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Abstract

A mathematical model that describes the time evolution of the DNA-BrdUrd distribution, as
measured in experimental tumours after labelling with BrdUrd, is proposed in this paper. Cell-
to-cell heterogeneity within the tumour of the rate of progression across cell cycle phases is
taken into account, and a strict correlation between the durations of S and G2M phases is
assumed. The model relates observable quantities to the parameters that characterize the cell
population kinetics (such as the potential doubling time, 7},.;), and appears thus to be suitable
for parameter estimation. Simulations that illustrate the dependence of model response on the
kinetic parameters are presented.

Key words: Cell kinetics, age-structured populations, DNA-BrdUrd flow cytometry, solid tu-
mours.






1. Introduction

The kinetics of proliferating cells both in cultures and in experimental tumours is usually inves-
tigated by labelling a cohort of cells and observing the time evolution of well defined subpop-
ulations of labelled cells. We recall here that proliferating cells move along a cycle composed
by four phases called G1, S (the phase of DNA replication), G2, and M (the phase of mitosis).
An early method largely used for the study of cell kinetics was based on the incorporation of
3H-thymidine into S phase cells, followed by autoradiography. This method, which is rather
laborious and involves a radioactive compound, is currently replaced by the technique based
on the incorporation of the label bromodeoxyuridine (BrdUrd) (Dolbeare et al., 1995) and flow
cytometry. Because BrdUrd is an halogenated analogue of thymidine, if cells are surrounded
by a medium containing BrdUrd the cells in active DNA synthesis incorporate BrdUrd into the
newly synthesized DNA and become thus labelled.

We give a short description of the wn vivo pulse labelling procedure used for the study of
experimental tumours. A bolus of BrdUrd is delivered to identical animals bearing a tumour
implanted under the same condition. At different times after the injection, the animals are
sacrified and serial specimens of the tumour are obtained. The tissue of each specimen is
disaggregated to have a cell suspension, the collected cells are permeabilized, and cell DNA is
partially denatured to expose the incorporated BrdUrd molecules. The cells are reacted with an
anti-BrdUrd monoclonal antibody directly or indirectly labelled with fluorescein isothiocyanate
(FITC, that emits green fluorescence), and DNA is stained with a DNA-specific dye, typically
propidium iodide (PI, that emits red fluorescence). A sample of the dual-stained cells (10,000
to 30,000 cells) is finally processed by a flow cytometer. In this instrument the cells are forced
to flow in a single file under a laser beam that excites the fluorescences, and the measurements
of the intensities of green and red fluorescence of each cell are accumulated to form a bivariate
DNA-BrdUrd histogram. In this way, a time sequence of DNA-BrdUrd histograms showing the
time evolution of the subpopulations of labelled and unlabelled cells is obtained.

Mathematical expressions for quantities related to the evolution of DNA-BrdUrd histograms
have been derived assuming that there is no cell-to-cell variability of transit times in S and G2M
phases (White and Meistrich, 1986; White et al., 1990; Bertuzzi et al., 1997). This assumption,
that appears to be reasonable for cell cultures, is no longer adequate when data from n vivo
experimental tumours have to be analyzed. An essential aspect of cell proliferation in tumours is
indeed its heterogeneity, the proliferating cells exhibiting a large variability of the cell cycle phase
transit times and then of the cycle time. This proliferative heterogeneity has been related to the
presence of subpopulations that are different on genetic basis as well as to the different conditions
of nutrition and oxygenation of the cells within the tumour. Mathematical and simulation models
that predict the evolution of DNA-BrdUrd distributions assuming independently distributed
phase transit times have been developed by Yanagisawa et al. (1985), Ubezio (1990), and Baisch
et al. (1995).

In the present paper we propose a mathematical model that assumes cell-to-cell variability
of phase transit times and a strict correlation between the durations of S and G2M phases.
This feature of the model is in accordance with the view that cells display different rates of
progression across the cycle because of the different microenvironmental conditions experienced
by the cells. Thus, a slow cell exhibiting a long S phase is likely to have a long G2M phase.
No specific assumption on the progression in G1 phase is required if data are analyzed at time-
points at which cells born by division of labelled cells have not yet entered S phase. The model,
relating observable quantities to few parameters that characterize the cell kinetics, would allow



their estimation from experimental data through a best fitting procedure. The estimation of
parameters of cell kinetics in tumours is an important step for assessing therapeutic regimens
designed on the basis of optimal control theory (Swierniak et al., 1996).

2. The cell population model

We consider the cell population as composed by a compartment of cells in G1 phase or in a
quiescent state with the same DNA content of cells in G1 (compartment 1) and by cells in S
and G2M phases (compartment 2). We assume that there is cell-to-cell variability of transit
times in both compartments. More specifically, cells display different rates of progression across
the cycle and we assume that transition of cells to different progression rates only can occur
at mitosis or before the entry into S phase. Transitions to different progression rates are to be
postulated to make it possible the asynchronous exponential growth (AEG) of the population,
preventing the fastest cells to prevail in the growth. Therefore we take the view of compartment
2 as subdivided in subpopulations each characterized by the time 7" required by cells to progress
from the entry in S to mitosis. For brevity, we say that a cell of compartment 2 is of class T if it
belongs to such a subpopulation. Moreover, all cells of class T have a transit time in S, Ts(T'),
that is a deterministic function of 7". Similarly for the transit time in G2M, Tgy;,(T), being
T=T¢(T)+Tgopn (T). We do not consider cells possibly arrested in S or G2M, however these
cells are to some degree represented by the slowest cells in these phases. Although cells having
slower progression rates are likely to be more affected by death, according to the hypothesis
that slower progression is related to worse microenvironment conditions, for simplicity and for
keeping small the number of parameters we will take a common rate constant p of cell loss in
the population. The cell population is assumed to be in the AEG condition.

Considering T" as a continuous variable with values from 7T, ;. to T,,, ., the population of cells
in S and G2M phases can be described by a density function n(a,t,T'), such that n(a,t,T)dadT
is the number of cells with age between a and a+da at time ¢ in the subpopulation requiring
a time between T" and T'+dT" to traverse S+G2M. The age a is counted from cell entry into S
phase and thus a € [0,7]. According to the above assumptions, n(a,t,T’) satisfies the continuity
equation

0 0
an(a,t,T) + a—an(a,t,T) = —un(a,t,T), a€(0,T) (1)
n(0,¢,T) = g,(¢, 1), (2)

where g, (t,T)dT is the number of cells that enter the subpopulations of classes between T" and
T+dT in the unit time at time ¢.

Let a; be the cell age in compartment 1. We can define the density n,(a;,t,T"), such that
ny(aq,t,T)da;dT is the number of cells with age between a; and a;+da,, generated by cells that
have completed S+G2M phases in a time between T and T+dT. If T} is the minimal time
required by cells to progress from mitosis to the entry in S, for ages a, <7}

min
the continuity

min

equation for ny can be written without specifying the law of exit from compartment 1, obtaining

0 0
o, (alataT) =+ nl(alataT) = THI (alataT) 9 aq € (OaTlmin) (3)
ot Oa,

ny(0,t,T) = 2n(T,t,T) . (4)



In the AEG condition, it is n(a,t,T) =n(a,T)e* and g,(t,T) = g,(T)e**, where o denotes
the growth rate constant of the population, so it it easily seen that

n(a,t,T) = gy (T)e e (5)

with 8=a+pu. The mitotic rate density g(¢,T'), i.e. the density with respect to T' of the number
of cells that undergo division in the unit time at time ¢, is given by

9(t,T) = n(T,t,T) = g, (T)e "Te. (6)

By defining in the population in asynchronous exponential growth the frequency function p; of

T as pp(T)=g(t,T)/ [ g(¢t,T) dT, we have

g1 (T)e T
e

pr(T) = (7)

Similarly, from (3) and (4) it can be easily seen that
nl (al,t,T) = 2@1 (T)e_ﬂTe—ﬂ(LIe(xt (8)

The balance equation for the total number of cells of the population, IV, can be written as

. Traw
N(t) = /T g(t,T)dT — uN(2). (9)

In asynchronous exponential growth it is N (¢) = Ne®* and thus from Eqgs. (6) and (9) we have the

following expression for the rate constant of cell production K,,, defined as the ratio between the

number of cells that undergo division in the unit time and the number of cells of the population

(Steel, 1977):
1 T

K== | amerTar =p. (10)

The rate constant of cell production defines the so-called potential doubling time of the cell
population, T, =In2/K, (Steel, 1977). From Egs. (7) and (10) we have
§(1) _
N

Bpr(T)e . (11)
Thus the fractional density of cells in S+G2M, v(a,T)=n(a,t,T)/N (t), is given by
v(a,T) = Bpp(T)eTe P, (12)
and the fractional density v;(a;,7)=n,(a;,t,T)/N(t) is given by
vi(ay,T) = 28pp(T)e "™, ay € [0, Ty, (13)

Although the cell age density in compartment 1 is not completely described, the previous
equations allow us to express the fraction f; of cells in compartment 1 in terms of 3 and of the



distribution of T. Denoting by N, (¢) the number of cells in compartment 1, we can write the
following balance equation

Ny(t) =2 / T T dT / T 6T AT — (1) (14)

min min

In the asynchronous exponential growth, recalling that N, (t)= f; N (¢), we have

2 T,, naw 1 Tn raw
shi=5 [ amertar— & [T g myar, (15)

min main

By expressing g, (7') in terms of p,(7") by means of (7), it follows

1 (Tmas ~ Traw
sri=5 [ ame dT(Q— pr(T)e" dT>, (16)
Tmin Tnmn

and taking into account Eq. (10) we obtain

Trnaa:
=2 [ bt ar. (17)
T

main

Similar expressions for the fractions in S and G2M can be written by integrating the density
v(a,T) between suitable limits.

Remark 1. The preceding equations can easily be extended to the case in which the rate
constant of cell loss from compartment 1, pq, is different from the rate constant u, of cell loss
from compartment 2. Different values for 1, and u, could be related to the presence of a large
amount of quiescent cells in compartment 1. Following the same lines as above, Egs. (10), (13),
and (17) become respectively

K,=a+p(1—f1) +pfr, (18)
vy (a17T) = QKPpT(T)e_ﬁlarl ) ay € [O)Tl'm'in] ) (19)
where 3y =a+pq, and
K T'rnaz
fr=77(2- pr(T)e’"dT), (20)
By T

min

where By =a+p,.

Remark 2. The theory of this section does not provide a dynamic model for the evolution of
the cell population, since the rate of exit from compartment 1 is not prescribed and thus the
growth rate o cannot be calculated. The equations given describe the age structure in AEG of
the cell subpopulations that determine the evolution of the quantities measured in a labelling
experiment within a time horizon not too large (as it will be specified in the next section).



3. BrdUrd labelling

After the BrdUrd injection into the animal bearing the tumour (the injection be delivered at
time t=0), the label concentration in the fluids surrounding tumour cells changes with the time
and eventually decreases exponentially. Although some experimental evidences suggest that
the concentration decay is rapid, so that the labelling is often considered as a true impulsive
labelling, we will take into account for more generality a continuous labelling in conditions of
variable concentration of the label. Recalling that a cell having age a in S+G2M at time ¢ has
entered S phase at time t—a, we can write for the amount b(a,t,T) of BrdUrd incorporated at
time ¢ in the DNA of a cell of class T" having age a, the following equation:

t
b(a,th):/ C(s+a—tsT)ds, (21)

where ((a,t,T) is the rate at which BrdUrd is incorporated into a cell of class T' with age a at
time t.

Since the BrdUrd molecules rapidly traverse the cell membrane, we assume that ( is a function
of the extracellular BrdUrd concentration ¢(t) and of the DNA synthesis rate (amount of DNA
synthesized in the unit time). Experimental in vitro data (Kriss and Revesz, 1961) have shown
a saturable behaviour of the amount of incorporated BrdUrd with respect to the extracellular
BrdUrd concentration. Because the initial value of the BrdUrd concentration in mice could be
greater than the saturating concentration, we assume for { the following expression

c(t)
¢+ c(t)
where v(a,T) is the rate of DNA synthesis of a cell of class T" with age a, and ¢ and ¢ are

C(aa taT) = qv(aaT)

(22)

constants depending on cellular parameters. Note that ¢(¢) is equal to 0 for ¢ <O0.

Let the DNA content of cells in G1 and G2M be equal to 1 and 2, respectively. We assume
that cells characterized by different values of T" have DNA synthesis rates that exhibit the same
pattern across S phase. We have chosen for v(a,T) the following expression which allows to
represent increasing or decreasing rates:

1k
v(a,T) =< Tg(T) Ts(T)
0

(T5(T) ~20), 0<a<Ty()

T¢(T)<a<T

with k€ (—1,1) (Bertuzzi et al., 1995). If the DNA synthesis rate were constant across S phase,
v(a,T) would be equal to 1/T¢(T) for a€[0,T¢(T)].

For times larger than the minimum duration of G2M phase, division of labelled cells occurs

and a subpopulation of labelled divided cells arises. The amount b; of BrdUrd present in a cell

(23)

of compartment 1 of age a; at time ¢, generated by a cell of class T', is then given by
1
bi(ay,t,T) = §b(Tat_a17T) . (24)

Note that it is b; = 0 if t—a; < Tigy,,(T). Therefore the fraction f{(t) of labelled cells in
compartment 1 at time ¢ is equal to

Tras max[O,t—TGzM(T)]
i) = / vy (ay,T) daydT (25)
T 0

for 0<t< Ty
for a; <Tj

+min(7'g4,,(7)). This limitation is required since v, is defined by Eq. (13) only

min

min*



4. Time course of the DNA-BrdUrd fluorescence distribution

Let y be the intensity of red (PI) fluorescence of a cell measured by the flow cytometer. The
quantity y depends on the amount of fluorochrome bound to DNA, and then on the DNA content
of the cell. Let z be the measured intensity of green (FITC) fluorescence, related to the amount
of BrdUrd incorporated into the cell. Because of various instrumental and staining sources of
variability, the values of y and z of cells having equal DNA content # and BrdUrd content b will
be different, and it appears reasonable to consider y and z as two independent random variables.
The dispersion of the measured values can be represented by defining a conditional probability
density function (pdf) P,(y|z) for the red fluorescence intensity y of a cell with DNA content
(z €[1,2]), and a conditional pdf P,(z|b,z) for the green fluorescence z of a cell with BrdUrd
content b and DNA content z. The pdf P, (y|z) has been assumed as usual of the form:

1 (y —m(z))
Py(y|:c) = \/ﬁoy(:v) exp [ 20”(33)2 ]7 (26)
i.e. as a gaussian distribution with mean m(z) and standard deviation (SD) o, (z). The
fluorescence mean is approximately proportional to  and a more accurate representation is
m(z) =y;+(y,—y; ) (x — 1), where y; and y, are the mean red fluorescences of G1 and G2M cells,
respectively. Since the SD of PI fluorescence increases with the DNA content and the coefficient
of variation is sometimes not constant, we have assumed o, (z) =0,2", with 7 >0, where o is
the SD of the fluorescence of cells having x=1. A similar probability density can be defined for
z:

z —d(z) — hb)?
( 205(6),93)2 ) I (27)

1
P (z|b,z) = T (0.2) exp [
where the mean value of z is given by the sum of the contribution due to incorporated BrdUrd, hb
(h being a constant depending on the experimental procedure), and of an aspecific contribution
due to cell autofluorescence. Since the autofluorescence appears to increase with cell mass, and
so with the position of the cell in the cycle, we have assumed d(x) =2z;+(2,—2;)(z—1), where
z; and z, are the mean green fluorescences of unlabelled cells in G1 and G2M, respectively. For
the SD of green fluorescence we have simply assumed a constant coefficient of variation C'V,, so
it is o,(b,2)=CV_(d(x)+hd).
Denoting by p(y, z,t) the joint pdf of y and z at time ¢, we have

p(y,2,) = pi'(y, 2,1) + p1(y, 2,0) + pa (. 2,t) (28)
where p! and p! are the contributions of unlabelled (b, =0) and, respectively, labelled (b, >0)
cells in compartment 1, and p, is the contribution of cells in compartment 2. Thus we can write,
for 0<t<Thpmin+min(Tgy,,(T)), the following equations:

Py, z,t) = P, (y[1) P.(2]0, 1) (f; - f1(2)) (29)

Tmam lnax[()ﬁt_TG2M(T)]
Ay, 2 1) = P, (y1) /T / P.(zlby(ag, £, T), Dy (ar, T) daydT — (30)
0

min

T

max

T
pa(ys 2, 8) = /T /0 P, (ylz(a, T))P.(=[b(a, t, T), (a, T))v(a, T) dadT (31)

main



where f; and f!(t) are given by Egs. (17) and (25), b(a,t,T) and b, (a,t,T) are given by Eqs. (21)
and (24), and according to Eq. (23) the DNA content z(a,T’) of a cell of class T" with age a is
given by
14 a  k
(a,T) = Ts(T)  Ts(T)
2 T¢(T)<a<T.

We note that the distribution of green fluorescence z for a given value of y depends, in the

S (@(TS(T) — a)), 0<a<Ty(T) 52)

present model, both on the instrumental and staining sources of variability and on the presence
of cells that have different BrdUrd content because of the different rates of progression across S
phase.

In an experimental DNA-BrdUrd histogram, the cells are identified as labelled (or positive
with respect to BrdUrd) if the measured intensity of green fluorescence exceeds a threshold value
fixed by the experimenter according to the level of autofluorescence. With a similar gating on
the red fluorescence, the labelled cells are in practice identified as labelled undivided and labelled
divided, and the fractions of these cells are actually measured. The distribution p(y, z,t) allows
us to predict the measured fractions and their time evolution after using the above thresholds to
integrate the theoretical distribution. Let Z be the threshold value of the green fluorescence and
g be the threshold value of the red fluorescence that separates the undivided from the divided
cells. The measured fraction of labelled undivided cells, f;'d(t), is given by

wa(t) =/; /(x ply, z,t) dzdy, (33)

and the measured fraction of labelled divided cells, f;' (), is given by

H) = / / " oy, t) dady, (34)

Ymin z

where y,... <y, is a reasonable lower limit for the red fluorescence intensity of viable cells.
When labelled divided cells are not present, y is set to vy,,;,. We observe that, in a condition
of impulsive labelling or of “ideal” continuous labelling (i.e., all cells entering S phase are im-
mediately detectable as labelled), the above fractions are well approximated by their theoretical
values that can be obtained from the cell population model, and that are related by a rather
simple equation expressing the conservation of labelled cells at division. Equations (33) and
(34) encompass instead more general situations in which label concentration is decreasing with
time and thus the consideration of a detectability threshold becomes relevant. Another useful
quantity is the relative movement RM of labelled undivided cells at time ¢, defined as the in-
crement of the mean red fluorescence of positive undivided cells with respect to the mean red
fluorescence of G1 cells (Begg et al., 1985). The relative movement can be computed as

RM(0) = — L m (f:i(t) /}OO /:O uply, 2,1) dzdy — yl) . (35)

More detailed information can be obtained from the experimental data, for instance the dis-

tribution of positive cells with respect to the intensity of red fluorescence, and the mean green
fluorescence of positive cells as a function of red fluorescence intensity. The fractional density
of positive undivided cells with respect to y, pf:d(y, t), can be computed as

pId(y,t)Z/ p(y,z,t)dz, y>y (36)



10.

and the mean green fluorescence of positive undivided cells as a function of y, (2),(y,t), as

e ,2,t)d
()t (g, t) = 22BNz (37)
iy, 1)

The above functions of time, that represent observable quantities and are the outputs of the
model, depend on the parameters and functions that characterize the kinetics of the tumour cell
population and the process of labelling and measurement. In order to have a parametric iden-
tification problem, we have chosen to represent the BrdUrd concentration ¢(t) by a decreasing
exponential function with time constant 7

c(t) = e /7, (38)

and the distribution p..(7') by the expression

€ T-T .
T — _ ez
pT( ) (1 - e_E)(fT?naa: - Tm,in) P [ ngaz - ﬂninl ’ (39)
for T, <T <T,,,, and by zero elsewhere. This form permits skewed distributions and a

uniform distribution as € = 0. Concerning the function T4 (T'), we have chosen for simplicity
T¢(T) =~T, v€(0,1), so the durations of phases S and G2M are uniformly affected by the
lengthening of 1. Thus the outputs will depend on the following tumor kinetic parameters: (3
(or, equivalently, T),,; as usual in the biological literature), 7,,,;,, Tynas» €, V> k, and on the
following parameters of labelling and measurement: 7, the ratio ¢/¢,, the product hgq, z;, 2o,

oy, r, CV,.

We note that the parameters zy, z5, o4, 7, and CV, can be estimated from the bivariate
histogram using the software currently available with the flow cytometer. For this purpose, a
histogram measured immediately after the BrdUrd administration is particularly useful, because
the subpopulations of unlabelled cells with DNA content equal to 1 and 2 can be easily recog-
nized. A value to the ratio ¢/c, can be assigned assuming for ¢ the value (¢ =4 M) deduced
from the data of Kriss and Revesz (1961), and for ¢, the ratio of BrdUrd dose to the distribu-
tion volume of the animal (estimated as 20 ml in mice). The product hq appears to be highly
variable among histograms and cannot be accurately estimated a priori. An approximate value
can be obtained on the basis of the measured mean green fluorescence of labelled cells and using
a guess of the mean synthesis time and of the ratio ¢(t)/(¢+c(t)). However, when the value of
hq is much larger than the threshold z, its influence on the computed value of the positive cell
fractions is reduced and thus a precise determination of this product is not necessary. Moreover,
we note that hg appears as a multiplicative factor of the mean green fluorescence and thus it
can be disregarded if the evolution of (2)F,(y,t) is considered after suitable normalization.

Having assigned values to the parameters of labelling and measurement (except the time
constant 7), the kinetic parameters of the tumour (and 7) can be estimated by fitting the
theoretical expressions of Eqgs. (36), (37) and (34) (f, and RM are indeed functions of p; (-))

ud ud
to the time sequences of measured data. The mean and variance of the distribution of T can

T

then be computed from the estimated values of T, a

min)
of parameter identifiability has not been done and it appears to be very complex, numerical
simulations have shown that changes in the parameter values significantly affect the observed

data. Some of these simulations are reported in the following section.

and e. Although a formal study



11.

0.3 : |
tau=0.125h ——
tau=0.250 h -------

0.25 tau=0.500 h e i

0.2

0.15

o
[EEN

fraction of labelled undivided cells

0.05 =

time (h)

Fig. 1. Time course of the fraction of labelled undivided cells, f,, for different values of 7. The

ud?
values of the other parameters are given in the text.

0.3 | I
Tpot=60h ——
Tpot=90h -
© 025 Tpot=120h = 1
T
o
°©
=
g oz
e]
c
]
B3 015 f
T
o)
<
s o1l
c
S
g
- 3
0 I I
0 5 ) :

time (h)

Fig. 2. Time course of the fraction of labelled undivided cells, f

wq» tor different values of T),;.

5. Numerical results

Simulations of the model have been performed by taking for the measurement parameters the
following values: &/c, =0.16, hg=10°, z; =10, z,=20, 2="70, y; =1, y, =2, §=1.08, o, = 0.04,
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=13.0h and T,,,,=41.0h (upper panel); T, . =20.3h and T,,,, =22.3h (lower

maxr ‘II’I/I:’IL maxr

injection. T

min

panel). The two distributions of 7" have the same mean (20.9 h).

r=1, CV,=0.2. Moreover, we assumed the following reference values for 7 and the kinetic
parameters: 7=0.125h, T}, =60h, T, . =13h, T, , =41h, =3, y=0.7, and k=0. In this
case the distribution of 71" is skewed to the right, with mean 20.9 h and SD 6.5 h, and the DNA
synthesis rate is constant across S phase.

The BrdUrd pharmacokinetics mainly affects the fraction of positive undivided cells. In the
case of true impulsive labelling, the number and the fraction of labelled cells cannot increase with
the time, whereas an increase occurs in the case of continuous labelling also when label concen-
tration is decreasing. This effect is shown in Fig. 1: with the reference value of 7 the labelling is
almost impulsive, whereas with larger values evident deviations from impulsive labelling occur.

The main kinetic parameter, T _,, largely affects the time course of fjd When T, ,; increases,

pot?
keeping the other parameters unchanged, the initial value of the positive fraction is decreased
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of T, ., and T, . .
(because the fraction of cells in S phase becomes smaller) and also the slope of the descending
branch decreases (Fig. 2).

When the mean value and the SD of T change, the progression of the labelled cells across
S+G2M is affected, and this is shown by the function ptd(y,t) and by the derived quantity
RM (t). Figure 3 reports the evolution of the fractional density of positive undivided cells of
the reference case (upper panel) and of a case in which the mean T is the same whereas the
SD of T is very small (SD=0.5 h), thus representing a population with negligible cell-to-cell
variability. The slowing of progression in S caused by the dispersion of T is evidenced by the
relative movement as seen in Fig. 4, where the effect of a shortening of the mean value of T', with
SD unchanged, is also depicted. Figure 5 shows the evolution of ptd(y, t) for two distributions of
T with the same mean and SD, one skewed to the right (upper panel) and the other skewed to
the left (lower panel). The differences in the pattern, that can be seen in the figure and that also
are present in the time evolution of (z);,(y) (not shown), might however be hardly detectable in
the experimental data. This result suggests that a reliable estimation procedure could provide
only the mean value and the SD of the transit time 7" (unless highly accurate measurements are
available), so that a reasonable choice for p,.(7T") could be a simple flat distribution.

The relative duration of S and G2M phases, as expressed by the parameter 7, influences
the time of appearance of labelled divided cells and thus the time behaviour of the fraction of

T (y) at a time

positive divided cells (Fig. 6). The pattern of the mean green fluorescence (z)
close to the time of BrdUrd injection reflects the pattern of the DNA synthesis rate across S
phase. The effect of different values of k is clearly shown in Fig. 7 (where the mean green
fluorescence is normalized to its integral on the interval from 0.8 to 1.2), in which the cases of

constant, increasing and decreasing rate are considered.
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Fig. 5. Fractional density of positive undivided cells, p' (y), at different times after label

ud
=20.6h,T,,,,=54.6h and e=2 (upper panel); T,,. =10.0h, T, ., =44.0h and

max min

injection. T,,,,,

e=—2 (lower panel). The two distributions of 7" have the same mean (32.3 h) and the same SD
(8.7 h).

6. Concluding remarks

In this paper we have presented a mathematical model describing the time evolution of the DNA-
BrdUrd fluorescence distribution as measured in cell samples from eperimental tumours, after
the administration of the label to the animal as a single bolus. The model takes into account
the proliferative heterogeneity of tumour cells and does not require specific assumptions on the
progression through G1 phase. On the other hand, this generality is obtained by renouncing
the possibility of describing the time evolution of the distribution beyond the entry in S of the
labelled divided cells. The time interval in which our model holds appears adequate for the
analysis of data from most labelling experiments (12-18 h). The application of the model for
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values of k.

estimating the kinetic parameters of a human ovarian cancer growing in mice is in progress.

Because the results of the numerical simulations suggest that the observable quantities are
scarcely affected by moments of order higher than two of the distribution of transit time in S
and G2M phases, the possibility of estimating the shape of the distribution of T needs careful
consideration, and a more robust model could assume for T a uniform distribution. A simple

extension of the model to the case of nonuniform cell loss can be obtained on the basis of

equations (19) and (20). The observable quantities depend in this case on the kinetic parameters
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K, By, and (3, which are all equal to § in the case of uniform cell loss. Further investigations
are required to assess the practical identifiability of these new parameters.
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