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Abstract

We consider supply chain management problems where a number of commodities are produced
and consumed in different bases in a given time horizon. A set of transport means is used to move
products between bases in order to respect the daily stock constraints of each product. Such
problems result in very large scale mixed integer problems with block structure. We propose
a solution algorithm that integrates column generation techniques and polyhedral approaches
in a Branch & Cut scheme. Special classes of cuts for mixed integer problems are introduced.
Finally, we discuss an application to ship scheduling for hydrocarbon products distribution in
an oil industry.

Key words: Mixed Integer Programming, Polyhedral Methods, Column Generation, Supply
Chain Management.






1. Introduction

Optimization techniques in industrial production and distribution systems have been extensively
studied and applied by many reseacheres. These efforts have led to a consistent body of literature
addressing the Supply Chain Management problem. In [39] an accurate overview of many
different approaches to this problem is given; previously, interesting reviews have been written
by [42] and [40].

With Supply Chain it is intended the union of all processes that contribute to the creation of
finished products and to their consumption. The objective of Supply Chain Management is to
optimize and control the flow of materials and information among all the components of the Sup-
ply Chain system. Traditionally, three stages are identified in the Supply Chain (e.g., see [40]):
procurement, production, and distribution. In real situations, each stage may present different
characteristics, dimensions, and complexity and thus require specific modeling and solution ap-
proaches. In recent works, relevant efforts are being made to provide a complete approach that
coordinates the three stages of the Supply Chain; nevertheless, the specific characteristics of
real problems may constraint the extent to which coordination and integration of Supply Chain
Management take place.

According to the time horizon adopted, the three different planning levels listed below are
identified:

- The strategic level considers network design and mid-long term planning. Network design
concerns the location of the production and consumption facilities, the selection of the
suppliers, and the identification and the sizing of the different transport means; mid or
long term planning deals with the different operations addressing a period of one or more
years. In this level only aggregated data are required.

- The tactical level takes into account a time horizon of one or two months; detailed sched-
ules of all the operations that must take place are produced. Here, data accuracy and
availability is crucial to obtain implementable solutions.

- The operational level is concerned with daily control of last minute information and recov-
ery from unexpected events. The required data are of a great level of detail, and are often
restricted to a subsystem. Quick decision making is needed; the recovery of the schedules
planned at the tactical level should not interfere with the rest of the system.

The most recent body of literature concering the strategic level of the Supply Chain proposes
models that address both the network design problems and the mid-long term planning. In [20],
[21], and [22] a MIP model that solves a multicommodity single period production-distribution
problem with location selection is presented. The model is solved using Benders Decomposition
and binary variables fixings. Extensions of these models are proposed in [11], where a deter-
ministic and multi-period production-distribution model with a nonlinear objective function is
described and solved with a heuristic approach. In [13] it is discussed a mixed integer model to
optimize production-distribution flows with piecewise linear concave costs where the location of
facilities is fixed. In [27] is described a plant location model that takes into account exchange
rate fluctuations, market prices, and international interest rates. This model results in a large
nonlinear MIP, approached by approximation techniques. Stochasticity aspects of Supply Chain
Management are also considered, amongst other issues, in [10], [12], [18] and [17]. Strategic
design of production-distribution systems is modeled as a general framework in [24] and [23];



in [41] also supplier reliability is taken into account by means of a set of constraints on the
probability of being in time for the suppliers shippings.

The optimization of the tactical and the operational levels of Supply Chain Management
is characterized by large MIP models that can differ largely from application to application,
and require sophisticated optimization techniques or heuristics. For production optimization, a
typical mathematical approach is represented by Lot Sizing models (see [36] for a review).

In this paper we present a general framework for the distribution stage and its application
to oil industries. In this field the procurement stage consists in the transportation of crude oil
from suppliers located in different countries to a set of refineries, where the oil is tranformed
into several finished or semi-finished products (production stage). The distribution stage is
divided into primary and secondary. The primary distribution is related to the transportation
of the products among the refineries, from refineries to depots, and among the depots. Typical
transport means for primary distribution are ships, pipelines, and truck-wagons. The secondary
distribution is concerned with the trasportation of the finished products from the depots to the
gas stations. In that case transportation is mainly performed by trucks.

Amongst the main elements that characterize the Supply Chain in Oil Industry, we note that:

a) production is driven by market demand and oil price;

b) the process of transformation of crude oil into market products imposes strong constraints
both on the procurement and on the distribution stages, as refineries have to work at given
rates and are not flexible in the short term;

¢) coordination between procurement, production, and distribution may take place only at
the strategic level;

d) once a strategic plan has been made for a given time horizon, optimization at the tactical
level results in large savings of the transportation costs associated with procurement and
distribution.

Based on these premises, we believe that the tactical level plays a key role in the Supply
Chain of Oil Industry: on the one hand, tactical models can be used to validate and control in a
feedback process the decisions made at the strategic level, that are based on aggregate data; on
the other hand, tactical optimization is typically more complex from the mathematical modeling
standpoint, and leads to the formulation of challenging Operations Research problems.

We propose a model that operates at the tactical level, can interact with the strategic level,
and can be focused on the operational level. For example, an integration has been realized
between the proposed operational model and the strategic model described in [18]. We view
the operational level as a specialization of the tactical one, where some variables are fixed and
only the variables that have been modified from unexpected events are to be reoptimized. In
our model, we assume that the quantities to be delivered by each transport mean are decided at
the strategic level; the output of the model is the monthly schedule for the considered transport
means. We present an application to primary distribution (amongst refineries and depots) in
AgipPetroli. Here, a number of ships with different characteristics are used.

Similar problems are studied in the literature, the majority of which restrict the focus to the
ship scheduling problem without considering its interactions with the rest of the Supply Chain.
A very extensive survey on ship scheduling and ship routing problems is given in [37] and [38].
The author compares the ship scheduling problem with the more famous and largely studied



vehicle routing or vehicle scheduling problems, pointing out that in the former there is a much
larger variety in problem structure and in operating environments, that shipping operations are
subject to a significant degree of uncertainty, and that the prices of products and shipping on
the international market are very unstable.

Early works on ship sheduling include [15], which aims to the minimization of the number of
used ships, and [28], where an LP model is proposed as an appromixation for the problem of
allocating a total transportation capacity for each pair of origin-destination bases, and to deter-
mine the minimum number of vessels required. In [30] it is described a mathematical model to
solve the tanker scheduling model of the Defence Fuel Center and the Military Sealift Command
in the worldwide distribution of bulk petroleum products; the resulting integer programming
formulation appears to be untractable by the computational resources then available, and an
heuristic scheme based on rounding was adopted to obtain feasible solutions.

More recently, in [31], it is described an interactive computer system addressing daily schedul-
ing issues as well as longer range planning problems; the method utilizes a network flow model
and a mixed integer programming model. The time horizon is one year and a half, during which
four ships can make up to five travels. The solution method adopted is a heuristic with special
features that enhance the interactions between the user and the system. In [6] a crude oil tanker
scheduling problem is considered. The constraints of the problem limit the number of all feasible
schedules, which can be generated off-line, and appear as columns in a set partitioning model.
The contained dimensions of the application problem allow to find optimal integer solutions
within a reasonable computation time. In [19] the efficient scheduling of fleet of ships engaged
in “pick-up and delivery” of bulk cargoes is presented. The system adopts off-line generation
of ship schedules. According to the dimensions of the problem, the system can either generate
all the feasible schedules or heuristically limit the generation process. The corresponding set
packing problem is efficiently solved using a Lagrangean heuristic. Finally, in [9] a variant of
the multi-vehicle “pick-up and delivery” problem with time windows combined with a multi-
inventory model for a real ship planning problem is described. Here an on-line column generation
approach is adopted and integrated in a standard Branch & Price algorithm (see [5]).

In this paper we describe a model for tactical Supply Chain Optimization that can be spe-
cialized for the operational level and interfaced with a strategic model. In Section 2 we describe
the model with different formulations and possible extensions. In Section 3 we outline a general
solution approach combining Dantzig-Wolfe decomposition and polyhedral methods. In Sec-
tion 4 we present the class of Nested Knapsack Inequalities with some polyhedral properties
and describe the application to the problem at hand. In Section 5 we discuss the application
of cover inequalities. In Section 6 we present an application to a real life problem arising in oil
industries.

2. Model Description

With the objective of extending the previous work above described, we consider a general model
that can be used for tactical Supply Chain Optimization. The model addresses the problem of
the distribution of a set of commodities amongst a set of bases. In each base, commodities can
be produced or consumed; constraints on the minimum and maximum amount of stock are then
given for each commodity and for each base. A number of transport means is used to move the
different commodities amongst the bases.

Given a planning period made of a finite number of time units (typically days), the problem is
to move the commodities between the bases in order to obey the stock constraints with minimal



transportation cost. Moreover, in many real situations, it may be the case that the available
transport means are not capable of satisfying the given constraints; in these situations, extra
transport capacity is to be obtained at an additional cost, or stock violations can be recoved
by buying or selling the product on the market. For these reasons we also consider wviolations
variables, associated with balance constraints.

The network data needed for formulating the model concerns the bounds on stock for each
commodity, for each base, and for each time unit, and the production and the consumption rates
for each commodity in the bases. The data related to the transport means may vary according
to their type; generally, we assume the travel time and the travel cost amongst all bases to be
known.

The basic element of the model is the space-time graph, depicted in Figure 1. A space-time
graph is associated with a single transport mean or to a class of equivalent transport means.
The nodes of this graph are disposed on a regular grid with the rows indexed by the bases and
the columns indexed by the time units in the planning horizon. Each node is then associated
with a pair (base, time unit). An arc between two nodes (by,%1) and (bo,t2) is present if the
distance between b; and by can be covered in time ¢, — 1. The arcs in the space-time graph can
be of three different types: loaded arcs, i.e., arcs that indicate the moving of commodities from
production to consumption bases (thick arcs in the figure); unloaded arcs, indicating the travels
of the transport mean from a consumption base to the next production base (thin arcs in the
figure); and still arcs, that are present when the transport mean stays in the same base for one
or more time units (dashed arcs in the figure). Such a graph is obviously acyclic.

Figure 1: Example of space-time graph for a transport mean starting at base 1 on day 1

In the following sections we present two alternative formulations for the Tactical Distribution
Problem in Supply Chain Management:

1. The Schedule Formulation: a column generation based formulation, with binary variables
associated with paths on the space-time graphs of the type of Figure 1.

2. The Arc Formulation: a direct formulation, with binary variables associated with arcs of
the same graphs.

Henceforth, we assume a time unit of one day. Before introducing the two formulations we
introduce the common notation:

- the index denoting the transport mean is ¢ € S, where § is the set of all transport means;



- SG(0) is the space-time graph associated with transport mean o;
- the index denoting the commodity is k € K, where K is the set of all commodities;
- the index denoting the base is p € P D II; U €, where:

- P is the set of all bases;
- IIj is the set of production bases for commodity k& € K;

- Qg is the set of consumption bases for commodity k € K;
- the index denoting the day is d € D, where D = {1,...,dy,} is the set of time units;
- an arc of the space-time graph is denoted by e € E, where:

- F is the union of the set of arcs of all the space-time graphs;

E, is the set of arcs in SG(0);

FSP% is the set of travel arcs with tail in node (p, d) associated with transport mean o;

Bsgd is the set of travel arcs with head in (p,d) associated with transport mean o;

- bipq is the amount of commodity & produced or consumed on day d in base p (production
brpd > 0, consumption by, < 0);

- Zkpd is the continuous variable representing the stock level of commodity & at base p on
day d;

- kad and kad are the lower and the upper bounds for 2,4, respectively;

- 3ppd and 3p,q are the continuous variables representing violation of lower and upper bounds
of the stock level of commodity k& at base p on day d, respectively.

2.1. The Schedule Formulation

This model is a mixed integer program, where continuous variables are associated with the stock
level of each commodity, on each day, in each base, and binary variables are associated with
paths of the transport means. Each binary variable represents a path on the space-time graph
for a transport mean, and the corresponding loads for each travel in the path. Such path spans
all the planning horizon. We call such a combination of a path and loads a schedule.

The constraints in this formulation are of three types:

e Balance Constraints: say that the stock level on each day d, for each commodity and for
each production (consumption) base is equal to the stock on day d — 1 minus the quantities
delivered (plus quantities received) on day d plus production (minus consumption) on
day d, plus and minus the corresponding violations variables.

e Stock Constraints: say that the stock level on each day, in each base and for each
commodity, is bounded by a minimum and a maximum stock level.

e Schedule Constraints: say that for each transport mean at most one schedule can be
selected.



The Schedule Formulation can be summarized as follows:

min Z CsTs + Z Z Z WhpdSkpd + Z Z Z WkpdSkpd

SES keK deD peP keK deD peP

Zkpd — Zkp,d—1 T Z Z qfe Ts + Skpd — Skpd = brpa  forallk € K, pelly, de D

€S eeBS2

Zkpd — Zkp,d—1 — Z Z qfe Ts+ §kpd — ékpd = bkpd forallk e K, peQy, de D

s€s eergt(is) (]')
kapdézkpdézkpd forallk e K, pe P, d€ D
Z%Sl foralloc e S
SESy
§kpd207=§kpd20 forallk e K, pe P, d€ D
zs € {0,1} forall s € S
where

- S is the set of all possible schedules; for each schedule s € S we denote by E(s) the set of
arcs composing the path of s and by x, the corresponding binary variable;

- S, is the set of schedules of transport mean o;
- transport mean o(s) is the one associated with schedule s € S;

- ¢, is the cost of schedule s; we suppose that it can be obtained as the sum of the costs of
the arcs that compose the path of s, that is ¢ = ZeeE(s) Co(s)es

- ¢~ is the quantity of commodity k loaded on transport mean o(s) in travel arc e of
schedule s (zero if arc e is not in the path represented by schedule s).

The Schedule Formulation has a contained number of constraints but a very large number of
variables, as the number of possible schedules for a given transport mean in a real size space-
time graph can explode to untractable numbers. Nevertheless, the Schedule Formulation can
be tackled with decomposition techniques, such as Dantzig-Wolfe decomposition and Column
Generation. In these settings, we consider only a subset of all the feasible schedules and generate
on the fly new schedules that reduce the value of the optimal solution. Such techniques can
efficiently lead to the optimal solution of the linear relaxation of (1) under some conditions, that
will be analyzed in details in Section 3.

2.2. The Arc Formulation

This model is a mixed integer program, where the continuous variables are associated with the
stock level of each commodity, on each day, in each base, and the binary variables are associated
with each arc of the space-time graphs and with all pairs (segregation, commodity) for each
travel arc of the graphs. These variables are linked by the following sets of constraints:



e Balance Constraints: say that the stock level on each day d, for each commodity and for
each production (consumption) base is equal to the stock on day d — 1 minus the quantities
delivered (plus quantities received) on day d plus production (minus consumption) on
day d, plus and minus the corresponding violation variables.

e Stock Constraints: say that the stock level on each day, in each base and for each
commodity, is bounded by a minimum and a maximum stock level.

e Commodity Assignment Constraints: identify the commodity (or the commodities)
that are loaded on the transport means.

e Path Constraints: say that the arcs chosen for a given transport mean must form a path
from its initial position to one of the bases in the last day of the planning period.

In the formulation below we make the simplifying assumption that each transport mean can
be loaded with only one commodity in each travel. This assumption can be removed by the
addition of extra variables and extra constraints, as explained in the Section 2.3. We now state
the Arc Formulation as follows:

min Z Z CoeVge + E E Z WkpdSkpd + E Z Z WpdSkpd
0E€S €l keK deD peP k€K deD peP

Zkpd — Zkp,d—1 T Z Z Goe Yhe + Skpd — Skpa = bepa  forallk € K, pe Ty, d€ D
0€S e psPd

Zkpd — Zkp,d—1 — Z Z Goe yfﬁe + §kpd - ékpd = bkpd forallk e K, pe Qk, d€ D

3 €S eensy! (2)
Zkpd < Zkpd < Zkpd forallk € K, pe P, d€ D
nyezvae forallo € S, e€ E,

keK

NUUUZIBU foralloc € S

Vge € {07 1}3?/26 € {07 1}7§kpd > Oagkpd >0
where

- V5 = [UgelecE, 18 a vector of 0-1 variables, where v, = 1 means that arc e is in the path
of transport mean o, and v,, = 0 otherwize;

- the constraints N, v, = f3, represent the path constraints for ship o, where N, is the
node-arc incidence matrix of the space-time graph for transport mean o;

- yk_is a 0—1 variable that takes value 1 if and only if the corresponding travel is performed
(vge = 1), and the commodity & is loaded on the trasport mean o;

- Cye 18 the cost of travel on arc e of ship o;

- ¢ge 18 the quantity that transport mean ¢ can carry in travel represented by arc e.
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2.3. Extensions

Here we discuss some extensions to the basic model associated with the two formulations pre-
sented above. These extensions refer to the way transport means are loaded, and thus depend on
the specific type of transport means considered. Above we have described a model where a trans-
port mean can be loaded with only one of the commodities produced and consumed. Indeed,
some real applications allow for more than one commodity to be loaded on the same transport
mean, for example, when transport means are ships or trucks. We consider two possible exten-
sions: the first allows to pack the capacity of a transport mean with several commodities, with
the only restriction that the sum of the load of each commodity does not exceed the capacity of
the transport mean; the second assumes the transport mean to have a fixed number of compart-
ments, called segregations, with given capacity, each of which may be loaded with a different
commodity.

The extensions have a larger impact on the Arc Formulation, where additional variables are
to be considered, while in the Schedule Formulation the new requirements may be dealt with in
the column generation subproblem; the reader may recall that a generated schedule consists in
a path on the space-time graph with associated loads on each travel.

Multiple loads on the same Transport mean

If the transport means can carry more than one commodity in the same travel, we relax the
integrality constraints on the variables y!ﬁe, that now indicate the proportion of commodity &
loaded on transport means o on travel arc e. In the Arc Formulation it is sufficient to substitute
yk, € {0,1} with

0§y§e§1 forallk e K, 0 €S, e € E,.

This modification models the case of transport means where the different commodities can be
loaded in any possible way.

In the Schedule Formulation the relaxation of the integrality constraints on the y variables is
expressed by substituing zs € {0,1} with the constraints

Z zs € {0,1} forallo € S, e € E,,
s€S(o,e)

where S(o,e) is the set of schedules of o containing arc e; such constraints correspond to the
integrality of the v variables.

Finally, note that so far we have assumed that each transport mean travels at full load. With
the addition of a dummy commodity, respresenting the empty space on the transport mean, it
is possible to consider also partial loads.

Segregations with Fixed Capacity

In this case, the transport means are allowed to carry more than one commodity but have their
full capacity divided into a fixed number of segregations, with given capacity. The new variables
and parameters have the following meaning:

- the index denoting a segregation is g € G, where GG, is the set of segregations of transport
mean o;
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- yglé has value 1 if commodity & is transported in segregation g of transport mean ¢ in
travel arc e, and zero otherwise (segregation-commodity variables);

- GJe is the quantity that segregation ¢ of transport mean o can carry in travel represented
by arc e, and deGa Goe = Qoe-

The changes in the Arc Formulation concern the Balance Constraints and the Commodity
Assignment Constraints:

Zkpd — Zkp,d—1 T Z Z Z qg_e yg]; + =§kpd — 5kpd = bkpd forallk e K, pelly, d€ D
0ES gc 5P 9€Go

- k. A .
Zkpd — Zkp,d—1 — E E E Qe Yoo + Skpd — Skpd = brpa  forallk € K, pe Qi, d€ D
0€S ocBsPl 9€G,

Zy(g,’e“:vae foralloc e S, e€ FE,;, g € G,
keEK
yik € 0,1} forallce S, e€c E,, g€ G,, k€ K

This extension has a relevant impact on the complexity and on the dimension of the Arc
Formulation, as new binary variables and new constraints are introduced in the model. On the
other hand, the Schedule Formulation has the same representation, but the number of possible
columns in the set S is increased. This fact must be taken into account in the Column Generation
Subproblem where the loads on the different segregations must also be generated.

3. Solution algorithm

Real instances of the tactical distribution problem result in models with very large dimensions.
A typical example, coming from an italian oil company with 19 bases, 10 different commodi-
ties, one month of planning, and 10 transport means, corresponds to an Arc Formulation with
over 1 million constraints, over 34.000 continuous violations variables, and over 100.000 integer
variables.

Even with the Ilatest versions of the commercial solvers for Linear Programming
(e.g., CPLEX 6.5, XPRESS-MP 11) it is difficult to handle problems with such dimensions;
hence, decomposition approaches must be used. In the present work we choose the Column
Generation technique that enables to formulate the problem with a very general model unifying
the representation of different transport means.

In this section we design a solution method based on two techniques and on their integration:
the Column Generation and the Branch & Cut techniques. In Section 3.1 we analyse the issue of
the integration of Column Generation and Branch & Cut and propose a general framework that
can be adopted for large classes of problems with integer variables; in Section 3.2 we expose
the structure of the algorithm for the generation of the columns for the Schedule Formulation;
in Section 3.3 we discuss the valid inequalities which will be applied to the problem.

3.1. Integration of the Dantzig-Wolfe decomposition and of the polyhedral methods

The Dantzig-Wolfe decomposition and the connected Column Generation technique can be de-
ployed to efficiently solve the linear relaxation of large block structured problems; in fact, these
methods take advantage from the peculiar structure of the subproblems associated with each
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block of contraints. Although, to obtain an optimal integer solution for an IP problem, additional
machinery is needed.

In the literature, large integer and mixed-integer problems have been solved using the Column
Generation approach combined with Branch & Bound; at each node of the search tree new
columns are generated by the solution of the column generation subproblem, also referred to as
the pricing problem. The resulting approach is thus called Branch & Price (see [5] and for more
details).

The literature also proposes other techniques for the solution of integer and mixed-integer
problems, amongst which Cutting Planes, or Polyhedral techniques, has proven to be extremely
successful; these methods are based on the reinforcement of the problem formulations by new
inequalities, or cuts. Cutting Planes methods, combined with Branch & Bound, yield to Branch
& Cut methods. Many theoretical and real life integer problems have been successfully solved
using Branch & Cut (e.g., see [35] for the original reference on the method, or [7] for an extensive
list of references), so that this technique has become the most established approach to solve
integer problems to optimality.

Branch & Price approaches have been successfully used to solve problems arising in airline
companies, such as the Crew Scheduling Problem (e.g., [4],[16], and [29]), and challenging the-
oretical problems such as the Capacitated Vehicle Routing Problem (e.g., [3],[1], and [25]);
unfortunately in all these papers no cuts are added to strengthen the LP formulation.

In the following, we describe some conditions and state some results showing how it is pos-
sible to combine the Column Generation and the polyhedral techniques, without affecting the
efficiency of the former and gaining the benefits of the latter. We describe the complete cycle
of the process from the solution of the relaxation of the problem to the identification and the
addition of violated cuts.

Given a set of elements E, we consider a class of optimization problems, where each feasible
solution is represented by a number £ > 1 of subsets of E. Each subset is defined by some
structural constraints while the k subsets satisfy some compatibility requirements.

We consider the following general formulation of the problem, that we refer to as the Block
Formulation:

min §1y1 + §2y2 4+ e+ 'g’kyk )
Alyl + A2y2 e+ Akyk <b
Blyl < dl
B?y? < d? (BF)
Bkyk < dF
yi € {0,1} foralli=1, ..., k, e€ E.

The variable 5. takes value 1 if the element e € E is selected for the i-th subset. The constraints
B'y" < d" are the structural constraints of the i-th subset, while

Ayl + A%2 + o 4 Abyk < b

are the compatibility constraints among the different subsets.

When the Dantzig-Wolfe decomposition is applied, one obtains another formulation of the
problem, where the variables are directly associated with the subsets of F satisfying the struc-
tural constraints, and one such variable for each block is to be selected. Let the following be
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this alternative formulation that we refer to as the Subsets Formulation:

k
min Z Z ciat
i=1 557
Az <b (SF)
i e {0,1} foralls€ S’ i=1, ..., k.

The constraints Az < b represent a reformulation of the compatibility constraints, and contain
also the requirement that only one subset can be selected for each block i. The sets S’ are the
families of all subsets which are feasible for the structural constraints of block 1.

The Subsets Formulation has in general an exponential number of columns, but it has a
smaller number of rows as the structural constraints are no more needed. In fact, they are
already satisfied by the definition of the variables.

Now we introduce some notation and summarize the one previously exposed:

e I is the set of elements that can be selected;

e S’ is the family of subsets of E which are feasible for the i-th block; hereafter we refer to
these subsets as configurations;

e S is the union of the families S? over all blocks i;

e 4! is the variable associated with element e € E for block i in (BF);

e 7! is the variable associated with configuration s € S’ in (SF);

e S(e) is the subset of configurations s € S* containing the element e € E;

e F(s) is the subset of elements in F contained in the configuration s € S.

As (SF) and (BF) are two formulations of the same problem, the cost ¢ of x% is equal to the

cost of the elements in the set E(s), i.e., ¢ = > ech(s) Ce-
The following proposition establishes the connection between the feasible solutions of the two
formulations (SF) and (BF).

Proposition 3.1. Let x be an integer feasible solution of (SF), then the solution y, where

[ = Soesi 7 e B iefl ..., ki), (3)
is an integer feasible solution for (BF).
Proof: Follows straightforwardly from the fact that = defines a set of feasible configurations. O

With the following proposition we transform valid inequalities for formulation (BF) into valid
inequalities for formulation (SF).

Proposition 3.2. If the inequality dy < &g is valid for the original Block Formulation (BF),
then the inequality ax < aqg defined by

ab= > a4 VseS Vi=1, ... .k (4)
eEE(s)
050:650’ (5)

is valid for the Subsets Formulation (SF).
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Proof: Let x be a feasible solution for (SF) and y be the corresponding feasible solution for (BF)
obtained by (3), then

k k
ar = Z Z Z zt Z Q.
1=1 58t =1 s5€St  e€cE(s)
k k
— Z &l Z Z =ay < ap =
i=1 ecE  scSi(e ) i=1 eck
Hence, the inequality az < oy is valid for (SF). O

The following result permits to combine the Column Generation technique with the polyhedral
methods to solve linear programming problems with integer variables.

Theorem 3.3. If an inequality ax < ag valid for (SF) obtained by (4) and (5) is added to (SF),
then the structure of the pricing subproblem is not modified.

Proof: We show that only a change of objective function coefficients occurs in the pricing
subproblem as a consequence of adding new inequalities. Let (m,&) be a dual optimal solution
of the relaxation of (SF) together with a valid inequality a = < ag, where £ is the dual price of
the added constraint.

If ¢ was the reduced cost of configuration s disregarding ¢, then the reduced cost in the new
problem can be expressed as ¢, — £a.

From the definition of ci, we derive that ¢ may be written as ) eCE(s) w', where w! depends
on ¢ and m. As for (4) af = 3 cp(s) @, then the new reduced cost is equal t0 X eep(s) W
{ZeeE(s) al = ZeeE(s) w’ — €. As in the pricing subproblem only the objective function is
modified when adding a new inequality, the same algorithm can be used. O

In the following proposition, we state another property that allows to use a separation al-
gorithm for valid inequalities in the original formulation (BF) and then use these inequalities

n (SF).

Proposition 3.4. Let x be a solution for (SF). If the inequality &y < &g is violated by the
solution y for (BF) obtained from x by (3), then the corresponding inequality ax < «qg defined
by (4) and (5) is violated by x.

Proof: We have to prove that if ay > &g then ax > «ag. By propositions 3.1 and 3.2

k k
ap=ag < ay = ZZdiyé:ZZNi Z i =

i=1 e€cF i=1 eckE s€Si(e

_ ~ i _

= Z > Z G Z > ok =am,
i=1 s€St e€E(s =1 seSt

hence ax > ag. O
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» Branching
Linear Relaxation |
Proposition 3.2 ! |
- Cuts ! |
- | Column Generation |
| Subproblem
o | LP Solver |
Proposition 3.1 ! !

Solution

Figure 2: The combination scheme of Column Generation and Branch & Cut

Note that if all the cuts for (BF) necessary to prove that a solution y is optimal are available,
then these cuts, transformed and added to (SF), would prove z to be optimal for (SF), as
relation (3) translates solutions for (SF) into solutions for (BF) with equal cost. The technique
to combine Column Generation and the methods to solve linear programming problems with
integer variables is sketched in Figure 2 and summarized below:

e two formulations of the problem are used: the original Block Formulation (BF), and the
alternative Subsets Formulation (SF);

e the linear relaxation of the Subsets Formulation is block structured and is efficiently solved
by means of Column Generation; the Block Formulation is well characterized and has
variables associated with elements in F;

e cuts that are valid for the Block Formulation can be taken into account in the generation
of the variables with minimum reduced cost for the Subset Formulation (Theorem 3.3);

e solutions (possibly fractional) of the Subset Formulation are transformed into (possibly
fractional) solutions for thre Block Formulation (Proposition 3.1);

e cuts determined in the Block Formulation are transformed and added to the Subset For-
mulation (Proposition 3.2).

Therefore, we use the Subsets Formulation to solve the linear relaxation of the problem using
an LP solver and the pricing subproblem, and the Block Formulation to identify violated cuts
and branching rules.

3.2. Column Generation

Here we recall how to solve the Column Generation Subproblem, i.e., how to find a column
with minimum reduced cost for the Schedule Formulation. Let w and p be the dual variables
associated with the Balance Constraints and with the Schedule Constraints, respectively. The
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reduced cost of a variable x4 associated with schedule s is:

Cs = Cs — Z Z (ﬂ-k(l) - Wk(j))Qfe — Hao(s)s

e=(i,j)€B(s) ke K (s,e)

where K (s,e) is the set of commodities shipped by the schedule s on travel arc e. Due to the
full load assumption, ZkEK(s,e) q*. is equal to the total capacity of the transport mean o(s) on
that arc which we denote with g4,

Let (i,7) be an arc of the space-time graph SG(o), k* = argmaxye i 7 (i) — 7, (), and s any
schedule that uses arc (i,7), representing that mean o is (totally or partially) loaded with a
commodity k such that (i) — g (§) > 7 (i) — (7). We observe that the variable z; has a
reduced cost greater than the one of the variable associated with the schedule representing that
transport mean o is totally loaded with commodity k*.

Therefore, as we supposed that ¢, is the sum of the costs on the arcs in F(s), it is possible to
find the column with minimum reduced cost solving |S| shortest path problems on the space-time
graphs, where costs on the arcs are given by

Coe = Coge — inea;(((ﬂ-k (7’) — Tk (]))qﬂe
and then adding the value —pu, (note that p, <0).

The above described weights are suitable for all the three models described in Section 2 if
no inequalities are added to the problem. From the results of Section 3.1 we can derive the
modifications to be applied when polyhedral techniques are integrated.

In the initial model (formulations (1) and (2)) and in the first extension of Section 2.3, that
considers multiple loads without fixed capacity segregations, three steps must be followed: (a) for
each commodity, add the contribution of all the dual variables associated with cuts where it is
included the variable ¥, to the term (74 (i) = 7% (5))goe; (b) consider the commodity & maximizing
the value of the sum computed in step (a); (¢) add to the result of (b) the contribution of all
the dual variables associated with cuts where the variable v,, is included.

In the extension of the model described in Section 2.3, that takes into account segregations
with fixed capacity, the above three steps must be applied to each segregation and then the
results are to be summed. The commodity yielding the maximum value in step (b) is the one
that must be loaded on the correponding segregation of the transport mean.

3.3. Knapsack subproblems and valid inequalities

In this section we derive knapsack constraints from the structure of the formulations described
in Section 2. These knapsack problems are used, in the following sections, to determine valid
inequalities.

We consider the more general case of the extension with fixed segregations presented in Sec-
tion 2.3. The considerations made below obviously apply to the other cases described. We
start from the following balance constraint of the Arc Formulation for a given commodity k, a
consumption base p, and a day d:

~ ko .
Zkpd — Zkp,d—1 — E E E Ge Yoo + 3kpd — Skpd = Dipd-
oc€ES eEBSgd geGys
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Adding the same relations for days d —1, d—2, ..., 1, we obtain a formula for variable zj;,q4;
then, considering the maximum and the minimum stock levels, we obtain mixed integer knapsack
problems. For instance, from zy,q > Zj,q it derives:

Zpd= D D D D @ vl — D (kpa —Skpa) + Y brpa = Zipa-

1<d'<do€S ,cpgpd' 9€Cs 1<d'<d 1<d'<d

Writing all variables on the left hand side and all parameters on the right hand side, and dropping
the continuous variables with negative sign, we get the following constraint:

oY DT D Wi+ D Skp = Zkpa— Y, bipar (6)

1<d'<do€S ,cpgrd' 9€Gq 1<d'<d 1<d'<d

Assuming, for the moment, that the violation variables have value zero, the meaning of this
constraint is that the total amount of commodity k delivered to base p before day d is greater
than or equal to the minimum quantity that must be in p in that day plus the total amount
consumed until day d (remember that by, is negative for consumption).

Note that a process similar to the one discussed above can be applied to the case of production
bases.

Besides the y variables considered in constraints (6), in the Arc Formulation are also present
the v variables associated only with travels of the transport means, and not with commodities.
We can derive knapsack constraints on v variables summing the knapsack constraints (6) on the
different commodities that can be shipped from or towards the specified port. In fact, applying
the above argument we obtain:

Z Z Z Z Z dg—e yg]; + Z Z ékpd’ > Z(kad - Z bkpd’)

kEK 1<d'<d 0€S ,cpggrd’ 9€Go keK 1<d'<d keK 1<d'<d
o

Now we can modify the order of the sums getting the first sum on the commodities in the
innermost position; considering the constraints which connect y variables to v variables in the
Arc Formulation, that is ), - yglé = vge, We derive the following knapsack constraint:

ST D deevoe + D D Fpar 2D (Zhpa— D, brga), (7)

1<d'<do€S .. pgrd’ keK 1<d'<d keK 1<d'<d

where g5 = > G5 is the capacity of mean o (for the travel denoted by arc e).

As the problem is a Mixed Integer Programming (MIP) problem, the cuts to be applied may
be determined following two lines of search:

e find directly valid inequalities for Mixed Integer Programming problems;

e find valid inequalities for Integer Programming problems and then apply lifting procedures
for the continuous variables.

In the second case there are three steps to consider: first, fix to zero the continuous variables;
second, study the resulting integer program; finally, apply lifting procedures for the continuous
variables to obtain inequalities which are valid for the original mixed integer problem.

In Section 4 we present a class of valid inequalities directly studied for MIP problems, while
in Section 5 we analyse some issues on inequalities determined on Integer Programs, lifting
procedures for the continuous variables, and their application to the problem discussed in this

paper.
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4. Nested Knapsack Inequalities

In this section we present a class of valid inequalities for mixed integer problems that, under
certain hypotheses, has a facet-inducing property. We also discuss its application to the Tactical
Distribution Problem in Supply Chain Management.

Definition 4.1. A Nested Knapsack System is a set of knapsack constraints

Z a;T; +51 Z b1

eV

Z a; T; + Z a;T; +51 + 89 > by

i€Vi i€Va (8)

Zaiflii-l-Zaixi-l- et Zaifm +s1+s9 - +8, 2> by,
% 1€V 1€V

satisfying the following conditions: by = 0, b, > by_1 for h =1, ..., n, x; € {0,1} for all
i € Up—y Vi, and sp € Ry for allh =1, ..., n.

Note that the variables in constraint A appear with the same coefficient in constraints k& > h.

Theorem 4.1. The inequality

Y omimi+ Y mmito+ Y mmi+tsi+sa+oc+ sy > by,
1% 1€Va 1€V,

where

m; = min{a;, by —bp_1} for alli € Vi, h=1, ..., n.

is a facet inducing inequality for the Nested Knapsack System (8).

Proof: Validity of the inequality can be easily verified. The facet inducing property is proved
by sequential lifting and induction on the number of binary variables. We refer to [33] and [32]
for lifting procedures in 0-1 programming problems.

First, one can easily check that the theorem is true if > ) | |Vj,| = 1, as a basis for the
induction process. Hence, let z; with j € V}, be the variable to lift and, for each k, V) be the
subset of V}, containing the variables already lifted at the current step. We have to show that
the lifting coefficient is m; = min{a;,b, — by—1}. This coefficient can be found applying the
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following lifting procedure:

zj:mianasi-l-mei-l-----l—Zﬂ'ixi +s1+82 -+ 8

% i€V, i€V,

Z a;T; +51 Z bl
ievy/

Z a;T; + Z a;T; +81 + $9 > by
eV ievy

Z a;T; + ZaifEH"'"I' Z a;T; +51 + So+ -+ Sp_1 > b1

% i€V, i€V,
E am+§ ai:vi+---+§ aizi +81+Spt--+spt > by —qj
iev/ icvy icVy)

ST ami+ Y aimit oo+ Y aiwi si+F st s > b —a
% i€V, ieVy

mj = by — 2j.

As a first case, we suppose that a; > b, — b,_1; then b, —a; < by_; and, as by, —a; < b, — a;
for h < k < n, constraint h — 1 dominates constraints from h to n. Thus a feasible solution
for the lifting problem is s; = b,_1, from which we obtain that z; < b,_;. Now we prove that
2j = bp_1 holds, by showing that the following variables take value zero in the optimal solution
of the lifting problem: (a) variables z; for i € V{ with a; > by, and (b) variables z; for i € V},
2<k<h-—1witha; > b, — bp_1.

a) Suppose z; = 1 for i € V{ with a; > by,; then zj > m; = by > bp_1; this contradicts what
above stated, thus in every optimal solution z; = 0 and Zz‘evl’ mix; + 81 > by.

b) Here we use induction on constraint k, 2 < k < h — 1. From the inductive hypothesis we
know that, in every optimal solution, z; = 0 for i € V' where a; > b,, — bj_; for each [ < F,
and also that Ztevllu._uvklil mxy + 81+ ...+ Sg_1 > bp_1. Now suppose z; =1 for ¢ € Vk’
with a; > b, — b,_1: it would follow that z; > (ZteV{U...UVk’fl X+ 81+ ...+ Sk1) +
Zter’ &t + S > b1 +m; = by; from by, > by, and z; < b1, we reach a contradiction,
thus it must holds z; = 0 for i € V.

We have thus shown that that left hand side of constraint A —1 is equal to the objective function
in every optimal solution, therefore z; > bj,_1, and consequently z; = b,_; and 7; = b, — by_1.
Consider now the case, a; < b, —bj,_1; then b, —a; > b,_1, so a feasible solution is s1 = b, —a;
and z; < b, — a;. To show that z; = b, — a;, we note that points (a) and (b) of the previous
case can be repeated in a similar way; we then apply induction for k& > h, as described in (c):

¢) Suppose z; = 1 for i € Vk’ with a; > b, — b;_1, then for inductive hypothesis it holds that

2 > ( Z ﬂ'ta:t-l-sl-l-...-l-sk_l)—l-Zwta:t-l—sk;
teViu..uvy_, tevy,
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the right hand side of the above inequality is greater than

bh—1+m =bp_1 + (by — bp—1) = by ifk=nh
(bk,1 — aj) + 7 = (bk,1 — aj) + (bn — bkfl) =b, — a; if K > h,

In both cases z; > b, — a;, so there exists an optimal solution with x; = 0 for ¢ € Vk’ with
a; > by — bg_1.

Consequently, the objective function takes the same value of the left hand side of constraint n,
and thus z; > b, — a;. As we have shown a feasible solution with this value, z; = b, — a;, and
mj = a;. This complete the proof. O

We conclude this section with an example.

Example 4.1. Consider the following three knapsack constraints:

Z a;T; +s1 > 47
1€V)

Z a;T; + Z a; T; +351 + $9 > 182
1% 1€Va

Z a;T; + Z a;xr; + Z a;x; —+s1+ s2+s3 > 1081,
1% 1€Va 1€V3

where the coefficients a; belong to the set {7000, 10400, 11000}. Applying Theorem 4.1, we get
the following valid inequality:

182w+ 135> x; + 1081 Y @i + 81 + 53 + 53 > 182, (9)
1€V] 1€Vh 1€V3

O

4.1. Complete description for instances with small right hand side values

Consider the following Nested Knapsack Inequalities:

Z ﬂ;mj +51 > b
JEVI
Z ﬂ?mj + Z 7TJ2<:E]' +s1 + s9 > by
€V jEVS
JeVi . JjEV2 (10)
S alai+ Y wlajt o+ Y wlwy 4si st sy > by,
JEVI JEV JEVR
zj€{0,1} forallj eV, s, >0forallh=1, ..., n
where, for each k=1, ..., n:
mf =min{a;, b — bp_1} forallj€V,, h=1, ..., k.

Inequalities (10) have been shown to be valid for (8) by Theorem 4.1. Below, we prove that
under some hypotheses the Nested Knapsack Inequalities are sufficient to describe the convex
hull of (8).
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Theorem 4.2. If 7r§? = by —bp_1 for each 5 € Vs, h =1, ..., k, and k =1, ..., n, then
inequalities (10), z; € [0,1] for all j, and sy > 0 for all k define an integer polyhedron.

Proof: We proof the theorem showing that there exists an optimal solution (z, s) to the relaxation
of (10) with binary z for each objective function (¢, f). We write again the formulation of the
problem considering explicitly the hypothesis of the theorem:

Z bix; +51 > b

JEVL

Z ng]‘ + Z (bQ — bl)iL'j +s1 + 89 > by

p— p—

S . (11)
Z bnxj + Z(bn —bi)z; -+ Z (bp = bp_1)z; +s1+52 -+, > by,

JEVL JjEVR JEVR

zj€ 0,1 forall jeV, s, >0forallh=1, ..., n

To prove the theorem we deduce some simplifications and then we find a pair of primal and
dual optimal solutions satisfying the complementary slackness conditions.

We assume ¢ > 0 and f > 0, otherwise variables z; with ¢; < 0 could be fixed to 1, while, if
fr <0, the problem is unbounded.

For each k let ¢, = min{c; : j € V;} and ind(k) = argmin{c; : j € Vi}. Then, for all
k=1, ..., nandj €V, x; =0 for each j # ind(k). Moreover, Ejevk x; < 1, because a single
variable satisfies all the knapsack constraints from & to n. Hence, we may assume that there is a
single variable in each subset V}, that we denote with z, and, moreover, that fi > fo > ... > fu;
indeed, if f; < f; with ¢ < j, then s; = 0 in the optimal solution, as s; is contained in all those
constraints that contain also s;.

For ease of reference we rewrite the problem taking into account all simplifying hypotheses
above discussed:

min ciz1 + coxo+ ooy +f181 + faso+ -4 fasn
blel +31 2 b1
bgfl?l + (bg - bl)xg +31 + 59 2 bg
. , : . . (12)
bpz1 + (bp — b1)zot+ -+ (bn — bn—1)Tn  +s1 + s2t oty > by,
z; €10,1] s;>0foralli=1, ..., n

If a variable z; = 1, then all constraints from k to m are satisfied. Hence, in the optimal
solution there cannot be two variables zy, and zy, with zx, = x, = 1, (indeed, if k1 < ko then
the solution z obtained by z modifying only z;, = 0 is feasible and with a smaller objective
function value). Therefore, the optimal solutions of (12) have the following form:

:vi:{l ifi=k Si:{bi_bi—l fori=1,..., k-1 (13)

0 ifi#k 0 fori=k, ..., n

for an index k € {1, ..., n}.
The cost of such solutions depends exclusively on index k. We denote with g(k) the objective
function value of the solution with x; = 1.

k—1
g(k) ZZfi(bi—bi_ﬂ—l—ck fork=1, ..., n (14)
=1
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Moreover, we denote with g(n + 1) the solution with z; =0 for alli =1, ..., n.
n
g(n +1) =Y filbi — bi1). (15)
i=1
The optimal solution of (12) can be found from the minimum of g(k), for k =1, ..., n+ 1.
Let k* = argmin{g(k) : k=1, ..., n+1}. Now, we show that there is a dual feasible solution

which satisfies the complementary slackness conditions with the primal solution (13) for k& = k*,
and hence, they are optimal solutions.

Note that in the relaxation of (12) the bounds z; < 1 are not needed as the objective func-
tion coefficients are positive, so its dual is the following problem (we write in parenthesis the
corresponding primal variables):

(z1) yib1 +  ya2bo + -+ ynby <c
(z2) ya(ba —b1) + -+ yn(bn —b1) <c
(mn) yn(bn - bn—l) <cp
(s1)  y1 + w9 + 4 Y < fi (16)
(s2) Y2 + -+ < fa
(Sn) Yn < fn
y; >0foralli=1,..., n

The complementary slackness conditions with the primal solution (13) for k£ = k* are:

(s1) yio+ oy o+ + o+ oy =h
(8k-1) Ye—1 + 0+ Yn = i
(k) Ye(be — bg—1) + -+ + Yn(bp — bk—1) = cy.
We define the following dual solution for decreasing indices r =n,n—1, ..., k+ 1 as
- ci— Y. i(b; — b
Yy, = min | f, — Z Y, min i = 2jmran Uit = bi-1) ca=1,...,r (17)
j=r+1 br - bifl

For index k, k — 1, and ¢« < k — 1, we have the following formulas:

k= 2j—p41 Yilbj — br—1)
by —nbkq

Ye—1 = fr—1— 23k Yj

vi = fi — fit1

Yk =

The solutions are defined to satisfy the complementary slackness conditions, so we have to
test only the dual feasibility. We show that it is a feasible dual solution in three steps: first we
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prove non negativity, then that constraint associated with (sy) is satisfied, and finally that the
constraints associated with the primal variables x; for ¢ = 1,...,k — 1 are satisfied.

We show non negativity of the variables vy, for r = k,...,n by backward induction from n
to k. Clearly y,, > 0. Let us suppose that for inductive hypothesis y,41 > 0, then we show that
so it is y,. There are two possible cases:

a) Yry1 = fro1 — Z?:rw Yjs

Ck — Z?:r+2 yj(bj — br_4)

bry1 — bg_4
index 7 in the second part of the formula (17).

where k is the index associated with the minimum

b) yry1 =

If case (a) occurs, then if y, = f, — Z?:H_l yj = fr — fr41 > 0. In a similar way if y, is equal
to second part of the minimum of (17), then y, > 0 as for condition (a) for all i = 1,...,r,
ci > Z?:TH yj(bj — bi—1). If case (b) occurs, then if & < r then y, = 0. Otherwise k = r + 1,

and n
Cp — Zj:r+1 yj(bj — bj_,)
br — bj_4

Yr =

where k < r is the argument of the minimum in the formula (17) for y,. Substituing the value
of Yr41,

Ck — Z?:r+2 Yj (bj B bl’cfl)
br+1 - bkfl
by = bj_y

Ck — Z;’l:rJrQ Yj (bj - bfcfl) - (br1 = bj_)

Yr =

. . . o . br*b'
Hence y, > 0, as if we multiply both sides for the positive quantity bt ko1

o we obtain that
k—1

the right hand side is equal to the following value

i = s ¥l —bp 1) G = DG ¥i(bi —bp) 0

bry1 — bj_y bry1 — by_y

due to the definition of k.
The constraints associated with s; and z; for i = k + 1, ..., n are satisfied for definition of
the y variables. Assume that constraint (s;) is not satisfied. Then, y, > fr — 377 ;. y; and

Cr — Z;‘l:k—i—l yj(bj — bk—l) > fk(bk — bk—l) — Z;L:k-l—l yj(bk — bk—l) from which we obtain

n

ok — frelbr — bk 1) > > y(b; — be). (18)
j=kt1

As g(k) = 25;11 j(bj — bj_1) + ¢k, we derive ¢;, and substitute it in (18) obtaining

k n
g(k) > > filby —bim) + D y;(b; — be).
j=1 j=k+1

i = i1 Yibj — bi1)
- by, — bi—1
i €{k, ..., k}. Notethat y; = yir1=... =yz_; =0, whiley; = fj—fjp1forj =k+1,...,i-2

Now, let k& > k be the minimum index such that Yr =

> 0, where
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and y; 1= fi 1 — Z?:,; y;. Therefore,

j=k+1

>ny bj1 +Z —fi+1)(bj —bg) + (fifl_zyj)(bifl_bk)‘l‘zyj(bj —by) =
j=k j=k
k
Z (bj —bj_1) + Z Fi(bj —by) — Z Filbj—1 —by) | +

j=k+1 j=k+2

H(fimt = > yi) (bicy = br) + > y(bj — by) =
j=k j=k

k i—2
Z (bj = bj—1) + frp1(Orer — b)) + > fi(bj = bjo1) = fica(bia — b)+
=1 k2
+fi—1(bi—1 — b) Zyg i—1 — Zyj(bj_bk):
j=k
= Zf] y 1 + Zy] ifl =
1 Ci—Z:;; yj(bj — bi—1) L
= filby —bj-1) + ’ b—+—1 bj< 1J (bg —bic) + > y;(bj —bio1) =
:1 k 71— 3 —

—Zf] 31+Cz—g()

that is, g(k) is not the minimum as we supposed. Therefore, constraint (s;) is satisfied.
Finally, we show that for ¢ = 1,...,k — 1 the constraints of the dual problem associated with
primal variables z; are satisfied. Consider constraint (z;):

Zy] - < Ci-

By substituing the value of the variables y; for j =1, ..., k in the left hand side we obtain
k—2 n n
S (5 = Fie) (5 =bict) + (fr1 = yi) (Br—1 —bic1) + yr(be —bic1) + > y;(bj = bi1) =
j:i j=k j=k+1

—ny — fo—1(bg—2—bi—1) + fr—1(bk—1—bi—1) + yr(br—br_1 +Z yj(bj—br_1) =

j=k+1

— Ck— D j—p1Yi(bj = br—1) -

=Z filbj = bj-1) + Skt (b = be1) + D yy(bs = ber) =
= b — bg—1 Pt

—ny bi—1) +cx < ¢
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Combining the above inequality with the definition of g(k) we obtain

k—1 1—1
> Filbj—bim1) +ew=g(k) = > fi(bj —bj—1) < e,
j=i j=1

which can be rewritten as
i—1
g(k) <ci+ Y filbj —bj1) = g(i).
7j=1

We have thus shown that constraint (z;) is satisfied if and only if g(k) < ¢(7), which is obviously
true as by definition £ = k* = argmin{g(i) : i =1, ..., n+ 1} O

4.2. Application of Nested Knapsack Inequalities

In Section 3.3 we derived knapsack constraints from the distribution problem in Supply Chain
Management presented in Section 2. If we consider a subset of constraints (7) associated with
different days for a given port p and a commodity k, we have a Nested Knapsack System at
hand as defined in Section 4. In the following example we apply the inequalities of Example 4.1.

Example 4.2. Consider the following three inequalities of type (7):

Z doeVoe +51 > 47
(o,)eVy

Z QoeVge t+ Z GoeVoe +51 + 82 > 182
(o,)eV1 (0,e)EV2

Z QoeVge t+ Z QoeVge + Z GoeVge +81+ 82 +s3 > 1081,
(o,)eVy (o,e)EVH (o,)EV3

where V; = {(0,¢e)loc € Sand e € Bsgdl fori=1,...,d;},d; € D,i=1,2,3.
As in Example 4.1, we suppose that the coefficients g, € {7000, 10400, 11000}, and, applying
Theorem 4.1, we find an inequality equivalent to (9):

1081 )" woe+1034 Y w5 +852 Y oo+ 81+ sy + s3> 1081, (19)
(O',e)EV1 (O’,B)EVQ (0’,6)6V3

a

It is straightforward that the same applies starting from knapsack constraints on a single
commodity with the y variables (i.e., (6)). In Section 2.3 we presented an extension where the
integrality constraints on the y variables were relaxed. In some real cases this extension may
be applied as the transport means can be divided into segregations in several ways, and each
fractional value of the y variables can be easily approximated with a real configuration of the
segregations. In such a case we can again find Nested Knapsacks Inequalities on each commodity
substituting the y variables with the v variables in (6), which remain integer even in this relaxed
formulation.

As the following relations hold

Z Yk, =g forallo € S
keK
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(see the Arc Formulation in sections 2.2 and 2.3), then from (6) we obtain a valid inequal-
ity substituting gyevgse with qgeyfje, and then we can apply the results of Section 4. Indeed,
GoeVoe > Goeyr., and (6) is a “>” inequality; so with this substitution we get a relaxation

of (6).

Example 4.3. Suppose that in the case of Example 4.2 we have constraints on two commodities.
For commodity k& = 0 the total amounts to be shipped are 47, 182, and 670 tons for the three
knapsack constraints, respectively. For commodity £ = 1 the total amounts are 0 on the first and
on the second constraint, and 411 tons on the third one. Making the above described substitution
and considering the definition of Nested Knapsack Inequalities, we obtain the following cuts:

e for commodity 0:

670 > oe +623 Y ve +488 D woe + 87 + 55 + 8§ > 670; (20)
(o,)eEVH (o,e)eVn (o,e)eV3

e for commodity 1:

A1 )" e 411 Y vge 411 Y wge + s} + sy + 55 > 411, (21)
(o,)eEVH (o,e)eVs (o,e)eV3

O

In Example 4.2 the violation variables s; were associated with all the commodities, that is
5i = Y heK s¥. We see that inequality (19), obtained in Example 4.2, is the sum of the previous
two inequalities. Hence, (19) is redundant if (20) and (21) are added to the problem.

We note that, when the coefficients of a Nested Knapsack Inequality on all the commodities
and the coefficients of the corresponding Nested Knapsack Inequalities on each commodity are
strictly less than the coefficients g,¢, then the former inequality is the sum of the latter ones. In
general, a cut on all the commodities is not always the sum of the cuts on the single commodities,
as some coefficients of the Nested Knapsack Inequalities may be set to the original coefficients
in the former case.

The substitution of the y variables with the v variables can also be done partially. Therefore,
the coefficients in the cut of the remaining y variables are equal to the original coefficients ¢,
while the coefficients of the v variables are equal to 7 as defined in Theorem 4.1. When adding
a specific cut on a commodity, port, and day, the substitution of some of the y variables with
the v variables is done in the following way:

a) let y¥, be a y variable with coefficient qye;
b) let v,e be the corresponding v variable with coefficient 74, for the cut;

c¢) if, for the current fractional solution, Tyevye < qgeyﬁe, then consider the term 7 .04 In
the cut, otherwise consider the term qgeyfje.

As for each pair (o,e) we choose the minimum between m,,v5e and ¢gey%,, the cut obtained is
the most violated among all Nested Knapsack Inequalities for the same commodity, port, and
day.
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Finally, we note that it is possible to define this class of cuts not only on all the commodities
or on a single commodity, but also on a generic subset of commodities. The procedure to apply
is similar to the one for a single commodity; it is sufficient to consider a sum of y variables on
the subset of commodities instead of a single y variable; all other concepts and operations are
still valid.

5. Cover Inequalities for Knapsack Constraints

In Section 3.3 we have derived knapsack constraints (6) and (7) from the structure of the
distribution problem in Supply Chain Management. As a consequence, we can apply cuts on
knapsack problems, and in particular the well-known lifted cover inequalities (see, e.g., the
papers [2], [26], [44], [45], [14] or the textbooks [32], [46]). Other classes of valid inequalities
for knapsack problems can be found in [34] ((1, k) configurations) and in [43] (extended weight
inequalities).

This section deals with the application of cover inequalities. Below we briefly recall the
definition of cover inequalities for knapsack problems with general integer variables.

The following constraints

OSLEZSUZ Vizl,...,n
z; €7 Vi=1, ..., n,

with a;, u;, and b non negative integers, describe the set of feasible points of the Integer Knapsack
Problem.

Definition 5.1. A cover for an integer knapsack problem is a subset of items C C {1,...,n}
such that ) ;.o au; > b. Given a cover C the following is defined in [8] as cover inequality:

> (ui — i) > o, (22)

ieC
where a = [A/a], A = ,cca;u; — b, and a = max{a; | i € C}.

In this paper we are interested in the application of cover inequalities on mixed integer knap-
sack problems. For such cases techniques to lift a single continuos variable have been presented
in [8].

In the remainder of this section we present a simple algorithm to efficiently compute the lifting
coefficient defined in the lifting procedure of [8]. Moreover, we show how cover inequalities
for knapsack problems derived in Section 3.3 can be strengthened taking into account certain
compatibility conditions amongst travels carried out by the same transport mean.

5.1. Lifting procedure for continuous variables

Lifting on the continuous violation variables can be carried out using the formula introduced in
[8], which is valid for the case of a single continuous variable. In the knapsack constraints derived
from the problem of Section 2 there are more than one continuous variable; some of them have
positive coefficients and some other negative coefficients, so we have to apply a transformation
to reduce to the case of a single continuous variable. We consider knapsack constraints of the
type “<” (the case “>” can be derived straightforwardly):



28.

axr + Zl §; — Zz 3; <b. (23)

The transformations needed to obtain constraints with a single continuous variable from (23)
are:

Step 1: eliminate the continuous variables with positive sign (8;) in the left hand side (lhs),
and move the continuous variables with negative sign (§;) to the right hand side; as the
original contraint has been relaxed in a new constraint by dropping the variables §;, valid
inequalities for the latter are valid also for the former;

Step 2: let s be a new variable equal to the sum of the continuous variables still in the constraint
(s =Y, 3); then this becomes of the type az < b+ s;

Step 3: let mz < my be the inequality to be lifted; find the lifting coefficient « for s with the
procedure described next, and obtain the valid inequality mx < mg + 7vs;

Step 4: substitute s with the original continuous variables with negative sign in the lhs (3;),
and lift with zero coefficients the continuous variables with positive sign in the lhs (§;).

The lifting coefficient «y for s is equal to 1/3 [8], where

, s
b= Isn>l%)177(s) -y’
and
n(s) = max{rz : ax <b+s, z €{0,1}"}.

The function 7(s) is defined on a continuous dominion. To simplify the computation of 8 we
study the properties of the function 3(s) defined as follows:

S

B(s) = -

and we propose a simple algorithm that carries out such a computation. The value of § will
be the minimum of §(s) over all s > 0. The function 7n(s) is a non decreasing function with a
staircase shape as the value of max{rz : az <b+s, z € {0,1}"} is constant for an interval of
values for s, and then goes up when s is increased to a value which allows a better solution for
max{rz : ax <b+s, z € {0,1}"}.

As the function 7(s) is a staircase function, then 3(s) is a piecewise growing function; that is,
in each interval such that 7(s) is constant, 3(s) is a growing linear function with slope equal to
1/(n(s) — mo) (see Figure 3).

On these premises, we can compute ((s) only on its breakpoints (black dots in Figure 3).
Therefore, we first consider all the possible values that w2 can take in the feasible region of 7(s);
they are in the set {my + 1, ..., me}, where e is the vector of all ones. Then, we compute the
least value of b+ s needed for 7(s) to take a value 7 € {my+1, ..., we}, and finally compute ((s)
only for that value. We can summarize this result in the procedure described in the following
proposition.
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B(s)

Figure 3: Graphic of function j3(s)

Proposition 5.1. The following algorithm correctly computes the value of (:

Step 1. B =o0c; g =my + 1;
Step 2. while (79 < me) do
&(7p) = min{az : 7z > 7, z € {0,1}"}
B = min{ ’7£~(7~r0) — b}
o — 70
o = 7% + 1, where & = argmin{az : 7z > 7y, x € {0,1}"}

Thus we optimize the function 3(s), defined over a continuous dominion, by solving a number
of binary knapsack problems. These knapsack problems can be easily solved as the coefficients
in the constraints are those of the valid inequality to lift (i.e., 7). In many cases, such as the
lifted cover inequalities, most of the coefficients m are equal to zero or one, so the dynamic
programming algorithm for knapsack can solve the problem very efficiently.

Another way to find 3 is by computing a value 3’ < 3 that can be used to lift the inequality
obtaining a weaker valid inequality. This can be easily done by the greedy algorithm that first
solves the continuous relaxation of the knapsack problems in the algorithm of Proposition 5.1,
and then rounds up the objective function value obtaining ¢'(7g) < £(7g). This value is a good
approximation due to the properties of the coefficients 7: indeed, if 7 is a zero-one vector, the
continuous relaxation has an integer solution and rounding is not needed. Moreover, to solve the
problem with the next value of 7y we can start from the previous solution; this way, provided
that the n items are in descending order with respect to m;/a; and that the relaxations of the
knapsack problems are used, the complexity of the algorithm in Proposition 5.1 is O(n).

5.2. Compatibility Cover Inequalities

In the previous section we deduced binary knapsack constraints from the structure of the prob-
lem. The variables in these constraints represent travels and assignment of products to travels.
The cuts from the literature (cover, (1, k)-configurations, extended weight inequalities, etc.) do
not take into account compatibility conditions among travels, i.e., if a transport mean can carry
out two travels respecting their initial and final times.

Using this additional feature, we can strengthen the already described cover inequalities. This
is shown by the following example coming from contraints (7):
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Example 5.1. Consider a consumption base p and a day d for which the total request of all
products is 65,900 tons (including minimum stock and consumptions). There are two transport
means that can carry products towards base p: mean 1 can make 14 travels and its capacity
is 11,000 tons; mean 2 can make 15 travels and its capacity is 10,000 tons. The knapsack
constraint of type (7) is the following (we dropped continuous variables):

14 15
311,000 w1 + Y 10,000 va; > 65,900
=1 i=1

A lifted cover inequality that we may obtain starting from a cover containing all the variables
of transport mean 2 is

14 15
Z v1; + Z v > 6 (24)
i=1 i=1

In Table 5.1 we report the list of the 14 loaded travels corresponding to the variables associated
with transport mean 1. Moreover, to complete the data in the table, we add that the return
travels from base 7 to base 3 last two days, from 7 to 5 last three days, and from 7 to 11 last
two days. From the condition on initial and final times for each travel, we know, for instance,
that tranport mean 1 cannot perform travels 1 and 3 together.

travel FROM TO
no. port on day port on day
1 3 2 7 5
2 3 3 7 6
3 3 7 7 10
4 3 8 7 11
) 3 9 7 12
6 3 12 7 15
7 11 12 7 16
8 5 16 7 18
9 11 17 7 21
10 3 18 7 21
11 3 23 7 27
12 11 23 7 27
13 5 24 7 27
14 3 24 7 27

Table 1: List of selected travels associated with transport mean 1

The relations of incompatibility among travels can be represented with a graph for each
transport mean, where nodes are the travels and an arc between two travels denotes that they
cannot be performed together by the corresponding mean in a monthly plan. In Figure 5.1 we
show the graph associated with transport mean 1.

The travels that can be in a schedule of a transport mean correspond to a stable set in the
previous graph. We can see that transport mean 1 can carry out at most 5 travels (see for
instance grey nodes in Figure 5.1) covering only 55,000 tons; thus, the residual 10,900 tons
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Figure 4: Incompatibility graph associated with transport mean 1

must be covered by two travels of transport mean 2. Therefore, 6 travels are not sufficient and,
consequently, the following inequality is valid for the whole problem:

14 15
S v+ vy > 7 (25)
i=1 i=1

a

We call the cuts as the one derived in the Example 5.1 Compatibility Cover Inequalities. Now
we describe a general procedure to obtain this type of cuts considering general integer knapsack
constraints. First, we discuss how to get this type of constraints from problem (2).

We start from constraints (7), but we could start also from a constraint of the type (6) as well,
and then introduce new variables z, equal to the sum of a subset E’U of variables associated with
ship 0. As in real applications the coefficients ¢, seldom depend on e, we assume ¢ . = ¢, such
that e € E, and then use the following relation to substitute variables in E, with the single

integer variable z,:
Z GoeVoe = QoZo-
CEEG
We have obtained a knapsack constraint on variables z, on which we have to define upper
bounds. These are given by the maximum number of travels that ship ¢ can make satisfying
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compatibility constraints between travels. For each ship this value is found by solving a maxi-
mum stable set problem on the incompatibility graph defined as in Example 5.1 for ship 1. This
problem can be solved in linear time, as it can be reduced to a maximum path problem on the
acyclic graph SG(o) introduced in Section 2, where we set weights on arcs as follows:

e 1 for all arcs e € Eg;
e 0 otherwise.

The maximum path on this graph results in the largest subset of compatible travels in E,. The
process is described below continuing Example 5.1.

Example 5.2. (cont.) From Example 5.1 we can define two variables z; and z3, such that
2] = Zilil vy; and 29 = leil vg;. The bound for z; is 5 (e.g., travels 1, 3, 6, 9, and 11 in
Figure 5.1). Similarly we obtain that the one for 2z is 7. The knapsack problem is then the
following

11,000 2z -+ 10,000 z5 > 65,900
Z1 §5
z9 S?
21,22€Z+.

If we complement the variables by setting z; = u; — z;, we obtain an equivalent knapsack problem
of type “<”. Therefore, using Definition 5.1 we derive the following inequality:

(7—2) > 2.
Now lifting z; with coefficient 1 we obtain
(5-—2z1)+(T—2) >T.
Complementing back the variables we then have:
21+ 20 27,
that is equivalent to (25), and stronger than (24). m|

Hence, the class of Compatibility Cover Inequalities is defined by:
a) reformulating the knapsack constraints with the aggregating variables z,;
b) computing tight bounds on the z, by solving maximum path problems in acyclic graphs;

c¢) finding lifted cover inequalities on the resulting knapsack problem with general integer
variables.

Then, the resulting cover inequalities may be lifted on the variables not considered with the
sets E, using standard lifting procedures (see [33] or the textbook [32]), which involve the
solution of a series of knapsack problems.
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6. An Application to Ship Scheduling in Oil Industries

We describe an application of the model and of the solution algorithm for the Tactical Distribu-
tion Problem in Oil Industry Supply Chain Management. First, we describe the problem to be
solved. Then, we discuss the branching rules that have been implemented. Finally, we present
the computational results obtained on test and real cases provided by two of the major oil pro-
duction and distribution companies: the italian AgipPetroli and the spanish CLH (Compania
Logistica de Hidrocarburos).

Distribution of oil products from refineries to depots for supplying large geographical areas
is performed by means of medium and small oil tankers ranging from 5,000 to 25,000 tons
of deadweight. A set of different commodities (e.g., petrol, Diesel oil, etc.) is to be shipped
amongst a set of ports (associated with refineries or depots). A given number of ships, with
known characteristics, can be used. All ports have constraints on stock level and daily production
or consumption rates for several commodities. The problem is to move the commodities between
the ports so that the stock level constraints are respected in a given planning period (e.g., one
month), and the total cost of transportation is minimized. The data available to describe the
problem are summarized below.

For each port we know the distances from the other ports; furthermore, for each commodity
we are given:

e the initial stock level;

e the minimum and the maximum stock levels;

e the amount produced or consumed for each day of the planning period.
Moreover, we have information and constraints associated with the ships:

e the commercial speed;

e the number of segregations and their load (a segregation is a compartment that can be
filled with only one product);

e the constraints on ports (some large ships cannot harbour in little ports or they can only
if not fully loaded).

The ships are divided into two categories with a different cost structure:
e time charter ships: rented on a yearly or monthly basis;
e spot ships: rented just for specific travels.

The objective function aims to minimize the use of spots ships, which are more expensive,
optimizing the use of time charter ships, for which fixed costs prevail. This is done in the
following way. First, the set of ships used in the model is composed of time charter ships
only, and violation variables are assigned large costs in the objective function. The violation
variables with positive value in the optimal solution associated with this problem are used to
make decisions on how many spot ships and of which type are to be rented. Then, the algorithm
is executed once again considering also a number of spot ships which are capable to take care
of the violations.
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Branching Rules

Here we describe some branching rules that can be applied to the Ship Scheduling application,
and generalized to all the cases where the tactical model of Section 2 applies. These rules must
have the property of being compatible with the column generation routine, therefore we consider
only rules that can be represented by changing the costs associated with nodes and arcs of the
space-time graphs. A first example of this kind of rules is the following:

e select a ship o, a port p and a day d in the planning period;
e on the first branch, force the ship o to pass through port p on day d;
e on the second branch, instead, the ship o is not allowed to go through port p on day d.

As a pair of port and day is a node of the ship-graph SG(c), this rule amounts to considering
only paths passing through that node in the first case, and only paths not going through that
node in the second one.

A slight modification of this rule is the following one:

e select a ship o, a port p, a day d and a sense: outwards or inwards;

e if the outwards sense is chosen, on the first branch, we impose the constraint that the
sum of the arcs corresponding to loaded travels of the ship o leaving from the selected
node (p, d) must be equal to one, and

e on the second branch, we impose that the above sum is fixed to zero.

It is straightforward to define the case of the inwards sense.

Computational Results

We have solved some instances of the Ship Scheduling problem with the algorithm discussed in
Section 3. The model we have adopted for these tests is the one described in Section 2 consid-
ering the extension with multiple loads on the same transport mean without fixed segregations
described in Section 2.3.

We report on four test cases. We used the classes of cuts derived in sections 4 and 5, and
the second of the above branching rules. The first two test cases, CLH1 and CLH2, have
been proposed by CLH (Compaiia Logistica de Hidrocarburos of the Repsol group), the main
company involved in the distribution of oil products in Spain. The other two test cases, AP1
and AP2, have been studied by Agip Petroli (ENI group), the leading Italian company both for
the production and distribution of oil derivatives.

In Table 2 we report for each test case the number of commodities, the number of days in the
planning period, the number of ports, the number of ships, the lower bounds without and with
the use of cutting planes, the optimal solution, the number of nodes in the branching tree, and
the total computational times.

All the above test cases come from real planning problems of the two companies. However in
these cases it is possible to produce solutions which satisfy all stock constraints without using
violation variables.

We conclude reporting on the results on a real instance corresponding to the complete distri-
bution plan of AgipPetroli in one month. In this instance there are 12 commodities, 30 days, 19
ports, and 10 ships. The lower bound obtained without cuts is 52,231, the one obtained with the
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Lower Bounds
K D P S LP Cuts Optimum Nodes Time
CLH1 | 4| 6| 2|4 | 0.437| 2.000 2 1 2
CLH2 | 4|30 | 5|4 6935 | 8.467 10 167 36
AP1 5130 8| 6] 6.266 | 13.000 13 3 52
AP2 5130 8| 6| 50.000 | 50.000 50 57 74

Table 2: Computational Results on Test Cases

cuts is 96,500, and, finally, we reach a feasible solution with value 104,107. Therefore, in this
case, where violations variables have been included, the gap is reduced from 50% to 7%. The
feasible solution determined by the algorithm has been positively evaluated by the potential final
users (AgipPetroli), and it exhibited significant savings with respect to the solution obtained
with the currently used method.
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