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Abstract

A square bipartite design is a pair of square 0-1 matrices A and B satisfying the following
maftrix equation:

AT B = \J + diag(d),

where J is a matrix filled with all ones, X is a positive integer, and d is a vector. We characterize
all non-regular square bipartite designs that satisfy some mild hypotheses. Our results generalize
some earlier results of de Bruijn and Erdés [3], Lehman [10], and Gasparyan [6].
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1. Introduction

Let A and B be two 0-1 matrices of size n x m, with n,m > 3, such that AT B = \J + diag(d),
where J is a matrix of appropriate size filled with all ones, X\ is a positive integer and diag(d) is
the diagonal matrix of size m x m with the vector d in the diagonal; the pair (A, B) is called
a (d,\) bipartite design. A (d, \) bipartite design with m = n is called a (d, \) square bipartite
design (SBD); a SBD is regular if there exist positive integers r and s such that

A = JA=r],
BJ JB = sJ,
ATB = BAT = AJ+ (rs—Mn)I.

If (A, A) is a SBD then A is called a square design; a symmetric design is a regular square design.
A symmetric design with A = 1 is called a projective plane.
An important class of square zero-one matrices is the class of the incidence matrices of degen-
erate projective planes (DPP), i.e.,
0 17
1 71|’

where 1 denotes a vector whose components are all equal to one. We say that the pair (A, B) is
a DPP design when both matrices are DPP (up to rearranging rows and columns).

The problem of characterizing the SBD’s is usually divided into two subproblems: character-
ization of the non-regular SBD’s and characterization of the regular ones. The first important
result on the direction of the problem of characterizing the non-regular SBD’s was obtained by
de Bruijn and Erdés in 1948:

Theorem 1.1. [3] If (A, A) is a non-regular (d,1) square design with d > 1, then (A, A) is a
DPP design.

This was generalized by Lehman in 1979:

Theorem 1.2. [10] If (A, B) is a non-regular (d,1) square bipartite design with d > 1, then
(A, B) is a DPP design.

Theorem 1.2 has some important consequences in polyhedral combinatorics: it completely
characterizes the square minimally non-ideal matrices and it is one of the main arguments in
the proof of the famous result of Lehman [11] on the structure of minimally non-ideal polyhedra
(see also [13]).

Theorem 1.2 has been recently generalized in [6]:

Theorem 1.3. [6] Let (A, B) be a non-regular (d, 1) square bipartite design with n > 3. If the
vectors d, Ad~"', and Bd~" have full supports, then (A, B) is a DPP design.

(Here d=! denotes the vector whose i-th component is equal to the inverse of the i-th component
of d.) To see that Theorem 1.3 generalizes Theorem 1.2, note that d > 1 implies that d has
full support; moreover, since A” B is non-singular (see Corollary 2.4 in the following section), it
follows that A and B have no zero-rows, and so Ad~! > 0 and Bd~' > 0.

Some applications of Theorem 1.3 in the theory of perfect graphs and in polyhedral combina-
torics, are discussed in [6].



The extremal bipartite designs, that is pairs (A, B) of matrices that define (d, \) bipartite
designs and in which m = n+1, are studied in [7]. The extremal bipartite designs are related to
the 0-1 simplices (full-dimensional simplices with 0-1 vertices, which can be described by using
0-1 constraints with A as right hand side).

The theory of regular bipartite designs includes two important subjects of combinatorics: the
classical theory of symmetric block designs and the theory of partitionable clutters. The first is
one of the most developed topics of combinatorics; the second is mainly related to the theory of
perfect graphs (see, for instance, [2] and [12]) and to the theory of ideal clutters [11]. For more
applications of the theory of SBD’s in polyhedral combinatorics, graph theory, and combinatorics
we refer to [1], [4], [5], [8], [9], and [15].

The goal of this paper is to investigate square bipartite designs in a more general context than
the one considered by de Bruijn and Erdds, Lehman, and Gasparyan (A is not constrained to be
equal to one). Our main result (Theorem 4.3) is the characterization of all non-regular SBD’s,
under some mild hypotheses. Theorem 4.3 generalizes Theorem 1.1 of de Bruijn and Erdés,
Theorem 1.2 of Lehman, and Theorem 1.3 of Gasparyan.

We close this section with some definitions and notations.

As usual, I denotes an identity matrix of appropriate size, J denotes a matrix filled with all
ones of appropriate size; 1 and 0 denote vectors of appropriate dimension whose components are
all equal to one and zero, respectively. A one-row (one-column) of a matrix is a row (column)
whose components are all equal to one; a zero-row (zero-column) of a matrix is a row (column)
whose components are all equal to zero.

Let A = [a;;] be a 0-1 matrix. We denote by a; and a; the vectors corresponding to the
i-th row of A and to the j-th column of A, respectively. We denote by rzA the number of the
components of a;. that are equal to one and by c;‘ the number of components of a.; that are
equal to one. We say that A is r-regular (or regular) if v/ = r for every i and cf = r for every
g

A full support vector is a vector whose components are all different from zero. For every full
support vector d, we denote by d~! the vector whose i-th component is equal to the inverse
of the i-th component of d. The scalar product of two vectors u and v of equal dimension is
denoted by u - v.

Let A and B be two matrices; if there exist two permutation matrices P; and P, such that
B = P, APy, then we write A = B. Let (A, B) and (C, D) be two pairs of matrices; if there
exist two permutation matrices P; and P, such that (C,D) = (PiAP,, P\BP;) or (D,C) =
(PlAPQ, PlBPQ), then we write (A, B) = (O, D)

Finally, we say that two integers h and k are relatively prime, if they have no common divisor,
that is ged(h, k) = 1.

2. Some properties of zero-one matrices

In this section we shall give some properties of 0-1 matrices that define square bipartite designs.

Property 2.1. Let A be a 0-1 matriz of size n x m and let r be a positive integer. If each row
of A has at least v components equal to one, and if each column of A has at most r components
equal to one, then m > n. Moreover, A is r-reqular if and only if m = n.



(To see the validity of this property, let N denote the total number of elements of A that are
equal to one. By assumption, rn < N < rm, and so m > n. Thus A is r-regular if and only if
m=mn.)

We shall often use the following result in linear algebra (see, for instance, Lemma 6 in [6]):

Lemma 2.2. Let D be a non-singular real matriz of size n xn, and let U and W be two n x m
real matrices such that U or W has full column rank. Then the matriz D+UW? is non singular
if and only if the matrizt WTD~'U + I is non-singular.

Two instant corollaries of Lemma 2.2, are the following:

Corollary 2.3. Let A be a non-singular 0-1 matriz. Then the matriz J — A is non-singular if
and only if the sum of the elements of A~' is not equal to one.

Corollary 2.4. Let (A, B) be a (d,\) square bipartite design, where d is a full support vector.
Then AT B is non singular if and only if A\Y", d;l # —1.

(Corollary 2.3 easily follows from Lemma 2.2 with D = —A and U = W = 1; Corollary 2.4
easily follows from Lemma 2.2 with D = diag(d), U = A1, and W = 1.)

The following lemma gives properties of pairs of matrices that define SBD’s:

Lemma 2.5. If (A, B) is a (d,\) square bipartite design with d full support, then the columns
of A (B) are affinely independent. Moreover, if A (B) is singular then Ad~' =0 (Bd ' =0).

Proof. By assumption, AT B = \J + diag(d) with d full support. To show that the columns
of A are affinely independent, assume the contrary: there exists a nonzero vector u such that
pTAT = 07 and "1 = 0. Hence, T ATB = 07, that is \u”J + p" diag(d) = 0. But then,
pTdiag(d) = 07 (because u”J = 07), contradicting the assumption that d has full support.
Similarly, one can show that the columns of B are affinely independent.

Now, assume that A is singular. Then there exists a nonzero vector x such that 7 A7 = 07’
clearly, u”'1 # 0, for otherwise the columns of A would be affinely dependent. Since p” ATB =
07, we have A\uTJ + uT diag(d) = 07, and so uT = —A\u’ Jdiag(d=") = —AuT1(d=")T. Since
pTAT = 0T, and since 71 # 0, it follows that Ad~' = 0, and we are done. In a similar way,
one can show that if B is singular then Bd~' is a zero vector. i

Lemma 2.5 generalizes Lemma 8 in [6].
An important class of 0-1 matrices is the class of the so-called de Bruijn-Erdds (DE) matrices.

Definition 2.6. A zero-one matriz is a DE matriz if, for each zero element, the number of
ones in the corresponding row equals the number of ones in the corresponding column.

Observation 2.7. Every square DE matriz can always be decomposed in the following way:

D, CTENY A |
J Xo ... J
J J .0Xy

where each diagonal block X; is a square regular matriz and each off-diagonal block has all
elements equal to one. In particular, the number of one-columns is equal to the number of
one-rows.



To see the validity of the above statement, consider a square DE matrix A = [a;;]. Build the
bipartite graph G = (U, V, E) corresponding to A: U is the set of the indices of all rows of A,
V is the set of the indices of all columns of A, and there exists an edge ij in F if and only if
a;j = 0. Since A is a square DE matrix, it follows that the endpoints of each edge have the same
degree in (G, and so each connected component of G is regular. Moreover, the number of isolated
vertices of G' that belong to U is equal to the number of isolated vertices of G that belong to V,
and so the number of one-columns of A is equal to the number of one-colums of A.

The following lemma of de Brujin and Erdés [3] gives a sufficient condition for a 0-1 matrix
to be a DE matrix.

Lemma 2.8. [3] Let A = [a;;] be an nxm zero-one matriz, with n > m, having no one-columns.
If, for every a;; =0, TZA > cj‘, then A is a square DE matriz.

We close this section, by proving a property of a DE matrix that will be used to prove one of
the main results.

Lemma 2.9. Let A be a square DE matriz of size n X n, where each column has at most n — 2
components equal to one. Then A is non-singular if and only if J — A is non-singular.

Proof. By Observation 2.7, A has a block decomposition where each diagonal block X; is an
r;-regular matrix of size n; X n;, and each off-diagonal block has all elements equal to one; clearly,
r; < n; — 2 (because CJA < n —2). It follows that the matrix J — A has a block decomposition
where each diagonal block F; is equal to J — X; and each off-diagonal block has all elements
equal to zero. Clearly, F; is an (n; — r;)-regular matrix of size n; x n,.

First, assume that A is non-singular. If J — A is singular then there exists some F;, say Fy,
that is singular. Then, there exists a nonzero vector u such that Fyu = 0, and so 17 Fyu = 0.
Since 17 Fy = (ny —r1)17 (because F} is (ny —r1)-regular) with ny > 7y, it follows that 17y = 0.
Now, 171 = 0 and Fip = 0 imply that (J — Fy)u = 0, that is X1 = 0. But then, there exists a,
nonzero vector § with 67 = [p” 0]_, ] such that A5 = 0, and so the columns of A are linearly
dependent, contradicting the assumption that A is non-singular.

Next, assume that J — A is non-singular, and so each F; is non-singular. Let o(J — A) denote
the sum of all elements of (J — A)~', and let o(F;) denote the sum of all elements of F; '.
Corollary 2.3 implies that the matrix A is non-singular if and only if o(J — A) # 1. Now,
since o(J — A) = >, 0(F;), we only need show that each o(F;) > 1. For this purpose, set
Y; = JF,F;'J = n;J; on the other hand, Y; = (n; — r;)JF, 'J = (n; — r;)0(F;)J. Hence,
o(F;) = ni/(n; — r;). Now, since r; > 1 (for otherwise, the matrix F; would be singular),
o(F;) > 1, and so we are done. i

3. A-pairs

In this section, we shall introduce the concept of A-pairs and we shall give some properties of
them. The A-pairs play a special role in the study of square bipartite designs; as we shall see,
every (d,1) SBD studied by Lehman is a A-pair.

Definition 3.1. Let A and B be two zero-one matrices of size n X m, with n > m > 3, and let
A be a positive integer. The pair (A, B) is a A-pair if, for each i #p (i,p=1,...,n) and for
each j #q (j,g=1,...,m),

aj -bg<A<a; by. (1)



In the following, we shall give two properties of a A-pair.
Property 3.2. Let (A, B) be a A-pair with A = [a;;] and B = [b;;]. Then

aijzo =

A
bijzo = B

A
i Cis
B
5
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r
r
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Proof. Since (A, B) is a A-pair, (1) implies that ! > X and r? > X for every i = 1,...,n.
Let ¢ and j be two arbitrary indices such that a;; = 0. If cf = 0, then we are done. Otherwise,
consider the cf X 7";4 submatrix B’ of B obtained by removing all rows by, such that apj = 0
and all columns b, such that a;z = 0. Since (A, B) is a A-pair, it follows that the number of
components equal to one of each row of B’ is at least A (take the scalar product of the i-th row
of A and any row of B of different index) and that the number of components equal to one of
each column of B’ is at most A (take the scalar product of the j-th column of A and any column
of B of different index). Hence, the total number of elements of B’ that are equal to one is at
least Ac? and at most Ar#, and so 7";4 > cf. A similar argument shows that, b;; = 0 implies

J i
B B
’I“iZCj.l

An instant corollary of Property 3.2, Lemma 2.8, and Observation 2.7, is the following:

Corollary 3.3. Let (A, B) be a A-pair. If A and B have no one-columns, then they are square
DE matrices with no one-rows.

Lemma 3.4. Let (A, B) be a A-pair such that A and B have no one-columns. If a; # aj or
b, # b for some i # j then a;-bj = X\; similarly, if a;. # a;. or b;. # b;. for some i # j then
a;. - bj_ = A

Proof. By Corollary 3.3, A and B are square DE matrices with no one-rows. Since (A, B) is a
A-pair, (1) implies that rlA > X and riB > ), for every 4, and so neither A nor B has a zero-row;
hence neither A nor B has a zero-column (because they are DE matrices).

To prove the first part of the lemma, let 4 and j be two arbitrary indices, with i # j, such
that a; # aj or b; # b;; without loss of generality, we can assume that a; # a ;. Note that
there exists an index, say h, such that ay; = 1 and ay; = 0: if ap; = 1 implied ap; = 1 for all h,
then either a; would be a one-column, or there would exist an index k£ such that ag; = 0 and
ar; = 0, and so c;q = cf (because A is a DE matrix); but then a; = a ;. Since ap; = 0, it follows
that 71 = ¢' (because A is a DE matrix).

Now, consider the submatrix B’ of B obtained by removing all rows p such that a,; = 0 and
all columns ¢ such that ajp, = 0. Since (A, B) is a A-pair, the number of components equal to
one of each row of B’ is at least A (take the scalar product of the h-th row of A and any row
of B of different index) and the number of components equal to one of each column of B’ is at
most A (take the scalar product of the i-th column of A and any column of B of different index).
Since B’ is a square matrix (because r;' = ¢!), Property 2.1 implies that B’ is A-regular. But,
since in the construction of the matrix B’ column j has not been eliminated while column 4 has
been eliminated, it follows that a;-b; = A, and we are done.

To prove the second part of the lemma, we can apply the same reasoning used for the first

part by just interchanging columns and rows. i

An instant corollary of Lemma 3.4 is the following:



Corollary 3.5. Let (A, B) be a A-pair such that for everyi # j, a; # aj orb; #b;. If A and
B have no one-columns, then (A, B) is a square bipartite design.

Obviously, every regular square bipartite design is a A-pair. Hence, every (d,1) SBD studied
by Lehman is a A-pair with A = 1 (if it is not regular, then, by Theorem 1.2, it is a DPP which
is obviously a 1-pair). If we remove the hypothesis d > 1, then not every (d,1) SBD is a A-pair.
Consider, for instance, the pair of matrices

1 011 1 100
0011 0001
A= 1 1.0 0] B= 1 000
11 01 0 011

However, we can show that, under some mild hypotheses, every (d,\) SBD is a A-pair. These
hypotheses are always satisfied by every (d,1) SBD studied by Lehman.

Lemma 3.6. Let (A, B) be a (d,\) square bipartite design verifying the following two properties:
(a) the vectors d, Ad~', and Bd~' have full support,

(b) there exists a nonzero integer t, such that t and X\ are relatively prime and such that d; =
t (mod M), for everyi=1...,n.

Then (A, B) is a A-pair.

Proof. By assumption, ATB = \J + diag(d) where d, Ad~', and Bd~! are full support
vectors. By Lemma 2.5, both A and B are non singular, and so AT B is non singular. Hence,
by Corollary 2.4, A", d; ! # —1.

To prove the lemma, we only need show that every off-diagonal element of BAT is greater
than or equal to A. For this purpose, let X = [z;;] be the matrix defined by:

Ad; td; !
d~_1— i [} ; P — g
I E b Bt
1] )\d;ld;1 '
————  otherwise,

140

where 0 = AY 1, di_l. It is easy to verify that XATB = I, and so X = (ATB)~!. Write
(ATB)~! = F — G, where

F = diag(d™") and G = AdAMﬂ?
1+0

Since (AT B)(ATB)~! = I can be rewritten as B(AT B)~' AT = I, we have
A
BFAT:I+BGAT:I+T:—&m4xmrU?
o
Now, let i and j be two arbitrary indices with i # j (4,5 = 1,...,n); let u;; denote the (3, j)-

th element of the matrix BFAT, and let v;; denote the (4, j)-th element of the matrix BGAT.
Clearly, u;; = v;; (because BFAT = I + BGAT = I). By definition,

n
wij = Y bipajpdy’,
k=1
A & 1 & 1
Uz’j = — (Z bikd]: ) (Z ajkd,; > .
I+o \; k=1



Since, by assumption, Ad~! and Bd~! have full support, v;j # 0, and so u;; # 0. Hence there
exists an index h such that bjpaj, # 0. It follows that the (i, j)-th element of BAT is nonzero,
and so it is positive; but then, by integrality, it must be greater than or equal to one. Since
i and j were arbitrary indices with ¢ # j, it follows that every off-diagonal element of BA” is
greater than or equal to one. Thus, if A = 1, we are done.

Otherwise, assume that A > 2. Let y;; denote the (4, j)-th element of BA™. To prove that y;; >
A, we shall show that y;; = 0 (mod X), and so y;; is a positive multiple of A (because y;; > 1). For

this purpose, set: m = II}_,dj, and g = wdlzl for k=1,...,n. Since 72(1+0)u;; = ©2(1+0)v;j,
we can write
n n n
m(L+0) > birajrge = A (Z bika) (Z aijk) :
k=1 k=1 k=1
By assumption, dy = t (mod \) (for every k), and so there exists an integer s such that

qr = t" '+ s;\. Replacing this expression for ¢;, in the left hand side of the above equation, we
have

n n n n
(1 +o)t"! Z birajr = A KZ bika) (Z aijk) —7(l+0) Z bikajksk] .
k=1 k=1

k=1 k=1

Since m(1 + o) is an integer (because w(14+0) = 7+ A > [ qx), it follows that the right hand
side of the above equation is an integer multiple of A\. But then, the left hand side of the above
equation must be also an integer multiple of A, i.e.

n
(14 o)t" ! Z birajr =0 (mod \).
k=1
Now, 7(1 + 0)t"~! # 0; moreover, since 7(1 + 0)t"~! = 7t"~! + wot"=1 if w(1 + o)t"~! has
a common divisor with ), such a divisor must divide also 7t"~!, contradicting the assumption
(b). Hence

n
Yij = Z birajr = 0 (mod X).
k=1
The lemma follows. i
The previous lemma generalizes a result in [6], where the case A = 1 was studied (indeed, when

A =1 the assumption (b) is always satisfied).
We close this section by introducing special A-pairs: the peculiar pairs.

Definition 3.7. A peculiar pair is a A\-pair (A, B) satisfying one of the following four properties:
(P1) A= J and B is A-reqular (or viceversa),
(P2) (A,B)=(J—1,J - 1),
(P3) (A, B) is a DPP design,
(P4) (A, B) satisfies one of the following three cases:
Case 1: A =1 and (A, B) is one of the following four types

(A,B) = (J—1,1), (2)



10.

([ra].[r5]).

where x denotes an arbitrary 0-1 vector, Z denotes a matrix whose

o~

(4, B)

elements are all equal to zero, and A’ and B' denote two arbitrary

, for every j.

-1 matrices with ¢ <1 and ¢B' < 1

0
Case 2: A =2 and (A, B) is one of the following five types

J

J

—~ —~ o —~ —~
=) D~ 0 (=2} o
SN— SN— S~— ~— —
~
=
- - T 1
- O - O - O
- T 1 T 1
-~ ~ —— O O —— o - O —_ oo A O -
- —_—
~ ~ —n o O - — o A O - —_. o A O - —_— oo —H O
1
— O — O — O — - O~ O — - OO — O - O O
— - O — - O O — O - O — O - O — - O - OO
— — - S~ A S~~~ S~~~ S A~~~
L 1 L 1 L 1 L 1 L 1
r L 1 T 1 r 1 r 1
— - O — - - O — - - O O — - — O O — - O O O
— O — — O — - — O O — - — O O — - — O O O
— — - — O === —. 0 O — —_. o A - O O
| S — |
~ . — — - - === —. 0 O - - —_ oo A —A O
Al ~ . O o O o~ o —\ o OO —
—_ L 1 L 1
Q Al ~ N _ O o
A.l —_~ | I— S—
= & 2l 2l < _
o —_~ —_
= q A l
< <
S~— S~—

(4, B)

Case 3: A\ =3 and

] . (11)

T
— O - O
—n— O A O
—_ o A O A
— - O~ O
— - O - O
S A~ o~ - -
L 1
r - 1
- O O
— - O O
— - O O
—_ O A A - O
— OO o
(el e e B I B |
| F— S—
N—

Al

5y

=
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Note that every peculiar pair, with the possible exception of the pairs satisfying (4) or (5), is
a square bipartite design. A peculiar pair (A, B) that satisfies (4) is a SBD only if the vector =
has all components equal to one (because n > 2); a peculiar pair (A, B) that satisfies (5) is a
SBD only if B’ = A" and A’ has all elements equal to zero, but the elements of a row (that are
all equal to one) or if

110 10 1
A4B)=||10 1|,]1 10 (12)
100 100

Remark 3.8. The only peculiar pairs (A, B) that define non-reqular (d,\) square bipartite de-
signs with d full support, either are DPP designs (with n > 3), or they satisfy one of (6), (7),
(10), (11), and (12).

4. Our results

In this section we shall characterize all non-regular (d, \) square bipartite designs that satisfy

the hypotheses of Lemma 3.6. To do that, first we shall characterize all A-pairs (A, B) such that

cj‘ >n—1or cf > n — 1 for some j; then we shall show that every other A-pair is a regular

design or it does not satisfy every hypothesys of Lemma 3.6.

Theorem 4.1. Let (A, B) be a pair of zero-one matrices of size n x m with n > m > 3, such
that c;‘ >n—1 or c]B >n—1 for somej (j=1,...,m). Then (A, B) is a A-pair if and only if
it 1s peculiar.

Theorem 4.2. Let (A, B) be a A-pair of zero-one matrices of size n. X m with n > m > 3, such
that 03-4 <n-—2and cf <n—2 forevery j (j =1,...,m). If the following two conditions hold

a;Fajorb;#b;, Y iFj (13)

a; b #MN Vi, (14)

then (A, B) is a regular square bipartite design.

Theorem 4.3. Let (A, B) be a non-reqular (d, \) square bipartite design satisfying the following
two properties:

(i) the vectors d, Ad~"', and Bd~' have full support,

(1) there exists a monzero integer t, such that t and \ are relatively prime and d; =t (mod \),
for everyi=1...,n.

Then (A, B) either is a DPP design (with n > 3), or it satisfies one of (10), (11), and (12).

Theorem 4.3 implies Theorem 1.3 (when A = 1, assumption (i7) is always satisfied), and so it
implies also Theorem 1.1 of de Bruijn and Erdds and Theorem 1.2 of Lehman.
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5. Proofs of the results

In this section we shall prove the three theorems of the previous section.

Proof of Theorem 4.1. The if part is obvious by definition of a peculiar pair.

To prove the only if part, we shall distinguish between the case cj‘ =nor cf = n, for some 7,

and the case cfgn—landcfgn—lforallj (j=1,....,m).

Case 1. A or B has a one-column.

Without loss of generality, we can assume that A contains a one-column, say the first. Since
(A, B) is a A-pair, (1) implies that r{* > X\ and r? > X for every i = 1,...,n, and that cf <A
for every j = 2,...,n (take the scalar product of the first column of A and the j-th column of
B).

Now, if A has some other one-column, then cf? < ) (take the scalar product of such a column
of A and the first column of B), and so Property 2.1 implies that B is A-regular and m = n.
If A = J then (A, B) is peculiar, and we are done. Otherwise, some element of A is equal to
zero, say a;j = 0. Since (A, B) is a A-pair, (1) implies that, for every h # 4, a;. - by. > X, and so,
bp; = 0 (because 2 = X). It follows that c]B <1, and so A = 1. But then B & I, and so we
can assume that B = I. Again, (1) implies that every off-diagonal element of A is one, and so
(A, B) satisfies (3).

Hence, we can assume that the number of ones of every column of A, but the first, is at most
n — 1. We shall distinguish between the case A = 1 and the case A > 2. Recall that r;“ > A,
rB > X (for all i), ¢! = n, and c]B < A for every j # 1.

Subcase 1.1. X = 1.

If the first column of B is a one-column, then ch < 1 for every j # 1 (take the scalar product of
the first column of B and any column of A of different index), and so (A, B) satisfies (5), and
we are done.

Hence, we can assume that ¢ < n — 1. Clearly, ¢? > 1: if ¢ = 0 then the n x (m — 1)
submatrix of B obtained by removing the first column would have at least one 1 in each row
(because 7 > 1 for all i) and at most one 1 in each column (because cf <1 for all j > 2), and
so, by Property 2.1, m — 1 > n, contradicting the assumption that n > m.

Now, let B’ denote the (n — c¢P) x m submatrix of B obtained by removing all rows having a
one in the first column. Since the first column of B’ is a zero-column, Property 3.2 implies that
in every row of B’ there are at least ¢ components equal to one. Let N denote the number of
elements of B’ that are equal to one; clearly N > (n — ¢P)cP and N < m — 1 (because ¢ =0
and cf < 1 for every j # 1), and so (n — c¢P)eP < m —1 < n—1. But then either ¢ =1 or
cP =n — 1; moreover, m = n.

If ¢? = 1 then, without loss of generality, we can assume that b;; = 1. But then, Property 2.1
implies that the submatrix of B obtained by removing the first row and the first column is
l-regular, and so b;; = 0 for every j # 1 (because cf < 1 for every j > 1). Hence, B = I and
so again (1) implies that (A, B) satisfies (3), and we are done.

If ¢ = n — 1 then, without loss of generality, we can assume that b;; = 0. Property 3.2
implies that r’ =n — 1, and so bi; = 1 for every j > 1. Since cf <1 for every 5 > 1, we have
bij = 0 for every 4,7 > 1. Now, let A’ denote the submatrix of A obtained by removing the first
row and the first column. Clearly, cf' <1 (take the scalar product of the first column of B and

any column of A of different index) and 7";4l > 1 (take the scalar product of the first row of B



13.

and any row of A of different index), and so, by Property 2.1, A’ is 1-regular. Hence, (A, B)
satisfies (4), and again we are done.

Subcase 1.2. A\ > 2.

Consider the n x (m—1) submatrix B’ of B obtained by removing the first column. Since cf <A
for every j > 2 and since n > m — 1, it follows that there exists a row of B’, say the last, whose
number of components that are equal to one is at most A — 1, and so precisely A — 1 (because
rB > )X). Without loss of generality, we can assume that these are the last components, i.e.
bn; =1 for every j > m — X +2. Let A” denote the (n—1) x (A — 1) submatrix of A obtained by
removing the last row and the first m — A+ 1 columns. Clearly, A” = J (take the scalar product
of the last row of B and any row of A different from the last). Since, by assumption, cf <n-1
for all j > 1, it follows that a,; = 0 for every j > m — A + 2. In particular, a,,, = 0, and so, by
Property 3.2, 7";? 20,‘7‘1 =n — 1. But, 7";? <m-—A+1,and so m =n and \ = 2.

Recall that the submatrix A” of A obtained by removing the last row and the first m — 1
columns is equal to J, and that b,, = 1 and b,; = 0 for every 2 < j < mn — 1. Hence, ay, =0
(because ci <n —1), a,; = 1 for every j < n (by Property 3.2), and b,; = 1 (because 72 > ).

Now, consider the square submatrix B” of B obtained by removing the last row and the last
column. Clearly, ’I“iB” > 2 for every i (take the scalar product of the last row of A and any row of
B different from the last), cf” < 2 for every j (take the scalar product of the last column of A
and any column of B different from the last), and so Property 2.1 implies that B” is 2-regular.
Since ¢B < 2, without loss of generality, we can assume that b;,, = 0 for every i = 2,...,n — 1,
and so rP? =2 for every i = 2,...,n — 1 (because B” is 2-regular).

We shall show that

bij =1 forevery j=2,...,n—1,

and so n — 2 < 2 (because the (n — 1) x (n — 1) matrix B” is 2-regular), that is n < 4. For

this purpose, assume the contrary: by, = 0 for some h = 2,...,n — 1. Since B” is 2-regular,
bin, = brp, = 1 for some ¢ # k with i,k = 2,...,n — 1. But then, since b;, = by, = 0, and since
B

rB =rB =2, it follows that aj, = 1 (take the scalar product of the i-th row of B and any row
of A of different index; and take the scalar product of k-th row of B and the i-th row of A),
contradicting the assumption that c;‘l1 <n-1

Hence, n < 4. Now, it is easy to verify that, when n = 3, A and B satisfy (6), and that when

n =4, A and B satisfy (7), and we are done.

Case 2. A and B have no one-columns.

Since (A, B) is a A-pair where both A and B have no one-columns, Corollary 3.3 implies that A
and B are square DE matrices with no one-rows.
We distinguish between the case A = 1 and the case A > 2.

Subcase 2.1. )\ = 1.

By assumption, cJA =n—1or CjB =n — 1 for some j; without loss of generality, we can assume
that cf‘ =n— 1 and that a1; = 0; since A is a DE matrix, a;; = 1 for every 5 > 1. Consider the
submatrix B’ of B obtained by removing the first row and the first column. Clearly, each row
of B’ has at least one component equal to one (take the scalar product of the first row of A and
any row of B of different index), and each column of B’ has at most one component equal to
one (take the scalar product of the first column of A and any column of B of different index),
and so Property 2.1 implies that B’ is 1-regular. Without loss of generality, we can assume that

B' =1
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Now, we shall show that, either b;; = 1 for every ¢ > 1 and by; = 1 for every 5 > 1, or b;; =0
for every 4 > 1 and by; = 0 for every j > 1. This is not difficult to verify when n = 3. Hence,
assume n > 3. Since by; = 0 for every j > 3, and since B’ = I, it follows that by; = by; for
every j > 3 (because B is a DE matrix); applying the same argument, we have: by3 = b;; for
every i # 1 and 7 # 3, b4 = b31 = bjo. But then, it is easy to verify that either (A, B) is a DPP
design, or (A, B) satisfies (2), and we are done.

Subcase 2.2. A > 2.

Claim 1. 7";4 >\ and riB > A\, for everyi=1,...,n.

To show that frlA > A for every i, assume the contrary: frg‘ < X for some A, and so frg‘ = A
(because (A, B) is a A-pair). Without loss of generality, we can assume that a,; = 1 for every
j >n— X+ 1. Consider the (n — 1) x A\ submatrix B of B obtained by removing the h-th row
and all first n — A columns. Clearly, the number of components equal to one of each row of B’
is at least A (take the scalar product of the i-th row of A and any row of B of different index),
and so it is equal to A. Hence B = J, and so by; = 0, for every j > n — XA+ 1 (because B has
no one-columns). Since B is a DE matrix, 72 = ¢ =n — 1. But r? <n -\, and so A < 1,
contradicting the assumption that A > 2. A similar argument shows that r” > ) for every i.
Thus, the claim follows.

Now, since TZA > A for every i, and since A has no one-rows, it follows that A < n — 2. By
assumption, A or B has a column with precisely n — 1 ones; without loss of generality, we can
assume that ¢i' = n — 1 and that a;; = 0, and so 7{' = n — 1 (because A is a DE matrix). Now,
consider the submatrix A’ of A obtained by removing the first row and the first column, and

the submatrix B’ of B obtained by removing the first row and the first column.

Claim 2. A’ and B’ are \-reqular, by, = a1, and b1 = a ;.

The A-regularity of B’ it is immediately implied by Property 2.1 by observing that the number
of components equal to one of each column of B’ is at most A (take the scalar product of the first
column of A and any column of B different from the first) and that the number of components
equal to one of each row of B’ is at least A (take the scalar product of the first row of A and
any row of B different from the first). Hence b;; = 1 for every i > 2 (because r? > \), and so
bi1 = 0 (for otherwise, B would have a one-column). But then, b;; = 1 for every j > 2 (because
B is a DE matrix). Hence, applying the same argument used to prove the A-regularity of B’,
we can show that also A’ is A-regular. The Claim follows.

Now, if A =n — 2 then (A4, B) = (J —I,J —I), and we are done. Hence, we can assume that
2<A<n-3.

Claim 3. FEither A\=2 andn =5, or A\=2 andn =6, or A =3 and n = 6.

To prove the validity of the claim, let afj and bfj denote the j-th column of the matrix A" and B’,
respectively; similarly, let a, and b, denote the i-th row of the matrix A" and B’, respectively.
Since (A, B) is a A-pair, and since a;. = by, = 1 and ay = by = 1, it follows that (A’, B') is a
(A — 1)-pair, that is, for every j # ¢, and i # p,

a;- b, < A=1<aj b, (15)

Now, set n' = n — 1. Since A’ is A-regular, without loss of generality, we can assume that
aj; = 1 for every j > n’ — A + 1 and that aj; = 1 for every i > n’ — A + 1. Let B’ denote
the submatrix of B’ obtained by removing the last A rows and the first n’ — X\ columns; and let
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B’ denote the submatrix of B’ obtained by removing the first n’ — X rows and the first n’ — A
columns. Clearly, (15) implies that the number of components equal to one of each row of B’ and
of each row of B’, but the first, is at least A— 1 (take the scalar product of the first row of A’ and
any row of B’ different from the first) and that the number of components equal to one of each
column of B’ is at most A — 1 (take the scalar product of the first column of A’ and any column
of B’ different from the first). Hence, by Property 2.1, the A x A matrix B'is (A — 1)-regular,
and so, without loss of generality, we can assume that B’ = J — I. Since B’ is A-regular, in each
column of B’ there is exactly one component equal to one, and so B’ has precisely A\ elements
equal to one. But then, since in each row of B’, but the first, there are at least A —1 components
equal to one, it follows that B’ has at most three rows (i.e., n’ — X < 3) and that in the first row
of B’ there is at most one component equal to one. Then, \ = frlBl < n' — X+ 1; in particular,
A <4

Since A < n — 3, it follows that B’ has more than one row. If B’ has two rows (n' — A = 2),
then A < 3; hence, the first row of B' has precisely one component equal to one (because B’
has precisely A elements equal to one), and so either A = 2 and n = 5, or A = 3 and n = 6.
If B' has three rows (n' — X = 3), then since the second and the third row have at least A — 1
components equal to one, it follows that the total number (\) of elements equal to one of B is
at least 2(A — 1); but then A = 2, and n = 6. The claim follows.

By Claim 3, we only need verify the validity of the theorem for the three cases n = 5 and
A=2,n=6and A=2,andn =6 and A = 3.

First, assume that n = 5 and A\ = 2. We claim that A’ or B’ has two equal rows. Indeed, if
A’ has no two equal rows, then, without loss of generality, we can assume that

—_—_ O O
O = = O
OO ==
—_— O O =

(because A’ is 2-regular). But then, it is easy to verify that no row of B’ has two consecutive
ones or two consecutive zeroes (by applying (15)), and so B’ has two equal rows. Hence, without
loss of generality, we can assume that A’ has two equal rows and that

Al =

—_—_0 O
—_—_0 O
O O ==
O O ==

Now, (15) implies that in each row and in each column of B’ there is exactly one component
equal to one in the first two positions and there is exactly one component equal to one in the
last two positions. But then it is easy to see that (A, B) satisfies (8) or (9), and we are done.
Next, assume that n = 6 and A\ = 2. We claim that neither A’ nor B’ has two equal rows:
if A’ had two equal rows, then, without loss of generality, we could assume that such two rows
were equal to [00011]; but then (15) would imply that in every row of B’ there is at least
one component equal to one in the last two positions, and so in the last two columns of B’
there would exist at least five ones, contradicting the 2-regularity of B’. Hence, without loss of
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generality, we can assume that

Al =

_— -0 O O
O = = O O
OO Rk =k O
OO DO
_o O O =

Now, again (15) implies that no row of B’ has two consecutive ones or three consecutive zeroes.
But then, since B’ is 2-regular, it is easy to verify that (A, B) satisfies (10), and again we are
done.

Finally, assume that n = 6 and A = 3. We claim that neither A’ nor B’ has two equal rows:
if A’ had two equal rows, then, without loss of generality, we could assume that such two rows
were equal to [00111]; but then (15) would imply that in every row of B’ there are at least
two components equal to one in the last three positions, and so in the last three columns of B’
there would exist at least ten ones, contradicting the 3-regularity of B’. Hence, without loss of
generality, we can assume that

'
Il

—_ == OO

O = == O

OO = =

—_— O O = =

—_— = O O =

Again (15) implies that no row of B’ has three consecutive ones or two consecutive zeroes. But
then, since B’ is 3-regular, it is easy to verify that (A, B) satisfies (11), and again we are done.
Thus, the theorem follows. 1

Proof of Theorem 4.2. Since (A, B) is a A-pair where both A and B have no one-columns,
Corollary 3.3 implies that A and B are square DE matrices with no one-rows; since cf <n-2
for every j, it follows that

rd <n—2 for every i. (16)

Now, assumption (13) implies that (A, B) satisfies the hypotheses of Corollary 3.5, and so (A, B)
is a SBD. Hence, there exists a vector d such that AT B = \J + diag(d); assumption (14) implies
that d has full support, and so A and B have not two equal columns. By Observation 2.7, we
can write

Xy J ..
J Xo ... J

= . 0, (17)
J J ... X

where each diagonal block X; is an r;-regular matrix of size n; x n; and each off-diagonal block
has all elements equal to one. Clearly, for every i, n; > 2 and r; < n;—2 (because, by assumption,
cf < n —2 for every j); moreover, r; > 1 (because A has not two equal columns), and so n; > 3
for every 1.

First, we shall show that A and B are non-singular. To show that A is non-singular, assume
the contrary: A is singular, and so its columns are linearly dependent. Hence, there exists a
nonzero vector § such that 67 AT = 07 clearly 671 # 0 (for otherwise, the columns of A would
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be affinely dependent, contradicting Lemma 2.5). On the other hand, it is easy to verify that
the vector
1, |
| ——1.,

|t
ng—re

where 0 = °!_, n;/(n; — r;) — 1, is a solution to the equation A7z = 1, and so 67 ATz = §71.
But then, 0 = 072z = 6T ATz = 671 # 0, which is impossible. Hence, A is non-singular. In a
similar way, one can show that also B is non-singular (by using a similar block decomposition
for B).

Now, Lemma 2.9 implies that both matrices J — A and J — B are non-singular. Moreover,
each matrix X; is non-singular: indeed, the non-singularity of J — A implies the non-singularity
of each matrix J — X;, and so, Lemma 2.9 (applied to the DE matrix X;) implies that X; is
non-singular.

To prove the theorem, we only need show that there exist integers r and s such that A is
r-regular and B is s-regular. Indeed, as soon this is established, we can write:

rsJ = JAT B = AnJ + Jdiag(d),
and so d = (rs — An)1. But then,
BAT = BATBB ! = B(AJ + (rs — An)[)B 1 = A\J + (rs — An)[ = ATB.

Hence (A, B) is a regular square bipartite design.
To show that the matrices A and B are regular, assume the contrary: A or B is not regular.
Without loss of generality, we can assume that A is non-regular, and so ¢ > 2 in (17). Write:

Yiu Yio ... Yy
Y21 Y22 PP Y2t

B = . . . s
Yo Yo ... Yy

We shall show that Y;; = J, for every ¢ # j. To prove this, let ¢ and j be two arbitrary indices,
with i # 5 (4,5 = 1,...,t). Without loss of generality, we can assume that i = 1. Let b, be an
arbitrary column of B with A > n;. Write

=11,

where y is a vector with n; components. To show that Y;; = .J for every j # 1, we only need
show that y = 1,,.
Now, since (A, B) is a (d,\) SBD, the scalar product of b with any of the first n; columns

of A is A, that is
T
X Y
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But
X T Y
1 T
[J] [z]——le—i—Jz,

and so X{y + Jz = A,,. If we denote by p the number of components of z that are equal to
one, then Jz = pl,,, and so
X{y=O-pla.

First, assume that A = p. Then X7y = 0,,,, and so y = 0,, (because X; is non-singular).
Now, let A denote the n x (n—n; —1) submatrix of A obtained by removing the first ny columns
and column h. Write

- J
A - [ A, ‘| ’

where J has n; rows. Since (4, B) is a (d,\) SBD, we have

AT [ Y ] = )\]-nfnlfla

z

- T
and so A" z = A1,,_,,, 1 (because y = 0,,,). Without loss of generality, we can assume that

Zz = lp == 1)\
On—nl—p On,m,)\ ’

and so all first A rows of A’ must be one-rows. But then, the matrix A has ) rows with at least
n — 1 components equal to one, contradicting (16).
Next, assume that A # p, and so

1

Since X is non-singular, it follows that
Y
A=p
is the unique solution to the equation X{z = 1,,. But since X; is ri-regular, it follows that
X71,, =r1,,, and so

Now, since y is a 0-1 vector and A # p, it follows that A —p = r;, and so y = 1,,,, and we are
done.
Hence, we have shown that Y;; = J for every 7 # j, that is

Yo J ... J
J Yo .. J
B=1 . o :
J J .. Yy

Finally we shall show that A has a row whose number of components equal to one is greater
than n — 2, contradicting (16). Thus, as soon as this is established, the theorem will follow.
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For this purpose, let a; be an arbitrary column of A with ¢ < ng; let a; be an arbitrary
column of A with j > ny; let b, be an arbitrary column of B with p < n; and p # i ; and let
b4 be an arbitrary column of B with ¢ > ny and ¢ # j (such columns exist, because n; > 2 and
n —mny > 2). We have:

Set
So ={t: 0oy =1},
Sg={t: B =1},
Sy={t:m =1},
Ss={t: 6 =1},

Since (A, B) is a (d,\) SBD, we have

A= Qg b.p = a,j ' b_q =a;- b.q = a_j . b.p,

that is
)\Zai-b_p = |Saﬂ5,y\+(n—n1),
A—aj-b.q = n1+\5/3ﬂ55|,
Azai-b,q = |Sa|+|55‘,
N=ayby = |S)+ IS,

Now, adding the first two equations, we get
2X =[S, N S, + 1S5 N S5 + n;
adding the last two equations, we get

20 = (Sal + |S]) + (5] + 15
= (1S US,| +1S2 NS, ]) + (185 U Si| +185 0 a).

Hence, |S, U S,| + |Sg U S5| = n. But, since [S, U S,| < ny and |Sg U S5| < n — ny, it follows

that |S, U S,| = n1; in particular, there exists no index k& (k =1,...,n;) such that oy, = 0 and
Ye = 0.
Now, by assumption, cf <n—2, and so by, = 0, for some k (k =1,...,n;). Hence aj; = 1.

But then, since a ; was an arbitrary column of A with ¢ < n; and 7 # p, it follows that r,f >n—1.
The theorem follows. 1

Proof of Theorem 4.3. By assumption, (A, B) satisfies the hypotheses of Lemma 3.6, and
so it is a A-pair. Since d has full support, both (13) and (14) are satisfied, and so Theorem 4.2
implies that c;‘ >n—1or c]B > n—1, for some j. But then, by Theorem 4.1, (A, B) is peculiar.
Now, Remark 3.8 implies that (A, B) either is a DPP design (with n > 3), or it satisfies one of
(6), (7), (10), (11), and (2.9). Since in both cases (6) and (7) Bd ! has not full support, the
theorem follows. 1
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