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Abstract

This paper concerns the ¯ltering problem for the class of stochastic nonlinear systems endowed
with an output feedback, for which there exists a ¯nite-dimensional ¯lter. It is proven that the
optimal ¯lter for the open-loop system remains optimal when the feedback is closed. The result
holds whatever the noise distribution may be.

Key words: Nonlinear ¯ltering, closed-loop systems, Girsanov theorem, convergence of prob-
ability measures
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1. Introduction

Let us consider the class of stochastic systems described by the equations:

dX(t) = f(t;X(t); u(t))dt+ dW 1(t); (1.1)

dY (t) = h(t;X(t); u(t))dt+ dW 2(t); (1.2)

S(t) = F
¡
X(t)

¢
; (1.3)

where X(t) 2 IRd is the system state, Y (t) 2 IRm is the observation process, u(t) 2 IRp is

the input function, S(t) 2 IRd
0
is the signal to be estimated, W 1(t) 2 IRº1 , W 2(t) 2 IRº2 are

standard mutually uncorrelated Wiener processes, f; h are, for any t ¸ 0, suitably dimensioned
C1 smooth vector functions and F is a continuous bounded function. The initial state X(0) is
a random variable independent of W 1(t);W 2(t) t ¸ 0.
Throughout the paper we will use the following subscript notation: for a given function »(t),

t 2 [0; T ], we shall denote with »t the whole trajectory of » in [0; t], that is »t(s) = »(s); s 2 [0; t].
We will consider system (1.1)-(1.3), under the feedback law:

ut = ¡t(Yt) (1.4)

where ¡t, for any t ¸ 0, is a causal C1 map from Ut to Yt and Ut, Yt are suitable metric spaces
of measurable functions containing all the trajectories given by the whole feedback system (1.1)-
(1.4).
We refer to eq.ns (1.1)-(1.3), when these stand alone, as the open-loop system, representing a

mathematical model of some plant to be controlled and/or estimated, whereas (1.4), describing
the behaviour of some control device, will be called the controller. We shall denote byXu; Y u; Su

the solution of the open-loop system, corresponding to the given input function u. Moreover,
for any stochastic process » we shall denote by F»t the ¾-algebra generated by f»s; s · tg.
We assume that for any given deterministic input ¹u there exists the optimal open-loop estimatebS¹u(t) = E

¡
S¹u(t)=FY ¹u

t

¢
in a ¯lter form, that is for any given input function ¹u the estimate is

given by the output of a known SDE of the form

d»¹u(t) =M(t; »¹u(t); ¹u(t))dt+N(t; »¹u(t); ¹u(t))dY ¹u(t); »¹u(0) = »0; (1.5)

E
¡
S¹u(t)=FY ¹u

t

¢
= ½(»¹u(t)): (1.6)

where »0 is a random variable such that E
¡
F (X(0))

¢
= ½(»0). Let us denote with G(¹ut; Y ¹u

t ) the
function associated to equations (1.5) (1.6) that gives the optimal open-loop estimate. So we
can write

E
¡
S¹u(t)=FY ¹u

t

¢
= G(¹ut; Y ¹u

t ): (1.7)

We assume that the ¯lter de¯ned by eq.ns (1.5), (1.6) is smooth, that is the function G(¢; ¢)
above de¯ned, is a continuous map from Ut£Yt to IRd

0
. We refer readers to [10] and references

therein reported, for a discussion about the existence of ¯nite-dimensional ¯lters for nonlinear
systems.
Let »¡ be the process satisfying the ¯lter equation (1.5) when the feedback process u given

by eq. (1.4) is used, i.e.

d»¡(t) =M(t; »¡(t);¡t(Y
¡
t ))dt+N(t; »

¡(t);¡t(Y
¡
t ))dY

¡(t); »¡(0) = »0: (1.8)
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The following question arises: is the optimal estimate of S¡(t) given by the following expres-
sion?

E
¡
S¡(t)=FY ¡

t
¢
= ½(»¡(t)): (1.9)

Stated in other words: let us apply the open-loop ¯lter to the closed-loop system. Then, the
question is: does the estimate agree with the optimal state-estimate for the closed-loop system?
In this paper we will show that the answer is a±rmative for the considered class of nonlinear

systems. We point out that our class includes a subclass of the so called conditionally linear
systems, (see [5], [6] and references therein included).
The addressed topic is a theoretical one, up to now solved only in a very particular case (i.e. for

linear-Gaussian systems under nonlinear feedback [1]), important also from an application point
of view. Indeed, it may be simpler to write down the ¯lter equations for open loop systems then
considering the whole feedback system; furthermore, in many areas, such as stochastic control
or telecommunications, the presence of structural feedbacks gives rise to the question about the
usage of these equations when the feedback is closed. In particular, it is crucial to understand
the changing in the estimation performance.

2. The case of countable feedback law

In the following (−;F ; P ) will denote the underlying probability triple.
>From (1.1)-(1.4) it follows that, for any t, we can de¯ne (Borel) functions ~£, ~©, such that

X(t) = e©¡t; ut;W 1
t ;X(0)

¢
;

Y (t) = e£¡t; ut;W 1
t ;W

2
t ;X(0)

¢
;

S(t) = F ± e©¡t; ut;W 1
t ;X(0)

¢
;

however, in order to shorten the notations, in the following we will use the functions £, ©,
de¯ned as

©(t; ut; !) = e©¡t; ut;W 1
t (!);X(0)(!)

¢
;

£(t; ut; !) = e£¡t; ut;W 1
t (!);W

2
t (!);X(0)(!)

¢
;

©F (t; ut; !) = F ± e©¡t; ut;W 1
t (!);X(0)(!)

¢
;

(2.1)

For a given process fv(t); t ¸ 0g with the symbol Fvt we will denote the ¾-algebra generated by
fv(s); s · tg.
Let ¹u be a given deterministic function; we denote with Y ¹u the observation process corre-

sponding to the input function ¹u:

Y ¹u(t) = £(t; ¹ut; !): (2:2)

We will need the following Lemma.

Lemma 2.1. Let H be a sub ¾-algebra of F and ¹A 2 H. Let ¹H be the ¾-algebra: ¹H = H \ ¹A.
Then, for any integrable random variable X, it results P -almost-surely in ¹A:

E(X=H) = E(X= ¹H):

Proof. By de¯nition of conditional expectation it resultsZ
A

E(X=H)dP =
Z
A

XdP; 8A 2 H (2.3)
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Because ¹H ½ H, from (2.3) we haveZ
A

E(X=H)dP =
Z
A

XdP; 8A 2 ¹H (2.4)

and apply again the de¯nition of conditional expectation:Z
A

E(X= ¹H)dP =
Z
A

XdP; 8A 2 ¹H: (2.5)

>From (2.4), (2.5), it follows thatZ
A

E(X= ¹H)dP =
Z
A

E(X=H)dP; 8A 2 ¹H;

from which, taking into account that the restriction to ¹A of E(X=H) is ¹H-measurable, the thesis
follows.

De¯nition 2.2. A causal feedback law ¡t : Yt ! Ut is said to be a countable range feedback
(CRF) function if there exists a countable set fu®g ½ UT , ® 2 IN, such that

R(¡t) µ fu®t g;

where u®t is the restriction of u
® in the interval [0; t], t · T .

We are now in a position to write down the following theorem.

Theorem 2.3. If ¡t is a CRF function, then it results

E
¡
S(t)=FYt

¢
= G

¡
¡t(Yt); Yt

¢
; (2:6)

where G is the optimal open-loop estimator de¯ned in (1.7).
Proof. Being ¡t a CRF function by assumption, then for any t > 0 it is

P
³ +1[
®=1

f!; ¡t(Yt) = u®t g
´
= 1: (2:7)

Let bS(t) be the optimal signal estimate
bS(t) ¢=E¡S(t)=FYt ¢:

>From the mean square optimality of bS(t) it follows thatZ
−

kbS(t))¡ S(t))k2dP
·
Z
−

k ~S(t)¡ S(t))k2dP; 8 ~S(t) FYt ¡measurable;
(2.8)
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this implies that, for any −-subset −¤ 2 FYt we haveZ
−¤
kbS(t))¡ S(t))k2dP
·
Z
−¤
k ~S(t)¡ S(t))k2dP; 8 ~S(t) FYt ¡measurable:

(2.9)

For, suppose that there exist an −0 2 FYt and an S0(t) FYt -measurable such thatZ
−0
kbS(t))¡ S(t))k2dP
>

Z
−0
kS0(t)¡ S(t))k2dP;

(2.10)

and let
¹S(t)

¢
=S0(t)Â−0 + bS(t)Â−0C (2.11)

where ÂA, A
C denote the characteristic function and the set-theoretic complement of a set A.

Obviously, it results that ¹S(t) is an FYt -measurable function. Now, we have

E(k ¹S(t)¡ S(t)k2) =
Z
−

k ¹S(t)¡ S(t)k2dP

=

Z
−0
k ¹S(t)¡ S(t)k2dP +

Z
−0C

k ¹S(t)¡ S(t)k2dP

=

Z
−0
kS0(t)¡ S(t)k2dP +

Z
−0C

kbS(t)¡ S(t)k2dP;
(2.12)

where we have used (2.11). From (2.12) and recalling (2.10), we obtain

E(k ¹S(t)¡ S(t)k2)

<

Z
−0
kbS(t)¡ S(t)k2dP

+

Z
−0C

kbS(t)¡ S(t)k2dP
= E(kbS(t)¡ S(t)k2);

which is against (2.8). Now, for any given deterministic function fu(t); t ¸ 0g, and for any
integer t ¸ 0 let us de¯ne the set T (ut) ½ −:

T (ut) = f! : ¡t(Yt) = ut; g (2.13)

and the ¾-¯eld, namely FY u

t , generated by fY u(s) = £(s; us; !); s · tg. Obviously it results
T (ut) 2 FYt . Moreover, for any Borel set B, we can consider the identity:

f! : £(s; us; !) 2 B; s · tg \ f! : us = ¡s(Ys); s · tg
= f! : £(s;¡s(ys); !) 2 B; s · tg \ f! : us = ¡s(Ys); s · tg;

from which it follows that:
T (ut) \ FY

u

t = FYt \ T (ut): (2.14)
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Now, let u
(®)
t an admissible value for the feedback function ¡t(Yt); by exploiting (2.9) for −

¤ =
T (u®t ), it results, for any random variable ~S(t) FYt -measurable:Z

T (u®t )
kbS(t)¡ S(t)k2dP · Z

T (u(®)t )

k ~S(t)¡ S(t)k2dP: (2.15)

On the other hand, by using the function ©F de¯ned in (2.1), it resultsZ
T (u®t )

kbS(t)¡ S(t)k2dP
=

Z
T (u®t )

kE
³
©F (t;¡t(Yt); !)=FYt

´
¡©F (t;¡t(yt); !)k2dP

=

Z
T (u(®)t )

kE
³
©F (t; u

®
t ; !)=FYt

´
¡©F (t; u®t ; !)k2dP

=

Z
T (u®t )

kE
³
©F (t; u

®
t ; !)=FYt \ T (u®t )

´
¡©F (t; u®t ; !)k2dP

(2.16)

where we have used the equality u®t = ¡t(Yt(!)) that holds for ! 2 T (u®t ), and applied Lemma
2.1 in the last step. Now, by exploiting (2.14) we haveZ

T (u®t )
kE
³
©F (t; u

®
t ; !)=FYt \ T (u®t )

´
¡©F (t; u®t ; !)k2dP

=

Z
T (u®t )

kE
³
©F (t; u

®
t ; !)=FY

(u®)

t \ T (u®t )
´
¡©F (t; u®t ; !)k2dP

(2.17)

moreover, Lemma 2.1 implies thatZ
T (u®t )

kE
³
©F (t; u

®
t ; !)=FY

(u®)

t \ T (u®t )
´
¡©F (t; u®t ; !)k2dP

=

Z
T (u®t )

kE
³
©F (t; u

®
t ; !)=FY

(u®)

t

´
¡©F (t; u®t ; !)k2dP

(2.18)

substituting (2.18) in (2.17) and then the result in (2.16), recalling (2.15) we infer the following
inequality Z

T (u®t )
kE
³
©F (t; u

®
t ; !)=FY

(u®)

t

´
¡©F (t; u®t ; !)k2dP

·
Z
T (u®t )

k ~S(t)¡©F (t; u®t ; !)k2dP
(2.19)

which holds for any random variable ~S(t), FYt -measurable. Taking into account the de¯nition
of the set T (u®t ), inequality (2.19) can be rewritten asZ

T (u®t )
kE
³
©F (t; u

®
t ; !)=FY

(u®)

t

´
¡©F (t;¡t(Yt); !)k2dP

·
Z
T (u®t )

k ~S(t)¡©F (k;¡t(yt); !)k2dP; 8 ~S(t) FYt ¡meas:
(2.20)
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moreover, by Lemma 2.1, the restriction of bS(t) to T (u®t ) is FYt \T (u®t )-measurable and hence,
by (2.14), FY (u®

t \ T (u®t )-measurable. Hence, (2.15) and (2.20) imply:

bS(t)¯̄̄
T (u®t )

= E
³
©F (t; u

®
t ; !)=FY

(u®)

t

´¯̄̄
T (u®t )

: (2.21)

Taking into account that, by the hypotheses,

+1[
®=1

T (u®t ) = − n N ;

where N 2 F is a P -null set, we have P-a.s.:

bS(t) = +1X
®=1

bS(t)¯̄̄
T (u®t )

ÂT (u®t )(!)

and using (2.21) it results

bS(t) = +1X
®=1

E
³
©F (t; u

®
t ; !)=Fy

(u®)
´
ÂT (u®t )(!)

from which, it follows that:
E
¡
S(t)=Yt

¢
= G

¡
¡t(Yt); Yt

¢
; (2:22)

Which proves the theorem.

In the next section will be presented an extension of Theorem 2.3 to the class of continuous
and static feedback laws, which uses the results of this section.

3. The extension theorem

Let us consider the stochastic feedback system described by the equations (1.1), (1.2), under
the static feedback law:

u(t) = ¡(Y (t)); ¡(0) = 0: (3.23)

We assume that the functions f; h;¡ are uniformly Lipschitz:

kf(x0; u0)¡ f(x00; u00)k · °f
¡
kx0 ¡ x00k2 + ku0 ¡ u00k2

¢1=2
;

kh(x0; u0)¡ h(x00; u00)k · °h
¡
kx0 ¡ x00k2 + ku0 ¡ u00k2

¢1=2
;

k¡(y0)¡ ¡(y00)k · °¡ky0 ¡ y00k;

(3.24)

for any choice of x0; x00 2 IRn, u0; u00 2 IRp and y0; y00 2 IRq. For any n 2 IN, let us introduce the
CRF function ¡n : [0 T ]£ C([0 T ]; IRq)! IRp:

¡n(t; ´)
¢
=
n¡1X
i=0

(Qn ± ¡ (´ (iT=n)))Â
[i T
n
;(i+1)T

n
]
(t); (3.25)
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where ÂA(t) denotes as usual the characteristic function of the set A, and Q
n is a countable

range function Qn : IRp ! IRp such that:

sup
v2IRp

kQn(v)¡ vk · 1

2n
: (3.26)

In the following, we will refer to such a function Qn as the quantizer. Using ¡n as the feed-
back law of system (1.1), (1.2), it result to be well de¯ned the processes Xn and Y n as the
corresponding solutions of the system:

dXn(t) = f(t;Xn(t); un(t))dt+ dW 1(t); (3.27)

dY n(t) = h(t;Xn(t); un(t))dt+ dW 2(t); (3.28)

un(t) = ¡n(t; Y n) (3.29)

Let us de¯ne the aggregated processes:

Z =

·
X
Y

¸
; Zn =

·
Xn

Y n

¸
; W =

·
W 1

W 2

¸
;

and the composed system function:

H(x; u) =

·
f(x; u)
h(x; u)

¸
:

>From (3.24) the system function H results to be Lipschitz °
H
= (°2f + °

2
h)
1=2. With the above

notation, systems (1.1)-(1.4) and (3.27)-(3.29), can be rewritten as:

dZ(t) = H
¡
X(t);¡(Y (t))

¢
dt+ dW (t); (3.30)

dZn(t) = H
¡
Xn(t);¡n(t; Y n))

¢
dt+ dW (t); (3.31)

with Z(0) = Zn(0). We can prove the following Lemma.

Lemma 3.1. There exist positive constants K1;K2;K3 and an integer ¹n such that for n ¸ ¹n
and ¿ 2 [iT=n; (i+ 1)T=n]:

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
·;K1

T

n
+K2

T

n

Z ¿

iT=n

E(kXn(µ)k2)dµ +K3
T 2

n2
E(kY n(¿)k2: (3.32)

Proof. Using (3.31)

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
= E

Ã°°°Z ¿

iT=n

dY n(µ)
°°°2!

= E

Ã°°°Z ¿

iT=n

h(Xn(µ);¡n(µ; Y n)dµ +W 2(¿)¡W 2(iT=n)
°°°2!

· 2E(kW 2(¿)¡W 2(iT=n)k2) + 2E
ÃZ ¿

iT=n

kh(Xn(µ); Qn ± ¡(Y n(iT=n))kdµ
!2
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where de¯nition (3.25) has been used. Recalling that W 2(¿) is a standard Wiener process of
dimension p and using Schwarz inequality, we have

E
¡
kY n(¿)¡Y n(iT=n)k2

¢
· 2p(¿¡iT=n)+2(¿¡iT=n)E

Z ¿

iT=n

kh(Xn(µ); Qn±¡(Y n(iT=n))k2dµ:

(3:33)
Using the Lipschitz property of function h and adding and subtracting the function ¡(iT=n) the
previous inequality becomes

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· 2p(¿ ¡ iT=n)+

+ 2(¿ ¡ iT=n)E
Z ¿

iT=n

°2h

³
kXn(µ)k2

+ kQn ± ¡(Y n(iT=n)) + ¡(Y n(iT=n)¡ ¡(Y n(iT=n)k2
´
dµ:

(3:34)

Thanks to the property of the quantizer Qn the previous inequality transforms into

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· 2p(¿ ¡ iT=n) + 2(¿ ¡ iT=n)°2hE

Z ¿

iT=n

kXn(µ)k2dµ+

+
4(¿ ¡ iT=n)2°2h

22n
+ 4(¿ ¡ iT=n)°2hE

Z ¿

iT=n

k¡(Y n(iT=n)k2dµ:
(3:35)

Let K1 a constant such that

2p(¿ ¡ iT=n) + 4(¿ ¡ iT=n)
2°2h

22n
· K1

2

T

n
(3:36)

(recall that ¿ 2 [iT=n; (i+ 1)T=n]) and de¯ne

K2 = 4°
2
h:

Then

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· K1

2

T

n
+
K2
2

T

n
E

Z ¿

iT=n

kXn(µ)k2dµ+

+ 4°2h°
2
¡

T 2

n2
EkY n(iT=n)k2:

(3:37)

>From this, de¯ning K3 = 8°
2
h°

2
¡, it resultsµ

1¡ K3
2

T 2

n2

¶
E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· K1

2

T

n
+

+
K2

2

T

n
E

Z ¿

iT=n

kXn(µ)k2dµ + K3
2

T 2

n2
EkY n(¿)k2:

(3:38)

Let ¹n such that 8n > ¹n,
K3
T 2

n2
· 1; (3:39)

then for n > ¹n formula (3.32) follows.
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Lemma 3.2. There exists a constant R and an integer ¹n such that 8n ¸ ¹n

EkZn(t)k2 · R; 8t 2 [0; T ]:

Proof. From the de¯nition of the process Zn given in (3.31) it is

EkZn(t)k2 = 3E
°°°Z(0) + Z t

0

H(Xn(¿);¡n(¿; Y n))d¿ +W (t)
°°°2

· EkZ(0)k2 + 3pT + 3T°2HE
nZ t

0

¡
kXn(¿)k2 + k¡n(¿; Y n)k2

¢
d¿
o
·

· C1 + 3T°2HE
Z t

0

kXn(¿)k2d¿+

+ 6T°2HE

Z t

0

¡
k¡(Y n(¿))k2 + k¡n(¿; Y n)¡ ¡(Y n(¿))k2

´
d¿ ·

· C1 + 3T°2H(1 + 2°2¡)E
Z t

0

kZn(¿)k2d¿+

+ 6T°2H

n¡1X
i=0

Z (i+1)T
n

iT
n

k¡n(¿; Y n)¡ ¡(Y n(¿))k2Â[0;t](¿)d¿:

(3:40)

Let us de¯ne C2 = 3T°
2
H(1 + 2°

2
¡), and let us add and subtract the term ¡(Y n(iT=n)) in the

integrals inside the summation. Recalling also the de¯nition (3.25) of ¡n one obtains

EkZn(t)k2 · C1 + C2E
Z t

0

kZn(¿)k2d¿

+ 6T°2H

n¡1X
i=0

Z (i+1)T
n

iT
n

E
°°Qn ± ¡(Y n(iT=n))¡ ¡(Y n(iT=n))

+ ¡(Y n(iT=n))¡ ¡(Y n(¿))
°°2Â[0;t](¿)d¿:

(3:41)

Recalling the property (3.26) of the quantizer Qn it is also

EkZn(t)k2 · C1 +C2E
Z t

0

kZn(¿)k2d¿

+ 12T°2H

n¡1X
i=0

Ã
1

22n
T

n
+ °2¡

Z (i+1)T
n

iT
n

EkY n(¿)¡ Y n(iT=n)k2Â[0;t](¿)d¿
! (3:42)

and

EkZn(t)k2 · C1 + C2E
Z t

0

kZn(¿))k2d¿+

+
12T 2°2H
22n

+ 12T°2H°
2
¡

n¡1X
i=0

Z (i+1)T
n

iT
n

EkY n(¿)¡ Y n(iT=n)k2Â[0;t](¿)d¿:
(3:43)
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>From Lemma 3.1, there exists an integer ¹n and constants K1;K2;K3 such that for any t
inequality (3.32) holds for any n ¸ ¹n. Substitution in (3.43) gives

EkZn(t)k2 · C1 + C2E
Z t

0

kZn(¿)k2d¿ + 12T
2°2H
22n

+ 12T°2H°
2
¡K1

T

n
t

+ 12T°2H°
2
¡

n¡1X
i=0

Z (i+1)T
n

iT
n

³
K2
T

n

Z ¿

iT=n

EkXn(µ)k2dµ +K3
T 2

n2
EkY n(¿)k2

´
Â[0;t](¿)d¿

(3:44)
Let us de¯ne the constant

C3 =
12T 2°2H
22¹n

+ 12°2H°
2
¡K1

T 3

¹n
: (3:45)

Breaking the integral in the summation into two terms yields, for any n ¸ ¹n:

EkZn(t)k2 · C1 + C3 +C2
Z t

0

EkZn(¿))k2d¿+

+ 12T°2H°
2
¡K2

T

n

n¡1X
i=0

Z (i+1)T
n

iT
n

d¿

Z t

0

EkXn(µ)k2dµ+

+ 12T°2H°
2
¡K3

T 2

n2

Z t

0

EkY n(¿))k2d¿

(3:46)

from which

EkZn(t)k2 · C1 + C3 +
µ
12T 3°2H°

2
¡

µ
K2 +

K3

¹n

¶
+ C2

¶Z t

0

EkZn(¿)k2d¿: (3:47)

Finally, an application of the Gronwall's Lemma to the previous inequality gives:

EkZn(t)k2 · (C1 + C3)exp
µ
12T 3°2H°

2
¡

µ
K2 +

K3
¹n

¶
+ C2

¶
= R:

Lemma 3.3. There exist an integer ¹n and a constant K4 such that

EkY n(¿)¡ Y n(iT=n)k2 · K4

n
; 8n ¸ ¹n; 8¿ 2 [iT=n; (i+ 1)T=n]: (3.48)

Proof. Since EkXn(t)k2 · EkZn(t)k2 and EkY n(t)k2 · EkZn(t)k2, and therefore, from
Lemma 3.2, EkXn(t)k2 · R and EkY n(t)k2 · R, from Lemma 3.1 it is

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· K1

T

n
+K2

T

n

Z ¿

iT=n

Rdµ +K3
T 2

n2
R; 8n ¸ ¹n (3:49)

and therefore

E
¡
kY n(¿)¡ Y n(iT=n)k2

¢
· K1

T

n
+ (K2 +K3)

T 2

n2
R; 8n ¸ ¹n (3:50)

>From this we can ¯nd a constant K4 such that inequality (3.48) holds for n ¸ ¹n.
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Theorem 3.4. The sequence of processes fZng, solutions of eq. (3.31), converges towards the
solution Z of eq. (3.30) in L2([0; T ]£−;BT £F ; d¸£ dP ). Moreover, 8t 2 [0; T ] Zn(t)! Z(t)
in mean square.

Proof. Using equations (3.30) and (3.31) we have

E

Z T

0

kZ(t)¡ Zn(t)k2dt =

= E

Z T

0

°°°Z t

0

³
H(X(¿);¡(Y (¿)))¡H(Xn(¿);¡n(¿; Y n))

´
d¿
°°°2dt ·

· E
Z T

0

³Z t

0

°°°H(X(¿);¡(Y (¿)))¡H(Xn(¿);¡n(¿; Y n))
°°°d¿´2dt ·

· T ¢E
Z T

0

Z t

0

°°H(X(¿);¡(Y (¿)))¡H(Xn(¿);¡n(¿; Y n))
°°2d¿dt:

(3.51)

Now °°H(X(¿);¡(Y (¿)))¡H(Xn(¿);¡n(¿; Y n))
°°2 ·

· °2HkX(¿)¡Xn(¿)k2 + °2Hk¡(Y (¿))¡ ¡n(¿; Y n)k2 ·
· °2HkX(¿)¡Xn(¿)k2 + 2°2Hk¡(Y (¿))¡ ¡(Y n(¿))k2

+ 2°2Hk¡(Y n(¿))¡ ¡n(¿; Y n)k2 ·
· °2H(1 + 2°2¡)kZ(¿)¡ Zn(¿)k2 + 2°2Hk¡(Y n(¿))¡ ¡n(¿; Y n)k2:

(3:52)

Substituting (3.52) in (3.51) we have

E

Z T

0

kZ(t)¡ Zn(t)k2dt = T°2H(1 + 2°2¡)
Z T

0

E

Z t

0

kZ(¿)¡ Zn(¿)k2d¿dt

+ T2°2H

Z T

0

E

Z t

0

k¡(Y n(¿))¡ ¡n(¿; Y n)k2d¿dt:
(3.53)

Let us consider the second term of the right hand side of (3.53). One has

T2°2H

Z T

0

E

Z t

0

k¡(Y n(¿))¡ ¡n(¿; Y n)k2d¿dt

· 2T 2°2H
Z T

0

Ek¡(Y n(¿))¡ ¡n(¿; Y n)k2d¿

= 2T 2°2H

n¡1X
i=0

Z (i+1)T=n

iT=n

Ek¡(Y n(¿))¡Qn ± ¡(Y n(iT=n))k2d¿

· 4T 2°2H
n¡1X
i=0

Z (i+1)T=n

iT=n

Ek¡(Y n(¿))¡ ¡(Y n(iT=n))k2d¿

+ T 2°2H

n¡1X
i=0

Z (i+1)T=n

iT=n

Ek¡(Y n(iT=n))¡Qn ± ¡(Y n(iT=n))k2d¿

· 4T 2°2H
n¡1X
i=0

Z (i+1)T=n

iT=n

°2¡EkY n(¿)¡ Y n(iT=n)k2d¿ + 4T 2°2H
n¡1X
i=0

1

2n
T

n

(3.54)
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>From Lemma 3.48 we have, for n ¸ ¹n

T2°2H

Z T

0

E

Z t

0

k¡(Y n(¿))¡ ¡n(¿; Y n)k2d¿dt · o(n) (3.55)

where

o(n) = 4T 3°2H

³
°2¡
K4
n
+
T

22n

´
:

Substituting (3.55) in (3.53)

E

Z T

0

kZ(t)¡ Zn(t)k2dt · T°2H(1 + 2°2¡)
Z T

0

E

Z t

0

kZ(¿)¡ Zn(¿)k2d¿dt+ o(n):

Using the Gronwall's Lemma it results,

E

Z T

0

kZ(t)¡ Zn(t)k2dt · exp
¡
T 2°2H(1 + 2°

2
¡)
¢
o(n);

and since o(n) goes to zero, the ¯rst part of the Theorem is proven.
Following similar calculations as before, it follows that:

EkZ(t)¡ Zn(t)k2dt · T°2H(1 + 2°2¡)E
Z t

0

kZ(¿)¡ Zn(¿)k2d¿dt+ o(n):

and since we have just proven that Znt ! Zt in the mean square, the right hand side tends to
zero, and the proof is completed.

Remark 3.5. As a consequence of Lemma 3.2 and Theorem 3.4, it results

EkZ(t)k2 · R; (3.56)

where R is the same bound as in Lemma 3.2.

Lemma 3.6. The sequence of processes f¡n(¢; Y n)g converges toward ¡(Y ) in L2([0; T ]£−;BT£
F ; d¸£ dP ).
Proof.

E

Z T

0

k¡n(¿; Y n)¡ ¡(Y (¿))k2d¿ =

E
n¡1X
i=0

Z (i+1)T=n

iT=n

kQn ± ¡(Y n(iT=n))¡ ¡(Y (¿))k2d¿

· 2E
n¡1X
i=0

Z (i+1)T=n

iT=n

kQn ± ¡(Y n(iT=n))¡ ¡(Y n(iT=n))k2d¿

+ 2E
n¡1X
i=0

Z (i+1)T=n

iT=n

k¡(Y n(iT=n))¡ ¡(Y (¿))k2d¿

· 2 T
22n

+ 2°2¡

n¡1X
i=0

Z (i+1)T=n

iT=n

EkY n(iT=n)¡ Y (¿)k2d¿

· T

22n¡1
+ 4°2¡

n¡1X
i=0

Z (i+1)T=n

iT=n

EkY n(iT=n)¡ Y n(¿)k2d¿

+ 4°2¡

n¡1X
i=0

Z (i+1)T=n

iT=n

EkY n(¿)¡ Y (¿)k2d¿:

(3:57)
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Using Lemma 3.3 previous inequality becomes

E

Z T

0

k¡n(¿; Y n)¡ ¡(Y (¿))k2d¿

· T

22n¡1
+ 4°2¡K4

T

n
+ 4°2¡

Z T

0

EkY n(¿)¡ Y (¿)k2d¿:
(3.58)

>From Theorem 3.4 we have that

lim
n!1

Z T

0

EkY (¿)¡ Y n(¿)k2d¿ = 0; (3:59)

hence, from inequality (3.58), the thesis follows.

Let eP and ePn be the probability measures on the measure space (−;F) that transform the
processes Z and Zn, respectively, into standardWiener processes. As well known, these measures
are uniquely determined by the Girsanov Theorem applied to the systems (3.30), (3.31) and
satisfy the following relations:

d eP = e¤dP ; d ePn = e¤ndP (3.60)

where ¤ = ¤(T ), ¤n = ¤n(T ) and

¤(t) = ¡1
2

Z t

0

kH(X(s);¡(Y (s)))k2ds¡
Z t

0

HT(X(s);¡(Y (s)))dW (s); (3.61)

¤n(t) = ¡1
2

Z t

0

kH(Xn(s);¡n(s; Y n))k2ds¡
Z t

0

HT(Xn(s);¡n(s; Y n))dW (s): (3.62)

Theorem 3.7. The above de¯ned sequence f¤ng converges in the P -mean of order one towards
¤ and the sequence fe¤ng is uniformly integrable, that is

lim
K!1

sup
n

Z
fe¤n>Kg

e¤
n

dP = 0: (3:63)

Proof. Let us ¯rst show the convergence in P -mean of f¤ng.

Ej¤n ¡ ¤j

· 1

2

Z T

0

E
¯̄̄
kH(Xn(t);¡n(t; Y n))k2 ¡ kH(X(t);¡(Y (t)))k2

¯̄̄
dt

+E
¯̄̄ Z T

0

³
H(Xn(t);¡n(t; Y n))¡H(X(t);¡(Y (t)))

´T
dW (t)

¯̄̄
·
Z T

0

E
³¡
kH(Xn(t);¡n(t; Y n))k+ kH(X(t);¡(Y (t)))k

¢
¢
°°H(Xn(t);¡n(t; Y n))¡H(X(t);¡(Y (t)))

°°´dt
+

Ã
E

Z T

0

kH(Xn(t);¡n(t; Y n))¡H(X(t);¡(Y (t)))k2dt
!1=2

:
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Using the Schwarz inequality in L2([0; T ]£−) previous inequality becomes

Ej¤n ¡ ¤j

·
Ã
1 +

³Z T

0

¡
2EkH(Xn(t);¡n(t; Y n))k2 + 2EkH(X(t);¡(Y (t)))k2

¢
dt
´1=2!

¢
³Z T

0

EkH(Xn(t);¡n(t; Y n))¡H(X(t);¡(Y (t)))k2dt
´1=2

:

(3.64)

Moreover using inequality (3.56) we haveZ T

0

EkH(X(t);¡(Y (t)))k2 · °2H
Z T

0

EkX(t)k2dt+ °2H°2¡
Z T

0

EkY (t)k2 · K5; (3.65)

with
K5 = °

2
H(1 + °

2
¡)RT; (3:66)

andZ T

0

EkH(Xn(t);¡n(t; Y n))k2 · °2H
Z T

0

EkXn(t)k2dt

+ °2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

kQn ± ¡(Y n(iT=n))k2dt

· °2HRT + °2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

kQn ± ¡(Y n(iT=n))¡ ¡(Y n(iT=n)) + ¡(Y n(iT=n))k2dt

· °2HRT + 2°2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

³ 1

22n
+ k¡(Y n(iT=n))k2

´
dt

· °2HRT +
2°2HT

22n

+ 2°2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

k¡(Y n(iT=n))¡ ¡(Y n(t)) + ¡(Y n(t))k2dt

· °2HT
¡
R+

1

22n¡1
¢
+ 4°2HE

n¡1X
i=0

Z (i+1)T=n

iT=n

°2¡kY n(iT=n)¡ Y n(t)k2dt

+ 4°2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

°2¡kY n(t)k2dt

· °2HT
¡
R+

1

22n¡1
¢
+ 4°2H°

2
¡

Z T

0

kY n(t)k2dt

+ 4°2HE
n¡1X
i=0

Z (i+1)T=n

iT=n

°2¡kY n(iT=n)¡ Y n(t)k2dt:

(3:67)
>From this and from Lemma 3.3, for n ¸ ¹n it isZ T

0

EkH(Xn(t);¡n(t; Y n))k2 · K6 (3.68)
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where

K6 = °
2
HT
¡
R+

1

22¹n¡1
¢
+ 4°2H°

2
¡RT + 4°

2
H°

2
¡K4T: (3:69)

Substituting (3.65) and (3.68) in (3.64) one obtains

Ej¤n ¡ ¤j ·
³
1 +

¡
2(K5 +K6)

¢1=2´
¢
³Z T

0

EkH(Xn(t);¡n(t; Y n))¡H(X(t);¡(Y (t)))k2dt
´1=2

·
³
1 +

¡
2(K5 +K6)

¢1=2´
¢ °H

ÃZ T

0

¡
EkX(t)¡Xn(t)k2 +Ek¡n(t; Y n)¡ ¡(Y (t))k2

¢
dt

!1=2
(3:70)

which goes to zero thanks to Lemma 3.6 and Theorem 3.4. This proves the ¯rst part of the
theorem.

Convergence in the P -mean of order one of ¤n to ¤ implies convergence in distribution of e¤
n

to e¤. Moreover, as well known, it is Efe¤ng = Efe¤g = 1 for any n. These properties prove
uniform integrability of the family Efe¤ng thanks to theorem 5.4, pag. 32 in [7]. This concludes
the proof.

Let us consider on the probability spaces (−;F ; ePn) and (−;F ; eP ) the processes Zn and Z
respectively, de¯ned as follows

Zn(t) =

24Xn(t)
Y nt
e¤

n

35 ; Z(t) =

24X(t)Yt
e¤

35 : (3.71)

Let ¹nt and ¹t be the measures induced on IR
d£L2([0; t]; IRm)£IR by Zn(t) and Z(t) respectively,

that is

¹nt (B) = ePn(! : Zn(t) 2 B); ¹t(B) = eP (! : Z(t) 2 B);
where B is any set belonging to the Borel ¾-algebra of IRd £ L2([0; T ]; IRm)£ IR.

Lemma 3.8. ¹nt is weakly convergent to ¹t 8t 2 [0; T ].

Proof. Let Ãn; Ã de¯ned as

Ãn(t) =

24Xn(t)
Y nt
¤n

35 ; Ã(t) =

24X(t)Yt
¤

35 : (3.73)

By using Theorems 3.4 and 3.7 we have that Ãn(t) ! Ã(t) in L1(−;F ; P ). Let us prove the
convergence of Ãn(t) to Ã(t) in the eP probability, that is:

lim
n!1

eP (kÃn(t)¡ Ã(t)k > ²) = 0; 8² > 0: (3.74)
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Let K a real positive number,

eP (kÃn(t)¡ Ã(t)k > ²) = Z
fkÃn¡Ãk>²g

d eP = Z
fkÃn¡Ãk>²g

e¤dP

=

Z
fe¤>Kg[fkÃn¡Ãk>²g

e¤dP +

Z
fe¤·Kg[fkÃn¡Ãk>²g

e¤dP

· KP (kÃn(t)¡ Ã(t)k > ²) +
Z
fe¤·Kg

e¤dP

from which, by choosing K such that
R
e¤>K

e¤dP < ²=2 and n such that P (kÃn(t) ¡ Ã(t)k >
²) < ²=2K, we obtain (3.74). Since Zn(t) and Z(t) are continuous functions of Ãn(t) and Ã(t)
respectively, it results Zn(t) ! Z(t) in eP distribution and hence ¹¹nt ! ¹t weakly, where ¹¹

n
t is

the measure de¯ned as: ¹¹nt = eP (Zn(t) 2 B), with B Borel set of IRd £ L2([0; t]; IRm)£ IR.
Now, let us prove the weak convercence of ¹nt to ¹t. For a suitably large n it results

j¹nt (B)¡ ¹t(B)j = j¹nt (B)¡ ¹¹nt (B) + ¹¹nt (B)¡ ¹t(B)j
· j¹nt (B)¡ ¹¹nt (B)j+ j¹¹nt (B)¡ ¹t(B)j

· ²

2
+ k¹nt (B)¡ ¹¹nt (B)k ·

²

2
+ j ePn(Zn(t) 2 B)¡ eP (Zn(t) 2 B)j

· ²

2
+
¯̄̄ Z

fZn(t)2Bg
(e¤

n ¡ e¤)dP
¯̄̄

=
²

2
+
¯̄
E(e¤

n ¡ e¤)
¯̄
:

(3.75)

Now, since e¤n ¡ e¤ is uniformly integrable, by Theorem 3.7, let K² > 0 such thatZ
fje¤n¡e¤j>K²g

je¤n ¡ e¤jdP < ²

6
; 8n: (3.76)

Moreover, let us choose ÃL² > 0 enough large such that

P (e¤ > L²) ·
²

6 ¢K²
: (3.77)

It results:Z
−

je¤n ¡ e¤jdP =
Z
fje¤n¡e¤j>K²g

je¤n ¡ e¤jdP +
Z
fje¤n¡e¤j·K²g\fe¤>L²g

je¤n ¡ e¤jdP

+

Z
fje¤n¡e¤j·K²g\fe¤·L²g

je¤n ¡ e¤jdP

· ²

6
+K² ¢ P (e¤ > L²) +

Z
fje¤n¡e¤j·K²g\fe¤·L²g

¯̄̄ Z 1

0

e¿¤+(1¡¿)¤
n

d¿ ¢ (¤¡ ¤n)
¯̄̄
dP

· ²

6
+
²

6
+

Z
fje¤n¡e¤j·K²g\fe¤·L²g

¯̄̄ Z 1

0

L¿² (K² + L²)
1¡¿d¿ ¢ (¤¡ ¤n)

¯̄̄
dP

· ²

6
+
²

6
+ (K² + L²) ¢E(j¤¡ ¤nj) ·

²

2
;

for a suitably large n, thanks to Theorem 3.7.
Substituting this in (3.75) we get the thesis.

Finally we can prove the main theorem (Extension Theorem).
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Theorem 3.9. Given the system (1.1)-(1.3), endowed with the feedback law (1.4), it results

E
¡
S(t)=FYt

¢
= G

¡
¡t(Yt); Yt

¢
;

where G is the optimal open-loop estimator de¯ned in (1.7).
Proof. Let us consider the sequences (3.27), (3.28), obtained with the CRF law de¯ned by

(3.25). By Theorem 2.3 it results

E
¡
Sn(t)=FY n

t

¢
= G

¡
¡nt (Yt); Y

n
t

¢
; (3.78)

where Sn = F (Xn), and F is the bounded continuous function de¯ning the signal in (1.3). By
the hypothesis ¹nt is weakly convergent to ¹t (remind that ¹

n
t and ¹t are the measures induced

by Zn(t) and Z(t) respectively throughout the probability measures ePn; eP ). By construction,
Zn and Z are standard Wiener processes with respect to ~Pn, and ~P respectively, therefore their
components are independent processes. This implies that Xn(t); Y nt are mutually independent

with respect to ePn and X(t); Yt are mutually independent with respect to eP . Then we can use
Theorem 2.1 in [8] and obtain that E(Sn(t)=FY n

)! E(S(t)=FY ) in P -distribution. Therefore
from (3.78) it results

G
¡
¡nt (Y

n
t ); Y

n
t

¢
! E(S(t)=FYt ): in P -distribution: (3.79)

Now, by Theorem 3.4 and Lemma 3.6 it results that (¡n(Y n); Y n) ! (¡(Y ); Y ) in the mean
square, and hence in P -distribution. Since the ¯lter de¯ned by eq.ns (1.5), (1.6) is assumed
to be smooth (that is the function G is continuous), by Theorem 5.1 of [7], it results that
G
¡
¡nt (Y

n
t ); Y

n
t

¢
! G

¡
¡t(Yt); Yt

¢
in P -distribution and ¯nally, taking into account (3.78), the

thesis follows.

4. Conclusions

The relation between open-loop and closed-loop system state-estimation has been studied. The
central result is given by theorem 3.9 asserting that: the same function (of the input and of
the current observations), giving the optimal state-estimate for the open-loop system, will give
the optimal state-estimate also for the closed-loop system, provided that the input is replaced
with the controller-output. This implies, as shown in x3, that the optimal ¯lter of the open-loop
system remains optimal when the feedback is closed (whatever the feedback function may be).
This is a very common operation in the engineering practice, however any theoretical justi¯cation
of this operation was up to now given.
The result has been proved under mild hypotheses, veri¯ed in all practical cases. We stress

that, it may be more simple to derive ¯lter equations for the open loop system.



20.

References

[1] R.S. Liptser, A.N. Shiryayev. Statistics of Random Processes, Vol 2, Springer Verlag, New
York, 1978.

[2] R.E. Kalman, \A New Approach to Linear Filtering and Prediction Problems," J. Basic.
Eng., vol. 1, pp. 35-45, 1960.

[3] A.V. Balakrishnan, Kalman Filtering Theory, Optimization Software,Inc., Publication Di-
vision, New York, 1984.

[4] B.D.O. Anderson, J.B. Moore, Optimal Filtering, Prentice Hall, Inc., Englewood Cli®s,
N.J., 1979.

[5] W.J. Kolodziej, R.R. Mohler, \State Estimation and Control of Conditionally Linear Sys-
tems," SIAM Journal on Control and Optimization, Vol. 24, No. 3, pp. 497-508, May
1986.

[6] W.J. Kolodziej, R.R. Mohler, \Conditionally Linear and Non-Gaussian Processes," in Non-
Gaussian Signal Processing, E. Wegman and S. Schwartz, eds., North-Holland, Amsterdam,
1987.

[7] P. Billingsley, Convergence of Probability Measures, J. Wiley & Sons, 1968.

[8] E. M. Goggin, \Convergence in Distribution of Conditional Expectations," The Annals of
Probability, Vol. 22, No. 2, pp. 1097{1114, 1994.

[9] E. M. Goggin, \An L1 Approximation for Conditional Expectations," Stochastics and
Stochastics Reports , Vol. 60, pp. 85{106, 1997.

[10] M. Cohen De Lara, \Finite-Dimensional Filters. Part I: The Wei Norman Technique",
\Finite-Dimensional Filters. Part II: Invariance Group Techniques" , SIAM J. Contr. &
Opt., Vol. 35, No. 3, pp. 980{1029.


