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AbstractThis paper introduces formative processes, composed by transitive partitions. Given afamily F of sets, a formative process ending in the Venn partition � of F is shown toexist. Su�cient criteria are also singled out for a transitive partition to model (via afunction from set variables to unions of sets in the partition) all set-literals modeled by �.On the basis of such criteria a procedure is designed that mimics a given formative processby another where sets have �nite rank bounded by C(j�j), with C a speci�c computablefunction.As a by-product, one of the core results on decidability in computable set theory isrediscovered, namely the one that regards the satis�ability of unquanti�ed set-theoreticformulae involving Boolean operators, the singleton-former, and the powerset operator.The method described can be extended to solve the satisfaction problem for broaderfragments of set theory.Key words: Satisfaction problem, decidability, Zermelo-Fraenkel set theory, veri�cationof set-based speci�cations.



The author was one of the researchers working on resolution type systems who \madethe switch". It was in trying to prove a rather simple theorem in set theory by paramod-ulation and resolution, where the program was experiencing a great deal of di�culty,that we became convinced that we were on the wrong track. (From [2], p.2.1)Contents1 Introduction 3.2 Transitive partitions and Venn partition of a set 6.3 Deciding a fragment of set theory by simulating a partition 7.4 Formative processes and traces 11.5 Useful lemmas about formative processes 14.6 Mimicking a formative process: an illustration 17.7 The thinning of a transitive partition through its trace 18.8 Proof of the main claim-statements occurring inside imitate 20.9 Rough assessment of the complexity of imitate 23.10 Proof of secondary claim- and assert-statements occurring inside imitate 25.11 The set satis�ability decision problem again 33.12 Conclusions 36.
1The `rather simple theorem' to which Bledsoe is referring is P (A \B) = P (A) \P (B).



3.1. IntroductionThe availability of sets and functions in high-level speci�cation languages [20, 21, 15, 13]is extremely useful, and enhancements to the services o�ered by such languages criticallydepend on the development of specialized proof techniques. In particular, decision algo-rithms for portions of set theories (cf., e.g., [6]) are essential ingredients of a platformthat either assists one in verifying the correctness of detailed e�cient algorithm designs[17] (possibly through theory-dependent automated deduction [19]), or directly handlesset constraints [12, 14] in an advanced declarative programming language.Some of the decision algorithms for set contexts are, in the very prototypical form inwhich they were originally conceived, hard to understand, hard to implement, and evenharder to extend with the treatment of set-theoretical constructs that were not built intothem from the outset. This is why we deem it useful to re-examine in this paper one ofthem, [4], in sight of generalizations that are along the way (see [8]).It is quite plausible, to mention one of these envisaged generalizations, that the unionsetoperator can be added without disrupting decidability to the fragment of set theory thatwill be treated in this paper, which comprises Boolean operators and the singleton andpowerset formers. Nobody, though, dared to �ll in the details of this uni�ed decidabilityresult, because the combinatorial di�culties rapidly became unmanageable, curtailing thegrowth of computable set theory after the big harvest season of the eighties, when themain breakthroughs were attained (cf. [7]).A consolidation of the known part of computable set theory is essential not only topromote new discoveries on decidability, but also to convert the theoretical results intotechnological advances in the �eld of automated reasoning. Even the most basic layer ofautomated set reasoning, the so-called multi-level syllogistic, bene�ted from being revisitedunder a tableaux-based approach, which rendered its implementation far more e�cient (cf.[9, 10]). ||||The Venn partition associated with a family F of sets (see Sec.2) is the most funda-mental model-theoretic aid to approach the decision problem, already in connection withBoolean rings/algebras where sets/classes are conceived of as 
at families of individuals.It still plays a most basic role (see Sec.3) when one comes to genuine theories of sets, wheresets are nested one inside another. Beyond the treatment of Boolean operators, conceptualtools more sophisticated than Venn partitions and diagrams become necessary: formativeprocesses , to be discussed in Sections 4{6, are the next important device.Formative processes are special sequences whose components are each associated witha partition ��, transitive in the sense that SS�� � S��. Every family F of sets has aformative process, whose length is a successor ordinal (usually trans�nite) �+1 and whichends in a partition �� re�ning the Venn partition of F .Mimicking the formative process of a family F of sets (see Sections 7{10) is the key forretaining the essential features of F while replacing it with a family much easier to describe.In the paradigmatic case to be studied, we will start with an F of �nite cardinality andwill end up with a family where sets are hereditarily �nite and have a rank bounded byC(jFj), with C a speci�c computable function (see Sec.11). This will o�er us the key fora satisfaction algorithm for the above-said fragment of the set-theoretic language.



4.Basic notation and presupposed notionsThe reader is assumed to be familiar with usual set-theoretic notation. Among others, wedenote by [t1; : : : ; tN ] an ordered N -tuple; moreover, by R�1 and R � S, where R and Sare dyadic relations (i.e., sets or classes formed by ordered pairs), we denote the relationsR�1 =Def f[Y;X ] | [X; Y ] 2 Rg ;R � S =Def f[X; Y ] | 9 z([X; z] 2 R ^ [z; Y ] 2 S)g :Given a set or class S and a function f , �S denotes the identity relation on S, P (S)denotes the collection of all subsets of S, and f [S], dom f denote the multi-image of Sunder f and the domain of f respectively:�S =Def f[Y; Y ] | Y 2 Sg ; P (S) =Def fY | (8 z 2 Y )z 2 Sg ;f [S] =Def fY | (9 z 2 S)Y = f(z)g ; dom f =Def fY | 9 z [Y; z] 2 fg :To describe a function f = f[X; YX ] |X 2 Z)g, we will interchangeably use the notationf = fYXgX2Z and the notation X f7! YX (X 2 Z); by Y Z we will denote the collectionf fyxgx2Z | (8 x 2 Z)(yx 2 Y ) g of all functions from Z into Y .As is customary, we call:preorder on S, a relation � � S � S meeting the conditions �S � � and � �� � �;equivalence relation on S, a preorder � on S such that ��1��;(partial) ordering on S, a preorder � on S such that � \ ��1� �S ;linear ordering on S, a partial ordering � on S such that � [ ��1= S � S;well-ordering on S, a linear ordering � on S with respect to which every non-nullset X � S has a minimum: (8X � S)(X 6= ; ! (9m 2 X)(8 v 2 X)m � v).To brie
y indicate that two sets x; y are not disjoint, i.e., x \ y 6= ;, we employ thenotation x 32 y.A very quick recollection of basic notions on ordinal numbers follows (for a deeperpresentation, see [16]).De�nition 1. A set T is said to be transitive if T � P (T ) or, equivalently, if ST � T .A set � is said to be an ordinal (number) if � is transitive and is linearly ordered(and hence well-ordered) by the relation 2 [ ��. 2As is well known, 2 [ �O behaves as a well-ordering on the class O of all ordinals, itcoincides there with �, and hence is S-inductive in the following sense:For every non-null set C � O which is linearly ordered by 2 [ �C (with 2restricted to C), it turns out that SC 2 O and SC is the smallest of allordinals m for which (8 v 2 C)(v(2 [ ��O)m) holds.2 In short, SC = supC;and, if SC 2 C, then SC = maxC.One reason to be interested in ordinals is the following fundamental theorem:Theorem 1. Let � be a well-ordering on the set x. Then there exist, and are uniquelydetermined, an ordinal � and a function f 2 x� such that f [�] = x holds and, for any pair�; � < � of ordinals:f� 6= f� holds when � 6= �, and moreover f��f� when � � �. 22It is customary to denote the relation 2 [ �O between ordinals simply by � and membership betweenordinals by <. We will adhere to such a convention throughout the paper.



5.By virtue of the axiom of choice, a well-ordering can be imposed on any set. Thereforethe following de�nition makes sense:De�nition 2. The cardinality of a set x, to be denoted jxj, is the least ordinal � suchthat there exists a function f 2 x� with f [�] = x. A cardinal (number) is an ordinal �such that � = j�j. 2Example 1. Natural numbers, intended �a la von Neumann, which is by the rules0 =Def ;, i+ 1 =Def i [ fig,constitute the initial segment of the class of ordinals; their set, ! =Def f0; 1; 2; 3; : : :g, isthe �rst ordinal which exceeds all natural numbers, often denoted @0.Even for ordinals (such as !) which are not natural numbers, it is convenient to assignthe meaning just indicated to the increment operation `+1': we will hence have, amongordinals, ! + 1, ! + 1 + 1, etc. The ordinals of the form � + 1 are called successors ; allothers, save 0, are called limit ordinals . The latter comprise !, ! + !, ! + � � �+ !| {z }! times ; etc.(we are making an appeal to the intuition of the reader).All elements of !+1 are cardinal numbers; but !+1 itself is not such a number. 2De�nition 3. By �-sequence, where � is an ordinal, one means a function fY�g�2�,usually denoted (Y�)�<�, whose domain is �.By sequence (without indication of �), one means !-sequence. 2In the traditional conception of sets developed by Zermelo, Fraenkel, Skolem, and vonNeumann, one has that a function rk exists that is univocally de�ned on all sets throughthe recursive rule rk X = Sf (rk Y ) + 1 | Y 2 X g;this function associates an ordinal to each set X , and is called the rank function. Thanksto the axiom of choice, a well-ordering � can be imposed to any given set x so thaty�z when rk y < rk z and y; z 2 x.The class V� of all sets whose rank is smaller than � is, for every ordinal �, a set,which is easily recognized to be transitive. Among these sets, one has the family V! ofthe hereditarily finite sets, which are those sets that are �nite and whose elements,elements of elements, etc., all are �nite. Notice that V�+1 = P (V�), for every ordinal �.Example 2. Putting ;n =Def ff: : :f| {z }n ; g : : :gg| {z }n ;we can brie
y describe the initial stages of von Neumann's cumulative hierarchy as follows:V0 = ; = 0 ;V1 = f ; g = ;1 = 1 ;V2 = f ;; ;1 g = 2 ;V3 = f ;; ;1; ;2; V2 g = 3 [ ;3 ;V4 = f ;; ;1; ;2; ;3; f ;; ;1 g; f ;; ;2 g; f ;1; ;2 g; : : : ; V3 g= Sb2f0;3g (;b+1 [ f3[ ;bg [ ffi; jg [ ;b | j 2 3^ i 2 j + 1g) ;... ... ...On this basis, one observes thatrk ; = 0, indeed ; 2 V1 and ; =2 V0;rk ;2 = 2, indeed ;2 2 V3 and ;2 =2 V2;rk f ;; ;2 g = 3, indeed f ;; ;2 g 2 V4 and f ;; ;2 g =2 V3. 2



6.2. Transitive partitions and Venn partition of a setDe�nition 4. A family � of pairwise disjoint sets, none of which is ;, is said to be apartition (of S�); its members are called blocks of �.The set &� =DefP (S�) nS� (to be often denoted simply as &) will occasionally be treatedas a block of the partition too; then it is called the outer block of �. 2As is well known, the function� ��7�! f[X; Y ] | (9 b 2 �)(X 2 b ^ Y 2 b)gestablishes a one-to-one correspondence between the partitions of a given set S and theequivalence relations on S.A useful relation v on P (P (S)) is de�ned by puttingB v A i�Def (8 a 2 A)(9B � B) a = SB :One reads B v A as `B is �ner than A', or as `A is coarser than B'; this obviously is apreorder relation. When restricted to the set $(S) of all partitions of S, v becomes apartial ordering .De�nition 5. A partition � is said to be transitive if S� is transitive as by Def.1. 2Remarks 1. (1) It is easy to prove that ; 2 T holds for every non-null transitive setT (whereas ; belongs to no partition).3 Hence no partition but ; is a transitiveset, and therefore no confusion can arise from the abuse of terminology of calling apartition � transitive when S� is transitive.(2) Notice also that saying that a partition � is transitive amounts to the same as sayingthat its outer block & ful�lls the equality P (S�) = & [S�. 2The following lemma is easily proved:Lemma 1. Every transitive partition � ful�lls the following conditions:1. S� 2 &; (hence & is non-null, � [ f&g is a partition, and furthermore)2. � [ f&g is a transitive partition;3. rk � < rk & for every block � 2 �;4. S� 2 & [S� holds for every � � �; hence5. & is the only block # for which there is no � � � [ f&g that meet both # 2 � andS� 2 & [S�.Proof.1: One has S� =2 S� due to the acyclicity of membership, and, trivially, S� 2
P (S�). Thus, by the very de�nition of & , S� 2 & 6= ; and � \ & = ; for all � 2 �.2: Assuming that S� � P (S�), we have that & [S� � P (S�) � P (& [S�) too,thanks to the inclusion & � P (S�) entailed by the de�nition of & .3Let us assume that T 6= ; and T � P (T ). The �rst hypothesis yields, by the regularity (or `foun-dation') axiom of set theory, that there is a z 2 T such that z \ T = ;. Then, thanks to the secondhypothesis, we get z � T , i.e. z \ T = z, and hence z = ; 2 T .



7.3: Since � � S� 2 & , we have rk � � rk S� < rk & , for all � 2 �.4: Assuming � � �, one gets S� � S�, and hence S� 2 P (S�) = & [S�.5: By contradiction, assume that & 2 � � �[f&g andS� 2 &[S�, so that & � S� 2 �for some � 2 �[f&g, and hence rk & � rk S� < rk �, against 3. On the other hand,if � 2 � then � 2 f�g � � � � [ f&g, and Sf�g 2 & [S� holds by 4.As far as the Boolean constructs ;;\; n;[;=; 6=;�; 6� are concerned, all relevant infor-mation about a family of sets is conveyed by the following structure:De�nition 6. Given a family F , we call Venn partition of F the coarsest of all parti-tions � of SF which ful�ll the condition(8 x 2 F)(8 p 2 �)( p 32 x ! p � x ). 2Here is perhaps the most straightforward way of determining the Venn partition �F ofF : �F = f (T r) nS(F n r) | r 2 P (F) n f;g g n f;g.It can be shown that the same task can be solved, when jSFj is �nite, by an algorithmbased on a positive strategy having complexity O(jSFj).We will be interested not only in Boolean constructs but also in the operations ofsingleton and powerset formation, and hence we need to extract from a given F a moreinformative structure than �F :Theorem 2. For any family F , there is a transitive partition � such that(a) for every x 2 F there is a (unique) �x � � such that x = S�x;(b) j�j � 2jFj.Proof. Let V � F [ f;g be a transitive set (e.g., V = V(rk F)+1; moreover it is easy tosee that there exists a smallest possible V w.r.t. �). Then it can easily be seen that theVenn partition � of F [ fV g is f (T r) nS(F n r) | r 2 P (F) n f;g g [ fV nSFg n f;g,so that clearly �x = f� | (9 r � F) (x 2 r ^ � = (T r) nS(F n r) ^ � 6= ;)g : Moreover,j�j � 2jFj.3. Deciding a fragment of set theory by simulating a partitionLet us consider a function M2 f sets gX de�ned on a collection X of set variables.If someone supplied us with the Venn partition � of the set M[X ], while keepingM hidden, M would be traceable among the functions v 7! S=(v) that biunivocallycorrespond to the functions = 2 P (�)X .When X is �nite, � is also �nite, and hence the host of =s that may encode M is �nitetoo. The endless variety of possible values for M hence narrows down |provided � isknown| to a �nite inventory of possibilities. More exactly, since the cardinality j�j doesnot exceed 2jX j � 1, the number 2j�j�jX j of possibilities for = cannot exceed the number2(2jX j�1)�jX j.It should be apparent that the latter is an overestimate of the number of possible Ms;indeed, those =s for which S=[X ] 6= � should not be taken into account. The number



8.can, moreover, drastically decrease when we know one or more set formulae (involving novariables outside X ) that hold true in the set-valued assignment M.If we now consider a family X of set variables, along with a partition � and with afunction = 2 P (�)X representing the interpretation v 7! S=(v), to what extent will itdepend on the speci�cities of � that certain literals of the formsv = w; v 6= w; v = ;; v = u [ w;v = u \ w; v = u n w; v � u; v 6� u;v 2 w; v =2 w; v = P (w); v = fw0; w1; : : : ; wHg; (y)where u; v; w; wi are in X , are true in the interpretation?4As regards literals of the forms v = w, v 6= w, v = ;, v = u ? w (with ? in f\; n;[g),v � u, v 6� u, the only feature of � that counts is its cardinality. In the following sense:Any other partition b� for which an injective function � of � onto b� exists, will continueto satisfy literals of these forms, under the interpretation v 7! S�[=(v)].In order to take also literals of the three forms v 2 w, v =2 w, v = P (w) into account,we will refer to the following notion:De�nition 7. A partition b� is said to simulate another partition, �, when there is abijection � 2 b�� such that, for X; Y � �,� S�[X ] 2 S �[Y ] if and only if SX 2 S Y ;� S�[X ] = P (S�[Y ]) if SX = P (S Y ). 2Finally, to take also literals of the form v = fw1; : : : ; wHg into account, our subsequentstudy will take advantage of the following notion, where L indicates an upper bound forthe value of H :De�nition 8. A partition b� is said to L-simulate another partition, �, when there is abijection � 2 b�� such thatfor X; Y � �: S�[X ] 2 S �[Y ] if and only if SX 2 S Y ;S�[X ] = P (S�[Y ]) if SX = P (SY ) ;for X; Y1; : : : ; YL � �:S �[X ] = fS�[Y1]; : : : ;S�[YL]g if SX = fS Y1; : : : ;SYLg.(The last condition is vacuously satis�ed when L = 0.) 2One easily sees that if �, b�, and � are interrelated as in Def.8, K is a �nite collectionof literals of the above-said forms (y), and = 2 P (�)X induces |as explained at thebeginning| a set-valued assignment M making K true, then K holds true also in = � �,where � 2 P (b�)P (�) is the function � 7! �[�]. Let us postpone a proof of this important,though simple, combinatorial fact till Lemma 21 in Sec.11.Our strategy to establish whether or not a �nite collection K of literals is satis�ablewill be to L-simulate a transitive partition associated (cf. Thm.2) with the family F4Reasons why we do not feel compelled to treat negative literals that involve set operators will emergefrom Sec.11. We will bene�t from this syntactical restraint in the statements of De�nitions 7, 8, 9, in someof whose conditions we can, thanks to it, use implication instead of bi-implication. Further restraints couldbe imposed on (y); for instance one could do without literals of the forms v = ; and v = u \w.



9.of sets assigned to variables in a hypothetical interpretation satisfying K; the simulatingpartition will have a �nite rank, bounded by a computable function in the overall number ofvariables in K. A direct simulation, however, is hard to perform; it will demonstrate easierto base the simulation on a `formative process' suitably describing the inner constitutionof F . We will see in Sec.4 how such a formative process can be conceived; then, in Sec.7,how to imitate the process in order to obtain the simulating partition.5In sight of these developments, let us for the moment introduce a convenient strength-ening of the notion of simulating partition that may surrogate it in practice.For any set X , we put
P

�(X) =Def f Y | Y �[X ^ (8 z 2 X)( z 32 Y ) g :That is, the elements of P
�(X) are all sets Y obtainable by extracting from each z 2 Xa non-null Wz � z and then forming Y = Sz2X Wz .Here are some useful, and easily veri�ed, properties of P

�:Lemma 2. (1) For every set S, if ; 2 S, then P
�(S) = ;, else SS 2 P

�(S).(2) P
�(;) = f;g; P

�(f�g) = P (�) n f;g.(3) If g 2 f sets gX is such that g(z) � z for all z 2 X,then P
�(g[X ]) � P

�(X).(4) For every family F , P (SF) = SP
�[P (F)].(5) For every partition � and for all �0;�1 � �,(a) P

�(�0) 6= ; and S
P

�(�0) = S�0;(b) if �0 6= �1, then P
�(�0)\ P

�(�1) = ;;(c) P
�(�0 [ �1) = fX [ Y |X 2 P

�(�0) ^ Y 2 P
�(�1) g;(d) P

�(�) determines � uniquely.(6) Let � be a partition and let X be any set. If S� nS (P �(�)\X) 6= ;, thenjP �(�) nXj � 2supfj�j j �2�g�1:(The antecedent of the latter implication reads: \Some block in � has an element x0such that none of the sets in P
�(�) which have x0 as an element belongs to X .")Proof. We limit ourselves to proving properties (4){(6) only. A veri�cation of (4) runsas follows: on the one hand, the inclusions P

�(�) � P (S�) � P (SF) hold trivially forall � � F ; on the other, if X � SF , then X 2 P
�(fY | Y 2 F ^ X 32 Y g).Concerning (5.a), notice thatS�0 2 P

�(�0), by (1), and that every element of P
�(�0)is included in S�0. As for (5.b), assume that � 2 �1�b n�b, with b 2 f0; 1g, so that everyset in P

�(�1�b) intersects �, whereas, since blocks are pairwise disjoint and � =2 �b, everyset in �b is disjoint from �; then every set in P (S�b) � P
�(�b) is disjoint from �, andtherefore P

�(�0) \ P
�(�1) = ;. Clause (5.c) is easy and is left to the reader.5If we simpli�ed Def.8, by requiring simply that for X;Y � �S�[X] 2 S�[Y ] if and only if SX 2 SY ;S�[X] n fS �[Z]| Z � �g = ; if SX n fSZ | Z � �g = ;(clearly, with this change we would be leaving out of consideration the literals v = P (w)), then simulationcould simply be based on knowing the function � 7! ��, where � � �, �� 2 � [ f&�g, and S� 2 ��.



10.A veri�cation of (5.d) runs as follows: clearly the maximum w.r.t. inclusion in P
�(�)is S�; moreover, any two distinct elements a; b of S� fall into the same block of � i�for every element y of P

�(�) such that a 2 y, one has y n fbg 2 P
�(�). Notice that theanalogue of (5.d) with an arbitrary family F in place of � does not hold: for example,F0 6= F1 and P

�(F0) = P
�(F1) = f in�nite subsets of ! g hold together when F0 consistsof all sets of the form ! n Y , where Y has �nite cardinality, and F1 consists of all sets ofthe form ! n Y , where the cardinality of Y � ! is both �nite and even.Finally, concerning (6), let x0 2 S� nS(P �(�) \X) and let � 2 �. If x0 =2 �, thenf fx0g [ Y [ Z | Y 2 P

�(f�g) ^ Z 2 P
�(� n f�g)g � P

�(�) nX ,otherwisef fx0g [ Y [ Z | Y 2 P (� n fx0g) ^ Z 2 P
�(� n f�g)g � P

�(�) nX .In the former case we have jP �(�) nXj � 2j�j�1, while in the latter we have jP �(�) nX j �2j�j�1. Since � 6= ;, and hence 2j�j�1 � 2j�j�1, in either case we get jP �(�) nXj � 2j�j�1.Since this holds for all � 2 �, we conclude that jP �(�) nXj � 2supfj�j j�2�g�1.From the preceding lemma and from Remark 1(2), we immediately get the following:Lemma 3. When its domain gets restricted to a set of the form P (�), where � is apartition, P
� is an injective function in P

�[P (�)]P (�) whose image is a partition of
P (S�).If � is transitive, then P

�[P (�)] is a partition of & [S�.De�nition 9. A partition b� is said to imitate another partition, �, when there is abijection � 2 b�� such that, for X � �, � 2 �,(0) if P
�(�[X ]) 32 �(�), then P

�(X) 32 �;(1) S �[X ] 2 �(�) if and only if SX 2 �;(2) if P
�(X) � S�, then P

�(�[X ]) � S b�.If in addition to b� imitating � one has the condition(3) j�(�)j = j�j when j�j < %ful�lled, where % is a �xed number, then b� is said to %-imitate �. 2Lemma 4. If �; b� are partitions, b� is transitive, and b� imitates �, then b� simulates �.If, furthermore, b� %-imitates � and L < %, then b� L-simulates �.Proof. Let � and b� be partitions, let b� be transitive, and assume that b� imitates �via the bijection � 2 (b�)�. Let X; Y � �. Then we have:� S�[X ] 2 S �[Y ] i� (9 b� 2 �[Y ])(S�[X ] 2 b�) i� (9 � 2 Y )(S�[X ] 2 �(�)) i�(9 � 2 Y )(SX 2 �) i� SX 2 S Y .� Assuming now thatSX = P (SY ), let us prove that P (S�[Y ]) � S�[X ]. Indeed,suppose t � S�[Y ] and let b�t be the subset of b� for which t 2 P
�(b�t) (so thatb�t � �[Y ]). As ��1[b�t] � Y , it follows that P

�(��1[b�t]) � P (SY ) = SX �S�. Therefore, P
�(b�t) � S b�, so that t 2 S b�. Let b�t be the block in b� towhich t belongs, and let �t be the block in � for which �(�t) = b�t. Then, since

P
�(b�t) 32 b�t, we will have that P

�(��1[b�t]) 32 �t, which yields SX = P (S Y ) �
P

�(��1[b�t]) 32 �t, so that SX 32 �t, �t 2 X , and hence t 2 b�t 2 �[X ], which inturn yields t 2 S�[X ].



11.� Assuming again that SX = P (SY ), let us now prove that S �[X ] � P (S �[Y ]).Indeed, for each t 2 S�[X ] there is a unique �t 2 X such that t 2 �(�t); moreover,by the transitivity of S b�, there is a unique � � � for which t 2 P
�(�[�]); �nally,since P

�(�[�]) 32 �(�t), we also have that P
�(�) 32 �t. We can hence take at0 2 �t \ P

�(�), which, since �t � SX = P (SY ), is to ful�ll t0 2 P
�(Z) for asuitable Z � Y . In conclusion � = Z, and therefore t � S�[�] = S �[Z] � S �[Y ].� To prove the second statement of the lemma, assuming thatSX = fSY1; : : : ;SYLgwhere L < % and Y1; : : : ; YL are distinct, we must check that S�[X ] = fS�[Y1]; : : : ;S�[YL]g. Since P�2X j�j = jSXj = L < %, we have j�j < % and therefore j�(�)j =j�j for each � 2 X ; this easily yields the desired conclusion, because S�[Yi] 2 �(�)i� S Yi 2 �, and because �[Y1]; : : : ; �[YL] |and, accordingly, S �[Y1]; : : : ;S�[YL]|are pairwise distinct.4. Formative processes and tracesDe�nition 10. Let � and �0 be two partitions and let � � �. We say that �0 prolon-gates � via � when the following conditions are met:1. for all � 2 �, there is a �0 2 �0 such that � � �0;2. S�0 nS� � P

�(�);3. � 6= �0.When condition 1. is met, possibly without 2. or 3. being ful�lled, then we say that �0extends �; if both 1. and 3. are met, then �0 is said to extend � properly. 2Remarks 2. Concerning Def.10, notice that:(1) The relation 0 de�ned in 1. is univocally determined and actually it is an injectivemap from � into �0.(2) Condition 2. entails that� �0 n � � P
�(�) nS�, for all � 2 �;� � � P

�(�) nS�, for all � 2 �0 n f�0 | � 2 �g (i.e., for all � 2 �0 such that� \S� = ;).(3) Saying that �0 prolongates � via � � � amounts to the same as saying that thereexist a partition �� and a function � 2 (�� [ f;g)� such that� ; 6= S�� � P
�(�) nS�;� ��1 \��2 = ;, for every �1; �2 2 � such that �1 6= �2;� �0 = f� [�� | � 2 �g [ (�� n�[�]).Indeed, assuming �0 to prolongate �, let �� = (f�0n� |� 2 �g[(�0nf�0 |� 2 �g))nf;g. Then notice that from � 6= �0 it follows that �� 6= ;, and sinceS�� = S�0nS�and ; =2 ��, we also have S�0 6= S�.The converse is obvious. 2



12.De�nition 11 (Coherence requirement) Let �, �0, and �00 be partitions, with �0 ex-tending � and �00 extending �0. Then �00 is said to extend �0 coherently with � if noelement of S�00 belongs to P
�(�) nS�0. 2De�nition 12. Let � be an ordinal and let �fq(�)gq2P ���� be a (� + 1)-sequence of func-tions all of which are de�ned on the same domain P . Put B(�) =Def f q(�) | q 2 P g for allB � P , and let �� = P (�) n f;g, for all � � �.Assume the following conditions to be ful�lled:� q(�) \ p(�) = ; when p; q 2 P , p 6= q, and � � �;� q(�) � q(�+1) for all q 2 P when � < �;� q(�) = S�<� q(�) for every q 2 P and every limit ordinal � � �;� �� is a partition, for every � � �;� �0 = ;; ; =2 ��.Assume moreover that to each � < � there corresponds a �� � �� such that� ��+1 prolongates �� via �� (cf. Def.10);� �� extends ��+1 coherently with �� (cf. Def.11).Then the sequence �fq(�)gq2P ���� is called a ( strong) formative process for ��,and the �-sequences (A�)�<�, (A� ; T�)�<� such that both of the conditions� A(�)� = �� ,� f q(�+1) n q(�) | q 2 T�g is a partition of (P

�(��) nS��) \S��+1hold for each � are called the trace of the formative process, and a history of ��,respectively.A weak formative process is like a formative process, save that the coherencerequirement is withdrawn from the de�nition. A weak trace is de�ned similarly. 2Remarks 3. (1) An indirection could easily be eliminated from the de�nition of forma-tive process by requiring that �� = P and fq(�)gq2P = �P . Indeed, characterizing aformative process without P and q(�)s |directly in terms of the sequence (��)���of partitions| would lead to a more concise and essential de�nition; however it doesnot seem to be particularly convenient to proceed so either on the technical plan,or to convey a better intuitive grasp. (We will come back to this idea only once,namely within the proof of the trace theorem|cf. Corollary 1.)Assuming (fq(�)gq2P )��� to be a formative process, and maintaining the above nota-tion, notice that(2) If � < � � �, then S�� $ S��, because clearly �� extends �� and does so properlywhen � = � + 1.(3) For each e 2 S��, there is a unique � < �, denoted �(e), for which e 2 P
�(��)nS�� ,because �0 = ; and new elements enter into the S��s only through prolongationsteps. Clearly, we will have for all � � �e 2 S�� $ �(e) < �.



13.(4) P = S�<� T� . In fact, for each q 2 P , by taking an e 2 q(�) we will have �(e) < � andq 2 T�(e).(5) A� � S�<� T�, and q(�) 6= ; for every q 2 A� , for all � < �. In fact, each setA(�)� = �� is a partition (were it not so, P
�(��) would fail to contribute elementsto S��+1 nS��); hence, if q 2 A� , then by taking e 2 q(�) we will have �(e) < �and q 2 T�(e). 2Lemma 5. Every constituent �� of a formative process is a transitive partition.Proof. Assuming that e 2 S��, in view of the above Remarks 3(2),(3), we havee 2 P

�(��(e)) � P (S��(e)) � P (S��(e)) � P (S��), and therefore e � S��.Lemma 6. Let � and �00 be partitions such that� �00 properly extends � (cf. Def.10),� �00 is a transitive partition (cf. Def.5).Then there are a � � � and a partition �0 that both prolongates � via � and is extendedby �00 coherently with � (cf. Def.10 and Def.11).Proof. Let s be an element of smallest rank in S�00 nS�. Thanks to the transitivityof �00, we have s � S�00; therefore, every t 2 s belongs to S�. By taking� = fZ | Z 2 �^ s 32 Zg,we will have s 2 P
�(�) and we must put�0 = f(P �(�) \ �00) [ � | �00 2 �00 ^ � 2 � ^ � � �00g[ fP �(�) \ �00 | �00 2 �00 ^ �00 32 P

�(�) ^ (8 � 2 �)(� 6� �00)g :Clearly �0 prolongates � via �, since s 2 S�0 nS�; moreover, it is obvious that �00extends �0 coherently with �.Corollary 1 (Trace theorem) Every transitive partition � has a history (A�; T�)�<�with the cardinality of � not exceeding jS�j.Proof. Given �, simply take P = �. We begin with �0 = ; and then, for every ordinal�: � If � is a limit ordinal, we put�� = S
<�fS
<�<� �h�i | � 2 �
 g,where �h�i indicates the block � of �� for which � � � .� In any case, we de�ne ��+1 to be the same as �� if �� = �; otherwise we choose a�� � �� and a partition ��+1 that both prolongates �� via �� and is extended by� coherently with ��, as by the preceding lemma.� If ��+1 6= ��, we take A� = f q 2 P | (9 � 2 ��)(� � q) g andT� = f q 2 P | (9 � 2 ��+1 n ��)(� � q) g.Since the sequence of the S��s strictly increases w.r.t. � until it has reached S�, andsince S�� � S� holds for all �, certainly there will be an ordinal � for which S�� = S�with j�j � jS�j; the conclusion that (A�; T�)�<� is the desired history hence follows.The simplifying notation to be introduced next will be helpful in the ongoing.



14.De�nition 13. Let (fq(�)gq2P )��� be a weak formative process. Then, for q 2 P , B � P ,and � < �, we put q(�) =Def q(�) ; B(�) =Def B(�) ;�(�)(q) =Def q(�+1) nSP (�) : 2Example 3. Resuming the notation ;n of Example 2, let us take � = f0(�); : : : ; 4(�)g,where 0(�) = f ; g; 1(�) = f ;1 g; 2(�) = f ;2; f ;; ;1 g g;3(�) = f ;3; f f ;; ;1 g g g; 4(�) = f f ;; ;2 g g :One readily sees that S4j=0 j(�) is a transitive set; hence � is a transitive partition.With the elements s of S� ordered by non-decreasing ranks, we easily associate witheach of them the set A for which s 2 P
�(f q(�)| q 2 A g):s ; ;1 ;2 f ;; ;1 g f f ;; ;1 g g f ;; ;2 g ;3A ; f0g f1g f0; 1g f2g f0; 2g f2gIn this concrete example, the construction of the trace theorem proceeds according tothe following table:i s Ai Ti 0(i) 1(i) 2(i) 3(i) 4(i)0 ; ; f0g ; ; ; ; ;1 ;1 f0g f1g f ; g ; ; ; ;2 ;2 f1g f2g f ; g f ;1 g ; ; ;3 f ;; ;1 g f0; 1g f2g f ; g f ;1 g f ;2 g ; ;4 f ;; ;2 g f0; 2g f4g f ; g f ;1 g f ;2; f ;; ;1 g g ; ;5 ;3 f2g f3g f ; g f ;1 g f ;2; f ;; ;1 g g ; f f ;; ;2 g g6 � � � f; g f ;1 g f ;2; f ;; ;1 g g f ;3; f f ;; ;1 g g g f f ;; ;2 g gThe sequences (Ai)i�5 and (Ai; Ti)i�5 are a trace and a history of the partition �,respectively. 25. Useful lemmas about formative processesIn sight of the main proofs in this paper, which will constitute Sections 8 and 10, let usreview some useful properties of the sets q(�); B(�);�(�)(q); q(�), and B(�).Lemma 7. Assume that P (�) 6� ff;gg in a weak formative process whose (weak) trace is(A�)�<�. Then the following conditions are ful�lled, for q 2 P , B � P , � � �, and � < �:(1) q(0) = ;, S�(0)[P ] = f;g, A� = ; i� � = 0,S�(1)[P ] = ff;gg, ���A(�+1)1 ��� = 1 and A(�+1)1 extends ff;gg;(2) if � � �, then- ; =2 A(�)� (hence A(�)� is a partition),- q(�) � q(�), and B(�) extends B(�)(more accurately stated, B(�) n f;g extends B(�) n f;g),and hence SB(�) � SB(�),



15.- rk q(�) � �,- rk B(�) � � + 1;(3) q(�) = q(�) [S��#<��(#)(q), where unions have disjoint operands,and therefore q(�) n q(�) = S��#<� �(#)(q), if � < �;(4) �(�)(q) \P
�(B(�)) = �(�)(q) \P

�(B(�)) if � � � < �;(5) q(�) \P
�(B(�)) = q(�) \ P

�(B(�)) if � < �,(6) if SB(�) 2 SP (�+1), then B(�) = B(�) and S��#<� S�(#)[B] = ;.When the formative process is strong, the following further conditions will be met:(7) A(�)� 6= A(�)� if � < � < �;(8) q(�) \P
�(A(�)� ) = q(�) \P

�(A(�)� ) if � < �.These laws have straightforward proofs, which are left to the reader.The next de�nition and proposition, still concerning a weak formative process of length� + 1, o�er a reasoning tactic to be repeatedly exploited in the veri�cations of Sec.10.De�nition 14. Let � < � � �, and let X be any set. ThenS(�; �; q;X) =Def f � | � < � � � ^ q(�) n q(�) 32 X g. 2Taking into account that q(�) n q(�) = S��#<� �(#)(q) Lemma 7(3), we get:Lemma 8. Let S(�; �; q;X) 6= ;. Then min S(�; �; q;X) is a successor ordinal.Proof. Assume that S(�; �; q;X) 6= ; and let � = min S(�; �; q;X), so that in particular� < � � � and S��#<� �(#)(q) 32 X both hold. One has, moreover, that8 ��� < � < � ! S��#<� �(#)(q)\X = ;�,and hence 8 � 8# �� � # < � < � ! �(#)(q)\X = ;�,holds.If � were a limit ordinal, then (8# < �)(9 � < �)(# < �) would hold, easily yielding8# (� � # < � ! �(#)(q) \X = ;).This would lead to the absurd conclusion that S��#<� �(#)(q) \X = ;.Another useful combinatorial lemma is the following:Lemma 9. Let (A�)�<� be the trace of a strong formative process with a non-empty �nitedomain P . Let moreover % 2 ! be such that 2%�1 > % � jP j. If there are an ordinal � < �and a q 2 A� such that ��q(�)�� � %, and P
�(A(�)� ) � SP (�), then ��S�(�)[P ]�� > % � jP j, andhence there must be an r 2 P such that ���(�)(r)�� > %.Proof. W.l.o.g., assume % � 3 (indeed, for % = 0, the thesis becomes trivial). Considerthe set H = f � | � < � ^ A� = A� g. If H = ;, then ��S�(�)[P ]�� � ��P (q(�)) n f;g�� �2%� 1 � 2%�1 > % � jP j, and we are done. Otherwise we put # = sup H and treat the cases# =2 H , # 2 H separately.



16.If # =2 H then, plainly, H is in�nite and, by the coherence requirement, SA(�)� mustbe in�nite. W.l.o.g. assume that q(�) is in�nite and let s0; s1; : : : ; s%�jP j be % � jP j + 1distinct elements in q(�). For i = 0; 1; : : : ; % � jP j, let Si = SA(�)� n fsig, so that clearlySi 2 P
�(A(�)� ). If it were the case that Si 2 SP (�), then Si 2 S�(�)[P ] � P

�(A(�)� ) �
P

�(A(�)� ) for some � < �. Therefore we would get from Lemma 2(5.b) that A� = A�, andhence � 2 H , implying, by our current hypothesis that # =2 H , the existence of an �0 2 Hsuch that � < �0 < �. Then the coherence requirement would yieldSA(�)� n fsig � A(�)� $ A(�0)� $ SA(�)� ,which is a contradiction; hence Si =2 SP (�). Thus, by the coherence requirement and bythe hypothesis P
�(A(�)� ) � SP (�), we get��S�(�)[P ]�� = ���P �(A(�)� ) nSP (�)��� > % � jP j.Let us assume now that # 2 H . After �xing a y0 2 SA(�)� n SA(#)� , we consider thecases y0 =2 q(�), y0 2 q(�) separately. In the former case, by picking the r 2 A� for whichy0 2 r, we have ffy0g [ Y | Y 2 P

�((A� n frg)(�))g � P
�(A(�)� ) nSP (�),where both P

�(A(�)� ) nSP (�) = S�(�)[P ] and��ffy0g [ Y | Y 2 P
�((A� n frg)(�))g�� � 2% � 1 > % � jP jhold, and hence ��S�(�)[P ]�� > % � jP j. If y0 2 q(�) then we haveffy0g [ Y | Y 2 P

�((A� n fqg)(�) [ fq(�) n fy0gg) [ P
�((A� n fqg)(�))g �

P
�(A(�)� ) n[P (�) =[�(�)[P ];where���ffy0g [ Y | Y 2 P

�((A� n fqg)(�) [ fq(�) n fy0gg)[ P
�((A� n fqg)(�))g��� �2%�1 > % � jP jholds, and hence ��S�(�)[P ]�� > % � jP j.We conclude this section by proving the following inequality which will be applied laterto estimate the length of certain formative processes.Lemma 10. Let y � 1 and let %y = �2524dlog ye+ 5�. Then 2%y�1 > %y y.Proof. By elementary calculus, it is immediate to check that2 x24+4 > 2524x+ 6 , for x 2 R :Therefore 2d x24+5e�1 � 2 x24+4 > 2524x + 6 > d2524x+ 5e , for x 2 R :Let y � 1 and put x = dlog ye, %y = � 2524dlog ye+ 5�. Then we have2%y�1 = 2d 2524x+5e�1 = 2d x24+5e�1 2x > d2524x+ 5e y = %y y ;which proves the lemma.



17.6. Mimicking a formative process: an illustrationIn this section we will see a procedure which, given a weak formative process, developsa strong formative process, usually shorter, ending in the same partition as the originalprocess. Another procedure of this kind will be seen in Sec.7, where the original formativeprocess will, instead, be assumed to be strong and the aim will be just to simulate theending partition through the new process: the latter will no longer be guaranteed to bestrong, but its length will be �nite even when the original process is in�nite.The trans�nitely recursive procedure shown below is simply meant to o�er a paradigmfor other more useful, similar procedures. It receives in input the trace of the weakformative process G to be mimicked, along with the ending function B 7! B(�) of G,and supplies in output the trace of the mimicking process G 0, with indication of how thepartitioning function of the latter evolves. The sets which form the traces, which aresubsets of the domain P common to all functions in G or in G 0, are metaphorically calledmoves , of G and of G 0 respectively.procedure strengthenProcess( (A�)�<� , fB(�) : B � P g );
 := ;; -- 
 assigns to the �-th move of G0 the position 
(�)-- of the move of G it mimicksr := ;; -- r assigns to the �-th move of G0 its associated partitionfor q 2 P loop bq := ;; end loop; -- start with void blocksnotation: throughout, and for all B � P , bB =Def fbq | q 2 Bg;T := f [B; fq 2 P | q(�) 32 P
�(A(�))g] |B � P g;-- `targets' for moves: each T (B) comprises those q-- for which P

�( bB) will ever intersect bqfor � in [0; 1; : : :; � � 1] loopif S bP = SP (�) then quit loop; end if ;A := A�;S := SP (�) \P
�( bA) nS bP ;if S 6= ; then� := S�2dom(
) (�+ 1);
(�) := �;assert( 9 f�(p)gp2T (A) ) (isPartition(�; S) ^(8 q 2 P )(S 32 q(�)!S \ q(�) � �(q) ) );let r(�) be one such �;let the �-th move consist of the set A paired with this function r(�);for q 2 T (A) loop bq := bq [�(q); end loop;end if ;end loop;� := S�2dom(
) (�+ 1);return(A
(�);r(�))�<�; -- sequence of mimicking movesend strengthenProcess;procedure isPartition( �, S );claimif (8 q; r 2 dom(�))( q 6= r!�(q) \�(r) = ; ),then �[dom(�)] n f;g is a partition as by Def.4;returnS�[dom(�)] = S ^ (8 q; r 2 dom(�))( q 6= r!�(q) \�(r) = ; );end isPartition.



18.The proof is left to the reader that the formative process returned by strengthenProcessreally meets the purpose stated at the beginning of this section. Thus we haveLemma 11. Let (A�)�<� be the trace of a weak formative process for a transitive partition�. Then it is possible to extract a subsequence (A
(�))�<� from (A�)�<�, with � � � (sothat 
(�) < 
(�) for � < � < �), which is the trace of a strong formative process for�.7. The thinning of a transitive partition through its traceAs argued in Sec.3, the capability of L-simulating a given �nite transitive partition � bymeans of another partition b� having �nite rank, bounded by a computable function in Land j�j, is crucial in order to solve the decision problem for collections of literals of theform (y).In this section we describe a non-deterministic procedure, imitate, which carries out thistask. More speci�cally, given a strong formative process (fq(�)gq2P )��� for a transitivepartition P (�) and given a constant % > L such that 2%�1 > %jP j, the procedure imitatewill compute a (weak) formative process (fbq[�i]% gq2P )i�`% for a transitive partition bP [`%]% ,with `% < %jP j 2jP j + 3, which L-simulates P (�).Let us put %0 = max(�2524dlog jP je+ 5� ; L+1). Then we have %0 > L and, by Lemma 10,2%0�1 > %0jP j. Hence `%0 < max ��2524dlog jP je+ 5� ; L+ 1� jP j 2jP j + 3:In view of Lemma 11, the above discussion can be summarized as follows.Lemma 12. Let (fq(�)gq2P )��� be a strong formative process for a transitive partitionP (�) and let L � 0. Then there exists a strong formative process (fbq[�i]gq2P )i�` for atransitive partition bP which L-simulates P (�) and such that` < max ��2524dlog jP je+ 5� ; L+ 1� jP j 2jP j + 3:Therefore, by Lemma 7(2), rk bP � max ��2524dlog jP je+ 5� ; L+ 1� jP j 2jP j + 3:The execution of imitate refers as to an oracle to a strong formative process of P (�).Should this process not be available, an execution could nevertheless be performed, albeitnon-deterministically, to take into consideration all possible response sequences from theoracle; then, at the tip of each branch of the non-deterministic execution tree, one coulddirectly establish whether or not the sequence (fbq[�i]gq2P )i�` constructed by the procedureimitate L-simulates P (�).For technical reasons, we will assume that P (�) 6� ff;gg. It will easily turn out that sucha constraint will not a�ect the applicability of the procedure imitate to the satis�abilityproblem we are interested in.procedure imitate( %, P , (A�)�<� );C0 : claimjP j < @0 ^ % > L ^ 2%�1 > % � jP j ^ (A�)�<� is the trace associatedstrong formative process (fq(�)gq2P )��� such that P (�) 6� ff;gg;explanation: the formative process (fq(�)gq2P )��� will be taken as an oraclein what follows, by referring to the blocks q(�) with q 2 P and to thepartitions A(�)� as if they were available as additional inputs;



19.M1:= f� | � < � ^ (8p 2 A�) (��p(�)�� < %) g;M2:= n�| � < � ^ (9 q 2 P ) � ���q(�)�� < % _ q(�) \P
�(A(�)� ) = ;� ^�(�)(q) 6= ; �o;M3:= f� | � < � ^SA(�)� = SA(�)� 2 SP (�) g;A0 : assertjM1 [M2 [M3j < % � jP j � 2jP j + 3;let f�0; �1; : : : ; �`g = M1 [M2 [M3 [ f�g, with �0 < �1 < � � � < �`;for q 2 P loop bq := ;; �(q) := ;; end loop;notation: throughout, and for all B � P , bB =Def fbq | q 2 Bg;for i 2 [0; : : : ; `] loop -- the main loop begins herefor q 2 P loop bq := bq [�(q); end loop;C1 : claim(8 q 2 P )( ( ( ��q(�i)�� < % _ jbqj < % ) ! jbqj = ��q(�i)�� )^ (8B � P )( (8 p 2 B)(��p(�i)�� < %)! ��q(�i) \P
�(B(�i))�� = ���bq \P

�( bB)��� )^ (8B � P )( q(�i) 32 P
�(B(�i))$ bq 32 P

�( bB) ) );if i = ` then quit loop; end if;-- the seemingly useless last iteration calls for a �nal veri�cation of C1� := if �i 2M1 thenrevise1(�i; b)else if �i 2M3 thenrevise3(�i; b)else -- �i 2M2revise2(�i; b)end if ;C2 : claimsubPartitions( �, A�i ) ^ (S bP ) \S�[P ] = ;;C3 : claim(8 q 2 P )(�(�i)(q) = ; ! �(q) = ; );end loop;C4 : claim bP is a transitive partition %-imitating P (�), hence bP L-simulates P (�);return bP ;procedure revise1( �, b );A := A�;A1 : assert( 9 f�(r)gr2P ) (subPartitions( �; A ) ^(8 q 2 P )( j�(q)j = ���(�)(q)�� ^( S bA 2 �(q)$ SA(�) 2 �(�)(q) ) ) );pick one such �; return �;end revise1 ;procedure revise2( �, b );A := A�;A2 : assert( 9 f�(p)gp2P ) ( subPartitions( �, A ) ^ S bA =2 S�[P ] ^( 8 q 2 P ) (if ��q(�+1)�� < % _ �(�)(q) = ; thenj�(q)j = ���(�)(q)��else if q(�) \P
�(A(�)) = ; ^ jbqj � % thenj�(q)j � 1else



20. j�(q)j � %� jbqjend if ) ^���P �( bA) nS bP nS�[P ]��� � 1 ++P r 2 P��r(�)�� < % ���r(�) n r(�+1)� \P
�(A(�))�� +P r 2 P��r(�)�� � %��r(�+1)�� < %�%� ��r(�+1)���+ ��fr 2 P | ��r(�+1)�� � % ^ r(�) \P
�(A(�)) 6= ; ^ r(�+1) \P

�(A(�)) = ;g��);pick one such �; return �;end revise2 ;procedure revise3( �, b );A := A�;A3 : assert( 9 f�(p)gp2P ) ( subPartitions( �, A ) ^( 8 q 2 P ) ( ( S bA 2 �(q)$ SA(�) 2 q(�) ) ^if ��q(�+1)�� < % _ �(�)(q) = ; thenj�(q)j = ���(�)(q)��else if q(�) \P
�(A(�)) = ; ^ jbqj � % thenj�(q)j � 1else j�(q)j � %� jbqjend if ) ^(P

�(A(�)) � SP (�) ! S�[P ] = P
�( bA) nS bP ));pick one such �; return �;end revise3 ;procedure subPartitions( �, B );return; 6= S�[P ]� P

�( bB) nS bP ^ (8 q; r 2 P )( q 6= r!�(q) \�(r) = ; );end subPartitions;end imitate.8. Proof of the main claim-statements occurring inside imitateChecking that all claim- and assert-statements occurring inside the procedure imitate areful�lled whenever such statements are met during execution, or simply getting a clearoverall view of what the procedure does, calls for a detailed and lengthy analysis. This isthe main task we are undertaking here.As a matter of notation and terminology, we introduce the following:De�nition 15. For q 2 P , B � P , and i 2 f0; : : : ; `g, let bq[i] and bB[i] be the values of bqand bB when the claim C1 is encountered during the (i+1)-st iteration of the main for-loopof imitate; moreover, let �[i] be de�ned similarly when i < `, but referring to C2.We will say that a claim- or assert-statement C is fulfilled (or ismet) for i = 0; : : : ; kto mean that whenever C is encountered during one of the initial k + 1 iterations of themain for-loop of imitate, it will turn out to be true. We will say that it eventually getsviolated if the opposite event takes place for some k. 2



21.(We will also say that a statement C is ful�lled |or is violated| when i = i0, etc.)The claims to be proved are C1{C4 only: C0, in fact, expresses conditions which theinput parameters are supposed to comply with. The statements A0{A3 must be provedtoo; such statements are preceded by the keyword `assert' instead of by `claim' simply tostress that one cannot erase them without disrupting executability. In fact A1{A3 claimthe existence of partitioning functions which are referred to by subsequent executablestatements; as regards A0, unless M1 [M2 [ M3 were �nite then the semantics of thelet-statement following A0 would become unclear.The approach to the intricate proof we will carry out is to start with the absurdhypothesis that some of the statements C1{C4, A0{A3 will fail to be true at some time.In this case one could, at least in principle, isolate as `culprit' the statement which fails�rst, and spot out the latest value of the variable i when this event takes place. However,by induction on i, we will reach a contradiction whichever claim- or assert-statement onemight indicate as the culprit.Potential culprits should be passed in review all within the same inductive proof; how-ever, in order to subdivide the di�culties and to let the reader gain a better grasp of theoverall mechanism, we prefer to concentrate on C2, C3, and C4 for the rest of this sec-tion, while postponing to subsequent sections the treatment of all other potential culprits(which, momentarily, are supposed here to be `innocent'). Merging the various parts ofthe proof into a single proof poses, of course, no conceptual challenge.The claims we have selected for immediate treatment lie, in a sense, at a higher level,and by discussing them we will unroll a landscape view of the ongoing. Here is the leadingidea behind the procedure imitate, as it emerges in the light of C2, taking it momentarilyfor granted that the statement A0 is ful�lled (cf. Lemma 15 below):Lemma 13. Let 0 � k � `. If none of the statements C1{C3, A1{A3 in imitate ever getsviolated for i = 0; 1; : : : ; k � 1, then the functions fbq[j]gq2P ( j = 0; 1; : : : ; k) make a weakformative process on f q 2 P | bq[k] 6= ; g with trace A�0 ; : : : ; A�k�1.Proof. Regular termination of the k-th iteration of the main loop of imitate is obviouslyensured by the assumption that assert-statements are ful�lled every time they get reached.Then one observes that bq[0] = ; and bq[i+1] = bq[i] [�[i](q), where f�[i](q) | q 2 P g n f;g isa partition of some non-null Q � P
�( bA[i]�i) nS bP [i]), by C2, as inspection of subPartitionsreveals. By contrasting all of this with Def.12 (ignoring the condition that regards limitordinals, since ` < !, and taking Remark 2(3) into account), one sees that the thesisholds.Then C4, that we are about to discuss, explains what the �nal situation will be: bystating that bP [`] must be a partition, it in fact indicates that the functions fbq[j]gq2P(j = 0; 1; : : : ; `) will make a weak formative process on P with trace A�0 ; : : : ; A�`�1.The second half of C4 follows immediately from Lemma 4, by the assumption % > L inC0. Hence, by Def.9 and by the subinstance (8 q 2 P )( ��q(�i)�� < % ! ��bq[i]�� = ��q(�i)�� ) ofC1 (which, in the case i = ` can be written more shortly as (8 q 2 P ) (��q(�)�� < %!��bq[`]�� =��q(�)��)), checking C4 reduces to verifying the following conditions:Lemma 14. (i) bP [`] is a transitive partition;(ii) if P

�( bB[`]) 32 bq[`], then P
�(B(�)) 32 q(�);(iii) S bB[`] 2 bq[`] if and only if SB(�) 2 q(�);



22.(iv) if P
�(B(�)) � SP (�), then P

�( bB[`]) � S bP [`].Proof. (i): Thanks to Lemma 13 and to Lemma 5, we can simplify (i) into ; =2 bP [`].Our task, accordingly, will be to prove that bq[`] 6= ; holds for each q 2 P . Since q(�) 6= ;and q(�) = S0��<��(�)(q) by Lemma 7(3),(1), it makes sense to consider the least ordinal� for which �(�)(q) 6= ;; i.e., �(�)(q) 6= ; ^ (8�)(0 � � < �! �(�)(q) = ;), whenceq(�) = ; easily follows.We immediately notice that � 2M2, so that � = �i0 for some i0 < `; thus, if we manageto prove that �[i0](q) 6= ; then we can conclude that bq[`] 6= ;, because bq[`] � �[i0](q). Noticethat bq[i0] = ; ensues from q(�i0 ) = ;, thanks to the �rst conjunct in C1.If � 2 M1 then, by the assert-statement in revise1, ���[i0](q)�� = ���(�)(q)�� holds. If� 2 (M3 [ M2) n M1, then inspection of the assert-statements A3 and A2 reveals twopossibilities only: either ���[i0](q)�� = ���(�)(q)��, or ���[i0](q)�� � %� ��bq[i0]�� = % > 0. In eithercase �[i0](q) 6= ;, and hence our thesis bq[`] 6= ;, holds.(ii): This follows immediately from the third part of claim C1.It is worth noticing that even if claim C1 did not include this sub-statement, onecould nevertheless obtain (ii) by the following plain argument. Assume that P
�( bB[`]) 32bq[`]. Since bq[`] = S0�i<`�[i](q), let i0 < ` be such that P

�( bB[`]) 32 �[i0](q), so that
P

�( bB[i0]) 32 �[i0](q) holds by Lemma 13 and Lemma 7(4). Put � = �i0 . Clearly, wemust have B = A�. From C3, it follows that �(�)(q) 6= ;; hence �(�)(q) 32 P
�(A(�)� ) =

P
�(B(�)), and therefore q(�) 32 P

�(B(�)), which is the desired conclusion.(iii)): Assuming thatS bB[`] 2 bq[`], there must be an i0 < ` such thatS bB[`] 2 �[i0](q).Therefore, putting � = �i0 , we will have B = A� and S bA[`]� = S bA[i0]� . Observe that� =2M2, since otherwise, by the statement A2, S bA[i0]� =2 S�[i0][P ] should hold. Therefore,only the case � 2M1 [M3 must be considered.Assume �rst that � 2 M3 nM1. By the statement A3, it follows readily that SB(�) =SA(�)� 2 q(�).On the other hand, if � 2 M1 then, by the statement A1, SA(�)� 2 �(�)(q) � q(�).Notice that ��p(�)�� < % holds for all p 2 A�, and hence, in consequence of claim C1, we have��bp[i0]�� = ��p(�)�� for every p 2 A�. Moreover, since bA[`]� = bA[i0 ]� , we also have ��bp[`]�� = ��bp[i0]�� < %for every p 2 A�, so that, again by claim C1, ��p(�)�� = ��bp[`]�� = ��bp[i0]�� = ��p(�)��, which in turnimplies p(�) = p(�), for every p 2 A�. Therefore SA(�)� = SA(�)� 2 q(�), and we are done.(iii(): Assuming that SB(�) 2 q(�), there must be a � such that SB(�) 2 �(�)(q),since q(�) = S�<��(�)(q). Therefore B = A�, SB(�) = SB(�), and � 2 M3 hold. Leti0 < ` be such that �i0 = �.If � 2 M1 then, since SA(�)� 2 �(�)(q), we have S bA[i0]� 2 �[i0](q) by the statementA1. Likewise, if � 2 M3 n M1, then S bA[i0]� 2 �[i0](q), by the statement A3. Noticealso that �(�i)(p) = ; and hence, by C3, �[i](p) = ;, must hold for all p 2 A� and alli 2 fi0; : : : ; `� 1g. Therefore S bB[`] = S bA[`]� = S bA[i0]� 2 �[i0](q) � bq[`] holds, as desired.(iv): Let P
�(B(�)) � SP (�). Then, since SB(�) 2 P

�(B(�)) � SP (�), whereSP (�) = Sp2P S�<��(�)(p) by Lemma 7, we have SB(�) 2 �(�)(p) for suitable p 2 Pand � < �. Hence B = A� and SA(�)� = SA(�)� , and therefore � 2M3. Let i0 < ` be suchthat � = �i0 .



23.From SA(�)� = SA(�)� it follows that �(�)(p) = ;, for p 2 A� and � � � < �, whence,by claim C3, �[i](p) = ; ensues for p 2 A� and i0 � i < `. Hence bA[i0]� = bA[`]� .Our goal in what follows is to show thatS�[i0][P ] = P
�( bA[i0]� ) nS bP [i0] (1)holds; this will readily yield that

P
�( bA[`]� ) = P

�( bA[i0]� ) � S bP [i0] [ S�[i0][P ]= S bP [i0+1] � S bP [`];which encompasses our desired conclusion.If � 2M3 nM1, then (1) follows immediately from the statement A3.On the other hand, if � 2M1, then we have� ��S�[j][P ]�� = ��S�(�j)[P ]�� for all j such that 0 � j � i0 and A�j = A� (by thestatement A1);� ���P �( bA[i0]� )��� = ���P �(A(�)� )��� (by the statement C1);� ���P �( bA[i0]� )\S bP [i0 ]��� =P 0 � j < i0A�j = A� ��S�[j][P ]��=P 0 � j < i0A�j = A� ��S�(�j)[P ]�� = ���P �(A(�)� ) \SP (�)���;� S�(�)[P ] = P
�(A(�)� ) nSP (�)(by P

�(A(�)� ) � SP (�) and the coherence requirement).Therefore ��S�[i0][P ]�� = ��S�(�)[P ]�� = ���P �(A(�)� ) nSP (�)���= ���P �(A(�)� )���� ���P �(A(�)� ) \SP (�)���= ���P �( bA[i0]� )���� ���P �( bA[i0]� ) \S bP [i0]���= ���P �( bA[i0]� ) nS bP [i0]���holds, which in turn plainly implies (1), concluding our proof.Inspection of revise1, revise2, and revise3 makes it plain that C3 holds in consequenceof A1{A3; the veri�cation that C2 ensues from A1{A3 is equally trivial, as one sees byinspection of the procedure subPartitions.9. Rough assessment of the complexity of imitateThe following lemma not only shows that the cardinality jM1 [M2 [M3j is �nite (therebyensuring that the main loop of imitate will be executed �nitely many times), but even tight-ens w.r.t. A0 the upper bound on this cardinality, setting the ground for the complexityanalysis that will be carried out in Sec.11.Lemma 15. Assuming the conditions in claim C0 to hold, let n = jP j. ThenjM1 [M2 [M3j � %n2n�1 + 2n+1 + (%� 1)n� 1 < %n2n + 3.Proof. We begin by �rst estimating jM1j. Let B � P . Notice that if A� = A�0 = B,with � < �0, �; �0 2M1, then by the pigeon-hole principle the following inequalities hold:jBj � ��SB(�)�� < ���SB(�0)��� � (%� 1)jBj : Hence,



24. jf� 2M1 |A� = Bgj � (%� 1)jBj � jBj + 1 = (%� 2)jBj + 1 .Therefore jM1j � XB�P ((%� 2)jBj + 1) = nXi=0 �ni�((%� 2)i+ 1)= (%� 2) nXi=0 i�ni�+ 2n = (%� 2) nXi=1 n�n� 1i� 1� + 2n= (%� 2)n n�1Xi=0 �n� 1i �+ 2n = (%� 2)n2n�1 + 2n :In order to make an estimate of jM2 nM1j, let us putM 02 = n� | � < � ^ (9 q 2 P ) ( ���q(�)��� < %^�(�)(q) 6= ; )oand M 002 = n� | � < � ^ (9 q 2 P ) ( q(�) \P
�(A(�)� ) = ; ^�(�)(q) 6= ; )o :Plainly, M2 = M 02 [M 002 . We �rst estimate jM 02 nM1j. Thus, let�(�) =Pjq(�)j<%(%� ��q(�)��)and observe that� �(�) > �(�+ 1), for all � 2M 02;� �(�) � �(�+ 1), for all � < �;� 0 � �(�) � %n, for all � < �;� 0 2M1 \M 02.From these we immediately get jM 02 nM1j � %n.Next, we estimate jM 002 nM1j. Let us putM 002 (B; q) =Def f� 2M 002 nM1 |A� = B ^ q(�) \ P

�(B(�)) = ; ^�(�)(q) 6= ;g,for B � P and q 2 P , and observe that� M 002 (;; q) = ;, for all q 2 P , since ; = A� i� � = 0 and moreover 0 2M1;� jM 002 (B; q)j � 1, for all B � P and q 2 P ;� M 002 nM1 � S B � Pq 2 P M 002 (B; q).From these we immediately obtain jM 002 nM1j � n(2n � 1). ThereforejM2 nM1j � jM 02 nM1j+ jM 002 nM1j � n(2n � 1) + %n.Finally we estimate jM3 nM1j. Since 0 2 M1 \M3 and jf� 2M3 |A� = Bgj � 1, forall B � P , we obtain at once jM3 nM1j � 2n � 1.Summing up, we havejM1 [M2 [M3j � %n2n�1 + 2n+1 + (%� 1)n� 1 :Since n � 1 and % � 3 (the latter follows from the assumptions % > L and 2%�1 > %n inclaim C0), an easy inductive argument shows that %n2n�1+2n+1+(%�1)n�1 < %n2n+3,thus completing the proof of the lemma.



25.To end this section, it will be instructive to examine the pattern of calls of the reviseprocedures whose actual parameter � is associated with some �xed set B = A�. It islargely unpredictable how, globally, revise-calls are interleaved; but when one focuses on asingle B the following regularity emerges:Lemma 16. Let revisei1 ; : : : ;reviseim be the names of revise-procedures sequenced in theorder in which consecutive calls referring to the same subset B of P take place. Then thelist i1; : : : ; im of subscripts consists of 0, 1, or more consecutive 1s, followed by 0, 1, ormore consecutive 2s, possibly followed by an occurrence of 3.Proof. Associate with the given B the set MB = f� < � |A� = B g. In order to provethe thesis, it will su�ce to verify that(a) if there is a � 2 MB \M3, then it will meet the condition � = max MB;(b) if � 2 MB \M1, � 2 MB, and � < �, then � 2M1.Indeed, (a) |which incidentally entails that jMB \M3j � 1| will restrict the a prioripossible subscript pattern (1 | 2 | 3)� into the pattern (1 | 2)� [3], and (b) will furtherrestrict it into 1� 2� [3].To prove (a), notice that if � 2 MB \M3 then, for every � 2 MB, one has SA(�)� =SB(�) � SB(�) = SA(�)� and hence � � �, by Lemma 7(2),(7).To prove (b), assume that � 2 MB\M1 and � 2MB, � < �. Then, for any p 2 B = A�,the former assumption yields ��p(�)�� < %. Since p(�) � p(�), we get ��p(�)�� < %. In conclusion,for every p 2 B = A� one has ��p(�)�� < % and hence � 2M1.10. Proof of secondary claim- and assert-statements occurring inside im-itateUnder the absurd hypothesis that one of C1, A1, A2, A3 can be violated during the executionof imitate, assume i0 to be the value of i corresponding to such violation and let C be theclaim- or assert-statement where this event takes place. Take it for granted here that C2,and C3 never get violated, as explained in Sec.8.It is easy to check that i0 cannot be 0. Indeed, when i = 0, then �i = 0 and hence C1is met, because ��bq[i]�� = ��q(�i)�� = 0 < % for all q; moreover �i 2 M1 and A�i = ; in thiscase, and hence the statement A1 in revise1 is ful�lled (only) by the function �[i] sendingto ; every q 2 P save the one, q, for which ; 2 q(�), which has �[i](q) = �(�i)(q) = f;g =fSb;[i]g = fS ;(�i)g.Our goal, with the following series of lemmas, is to show that even by assuming i0 6= 0one is led to contradiction whatever C may be. A typical way of reaching contradictionwill be by showing that some ordinal � with �i0�1 < � < �i0 must belong toM1[M2[M3.Another way, when i0 < `, will be by showing that A(�i0 )�i0 = A(�j)�j for some j < i0: thiswould in fact contradict the coherence of the formative process (cf. Lemma 7(7)).Lemma 17. The `culprit' statement C cannot be the statement A1.Proof. Assuming �i0 to be in M1 n f0g and C1 to be ful�lled for i = 0; : : : ; i0, we are toprove that A1 is met when i = i0. Let � = �i0 . Notice that C1 implies(a) ���SA(�i)�i ��� = ���S bA[i]�i ��� and, more speci�cally, ��p(�i)�� = ��bp[i]�� for all p 2 A�i and i =0; : : : ; i0; and moreover



26.(b) ���q(�) \ P
�(A(�)� )��� = ���bq[i0] \P

�( bA[i0]� )���, for all q 2 P .From (a) and (b) we get���P �( bA[i0]� ) nS bP [i0]��� = ���P �( bA[i0]� )��� �Pq2P ���bq[i0] \P
�( bA[i0]� )���= ���P �(A(�)� )����Pq2P ���q(�) \P
�(A(�)� )���= ���P �(A(�)� ) nSP (�)��� :SincePq2P ���(�)(q)�� � ���P �(A(�)� ) nSP (�)���, it is obvious that a function f�[i0](q)gq2Pexists such that� �[i0][P ] n f;g is partition of a subset of P

�( bA[i0]� ) nS bP [i0];� ���[i0](q)�� = ���(�)(q)��, for all q 2 P .Notice, incidentally, that the latter condition plainly implies ��S�[i0][P ]�� = ��S�(�)[P ]�� >0. To ensure that also the rest of A1 can be met by �[i0], it will su�ce to verify thatneither SA(�)� 2 SP (�) nor S bA[i0]� 2 S bP [i0] holds.On the one hand, in fact, if we make the absurd hypothesis that SA(�)� 2 q(�) for someq, then SA(�)� 2 �(�j)(q) must hold for some j < i0, and hence SA(�)� = SA(�j)�j , i.e.A(�)� = A(�j)�j , against Lemma 7(7).On the other hand, if we make the absurd hypothesis that S bA[i0]� 2 S bP [i0], thenS bA[i0]� 2 �[j](q) for suitable q 2 P , j < i0, with A� = A�j . Hence S bA[i0]� = S bA[j]�j ,whence bA[i0]� = bA[j]�j . However A(�)� 6= A(�j)�j , and therefore bA[i0]� 6= bA[j]�j should hold by (a),which leads to a contradiction.Lemma 18. The `culprit' statement C cannot be the statement A3.Proof. Assuming �i0 to be in M3 nM1, all claim- and assert-statements to be ful�lledfor i = 0; : : : ; i0 � 1, and C1 to hold when i = i0, we are to prove that A3 is met wheni = i0. Let � = �i0 . Recall from Lemma 9 that if P
�(A(�)� ) � SP (�) then there is anr 2 P such that ���(�)(r)�� � %. Accordingly, we may ignore the last requirement of A3 inwhat follows: in fact, after checking that a � exists ful�lling all other requirements in A3,if P

�(A(�)� ) � SP (�) then we can putX = P
�( bA[i0]� ) nS bP [i0] nS�[P ]and de�ne �[i0](p) = if p 6= r then �(p) else �(p)[X end if,so that S�[i0][P ] = P

�( bA[i0]� ) nS bP [i0 ] and even the last requirement of A3 will be met.Case A: A� 6= A� holds for all � 2M2 nM1 nM3 such that � < �. Then���P �( bA[i0]� ) nS bP [i0]��� � 2%�1 > % � jP j : (2)Indeed, since maxf ��bq[i0]�� |q 2 A� g � %, in order to verify (2) it will su�ce by Lemma 2(6)to show that S bA[i0]� nS�P
�( bA[i0]� ) \S bP [i0]� 6= ; : (3)Notice that we have



27.S�
P

�( bA[i0]� )\S bP [i0 ]�= S S i < i0A�i = A� P
�( bA[i]� ) \S bP [i0]!� SS i < i0A�i = A� P

�( bA[i]� ) = S i < i0A�i = A� S
P

�( bA[i]� ) = S i < i0A�i = A� S bA[i]�= ( ; if (8 i < i0)(A�i 6= A�) ;S bA[i1]� otherwise, with i1 = maxfi | i < i0 ^ A�i = A�g :If A�i 6= A� for all i < i0, then (3) plainly holds. On the other hand, if A�i = A�holds for some i < i0, then S bA[i0]� n S(P �( bA[i0]� ) \ S bP [i0]) � S bA[i0]� n S bA[i1]� . To seethat S bA[i0 ]� n S bA[i1]� 6= ;, we notice that since � =2 M1, there exists a p 2 A� such that��p(�)�� � %, and therefore, by the �rst part of claim C1, ��bp[i0]�� � %. Since �i1 2 M1, weget ���p(�i1)��� < %, and therefore, again by the �rst part of claim C1, ��bp[i1]�� < %, so that; 6= bp[i0] n bp[i1] � S bA[i0]� nS bA[i1]� , which in turn implies (3).From (2), a � meeting all requirements in A3 but the last obviously exists. Notice,marginally, that the requirement in subPartitions that S�[P ] di�er from ; can be ful�lled:indeed, since S�(�)[P ] 6= ;, one cannot be forced to put �(q) = ; for all q 2 P .Case B: A� = A� holds for some � 2M2 nM1 nM3 with � < �. In order to see thata � exists meeting all requirements in A3 but the last, we reason as follows.Let � = �h0 = maxf � 2M2nM1nM3 |� < � ^A� = A� g. Observe that the statementA2 is ful�lled for all i < i0 such that �i = � and �i 2 M2 nM1 nM3. In consequence ofthis we have S bA[i0]� =2 S bP [i0] and���P �( bA[i0]� ) nS bP [i0]��� � ���P �( bA[h0]� ) nS bP [h0] nS�[h0][P ]���� 1 + Pjq(�)j<% ���(q(�) n q(�+1)) \P
�(A(�)� )���+ P ��q(�)�� � %��q(�+1)�� < % (%� ��q(�+1)��) + jP(�+ 1; �)j;where we are using the notationP(�; �) = fq 2 P | ��q(�)�� � % ^ q(�) \P

�(A(�)� ) 6= ; ^ q(�) \ P
�(A(�)� ) = ;g,for �; � < � (the same notation will also be used in the next lemma).Therefore a f@(q)gq2P exists meeting the following conditions:� S @[P ] � P

�( bA[i0]� ) nS bP [i0];� if p 6= q then @(p)\ @(q) = ;, for p; q 2 P ;� S bA[i0]� 2 @(q) $ SA(�)� 2 �(�)(q);� if ��q(�)�� < %, thenj@(q)j = ���(q(�) n q(�+1)) \P
�(A(�)� )��� � ���(q(�) n q(�)) \P

�(A(�)� )��� = ���(�)(q)��;� if ��q(�)�� � % and ��q(�+1)�� < %, then j@(q)j � %� ��q(�+1)�� � %� ��q(�)��;� if ��q(�+1)�� � %, q(�) \P
�(A(�)� ) 6= ;, and q(�+1) \ P

�(A(�)� ) = ;, then j@(q)j � 1.Notice that if ��q(�+1)�� < % then j@(q)j � ���(�)(q)��. Indeed, if ��q(�)�� < % then thisensues immediately from the above; if ��q(�)�� � % holds instead, then, since ���(�)(q)�� =��q(�+1))��� ��q(�)��, we have j@(q)j � %� ��q(�)�� = %� ��q(�+1)�� + ���(�)(q)�� > ���(�)(q)��.In addition, if ��q(�+1)�� � %, �(�)(q) 6= ;, and q(�)\P
�(A(�)� ) = ;, then q(�)\P

�(A(�)� ) 6=; and q(�+1) \P
�(A(�)� ) = ;. Thus, by the above conditions on f@(q)gq2P , if ��q(�+1)�� < %then j@(q)j � %� ��q(�+1)�� � 1, else j@(q)j � 1.



28.Finally, if ��q(�+1)�� � % and ��bq[i0]�� < %, then ��q(�)�� � % and ��q(�+1)�� � ��q(�)�� = ��bq[i0]�� < %,so that j@(q)j � %� ��q(�)�� = %� ��bq[i0]��.In conclusion, a partitioning function f�(q)gq2P exists such that for all q 2 P :� �(q) � @(q);� if ��q(�+1)�� < % _ �(�)(q) = ;, then j�(q)j = ���(�)(q)��, else if q(�) \ P
�(A(�)� ) = ; ^��bq[i0]�� � %, then j�(q)j � 1, else j�(q)j � %� ��bq[i0]��;� S bA[i0]� 2 �(q)$ SA(�)� 2 q(�);in agreement with what claimed by the �rst part of the statement A3.As in case A, choosing this � so that S�[P ] 6= ; is unproblematic.Lemma 19. The `culprit' statement C cannot be the statement A2.Proof. Assuming �i0 to be in M2 nM1 nM3, all claim- and assert-statements to beful�lled for i = 0; : : : ; i0 � 1, and C1 to hold when i = i0, we are to prove that A2 is metwhen i = i0. Let � = �i0 . The following inequality will demonstrate crucial to our goal:���P �( bA[i0]� ) nS bP [i0 ]��� � 1 + Xjq(�)j<% ����q(�) n q(�)� \ P

�(A(�)� )���+ X��q(�)�� � %��q(�)�� < % �%� ���q(�)����+ jP(�; �)j ; (4)where, as before,P(�; �) = fq 2 P | ��q(�)�� � % ^ q(�) \P
�(A(�)� ) 6= ; ^ q(�) \ P

�(A(�)� ) = ;g,for �; � < �.We need to analyze the following two cases separately.Case A: A� 6= A� holds for all � 2M2 nM1 nM3 such that � < �. By reasoning as inCase A of Lemma 18, we obtain at once ���P �( bA[i0]� ) nS bP [i0]��� > % � jP j : Since each q 2 Pcontributes at most � units to the right-hand side of inequality (4), we plainly have% � jP j � Xjq(�)j<% ����q(�) n q(�)� \P
�(A(�)� )��� + X��q(�)�� � %��q(�)�� < % �%� ���q(�)���� + jP(�; �)jwhich, together with the previous inequality, trivially yields (4).Case B: A� = A� holds for some � 2 M2 nM1 nM3 with � < �. Let � = �h0 =maxf � 2 M2 nM1 nM3 | � < � ^ A� = A� g. Observe that by the third conjunct of thestatement A2 instantiated at step h0, we have���P �( bA[i0]� ) nS bP [i0]��� � ���P �( bA[h0]� ) nS bP [h0] nS�[h0][P ]���� 1 + Pjq(�)j<% ����q(�) n q(�+1)� \P

�(A(�)� )���+ P ��q(�)�� � %��q(�+1)�� < % (%� ��q(�+1)��) + jP(� + 1; �)j� 1 + Pjq(�)j<% ����q(�) n q(�)� \ P
�(A(�)� )���+ P ��q(�)�� � %��q(�)�� < % �%� ��q(�)���+ jP(�; �)j ;as desired.



29.Thanks to (4), it will be possible to e�ect a partitioning f@(q)gq2P of a subset of
P

�( bA[i0]� ) nS bP [i0] n fS bA[i0]� g so that, for all q 2 P :� if ��q(�)�� < %, then j@(q)j = ���(q(�) n q(�)) \P
�(A(�)� )���,� if ��q(�)�� � % and ��q(�)�� < %, then j@(q)j � %� ��q(�)��,� if ��q(�)�� � %, q(�) \ P

�(A(�)� ) 6= ;, and q(�) \ P
�(A(�)� ) = ;, then j@(q)j � 1.Consider now an arbitrary q 2 P . If ��q(�+1)�� < %, then j@(q)j � ���(�)(q)��. Indeed,if ��q(�)�� < % then j@(q)j = ����q(�) n q(�)�\ P

�(A(�)� )��� � ���(�)(q)��. On the other hand, if��q(�)�� � %, then j@(q)j � %� ��q(�)�� > ���(�)(q)��.In addition, if ��q(�+1)�� � %, then j@(q)j � % � ��bq[i0]��. Indeed, if ��bq[i0]�� � %, thenj@(q)j � %� ��bq[i0]�� holds trivially. On the other hand, if ��bq[i0]�� < % then, by the �rst partof claim C1, ��bq[i0]�� = ��q(�)�� holds, so that j@(q)j � %� ��q(�)�� = %� ��bq[i0]��.Therefore it will be possible to e�ect a partitioning f�[i0](r)gr2P so that for all q 2 P� �[i0](r) � @(r),� if ��q(�+1)�� < % _ �(�)(q) = ;, then ���[i0](q)�� = ���(�)(q)��, else if q(�) \ P
�(A(�)� ) = ;^ ��bq[i0]�� � %, then ���[i0](q)�� � 1, else ���[i0](q)�� � %� ��bq[i0]��.Notice that from the latter it follows also that S�[i0][P ] 6= ;. Indeed, since � 2 M2,a p 2 P exists such that �(�)(p) 6= ; and either ��p(�)�� < % or p(�) \ P
�(A(�)� ) = ;holds. In the former case, if ��p(�+1)�� < %, then ���[i0](p)�� = ���(�)(p)�� > 0; otherwise���[i0](p)�� � %� ��bp[i0]�� = %� ��p(�)�� > 0. In the latter case, namely if p(�) \P
�(A(�)� ) = ;,then either ���[i0](p)�� = ���(�)(p)�� > 0 or ���[i0](p)�� � 1 holds.Thus the �rst two conjuncts of the statement A2 are satis�ed by f�(q)gq2P .To see that even the third conjunct of the statement A2 is satis�ed, we proceed asfollows. Since ���P �( bA[i0]) nS bP [i0]��� � 1 +Pq2P j@(q)j and ��S�[i0][P ]�� =Pq2P ���[i0](q)��,we get ���P �( bA[i0]� ) n[ bP [i0 ] n[�[i0][P ]��� � 1 +Xq2P(j@(q)j � ����[i0](q)���): (5)Notice that� if ��q(�)�� < % thenj@(q)j � ����[i0](q)��� = ����q(�) n q(�)� \P

�(A(�)� )���� ����[i0](q)���= ����q(�) n q(�)� \P
�(A(�)� )���� ����(�)(q)���= ����q(�) n q(�+1)� \P

�(A(�)� )���;� if ��q(�)�� � % and ��q(�+1)�� < % thenj@(q)j � ����[i0](q)��� = j@(q)j � ����(�)(q)���� %� ���q(�)���� ����(�)(q)���= %� ���q(�+1)���;



30. � if ��q(�+1)�� � % ^ q(�) \ P
�(A(�)� ) 6= ; ^ q(�+1) \P

�(A(�)� ) = ; thenj@(q)j � ����[i0](q)��� � 1:Indeed, from q(�+1) \ P
�(A(�)� ) = ; it follows �(�)(q) = ;, so that �[i0](q) = ;.Thus it su�ces to show that j@(q)j � 1 holds. The latter inequality follows at onceby the third property of f@(q)gq2P , if ��q(�)�� � %. On the other hand, if ��q(�)�� < %,then by the second property of f@(q)gq2P we have j@(q)j � %� ��q(�)�� > 0.Therefore, by (5) and by the above considerations, we have���P �( bA[i0]� ) nS bP [i0] nS�[P ]��� � 1 +Pjq(�)j<% ���(q(�) n q(�+1))\ P

�(A(�)� )���+P ��q(�)�� � %��q(�+1)�� < % (%� ��q(�+1)��) + P(� + 1; �);which completes the veri�cation of the statement A2 in Case A.Lemma 20. The `culprit' statement C cannot be the claim C1.Proof. Let 0 < i0 � `. Assuming all claim- and assert-statements to be ful�lled fori = 0; : : : ; i0�1, we are to prove that C1 is met when i = i0. Let � = �i0 and let � = �i0�1.First, assuming that ��q(�)�� < %, we are to show that ��bq[i0]�� = ��q(�)��. Indeed, since bothfacts � =2 M2 and q(�) � q(�) hold for every � such that � < � < �, we get �(�)(q) = ;for all such �. Hence, recalling that q(�) = q(�) [S���<��(�)(q) by Lemma 7(3), we getq(�) = q(�) [�(�)(q), where the union is disjoint. Since C1 holds when i = i0� 1, we have��bq[i0�1]�� = ��q(�)��, and thanks to whichever of A1{A3 is encountered when i = i0 � 1, wehave ���[i0�1](q)�� = ���(�)(q)��. Therefore��bq[i0]�� = ��bq[i0�1] [�[i0�1](q)�� = ��bq[i0�1]��+ ���[i0�1](q)�� = ��q(�)��+ ���(�)(q)�� = ��q(�)��.Secondly, assuming that ��bq[i0]�� < %, we want to prove that ��bq[i0]�� = ��q(�)��. In view ofwhat just seen, it is enough to show that ��q(�)�� < %. Starting with the absurd hypothesisthat ��q(�)�� � %, we aim at a contradiction. Since ��bq[i0�1]�� < %, and C1 holds when i = i0�1,we know that ��q(�)�� = ��bq[i0�1]�� < %, and hence the setS ��; �; q;SP (�)� = f � | � < � � � ^ q(�) 6= q(�) gis not empty. Lemma 8 then enables us to de�ne � by the condition � + 1 =min S ��; �; q;SP (�)�, and we obviously have � � � < �, q(�) = q(�), and �(�)(q) 6= ;, sothat � 2M2, and hence � = � .Let us show, by a similar argument, that ��q(�+1)�� � %. Were it not so, then the setS �� + 1; �; q;SP (�)� = f# | � + 1 < # � � ^ q(#) 6= q(�+1) gwould have a successor minimum element #+1, so that the conditions � < �+1 � # < �,q(#) = q(�+1) < %, and �(#)(q) 6= ; would be ful�lled, whence the absurdity # 2M2 wouldfollow.By inspection of revise1, revise2, and revise3 one sees that only two possibilities exist:either ���[i0�1](q)�� = ���(�)(q)��, or ���[i0�1](q)�� � % � ��bq[i0�1]��. However, they both leadto the inequality ��bq[i0]�� � %, con
icting with one of the current hypotheses. The formeralternative, in fact, would yield��bq[i0]�� = ��bq[i0�1]�� + ���[i0�1](q)�� = ��q(�)��+ ���(�)(q)�� = ��q(�+1)�� � %;while the latter would yield ��bq[i0]�� = ��bq[i0�1]��+ ���[i0�1](q)�� � %.



31.In the third place, we are to derive a contradiction from the absurd hypothe-sis that there are a q 2 P and a B � P such that both (8 p 2 B)(��p(�)�� < %)and ��q(�) \P
�(B(�))�� 6= ���bq[i0] \P

�( bB[i0])��� hold. On the one hand, since clearly(8 p 2 B)(��p(�)�� < %) holds too, and since C1 is ful�lled when i = i0 � 1, we have that��q(�) \ P
�(B(�))�� = ���bq[i0�1] \P

�( bB[i0�1])���; moreover, the equalities���q(�) \P
�(B(�))��� = ���((q(�) n q(�)) [ q(�)) \ P

�(B(�))���= ���q(�) \ P
�(B(�))��� + ���(q(�) n q(�)) \ P

�(B(�))���= ���q(�) \ P
�(B(�))���+ ���(q(�) n q(�)) \P

�(B(�))���; (6)obviously hold (cf. Lemma 7(5)). On the other hand we have���bq[i0] \ P
�( bB[i0])��� = ���bq[i0�1] \ P

�( bB[i0])���+ ����[i0�1](q) \P
�( bB[i0])���= ���bq[i0�1] \ P

�( bB[i0�1])���+ ����[i0�1](q) \P
�( bB[i0�1])���; (7)(cf. Lemma 13 and Lemma 7(4),(5)).Observe now that ��(q(�) n q(�)) \P

�(B(�))�� 6= 0. Assuming the contrary, in fact, wewould get �(�)(q) \ P
�(B(�)) = ; and hence �(�)(q) \ P

�(B(�)) = ; (by Lemma 7(4)).This would yield either B 6= A� or �(�)(q) = ;. In either case, this implies �[i0�1](q) \
P

�( bB[i0�1]) = ; (in particular �[i0�1](q) = ; in the latter case thanks to C3). Summing up,through (6) and (7) we would easily get ��q(�) \ P
�(B(�))�� = ���bq[i0] \P

�( bB[i0])���, con
ictingwith one of the current hypotheses.It therefore makes sense to consider the smallest ordinal inS ��; �; q;P �(B(�))� = f � | � < � � � ^ q(�) n q(�) 32 P
�(B(�))g,which we also know from Lemma 8 to be a successor ordinal � + 1. Accordingly, wewill have � � � < � and �(�)(q) 32 P

�(B(�)), and hence �(�)(q) 6= ; follows. Clearly,B = A� .It turns out that � = �, because � 2M1. Indeed, from (8 p 2 B)(��p(�)�� < %), it followstrivially that (8 p 2 A�)(��p(�)�� < %), and hence � 2M1.Observe also that ��q(�) \ P
�(B(�))�� = ��q(�+1) \P

�(B(�))��. Assuming the contrary, infact, there would be a minimum ordinal, #+ 1, inS �� + 1; �; q;P �(B(�))� = f# | � + 1 < # � � ^ q(#) n q(�+1) 32 P
�(B(�))g,so that � < �+1 � # < � would hold, and proceeding as above we would reach the absurdconclusion that # 2M1.Therefore (q(�) n q(�)) \ P

�(B(�)) = �(�)(q) \ P
�(B(�)) holds, and hence, by (6) andby the assumption that all assert- and claim-statements have been ful�lled till now, weget ��q(�) \P

�(B(�))�� = ���bq[i0�1] \P
�( bB[i0�1])���+ ���(�)(q)\P

�(B(�))��.Since B = A� and (8 p 2 B)(��p(�)�� < %), we plainly have � 2 M1, so that���[i0�1](q)�� = ���(�)(q)��. Therefore ���(�)(q)\P
�(B(�))�� = ����[i0�1](q) \P

�( bB[i0�1])���,and hence ��q(�) \P
�(B(�))�� = ���bq[i0] \ P

�( bB[i0])���, which leads to a contradiction.In the fourth (and last) place, we show that(8 q 2 P )(8B � P )( q(�) 32 P
�(B(�))$ bq[i0] 32 P

�( bB[i0]) ) ):



32.Thus, let q 2 P and B � P be such that q(�) 32 P
�(B(�)). Then the setS �0; �; q; B(�)� = f � | 0 < � � � ^ q(�) 32 P

�(B(�)) gis non-empty and therefore, by Lemma 8, it has a minimum of the form � + 1, with0 � � < �. By Lemma 7(4),(5), we have q(�)\P
�(B(�)) = ; and q(�+1)\P

�(B(�+1)) 6= ;.Therefore, it plainly follows that �(�)(q) 6= ;, so that � 2 M2 and B = A� hold. Let0 � h0 < i0 be such that � = �h0 . By inspection of the procedures revise1, revise2, andrevise3, it follows that the only possibilities for �[h0](q) are the following:� ���[h0](q)�� = ���(�)(q)��;� ���[h0](q)�� � 1;� ���[h0](q)�� � %� ��bq[h0 ]��, provided that ��bq[h0]�� < %.In any case we have �[h0](q) 6= ;, whence bq[h0+1] 32 P
�( bB[h0]), and therefore bq[i0] 32

P
�( bB[i0]).Conversely, let us assume that bq[i0] 32 P

�( bB[i0]), for q 2 P and B � P , and let h0 bethe smallest integer h such that bq[h] \P
�( bB[i0]) = ; and bq[h+1] \P

�( bB[i0]) 6= ; both hold.Plainly, 0 � h0 < i0, �[h0 ](q) 6= ;, and B = A�h0 must hold too. Thus, from claim C3, weget immediately that �(�h0 ) 6= ;, so that q(�h0+1) 32 P
�(B(�h0 )), which in turn impliesq(�) 32 P

�(B(�)).Remark 4. Notice that the third conjunct of claim C1, which is(8 q 2 P )(8B � P )( q(�i) 32 P
�(B(�i))$ bq 32 P

�( bB) ); (8)has only been exploited once, namely in the proof of Lemma 14(ii); and, in fact, we couldhave spared even that single utilization, as already discussed within that very proof. Wechose to force (8), at the price of some complications in the procedures imitate, revise2,and revise3; our gain is that we have set the ground for further applications |postponedto papers to come| of the formative process technique to the set-theoretic satis�abilityproblem.In addition to the properties of imitate discussed in Sections 7, 8, and 10, the ful�llmentof two new conditions (cf. (9) and (10) below) turns out to be of basic importance in orderto address the decidability problem for extensions of the fragment of set theory describedin Sec.3 with literals of the forms Finite(v), :Finite(v), and v = Sw.Before we can state the new conditions, we need the following concepts. With any givenformative process QP;� = (fq(�)gq2P )���, we can associate a sequence GQP;� = (G(�))���of labelled directed graphs de�ned in the following way:nodes(G(�)) = P (P );edges(G(�)) = f[A; p; B] |A;B � P ^ p 2 B ^ p(�) 32 P
�(A(�))g;for � � � (notice that [A; p; B] denotes the edge [A;B] with label p).Observe that the sequence GQP;� is monotone non-decreasing. Let skel(GQP;�) denotethe longest monotone increasing subsequence of GQP;� .Next, let bQP;` = (fbq[j]gq2P )j�` be a weak formative process generated by the procedureimitate in correspondence of an input formative process (fq(�)gq2P )��� and let G bQP;` =( bG[j])j�` be its associated graph sequence.Then it can be shown that thanks to (8) the following two conditions are met:skel(GQP;� ) = skel(G bQP;`); (9)bG[j] = G(�j), for 0 � j � `. (10)



33.procedure revise02( �, b );A := A�;A2 : assert( 9 f�(p)gp2P ) ( subPartitions( �, A ) ^ S bA =2 S�[P ] ^( 8 q 2 P ) (if ��q(�+1)�� < % _ �(�)(q) = ; thenj�(q)j = ���(�)(q)��else j�(q)j � % � jbqjend if ) ^���P �( bA) nS bP nS�[P ]��� � 1 ++P r 2 P��r(�)�� < % ���r(�) n r(�+1)� \P
�(A(�))��+P r 2 P��r(�)�� � %��r(�+1)�� < %�% � ��r(�+1)���);pick one such �; return �;end revise02;procedure revise03( �, b );A := A�;A3 : assert( 9 f�(p)gp2P ) ( subPartitions( �, A ) ^( 8 q 2 P ) ( ( S bA 2 �(q)$ SA(�) 2 q(�) ) ^if ��q(�+1)�� < % _ �(�)(q) = ; thenj�(q)j = ���(�)(q)��else j�(q)j � % � jbqjend if ) ^(P

�(A(�)) � SP (�) ! S�[P ] = P
�( bA) nS bP ));pick one such �; return �;end revise03; Table 1: Simpli�ed variants of revise2 and revise3If one is not interested in properties (9) and (10) above, as is the case when one wants totake into account only the application to the decision problem for Boolean combinationsof literals of type (y), cf. Sec.3, then the following simpli�cations can be made to theprocedure imitate:� de�ne M2 as the set f� | � < � ^ (9 q 2 P ) ( ��q(�)�� < %^�(�)(q) 6= ; ) g;� eliminate the conjunct (8) from claim C1;� replace revise2 and revise3 by the procedures revise02 and revise03 shown in Table 1. 211. The set satis�ability decision problem againWe address here the satis�ability problem for unquanti�ed set formulae ' involving theunary operator P , the binary operators \; n;[, and �nite enumerations f ; : : : ; g, with



34.their usual meaning. By way of �rst approximation, what we want to determine for anygiven formula ' in the said constructs is whether ' is satis�able or not. More demandingly,we want an algorithm that given ' either �nds a set-valued assignment making ' true orestablishes that no such assignment exists. By means of simple normalization techniquesdescribed in [7], pp.96{99, this problem can be reduced to the satisfaction problem for�nite collections K of literals of the forms (y) listed in Sec.3.Example 4. In order to establish that the formulae1. X � Y ! P (X) � P (Y ),2. X 2 P (X),3. P (X \ Y ) � P (X)\P (Y ),4. X 2 P (Y ) ^ V 2 X ! V 2 Yare valid, we deny each of them obtaining10. X � Y ^ P (X) 6� P (Y ),20. X =2 P (X),30. P (X \ Y ) 6� P (X)\P (Y ),40. X 2 P (Y ) ^ V 2 X ^ V =2 Y ;then we normalize each of them, obtaining100. X � Y ^ V = P (X)^W = P (Y ) ^ V 6� W ,200. V = P (X)^X =2 V ,300. Z = X \ Y ^ T = P (Z)^ V = P (X)^W = P (Y ) ^ S = V \W ^ T 6� S,400. W = P (Y ) ^X 2 W ^ V 2 X ^ V =2 Y .By the decision algorithm we are about to introduce, one can show that none of 100, 200,300, and 400 is satis�able, thereby proving that 1; 2; 3 and 4 are indeed valid. 2The following re
ection lemma, announced in Sec.3 after Def.8, clari�es the importanceof L-simulations with respect to the satis�ability problem for the fragment of set theorywe are interested in.Lemma 21. Consider a set-valued assignment M 2 f sets gX de�ned on a collection Xof variables, together with the Venn partition � of the set M[X ].Moreover, let b� and � be a partition and a bijection such that b� L-simulates � via �,and let M0(v) = S �[=(v)], where = is the function = 2 P (�)X such that M(v) = S=(v)holds for every v in X .Then, for every literal which has one of the forms (y) listed in Sec.3 but is not of theform v = fw1; : : : ; wHg with H > L, and whose variables are drawn from X , the followingconditions are ful�lled:� if the literal is satis�ed by M, then it is satis�ed by M0 too;� if the literal is satis�ed by M0, and does not involve P or the construct f ; : : : ; g,then it is satis�ed by M too.



35.Proof. Our thesis can be recast as follows. For u; v; w, and wis in X , the followingconditions hold:(1) S=(v) < S=(w) i� S�[=(v)] < S �[=(w)], for < in f= ; 2 ; � g;(2) S=(v) = S=(u) ? S=(w) i� S �[=(v)] = S�[=(u)] ? S �[=(w)], for ? inf \ ; n ; [ g; S=(v) = ; i� S �[=(v)] = ;;(3) if S=(v) = P (S=(w)), then S�[=(v)] = P (S�[=(w)]);(4) if 0 < H � L and S=(v) = fS=(w1); : : : ;S=(wH) g,then S �[=(v)] = fS�[=(w1)]; : : : ;S�[=(wH)] g.While (3), (4), and (1)2 readily follow fromDef.8, the proofs of remaining bi-implicationsrest on the remarks that� the function � 7! �[�] from P (�) to P (b�) is a bijection ful�lling �[;] = ; and�[�1 ? �2] = �[�1] ? �[�2], for all �1;�2 � � and ? in f\; n;[g, as a consequence of� 7! �(�) being a bijection from � to b�;� all subsets �;�1;�2 of a partition ful�ll the following bi-implications, for each ? inf\; n;[g: � = �1 ?�2 i� S� = S�1 ?S�2, �1 � �2 i� S�1 � S�2, � = ; i� S� = ;.Thus, to make an example, M(v) = M(u) n M(w) i� S=(v) = S=(u) n S=(w)i� =(v) = =(u) n =(w) i� �[=(v)] = �[=(u) n =(w)] i� �[=(v)] = �[=(u)] n �[=(w)] i�S �[=(v)] = S�[=(u)] n S�[=(w)] i� M0(v) = M0(u) n M0(w). Or, to make another,M(v) � M(w) i� S=(v) � S=(w) i� =(v) n =(w) = ; i� �[=(v) n =(w)] = ; i��[=(v)] n �[=(w)] = ; i� �[=(v)] � �[=(w)] i� M0(v) �M0(w).Let K be a non-empty �nite collection of literals of the form (y) and letHK = max(fH |K contains a literal of the form v = fw0; w1; : : : ; wHg g [ f0g) :Let XK be the collection of variables occurring in K and let m = jXKj. Let us assumethat K is satis�able in a model of Zermelo-Fraenkel set theory and let M2 f sets gXK bea set-valued assignment de�ned on XK and satisfying all literals in K.Notice thatK cannot contain any literal of type v = fw0; w1; : : : ; wHg, with v appearingin the list of variables w0; w1; : : : ; wH, since by the foundation axiom all such literals areunsatis�able. Additionally, notice that a literal of type v = fw0; w1; : : : ; wHg is satis�edby M if and only if the corresponding literal v = fwi0 ; wi1; : : : ; wiH0g, where the listwi0 ; wi1; : : : ; wiH0 is obtained from w0; w1; : : : ; wH by dropping multiple occurrences ofvariables, is satis�ed by M. Therefore, under the hypothesis that M satis�es K, it is notrestrictive to assume that for any literal of type v = fw0; w1; : : : ; wHg in K� v does not occur among w0; w1; : : : ; wH ,� no variable has multiple occurrences in the list w0; w1; : : : ; wH,so that we may assume that HK < jXKj = m.By Thm.2, there exists a transitive partition �K such that� for every x 2 M[XK] there is a �x � �K such that x = S�x;� j�Kj � 2jM[XK]j � 2jXKj = 2m.



36.Let P be any set of cardinality j�Kj and let �fq(�)gq2P ���� be a formative process of�K, whose existence is ensured by Corollary 1.By Lemma 12, there exists a strong formative process (fbq[�i]gq2P )i�` for a transitivepartition b� which HK-simulates �K via a suitable � and is such thatrk b� � max �� 2524dlog jP je + 5� ; HK + 1� jP j 2jP j + 3� � 2524m+ 5� 22m+m + 3;since jP j � 2m and HK < m.Hence, by putting cM(v) = S�[=(v)], where = is the function = 2 P (�K)XK such thatM(v) = S=(v) holds for every v in XK, we get from Lemma 21 that cM satis�es K. Fromthe de�nition of cM, we also get cM(v) � S b�, for every v in XK. Therefore, since b� is�nite, we obtain rk cM[XK] � rk b� � �2524m+ 5�22m+m + 3:The preceding discussion plainly entails the following result.Theorem 3 ([4]) Let K be a non-empty �nite collection of literals of type (y) and let XKbe the collection of variables occurring in K. If K is satis�able, then K is satis�ed by aset-valued assignment cM such thatrk cM[XK] � �2524m+ 5�22m+m + 3;where m = jXKj.Hence, the satis�ability problem for the fragment of set theory consisting of propositionalcombinations of literals of the form (y) is decidable.12. ConclusionsWe believe we have made simpler with the new approach, and hence easier to broaden, theresult on the decidability of multilevel syllogistic extended with powerset and singletonoperators. On the basis of our current research, we are con�dent that in forthcomingpapers we can enrich the decidable fragment of set theory discussed above with either� literals of the forms Finite(v), :Finite(v), stating that the cardinality of v is �nite andin�nite respectively; or� unionset-literals, of the form v = Sw.Our expectation that the Finite predicate and the operatorS can be treated together (alongwith all other set operators discussed in this paper), although reasonably high, does notrest on any deep investigation so far. The treatment of literals v = u � w referring toCartesian product still seems to lie beyond the current techniques (and in fact, as far aswe know, it might lead to undecidable fragments, cf. [5]); anyhow, we expect that thestudy of Cartesian product will bene�t from the systematic study of formative processesundertaken in this paper.We do not have, as yet, a presentation of the satisfaction algorithms for the powersetoperator in terms of semantic tableaux, and view this as a necessary future step in sightof any sensible implementation.Another goal we have in mind is to adapt the decidability results on the powersetoperator P to a theory of sets where membership is not assumed to be well-founded,



37.or perhaps is subject to Aczel's anti-foundation axiom [18]. A decision algorithm of thiskind would �nd applications in the automation of modal logics, along the lines indicatedin [11, 1].Notice that approaching the satis�ability decision problem in semantic terms, as wehave done in this paper for P , presupposes a clear knowledge of the universe V of all sets.It is likely that such knowledge cannot be based on intuition alone, but needs the supportof an axiomatic view of sets. The whole book [7] on decidable fragments of set theorywas developed in apparently naive semantic terms, without any explicit mention of theaxioms involved, but this does not con
ict with the axiomatic approach: for each collectionof formulae whose decision problem was solved positively, one could in fact single out acertain number of the Zermelo-Fraenkel axioms that fully account for the correctness ofthe decision algorithm. Here we are in debt with the reader of an analytic account of theaxioms involved in the satisfaction algorithm concerning P ; the following two examples,due to C. Piazza,6 show that this kind of study may lead to surprises.Examples 5. (1) To prove that X 6= P (X), one may simply observe that X 2 P (X)whereas X =2 X by the well-foundedness of 2. The same conclusion can be reachedwithout recourse to foundation, anyhow, through the separation axiom. The latterenables us to build the set S = f v 2 X | v =2 v g, which plainly ful�lls S 2 P (X),and (8 v 2 S)(v =2 v)|and hence S =2 S. Moreover we have that(:9T ) (S 2 P (T ) ^ S 6= T ^ T 2 P (X) ^ (8 v 2 T )(v =2 v)) ;by the extensionality axiom. If we make the absurd hypothesis that X = P (X)and put T = S [ fSg, then clearly S 2 P (T ); moreover, since S =2 S, we haveS 6= T ; in addition, T 2 P (X) holds, because S 2 P (X) and S 2 X follows fromS 2 P (X) = X ; �nally, (8 v 2 T )(v =2 v) holds, which leads to a contradiction.(2) Proving that X 6= P (X n fXg) would again be a trivial task under the foundationaxiom, which yields X n fXg = X . In the absence of foundation, two cases mustbe considered. Case X 2 X : assuming X = P (X n fXg), we get (8 v 2 X)(v 2X n fXg) and in particular X 2 X n fXg, whence the contradiction X 6= X . CaseX =2 X : assuming X = P (X n fXg), we getX =2 P (X n fXg), hence (9 v 2 X)(v =2X _ v = X), and therefore (9 v 2 X)(v =2 X), which is a contradiction. 2AcknowledgmentsThe authors are grateful to Jacob T. Schwartz, Alberto Policriti and Carla Piazza for help-ful comments on preliminary versions of this paper; and to the Stanford University whichhosted two of them when the missing details of the correctness proof for the procedureimitate became the �nal challenge.References[1] J. van Benthem, G. D'Agostino, A. Montanari, and A. Policriti. Modal deduction in second-order logic and set theory. I. Journal of Logic and Computation, 7(2):251-265, 1997.[2] W. W. Bledsoe. Non-resolution theorem proving, Arti�cial Intelligence, 9:1-35, 1977.[3] R. Caferra and G. Salzer, editors. Automated Deduction in Classical and Non-Classical Logics,LNCS 1761 (LNAI). Springer, January 2000.6Actually, the former example can be found in [22].
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