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AbstractA mathematical model that describes the time evolution of the DNA-BrdUrd distribution, asmeasured in experimental tumours after labelling with BrdUrd, is proposed in this paper. Cell-to-cell heterogeneity within the tumour of the rate of progression across cell cycle phases istaken into account, and a strict correlation between the durations of S and G2M phases isassumed. The model relates observable quantities to the parameters that characterize the cellpopulation kinetics (such as the potential doubling time, Tpot), and appears thus to be suitablefor parameter estimation. Simulations that illustrate the dependence of model response on thekinetic parameters are presented.Key words: Cell kinetics, age-structured populations, DNA-BrdUrd 
ow cytometry, solid tu-mours.





3.1. IntroductionThe kinetics of proliferating cells both in cultures and in experimental tumours is usually inves-tigated by labelling a cohort of cells and observing the time evolution of well de�ned subpop-ulations of labelled cells. We recall here that proliferating cells move along a cycle composedby four phases called G1, S (the phase of DNA replication), G2, and M (the phase of mitosis).An early method largely used for the study of cell kinetics was based on the incorporation of3H-thymidine into S phase cells, followed by autoradiography. This method, which is ratherlaborious and involves a radioactive compound, is currently replaced by the technique basedon the incorporation of the label bromodeoxyuridine (BrdUrd) (Dolbeare et al., 1995) and 
owcytometry. Because BrdUrd is an halogenated analogue of thymidine, if cells are surroundedby a medium containing BrdUrd the cells in active DNA synthesis incorporate BrdUrd into thenewly synthesized DNA and become thus labelled.We give a short description of the in vivo pulse labelling procedure used for the study ofexperimental tumours. A bolus of BrdUrd is delivered to identical animals bearing a tumourimplanted under the same condition. At di�erent times after the injection, the animals aresacri�ed and serial specimens of the tumour are obtained. The tissue of each specimen isdisaggregated to have a cell suspension, the collected cells are permeabilized, and cell DNA ispartially denatured to expose the incorporated BrdUrd molecules. The cells are reacted with ananti-BrdUrd monoclonal antibody directly or indirectly labelled with 
uorescein isothiocyanate(FITC, that emits green 
uorescence), and DNA is stained with a DNA-speci�c dye, typicallypropidium iodide (PI, that emits red 
uorescence). A sample of the dual-stained cells (10,000to 30,000 cells) is �nally processed by a 
ow cytometer. In this instrument the cells are forcedto 
ow in a single �le under a laser beam that excites the 
uorescences, and the measurementsof the intensities of green and red 
uorescence of each cell are accumulated to form a bivariateDNA-BrdUrd histogram. In this way, a time sequence of DNA-BrdUrd histograms showing thetime evolution of the subpopulations of labelled and unlabelled cells is obtained.Mathematical expressions for quantities related to the evolution of DNA-BrdUrd histogramshave been derived assuming that there is no cell-to-cell variability of transit times in S and G2Mphases (White and Meistrich, 1986; White et al., 1990; Bertuzzi et al., 1997). This assumption,that appears to be reasonable for cell cultures, is no longer adequate when data from in vivoexperimental tumours have to be analyzed. An essential aspect of cell proliferation in tumours isindeed its heterogeneity, the proliferating cells exhibiting a large variability of the cell cycle phasetransit times and then of the cycle time. This proliferative heterogeneity has been related to thepresence of subpopulations that are di�erent on genetic basis as well as to the di�erent conditionsof nutrition and oxygenation of the cells within the tumour. Mathematical and simulation modelsthat predict the evolution of DNA-BrdUrd distributions assuming independently distributedphase transit times have been developed by Yanagisawa et al. (1985), Ubezio (1990), and Baischet al. (1995).In the present paper we propose a mathematical model that assumes cell-to-cell variabilityof phase transit times and a strict correlation between the durations of S and G2M phases.This feature of the model is in accordance with the view that cells display di�erent rates ofprogression across the cycle because of the di�erent microenvironmental conditions experiencedby the cells. Thus, a slow cell exhibiting a long S phase is likely to have a long G2M phase.No speci�c assumption on the progression in G1 phase is required if data are analyzed at time-points at which cells born by division of labelled cells have not yet entered S phase. The model,relating observable quantities to few parameters that characterize the cell kinetics, would allow



4.their estimation from experimental data through a best �tting procedure. The estimation ofparameters of cell kinetics in tumours is an important step for assessing therapeutic regimensdesigned on the basis of optimal control theory (Swierniak et al., 1996).2. The cell population modelWe consider the cell population as composed by a compartment of cells in G1 phase or in aquiescent state with the same DNA content of cells in G1 (compartment 1) and by cells in Sand G2M phases (compartment 2). We assume that there is cell-to-cell variability of transittimes in both compartments. More speci�cally, cells display di�erent rates of progression acrossthe cycle and we assume that transition of cells to di�erent progression rates only can occurat mitosis or before the entry into S phase. Transitions to di�erent progression rates are to bepostulated to make it possible the asynchronous exponential growth (AEG) of the population,preventing the fastest cells to prevail in the growth. Therefore we take the view of compartment2 as subdivided in subpopulations each characterized by the time T required by cells to progressfrom the entry in S to mitosis. For brevity, we say that a cell of compartment 2 is of class T if itbelongs to such a subpopulation. Moreover, all cells of class T have a transit time in S, TS(T ),that is a deterministic function of T . Similarly for the transit time in G2M, TG2M (T ), beingT = TS(T )+TG2M (T ). We do not consider cells possibly arrested in S or G2M, however thesecells are to some degree represented by the slowest cells in these phases. Although cells havingslower progression rates are likely to be more a�ected by death, according to the hypothesisthat slower progression is related to worse microenvironment conditions, for simplicity and forkeeping small the number of parameters we will take a common rate constant � of cell loss inthe population. The cell population is assumed to be in the AEG condition.Considering T as a continuous variable with values from Tmin to Tmax, the population of cellsin S and G2M phases can be described by a density function n(a; t; T ), such that n(a; t; T )dadTis the number of cells with age between a and a+da at time t in the subpopulation requiringa time between T and T+dT to traverse S+G2M. The age a is counted from cell entry into Sphase and thus a2 [0; T ]. According to the above assumptions, n(a; t; T ) satis�es the continuityequation @@tn(a; t; T ) + @@an(a; t; T ) = ��n(a; t; T ) ; a 2 (0; T ) (1)n(0; t; T ) = g1(t; T ) ; (2)where g1(t; T )dT is the number of cells that enter the subpopulations of classes between T andT+dT in the unit time at time t.Let a1 be the cell age in compartment 1. We can de�ne the density n1(a1; t; T ), such thatn1(a1; t; T )da1dT is the number of cells with age between a1 and a1+da1, generated by cells thathave completed S+G2M phases in a time between T and T+dT . If T1min is the minimal timerequired by cells to progress from mitosis to the entry in S, for ages a1<T1min the continuityequation for n1 can be written without specifying the law of exit from compartment 1, obtaining@@tn1(a1; t; T ) + @@a1 n1(a1; t; T ) = ��n1(a1; t; T ) ; a1 2 (0; T1min) (3)n1(0; t; T ) = 2n(T; t; T ) : (4)



5.In the AEG condition, it is n(a; t; T ) = �n(a; T )e�t and g1(t; T ) = �g1(T )e�t, where � denotesthe growth rate constant of the population, so it it easily seen thatn(a; t; T ) = �g1(T )e��ae�t (5)with �=�+�. The mitotic rate density g(t; T ), i.e. the density with respect to T of the numberof cells that undergo division in the unit time at time t, is given byg(t; T ) = n(T; t; T ) = �g1(T )e��T e�t : (6)By de�ning in the population in asynchronous exponential growth the frequency function pT ofT as pT (T )=g(t; T )= R g(t; T ) dT , we havepT (T ) = �g1(T )e��TR TmaxTmin �g1(T )e��T dT : (7)Similarly, from (3) and (4) it can be easily seen thatn1(a1; t; T ) = 2�g1(T )e��T e��a1e�t (8)The balance equation for the total number of cells of the population, N , can be written as_N(t) = Z TmaxTmin g(t; T ) dT � �N(t) : (9)In asynchronous exponential growth it is N(t)= �Ne�t and thus from Eqs. (6) and (9) we have thefollowing expression for the rate constant of cell production Kp, de�ned as the ratio between thenumber of cells that undergo division in the unit time and the number of cells of the population(Steel, 1977): Kp = 1�N Z TmaxTmin �g1(T )e��T dT = � : (10)The rate constant of cell production de�nes the so-called potential doubling time of the cellpopulation, Tpot=ln2=Kp (Steel, 1977). From Eqs. (7) and (10) we have�g1(T )�N = �pT (T )e�T : (11)Thus the fractional density of cells in S+G2M, �(a; T )=n(a; t; T )=N(t), is given by�(a; T ) = �pT (T )e�T e��a ; (12)and the fractional density �1(a1; T )=n1(a1; t; T )=N(t) is given by�1(a1; T ) = 2�pT (T )e��a1 ; a1 2 [0; T1min] : (13)Although the cell age density in compartment 1 is not completely described, the previousequations allow us to express the fraction f1 of cells in compartment 1 in terms of � and of the



6.distribution of T . Denoting by N1(t) the number of cells in compartment 1, we can write thefollowing balance equation_N1(t) = 2Z TmaxTmin g(t; T ) dT � Z TmaxTmin g1(t; T ) dT � �N1(t) : (14)In the asynchronous exponential growth, recalling that N1(t)=f1N(t), we have�f1 = 2�N Z TmaxTmin �g1(T )e��T dT � 1�N Z TmaxTmin �g1(T ) dT : (15)By expressing �g1(T ) in terms of pT (T ) by means of (7), it follows�f1 = 1�N Z TmaxTmin �g1(T )e��T dT�2� Z TmaxTmin pT (T )e�T dT� ; (16)and taking into account Eq. (10) we obtainf1 = 2� Z TmaxTmin pT (T )e�T dT : (17)Similar expressions for the fractions in S and G2M can be written by integrating the density�(a; T ) between suitable limits.Remark 1. The preceding equations can easily be extended to the case in which the rateconstant of cell loss from compartment 1, �1, is di�erent from the rate constant �2 of cell lossfrom compartment 2. Di�erent values for �1 and �2 could be related to the presence of a largeamount of quiescent cells in compartment 1. Following the same lines as above, Eqs. (10), (13),and (17) become respectively Kp = �+ �2(1� f1) + �1f1 ; (18)�1(a1; T ) = 2KppT (T )e��1a1 ; a1 2 [0; T1min] ; (19)where �1=�+�1, and f1 = Kp�1 (2� Z TmaxTmin pT (T )e�2T dT ) ; (20)where �2=�+�2.Remark 2. The theory of this section does not provide a dynamic model for the evolution ofthe cell population, since the rate of exit from compartment 1 is not prescribed and thus thegrowth rate � cannot be calculated. The equations given describe the age structure in AEG ofthe cell subpopulations that determine the evolution of the quantities measured in a labellingexperiment within a time horizon not too large (as it will be speci�ed in the next section).



7.3. BrdUrd labellingAfter the BrdUrd injection into the animal bearing the tumour (the injection be delivered attime t=0), the label concentration in the 
uids surrounding tumour cells changes with the timeand eventually decreases exponentially. Although some experimental evidences suggest thatthe concentration decay is rapid, so that the labelling is often considered as a true impulsivelabelling, we will take into account for more generality a continuous labelling in conditions ofvariable concentration of the label. Recalling that a cell having age a in S+G2M at time t hasentered S phase at time t�a, we can write for the amount b(a; t; T ) of BrdUrd incorporated attime t in the DNA of a cell of class T having age a, the following equation:b(a; t; T ) = Z tt�a �(s+ a� t; s; T ) ds ; (21)where �(a; t; T ) is the rate at which BrdUrd is incorporated into a cell of class T with age a attime t.Since the BrdUrd molecules rapidly traverse the cell membrane, we assume that � is a functionof the extracellular BrdUrd concentration c(t) and of the DNA synthesis rate (amount of DNAsynthesized in the unit time). Experimental in vitro data (Kriss and Revesz, 1961) have showna saturable behaviour of the amount of incorporated BrdUrd with respect to the extracellularBrdUrd concentration. Because the initial value of the BrdUrd concentration in mice could begreater than the saturating concentration, we assume for � the following expression�(a; t; T ) = q v(a; T ) c(t)�c+ c(t) (22)where v(a; T ) is the rate of DNA synthesis of a cell of class T with age a, and q and �c areconstants depending on cellular parameters. Note that c(t) is equal to 0 for t<0.Let the DNA content of cells in G1 and G2M be equal to 1 and 2, respectively. We assumethat cells characterized by di�erent values of T have DNA synthesis rates that exhibit the samepattern across S phase. We have chosen for v(a; T ) the following expression which allows torepresent increasing or decreasing rates:v(a; T ) = 8<: 1TS(T ) � kTS(T )2 (TS(T )� 2a) ; 0 � a � TS(T )0 TS(T ) < a � T (23)with k2(�1; 1) (Bertuzzi et al., 1995). If the DNA synthesis rate were constant across S phase,v(a; T ) would be equal to 1=TS(T ) for a2 [0; TS(T )].For times larger than the minimum duration of G2M phase, division of labelled cells occursand a subpopulation of labelled divided cells arises. The amount b1 of BrdUrd present in a cellof compartment 1 of age a1 at time t, generated by a cell of class T , is then given byb1(a1; t; T ) = 12 b(T; t� a1; T ) : (24)Note that it is b1 = 0 if t�a1 < TG2M (T ). Therefore the fraction f l1(t) of labelled cells incompartment 1 at time t is equal tof l1(t) = Z TmaxTmin Z max[0;t�TG2M (T )]0 �1(a1; T ) da1dT (25)for 0� t� T1min+min(TG2M (T )). This limitation is required since �1 is de�ned by Eq. (13) onlyfor a1�T1min.



8.4. Time course of the DNA-BrdUrd 
uorescence distributionLet y be the intensity of red (PI) 
uorescence of a cell measured by the 
ow cytometer. Thequantity y depends on the amount of 
uorochrome bound to DNA, and then on the DNA contentof the cell. Let z be the measured intensity of green (FITC) 
uorescence, related to the amountof BrdUrd incorporated into the cell. Because of various instrumental and staining sources ofvariability, the values of y and z of cells having equal DNA content x and BrdUrd content b willbe di�erent, and it appears reasonable to consider y and z as two independent random variables.The dispersion of the measured values can be represented by de�ning a conditional probabilitydensity function (pdf) Py(yjx) for the red 
uorescence intensity y of a cell with DNA content x(x2 [1; 2]), and a conditional pdf Pz(zjb; x) for the green 
uorescence z of a cell with BrdUrdcontent b and DNA content x. The pdf Py(yjx) has been assumed as usual of the form:Py(yjx) = 1p2��y(x) exp ��(y �m(x))22�y(x)2 �; (26)i.e. as a gaussian distribution with mean m(x) and standard deviation (SD) �y(x). The
uorescence mean is approximately proportional to x and a more accurate representation ism(x)=y1+(y2�y1)(x�1), where y1 and y2 are the mean red 
uorescences of G1 and G2M cells,respectively. Since the SD of PI 
uorescence increases with the DNA content and the coe�cientof variation is sometimes not constant, we have assumed �y(x)=�1xr, with r� 0, where �1 isthe SD of the 
uorescence of cells having x=1. A similar probability density can be de�ned forz: Pz(zjb; x) = 1p2��z(b; x) exp ��(z � d(x)� hb)22�z(b; x)2 �; (27)where the mean value of z is given by the sum of the contribution due to incorporated BrdUrd, hb(h being a constant depending on the experimental procedure), and of an aspeci�c contributiondue to cell auto
uorescence. Since the auto
uorescence appears to increase with cell mass, andso with the position of the cell in the cycle, we have assumed d(x)= z1+(z2�z1)(x�1), wherez1 and z2 are the mean green 
uorescences of unlabelled cells in G1 and G2M, respectively. Forthe SD of green 
uorescence we have simply assumed a constant coe�cient of variation CVz , soit is �z(b; x)=CVz(d(x)+hb).Denoting by �(y; z; t) the joint pdf of y and z at time t, we have�(y; z; t) = �ul1 (y; z; t) + �l1(y; z; t) + �2(y; z; t) (28)where �ul1 and �l1 are the contributions of unlabelled (b1=0) and, respectively, labelled (b1>0)cells in compartment 1, and �2 is the contribution of cells in compartment 2. Thus we can write,for 0� t�T1min+min(TG2M (T )), the following equations:�ul1 (y; z; t) = Py(yj1)Pz(zj0; 1)(f1 � f l1(t)) (29)�l1(y; z; t) = Py(yj1)Z TmaxTmin Z max[0;t�TG2M (T )]0 Pz(zjb1(a1; t; T ); 1)�1(a1; T ) da1dT (30)�2(y; z; t) = Z TmaxTmin Z T0 Py(yjx(a; T ))Pz(zjb(a; t; T ); x(a; T ))�(a; T ) dadT (31)



9.where f1 and f l1(t) are given by Eqs. (17) and (25), b(a; t; T ) and b1(a; t; T ) are given by Eqs. (21)and (24), and according to Eq. (23) the DNA content x(a; T ) of a cell of class T with age a isgiven by x(a; T ) = 8<: 1 + aTS(T ) � kTS(T )2 (a(TS(T )� a)) ; 0 � a � TS(T )2 TS(T ) < a � T : (32)We note that the distribution of green 
uorescence z for a given value of y depends, in thepresent model, both on the instrumental and staining sources of variability and on the presenceof cells that have di�erent BrdUrd content because of the di�erent rates of progression across Sphase.In an experimental DNA-BrdUrd histogram, the cells are identi�ed as labelled (or positivewith respect to BrdUrd) if the measured intensity of green 
uorescence exceeds a threshold value�xed by the experimenter according to the level of auto
uorescence. With a similar gating onthe red 
uorescence, the labelled cells are in practice identi�ed as labelled undivided and labelleddivided, and the fractions of these cells are actually measured. The distribution �(y; z; t) allowsus to predict the measured fractions and their time evolution after using the above thresholds tointegrate the theoretical distribution. Let �z be the threshold value of the green 
uorescence and�y be the threshold value of the red 
uorescence that separates the undivided from the dividedcells. The measured fraction of labelled undivided cells, f+ud(t), is given byf+ud(t) = Z 1�y Z 1�z �(y; z; t) dzdy ; (33)and the measured fraction of labelled divided cells, f+d (t), is given byf+d (t) = Z �yymin Z 1�z �(y; z; t) dzdy ; (34)where ymin < y1 is a reasonable lower limit for the red 
uorescence intensity of viable cells.When labelled divided cells are not present, �y is set to ymin. We observe that, in a conditionof impulsive labelling or of \ideal" continuous labelling (i.e., all cells entering S phase are im-mediately detectable as labelled), the above fractions are well approximated by their theoreticalvalues that can be obtained from the cell population model, and that are related by a rathersimple equation expressing the conservation of labelled cells at division. Equations (33) and(34) encompass instead more general situations in which label concentration is decreasing withtime and thus the consideration of a detectability threshold becomes relevant. Another usefulquantity is the relative movement RM of labelled undivided cells at time t, de�ned as the in-crement of the mean red 
uorescence of positive undivided cells with respect to the mean red
uorescence of G1 cells (Begg et al., 1985). The relative movement can be computed asRM(t) = 1y2 � y1� 1f+ud(t) Z 1�y Z 1�z y�(y; z; t) dzdy� y1� : (35)More detailed information can be obtained from the experimental data, for instance the dis-tribution of positive cells with respect to the intensity of red 
uorescence, and the mean green
uorescence of positive cells as a function of red 
uorescence intensity. The fractional densityof positive undivided cells with respect to y, p+ud(y; t), can be computed asp+ud(y; t) = Z 1�z �(y; z; t) dz ; y > �y (36)



10.and the mean green 
uorescence of positive undivided cells as a function of y, hzi+ud(y; t), ashzi+ud(y; t) = R1�z z�(y; z; t) dzp+ud(y; t) ; y > �y : (37)The above functions of time, that represent observable quantities and are the outputs of themodel, depend on the parameters and functions that characterize the kinetics of the tumour cellpopulation and the process of labelling and measurement. In order to have a parametric iden-ti�cation problem, we have chosen to represent the BrdUrd concentration c(t) by a decreasingexponential function with time constant �c(t) = c0e�t=� ; (38)and the distribution pT (T ) by the expressionpT (T ) = "(1� e�")(Tmax � Tmin) exp ��" T � TminTmax � Tmin � ; (39)for Tmin � T � Tmax and by zero elsewhere. This form permits skewed distributions and auniform distribution as "! 0. Concerning the function TS(T ), we have chosen for simplicityTS(T ) = 
T , 
 2 (0; 1), so the durations of phases S and G2M are uniformly a�ected by thelengthening of T . Thus the outputs will depend on the following tumor kinetic parameters: �(or, equivalently, Tpot as usual in the biological literature), Tmin, Tmax, ", 
, k, and on thefollowing parameters of labelling and measurement: � , the ratio �c=c0, the product hq, z1, z2,�1, r, CVz .We note that the parameters z1, z2, �1, r, and CVz can be estimated from the bivariatehistogram using the software currently available with the 
ow cytometer. For this purpose, ahistogram measured immediately after the BrdUrd administration is particularly useful, becausethe subpopulations of unlabelled cells with DNA content equal to 1 and 2 can be easily recog-nized. A value to the ratio �c=c0 can be assigned assuming for �c the value (�c= 4�M) deducedfrom the data of Kriss and Revesz (1961), and for c0 the ratio of BrdUrd dose to the distribu-tion volume of the animal (estimated as 20 ml in mice). The product hq appears to be highlyvariable among histograms and cannot be accurately estimated a priori. An approximate valuecan be obtained on the basis of the measured mean green 
uorescence of labelled cells and usinga guess of the mean synthesis time and of the ratio c(t)=(�c+c(t)). However, when the value ofhq is much larger than the threshold �z, its in
uence on the computed value of the positive cellfractions is reduced and thus a precise determination of this product is not necessary. Moreover,we note that hq appears as a multiplicative factor of the mean green 
uorescence and thus itcan be disregarded if the evolution of hzi+ud(y; t) is considered after suitable normalization.Having assigned values to the parameters of labelling and measurement (except the timeconstant �), the kinetic parameters of the tumour (and �) can be estimated by �tting thetheoretical expressions of Eqs. (36), (37) and (34) (f+ud and RM are indeed functions of p+ud(�))to the time sequences of measured data. The mean and variance of the distribution of T canthen be computed from the estimated values of Tmin, Tmax, and ". Although a formal studyof parameter identi�ability has not been done and it appears to be very complex, numericalsimulations have shown that changes in the parameter values signi�cantly a�ect the observeddata. Some of these simulations are reported in the following section.
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Fig. 1. Time course of the fraction of labelled undivided cells, f+ud, for di�erent values of � . Thevalues of the other parameters are given in the text.
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Fig. 2. Time course of the fraction of labelled undivided cells, f+ud, for di�erent values of Tpot.5. Numerical resultsSimulations of the model have been performed by taking for the measurement parameters thefollowing values: �c=c0=0:16, hq=105, z1=10, z2=20, �z=70, y1=1, y2=2, �y=1:08, �1= 0:04,
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at distribution.The relative duration of S and G2M phases, as expressed by the parameter 
, in
uencesthe time of appearance of labelled divided cells and thus the time behaviour of the fraction ofpositive divided cells (Fig. 6). The pattern of the mean green 
uorescence hzi+ud(y) at a timeclose to the time of BrdUrd injection re
ects the pattern of the DNA synthesis rate across Sphase. The e�ect of di�erent values of k is clearly shown in Fig. 7 (where the mean green
uorescence is normalized to its integral on the interval from 0.8 to 1.2), in which the cases ofconstant, increasing and decreasing rate are considered.
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