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Abstract

This paper concerns the filtering problem for the class of stochastic nonlinear systems endowed
with an output feedback, for which there exists a finite-dimensional filter. It is proven that the
optimal filter for the open-loop system remains optimal when the feedback is closed. The result
holds whatever the noise distribution may be.

Key words: Nonlinear filtering, closed-loop systems, Girsanov theorem, convergence of prob-
ability measures






1. Introduction

Let us consider the class of stochastic systems described by the equations:

t), u(t))dt + dW(t), (1.1)
t),u(t))dt + dW?(t),

where X (t) € R? is the system state, Y(t) € IR™ is the observation process, u(t) € RP? is
the input function, S(t) € R? is the signal to be estimated, Wi(t) € R™, W2(t) € R” are
standard mutually uncorrelated Wiener processes, f, h are, for any ¢t > 0, suitably dimensioned
C* smooth vector functions and F' is a continuous bounded function. The initial state X (0) is
a random variable independent of W!(t), W2(¢) ¢ > 0.

Throughout the paper we will use the following subscript notation: for a given function &(t),
t € [0, 7], we shall denote with & the whole trajectory of £ in [0, ], that is {(s) = &(s), s € [0,¢].

We will consider system (1.1)-(1.3), under the feedback law:

up =Ty (Y2) (1.4)

where I'y, for any t > 0, is a causal C'*° map from U; to YV, and Uy, ); are suitable metric spaces
of measurable functions containing all the trajectories given by the whole feedback system (1.1)-
(1.4).

We refer to eq.ns (1.1)-(1.3), when these stand alone, as the open-loop system, representing a
mathematical model of some plant to be controlled and/or estimated, whereas (1.4), describing
the behaviour of some control device, will be called the controller. We shall denote by X*, Y% S*
the solution of the open-loop system, corresponding to the given input function u. Moreover,
for any stochastic process ¢ we shall denote by ]:f the o-algebra generated by {&;, s < t}.

__ We assume that for any given deterministic input @ there exists the optimal open-loop estimate
St(t) = B(S"(t)/FY") in a filter form, that is for any given input function @ the estimate is
given by the output of a known SDE of the form

u(t))dt + N(t,£"(t), a(t))dY™(t), £"(0) = &, (1.5)

d™(t) = M(t, £"(t),
p(&"(1)). (1.6)

E(SY(t)/F ") =

where & is a random variable such that E(F(X(0))) = p(&). Let us denote with G(i;, Y;*) the
function associated to equations (1.5) (1.6) that gives the optimal open-loop estimate. So we
can write

E(S™(t)/F") = G, ;") (L.7)

We assume that the filter defined by eq.ns (1.5), (1.6) is smooth, that is the function G(-,-)
above defined, is a continuous map from ; x Y, to IR . We refer readers to [10] and references
therein reported, for a discussion about the existence of finite-dimensional filters for nonlinear
systems.

Let &1 be the process satisfying the filter equation (1.5) when the feedback process u given
by eq. (1.4) is used, i.e.

de" (t) = M (1,5 (1), Ty(Y]))dt + N(t, €7 (1), T (Y,])dY T (1), €5(0) = &o. (1.8)



The following question arises: is the optimal estimate of ST (¢) given by the following expres-

sion?
E(ST(t)/FY) = p(e"(2)). (1.9)

Stated in other words: let us apply the open-loop filter to the closed-loop system. Then, the
question is: does the estimate agree with the optimal state-estimate for the closed-loop system?

In this paper we will show that the answer is affirmative for the considered class of nonlinear
systems. We point out that our class includes a subclass of the so called conditionally linear
systems, (see [5], [6] and references therein included).

The addressed topic is a theoretical one, up to now solved only in a very particular case (i.e. for
linear-Gaussian systems under nonlinear feedback [1]), important also from an application point
of view. Indeed, it may be simpler to write down the filter equations for open loop systems then
considering the whole feedback system; furthermore, in many areas, such as stochastic control
or telecommunications, the presence of structural feedbacks gives rise to the question about the
usage of these equations when the feedback is closed. In particular, it is crucial to understand
the changing in the estimation performance.

2. The case of countable feedback law

In the following (€2, F, P) will denote the underlying probability triple. o
JFrom (1.1)-(1.4) it follows that, for any ¢, we can define (Borel) functions ©, ®, such that
X(t) = ®(t,us, WL, X(0));
Y (t) = O(t,u, Wi, W2, X(0));
S(t) = F o ®(t,us, W}, X(0));
however, in order to shorten the notations, in the following we will use the functions ©, ®,

defined as _
Ot up,w) = B(t, up, Wy (w), X(0)(w)),

O(t, ur,w) = O (t, u, WHw), W2 (w), X (0)(w)); (2.1)
Dp(t,up,w) = F o ®(t, up, Wi(w), X (0)(w));

For a given process {v(t),t > 0} with the symbol F} we will denote the o-algebra generated by
{v(s), s <t}

Let 4 be a given deterministic function; we denote with Y% the observation process corre-
sponding to the input function u:

YU(t) = O(t, iy, w). (2.2)
We will need the following Lemma.

Lemma 2.1. Let H be a sub o-algebra of F and A € H. Let H be the o-algebra: H=HnNA.
Then, for any integrable random variable X, it results P-almost-surely in A:

E(X/H) = E(X/H).
Proof. By definition of conditional expectation it results

/ E(X/H)dP = / XdP, VAeH (2.3)
JA JA



Because H C ‘H, from (2.3) we have
/ E(X/H)dP = / XdP, VYAcH (2.4)
A A
and apply again the definition of conditional expectation:
/ E(X/H)dP = / XdP, VYAe€H. (2.5)
A A
(From (2.4), (2.5), it follows that
/ E(X/H)dP = / E(X/H)dP, YA€cH,
JA JA

from which, taking into account that the restriction to A of F(X/H) is H-measurable, the thesis
follows.
[

Definition 2.2. A causal feedback law I'; : ), — U; is said to be a countable range feedback
(CRF) function if there exists a countable set {u*} C Up, a € IN, such that

where u is the restriction of u® in the interval [0,t], ¢ < T

We are now in a position to write down the following theorem.
Theorem 2.3. IfT'; is a CRF function, then it results
E(S(t)/F)) =6(N(Y2), 7)), (2.6)

where G is the optimal open-loop estimator defined in (1.7).

Proof. Being I'y a CRF function by assumption, then for any ¢ > 0 it is
+oo
P(Ufws v = uf}) =1 (2.7)
a=1

Let S(t) be the optimal signal estimate
S A
S(t)=E(S1)/F).

JFrom the mean square optimality of S (t) it follows that



this implies that, for any Q-subset Q* € FY we have

[ 18@) - s@yjpar
JQ*

(2.9)
< / 15(t) = S@)|2dP, VS(t) FY — measurable.
Q*
For, suppose that there exist an ' € FY and an S’(t) F;” -measurable such that
[ 18e@) - sniap
(2.10)

/ 15'(6) — S(®)|2dP,

S(t) 25" (t)xer + 8(t)xeve (2.11)

where x4, A® denote the characteristic function and the set-theoretic complement of a set A.
Obviously, it results that S(¢) is an F} -measurable function. Now, we have

and let

B(IS() = SW1P) = [ 156) = S|P
[ 15 - st|Pap+ / 1180 - S|P (212)
/ ') = SPap+ [ 15 - S@)|ap

where we have used (2.11). From (2.12) and recalling (2.10), we obtain

E(|IS(t) = S®)II*)

/ 15(t) - S(¢)|2aP

- / 180) - sl
= B(I8() - S0P,

which is against (2.8). Now, for any given deterministic function {u(t), ¢ > 0}, and for any
integer ¢t > 0 let us define the set 7 (u;) C Q:

T(ur) ={w: T(Yy) = u, } (2.13)

and the o-field, namely FY ", generated by {Y“(s) = O(s, us,w), s < t}. Obviously it results
T (ut) € FY . Moreover, for any Borel set B, we can consider the identity:

{w: O(s,us,w) € B, s<t}N{w: us =T(Ys), s <t}

={w: O(s,s(ys),w) € B, s <t}nN{w: us =Ts(Y5), s <t}

from which it follows that:
T(u) NFY =FY 0T (uy). (2.14)



Now, let uga) an admissible value for the feedback function I';(Y;); by exploiting (2.9) for Q* =

T (u$), it results, for any random variable S(t) F} -measurable:

[ 8o -swoFap< [ 150 - s (215)
T (uf) ST (ug)

On the other hand, by using the function ®r defined in (2.1), it results
R EOREIRY,
T (uf)
= [ B(2r(t DY) ) — Be(tTilan). )PP
JT (ug)
(2.16)
— [ IE(2rtag @)/ FY ) - Betup W)
ST (uy™)

= [ B (e @) FY N TE) - @r(tuf,w) PP
T (uf

where we have used the equality uf* = I';(Y;(w)) that holds for w € 7 (u$'), and applied Lemma
2.1 in the last step. Now, by exploiting (2.14) we have

[ B(oettar @)/ 0T (@) - eeltut,w)*dP
T (uf)

x (2.17)
= [ (et m T ATw) - epp W)
ST (uf)
moreover, Lemma 2.1 implies that
[ B (et m T 0 T(@) - rlt ) PP
ST (ug)
(2.18)

o () e
= [ iB(eetuw)/ A ) - vetup WP

substituting (2.18) in (2.17) and then the result in (2.16), recalling (2.15) we infer the following
inequality
[ 1B (et w)/F ) ~ rtt g w) PP
) (2.19)
<[ 130 - eetur,w)dp

which holds for any random variable S (t), FY -measurable. Taking into account the definition
of the set 7 (uf'), inequality (2.19) can be rewritten as

[ B(eetu )/ A7) - (e DY) )P
JT(ug) (2.20)

< / 1S(8) = Bk, Ta(ye), ) |2dP,  ¥S() FY — meas.
)



moreover, by Lemma 2.1, the restriction of S(t) to T (u) is FY N'T (u®)-measurable and hence,
by (2.14), .7-?/(“ N7 (uf')-measurable. Hence, (2.15) and (2.20) imply:

S(t ‘ :E(<I> o, w f“““)‘ . 2.21
( ) T(us) F( t )/ t T(us) ( )
Taking into account that, by the hypotheses,
+oo
U T@wq) =\,
a=1
where N € F is a P-null set, we have P-a.s.:
S(t) = Z S(t)’T(ua)XT(u?)(W)
a=1 t
and using (2.21) it results
3 = (u®)
8 = 3 B(@r(tug,w)/ P ) xru @)
a=1
from which, it follows that:
B(S(1)/Y:) = G(Ty(Y), V7). (2.22)
Which proves the theorem.
0

In the next section will be presented an extension of Theorem 2.3 to the class of continuous
and static feedback laws, which uses the results of this section.

3. The extension theorem

Let us consider the stochastic feedback system described by the equations (1.1), (1.2), under
the static feedback law:
u(t) =T(Y(t)), I'(0)=0. (3.23)

We assume that the functions f, h,I" are uniformly Lipschitz:

1@ ) = fla” ) <y (e = 2 + = o)),

Hh(:z:',u/) . h(:v”,u”)H < ’Yh(H!'L’/ . 33//||2 + Hu/ . u//||2)1/2’ (3.24)
IT@W) =T < lly ="l

for any choice of 2/, 2” € R", v/, u” € IRP and v/, y” € IR?. For any n € IN, let us introduce the
CRF function I' : [0 T] x C(]0 T],IR?) — IR*:

I
-

n
Y

™ (t,n) Q" o T (n(iT/n))) x, (t), (3.25)

L+ L)

-
Il
o



where x 4(t) denotes as usual the characteristic function of the set A, and @™ is a countable
range function Q™ : IR? — IR? such that:

1
sup [1Q"(v) ~ vl < o1 (3.26)
velRP

In the following, we will refer to such a function Q™ as the quantizer. Using I'" as the feed-
back law of system (1.1), (1.2), it result to be well defined the processes X™ and Y" as the
corresponding solutions of the system:

dX"(t) = f(t, X"(t),u™(t))dt + dW(t), (3.27)
dY™(t) = h(t, X" (t),u"(t))dt + dW3(t), (3.28)
u(t) =T"(t,Y™) (3.29)

Let us define the aggregated processes:

2=[v] w=[w] w=li]

and the composed system function:

From (3.24) the system function H results to be Lipschitz v, = (77 + v2)1/2. With the above
notation, systems (1.1)-(1.4) and (3.27)-(3.29), can be rewritten as:

dZ(t) = H(X(t),T(Y(t)))dt + dW (¢), (3.30)
dZ™(t) = H(X"(t),[™(t,Y™)))dt + dW (¢), (3.31)

with Z(0) = Z™(0). We can prove the following Lemma.

Lemma 3.1. There exist positive constants K1, Ko, K3 and an integer n such that for n > n
and 7 € [iT/n, (i +1)T/n]:

B(Y" () =Y GT/nP) Sk R [ B0+ Ky BV @I (332)

2
iT/n n

Proof. Using (3.31)
E(|Y"(r) = Y"(T/n)|?) = B <( /T/ dY"<e>H2>

_E H/T h(X”(a)7P”(&,Y")d@+VV2(T)—Wz(iT/n)H2
iT/n

<2B(|W?(r) = W2(T/n)|*) + 2B (/;/ [n(X™(6), Q" o F(Y"(Z'T/TL))HCw)



10.

where definition (3.25) has been used. Recalling that W?(7) is a standard Wiener process of
dimension p and using Schwarz inequality, we have

E(|[Y"(r)=Y"(T/n)|?) < 2p(7—iT/n)+2(T—iT/n)E/ |R(X™(6), Q" oL (Y™ (iT'/n))|[*de.
iT/n
(3.33)
Using the Lipschitz property of function h and adding and subtracting the function I'(¢7"/n) the
previous inequality becomes

E(|[Y"(r) = Y"(T/n)||*) < 2p(r —iT/n)+

+2(r—ir/m)E | A (1x" ) (3.34)

JiT/n

+|Q" o (Y™ (T /1)) + T (Y™ (T /n) — F(Y”(iT/n)||2>d9

Thanks to the property of the quantizer Q" the previous inequality transforms into

T

B(|Y™(r) = Y"(T/n)|I*) < 2p(r —iT/n) +2(r — il /n) v, E 17 (0)1*d6+
JiT/n
. (3.35)
4(1 —iT/n)?~? n
LA 2%/ Y 4 a7 —iT/n) %E/ D™ (T /m) | 2d6.
Let K a constant such that
. A1 —iT/n)*>yv: KT
2p(7’ — ZT/TL) + >2n < o (3.36)
(recall that 7 € [iT'/n, (i + 1)T'/n]) and define
Ky = 4v;,
Hhen KiT KyT T
E([Y™(r) =Y "(T/n)|?) < -~ + —-—F 17 (0)1*do+
2 n 20 Jirm
- (3.37)
+4727%FEHY”(1'T/H)IIQ-
JFrom this, defining K3 = 8y24Z, it results
K3 T? ‘ 9 Ky T
1-—=—— y" YT —
(1= 2D e - vrarpmip) < L4 .
KT 7 n KsT n '
+5F 1X™(6)]]*d6 + T—EHY (I
iT/n
Let n such that Vn > n,
T2
Kgﬁ <1, (3.39)

then for n > 7 formula (3.32) follows.
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Lemma 3.2. There exists a constant R and an integer n such that ¥n > n

BIZ )P <R, Vie[,T).
Proof. From the definition of the process Z™ given in (3.31) it is

B|Z"(1)|]* = 3B Z(0) +/[; H(X"(7),I"(r,Y"))dr + W(t)H2
< BIZO)P +3T+3T4E{ [ (1K) + (Y™ dr | <

t
<Ci+ 3T7?{E/ | X" (7)||Pdr+
JO
(3.40)

t
6795 [ (PO () + () = T (7)o <
ot
<G+ 3T (L 2DE [ 1270
J0

n—1 (i+1)T

w67 Y [T I Y T ) P (i

i=0"
Let us define Cy = 3Tv%(1 + 242), and let us add and subtract the term I'(Y"(iT/n)) in the

integrals inside the summation. Recalling also the definition (3.25) of I'" one obtains

t
E|Z"(1)|? < Cy + G / |27 () |2

G4nT

+6T% Z /T " E|QroT(Y"(iT/n)) — T(Y"(iT/n)) (3.41)
+ (YT /n)) = T(Y™(7))|| x(0.4(7)dr.
Recalling the property (3.26) of the quantizer Q™ it is also
t
Bz (@) < o+ G [ (127 e
 GEOT (3.42)

LY (2%— wo [T BV = YT/ e <T>d7>
i=0 -

n

and

ot
E|ZM®)|? < C1 + CoE / 127 () [2dr+
0
no1 Gt0T (3.43)
#12T0R Y / ElY™(r) = Y™(T/n) | xpo.q (r)dr.

127°~%

o
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(From Lemma 3.1, there exists an integer n and constants K;, Ko, K3 such that for any ¢
inequality (3.32) holds for any n > 7. Substitution in (3.43) gives

ot 2,2
n n 1272y T
BIZ"()]? < C1 + G / 127 (7)|Pdr + — 2 4 12T R
n—1 ,GtDT T o T2
w1205t Y [T (Ko [ BIXMO)Pd0 + Koz BIY" (O Jxioa(r)dr
i=0 /5 v JiT/n n
(3.44)
Let us define the constant o202 3
1
Cy = QQJH 1293 K — (3.45)
Breaking the integral in the summation into two terms yields, for any n > n:
-t
E|Z"(®)]* < C1+ Cs + 02/ E|Z"(r))|IPdr+
0
T n—1 G+1)T ¢
+ 12Ty P K= ) dr / E||X"™(6)|?d6+ (3.46)
iz 0
T2 t
12D [ BV )P
0
from which
n 2 3.2 .2 K3 't n 2
E|Z" ) < Cr+ Gy + (1279747 ( Ko+ — ) + G E||Z"(7)|dr. (3.47)
0
Finally, an application of the Gronwall’s Lemma to the previous inequality gives:
n (42 3.2 .2 Ky
ElZ"(t)[]7 < (Cr + Cs)exp { 12T°yyr | K2 + ry +C2 | = R.
O
Lemma 3.3. There exist an integer n and a constant K4 such that
K
E|Y™ (1) = Y"(T/n)|* < —4, Yn >n, V7 € [iT/n, (i +1)T/n]. (3.48)
n

Proof. Since E||X™(t)||? < E||Z"(t)]]? and E|Y"(t)||> < E||Z™(t)||?, and therefore, from
Lemma 3.2, E||X"(¢)||> < R and E||[Y"(¢)||* < R, from Lemma 3.1 it is

T T [T T2
E(|Y™(r) = Y"(iT/n)|]?) < Ki— 4 Ko— Rd0+ Ks—R, Vn>n (3.49)
n n . zT/n n
and therefore
n n(; 2 T T2 —
E(||Y (1) =Y"(@ET/n)|| ) < Klﬁ + (K2 + Kg)FR, Vn>n (3.50)

(From this we can find a constant K4 such that inequality (3.48) holds for n > n.
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Theorem 3.4. The sequence of processes {Z™}, solutions of eq. (3.31), converges towards the
solution Z of eq. (3.30) in Lo([0,T] x Q, By x F,d\ x dP). Moreover, ¥t € [0,T] Z"(t) — Z(t)

M mean square.

Proof. Using equations (3.30) and (3.31) we have
B [ 170 - 70l =
- E/O H /0 <H(X<T),F(Y(T))) — H(X"(r),T"(r, yn»)dTszt <
<r [ ([ [rece.ro e - 1o ey <
=t E/OT /ot |H (X (7),D(Y (7)) = H(X"(7), T"(r, Y"™))| *drdL.

Now

[H(X(r).D(Y (1)) = H(X"(r),T"(r,Y")||” <
<X (1) = XM +AFIDE (7)) = T (7, Y™)|? <
< AH X (r) = X)) + 2% |D(Y (1) — DY (7))
+ 293 DY (1)) — T (7, Y™)|? <

<R+ 299)2(7) = Z7 (D) + 295 [T (7)) = T (7 Y™,

Substituting (3.52) in (3.51) we have

B [ 1260 - 2" 0)Fde = T+ 209) / / 12(r) — 27(r)|[Pdrdt

+T27?1/0 E/O IT(Y™ (7)) — T (7, Y™)||?drdt.

Let us consider the second term of the right hand side of (3.53). One has
T t
T2v3 / E / ID(Y™ (7)) = T (7, Y™)||*drdt

<2T27H/ BIT(Y™(r)) - T"(r,Y")|%dr

(i+1)T/n

i Z / EIT(Y™(r)) — Q" o T(Y"(¢iT/n))|2dr

T/n
(i+1)T/n

< ATy} Z / E[T(Y"(r)) ~ D(Y" (T /n))|*dr

(t+1)T/n
+ T%7% Z / E|T(Y"(iT/n)) — Q" o T(Y™(iT/n))||*dr

(i+1)T/n n—1 17T

< 4T, Z/ VB[V (r) — YT /n)|2dr + 4T,

2" n
i=0

(3.51)

(3.52)

(3.53)

(3.54)
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From Lemma 3.48 we have, for n > n

T t
Tzﬁf/ E/ IT(Y™ (7)) — T (7, Y™)||?drdt < o(n) (3.55)
0 0
where K T
_ 3.2 Ha
o(n) = 4T (=2 + 557 )-

Substituting (3.55) in (3.53)

E/ 12(8) = 27 (1)||2dt < T3 (1 + 242) / E/ 12(7) = 27(7) [2drdt + o(n).

Using the Gronwall’s Lemma it results,

E/ 12(t) - 270)]Pdt < exp (T3 (1 + 292))o(n),

and since o(n) goes to zero, the first part of the Theorem is proven.
Following similar calculations as before, it follows that:

B\ Z(t) — Z"(t)|*dt < T~ (1 + 27§)E/0/ 1Z(T) — Z™(7)||>drdt + o(n).

and since we have just proven that Z' — Z; in the mean square, the right hand side tends to
zero, and the proof is completed.
O

Remark 3.5. As a consequence of Lemma 3.2 and Theorem 3.4, it results
E|Z@)|” < R. (3.56)

where R is the same bound as in Lemma 3.2.

Lemma 3.6. The sequence of processes {I'"™(-,Y™)} converges toward I'(Y') in La([0, T xQ, By x
F,d) x dP).

Proof.
B [y T () =

n (i+1)T/n
EZ/ IQ" o (Y™ (iT/n)) — D(Y(r))||*dr

i—=0 7 iT/n
n—=1 (i+1)T/n
<2EY / |Q" o T(Y"™(iT/n)) — T(Y" (T /n)|Pdr
i—0 7 iT/n
n—=1 .(i+1)T/n . )
120y /T/ I ™ (T /) — T(Y (7)) 2dr (3.57)
i=0 "/
(i+1)T/n . )
2% + 272 Z/ E||Y"(iT/n) =Y (7)|?dr
(i+1)T/n . )
< 22n T +47FZ/ E||Y"(\GT/n) — Y™ (1)||%dr

n=1 (Gi+1)T/n

+ 442 Z / E|Y"(7) = Y (7)|?dr.
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Using Lemma 3.3 previous inequality becomes

E/ IT"(r, Y™) — (¥ (1) dr

T - - (3.58)
< g + K + 40 [ BIYT (D) - V() Par
Jo
(From Theorem 3.4 we have that
T
lim E|Y(7) = Y"™(7)|*dT =0, (3.59)
n—oo 0
hence, from inequality (3.58), the thesis follows.
0

Let P and P™ be the probability measures on the measure space (Q, F) that transform the
processes Z and Z", respectively, into standard Wiener processes. As well known, these measures
are uniquely determined by the Girsanov Theorem applied to the systems (3.30), (3.31) and
satisfy the following relations:

dP = edP; dP" =eM'dP (3.60)

where A = A(T), A" = A™(T') and

A =3 / |H (X (s), T(Y (s)))|%ds — / HT(X(s),T(Y(5))dW(s),  (3.61)

A”(t):%/o ||H(X”(s),F”(s,Y”))][2ds/0 HY(X"(s),T™(s,Y"™))dW (s). (3.62)

Theorem 3.7. The above defined sequence {A"} converges in the P-mean of order one towards
A and the sequence {€™"} is uniformly integrable, that is

lim sup / eMdP =0. (3.63)
{eA" > K}

K—oo p

Proof. Let us first show the convergence in P-mean of {A"}.
E|A™ — A]

T
<5 [ EIHGO @D @Y~ O, D 0P
0
T
HE| [ (HOOO.DMY™) — HXO.DY ) aw (o)
0
T

< [" B(0aCe @+ IO D)

HXC (@), T (1Y) = HX (1), T(Y (1))t

T 1/2
+ (E/O [H(X™(t),I"(t,Y™)) —H(X(t)yf(Y(t)))szt> :
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Using the Schwarz inequality in Lo ([0, 7] x Q) previous inequality becomes

EIA"™ — A

g(u( [ <2E||H<X"<t>,r”<t,Y”>>||2+2EHH<X<t>,r<Y<t>>>||2>dt)”2> 00

([ Bl @y - BT @)

Moreover using inequality (3.56) we have

/0' EIHX (), T(Y ()] <% / EIX(0)|Pdt + 32 / EIY@I? <K, (3.65)

with
K5 =~ (1 +%)RT, (3.66)

and

/ BIH(X™(1).T" (L, Y")|? < 44 / E|X" (1)t
JO JO

n=1 (i+1)T/n
FEEY / 1Q" o T(Y" (T /n)) | 2dt
i—o 7 iT/n
(i+1)T/n

n—1
<AHRT +HE Y /T/ Q™ o T(Y"(iT/n)) = D(Y"(iT/n)) + T(Y" (iT/n))||*dt
i=0 JtT/n

(55 + IO (T /)12 dt

n—1
<ALRT+24EY / =

i—0 JiT/n
20T

<AL RT + S2n

(t+1)T/n

P2y [T/ T @)+ T )|

(i+1)T/n

n—1
1 n(, n
ST ) +0hB Y [ AR v P
i=0 Y/

) n=1 .(i+1)T/n ) )
1 EY / A2y (8) 2t
i—o JiT/n
1 .
SHT(R+ ) + it [ IV OPar

FFEY [ YT/ - v (o)

(3.67)
(From this and from Lemma 3.3, for n > n it is

/ " BHG ). DY) < Ky (3.68)
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where

1
Ko =~4T(R+ W> + 4VEVERT + 43 K4 T. (3.69)

Substituting (3.65) and (3.68) in (3.64) one obtains

E|A" — Al < (1 + (2K + K6>)1/2)

T 1/2
([ Been @, yn) - mx@. o @)l

< (1+ (K5 + K¢)) %) (3.70)

T 1/2
“VH </0 (EIX(#) =X (@) + BT (¢, Y") - F(Y(t))IIQ)dt)

which goes to zero thanks to Lemma 3.6 and Theorem 3.4. This proves the first part of the
theorem.

Convergence in the P-mean of order one of A™ to A implies convergence in distribution of e*"
to €. Moreover, as well known, it is F{e*"} = E{e™} =1 for any n. These properties prove
uniform integrability of the family F{e*"} thanks to theorem 5.4, pag. 32 in [7]. This concludes
the proof.

[

Let us consider on the probability spaces (€, F, P") and (€, F, 15) the processes Z™ and Z
respectively, defined as follows

X"(t) X(t)
zry=| vr |, 2= v |. (3.71)
€An GA

Let 7 and y; be the measures induced on IR% x Ly ([0, t]; R™) IR by Z™(t) and Z(t) respectively,
that is

up(B)=P*(w: 2"(t) € B); m(B)=P(w: Z(t) € B);

where B is any set belonging to the Borel o-algebra of IR? x Ly ([0, T];IR™) x IR.

Lemma 3.8. ' is weakly convergent to py Vt € [0,T].
Proof. Let ™, 1 defined as

X" (t) X(#)
Pr) = | Y, v =] Y. (3.73)
A" A

By using Theorems 3.4 and 3.7 we have that " (¢) — (t) in L1(Q2, F, P). Let us prove the
convergence of 1" (t) to ¥ (t) in the P probability, that is:

lim Pl (t) —(t)]| > €) =0, Ve > 0. (3.74)
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Let K a real positive number,

ﬁwwwwwwaz/ (ﬁz/ AP
. {||¢“'—¢\\>f} Sy —vp||>e}

eMdP + / ehdpP

/{eA>K}u{|w"—w>e} J{eASKIU{|l9m =] >}

Smemw—ww>@+/ eNdP

{er<K}

from which, by choosing K such that [ ,_, e*dP < ¢/2 and n such that P([[¢"™(t) — ¢(t)| >

€) < €/2K, we obtain (3.74). Since Z™(t) and Z(t) are continuous functions of ¥"(¢) and ()

respectively, it results Z"(¢) — Z(t) in P distribution and hence i — i, weakly, where fi" is

the measure defined as: 7 = P(Z"(t) € B), with B Borel set of IR? x Ly ([0,];IR™) x IR.
Now, let us prove the weak convercence of pj' to p;. For a suitably large n it results

i (B) = pe(B)| = |pi! (B) — i (B) + i/ (B) — pue(B)]
< | (B) = it (B)| + |z (B) — pu (B))]

€ n —-n € ~TL n D n
< 5 Hlut(B) — A (B)|| < 5 +|[P"(2"(t) € B) — P(2"(t) € B)|
(3.75)
<ty ‘ / (e — eA)dP’
2 1 Jizneny
= g + ‘E(eAn — eA)‘.
Now, since e — e is uniformly integrable, by Theorem 3.7, let K. > 0 such that
/ A —AdP < <, v (3.76)
J{jern —en|> K.} 6
Moreover, let us choose L, > 0 enough large such that
P(ed > L)< ——. 3.77
€ > L)< 75 (3.77)
It results:
/ A" — eMdP = A" — eMdP + / A" — erdP
JQ J{leA" —er|>K} J{leA" —er |<KK IN{eA>L. Y}
+/ A" —eMdP
{ler" —eM<Kc}n{er<L.}
1
<S4 K. P> L) +/ ‘ / ™M O=TA g (A — A™)|dP
6 {leA" —eA <K }yn{er<L.} | Jo
1
§5+5+/ ’/ LT(K. + L) "dr - (A — A™)|dP
6 6 Jyern_erj<rynfer<r.y o
€ € €
<—-+-+ K.+ L) -E(JA—A"]) < =,
S £ Ko+ Lo B(A-A") < 5
for a suitably large n, thanks to Theorem 3.7.
Substituting this in (3.75) we get the thesis.
O

Finally we can prove the main theorem (Extension Theorem).
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Theorem 3.9. Given the system (1.1)-(1.3), endowed with the feedback law (1.4), it results
E(S®)/F) = G(Tu(Y0),Y2),

where G is the optimal open-loop estimator defined in (1.7).

Proof. Let us consider the sequences (3.27), (3.28), obtained with the CRF law defined by
(3.25). By Theorem 2.3 it results

E(S"(t)/F") =G} (). /"), (3.78)

where S™ = F(X™), and F is the bounded continuous function defining the signal in (1.3). By
the hypothesis uy is weakly convergent to u; (remind that p}* and p; are the measures induced
by Z™(t) and Z(t) respectively throughout the probability measures pn, ]5) By construction,
Z™ and Z are standard Wiener processes with respect to P™, and P respectively, therefore their
components are independent processes. This implies that X" (¢),Y,” are mutually independent
with respect to P and X (t),Y: are mutually independent with respect to P. Then we can use
Theorem 2.1 in [8] and obtain that E(S™(¢)/FY") — E(S(t)/FY) in P-distribution. Therefore
from (3.78) it results

G (Y"), YY) — E(S(t)/F)). in P-distribution. (3.79)

Now, by Theorem 3.4 and Lemma 3.6 it results that (I'"(Y"),Y") — (I'(Y),Y) in the mean
square, and hence in P-distribution. Since the filter defined by eq.ns (1.5), (1.6) is assumed
to be smooth (that is the function G is continuous), by Theorem 5.1 of [7], it results that
G(TM(Y™),Y") — G(I+(Y:),Y:) in P-distribution and finally, taking into account (3.78), the
thesis follows.

[

4. Conclusions

The relation between open-loop and closed-loop system state-estimation has been studied. The
central result is given by theorem 3.9 asserting that: the same function (of the input and of
the current observations), giving the optimal state-estimate for the open-loop system, will give
the optimal state-estimate also for the closed-loop system, provided that the input is replaced
with the controller-output. This implies, as shown in §3, that the optimal filter of the open-loop
system remains optimal when the feedback is closed (whatever the feedback function may be).
This is a very common operation in the engineering practice, however any theoretical justification
of this operation was up to now given.

The result has been proved under mild hypotheses, verified in all practical cases. We stress
that, it may be more simple to derive filter equations for the open loop system.
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