).The theorem is obvious when n � 3 or when G = Kn. Hen
e, we may assume that n � 4, thatG 6= Kn, and that (8) holds for all 
onne
ted graphs with at most n� 1 verti
es.Let x be an arbitrary vertex of G su
h that !(G�x) = ! (su
h a vertex exists sin
e G 6= Kn)and let x1; : : : ; xd denote all the verti
es of G that are adja
ent to x. Clearly d � 1 sin
e G is
onne
ted.First, assume that G� x is not 
onne
ted. Then, by Property 5, we 
an writeP (G;�) = P (G1; �)P (G2; �)� ;where G1 and G2 are su
h that G = G1 [G2 and G1 \G2 = x. Sin
e G is 
onne
ted, both G1and G2 are 
onne
ted. By assumption, (8) holds for the graphs G1 and G2, and so for i = 1; 2P (Gi; �� 1)P (Gi; �) � �� !(Gi)� ��� 2�� 1�ni�!(Gi) ;where ni denote the number of verti
es of Gi. ThenP (G;� � 1)P (G;�) � (�� !(G1))(�� !(G2))�2 ��� 2�� 1�n1+n2�!(G1)�!(G2) ��� 1 :Now, ! is equal to !(G1) or to !(G2); without loss of generality, we 
an assume that ! = !(G1).Sin
e n = n1 + n2 � 1, we haveP (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�! �� !(G2)�� 1 ��� 1�� 2�!(G2)�1 :But �� !(G2)�� 1 = (�� 1)� (!(G2)� 1)�� 1 � ��� 2�� 1�!(G2)�1 ;



9.(the last inequality follows from (6)), and so we are done.Hen
e, we 
an assume that G� x is 
onne
ted. If we setf(G;�) = (�� !)(�� 2)n�!P (G;�) � �(�� 1)n�!P (G;� � 1);to prove the validity of the theorem, we only need show that f(G;�) � 0. Note that, byProperty 3, P (G;�) = (�� d)P (G � x; �) + dXi=2 X1�j<i: xixj =2E P (Gxij ; �): (10)Write !ij = !(Gxij). Sin
e G� x and ea
h Gxij are 
onne
ted graphs with less verti
es than G,by assumption, inequality (8) holds for these graphs. Hen
e,P (G� x; �� 1)P (G� x; �) � �� !� ��� 2�� 1�n�1�! (11)and P (Gxij ; �� 1)P (Gxij ; �) � �� !ij� ��� 2�� 1�n�2�!ij : (12)Clearly, either !ij = ! or !ij = ! + 1 (be
ause !(G� x) = !). In both 
ases it is easy to showthat P (Gxij ; �� 1)P (Gxij ; �) � �� !� ��� 2�� 1�n�2�! : (13)Now, let f1(G;�) = (�� d� 1)(�� 1)[(� � !)(�� 2)n�1�!P (G� x; �)+��(�� 1)n�1�!P (G � x; �� 1)℄;f2(G;�) = (�� 1)2 dXi=2 X1�j<i: xixj =2E[(�� !)(�� 2)n�2�!P (Gxij ; �)+��(�� 1)n�2�!P (Gxij ; �� 1)℄;f3(G;�) = (d� 1)(�� !)(�� 2)n�1�!P (G� x; �)+�(2�� 3)(�� !)(�� 2)n�2�! dXi=2 X1�j<i: xixj =2EP (Gxij ; �):Sin
e (�� d)(�� 2) = (�� d� 1)(�� 1) + (d� 1);and sin
e (�� 2)2 = (�� 1)2 � (2�� 3);using for P (G;�) and P (G;�� 1) the 
orresponding expressions given by (10), it is easy to seethat



10. f(G;�) = f1(G;�) + f2(G;�) + f3(G;�):Now, (11) implies that f1(G;�) � 0 and (13) implies that f2(G;�) � 0. Hen
e, we only needshow that f3(G;�) � 0. But,f3(G;�) = (�� !)(�� 2)n�2�![(d� 1)(�� 2)P (G � x; �)+�(2�� 3)P (G;�) + (2�� 3)(�� d)P (G � x; �)℄;and so f3(G;�) � 0 if and only if[(d� 1)(�� 2) + (2�� 3)(�� d)℄P (G � x; �)� (2�� 3)P (G;�) � 0:Now, sin
e (d � 1)(� � 2) + (2� � 3)(� � d) = (� � 1)(2� � d � 2), inequality (3) implies thatf3(G;�) � 0. Thus the theorem follows.Proof of Theorem 3. Let G be an arbitrary graph with n verti
es and let � � n. To proveTheorem 3, we shall �rst prove the validity of the upper bound (inequality (5)) and then thevalidity of the lower bound (inequality (4)).Write ! = !(G). If G is 
onne
ted then Theorem 5 implies that inequality (8) holds. But,sin
e �� !� ��� 2�� 1�n�! � �� !� ��� 1� �n�! ;we are done.Hen
e, we 
an assume that G is not 
onne
ted. Let H be the graph obtained from G byadding a vertex x joined to every vertex of G. Property 2 implies that P (H; k) = kP (G; k � 1)for every k, and so P (G;� � 1)P (G;�) = �+ 1� P (H;�)P (H;�+ 1) :Now, sin
e H is a 
onne
ted graph with n + 1 verti
es and sin
e !(H) = ! + 1, Theorem 5implies that P (H;�)P (H;�+ 1) � �� !�+ 1 ��� 1� �n�! ;and so (5) holds.To prove the validity of the lower bound, write � = �(G). Clearly, (4) is true when n � 3, orwhen G = L(G). In parti
ular, (4) holds when G = Kn or when G = On. Hen
e, we 
an assumethat n � 4, that G is di�erent from L(G), and that (4) holds for all graphs with at most n� 1verti
es and for all graphs with n verti
es but more edges than G. Letf(G;�) = (�� n+ �)(�� n+ �� 1)�P (G;�) � �(�� n+ �)�P (G;�� 1):To prove the validity of (4), we only need show that f(G;�) � 0. In fa
t, we shall show thatf(G;�) < 0.For this purpose, let x be an arbitrary vertex of G su
h that �(G � x) = � (su
h a vertexexists sin
e G 6= On). Sin
e G 6= L(G), there exists a vertex y not adja
ent to x su
h that



11.�(G + xy) = �. Write G0 = G + xy, G00 = Gjxy, and �00 = �(G00). Sin
e by Property 1,P (G; k) = P (G0; k) + P (G00; k) for every k, it follows thatf(G;�) = f 0(G;�) + f 00(G;�)= f 0(G;�) + (�� n+ �� 1)g(G;�)+��(�� n+ �)��1P (G00; �� 1);where f 0(G;�) = (�� n+ �)(� � n+ �� 1)�P (G0; �)� �(�� n+ �)�P (G0; �� 1);f 00(G;�) = (�� n+ �)(�� n+ �� 1)�P (G00; �)� �(�� n+ �)�P (G00; �� 1);g(G;�) = (�� n+ �)(� � n+ �� 1)��1P (G00; �)� �(�� n+ �)��1P (G00; �� 1):By assumption, (4) holds for both graphs G0 and G00, and soP (G0; �� 1)P (G0; �) � �� n+ �� ��� n+ �� 1�� n+ � �� (14)and P (G00; �� 1)P (G00; �) � �� n+ �00 + 1� � �� n+ �00�� n+ �00 + 1��00 : (15)Now (14) implies that f 0(G;�) � 0. Clearly, either �00 = � or �00 = �� 1.If �00 = �, then (15) readsP (G00; �� 1)P (G00; �) � �� n+ �+ 1� � �� n+ ��� n+ �+ 1�� ; (16)and so P (G00; �� 1)P (G00; �) > �� n+ �� ��� n+ �� 1�� n+ � �� : (17)But then, (17) implies that f 00(G;�) < 0, and so f(G;�) < 0.If �00 = �� 1, then (15) readsP (G00; �� 1)P (G00; �) � �� n+ �� ��� n+ �� 1�� n+ � ���1 : (18)But then, (18) implies that g(G;�) � 0; moreover �(� � n + �)��1P (G00; � � 1) > 0 (be
auseG00 has n� 1 verti
es and �� 1 � n� 1), and again f(G;�) < 0. The theorem follows.Proof of Theorem 4. Let G be an arbitrary graph with n verti
es, and let � � n. From theproof of Theorem 3 it follows that (4) holds as equation if and only if G = L(G).Now 
onsider inequality (5). Clearly, if G is 
onne
ted, then Theorem 5 implies that (5) holdsas an inequality.Hen
e, we 
an assume that G is not 
onne
ted. Let C1; : : : ; Ck denote the 
onne
ted 
omponentsof G and let ni denote the number of verti
es of Ci. By Property 4,



12. P (G;�� 1)P (G;�) = kYi=1 P (Ci; �� 1)P (Ci; �) :Write !i = !(Ci) and assume that !1 � : : : � !k. Hen
e ! = !1.First, assume that !2 = 1. Then !i = 1 for every i > 1, and so ni = 1 for every i > 1. Hen
e,P (G;� � 1)P (G;�) = P (C1; �� 1)P (C1; �) ��� 1� �k�1 :Sin
e C1 is a 
onne
ted graph with n� k + 1 verti
es, Theorem 5 implies thatP (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�k+1�! ��� 1� �k�1 ;and so P (G;� � 1)P (G;�) � �� !� ��� 2�� 1�n�!  (�� 1)2�(�� 2)!k�1 : (19)If the theorem were false, then there would exist a non-
onne
ted graph G 6= U(G) su
h thatP (G;�� 1)P (G;�) = �� !� ��� 1� �n�! :But then (19) would imply that (�� 1)2�(�� 2)!n�! �  (�� 1)2�(�� 2)!k�1 ;and so n�! � k � 1. Hen
e, n1 = n� k+ 1 � !, that is n1 = !, 
ontradi
ting the assumptionthat G 6= U(G).Next, assume that !2 � 2. Sin
e ea
h graph Ci is 
onne
ted, Theorem 5 implies thatP (G;� � 1)P (G;�) � kYi=1�� !i� ��� 2�� 1�ni�!i= �� !� ��� 2�� 1�n�! ��� 1�� 2�!2+:::+!k kYi=2�� !i� :Sin
e !2 � 2, inequality (6) implies that�� !2� < ��� 1� �!2and that, for every i > 2, �� !i� � ��� 1� �!i :Hen
e, P (G;� � 1)P (G;�) < �� !� ��� 2�� 1�n�!  (�� 1)2�(�� 2)!!2+���+!k :



13.But, sin
e n � ! + !2 + � � �+ !k, it follows that !2 + � � �+ !k � n� !, and so (�� 1)2�(�� 2)!!2+���+!k �  (�� 1)2�(�� 2)!n�! :It follows that P (G;�� 1)P (G;�) < �� !� ��� 1� �n�! :Thus, the theorem follows.4. RemarksOur proof of Theorem 5 uses the de
omposition of P (G;�) given in Property 3 and inequality (3)in Theorem 2. Theorem 5 is then used to prove the validity of the upper bound in Theorem 3.One way to prove di�erently the upper bound in Theorem 3 
ould be the following. Assumethat G 6= Kn and let x be an arbitrary vertex of G su
h that !(G�x) = !(G). Sin
e Theorem 3holds for n small, by indu
tion, we 
an assume that inequality (5) holds for G� x, i.e.P (G� x; �� 1)P (G� x; �) � �� !(G)� ��� 1� �n�1�!(G) :Hen
e, Theorem 3 would follow immediately if the following 
onje
ture were true:Conje
ture 1. Let G be a graph with n verti
es su
h that G 6= Kn. Then there exists a vertexx su
h that, the following two properties hold:(i) !(G� x) = !(G);(ii) for every � � n, P (G;�� 1)P (G;�) � �� 1� P (G� x; �� 1)P (G� x; �) .Note that if we remove property (i) in Conje
ture 1, then x 
ould be adja
ent to all otherverti
es of G. In this 
ase, Property 2 would imply thatP (G;�� 1)P (G;�) = �� 1� P (G � x; �� 2)P (G � x; �� 1) :Hen
e, if we write H = G� x, and we set k = �� 1, then Conje
ture 1 would be equivalent tothe following 
onje
ture:[P (H; k)℄2 � P (H; k � 1)P (H; k + 1) for every k � n� 1: (20)Note that, if in (20) we repla
e \for every k � n � 1" with \for every k", then we obtain thefamous \log-
on
avity" 
onje
ture (see [2℄ and [3℄). This 
onje
ture was disproved by Seymourin [5℄. However, in the 
ounterexample given in [5℄, k � n� 1.We 
lose this paper with a 
orollary of Theorem 3. For this purpose, note that, by Theorem 3,�(G)n ��(G) � 1�(G) ��(G) � P (G;n� 1)P (G;n) � n� !(G)n �n� 1n �n�!(G) :Hen
e, Theorem 3 yields new bounds on the mean 
olour number of G.



14.Corollary 1. For every graph G with n verti
es,n� (n� !(G))�n� 1n �n�!(G) � �(G) � n� �(G)��(G) � 1�(G) ��(G) :It is natural to ask wether our lower bound on the mean 
olour number of a graph is strongerthan the lower bound given by its 
hromati
 number. Clearly, when !(G) = �(G) the answer isyes. In fa
t, for almost all graphs, our lower bound is mu
h bigger than �(G).Theorem 6. For almost all graphs G with n verti
es,n� (n� !(G))�n� 1n �n�!(G) > �(G):Proof. For almost all graphs G with n verti
es (see [1℄, p.148),!(G) � 2 log2 n and �(G) � n2 log2 n:If we let f(n) = �n� 1n �n�2 log2 n ;then n� (n� !(G))�n� 1n �n�!(G) � n� (n� 2 log2 n)f(n):Sin
e the limit, as n goes to in�nity, of f(n) is e�1 = :367 : : :, it follows that, for n large enough,f(n) < 0:5. Hen
e, for almost all graphs G with n verti
es, with n large enough,n� (n� 2 log2 n)f(n) > n� n� 2 log2 n2 = n2 + log2 n > n2 log2 n � �(G):For dense graphs G, our lower bound on �(G) 
an be smaller than �(G). To see this, 
onsiderthe graph H 
onstru
ted by Erd}os (see, [1℄, p. 35). This graph has n=2 verti
es, it has notriangles, and �(H) < n=18 for n large enough. The 
omplement �H of H has �( �H) = 2, and so�( �H) � n=4. Let G be the graph obtained by the 
omplete union of �H and Kn=2. Note that Gis a graph with n verti
es, su
h thatn2 < !(G) < 59n; and �(G) � 34n:By adding edges, we 
an make !(G) = b5n=9
 (without de
reasing �(G)). Now, if we take nlarge enough and divisible by 9, we haven� (n� !(G))�n� 1n �n�!(G) = n 1� 49 �n� 1n � 49n! :



15.But n 1� 49 �n� 1n � 49n! � n�1� 3990e� 49� � :73n < �(G):A
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