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Abstract

This paper introduces formative processes, composed by transitive partitions. (Given a
family F of sets, a formative process ending in the Venn partition ¥ of F is shown to
exist. Sufficient criteria are also singled out for a transitive partition to model (via a
function from set variables to unions of sets in the partition) all set-literals modeled by .
On the basis of such criteria a procedure is designed that mimics a given formative process

by another where sets have finite rank bounded by C'(|X]), with C" a specific computable
function.

As a by-product, one of the core results on decidability in computable set theory is
rediscovered, namely the one that regards the satisfiability of unquantified set-theoretic
formulae involving Boolean operators, the singleton-former, and the powerset operator.

The method described can be extended to solve the satisfaction problem for broader

fragments of set theory.

Key words: Satisfaction problem, decidability, Zermelo-Fraenkel set theory, verification
of set-based specifications.



The author was one of the researchers working on resolution type systems who “made
the switch”. Tt was in trying to prove a rather simple theorem in set theory by paramod-
ulation and resolution, where the program was erperiencing a great deal of difficulty,

that we became convinced that we were on the wrong track. (From [2], p.2.")
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1. Introduction

The availability of sets and functions in high-level specification languages [20, 21, 15, 13]
is extremely useful, and enhancements to the services offered by such languages critically
depend on the development of specialized proof techniques. In particular, decision algo-
rithms for portions of set theories (cf., e.g., [6]) are essential ingredients of a platform
that either assists one in verifying the correctness of detailed efficient algorithm designs
[17] (possibly through theory-dependent automated deduction [19]), or directly handles
set constraints [12, 14] in an advanced declarative programming language.

Some of the decision algorithms for set contexts are, in the very prototypical form in
which they were originally conceived, hard to understand, hard to implement, and even
harder to extend with the treatment of set-theoretical constructs that were not built into
them from the outset. This is why we deem it useful to re-examine in this paper one of
them, [4], in sight of generalizations that are along the way (see [8]).

It is quite plausible, to mention one of these envisaged generalizations, that the unionset
operator can be added without disrupting decidability to the fragment of set theory that
will be treated in this paper, which comprises Boolean operators and the singleton and
powerset formers. Nobody, though, dared to fill in the details of this unified decidability
result, because the combinatorial difficulties rapidly became unmanageable, curtailing the
growth of computable set theory after the big harvest season of the eighties, when the
main breakthroughs were attained (cf. [7]).

A consolidation of the known part of computable set theory is essential not only to
promote new discoveries on decidability, but also to convert the theoretical results into
technological advances in the field of automated reasoning. Even the most basic layer of
automated set reasoning, the so-called multi-level syllogistic, benefited from being revisited
under a tableaux-based approach, which rendered its implementation far more efficient (cf.

[9, 10)).

The Venn partition associated with a family F of sets (see Sec.2) is the most funda-
mental model-theoretic aid to approach the decision problem, already in connection with
Boolean rings/algebras where sets/classes are conceived of as flat families of individuals.
It still plays a most basic role (see Sec.3) when one comes to genuine theories of sets, where
sets are nested one inside another. Beyond the treatment of Boolean operators, conceptual
tools more sophisticated than Venn partitions and diagrams become necessary: formative
processes, to be discussed in Sections 4 6, are the next important device.

Formative processes are special sequences whose components are each associated with
a partition ¥, transitive in the sense that (J{JY¥, C |JX,. Every family F of sets has a
formative process, whose length is a successor ordinal (usually transfinite) €41 and which
ends in a partition Y refining the Venn partition of F.

Mimicking the formative process of a family F of sets (see Sections 7 10) is the key for
retaining the essential features of F while replacing it with a family much easier to describe.
In the paradigmatic case to be studied, we will start with an F of finite cardinality and
will end up with a family where sets are hereditarily finite and have a rank bounded by
C

a satisfaction algorithm for the above-said fragment of the set-theoretic language.

Fl), with ' a specific computable function (see Sec.11). This will offer us the key for



Basic notation and presupposed notions

The reader is assumed to be familiar with usual set-theoretic notation. Among others, we
denote by [t1,...,tn] an ordered N-tuple; moreover, by R~' and Ro S, where R and S
are dyadic relations (i.e., sets or classes formed by ordered pairs), we denote the relations
R TDef {[Yv X] I [va] € R},
RoS =, {[X,Y]I3=z(X,z]€ BA[z,Y]€S)}.
Given a set or class S and a function f, s denotes the identity relation on S, Z(9)
denotes the collection of all subsets of S, and f[S], dom f denote the multi-image of S
under f and the domain of f respectively:
ts =pa {Y,Y]IY €S}, P(S) = YI(VzeY)ze ST,
f[S] et {Y I (3 zZ€ S)Y = f(Z)} ) dom f =, {Y | 3z [Yv Z] € f} :
To describe a function f = {[X,Yx] | X € 7)}, we will interchangeably use the notation
f =4{Yx}xez and the notation X EN Yx (X € Z); by Y7 we will denote the collection
{H{urtrez | (V2 € Z)(y, € Y) } of all functions from 7 into Y.
As is customary, we call:
PREORDER on 9, a relation <1 C § X § meeting the conditions 15 € < and <o C «;
EQUIVALENCE RELATION on S, a preorder ~ on S such that ~ 1 C~;
(PARTTAT) ORDERING on S, a preorder < on S such that <N <7'C .g;
LINEAR ORDERING on S, a partial ordering < on S such that < U < '= 98 x §;
WELL-ORDERING on S, a linear ordering < on S with respect to which every non-null
set X C S has a minimum: VXCHXAD—=(Fme X)(Vove X)m < ).

To briefly indicate that two sets z,y are not disjoint, i.e., x Ny # (J, we employ the
notation z 3¢ y.

A very quick recollection of basic notions on ordinal numbers follows (for a deeper
presentation, see [16]).

Definition 1. A set T is said to be TRANSITIVE if T' C (T or, equivalently, if | JT C T.
A set p is said to be an ORDINAL (number) if u is transitive and is linearly ordered
(and hence well-ordered) by the relation € Uu,,. O

As is well known, € Uip behaves as a well-ordering on the class O of all ordinals, it
coincides there with C, and hence is | J-inductive in the following sense:

For every non-null set ' C O which is linearly ordered by € Ui (with €
restricted to (), it turns out that JC' € O and [JC is the smallest of all
ordinals m for which (Vo € C)(v(€ U, )m) holds.? Tn short, |JC = supC;
and, if JC € C, then JC = max .

One reason to be interested in ordinals is the following fundamental theorem:

Theorem 1. lLet < be a well-ordering on the set x. Then there exist, and are uniquely
determined, an ordinal & and a function f € 2& such that f[€] = x holds and, for any pair
v, p < & of ordinals:

fv # fu holds when v # u, and moreover frv<afu when v < p.
O

2Tt is customary to denote the relation € U o between ordinals simply by < and membership between
ordinals by <. We will adhere to such a convention throughout the paper.



By virtue of the axiom of choice, a well-ordering can be imposed on any set. Therefore
the following definition makes sense:

Definition 2. The CARDINALITY of a set x, to be denoted |z|, is the least ordinal v such
that there exists a function f € ¥ with flv] = 2. A CARDINAL (number) is an ordinal p
such that u = |ul. O

Example 1. Natural numbers, intended a la von Neumann, which is by the rules

0 :Def®7 it 1 :Defiu{i}7
constitute the initial segment of the class of ordinals; their set, w =, {0,1,2,3,...},is
the first ordinal which exceeds all natural numbers, often denoted Ng.

Even for ordinals (such as w) which are not natural numbers, it is convenient to assign
the meaning just indicated to the increment operation ‘+1’: we will hence have, among
ordinals, w4+ 1, w + 1 + 1, etc. The ordinals of the form u + 1 are called successors; all
others, save 0, are called limit ordinals. The latter comprise w, w + w, w+ ---+ w , etc.

w times
(we are making an appeal to the intuition of the reader).

All elements of w+ 1 are cardinal numbers; but w+ 1 itself is not such a number. O

Definition 3. By {-SEQUENCE, where & is an ordinal, one means a function {Y,} ¢,
usually denoted (Y,),<¢, whose domain is €.
By SEQUENCE (without indication of £), one means w-sequence. |

In the traditional conception of sets developed by Zermelo, Fraenkel, Skolem, and von
Neumann, one has that a function rk exists that is univocally defined on all sets through
the recursive rule

rk X = U{(rkY)—I—] IYEX};
this function associates an ordinal to each set X, and is called the RANK function. Thanks
to the axiom of choice, a well-ordering <1 can be imposed to any given set z so that
y<tz when rky<rkzandy, z€ .

The class V,, of all sets whose rank is smaller than p is, for every ordinal p, a set,
which is easily recognized to be transitive. Among these sets, one has the family V, of
the HEREDITARILY FINITE sets, which are those sets that are finite and whose elements,
elements of elements, etc., all are finite. Notice that V,.; = Z2(V,), for every ordinal p.

Example 2. Putting

0" = .- {0}...}},
N —’

N —’

e e
we can briefly describe the initial stages of von Neumann’s cumulative hierarchy as follows:

Vo = 0 =0,
Vo= {0} = 0" = 1,
Vo = {0,0'} = 2,
Vo = {0,0', 0%V} = 3U0%,
Vi = {0,0,0% 0% {0,0"}, {0,0%},{0", 0%}, ..., V3}
= Uegor (0T U B0 U{{i,j}U0P 1 jes3niej+1}),

On this basis, one observes that
rk =0, indeed 0 €V, and (¢ Vy;
rk 0> =2, indeed 0% € V3 and 02 ¢ Vs
rk {0,0%} =3, indeed {0,0%}€V,and {0,0%} ¢ Vs.



2. Transitive partitions and Venn partition of a set

Definition 4. A family ¥ of pairwise disjoint sets, none of which is (), is said to be a
PARTITION (of | JX); its members are called BLOCKS of X.

The set ¢, =, 2’ (UE)\UX (1o be often denoted simply as <) will occasionally be treated
as a block of the partition too; then it is called the OUTER BLOCK of 3. |

As is well known, the function
S,V (FbeN) (X €bAY €b)}
establishes a one-to-one correspondence between the partitions of a given set S and the
equivalence relations on 5.
A useful relation C on Z(°(9)) is defined by putting
BC A iffy, YVae AAABCB)a=UB.
One reads B C A as ‘B is finer than A’, or as ‘A is coarser than B’; this obviously is a
preorder relation. When restricted to the set w(9) of all partitions of S, C becomes a

partial ordering.

Definition 5. A partition > is said to be TRANSITIVE if | Y is transitive as by Def.1.
O

Remarks 1. (1) Tt is easy to prove that § € T holds for every non-null transitive set
T (whereas () belongs to no partition).> Hence no partition but () is a transitive
set, and therefore no confusion can arise from the abuse of terminology of calling a
partition ¥ transitive when [J X is transitive.

(2) Notice also that saying that a partition 3 is transitive amounts to the same as saying
that its outer block ¢ fulfills the equality (J¥) =cUUX. O
The following lemma is easily proved:
Lemma 1. Fuvery transitive partition . fulfills the following conditions:

1. UY €<; (hence ¢ is non-null, ¥ U {<} is a partition, and furthermore)
2. YU {c} is a transitive partition;
3. rk o < rk ¢ for every block o € 33;
4. UT € cUlUX holds for every T' C X; hence

5. < is the only block ¥ for which there is no T' C XU {<} that meet both ¢ € T and
Urecuys.

Proof.

1: One has [JY ¢ [JX due to the acyclicity of membership, and, trivially, [JY €
Z(UY). Thus, by the very definition of ¢, JX € ¢ # @ and o N¢ =0 for all o € 3.

2: Assuming that ¥ C 22(|J¥), we have that U X C 2(UY) C (¢ UUY) too,
thanks to the inclusion ¢ C Z°(|J¥) entailed by the definition of <.

et us assume that T # @ and T C (T). The first hypothesis yields, by the regularity (or ‘foun-
dation’) axiom of set theory, that there is a z € T such that zNT = 0. Then, thanks to the second
hypothesis, we get z CT,i.e. zNT = z, and hence z =0 & T.



3: Sincea C Y €, we haverko <rk X < rkq, forall o € 3.
4: Assuming I' C 3, one gets JI' C (Y, and hence I e 22(UY) =cUu Y.

5: By contradiction, assume that¢ € I' C XU{c} and T € cUJ ¥, sothatc C T € o
for some o € Y U{c}, and hence rk ¢ <rk |JTI" < rk o, against 3. On the other hand,
if o € ¥ thenoe{o} CECYU{s}, and J{o} € cUUY holds by 4. ]

As far as the Boolean constructs 0, N, \,U, =, #, C, Z are concerned, all relevant infor-
mation about a family of sets is conveyed by the following structure:

Definition 6. Given a family F, we call VENN PARTITION of F the coarsest of all parti-
tions X2 of |JF which fulfill the condition
(Ve e F)(VpeX)(pd€r — pCua).

Here is perhaps the most straightforward way of determining the Venn partition ¥ of

F:
SE={(NOM\UEF\r) 1 re Z(F)\{0} }\ {0}.

It can be shown that the same task can be solved, when || F] is finite, by an algorithm
based on a positive strategy having complexity O(|J F|).

We will be interested not only in Boolean constructs but also in the operations of
singleton and powerset, formation, and hence we need to extract from a given F a more
informative structure than X z:

Theorem 2. For any family F, there is a transitive partition > such that
(a) for every x € F there is a (unique) Iy, C 3 such that @ = JT,;

(b) 5] < 2V,

Proof. Tet V.2 FU {0} be a transitive set (e.g., V = V(y r)41; moreover it is easy to
see that there exists a smallest possible V w.r.t. C). Then it can easily be seen that the
Venn partition ¥ of ZFU{V}is { (M) \UF\r)lre 2(F)\{0} }u{V\UF}\{0},
so that clearly T,={cl(Tr CF)(xerrno=(r)\UF\r)Ac#£0D)}. Moreover,
|| < 21 n

3. Deciding a fragment of set theory by simulating a partition

Let us consider a function M € {sets }¥ defined on a collection X’ of set variables.

If someone supplied us with the Venn partition ¥ of the set M[X], while keeping
M hidden, M would be traceable among the functions v — |JS(v) that biunivocally
correspond to the functions I € ()%,

When X is finite, 3 is also finite, and hence the host of Ss that may encode M is finite
too. The endless variety of possible values for M hence narrows down  provided X is
known  to a finite inventory of possibilities. More exactly, since the cardinality |¥| does
not exceed 211 — 1, the number 2P| of possibilities for & cannot exceed the number
o(2!¥1—1)- x|

It should be apparent that the latter is an overestimate of the number of possible Ms;
indeed, those Ss for which | JS[X] # X should not be taken into account. The number



can, moreover, drastically decrease when we know one or more set formulae (involving no
variables outside X’) that hold true in the set-valued assignment M.

If we now consider a family X of set variables, along with a partition ¥ and with a
function & € (X)) representing the interpretation v — |J3(v), to what extent will it
depend on the specificities of 3 that certain literals of the forms

v = 1w, v # w, v =10, v=uUw,
v=uNw, v=u\w, vCu, v < u, (1)
v E w, v ¢ w, v=(w), v="{wo,wi,...,wp},

where u, v, w,w; are in X, are true in the interpretationl™

As regards literals of the forms v = w, v # w, v = 0, v = wxw (with x in {N,\,U}),
v Cu, v g u, the only feature of X ‘rha‘r counts is its cardinality. In the following sense:
Any other partition S for which an injective function § of X onto D exists, will continue
to satisfy literals of these forms, under the interpretation v — | B[S (v)].

In order to take also literals of the three forms v € w, v ¢ w, v = F(w) into account,
we will refer to the following notion:

Definition 7. A partition S is said to SIMULATE another partition, >, when there is a
bijection 3 € X% such that, for X, Y C %,

e UAIX] € UBIY] if and only if UX € UY;
e UBIXT= 2BV fUX = 2(UY). :

Finally, to take also literals of the form v = {wy, ..., wg} into account, our subsequent,
study will take advantage of the following notion, where I. indicates an upper bound for
the value of H:

Definition 8. A partition S is said to [-SIMULATE another partition, >, when there is a
bijection 8 € ¥ such that

for XY C X
UBIX1eUBY] if and onlyif UX e JY,
UBIXT =2 (UsIY]) if UX =2(UY);
for X, Yy,..., Yy, C X
UsxI=1{UsMl....Usv]} ifUX ={U%,....Uv}.

(The last condition is vacuously satisfied when I, =0.) O

One easily sees that if X, i, and f are interrelated as in Def.8, K is a finite collection
of literals of the above-said forms (1), and & € Z2(X)?Y induces  as explained at the
beginning  a set-valued assignment M ma,kmg K true, then K holds true also in S o 3,
where § € .@/)(i)”/)(z) is the function T' — SB[I']. Let us postpone a proof of this important,
though simple, combinatorial fact till Lemma 21 in Sec.11.

Our strategy to establish whether or not a finite collection K of literals is satisfiable
will be to L-SIMULATE a transitive partition associated (cf. Thm.2) with the family F

*Reasons why we do not feel compelled to treat negative literals that involve set operators will emerge
from Sec.11. We will benefit from this syntactical restraint in the statements of Definitions 7, 8, 9, in some
of whose conditions we can, thanks to it, use implication instead of bi-implication. Further restraints could
be imposed on (7); for instance one could do without literals of the forms v =0 and v = u N w.



of sets assigned to variables in a hypothetical interpretation satisfying K; the simulating
partition will have a finite rank, bounded by a computable function in the overall number of
variables in K. A direct simulation, however, is hard to perform; it will demonstrate easier
to base the simulation on a ‘formative process’ suitably describing the inner constitution
of F. We will see in Sec.4 how such a formative process can be conceived; then, in Sec.7,

how to imitate the process in order to obtain the simulating partition.’

In sight of these developments, let us for the moment introduce a convenient strength-
ening of the notion of simulating partition that may surrogate it in practice.

For any set X', we put
PHX) = AV IV CJXAVzeX)(23eV)}.

That is, the elements of &”°(X) are all sets Y obtainable by extracting from each z € X
a non-null W, C z and then forming ¥ = UzeX Ww.,.
Here are some useful, and easily verified, properties of &°:

Lemma 2. (1) For every set S, if 0 € S, then 27*(S) =0, else |J S € 77(9).
(2) 77(0) = {0}, 7" ({o}) = (o) \ {0}.
(3) If g € { sets }~ is such that g(z) C z for all z € X,
then 7 (g[X]) C 77 (X).
(4) For every family F, 2(JF) = 2 [2(F)].
(5) For every partition ¥ and for all Ty, Ty C %,

(@) #*(To) £0 and J7"(T) = UTo;
(b) if Tog # T1, then " (Tg) N F*(T'1) = 0;

(¢c) 7 (ToUT) ={XUY | X e (Ty) ANY € "(T1) };
(d) (%) determines ¥ uniquely.

(6) Let T' be a partition and let X be any set. If JT\UJ(Z”*(T)N X) # 0, then
|y)* (r) \ X| Z 281]p{|0’| |oel}—1 ]

(The antecedent of the latter implication reads: “Some block in T has an element zg
such that none of the sets in &”*(I") which have 2 as an element belongs to X.”)

Proof. We limit ourselves to proving properties (4) (6) only. A verification of (4) runs
as follows: on the one hand, the inclusions Z7*(1") C Z(UT") C (U F) hold trivially for
all ' C F; on the other, if X CJF, then X € 7*{YV Y e FA X 3€ V}).

Concerning (5.a), notice that |JTg € &77(Ty), by (1), and that every element of &7*(T'g)
is included in |JT'g. As for (5.b), assume that o € T'y_; \ Iy, with b € {0, 1}, so that every
set in &”°(T'1_;) intersects o, whereas, since blocks are pairwise digjoint and o ¢ Ty, every
set in T’y is disjoint from o; then every set in Z(|JI'y) O &7°(I'}) is disjoint from o, and
therefore 7% (Ty) N 7" (T1) = . Clause (5.c) is easy and is left to the reader.

51f we simplified Def.8, by requiring simply that for X, ¥ C &
UB[IX1eUpyY] ifandonlyif UX eV,
UBIXIN(USIZ ZC ) =0 i Ux\{UZ1 7S} =0
(clearly, with this change we would be leaving out of consideration the literals v = &°(w)), then simulation
could simply be based on knowing the function T'— o7, where T C %, 6" € S U {¢n}, and YT € o".



10.

A verification of (5.d) runs as follows: clearly the maximum w.r.t. inclusion in Z7*(%)
is J; moreover, any two distinct elements a,b of | fall into the same block of X iff
for every element y of &7*(3) such that a € y, one has y \ {b} € Z”*(X). Notice that the
analogue of (5.d) with an arbitrary family F in place of ¥ does not hold: for example,
Fo £ Fi and &7 (Fo) = Z”*(Fy) = { infinite subsets of w } hold together when Fq consists
of all sets of the form w \ 'V, where Y has finite cardinality, and F;y consists of all sets of
the form w \ 'Y, where the cardinality of Y C w is both finite and even.

Finally, concerning (6), let 2o € T\ U (T) N X) and let o € T. Tf 24 ¢ o, then

{Hz)UYUZIY e 7*({o}) A Z € (T \ {o})} C 7*(T)\ X,
otherwise
{{ao} UY UZIY € Po\{x0}) AN 7 € *(T'\{o})} CF*(I")\ X.
In the former case we have | 22°(T") \ X| > 21°I—1, while in the latter we have | 22°(T) \ X| >
217121 Since o # 0, and hence 2171 —1 > 27121 i either case we get |[27%(1) \ X| > 2l7-1,
Since this holds for all @ € T', we conclude that |27%(T') \ X| > 2spilollo€r}—1, n

From the preceding lemma and from Remark 1(2), we immediately get the following:

Lemma 3. When its domain gets restricted to a set of the form (X)), where ¥ is a
partition, & is an injective function in P])*[P])(E)]'Jﬁ(z) whose image is a partition of

2UY).

If 3 is transitive, then " [F(X)] is a partition of cUJ . [

Definition 9. A partition S is said to TMITATE another partition, Y., when there is a
bijection 3 € X such that, for X C %, 0 € %,

(0) if 7 (B[X]) € p(o), then *(X) 3€ o;
(1) UBIXT € B(0) if and only if UX € o;
(2) if 77(X) CUS, then 7 (B[X)) C U
If in addition to S imitating 3 one has the condition

(3) 18(0)] = lo| when o] < o

fulfilled, where o is a fived number, then S is said to O-TMITATE 3. |

Lemma 4. If Y S are partitions, S is transitive, and S imitates >, then S simulates 3.
If, furthermore, D o-imitates > and I < o, then S L-simulates X.

Proof. T.et > and i be partitions, let S be transitive, and assume that S imitates
via the bijection g € (¥ )2 Tet X, Y C 3. Then we have:

o UBIXT e UpV]iff (o e SIYUBIXT € a) iff Bo € YV)(UB[X] € B(a)) iff
FeeV)(UXen)iffUX e JY.

e Assuming now that [ J X = Z(JY), let us prove that (| 8[V]) C U B[X]. Indeed,
suppose t C | JB[Y] and let X; be the subset of 52 for which t € 7 (i) (so that
S C BIYV]). As B7[S] €V, it follows that 27(87'[3]) € 2(JY) = UX C
U3. Therefore, %)*(if) C UE so that ¢t € UE Let 3, be the block in & to
which ¢ belongs, and let oy be the block in 3 for which §(o;) = a;. Then, since
%)*(if) 35€ o4, we will have that, %)*(571[@&) 5€ o4, which yields X = 22(JY) D
V/)*(ﬁ*][if]) S€ oy, so that |J X 3€ o4, 04 € X, and hence t € 5, € S[X], which in
turn yields ¢ € |J B[ X].
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e Assuming again that [JX = 22(JY), let us now prove that |J 5[ X] C 22(UB[Y]).
Indeed, for each ¢t € | JB[X] there is a unique o, € X such that ¢ € 3(o:); moreover,
by the transitivity of Ui, there is a unique I' C ¥ for which ¢ € &77(g[T']); finally,
since Z*(0[T']) 3€ B(0:), we also have that &”°(T') 5€ o;. We can hence take a
t' € o, N F*(I"), which, since oo C X = Z(JY), is to fulfill # € (%) for a
suitable 7 C Y. In conclusion T' = 7, and therefore ¢t C [ JB[T'] = JB[7] C U B[Y]-

e To prove the second statement of the lemma, assuming that J X ={UY,...,UJYr}
where I < p and Vi, ..., Y7, are distinct, we must check that | g[X] = {U p[Y1], .-
UBMYLIY. Since Y- cxlol = U X]| =T < o, we have |o] < ¢ and therefore |3(a)]
|o| for each o € X; this easily yields the desired conclusion, because | g[Y:] € 8(o)
iff JY; € o, and because g[Y1],...,5[Y7] and, accordingly, U B[Y1],.-.,UB[Y7]

are pairwise distinct. [ |

1

4. Formative processes and traces

Definition 10. et X and X' be two partitions and let T' C Y. We say that X' PROTLON-
GATES X VIA ' when the following conditions are met:

1. forall o € X, there is a ¢’ € ¥ such that 0 C o’;
2. U¥\UE C(T);
3. N4

When condition 1. is met, possibly without 2. or 3. being fulfilled, then we say that >’
EXTENDS Y, if both 1. and 3. are met, then Y is said to extend Y3 PROPRERLY. O

Remarks 2. Concerning Def.10, notice that:

(1) The relation ' defined in 1. is univocally determined and actually it is an injective
map from X into 3.

(2) Condition 2. entails that

e o/\o C(IM\UZ, forall o € ¥;
o 7 C M\, forall 7 € ¥\ {o’'| ¢ € ¥} (i.e., for all 7 € ¥/ such that
Ny =10).

(3) Saying that ¥ prolongates ¥ via I' C 3 amounts to the same as saying that there
exist a partition I'= and a function A € (' U {0})* such that

« DU C M\ US:
e Aoy N Aagy =10, for every oy,05 € ¥ such that oy # o9;
e X ={oUAc|loeX}u (T \A[X]).
Indeed, assuming 3’ to prolongate X, let T* = ({o’\ o o € S}U(X'\{o' | 0 € 2}))\

{0}. Then notice that from ¥ # ¥/ it follows that T # (0, and since T = J¥'\UZ
and () € T, we also have | J¥/ # |J¥.

The converse is obvious. O
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Definition 11 (Coherence requirement) et ', ¥/, and X" be partitions, with 3 ex-
tending U and X" extending X'. Then X" is said to extend ¥’ COURRENTLY with T if no
element of X" belongs to &7 (T)\ U Y. O

Definition 12. lLet € be an ordinal and let ({q(“)}qep)M<£ be a (& + 1)-sequence of func-

tions all of which are defined on the same domain P. Put B =pes i ¢ | q e P} for all
B C P, and let 3, = PUI\ {0}, for all p < €.
Assume the following conditions to be fulfilled:

o ¢ pi) =0 whenp,ge P, p#q, and p < &;
o ¢ C gtV forall g € P when v < &;

o M) = Uex ¢ for every g € P and every limit ordinal A < &;

3, is a partition, for every p < &;

Yo=10; 0¢>.

Assume moreover that to each v < £ there corresponds a U, C X, such that
e Y,y prolongates X, via ', (cf. Def.10);

o Y extends ¥, 41 coherently with T, (cf. Def.11).

Then the sequence ({q(p’)}qep>ﬂ<£ is called a (STRONG) FORMATIVE PROCESS for Y,
and the &-sequences (A,),<e, (Au, Ty)u<e such that both of the conditions

o AV 1

o {¢WtIN\ ¢ | g e T} is a partition of (“/” T\ UEU) NUY, 4

hold for each v are called the TRACE of the formative process, and a WISTORY of g,
respectively.

A WEAK FORMATIVE PROCESS is like a formative process, save that the coherence
requirement is withdrawn from the definition. A WEAK TRACE is defined similarly. |

Remarks 3. (1) An indirection could easily be eliminated from the definition of forma-
tive process by requiring that ¢ = P and {q(f)}qep = 1p. Indeed, characterizing a
formative process without P and ¢"s  directly in terms of the sequence (3,0) u<e
of partitions  would lead to a more concise and essential definition; however it does
not seem to be particularly convenient to proceed so either on the technical plan,
or to convey a better intuitive grasp. (We will come back to this idea only once,
namely within the proof of the trace theorem cf. Corollary 1.)

Assuming ({q(ﬂ)}qep)ﬂgg to be a formative process, and maintaining the above nota-
tion, notice that

(2) v < p <& then Y, ; U2, because clearly 3, extends 3, and does so properly
when p=v + 1.

(3) For each e € |J X¢, thereis a unique v < £, denoted v(e), for which e € ”*(I',)\J 2.,
because g = ) and new elements enter into the |JX,s only through prolongation
steps. Clearly, we will have for all u < ¢

eclUX, o vie) < p.
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(4) P= Uy<£ T,. Tn fact, for each ¢ € P, by taking an e € ¢(8) we will have v(e) < & and
q €T,

(5) A, € U,c, Ty, and ) £  for every q € A,, for all v < £ Tn fact, each set

Al(,y) = T', is a partition (were it not so, &”*(I',) would fail to contribute elements
to US4t \UX,); hence, if ¢ € A,, then by taking e € ¢*) we will have v(e) < v
and g € Ty |

Lemma 5. Fvery constituent 33, of a formative process is a transitive partition.

Proof. Assuming that e € [JX,, in view of the above Remarks 3(2),(3), we have
e€ I (Tye)) €Ul € Z2(US0e) € 22(UE,), and therefore e C (JX,,. [ ]

Lemma 6. et X and ¥ be partitions such that
e Y7 properly extends ¥ (cf. Def.10),

o Y is a transitive partition (cf. Def.5).

Then there are a T' C X and a partition X that both prolongates X via T and is extended
by 3" coherently with T (cf. Def-10 and Def.11).

Proof. T.et s be an element of smallest rank in [JY”\ [JY. Thanks to the transitivity

of ¥, we have s C | JY”; therefore, every t € s belongs to [ Y. By taking
'=A{Z17e€XANs>3€ 7},
we will have s € &7°(I") and we must put
o= {(*(M)nod"YUeld”"eXNoeXNo Co”}
u{z”* Mne” lo” e¥"No" 56 *(TYA (Vo e X)(o L")},

Clearly Y prolongates X via T, since s € [ ¥\ |J3; moreover, it is obvious that %"

extends >/ coherently with T. [ |

Corollary 1 (Trace theorem) Fvery transitive partition ¥ has a history (A, T,) u<e
with the cardinality of & not exceeding || X].

Proof. Given ¥, simply take P = Y. We begin with ¥ = 0 and then, for every ordinal

e If 11 is a limit ordinal, we put
E/Jf = Uq/(p,{U'y(l/(p, 0-(1/) I a 6 E’V }7
where o{*) indicates the block 7 of 3, for which o C .

e In any case, we define 1| to be the same as 3, if 3, = 3; otherwise we choose a
I', €3, and a partition 3,4 that both prolongates >, via I'), and is extended by

3. coherently with ', as by the preceding lemma.

1
o IfY, 11 #%,, wetake Ay, ={¢ge Pl (Foel,)(ocCygq)} and
T.={qePl(FoeX, i \X)(eCq)}.

Since the sequence of the [ JX s strictly increases w.r.t. C until it has reached |J X, and
since [J X, C [JX holds for all i, certainly there will be an ordinal £ for which [J¥ =X

with |£] < |UX]; the conclusion that (A, T,),<¢ is the desired history hence follows. ]

The simplifying notation to be introduced next will be helpful in the ongoing.
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Definition 13. et ({q(ﬂ)}qep)ﬂgg be a weak formative process. Then, forq € P, B C P,
and v < &, we put

q(.) — q(g) B(.) :]’)ef B(f)

AM(g) =py gAY PY)

1

a

Example 3. Resuming the notation " of Example 2, let us take ¥ = {0(°)7 .. .,4(°)}7
where

}7 200) = {®27 {®7 0! }}7

} (*) = {0’
{{0.07}}.

{0
) =1{0° {{0,0"}}}, 4'

One readily sees that U?:o (%) is a transitive set; hence X is a transitive partition.
With the elements s of [ ¥ ordered by non-decreasing ranks, we easily associate with

each of them the set A for which s € 22°({¢® 1 g € A}):

s 00" [ 0% [{0.0}|{{0.0"}}]{0.0%}] 0° |
Affof{ox [} ] 0.1y [ {2p [ {0.2} [{2}]

In this concrete example, the construction of the trace theorem proceeds according to
the following table:

il s | AT o9 | 1o | 9(i) | 2(i) RGN
0 [} [} {0} [} [} [} [} [}
i L or [y [[{6y] 0 ] ] )
2 K Iy {2y [ {ey [ {o"} [} [} [}
340,07y [{o, [ {23 {0} [{0"} {07} 0 0
Al{0, 0y ({023 [{4} [{0}[{0"}[{0” {0, 0"}} 0 0
5 IR {23 [ B[ {0y [{0"}y[{0” {0, 0"}} 0 {{0,0°}}
6 — — | = ey {0ty {07, {0,067y} [ {07, {{0, 0"} }} | {{0,0°}}

The sequences (A;)i<s and (A;,T;)i<s are a trace and a history of the partition 3,
respectively. |

5. Useful lemmas about formative processes

In sight of the main proofs in this paper, which will constitute Sections 8 and 10, let us
review some useful properties of the sets ¢(#), B(#) A(”)(q)7 q®) and B,

Lemma 7. Assume that P(*) ¢ {{0}} in a weak formative process whose (weak) trace is
(AL)v<e. Then the following conditions are fulfilled, for g € P, BC P, p <&, and v < &:

(1) =0, UAOIP = {0}, A, =0 iffv =0,
UAOPT = ({0}, Al =1 and A catends {{0});

(2) if v <y, then

- D¢ A (hen(:e A( “ s a partition),

q(”) q( ), and B Prfende B)
(more aﬁﬁuml‘eh/ stated, R I\ DY extends B\ {0})),
and hence | J B C | J B
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- rk g <,
- rk B <pu+1;

(3) ¢ = ¢ U Us<ocn AW (q), where unions have disjoint operands,
and therefore ¢\ ¢(*) = UU<79<M A(79)(q), if v < p;

(4) A (g)n 7 (BW) = A (g) 0 " (BW) if v < p < &
(5) ¢ 0" (BW) = W) 0 (BW) ifv < i,
(6) if UB®) e JPUHD, then BY) = B and U, .. UAPB] = 0.
When the formative process is strong, the following further conditions will be met:
(1) AV £ AW ifv < p <&
(8) ¢ n 7 (AL)) = ) 0 (AL if v <
These laws have straightforward proofs, which are left to the reader. [ ]

The next definition and proposition, still concerning a weak formative process of length
&+ 1, offer a reasoning tactic to be repeatedly exploited in the verifications of Sec.10.

Definition 14. let v < u <&, and let X be any set. Then
Sy, X) =py {nlv<n<p A g\ g™ 3e X}

Taking into account that ¢(M \ ¢*) = A (g) Temma 7(3), we get:

v<d<n

Lemma 8. et S(v,p,q, X)# 0. Then min S(v, u, q, X) is a successor ordinal.

Proof. Assume that S(v, i, ¢, X) # 0 and let 7 = min S(v, 1, ¢, X'), so that in particular
v << uand UU<79<E A (g) 3¢ X both hold. One has, moreover, that

v (V <<= Uyege, A7) N X = @),
and hence
Vv (v<d<n<i— A (N X = 0),
holds.
If 77 were a limit ordinal, then (V% < 7)(3n < 7)(? < ) would hold, easily yielding
Vi (v <9 <i— AW N X =0).

This would lead to the absurd conclusion that (J,« 7 AN X =0. ]

Another useful combinatorial lemma is the following:

Lemma 9. let (A,),<¢ be the trace of a strong formative process with a non-empty finite
domain P. Tet moreover o € w be such that 27" > o - |P|. If there are an ordinal @ < &
and a G € Ag such that |ﬁ(m| > o, and %*(/il(n.)) C | P®), then |U A(E)[PH > o-|P|, and
hence there must be an r € P such that |A(“)(r)| > 0.

Proof. W.l.o.g., assume p > 3 (indeed, for p = 0, the thesis becomes trivial). Consider
theset H ={nln<pmgAA,=Az}. If H =10, then |UA(E)[P]| > |¢/)(§(m)\{@}| >
20 -1 >20"1 > p.|P|, and we are done. Otherwise we put 9 = sup H and treat the cases
9 ¢ H, 9 € H separately.
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If 9 ¢ H then, plainly, H is infinite and, by the coherence requirement, UA(EE) must
be infinite. W.lo.g. assume that g™ is infinite and let s, sq,.. S Solp| be o - [Pl 41
distinct elements in g%, For i = 0,1,...,0-|P|, let §; = UA(EE) \ {s;}, so that clearly
S; € (A Al )) If it were the case that S; € [J P then S; € (JAW[P] C 9/”(%\7(777)) -

S (A 7(7 )) f()r some 1 < . Therefore we would get from LLemma 2(5.b) that A, = Az, and
hence n € H, implying, by our current hypothesis that 9 ¢ H, the existence of an o’ € H
such that n < n’ < . Then the coherence requirement would yield

UAT {si} € A € Al g yal,
which is a contradiction; hence S; ¢ |J P®E . Thus, by the coherence requirement and by
the hypothesis %*(A(E.)) C PO, we get
UABP) = |72 (A8 \U PP > 0| P,

9 : (7) (9) :
Let us assume now that & € H. After fixing a yo € U Az’ \UA;’, we consider the

cases Yo ¢ 73, yo € G separately. Tn the former case, by picking the 7 € Ax for which
Yo € T, we have

{Huo} UY 1Y € 77 ((Ax\ {F) )} € 77 (AT \U PO,
where both .@/)*(A(Em) \ U P — UA(_ [P] and
{H{yo} UY 1Y € (A \{TH)P)}] > 22 —1 > 0+ |P|
hold, and hence ||J A(E)[PH > 0-|P|. T yp € g™ then we have

{{yoy UY 1Y € 27 ((Ap \ {7) " U {dP \ {yo}}) U 7 ((Ax \ {71 )} C
(_E)) \ U pE — UA(E)[]DL

where
[} UY 1Y € 2% (A \ {72)® U 7\ {uo} ) U 7 (45 \ 7)) >
2¢71 > 0[P

holds, and hence ‘U A(E)[PH >o0-|P| .

We conclude this section by proving the following inequality which will be applied later
to estimate the length of certain formative processes.

Lemma 10. Let y > 1 and let o, = {%ﬂog yl + 5]. Then 209" > o, y.

Proof. By elementary calculus, it is immediate to check that
2ﬁ+4> T—|—6 forz e R.
Therefore
o5y +5]-1 22%"'4 gZT—|—6> [ T—I—B] forzr eR.
Let y > 1 and put z = [logy], 0, = {%ﬂog yl + 5]. Then we have
2001 = o511 = ol 54511 9 5 [ B0 4 5]y = 0, y,

which proves the lemma. [ |



17.

6. Mimicking a formative process: an illustration

In this section we will see a procedure which, given a weak formative process, develops
a strong formative process, usually shorter, ending in the same partition as the original
process. Another procedure of this kind will be seen in Sec.7, where the original formative
process will, instead, be assumed to be strong and the aim will be just to simulate the
ending partition through the new process: the latter will no longer be guaranteed to be
strong, but its length will be finite even when the original process is infinite.

The transfinitely recursive procedure shown below is simply meant to offer a paradigm
for other more useful, similar procedures. Tt receives in input the trace of the weak
formative process G to be mimicked, along with the ending function B — B®) of G,
and supplies in output the trace of the mimicking process G’, with indication of how the
partitioning function of the latter evolves. The sets which form the traces, which are
stbsets of the domain P common to all functions in G or in G’, are metaphorically called
moves, of G and of G’ respectively.

procedure strengthenProcess( (A,)u<e, { B . BCP});
~ =0 — ~ assigns to the v-th move of G the position v(v)
—  of the move of G 1t mimicks
AVARENE — V assigns to the v-th move of G’ its associated partition
for ¢ € Ploop ¢ .= 0; end loop; - start with void blocks
notation: throughout, and for all B C P, B —pei1d | g € B},
T:={[B{gePlq* 37 (AN I BC P}
- ‘targets’ for moves: each T(B) comprises those ¢
—  for which //)*(FA}) will ever intersect §
for pin [0,1,..., ¢ — 1] loop
if | P = U P® then quit loop; end if;
A=Ay
S =UJPOnz(MH\UP;
if S # §) then

v = Uaedom('y) (O/ + 1)7
V() =
assert

(3{A@her ) (
isPartition(A7 S) A
(Vge P)(S3€q¢=Sn¢® CAlg)) );
let V(v) be one such A;
let the v-th move consist of the set. A paired with this function V(v);
for ¢ € T(A) loop ¢ := §U A(q); end loop;
end if;
end loop;
voi= U(yedom('y) (O/ + 1)7
return
(AW(,Y), V(c«))a<y; — sequence of mimicking moves
end strengthenProcess;

procedure isPartition( A, S );
claim
if (Vg,r €dom(A)) (g #r—=Alg)NA(r)=10),
then Aldom(A)]\ {0} is a partition as by Def.4;
return
UA[dom(A)] = S A (Yg,r € dom(A)) (g #r—=Ag) NA(r) =0);

end isPartition.
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The proof is left to the reader that the formative process returned by strengthenProcess
really meets the purpose stated at the beginning of this section. Thus we have

Lemma 11. Let (A,),<¢ be the trace of a weak formative process for a transitive partition
Y. Then it is possible to extract a subsequence (Ay(ay)a<y from (A,)uce, with v < & (so
that v(a) < v(B) for o« < 3 < v), which is the trace of a strong formative process for
3. [

7. The thinning of a transitive partition through its trace

As argued in Sec.3, the capability of L-simulating a given finite transitive partition X by
means of another partition S having finite rank, bounded by a computable function in
and |Y[, is crucial in order to solve the decision problem for collections of literals of the
form (7).

In this section we describe a non-deterministic procedure, imitate, which carries out this
task. More specifically, given a strong formative process ({q(ﬂ)}qep)ﬂ<g for a transitive
partition P(*) and given a constant o > I, such that 227" > o|P|, theiprocedure imitate
will compute a (weak) formative process ({(ﬁ“i]}qep)ig% for a transitive partition ]35”«9]7
with £, < o|P| 2"l + 3, which L-simulates P(®).

et us put g = max({%ﬂog |P|] + 5] , L4+1). Then we have pg > I and, by Lemma 10,
20071 > po| P|. Hence (,, < max ([Z2[log |P|]+5|,L+1)|P| 2Pl 4 3.

In view of Lemma 11, the above discussion can be summarized as follows.

Lemma 12. et ({q(ﬂ)}qep)ﬂgg be a strong formative process for a transitive partition
P®) and let I. > 0. Then there exists a strong formative process ({(’]\[M]}qep)igg for a

transitive partition P which I-simulates P and such that
¢ < max ([FNog [PIT+5], L +1) P27 + 3.

Therefore, by Lemma 7(2), rk P < max ({Eﬂog |P|] + 5] L+ 1) |P| 2IPl 4 3. [

24

The execution of imitate refers as to an oracle to a strong formative process of P(®).
Should this process not be available, an execution could nevertheless be performed, albeit
non-deterministically, to take into consideration all possible response sequences from the
oracle; then, at the tip of each branch of the non-deterministic execution tree, one could
directly establish whether or not the sequence ({(/]\[M]}qep)i<( constructed by the procedure
imitate [-simulates P(*). B

For technical reasons, we will assume that P(®) ¢ {{0}}. Tt will easily turn out that such
a constraint will not affect the applicability of the procedure imitate to the satisfiability
problem we are interested in.

procedure imitate( g, P, (Ay)v<e );
Co : claim
[Pl <RgAg>TLA27" > o |P|A(A,)u<e is the trace associated
strong formative process ({¢" },ep)u<e such that P®) & {{#}};
explanation: the formative process ({¢'*) }4ep)u<e Will be taken as an oracle
in what follows, by referring to the blocks ¢(#) with ¢ € P and to the
()

partitions Ay as if they were available as additional inputs;



My={plp<&n(vpe A (p*™] <o)}
Moy= {ﬂ | < €&A(TqgeP) (|q(“>| <oV N (AR) :VJ) A AW (q) #0) };

My={plu<eAUAM =UAal e UP®
Ag : assert
M1 UM, U Ms| <o |P|- 2Pl +3;
let {po, pr, .-, pe} = My UMy U Mz U{E}, with pg < g < - < py;
for g € Ploop g := 0; A(q) := 0; end loop;
notation: throughout, and for all B C P, B —pei1q | g € B};
for 7 € [0,...,4] loop — the main loop begins here
for ¢ € P loop § := §U A(q); end loop;
G claim
(Vo e P)(((J¢%)| < eV lil<e) = lal=|a")])
MY B CP)((Vp e B)([p)] < o)
— |q) 0" (BW))| = |§n 7" (B)

A B C P)( W) 3€ 7 (BW)) 5 G35 7°(B) ) );
if 7 = £ then quit loop; end if;
- the seemingly useless last iteration calls for a final verification of C4
A = if u; € My then
revisey (p;, )
else if u; € M3 then
revises (p;, )
else - p; € My

revise (14, )

)

end if;
Gy : claim
subPartitions( A, A,, ) A (U ﬁ) NYA[P] = 0;
Cy: claim
(Yge P)Y(AWI(g) =0 — A(g) =0 );
end loop;

C4 : claim
P is a transitive partition g-imitating P(*), hence P I-simulates P(*);

return P;

procedure reviser( p, ~ );
A=Ay
Aq{: assert
(3{a0)er) (
subPartitions( A, A) A
(¥q € P)(1a(g)] = [AW(g)] A
(UA€A(g) & UA® e AW(g))) );
pick one such A; return A;
end revisey;

procedure reviser( p, ~ );
A=Ay
A, : assert
(3{A(p)}per ) ( subPartitions( A, A ) AUA ¢ JA[P] A
(Vq € P)
if [gt)| < o v AW

else

19.
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|A(g)] > ¢ — 14|
end if ) A
2 (ANUP\UAIP) > 1+
$S e GOV A A 15 e (o )
[F®)] < o [r(] > e
|7»(M+1)|<Q
+ |{r cP| |7~(u+1)| > o A N (AG)) £ YAt N (AW) = Q)}|

)
pick one such A; return A;
end revises;

procedure revises( p, ~ );
A=Ay
Az : assert
(H{A(p)}pep) ( subPartitions( A, A ) A

(VgeP)((UA€A@) & UA® g™ )

if |q(“+1 | <oV A(“)(q) = () then
|A(g)] = [A¥)(g)]

else if ¢"*) N7 (AM)) = A |§] > ¢ then

|A(g)] > 1
else

|A(g)] > ¢ — |q]
end if ) A

(77 (A)y cU PO —» UJA[PI= 7 (A\UP)
pick one such A; return A;
end revises;

procedure subPartitions( A, B );
return

0+ UAPIC 7 (B)\UP A (Vg,re P)g#r—Alg)NAF) =10);

end subPartitions;

end imitate.

8. Proof of the main claim-statements occurring inside imitate

Checking that all claim- and assert-statements occurring inside the procedure imitate are
fulfilled whenever such statements are met during execution, or simply getting a clear
overall view of what the procedure does, calls for a detailed and lengthy analysis. This is
the main task we are undertaking here.

As a matter of notation and terminology, we introduce the following:

Definition 15. Forg e P, BC P, and i € {0,...,0}, let g and B be the values of ¢
and B when the claim Cy is encountered during the (i+1)-st iteration of the main for-loop
of imitate; moreover, let AU be defined similarly when i < (, but referring to Co.

We will say that a claim- or assert-statement C' is FULFILLED (orismet)fori=10,... k
to mean that whenever C' is encountered during one of the initial k + 1 iterations of the
main for-loop of imitate, it will turn out to be true. We will say that it eventually gets
VIOLATED if the opposite event takes place for some k. |
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(We will also say that a statement (' is fulfilled  or is violated  when i = iy, etc.)

The claims to be proved are C; C4 only: Cgq, in fact, expresses conditions which the
input parameters are supposed to comply with. The statements Ag Az must be proved
too; such statements are preceded by the keyword ‘assert’ instead of by ‘claim’ simply to
stress that one cannot erase them without disrupting executability. In fact A; Az claim
the existence of partitioning functions which are referred to by subsequent executable
statements; as regards Ag, unless My U My U M3 were finite then the semantics of the
let-statement, following Ag would become unclear.

The approach to the intricate proof we will carry out is to start with the absurd
hypothesis that some of the statements C; Cy4, Ag Az will fail to be true at some time.
In this case one could, at least in principle, isolate as ‘culprit’ the statement which fails
first, and spot out the latest value of the variable 7 when this event takes place. However,
by induction on 7, we will reach a contradiction whichever claim- or assert-statement one
might indicate as the culprit.

Potential culprits should be passed in review all within the same inductive proof; how-
ever, in order to subdivide the difficulties and to let the reader gain a better grasp of the
overall mechanism, we prefer to concentrate on C,, Csz, and C4 for the rest of this sec-
tion, while postponing to subsequent sections the treatment of all other potential culprits
(which, momentarily, are supposed here to be ‘innocent’). Merging the various parts of
the proof into a single proof poses, of course, no conceptual challenge.

The claims we have selected for immediate treatment lie, in a sense, at a higher level,
and by discussing them we will unroll a landscape view of the ongoing. Here is the leading
idea behind the procedure imitate, as it emerges in the light of Cy, taking it momentarily
for granted that the statement Ag is fulfilled (cf. Lemma 15 below):

Lemma 13. Let 0 < k < /. If none of the statements C; Cz, A1 Az in imitate ever gets
violated for e = 0,1,...,k — 1, then the functions {(/7\['7]}qu (7 =0,1,..., k) make a weak

. k .
formative process on {q € P | gtk # 0} with trace Ay, ..., A, _,.

Proof. Regular termination of the k-th iteration of the main loop of imitate is obviously
ensured by the assumption that assert-statements are fulfilled every time they get reached.
Then one observes that % = @ and gli+" = gl U All(q), where { All(¢) 1 ¢ € PY\ {0} is
a partition of some non-null Q C V/)*(%TB]) \U 13[’7])7 by C,, as inspection of subPartitions
reveals. By contrasting all of this with Def.12 (ignoring the condition that regards limit
ordinals, since { < w, and taking Remark 2(3) into account), one sees that the thesis
holds. [ |

Then C4, that we are about to discuss, explaing what the final situation will be: by
stating that Pl must be a partition, it in fact indicates that the functions {27{'7]}qu
A

(7=0,1,...,0) will make a weak formative process on P with trace 4, ,..., 4,, .

The second half of Cy4 follows immediately from Lemma 4, by the assumption o > I in
Co. Hence, by Def.9 and by the subinstance (V¢ € P)( |q(“1?) <o — |q77]| — |q(m) ) of

Cy (which, in the case i = £ can be written more shortly as (V¢ € P) (‘q(°)‘ < gﬁ\‘ff[/‘]‘ =

|(7(°)|))7 checking C4 reduces to verifying the following conditions:
Lemma 14. (i) P s a transitive partition;

(ii) if 7% (BIY 53¢ G0, then 77 (B®)) 3¢ ¢(»);

(i) U B € G4 if and only if | B®) € ¢(®);
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(iv) if 77*(B®)) C JP®), then 27" (BY) c |J Pl

Proof. (i): Thanks to LLemma 13 and to Lemma 5, we can simplify (i) into ) ¢ Pl
Our ‘raqk accordingly, will be to prove that g/l + (0 holds for each ¢ € P. Since ¢® +0
and ¢(® U0< <E AW (q) by TLemma 7(3),(1), it makes sense to consider the least ordinal
7 for which AP (g) £ 0;ie., AP () £ 0 A (Yp)(0 < p < T— AW (g) = 0), whence
¢ = () easily follows.

We immedia‘rely notice that @ € My, so that w = p,, for some ¢y < {; thus, if we manage
to prove that Alol(g) #  then we can conclude that g1 # 0, because Zf[/] D A[’O]( ). Notice
that gl™] = () ensues from q(“’o = (), thanks to the first conjunct in Cy.

If @ € My then, by the assert-statement in reviseq, |A[’7°](q)| = |A(m(q)| holds. Tf
o € (MsU My) \ My, then inspection of the assert-statements Az and A, reveals two
poqqibﬂiﬁeq only: either |A ’h | = |A ) | or |A ’h q)| > 00— |Zf[’70]| = p > 0. In either

case Al0l(g) £ 0, and hence our thesis gl 7£ (0, holds.

(ii): This follows immediately from the third part of claim Cy.

It is worth noticing that even if claim C; did not include this sub-statement, one
could nevertheless obtain (ii) by the following plain argument. Assume that & (B []) 3¢
1. Since gl = U0<7</ All(q), let iy < € be such that 2”*(B [/‘]) se Alol(g), so that

7 (B [70]) 53¢ Alol(g) holds by Temma 13 and Lemma 7(4). Put T = p;,. Clearly, we
must have B = Agz. From Cs, it follows that A (g) # 0; hence AP (¢) 3¢ V/)*(A%L)) =
27(B®), and therefore ¢(*) 3¢ 27*(B®), which is the desired conclusion.

(ili=): Assuming that |J B € g, there must be an ig < £ such that |J B € Alol(g).
Therefore, putting 7 = p;,, we will have B = A and U%Tg] = U%T%O]. Observe that

1T & Moy, since otherwise, by the statement Ao, | J %T%O] ¢ | AlI[P] should hold. Therefore,
only the case @ € My U M3 must be considered.

Assume first that @ € M3\ M. By the statement Az, it follows readily that |J B(*) —
(¢)

Uaz’ e g B
On the other hand, if @ € M7 then, by the statement Aq, UA%) e AP (g) C ¢,

Notice that |p 7) | < p holds for all p € Az, and hence, in consequence of claim Cy, we have
|'\[’70]| = |p |f0r every p € Agz. Moreover, since A[_] = A[E] we also have |7A)/‘ | = |7A)’7° | <o
for every p € Ay, so that, again by claim Cy, |p | = |p/| |p’° | = |p | which in turn

implies p(®) = p@ _for every p € Az. Therefore AE =U AE ¢®), and we are done.

(ili<=): Assuming that [ JB®) € ¢(*), there must be a T such that | JB(®) € A#(g),
since ¢(*) = U, e A(“)(q). Therefore B = Az, | B = | UBW and 7@ € M5 hold. Tet
19 < £ be such that p;, = 7.

If @ € My then, since UA(EE) € A(m(q)7 we have U%T ]( ) by the statement
Ai. Tikewise, if @ € Mz \ My, then UA ol ¢ A’O( ), by the statement As. Notice
also that At (p) = @ and hence, by Cs, [’]( ) = 0, must hold for all p € Az and all
i € {ig,...,0 — 1}. Therefore | Bl = | AE =U %T%O] e Alol(g) C g9 holds, as desired.

(iv): Tet 27°(B®) C JP®. Then, since [JB® e 77(B®) C JP®), where
U Pe) = UpePU;KE AW (p) by TLemma 7, we have |JB(®) € AF(p) for suitable p € P

and @ < £ Hence B = Az and |J A(Em = A(E.)’ and therefore @ € M3. T.et ig < £ be such
that =y, -
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From UA(EE) = UA(E it follows that A(®) (p) =0, for p e Az and T < p < &, whence,

by claim Cj, A[i](p) = () ensues for p € Az and iy <7 < . Hence A[E] = A[E].

Our goal in what follows is to show that

Iy

AP = oAl | Pli) (1

holds; this will readily yield that
7 Ay = Al UPtel u yallp
= [Pl C P,
which encompasses our desired conclusion.
If @ e M3\ My, then (1) follows immediately from the statement As.
On the other hand, if @ € My, then we have
e U Am[PH = |UA(“.7)[P]| for all j such that 0 < j < iy and A, = Ay (by the

statement Ap);

(AL )ﬂUP’°

M

(A(_E))‘ (by the statement Cl);

=Y 0<i<in [UADP

Ay, = Ag
=% vcici UAWIPY = |24(a8) ny pm);
Ap; = Ag

.UamwﬂzywA;)uJP

(by %*(AL.)) C U P and the coherence requirement).

m
Therefore A
0 _ m _ | op* Iz m
|UA[ ][p]| — |UA(M) P|7‘_/ﬁ - )\UP(M)
_ p* (E * (E
= |7a@)| - |7 ny @
_ o Nk * [70 Aio
= |7 (AL - [ (AL Ay Pl
—_ 2% A[' 7,0
= |7 @y P
holds, which in turn plainly implies (1), concluding our proof. [ |

Inspection of revisey, revise,, and revises makes it plain that Csz holds in consequence
of Ay Asz; the verification that C, ensues from A; Az is equally trivial, as one sees by
inspection of the procedure subPartitions.

9. Rough assessment of the complexity of imitate

The following lemma not only shows that the cardinality |M; U My U Mj| is finite (thereby
ensuring that the main loop of imitate will be executed finitely many times), but even tight-
ens w.r.t. Ag the upper bound on this cardinality, setting the ground for the complexity
analysis that will be carried out in Sec.11.

Lemma 15. Assuming the conditions in claim Cq to hold, let n = |P|. Then
|My U My U Ma| < on277! +27F! 4 (o — 1)n — 1 < gn2" + 3.

Proof. We begin by first estimating |M;|. Let B C P. Notice that if A, = A, = B,
with u < p/, u, i’ € My, then by the pigeon-hole principle the following inequalities hold:

B < |UB®| < |UB®I| < (0~ 1)IBI. Hence,
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{ue Ml Ay= B} <(e=1IBl—|Bl+1=(e—2)[B]+1.

Therefore

T

s S e = (1) ie-2ie
BCP . i=0 .
— (92);13(?)4—2”' _ (92);77/(7;]1)4-271
= (0~ 2)77/711 <771 ]> +2" = (o— 2)772”*1 + 2™,

In order to make an estimate of |My \ M|, let us put

My={utu<en@aeP) (o] <onnatig+0)}

and
M= { il < €n@aeP) (g0 (Al =0A A g £0) ).

Plainly, My = M}, U M}. We first estimate |[Mj\ Mq|. Thus, let
(1) = 22|02 — lg)|)

and observe that
o O(p) > d(p+1), for all p e M;
o O(u) > d(u+1), forall p < &;
e 0 < P(p) < on, forall p<&;
e 0 M N M.

From these we immediately get |[MJ\ M| < pn.
Next, we estimate |[MY \ My|. Let us put
M3(B,q) =n{n € MY\ M1 Ay = BAgW N7 (BW) =0 A AW (g) # 0},
for BC P and ¢ € P, and observe that

o MJ(D,q) =0, for all g € P, since § = A, iff 1 =0 and moreover 0 € M;;
o |MY(B,q)| <1,forall BC Pandgqe P;

o M\ M;ClJ BCP M3 (B, q).
geP

From these we immediately obtain |[M}\ M| < n(2" — 1). Therefore
[Ma \ My | < [MG\ My| 4+ [M3\ My < n(2" — 1) + on.

Finally we estimate |Ms\ M;|. Since 0 € My N Mz and [{u € M3 | A, = B}| <1, for
all B C P, we obtain at once |M3\ M| < 2" — 1.

Summing up, we have

My UMy U M| < on2 ' 427 4 (p— 1) — 1.

Since n > 1 and g > 3 (the latter follows from the assumptions ¢ > I, and 2¢7' > pn in
claim Cp), an easy inductive argument shows that gn2" ' +27*1 4 (o —1)n—1 < gn2" +3,
thus completing the proof of the lemma. [ |
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To end this section, it will be instructive to examine the pattern of calls of the revise
procedures whose actual parameter g is associated with some fixed set B = A,. It is
largely unpredictable how, globally, revise-calls are interleaved; but when one focuses on a
single B the following regularity emerges:

Lemma 16. Let revise;,, ... revise; be the names of revise-procedures sequenced in the
order in which consecutive calls referring to the same subset B of P take place. Then the
list 21, ..., 1, of subscripts consists of 0, 1, or more consecutive 1s, followed by 0, 1, or
more consecutive 2s, possibly followed by an occurrence of 3.

Proof. Associate with the given B the set Mp ={pu < &1 A, = B}. In order to prove
the thesis, it will suffice to verify that

(a) if there is a 7 € Mg N Mj, then it will meet the condition 7 = max Mp;
(byif p e MpN My, v € Mg, and v < u, then v € M.

Indeed, (a)  which incidentally entails that [MpN M| < 1  will restrict the a priori
possible subscript pattern (1 | 2 | 3)* into the pattern (1 | 2)* [3], and (b) will further
restrict it into 1* 2* [3].

To prove (a), notice that if 7 € Mg N M5 then, for every u € Mp, one has UAL“) =
UBW CcJB® = A(;) and hence pp <7, by Lemma 7(2),(7).

To prove (b), assume that 4 € MgNM; and v € Mg, v < . Then, foranyp e B = A,
the former assumption yields |p(“)| < . Since p) C pW) we get |p(”)| < ¢. In conclusion,
for every p € B = A, one has |p(”)| < o and hence v € M. [ |

10. Proof of secondary claim- and assert-statements occurring inside im-
itate

Under the absurd hypothesis that one of Cy, A1, Ay, Az can be violated during the execution
of imitate, assume iy to be the value of ¢ corresponding to such violation and let ' be the
claim- or assert-statement where this event takes place. Take it for granted here that Cs,
and Cz never get violated, as explained in Sec.8.

It is easy to check that i cannot be 0. Indeed, when ¢ = 0, then y; = 0 and hence C;

is met, because |q’7]| = |q(“’7) =0 < p for all ¢; moreover yu; € My and A,, = 0 in this
case, and hence the statement Ay in revise; is fulfilled (only) by the function Al sending
to 0 every ¢ € P save the one, g, for which 0 € g(*), which has All(G) = Al (q) = {0} =
U7y = {Jowy.

Our goal, with the following series of lemmas, is to show that even by assuming ¢g # 0
one is led to contradiction whatever (' may be. A typical way of reaching contradiction
will be by showing that some ordinal g with u;,_1 < pu < p;, must belong to My UMy U Ms.

Another way, when 15 < £, will be by showing that ALf;O) = AL‘:”

would in fact contradict the coherence of the formative process (Cf Lemma 7(7)).

for some j < ig: this

Lemma 17. The ‘culprit’ statement C' cannot be the statement Ay .

Proof. Assuming w,, to be in My \ {0} and C; to be fulfilled for i = 0,... iy, we are to
prove that A; is met when ¢ = 4g. Let @ = u;,. Notice that C; implies

() UAl| = U All

0,...,79; and moreover

and, more specifically, |p(“'7) = |ﬁ[’7]| forall p € A, and @ =
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b) ‘q(ﬁ)ﬂ_@/}*(%‘(ﬁﬁ))‘ ‘a[ ol (A [10]) forall g P,
From (a) and (b) we get
PR < ] -5 07
= ‘“ *(A(nm)‘ —pep ‘q(m m.@/)*(A(g))‘
= |7 p@)hurm|.

Since 3 p |A(m(q)| < ‘.@/)*(A(Em) \ U P@|, it is obvious that a function {All(¢)},cp

exists such that ' R

o Alol [P]\ {0} is par‘rmon of a subset of /*( Aliol U P[io];
° ‘A o] ‘ = ‘A
Notice, mC,lden‘raHy7 ‘rha‘r the la,tter condition plainly implies |U A[io][P]| = |U A(m[PH >
0.

To ensure that also the rest of Ay can be met by Alol it will suffice to verify that
neither J A%L) e JP®E nor %T%O] e |J Plio] holds. B

On the one hand, in fact, if we make the absurd hypothesis that [ J A%L) € ¢(® for some
q, jhen UA(EE) e A (g) must hold for some j < ig, and hence UA(EE) = UAE::"), ie.
A%L) = Affjj), against Lemma 7(7).

On the other hand, if we make the absurd hypothesis that U%T%O] e U 13[’:0], then
U%T%O] € A['7](q) for suitable ¢ 6 P, j < iy, with Az = A}M‘ Heﬁce U/Z%O] = U%TEZ},
whence ALl — AH However A 7£ A “7 , and therefore Alio] #* AE’Z] should hold by (a),

1 I 4

which leads to a Con‘rradwhon [ ]

Lemma 18. The ‘culprit’ statement C' cannot be the statement As.

Proof. Assuming p,, to be in M3\ My, all claim- and assert-statements to be fulfilled

fore=10,...,ip — 1, and C; to hold when i = iy, we are to prove that Az is met when
= 1. Let @ = py,- Recall from TLemma 9 that if &°(A (_.)) C |J P then there is an
r € P such that |A | > 0. Accordingly, we may ignore the last requirement of Az in

what follows: in fact, after checking that a A exists fulfilling all other requirements in As,
if %*(A(E.)) cy P(°) then we can put,

X o= (AR U PRI\ U A[P]

A[M](p) = if p#r then A(p) else A(p)U X end if,

so that | JAlel[P] = %*(2%0]) \U Plio] and even the last requirement of Az will be met.
Case A: A, # Az holds for all v € My \ My \ M3 such that v < @. Then

and define

|77 (Al \ U P!

>2¢7 "> - |P|. (2)

in order to verify (2) it will suffice by Lemma 2(6)
to show that

UALI U (7 (AL ny Pty 20, (3)

Notice that we have
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CUU ici, 77A) = U ici, U77(A) = U ioy, UAY
Ap, = Ag Au = Az Au = Az

o if (Vi <o) (A, # Am)

n U A%] otherwise, with iy = max{i | i <ig A A, = Az} .

If A, # Ag for all i < ig, then (3) plainly holdq On the other hand, if A, = Az
holds f()r some i < g, then UA Lo} \U(/*( ) n | Plio] ) D U/Z%O] \U/Z[E“] To see
that UA%0 \UA%1 # (0, we notice that since @ ¢ M, there exists a p € Az such that
|p(m| > o, and therefore, by the first part of claim Cy, |f)\[’70]| > p. Since p;, € My, we
< o, and therefore, again by the first part of claim Cy, |p’7‘]| < o, so that

get ‘p(ﬂf”)
0 i o] 1] . . . .
0 # pliol \ pli] C U A \U AL, which in turn implies (3).

From (2), a A meeting all requirements in Az but the last obviously exists. Notice,
marginally, that the requirement in subPartitions that [ J A[P] differ from () can be fulfilled:
indeed, since |JAM[P] # 0, one cannot be forced to put A(g) = 0 for all g € P.

Case B: A, = Az holds for some v € My \ My \ M5 with v < . In order to see that,
a A exists meeting all requirements in Az but the last, we reason as follows.

Let 7 = pup, = max{n € Mo\ M\ Ms|n <@mAA,;,=Az}. Observe that the statement
A, is fulfilled for all i < i such that u;, = @ and p; € My \ My \ M3. In consequence of

this we have [ J A"l ¢ [ Plio] and
AR\ YPEI| > [ (ALl \ g Pl Y Al
1 + Z|q(.)|<g (¢@®\ ¢y N ( A(o)‘
t X s (o [ TIDEPE+ L)

|qn+1 |<Q

v

where we are using the notation
P(uv)={ge P1|¢W| >0 A ¢@nz" (AL £0 A g0 (AY)) = 0},
for u,v < & (the same notation will also be used in the next lemma).
Therefore a {0(q) },ep exists meeting the following conditions:

o UOP] C 7 (AP \ U Plil,
if p# g then d(p)Nd(g) =0, for p,q € P;
UAlT € a(g) & UA e A (g);
if |q(°)| < o, then
D) = @\ g 0 (A > (g ) (AL = [AD(g)];
if [g(*) g™ < 9 then [(g)] > o — |¢("+" \ >0 —|¢P|;
o if [gTHD| > 0, ¢ N 7% (AL)) £ 0, and q77+1)ﬂ /*( Y = @, then |9(qg)] > 1.

Notice that if |q(ﬁ+1)| < o then |d(q)] > |A | Tndeed7 if |q | < o then this
ensues immediately from the above; if |q(°)| >0 holds instead, then, since |A(m(q)| =
[T — [¢P ], we have |9(q)] >@f|a‘|—@f|ﬂ+‘ | +[AW(g)] > [AW(g)].

In addition, if [¢™)| > o, AT (g) # 0, and ¢ N7 (AT) = 0, then ¢In7"(AL) #
0 and ¢ 7+ N /)*( ( ) = 0. Thus, by the above Condmonq on {0(q)},ep, if ‘q(m'])‘ <o
then [0(q)] > o — |q(77+1 | > 1, else |0(q)| > 1.
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Finally, if |q(ﬁ+1)| > p and |q’7°]| < o, then |q(°)| > p and |q(ﬁ+1)| < |q(m| = |q’7°]| < 0,
so that |d(q)| > o — ‘q(m‘ —0— ‘qio]‘.
In conclusion, a partitioning function {A(q)},ep exists such that for all ¢ € P:
e Afg) € A(g);
o if [gT*D] < 0 v AP (g) = 0, then |A()] = |AP(g)
|glio]| > o, then [A(q)] > 1, else |A(q)] > o — |gl")];
. U%T%O] € Alg) & UA(E') € q®);
in agreement with what claimed by the first part of the statement As.
As in case A, choosing this A so that [JA[P] # 0 is unproblematic. ]

, else if ¢ N .@/)*(A(Em) =0 A

Lemma 19. The ‘culprit’ statement C' cannot be the statement A,.

Proof. Assuming p;, to be in My \ My \ Ms, all claim- and assert-statements to be
fulfilled for s = 0,...,i5 — 1, and C; to hold when ¢ = iy, we are to prove that A, is met
when ¢ = 2g. Let T = u;,. The following inequality will demonstrate crucial to our goal:

(AL \ | Plio]

T

>+ Y ‘(q(-) \q(m) A -’/)*(A(n.))‘

|q(.) |<Q

where, as before,
P(u,v) ={g € P1]g®| >0 A ¢ (A) £0 A ¢ a4 = 0},
for p,v < &.
We need to analyze the following two cases separately.
Case A: A, # Az holds for all v € My \ My \ M5 such that v < . By reasoning as in
“/)*(2%0]) \U 13[’70]‘ > p-|P|. Since each ¢ € P
contributes at most p units to the right-hand side of inequality (4), we plainly have

Case A of LLemma 18, we obtain at once

o 1Pl > S (@™ a3 (o [0 ®)) + Pl
la(9)]<e lat*[ > ¢
0| < o

which, together with the previous inequality, trivially yields (4).

Case B: A, = Az holds for some v € My \ My \ M3 with v < @. Tet 7= up, =
max{n € My\ My \ M3 | n <@ A A, = Az}. Observe that by the third conjunct of the
statement A, instantiated at step hg, we have

P (AU B > [ (AL \ Y P\ Y all[p)
> 1+ Yo, (q(°>\q(ﬁ+‘>)m:~/)*(Ag>)‘
RIS (0~ dT)) + [P+ 1.7)]

|q(ﬁ+1 | <o
22|40 <o (¢ \ ¢™)n -’/)*(A(p.))‘
+ X s, (e [dP) +IP@ml,

|q(ﬁ)| <p

\%
+

as desired.
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Thanks to (4), it will be possible to effect a partitioning {39(q)},ep of a subset of
S (A 70)\UP’° \{UA70 } so that, for all g € P:
o]f|q |<g,then|3q|:‘q \ ¢™) N (A (E))
o if [¢{*)] > g and |¢(™] < o, then |d(q)] > o — |¢'P |,

o if [¢9)] > 0, ¢ N2 (AL)) £ 0, and ¢ 0 27 (AT)) = 0, then |3(q)] > 1.

Consider now an arbitrary ¢ € P. If |q ) | < o, then |d(q)| > |A(m(q)|. Indeed,
if |q(°)| < o then |0(q)| = ‘(qm\q(ﬁ )n /*( ‘ |A | On the other hand, if
[0 > . then 2(q)] > 0 — [¢™] > [AP (g)].

In addition, if |q i | > p, then |(7(q)| > 0 — |(’7\[’70]|. Indeed, if |q’7°]| > p, then
|0(q)| > o0 — |q’° | holds trivially. On the other hand, if |q’7°]| < p then, by the first part
of claim Cq, |q’7°]| = |q(m| holds, so that |9(¢)| > o — |q(m| —0— |(’7\[’70]|.

Therefore it will be possible to effect a partitioning {A[io](r)},ﬂep so that forall g € P
o Alol(r)y C a(r),

o if |q ) | <oV AW ( ) = 0, then |A’0 )| = |A(m(q)|7 else if ¢(® ﬂ.@/)*(A(Em) =1

/\|q’°|29,then |A )|2],else|A’° q)|297|q’7°]|.

Notice that from the la‘r‘rer it follows also that [ JAII[P] £ 0. Indeed, since ﬁ 6 M,
a p € P exists such that A ()#@and either |p |<gor ()ﬂ/)*( )—@

1

holds. Tn the former case, if ‘p‘”'] ‘ < o, then ‘A’O ‘ = ‘A ‘ > 0; O‘rherwme
‘A[’:O](P ‘ ‘7’70 =0 ‘p ‘ > 0. In the latter case, namely if p( N /*( A ) =0,
then either |A’° | = |A | >0 or |A’° | > 1 holds.

Thus the first two conjuncts of the statement A, are satisfied by {A(q)},ep.
To see that even ‘rhe third conjunct of the statement A, is satisfied, we proceed as

Z(AED) U Pl > 14 Y, cpl0(g)] and [UAPIPI| =32, cp [AlR(g)],

follows. Since

we get,

7 AL\ PRI ABIPL > 14+ 3 (0(0)] - A (g))). (5)

qEP
Notice that,

o if |q(°)| < p then

0a)] — [Al) ()| =

o if ‘q(°)‘ > o and ‘q(m'])‘ < p then

0()]  [AF(g) = o(a)] - |aP(q)]
f ‘A(E)(q)‘

>0 ‘q(m

(m+1)
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o if |q(ﬁ+1)| >0 A q(O) m"/)*(A(n.)) 40 A q(E-H) ﬂ(“/)*(A(E)) — 0 then

(@)~ [aFg)] > 1.

Indeed, from ¢t N w/)*(AL ) = 0 it follows A (q) = 0, so that Aliol (q) = 0.
Thus it suffices to show that |0(¢)| > 1 holds. The latter inequality follows at once
by the third property of {3(q)},ep, if |q(m| > 0. On the other hand, if |q | < o,
then by the second property of {9(q)},ep we have |0(¢)| > 0 — ‘q ‘ > 0.

Therefore, by (5) and by the above considerations, we have

7 (Al Y Pl \ AP > 1 + 3o (q<->\q<n+1>)ﬂ¢*(A<E->)‘
+2 M%Z&<@4¢“”D+Hﬁ+hm,

|q(ﬁ+1 |< 0

which completes the verification of the statement A, in Case A. [ |

Lemma 20. The ‘culprit’ statement ' cannot be the claim Cy.

Proof. Tet 0 < ig < £. Assuming all claim- and assert-statements to be fulfilled for
t=0,...,70— 1, we are to prove that C; is met when ¢ = ig. Let @ = p;, and let 7= p;, 4.
First, assuming that |q 7) | < o, we are to show that |q’7° = |q 7) | Indeed, since both
facts 7 ¢ My and ¢(M C ¢ hold for every 77 such that 7 < 77 < i, we get AU (g) = 0)

f()i all such 5. Hence, recallmg that ¢(® U UU<77<M () (¢) by Lemma 7(3), we get
¢® = ¢ yuAF )( ), where the union is dls.]()mt. Since Cq holds when i =i — 1, we have
|(’7\[’7071]| = |q 7) |7 and thanks to whichever of A; Asz is encountered when 1 = i5 — 1, we
have ‘A fo—1] ‘ = ‘A ‘ Therefore
|’\[70 | _ |’\[70 1] UA?O 1 | _ |’\[70 1] |_|_ |A 10—1] q)| — |q(y)| ‘I‘ |A(U)(q)| _ |q(#«)|
Secondly, assuming that "\[70 ‘ < p, we want to prove that ‘q’o ‘ = ‘q ﬁ)‘_ In view of

what ]IHT seen, it is enough to show that |q | < p. Starting with the absurd hypothesis
that ‘q ‘ > p, we aim at a contradiction. Since "\[70 1] ‘ < ¢, and Cq holds when ¢ = ¢5—1,
we know that |q(7)| = |(’7\[’7°71]| < o, and hence the set
S (g, UP®) ={nIv<n<m A ¢ #q¢7}
is not empty. Lemma 8 then enables us to define 7 by the condition ﬁ—l— =
min § (7, o, q, P ), and we obviously have 7 < 5 < 7, ¢ = ¢, and A@(q) # 0, so
that 7 € My, and hence 7= 7.
l.et us show, by a similar argument, that |q(ﬁ+1)| > 0. Were it not so, then the set
ST+ 1L,ma,UP®) ={017+1<9<m A ¢ # ¢T3
would have a successor minimum element, 19—{—1 so that the conditions v < 7+ 1 < 9 < ,
q(79) = ¢t < p, and Al (# ( ) # 0 would be fulfilled, whence the absurdity @ € My would
follow.

By inspection of revisey, revise;, and revisez one sees that only two possibilities exist:
either |A[’7°*1](q)| = |A(ﬁ)(q)|7 or |A[’:°*1](q)| > 0 — |(’7\[’7°*1]|. However, they both lead
to the inequality ‘27\[770]‘ > o, conflicting with one of the current hypotheses. The former
alternative, in fact, would yield

] = [0 4 | A6 )| = ]+ A0 = |50 > o
while the latter would yield |'\[’0 | = |’\[’0 ]| | Alio=1] q)| > 0.
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In the third place, we are to derive a contradiction from the absurd hypothe-
sis that there are a ¢ € P and a B C P such that both (Vp € B)(‘p(m‘ < p)

and |q Nn"(B () 7£ ‘Zy\[io]ﬂid])*(ﬁ[io])‘ hold.  On the one hand, since clearly
(Vp e B)( |p v | < o) holds too, and since Cy is fulfilled when i = i5 — 1, we have that
|07 07 (BO)] = [t 0 (Bl 1)

; moreover, the equalities

‘ ® (B ‘_‘ <v>)m_¢*(3<m)‘
- \q (B <>)‘+‘(q<m\q<v>m,¢*(3<m)‘ (6)
_ ‘qm A _@/)*(B(v))‘ X ‘(qm) \ ¢ N 77 (B

1

obviously hold (cf. Lemma 7(5)). On the other hand we have

gl n (Bl ‘ ‘a[ Va7 (Bl | 4 Ao 1) (g) oz (Bl

(cf. Lemma 13 and Tlemma 7(4),(5)).

Observe now that |( \q @) ) Nn"(B B )| £ 0. Aqqummg the contrary, in fact, we
would get AP (q) N ?*(B®) = § and hence AP (¢) N 77*(B@)) = § (by Lemma 7(4)).
This would yield either B # Ay or A®)(g) = §. Tn either case, this implies Alo=(g) N
7 (B RBlio—1] 1) = 0 (in particular Aol (g) = ¢ in ‘rhela‘r‘rer case thanks to C3). Summing up,
through (6) and (7) we would easily get |q( Nn"(B | = |Gl n (B Rlio oh|, conflicting

with one of the current hypotheses.

(7)

Q_L

1

T (Bl )| 4| Al (g) 0 (Bl 1)

It therefore makes sense to consider the smallest ordinal in
S (@ q, 7 (BP)) ={nlv<n<a A ¢\ ¢") 3 7B},

which we also know from T.emma 8 to be a successor ordmal 7+ 1. Accordingly, we
will have 7 < 77 < @ and A (g) 3¢ 27(B# ), and hence A (g) # 0 follows. Clearly,
B = Ag.

It turns out that 77 = 7, because 77 € M. Indeed, from (Vp € B)(|p(m| < ), it follows
trivially that (Vp € Az)( ‘p ) ‘ < g and hence ﬁ e M.

Observe also that |q( Nn"(B | = |q )N P])*(B(m”. Assuming the contrary, in
fact, there would be a minimum ordinal, 94 1,in

ST+ 1,1q, 77 (BP)) = {917+ 1 < P <7 A ¢\ g 5 (B,

so that 7 < 74+ 1 < 9 < 7 would hold, and proceeding as above we would reach the absurd
conclusion that 9 € M.

Therefore (q(m \q(g)) N P])*(B(m) = A(U)(q) N P])*(B(m) holds, and hence, by (6) and
by the assumption that all assert- and claim-statements have been fulfilled till now, we
get,

(™ A (B \—‘%‘m/*( o= 1)| 4+ ]AD (g) 1 2 (BO).
Since B = Ay and (Vp € B) |p | < o), we plamly have 7 € M;, so that
‘A[’Toq](q)‘ = ‘A(U) ‘ Therefore ‘A(U) yn 7 (BOY] = ‘A”O g)n (B RBlio— 1])‘,
and hence |q( Nn"(B | = ‘A[’O] Nn*(B pliol ‘ which leads to a contradiction.

In the fourth (and laq‘r) place, we show that R
(Vge P)(YBC P)(¢™ 3¢ 77(BW) & ol s5e 7Bl ) ).



Thus, let ¢ € P and B C P be such that ¢(® 3¢ (B B )) Then the set
S (0, u,q,B_)—{77|0<77<,u A ¢ se (B}
is non-empty and therefore, by Lemma 8, it has a minimum of the form ﬁ—l— 1, with
0 <7 <@ BylLemma7(4),(5), Wehave ¢ )ﬂ 2*(BM) = and ™) n7* (B )7&@
Therefore, it plainly follows that A (g) # 0, so that 7 € M, and B = Az hold. TLet
0 < hg < ig be such that 1 = uyp,. By inspection of the procedures revisep, revisep, and
revises, it follows that the only possibilities for A[ho](q) are the following:

o [All(g)] = |AG)(g)];
o [Alel(g)] > 1;
° |A[h0](q)| >0 — |'\[h‘°]| provided that |’\[h‘°]| < p.

In any case we have Alol(g) £, whence gt 5¢ o7*(B [‘0])7 and therefore gl 5¢
27+ (Blioly.

Conversely, let us assume that gl 5¢ /)*(A[' 1), for ¢ € P and B C P, and let hg be
the smallest integer h quch that gl 02 (Blioly = ¢ and "+ n /*( o]y £ 0 both hold.
Plainly, 0 < hg < ig, Al ( )£ 0, and B = Ay, must hold too. Thus, from claim Cs, we

get immediately that A(#mo) + (0, so that g t1) 5¢ .@/)*(l?(“ho))7 which in turn implies
q(ﬁ) 3¢ w/)*(B(E)) ]

Remark 4. Notice that the third conjunct of claim Cy, which is
(Vge P)(¥BC P)(¢") 3e 7*(B") & §3e 7°(B) ), (8)

has only been exploited once, namely in the proof of Lemma 14(ii); and, in fact, we could
have spared even that single utilization, as already discussed within that very proof. We
chose to force (8), at the price of some complications in the procedures imitate, revisey,
and revises; our gain is that we have set the ground for further applications  postponed
to papers to come  of the formative process technique to the set-theoretic satisfiability
problem.

In addition to the properties of imitate discussed in Sections 7, 8, and 10, the fulfillment
of two new conditions (cf. (9) and (10) below) turns out to be of basic importance in order
to address the decidability problem for extensions of the fragment of set theory described
in Sec.3 with literals of the forms Finite(v), =Finite(v), and v = [ Jw.

Before we can state the new conditions, we need the following concepts. With any given
formative process Qpg = ({q(“)}qep)ﬂg7 we can associate a sequence Go, . = (G(M))ugf
of labelled directed graphs defined in the following way:

nodes(G)) = 2(P),
edges(GW) = {[A,p,B]1 A,BC PApe BApW se 77 (AW,
for p < & (notice that [A, p, B] denotes the edge [A, B] with label p).

Observe that the sequence ggpf is monotone non-decreasing. let Skel(ggpf) denote
the longest monotone increasing subsequence of Go, .

Next, let @p’g = ({Z]\['j]}qep)]‘<( be a weak formative process generated by the procedure
imitate in correspondence of an input formative process ({q(ﬂ)}qep)ﬂgg and let géw =

((A;[j])jg be its associated graph sequence.
Then it can be shown that thanks to (8) the following two conditions are met:

skel(Gope) = shel(Gg , ), (9)
GUl =) for0 << U (10)



— =
procedure revises( p, ~ );

A=Ay
A, : assert
(H{A(P)}pep) ( subPartitions( A, A ) A Uﬁ ¢ |JA[P] A
(Vge P)g
if [gFD] <o v A )(q) —  then
1A(g)] = [AW(q)|
else
|A(g)| > o — 4]
end if ) A
f*(A)\UP\UA[P]‘ > 1+
+3 . ep N N (A |+Z7’GP (o — |1
< 9] >

|T(M+1)| <o
);
pick one such A; return A;
end revisej;

procedure revisey( p, " );
A=Ay
Az : assert
(H{A(p)}pep) ( subPartitions( A,
(VgeP) (UAEA( )
if [qlnt! |<g\/A g
|A(g)] = [A1(g)

4)n
U g ) A
0t

—
)=
(9)]

else
|A(g)] > 0 — 4]
end if ) A
(77 (A@) cUPY = JA[PI= 7" (H\UP)
pick o)r;e such A; return A;
end revisej;

Table 1: Simplified variants of revise, and revises

If one is not interested in properties (9) and (10) above, as is the case when one wants to
take into account only the application to the decision problem for Boolean combinations
of literals of type (1), cf. Sec.3, then the following simplifications can be made to the

procedure imitate:

e define My as theset {ulp<&A(Fqge P)( |q(“)| <oANAW(g) £0) )
e eliminate the conjunct (8) from claim Cy;

e replace reviser and revisez by the procedures revise, and revise; shown in Table 1.
O

11. The set satisfiability decision problem again

We address here the satisfiability problem for unquantified set formulae ¢ involving the
unary operator & | the binary operators N, \,U, and finite enumerations {_,...,_}, with



their usual meaning. By way of first approximation, what we want to determine for any
given formula ¢ in the said constructs is whether ¢ is satisfiable or not. More demandingly,
we want an algorithm that given ¢ either finds a set-valued assignment making ¢ true or
establishes that no such assignment exists. By means of simple normalization techniques
described in [7], pp.96 99, this problem can be reduced to the satisfaction problem for
finite collections K of literals of the forms (}) listed in Sec.3.

Example 4. Tn order to establish that the formulae

1. X CY = (X)) CFY),

2. X e (X)),

3. (XNnY)CX(X)nF(Y),

4. X ePVI)ANVeXsVeY
are valid, we deny each of them obtaining

. XCYANZXX)ZLAY),

2. X ¢ (X)),

F.A2(XNY)ZL A(X)NAY),

Y. XePYINVEXANVEY;
then we normalize each of them, obtaining

" XCYANV=L(X)AW=LV)ANVIW,

2"V =L(X)ANX ¢V,

T =XNYANT=XLNANV=L(X)AW=LV)AS=VNWAT{ZS,
A" W=LNYINXeEWAVEXAV EY.

By the decision algorithm we are about to introduce, one can show that none of 17, 2”,

3”7, and 4" is satisfiable, thereby proving that 1,2,3 and 4 are indeed valid. O

The following reflection lemma, announced in Sec.3 after Def .8, clarifies the importance
of L-simulations with respect to the satisfiability problem for the fragment of set theory
we are interested in.

Lemma 21. Consider a set-valued assignment M € { sets }¥ defined on a collection X
of variables, together with the Venn partition 3 of the set M.

Moreover, let S and B be a partition and a bijection such that S L-simulates 3 via 0,
and let M'(v) = | B[S(v)], where S is the function S € ()Y such that M(v) = U S(v)
holds for every v in X.

Then, for every literal which has one of the forms (1) listed in Sec.3 but is not of the
form v ={wy,...,wg} with H > L, and whose variables are drawn from X, the following
conditions are fulfilled:

o if the literal is satisfied by M, then it is satisfied by M’ too;
e if the literal is satisfied by M’, and does not involve & or the construct {_,...,_},
then it is satisfied by M too.
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Proof. Our thesis can be recast as follows. For wu, v, w, and w;s in X', the following
conditions hold:

(M US) R US(w) iff UB[S(0)] R UB[S(w)], for Rin {=, €, C};

= US(u) = US(w) iff UB[S(v)] = UBIS(H)] » UpB[S(w)], for x in
{0\, U US(0) = 0 i U BIS(0)] = 0

(3) i US () = 2(US(w)), then U B[S ()] = (U AIS (0)):

4)if0o< H<Land JSw)={US(un),....,US(ws) },
then U AIS ()] = {UAS (), -, U SIS ()] ).

While (3), (4), and (1)¢ readily follow from Def.8, the proofs of remaining bi-implications
rest on the remarks that

e the function T' — pS[I'] from (X)) to %(i) is a bijection fulfilling S[0] = @ and
BT = Ty] = B[] * B['2], for all T'y,T'y C ¥ and = in {N,\,U}, as a consequence of
o — [(o) being a bijection from ¥ to i;

e all subsets I, 1"y, 'y of a partition fulfill the following bi-implications, for each x in
(MUY T =Ty %Dy iff UT = Ty £ T, Ty C Ty iff JTy CUTs, T = 0iff T = 0.
Thus, to make an example, M(v) = M(u) \ M(w) iff JS(v) = US(u) \ US(w)

iff S(v) = S(u) \ S(w) iff G[S(v)] = BI[S(u) \ S(w)] iff p[S(0)] = B[S(u)]\ B[S(w)] iff

UBIS(w)] = UB[S(u)]\ U LS (w)] iff M(v) = M'(u)\ M’(w). Or, to make another,

M(v) € M(w) iff US(w) C US(w) iff S(v) \ S(w) = 0 iff [S(0) \ S(w)] = 0 iff

BIS()]\ B[S (w)] = 0 iff B[S (v)] C B[S (w)] iff M (v) C M (w). ]

Let K be a non-empty finite collection of literals of the form () and let
Hyx = max({H | K contains a literal of the form v = {wq,wy,...,wry} } U{0}).

Let Xx be the collection of variables occurring in K and let m = |Xx|. Let us assume
that K is satisfiable in a model of Zermelo-Fraenkel set theory and let M € { sets }** be
a set-valued assignment defined on X and satisfying all literals in K.

Notice that K cannot contain any literal of type v = {wq, w1, ..., wg}, with v appearing
in the list of variables wq, wq, ..., wg, since by the foundation axiom all such literals are
unsatisfiable. Additionally, notice that a literal of type v = {wq, w1, ..., wg} is satisfied
by M if and only if the corresponding literal v = {w; , w;,,...,w;_,}, where the list
Wi, Wiy .-, W;, is obtained from wg,w,...,wy by dropping multiple occurrences of
variables, is satisfied by M. Therefore, under the hypothesis that M satisfies K, it is not
restrictive to assume that for any literal of type v = {wqg, wy, ..., wg} in K

e v does not occur among wq, w1, . . ., WH,
e no variable has multiple occurrences in the list wq, wy, ..., w,

so that we may assume that Hg < [Xx| = m.
By Thm.2, there exists a transitive partition Y such that

e for every x € M[Xx] there is a I', C Y such that 2 = [JT,;

o S| < 2MIXKl < 9l¥i] = 9m,



Let P be any set of cardinality |Xx| and let ({q('u)}qep>“<£ be a formative process of

Yk, whose existence is ensured by Corollary 1. B
By Temma 12, there exists a strong formative process ({(’]\[M]}qep)igg for a transitive

partition S which Hi-simulates Y via a suitable § and is such that

o~

k3 < max ([Flog |PIT+5], He+1) P21 43

[22m + 5] 227+™ 4 3,

24

VANIVAN

since |P| < 27 and Hx < m.

Hence, by putting ./T/l\(v) = UB[S(v)], where S is the function & € (X )% such that
M(v) = JS(v) holds for every v in Xk, we get from Lemma 21 that M satisfies K. From
the definition of M\, we also get ./T/l\(v) C Ui, for every v in X. Therefore, since S is

finite, we obtain
25

24

rk M[Xc] < rk S < [ m + 5} 22" Hm 13,

The preceding discussion plainly entails the following result.

Theorem 3 ([4]) Let K be a non-empty finite collection of literals of type (1) and let X
be the collection of variables occurring in K. If K is satisfiable, then K is satisfied by a
set-valued assignment M such that

25
24

rk M[Xx] < [ m + 5} 227 Hm 13,

where m = |Xx|.
Hence, the satisfiability problem for the fragment of set theory consisting of propositional
combinations of literals of the form (7) is decidable. [

12. Conclusions

We believe we have made simpler with the new approach, and hence easier to broaden, the
result on the decidability of multilevel syllogistic extended with powerset and singleton
operators. On the basis of our current research, we are confident that in forthcoming
papers we can enrich the decidable fragment of set theory discussed above with either
e literals of the forms Finite(v), —Finite(v), stating that the cardinality of v is finite and
infinite respectively; or
e unionset-literals, of the form v = Jw.
Our expectation that the Finite predicate and the operator | can be treated together (along
with all other set operators discussed in this paper), although reasonably high, does not
rest on any deep investigation so far. The treatment of literals v = u X w referring to
Cartesian product still seems to lie beyond the current techniques (and in fact, as far as
we know, it might lead to undecidable fragments, cf. [5]); anyhow, we expect that the
study of Cartesian product will benefit from the systematic study of formative processes
undertaken in this paper.

We do not have, as yet, a presentation of the satisfaction algorithms for the powerset
operator in terms of semantic tableaux, and view this as a necessary future step in sight
of any sensible implementation.

Another goal we have in mind is to adapt the decidability results on the powerset
operator &’ to a theory of sets where membership is not assumed to be well-founded,



or perhaps is subject to Aczel’s anti-foundation axiom [18]. A decision algorithm of this
kind would find applications in the automation of modal logics, along the lines indicated
in [11, 1].

Notice that approaching the satisfiability decision problem in semantic terms, as we
have done in this paper for &7, presupposes a clear knowledge of the universe V of all sets.
It is likely that such knowledge cannot be based on intuition alone, but needs the support
of an axiomatic view of sets. The whole book [7] on decidable fragments of set theory
was developed in apparently naive semantic terms, without any explicit mention of the
axioms involved, but this does not conflict with the axiomatic approach: for each collection
of formulae whose decision problem was solved positively, one could in fact single out a
certain number of the Zermelo-Fraenkel axioms that fully account for the correctness of
the decision algorithm. Here we are in debt with the reader of an analytic account of the
axioms involved in the satisfaction algorithm concerning &: the following two examples,
due to C. Piazza,® show that this kind of study may lead to surprises.

Examples 5. (1) To prove that X # Z°(X), one may simply observe that X € (X))
whereas X ¢ X by the well-foundedness of €. The same conclusion can be reached
without recourse to foundation, anyhow, through the separation axiom. The latter
enables us to build the set S = {v € X | v ¢ v}, which plainly fulfills S € (X)),
and (Yo € 9)(v ¢ v) and hence S ¢ S. Moreover we have that

(~AM (S e P(TYNSET ANTeAPX)N NVoveT)(vdw)),
by the extensionality axiom. If we make the absurd hypothesis that X = (X))
and put T = S U{S}, then clearly S € Z(T); moreover, since S ¢ S, we have
S = T, in addition, T € Z(X) holds, because S € (X)) and S € X follows from
S e X(X)= X:finally, (Vv e T)(v ¢ v) holds, which leads to a contradiction.

(2) Proving that X # Z°(X \ {X}) would again be a trivial task under the foundation
axiom, which yields X \ {X} = X. In the absence of foundation, two cases must,
be considered. Case X € X: assuming X = (X \ {X}), we get (Vv € X)(v €
X\ {X}) and in particular X € X \ {X}, whence the contradiction X # X. Case
X ¢ X:assuming X = (X \ {X}), weget X ¢ (X \ {X}), hence (Fv e X)(v¢
X VvV v=X), and therefore (3v € X)(v ¢ X), which is a contradiction. |
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