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Abstract

The stochastic optimal control problem for systems described by Ito equations with linear drift
and nonlinear diffusion is considered. The optimal feedback control law in a class of linear con-
trollers is found. The optimality criterion is the classical quadratic one for a fixed-interval state-
regulation problem. The solution of this problem is presented for both the complete/incomplete
information cases.

Key words: stochastic systems, stochastic control, LQG optimal control, Kalman-Bucy filter,
nonlinear filtering, separation principle, Brownian motion, Ito formula.






1. Introduction

As well known, the linear-quadratic Gaussian (LQG), finite-horizon, optimal control problem
admits a feedback solution resulting in a linear transformation either of the state-process values
(for the complete information case) or of the state-conditional-expectation with respect to the
observations (for the incomplete information case). The reader is referred to [1], [2], [3], and
references therein, for a complete explanation of the LQG control problem. The optimal solution
results to be given in both the complete/incomplete information cases by the same matrix time-
function (optimal control matrix) performing the linear map from the state or from the state-
expectation. Note that the optimal control matrix is also the same matrix of the deterministic
case. This result represents a particular case of the separation theorem [4]. The optimal control
matrix results to be defined by means of a backward Riccati difference/differential equation for
the discrete/continuous-time cases respectively, depending only on the system-parameters, and
on the weights of the performance-index. When one is faced by the incomplete-information case,
the state conditional mean can be obtained by optimal filtering. To this purpose, since the LQG
problem concerns a linear Gaussian system, the Kalman filter can be used.

The aim of this paper is to present some results concerning a possible generalization of the
LQG control to systems involving non-Gaussian processes. In particular, the system we are
faced with in this paper is represented by a pair of stochastic Tto equations. The first one is a
stochastic differential equation with linear drift, nonlinear diffusion and additive control, giving
the state evolution. The second one represents the observation as an Ito process with additive
Gaussian noise. The state process is then a non-Gaussian process and the LQG algorithm is
not useful in this case in order to minimize the standard quadratic cost-criterion. In particular
the Kalman-Bucy filter (see for instance [5], [6], [7], [8]) is unable to give the conditional state-
expectation.

A way to handle the control problem, in this case, can be followed by considering a smaller
admissible set of controls. Indeed, the solution of the LQG control problem is the minimizing
point in a wide class of controls (the set of all the continuous and uniformly Lipschitz functions
of the observations). In this paper we focus our attention on the linear-optimal control (LOC)
problem, that is to say the problem of finding the control that minimizes the standard quadratic
cost-criterion in the family of linear maps of the observation process. We highlight that in the
LQG control problem the optimal control results to be a linear one whereas, when one considers
the LOC problem for a nonlinear system, the result is forced to be a linear map.

The main result of this paper consists in finding the linear map solving the LOC problem for
the previously mentioned class of nonlinear systems. It will result that the solution is formally
the same linear map solving the LQG problem.

The paper is organized as follows. In §2 the precise setting of the problem is given. In §3
and §4 the solution of the LOC problem is presented for the complete and incomplete state
information cases respectively.



2. Setting of the LOC problem

First of all we introduce the basic notations and symbols that will be used throughout the paper.
(9, F, P) will denote the basic probability triple. E{-} denotes the expectation operator. L?(&),
with £ linear space, denotes the Hilbert space of all the £-valued square-integrable random
variables defined on (Q,F, P). Let Z be a linear space endowed with some inner product, and
¢&,n € I. We use the notation (f , n) to denote the inner product between ¢ and . For any
matrix M, the notation M; ; will be used to denote its (4, j)-entry. For the identity matrix in
IR" it will be used the symbol I,,.

Let I be a real interval and & : [ — LQ(IE{i) an IR‘-valued stochastic process; we shall denote
with F¢ the o-algebra generated by {&,; s € I, s < t}. For a vector-valued process {£}, the
notation & shall indicate the j-th entry. If {&} and {n;} are two second-order scalar stochastic
processes, the notation {(£, 1)} will be used to indicate the mutual quadratic variation process.
The notation (£); will be also used in place of (¢, £);. When ¢ and 7 are vector-valued, the same
notation (¢,7n) will denote the matrix whose (i, j) entry is given by (£%,77).

Let S C L*(€) be a linear space and X € L*(€); then the symbol IT { X /S} will denote the
orthogonal projection of X onto §. Anytime the underlying space is understood we will use the
notation X to denote the orthogonal projection. As well known, the projection X represents
the best (in the sense of the error-variance) estimate of X using estimators « € S, and it is
characterized by the following property:

E{(X - X,a)} =0, Vaes. (2.1)

Let us consider the following stochastic system:

dX; = A(t) Xedt + H(t)ugdt + g(X¢)dWs, Xz, = X, (2.2)
dY; = C(t) Xydt + dWy, Yy, =0,

where t € I, I = [to,t;]] CIR, A: T - R"™™", H: I —R"P C:1— R™*", are continuous
matrix functions; g : IR"” — IR™*™ is Borel measurable and uniformly Lipschitz on IR", and W
is the standard m-dimensional Brownian motion. The o-algebra generated by W will be denoted
with F;,. The initial point X has a finite second moment and is Fj-measurable. The control
function u : I — TR? is assumed to be adapted to the non-decreasing family {F} };c;. We will
denote with £i(Y) the set of IR*-valued linear transformations of {Y,; s € I,s < t}. One has
that £i(Y) is a closed linear subspace of L?(IR). Let X, =TI {X./L7(Y)}, the linear-optimal
estimate of the state X solution of (2.2); then we can introduce the subspace L, (Y) C L2(Y)
defined as:
() = {ut € LP(Y) /3T € RP*", such that u, = T)?t} .

We shall denote with £(Y) the set of functions & : I x Q — R" such that ¢ € Li(Y), for all

t € I. The space £ (V) has a similar definition.
We are now in a position to give a precise definition of the LOC problem:

J 2.4
Lo T(w), (2.4)

J(u) = %E{/ttf ((Xt , Q(t)Xt> n (ut , R(t)ut>> dt + (th , Fth>}, (2.5)

0



where V¢, Q(t) = Q(t)" > 0, R(t) = R(t)" > 0, and F = FT > 0, under the differential
constraints represented by system (2.2), (2.3). In this technical report we limit ourselves to give
the solution of a simplified version of the LOC problem. Indeed, we will solve the following
problem:
min J(u),
wel”(Y)

under the contraints (2.2), (2.3), where the cost-criterion J is again given by (2.5).

3. The case of complete information on the state

In this section, we consider the particular case in which the state process solution of eq. (2.2) is
available. Although this is a situation very difficult to occur in practice, it is very important in
view of the general solution. Indeed, as will be shown in the subsequent section, the incomplete
information case can be reduced, in some sense, to the present one. In the complete information
case, since the state process is available, we are concerned with a different family of controls
than £P(Y'), previously considered for the general case. As a matter of fact, we will consider as
admissible control functions the ones resulting as a linear map of X;. This kind of space will be
denoted with £?(X). Hence, the LOC problem for the complete information case can be stated
as follows:

J 3.1
weDin I W), (3.1)
under the differential contraint represented by eq. (2.2) alone, where J is given by (2.5).
Theorem 3.1. The solution of the problem (3.1), under the differential contraint (2.2), is the
following:

= P°(1) X, (3.2)
Po(t) = —R(t) " H()TG(0),

G(t) = —A(t) G(t) - G(t)A(t) — Q)+ GW)THWR(®) T Ht) G(t),
=322 " o (9, (%)) Jar

i=1j=1"t0 (3.5)
+ % ( tr{ G(to) Ux (o) } + (mX(to) , G(to)mX(t0)> )

where Vx and mx denote the covariance matriz and the mean value of X respectively.

[a—y

Proof. In the following we omit, for short, time dependencies provided that this does not
cause confusion. Let us define the functional J; as

T(u) = %E{/ttf ((XT , QXT) n (uT , RuT)) dr + (th : Fth>}.

Since u is of the form u = PX with P : [ty,t] — IRP*" continuous, the index J; can be rewritten
as follows:

Jy(P) = %E {/tf (XT  (Q+ PTRP)XT>dT + (th , Fth>}.



Let V(t) be the (unique) solution of the following equation
V=—(A+HP)TV -V(A+HP)- Q- P'RP, V(t;)=F (3.6)
Note that V = VT. Let us now define the function £(s, a), s € [to,tf], a € R", as
£(t, X,) = (Xt , V(t)Xt>. (3.7)

Since

[ ae=(x, . mx,) - (x voox),

we have

J,(P) = %E {/ttf (XT (Q+ PTRP)XT)dT + /ttf de + (Xt : V(t)Xt> } (3.8)

By the Ito formula (see for instance [7]) it results:

8 o
dE(t Xp) = 52 (1, X)) dt-l-z (t, X,)dX! + = Z e, 5 (t,Xt)d<MZ,MJ)t, (3.9)
where we have denoted .
M, =/ g(X,)dW,. (3.10)
to
Now, from the definition of the process £ given in (3.7), we have:
o .
St X) = (Xt , V(t)Xt>, (3.11)
Z (t, X,)dX! = (dXt : V(t)Xt) + (Xt : V(t)dXt), (3.12)
8(1,
PC 1 x,) =2V (1) (3.13)
80&1'80[]' Pt “J ' '

Substituting (3.11), (3.12), (3.13) in (3.9), and taking into account (2.2), the expression of u,
and that (M? M7), = 0, for i # j, we obtain

de(t, X) = (X . (V+(A+HP)TV +V(A+ HP))X) dt
2(X , Vg(X)aw) + zn:m,idmi).

Since E [(X , Vg(X)dW) = 0, taking into account (3.6), the substitution of (3.14) in (3.8)

results in
- B {zn: /tf V() d(M?), + (Xt , V(t)Xt) } . (3.15)

(3.14)



As well known (see for instance [9]), denoting by V° the solution of (3.6) for P = P°, it results:
Ve(t) = G(t), with G solution of the Riccati equation (3.4). Moreover, for any V' solution of
(3.6):

V(t) — G(t) >0, Vt € [to, tf], VP € RP*™. (3.16)

The theorem is proven as soon as it is shown that V¢ € [to,tf], Ji(P) — J;(P°) > 0, VP € RP*".
To this purpose, using (3.15), it results

Ji(P) — J,(P°) = %E{ i /jf(v;,z’ - Gm)d<Mi)} + %E{ (X (V- G)X) } (3.17)

Let Ux(t) and mx (t) be the covariance matrix and the mean value of X respectively. Moreover,
let us recall that, for any pair of suitably dimensioned vectors v, w, and any matrix ®, it results
the property: (v , {)w) = tr{@va}. Then we have

E{(X (V- G)X)} = tr{(V - G)Ux} + (mX (V- G)mX).

Substituting the latter expression in (3.17) it results

5(p) - 3P = 38 3 [ Wiatr) = Gusteaiar.
3 ({ (V) ~ €@ Tx )} + (mx) . (V1) G)mx (D))

The second and third term of the previous expression are obviously nonnegative because of
(3.16). By the definition of M given by (3.10), one has

d(M)y = g(X;)g(X;)" dt

and hence

A(MP) = (g5.5(Xy))2dt. (3.18)

7=1
Therefore, taking into account that tr{V(¢) — G(t)} > 0, one has almost surely that:

n n

S (Viilt) = Gia()d(M'), = Y (Vialt) — Gia(®)) (9:.5(X2)) dt > 0.

i=1 ij=1

Finally, by computing (3.15) in P°(¢) (hence V(t) = V°(¢t) = G(t)), taking into account (3.18),
and recalling that E{(X , GX)} = tr{G(Vx + mxm%)}, we obtain expression (3.5) for the
index J(u°). 11



4. The case of incomplete information

As mentioned in the previous section, the case of inaccessible state process (indeed, the most
common situation in practice) can be solved by means of manipulations which formally reduce
the original problem to a complete information case. This will be done in the present section in
an important particular case, that is when g(X;) is an affine map:

gi(X;) =B X, + f, i=1,..,m, (4.1)

where we have denoted by g; the i-th column of the matrix-valued function g.

To this purpose, we state in advance a lemma where an important feature of innovation-type
processes, built up by using orthogonal projections, is shown. Let {a;(w)}:e; an IR"-valued
stochastic process.

Lemma 4.1. Let us consider the process £ given by
d£t = at(w)dt + th, (42)

where the Wiener process Wy is such that, VA > 0, 6Wy = Wipa — Wy is independent of
{as, s < t}.

Then, setting a(w) = II {a;(w)/L7 (&)}, and ei(w) = (ar(w) — @4(w)), it results that the inno-
vation process Et, defined by the equations

déy = d¢; — ay(w)dt = e (w)dt + dW,, (4.3)

is a standard wide-sense Wiener (WSW) process.

Proof. First of all, we prove that Et is an orthogonal increments process. Indeed, we can prove
that, for any t1,19,t3,t4 € I, t1 < tg < t3 < ty4, it is verified the equality:

B{(6,-&)(E-&) | -0 (4.4

As a matter of fact, by (4.3) we can write:

{(6-&)(@-&) -5 { (/tt crdr + Wi, ~ Wy, ) (8 - & - /ttz aTdr>T} .

(4.5)
Since we have &, — &, € L} (§) C L2(§) for 7 > t,, fttf ardr € L} (§), and e, LLY(E) Vs < 7
(hence, for i = 1,....n, et 1 L1(£) Vs < 1) it results

E { </tt4 erT> (&, — gtl)T} =E { (/:4 erT> (/tt dsds>T} = 0. (4.6)
Using (4.6), eq. (4.5) becomes
{(6,-&) (& -&) | ~B{mm.-wy (@ -&)"}

:E{(Wt4—Wt3)</t2 eq-dT+Wt2—th>T}. -

t1



Now, by hypothesis, 6W; is independent of {as, s < t}, and hence 6W; is independent of
{&s, s < t}. Moreover, since the error e; is a Borel function of {a,&s, s < t} it follows that
Wy is independent of {es, s < t}. Hence we have:

E {(Wu —w,) (/tt erT>T} ~0.

Using this equality in (4.7) one has

E{@Vt“ - gt3) @52 - gtl)T} =E{(Wi, — Wi,) (Wi, = W,,)T} =0,

that is (4.4).
In order to complete the proof, we must show that

E {Eté?} =1I,-s s<t. (4.8)
For, by the vector Ito formula given in [8, §5], one has:
del?! = U2(I, ® &)dé; + %ogst{ln}dt
= U2(I, ® &)edt + U (I, ® &)dW, + %Oist{In}dt (4.9)
= U2(e; ® &)dt + U2 (I, ® &)dW,, + %Oist{[n}dt,

where the reader is referred to [8] for the definition of the matrices U’ and O:.. Taking the
expectations of (4.9) it results

dE {512]} — U2E {(et ® Et)} dt + %Oﬁst{[n}dt. (4.10)

Taking into account that: el LL}(£), for i = 1,...,n and a, € L*(£) C LE(E), it results E{e; ®
&1 =0,E{e;®a,} =0,0 <7 <t Then, one has

E{e@é}} =E{et® <£t—/0t&7dr>} =E{et®£t}—/0tE{et®dT}dT=0. (4.11)

It is possible to prove that O2st{I,} = 2-st{I,}. Using this one and substituting (4.11) in
(4.10), we have

d(E {é?]}) — st{I,,}dt.

Taking the inverse-stack in both sides of previous equation results in: E {égf} =1, -t. From
this, and taking into account (4.4), it follows that:

B{e} =B{(&-&)&}+B{&&} =15
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Theorem 4.2. The solution of the linear-optimal control problem:

min J(u), t € [to,ty] (4.12)
u €Ly (Y)
1 b
T(u) = §E{<th , Fth) ¥ /t0 {(Xt , Q(t)Xt> + (ut , R(t)ut>}dt} (4.13)
dX; = A(t) Xpdt + H(t)updt + g(X)dWy, Xy = X (4.14)
where g(Xy) is of the form (4.1), is given by:
uwl = P°(H)X, (4.15)

with P°(t) given by (3.3), provided that the state-covariance Vx (t) is nonsingular for any t € I.
Proof. First of all, note that, as shown in [8, Theorem 4.1], eq. (4.14) is equivalent to

dX, = A(t) X, dt + H(t)usdt + F(t)dW,, (4.16)

where F is the following block-matrix:
Ft)=|f@y @ .. 5 B @) o e (4.17)
Fk(t) e R™***, fk(t) € R", for k = 1,...,m where
pp = rank {Bk\I/X(t)BkT} :

Fr(t) = (Bk\IIX(t)B’“T)(%) . f¥(t) = BFE{X,} + f*.

W, is a WSW process given by W,T = [W2T ... WmT W,T], where W} € R*, k= 1,....m
are mutually uncorrelated standard WSW processes.

Let us consider the uncontrolled system:

dX? = A(t)XPdt + F(t)dW,;, X2 =X (4.18)
Ay = C(t)XPdt + dwy, Y2 =0. (4.19)

Denoting with )?? =TI {X?/L}(Y?)} the linear-optimal estimate, we have:
dX) = A(H)X2dt + K(t)dv?, X§ =E{X} (4.20)

where dv) = dY,? — C(t)ftodt. Let L(t) be a suitably dimensioned matrix function, and m; be
the solution of the equation:

dmy = A(tymydt + H(t)L(t)mudt + K (t)dv), mo =E{X} (4.21)
and consider the following system forced by my;:

dX, = A(t)Xydt + HA)L(t)medt + F()dW,, X, = X (4.22)
dY, = C(t) X,dt + dW,, Y, =0 (4.23)
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We will show that m; = IL{X,/L}(Y)} (ie. my = )?t) To this purpose, first of all let us prove
that
LHY) = LY. (4.24)

From (4.19), (4.23), (4.22) and (4.18), it results:

Y, - Y —/ C(1)(X, — X%)dr, (4.25)
X, = ®(r,t))X + / )L(s)mds + /t &(7, 3)F(s)dW,, (4.26)
0
X9 = ®(7,t9) X + / s)dWs, (4.27)
hence . B}
Y, — Y0 = /t C(r) /t B(r, $)H(s)L(s)m.dsdr. (4.28)

Since, by (4.21), ms € L?(1°) = L7 (Y?) one has
Y, € L(Y?). (4.29)

Counterwise, since from Lemma 4.1, dv; = dY; — C(t))?tdt is a standard WSW process, we can
replace 0 in (4.21):

from which we see that m; € L?(v) = LZ(Y). Then, again from (4.28), it follows that V! €
L (Y). The latter, together with (4.29) imply (4.24). We now show that m, = IT { X}/ L} (Y?)}.
As a matter of fact, from (4.21) and (4.20), we have:

®(t, to)E{X} +/ H(r der+/ K(r (4.30)
X2 = ®(t,1)E{X} +/ K()dv?, (4.31)
to
hence, defining U; = ft T)m,dr, it results
my = X0 + Uy, (4.32)

Similarly, from (4.18) and (4.22), it results:
Xy =X} + U (4.33)

Using (4.32) and (4.33) one has, for any linear map A; : C([to,t];IR™) — IR"™ (where
C([to,t]; IR™) denote the space of IR™-valued continuous functions on the interval [to,?]):

E { (Xt —m, At(Yo))} —E { (X,? - X0, At(Y0)>} — 0, (4.34)
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where the orthogonality principle has been exploited. Relation (4.34) implies m; =
I {X,/L7(Y°)} and then, from (4.24), it results:

my =TL{X,/LP(Y)} = X, (4.35)

From (4.35), we can rewrite (4.21), (4.22), (4.23) as:

dX, = A(t) Xydt + HA)L(t) Xydt + F()dW,, X, =X (4.36)
dY; = C(t) X, dt + dWy, Y;, =0 (4.37)
dX, = A(t)X,dt + H(t)L(t) Xodt + K (t)dvy, Xy = B{X}. (4.38)

Now, we can rewrite the index

J(u) = %E{(th , Fth> +/tf {(Xt , Q(t)Xt> + (ut , R(t)ut)}dt}

to

as a function of X. As a matter of fact, one has

(% @wx) = (X - %, @x) + (%, Q)x,)
= (=%, QX - R)) + (X - K0 Q)
+ (R, Q%) + (R, @y, - %),

Taking the expectations of the latter equality:

E{(X, QquX:)} =a0)+ (X0 Q1K,). (4.39)

where

) =B{(X - % . QX - %)} (4.40)

and we have exploited the orthogonality of )/(:t and (X; — )?t)

The function ¢(¢) defined in (4.40) is a transformation of the error covariance matrix, and then it
depends only on time ¢ (it does not depend on ). In the same way it is proven, but a constant,
that:

B{(x,, FX, )} = (%, . FX,). (4.41)

Finally, by (4.39) and (4.41), we have that J(u) has, but a constant, the following expression:

J(u) = %E{()?tf . FXty) +/ttf {(%. )R)) + (ue R(t)ut)}dt}. (4.42)

Taking into account that (4.14) is equivalent to (4.16), and that X is solution of (4.38), where
dvy is a standard WSW process, the incomplete information control problem (4.12)-(4.14) is
reduced to a complete information control problem by using (4.42) as cost criterion and (4.38)
as differential constraint. The minimizing matrix function L(t) is then given by the formula
(3.3) of the complete information case. B
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5. Conclusions

The LOC problem has been defined and solved for the class of systems with a bilinear state
equation and linear measurement equation. Theorem 3.1 gives the solution of the LOC problem
in the complete information case that is when the state-process is accessible. Theorem 3.1
holds for the larger class of stochastic systems described by the eqs. (2.2), (2.3), where a
generic nonlinear (uniformly Lipschitz) diffusion coefficient is considered. It results that the
equations solving the LOC problem are formally equal to the ones solving the classical LQG
control problem. The most important case of incomplete information is treated in §4. In Lemma
4.1 a result concerning innovation-like representations that use orthogonal projections instead of
conditional-means is proven. It represents the basic tool in proving the main Theorem (Theorem
4.2) that gives the solution of the LOC problem in the incomplete information case, for a bilinear
diffusion. Similarly to the LQG problem, we have that the algorithm solving the LOC problem
for incomplete state-information is formally the same of the complete information case, where
the state is replaced by its optimal linear estimate. It means that a separation-like principle
holds even in the present suboptimal control problem.
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