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Abstract

We propose feasible descent methods for constrained minimization that do not make explicit
use of objective derivative information. The methods at each iteration sample the objective
function value along a finite set of feasible search arcs and decrease the sampling stepsize if an
improved objective function value is not sampled. The search arcs are obtained by projecting
search direction rays onto the feasible set and the search directions are chosen such that a subset
approximately generates the cone of first-order feasible variations at the current iterate. We show
that these methods have desirable convergence properties under certain regularity assumptions
on the constraints. In the case of linear constraints, the projections are redundant and the
regularity assumptions hold automatically. Numerical experience with the methods in the linear
constraint case is reported.

Key words. Constrained optimization, derivative-free method, feasible descent, stationary
point, metric regularity, MFCQ.






1. Introduction

We consider a nonlinear program of the form

minimize f(x) (1)

subject to  gi(x) <0, i=1,...,m,

where f : R — R and ¢g; : R — R, i = 1,...,m, are continuously differentiable functions,
and z € R™. We are interested in the situation where the first-order derivatives of f cannot be
explicitly calculated or approximated, while the first-order derivatives of the constraint functions
g1, ---,gm are available. Such a situation arises when the constraints are linear, i.e., g1,...,gm
are affine. It can also arise when, for example, f(z) is the output of a simulation with input
parameter = and, for a certain value &, the simulation crashes or outputs nonsense. Then a
(nonconvex) constraint of the form ||z —&||? > &, where § > 0 is a chosen scalar and ||-|| denotes
the 2-norm, might be introduced. For simplicity, we consider only inequality constraints, though
much of our results can be extended to handle equality constraints with minor modifications.

In the unconstrained case of m = 0, there has been proposed many methods for solving (1) that
use the objective function value, but not its derivatives. Such methods, called derivative-free
or direct-search methods, iteratively sample the objective function value along search directions
and decrease the sampling stepsize if an improved objective function value is not sampled (see
the book [4], the survey papers [5, 14, 17] and references therein). By using coordinate directions
as search directions, some of the methods have been extended to the case of bound constraints
[6, 9, 11]. For the linearly constrained case, finite-difference quasi-Newton methods [13] and
pattern search methods [10] have been developed.

In this paper, we propose two methods for the general problem (1) that may be viewed as
(nontrivial) extensions of the method in [11]. The methods at each iteration sample the objective
function value along a finite set of feasible search arcs and decrease the sampling stepsize if an
improved objective function value is not sampled. The search arcs are obtained by projecting
search direction rays onto the feasible set, and the search directions are chosen such that a subset
approximately generates the cone of first-order feasible variations at the current iterate. More
precisely, at the beginning of each iteration, we define a cone of first-order e-feasible variations
(based on e-active constraints) for some € > 0, and a set of “reference” search directions D is
chosen such that a subset of them generates this cone. During the iteration, the iterate is updated
and the search directions are determined by projecting the reference search directions onto the
cone of first-order feasible variations at the updated iterate. In the case of linear constraints,
the projections are redundant and the search directions can be drawn from a finite set. We show
that these methods have desirable convergence properties under certain regularity assumptions
on the constraints (Propositions 5.2 and 6.2). These regularity assumptions (Assumptions B
and C) are satisfied when g1, ..., gn, are affine or when the MFCQ holds at every feasible point.
Some preliminary numerical experience with the methods is also reported.

In the linearly constrained case, our methods share some common features with the pattern
search methods of [10] in the way that the search directions are constructed. In particular, the
second method (Algorithm 2) uses a fixed € and sets of search directions satisfying an assumption
reminiscent of the strong hypothesis on exploratory moves of [10]. In contrast to the methods
of [10], convergence of our methods are based on sufficient descent rather than simple descent



on a lattice. Although our methods use e-active constraints to construct the search directions,
they are quite different from traditional e-active set methods which are SQP based and require
first-order derivatives of the objective function f. In particular, the methods of [13] are of this
type, with the derivatives approximated by finite differences. Our methods’ use of arc search is
also reminiscent of gradient projection methods (see, e.g., [2, Chapter 2] and references therein).
However, the directions used are quite different from the gradient direction —V f(z) used in
gradient projection methods and, accordingly, the criteria for stepsize acceptance are different.
In addition, gradient projection methods are typically studied in the case of a convex feasible
set.
Throughout, we denote by F the feasible set, namely,

F={zeR":g9(x)<0,i=1,...,m}.
For every feasible point x € F, we define the set of indices of active constraints:
I(z) ={ie{1,...,m}: gi(z) = 0},
and the cone of first-order feasible variations [2, page 332]:
T(w) = Ty (@),
where, for each I C {1,...,m}, we define the convex polyhedral cone:
Ti(z) ={d € R": Vg (z)Td <0 Vi eI}

The cone T'(x) contains the tangent cone of F at = and, in the case where g1, ..., gy, are affine
or certain regularity conditions hold (see, e.g., [2, pages 336-341]), the two cones are equal. For
any scalar € > 0, we define the set of indices of e-active constraints:

I(z;e) ={ie{l,...,m} : gi(x) > —¢€},
and the cone of first-order e-feasible variations:
T(.%'; €) = TI(x;e) ().

By definition, we have I(z) C I(z;¢€) and hence T'(z;¢) C T'(z).
We define a stationary point of problem (1) to be any point Z € F that satisfies the following
first-order optimality condition:

Vi@)Td>0 VvdeT(x). (2)

For our convergence analysis, we will consider the following standard assumption:

Assumption A Given a point xg € F, the level set

L={zeF:flx)<flx)}

is compact.

Finally, we denote the Euclidean ball Bs(z) = {z € R" : ||z — z|| < §} and, for any finite set
D = {d,...,d"} C R", we denote cone{D} = {d'B* +--- +d"3" : 3 >0,...,8- > 0}. We
write {z1} as a shorthand for {xj}r=01....



2. Estimating Active Constraints

The following proposition describes some properties of I(z;€) as an estimate of I(z) when x is
near .

Proposition 2.1. Let {x}} be a sequence of points in R™ converging to some T € F. Then

(1) there exists a scalar € > 0 (depending on T only) such that for every e € (0, €] there exists
an index k. for which

I(xg;€e) = I(x) VEk > ke
(ii) when € — 0, we have

I(xp;ex) C I(T) Vk sufficiently large.

Proof. The proof below only requires the constraint functions g1, ..., g, to be continuous.
(i) Let
N@) = {ie{l,....,m}:g(z) <0},
N(z;e) = {ie{l,...,m}:g(x) < —e€},

and let

e= 5 min —gi(2)

€= - min —g;(Z).

3 ieN(z) Ji

By the definition of €, we have for each € € (0, €] that

—gi(Z) > 3¢ > 2¢ Vi € N(z). (3)

For any € € (0, €], the continuity property of g;, i = 1,...,m, implies there exists a scalar J. > 0
such that

max lgi(z) — g:(Z)] < e Vx € B, (). (4)

Since zj — T, there exists an index k. such that for all £ > k. we have z € Bs, (z). Fix any
k > k.. We then have from (3) and (4) that, for each i € N (),

9i(xr) = gi(T) + gi(ex) — 6:(7) < —¢,
which implies ¢ € N(xy;€). We also have from (4) that, for each i € I(Z),
9i(zr) = gi(zr) — 9i(T) = —e,
which implies ¢ € I(z;€). This proves assertion (i).

(i1) Let d¢ be the scalar associated with € as defined in the proof of assertion (i). For any
e € [0, €], we have I(zy;€) C I(xg;€). Thus, since ¢, — 0, there exists an index k such that

I(xy;ep) C I(xp6) Yk > k. (5)
On the other hand, by assertion (i), there exists an index kg such that
I(vg;8) = 1(7) Yk > ke (6)

Combining (5) and (6) yields
I(.%'k; ek) - I(wk; E) = I(.f')

for all k sufficiently large, which proves assertion (ii). B



3. Search Directions
In this section, we discuss the choice of the search directions. Since T'(z) is polyhedral, we can
characterize a stationary point of problem (1) by the following simple proposition.
Proposition 3.1. A point T € F is a stationary point of problem (1) if and only if
Vi@)'d >0, j=1,...,m (7)
where the directions d’, j =1,...,r, are such that:
cone{d',...,d"} = T(z).

Propositions 2.1 and 3.1 motivate a method whereby, at a feasible point x near Z, we estimate
I(z) by I(x;€) and estimate T'(Z) by T'(z;€) for some suitably chosen € > 0. Then we choose a
set of “reference” search directions D at x satisfying

cone{DNT(x;€)} =T (x;¢),

based on which the search arcs, along which f is sampled, are constructed. As with active-set
methods, setting € > 0 is crucial, since ¢ = 0 would not work. We specify two choices of D
below.

Assumption 1 Given z; and ¢, > 0, the set of search directions
Dy={d,, j=1,...,rg}, with |d.| =1,
satisfies: 7y is uniformly bounded and

cone{Dy} = T (z; €x)-

Assumption 2 Given zy, the set of search directions
Dp={d, j=1,...,rm}, with |[|d] =1,
satisfies (for some constant €* > 0): 7 is uniformly bounded and

cone{Dy N T (zx;€)} = T(xk;€) Ve € [0,€"].

There are many choices of D, that satisfy Assumption 1. For example, we can take Dy
to comprise the extreme directions (normalized to have unit length) of T'(zx;e€x). To satisfy
Assumption 2, we can take Dy to comprise the union of the extreme directions (normalized to
have unit length) of T'(zy; €) for € € [0, €*], with €* arbitrarily chosen. Since the number of distinct
I(xy;e), for € € [0,€*], is at most m + 1, the cardinality of Dy is uniformly bounded. Although
more effort may be needed to construct Dy satisfying Assumption 2, compared to Assumption
1, the method based on such Dy has a stronger convergence property (see Proposition 6.2).

In the case of linearly independent e-active constraint gradients, the following proposition
established in [10, Proposition 8.2] (also see [13]) suggests a simpler way to compute the sets of
search directions satisfying Assumption 1 or Assumption 2. [Although [10] considers the linearly
constrained case, this proposition also applies to the general case.]



Proposition 3.2. Suppose that, for a given e, > 0 and x), € F, the matriz Ay, = [Vg;(zi)]
has full column rank. Let

i€l (zg;er)

up, ..., u* be nonzero vectors such that cone{ui}lgjgsk = (null space of AL),
VR, ,vZ’“ be the columns of the matriz Ak(AzAk)’l

Then
(i) the set Dy = {uk/H k‘H}1< o U {—vi/HviH}quk satisfies Assumption 1;

P _ N J I N 1| —ad 11ard ; _
(ii) if e = €*, the set Dy = {uk/HukH}18551C U {vk/Hka, vk/Hka}lgg‘gtk satisfies Assump
tion 2.

4. Regularity Assumptions for Convergence Analysis

For our convergence analysis, we need the following continuity assumption on 77(z):

Assumption B If {z;} and {yx} are sequences of points in F converging to some Z and
I, C I(z) for all k, then
{dist (TIk (xk)vak (yx))} — 0,

where we define dist(T1,Ts) = maxq, eqy:||d, |=1 {Ming,et, ||d1 — da||}-

Assumption B holds when g1, ..., g, are affine. This is because Vg;(x) = Vg;(y) for all z,y
and i, so that T7(x) = Ty(y) for all z,y and I. Assumption B also holds when the well-known
Mangasarian-Fromovitz constraint qualification (MFCQ) (see, e.g., [2, page 323]) holds at every
T € F, i.e., there exists d € R" satisfying

V(@) Td<0  Vie (@)
This is because, for any I C I(Z), there exists d € R" satisfying
Vegi(z)Td<0  Viel.

Then, by the continuity of Vg;, i € I, and a perturbation results for linear systems [12, Theorem
3.1], there exist 6 > 0 and p > 0 such that for all y € F N B(s(f) we have

Tr(y) # {0} and  dist(d, T;(y)) < 'OZ| Vai(y)Td.| Vde R,

1€l
where we denote [-|; = max{0,-}. Then, for any z,y € F N Bs(Z), we have Tr(z) # {0} and
dist(Tr(x), Tr(y)) = max  dist(d,T(y))

deTy (x):||dl|=1

< (3
= P eyl 1;‘ il
- ) — Vgi(z)Td
P e V)"~ (Va7
T T
() d = Vg(x)Td
P det @y d|= 12‘ il gi(z)"d|
P> IVagi(y) — Vai(a)l,

el

IN

IN



where the second equality uses d € Ty(z) so that [Vg;(x)Td]y = 0 for all i € I; the second
inequality uses the nonexpansive property of [-]; with respect to |- [; the last inequality uses the
Cauchy-Schwarz inequality. Thus dist(T;(z),Tr(y)) — 0 as z,y — Z. In particular, Assumption
B holds for the example of m =1 and g;(z) = § — ||z — £||?, where & € R" and § > 0.

The following proposition gives a convergence result, under Assumption B, for a sequence of
x, € F and Dy, satisfying either Assumption 1 with e — 0 or Assumption 2.

Proposition 4.1. Let {xy} be a sequence of feasible points and let { Dy} with Dy, = {d},,...,d;*}
be a sequence of sets of directions that either satisfies Assumption 1 with €, — 0 or satisfies
Assumption 2.

Suppose {x}x converges to a point T, for some infinite K C {0,1,...}, and

. . T 17 _
pm_ max {mm{O, Vf(zk) dk}} =0, (8)

where Ji, = {1,...,7m} if {Dy} satisfies Assumption 1 and otherwise J, = {j € {1,...,r} :
di. € T(zg;€)} with e € (0,min{e, €*}] and € defined as in Proposition 2.1(i). Then, under
Assumption B, T is a stationary point of problem (1).

Proof. We argue by contradiction. Suppose that Z is not a stationary point. Then, by (2),
there exists a direction d € T'(z) such that

Vf@)td<o. (9)

Since 7y is uniformly bounded by Assumption 1 or 2, there exist an infinite K3 C K and
JC{1,2,...} and &/ € R", j € J, such that

Jy=J VkeK, and B =d Yjel (10)

1m
k—o0,k€e K1

In the case that Assumption 1 holds and €, — 0, assertion (ii) of Proposition 2.1 implies that,
for k sufficiently large,

Tz (zr) C T'(wk; €x) = cone{ Dy} = cone{di}jeJk. (11)

In the case that Assumption 2 holds, assertion (i) of Proposition 2.1 and € < € implies that, for
k € K sufficiently large,

Trz)(wx) = T(xy; €) = cone{ Dy N T (wy;5€)} = cone{d{;}jet]k. (12)
By Assumption B, {dist (T(@),T[(j)(xk))}[( — 0, therefore (10), (11), (12) imply that
=Y 9
jeJ

for some 3/ > 0, j € J. This together with (8), (10) and the continuity assumption on V f imply
that

V@) d=Y #Vi@)'d = Tlm 3 #Vfa)d >0,
eJy

ko0, kEK
jeJ TO0REAT S

which contradicts (9).



The preceding proposition shows that a set of directions D;, satisfying Assumption 1 or 2 can
play a key role in methods for solving (1). In particular, it says that, by performing finer and
finer samplings of f along arcs tangent to d?, for j € Ji, it is possible to either detect that z is
near a stationary point of (1) or find a feasible point near z; with a sufficiently lower f-value.

For our convergence analysis, we need the following metric reqularity of the feasible set F:

Assumption C For every T € F there exist scalars > 0 and 1 > 0 such that

minlz -z <n} lg(2)]y Vo€ Bs(2).
i=1

Let Pr[z] = argmin,cr ||z — z|. [We use the 2-norm for simplicity, but any p-norm with
1 < p < oo may be used. Notice that, for p = 1 and p = oo, the projection is not unique even
when F is convex, but may be easier to compute.]

Assumption C has been much studied and is known to hold when either (i) g1,...,gm are
affine or (ii) g1,...,gm are convex and there exists a weak Slater point, i.e., a & € F such that
9i(2) < 0 for all ¢ with g; non-affine or (iii) g1, ..., gm are convex and an asymptotic constraint

qualification of Auslender and Crouzeix holds (see, e.g., [1, Corollary 8 and Theorem 9] and [3,
Proposition 3] for detailed discussions).

Assumption C also holds when the MFCQ holds at every & € F. This follows from a result of
Robinson [15, Corollary 1] (take F'(p,x) = [gi(z)]!*y — p, D = {z}, K = [0,00)™); also see [16,
Example 9.44]. In particular, Assumption C holds for the earlier nonconvex example of m =1
and gy () = 3 — |}z — %

The following proposition gives a preliminary convergence result, under Assumptions B and
C, for a sequence of feasible points zj and y}, j € Ji, and a sequence of sets of directions Dy,
satisfying either Assumption 1 with e — 0 or Assumption 2. This proposition will be used in
the next two sections to obtain convergence results for our methods.

Proposition 4.2. Let {z)} be a sequence of feasible points, {Dy} with Dy, = {d},,...,d;*} be a
sequence of sets of directions, and suppose that the following conditions hold:

(a) the sets Dy, either satisfy Assumption 1 with e, — 0 or satisfy Assumption 2;

(b) {zr}K converges to a point T for some infinite K C {0,1,...} and, for each k € K and
j € Ji, where Jy is defined as in Proposition 4.1, there exist y, € F and scalar &, > 0

satisfying A A } A
gi(yl) + €V (yl)Td, <0 Vi, Vi€ Jy, V€K, (13)
fwl) = fh) —o&) Vi€, VkeK, (14)
o im ggf{d} =0, (15)
Jim ma |z, — il =0, (16)

where limg_g0(€)/€ = 0, w], € Prlyl+&ldl], di = Pr, (i |44, and I = I(zy; er) if {Dy}
satisfies Assumption 1 and otherwise I, = I(xg;€) with € € (0, min{€, €*}] and € defined as
in Proposition 2.1(i).

Then, under Assumptions B and C, T is a stationary point of problem (1).



10.

Proof. Since ry, is uniformly bounded, there exist an infinite subset K1 C K and J C {1,2,...}
and d/ € R", j € J, such that

Jy=J Vke K, and o dy, Vi e J. (17)
For each i € {1,...,m} and j € J and k € K, we have from (13) and the continuous differen-

tiability of g; that
gi(i, + §Ld1) = gi(yl) + EV g () d, + 0i(yh; €hd}) < loi(yl; ELdy)],

where supjg|<2 0i(y;€d)/§ — 0 as y — Z, § — 0. Then, {zx}x — , (15), (16) and (17) imply

that {yi + fidfg}lﬁ — T for all j € J, so Assumption C yields
lef, = (i + ELdIl < 03 los(yl: 1)) (18)

i=1

for all k € K sufficiently large, where n > 0. For each such k, we have from (14) and (17) that
fawd) = fl) = —ole]) Vi€ (19)

Also, by the mean-value theorem, we can write for each j € J,

)= fwh) = Vi) -y
GV ()" di + V()" (wy, = (v + €ly)
< GVf )"+ V()Y loi(yh; Ehdy)l, (20)
i=1

where ufg = (1- )\i)yi + )\iwi for some )\i € (0,1), and the inequality follows from (18).
Combining (19) and (20), we obtain for all £ € K; sufficiently large that

V(ul) d], >~ <o<5i;> + V@)l |oi<y,z;sgd@|> JEl vie (21)
=1

Since 0 € Tfk(yi) so that HCEc - d“ < [j0 — d“ = 1, we see that HCECH < 2 for all k € K3
and j € J. Then, it follows from (15), (16) and (18) that ufg — Z,as k — oo and k € K,
for all j € J. Also, Proposition 2.1 implies that I}, C I(Z) for all k£ € K, sufficiently large, so
Assumption B and (using definition of I}, and Assumption 1 or 2) dj, € Ty, (x) yield

max”di—diHHO as k — o0, k € K.
JE€Jk

Hence, using the continuity of V f and recalling limy_,o0 kex;, ui = ¢ for all j € J, we obtain
from (15), (17) and (21) that

< : NT 57 — : T 37 — —\T 7j . g
O—kﬂc}éf?emvf(“k) dy, k_}ggileKIVf(xk) d, =Vfx)d Vi e J

Thus, (8) holds with K in place of K and, by Proposition 4.1, Z is a stationary point of (1). I

5. Feasible Descent Method: 1

In this section, we describe our first method for solving problem (1). It uses Dy satisfying
Assumption 1 with €, — 0 and, under Assumptions A, B, C, the generated iterates have at least
one cluster point that is a stationary point of (1).



11.

Algorithm 1

Parameters. 2o € F, a9 > 0,7 >0, 6, € (0,1), 62 € (0,1), g > 0.
Step 0. Set £ =0.

Step 1. (Computation of reference search directions)

Choose a set of directions Dy, = {d},...,d;*} satisfying Assumption 1.
Step 2. (Minimization on the cone{Dy})

Step 2.1. (Initialization)
Set j =1, yl =y, &, = .
Step 2.2. (Computation of the initial stepsize)
Set I, and cZ{C as in Proposition 4.2.
Compute the maximum stepsize di such that
gi(yl) + alVgi(y)Tdl < 0 for all i.
Set di = min{o’zi, di} and gji € Py:[yi + @{Cdgc]
Step 2.3. (Test on the search direction)

If &, > 0 and f(97) < f(yi) —v(&})", compute aj, and yiﬂ by
the Fxpansion Step(di, di, gji, yi, Ji, oz{u,, yiJrl) and set d{:rl = ai;
otherwise set ai =0, yi“ = yi, diﬂ = Gldi.

Step 2.4. (Test on the active constraints)
If o, = &, set €41 = €k, and go to Step 3.
Step 2.5 (Test on the minimization on the cone{Dy})
If j <rg,set j =7+ 1 and go to Step 2.2;
otherwise set €;+1 = 626 and go to Step 3.
Step 3. (Main iteration)
Find xp41 € F such that f(zg41) < f(yi“)

Set g1 = d{jl, 7. =j, k=k+1, and go to Step 1.

Note 1. If g1, ..., g, are affine, then T7, (yi) = T(xy; €x) and hence dg = di and yi + dicii eF
for all j and k. Thus, in this case, the projection operations in Algorithm 1 are redundant.
If F is convex, then the projection mapping Pr[| (using 2-norm) is single-valued. If F is
nonconvex, then projecting onto F requires global optimization, which may or may not be
practical, depending on the cost of evaluating f.

Note 2. In Step 2.3 and in the Expansion Step, the quadratic function v(-)? can be replaced by
any “forcing function” ¢(-) that is continuous, positive-valued, and satisfies lim, o ¢(a)/a = 0.
In Step 3, we can set x11 = yiﬂ or, if a point Zj € F with lower f-value than yi“ is found,
set 41 = Zk. Such a Z can possibly be constructed by an interpolation technique based on
previously sampled f-values.
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Expansion Step (di, di, Qi, yi, dfg, ai, yiﬂ) .
Parameters. v > 0, w € (0,1).
Step 1. Set a = di, Yy = gjfg
Step 2. Set & = min{@i,a/w} and 7 € Py:[yi + dd{;].
If a = di or f(y) > f(yi) — a2, set ai = a, yi“ = y and exit.

Step 3. Set a = &, y = 4 and go to Step 2.

The next two propositions establish the convergence properties of Algorithm 1 under Assump-
tions A, B, C.

Proposition 5.1. Let {(xy,€x)} and {(yi,di,o’zi,oli,ai,di,di)lgjgk} be sequences produced
by Algorithm 1. Then, under Assumptions A, B, C, we have:

(i) {xk} is well defined;
(11) {zx} is bounded and every cluster point belongs to F;

(iii) we have

; Jl _

khm 1%2}721@ {O‘k} =0, (22)
. ~j _

khm lrgr;ag;k {O‘k} =0, (23)

lim max
k—o0 1< <1y

m— gl = 0; (24)

(iv) o’zi > (ek — mMax;—1,__m ]gl(yi) —gl(xk)]) /v for all 1 < j < 7 and all k, where v, =

max)<j<r, maxi—1m Vi (yl) dl.

Proof. To prove assertion (i), it suffices to show that the Expansion Step, when performed
along a direction dj, from yj, for j € {1,...,7}, terminates in a finite number of steps. If this

were not true, we would have for some k and j € {1,...,7} that di > (0 and
j j ) _
Fllp) < fh) —v(al/w?)”  ¥p=0,1,...,

where wl[p] € Py:[yi + (éc?€ / wp)di], which violates the assumption that f is bounded below on
F (via Assumption A).

To prove assertion (ii), we note that the instructions of Algorithm 1 imply that z; € F and
f(zrs1) < f(xg) for all k. Hence xp € L for all k and, by Assumption A, {zy} is bounded.
Since zp € F for all k and F is a closed set, the assertion follows.

To prove assertion (iii), we note from the construction of ai and yfrl in Step 2.3 that

FI™ < fyh) — (ad)?,
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and from the construction of &fjl that

J+1 J

either &' =oaj or = 91o¢k,

for each k and each j € {1,...,7}. Summing the first relation for j = 1,...,7; and using the
construction of x4 in Step 3 yields

f(@ps1) < flaw) — ’YZ(O@Q-

Since xy, € F and L is compact by Assumption A, this implies { f(zx)} converges and {2?;1(04@2} —
0, thus proving (22). The second relation implies
- i
5= 0t alt,

(25)

for some 0 < mi < k and some 1 < li < T with p{a = j—li >0 ifmi = k and else
pL=J+ k14 + fmi — I Then, letting K7 = {k € {0,1,...} : j < 7} for an arbitrary j,
we see that max{pi,m{%} — 00 as k — oo, k € K7, which, together with (22) and (25), yields
&) — 0. This then proves (23).
To show (24), we argue by contradiction. Suppose there exist scalar 6 > 0 and an infinite
K C{0,1,...} such that
— > K. 2
max |z wl>6 ke (26)

Since {xx} and {7y} are bounded (see assertion (ii) and Assumption 1), by passing to a subse-
quence if necessary, we can assume that

r,=17 Vke K and {xk}K — I,

for some 7 and z € F. We claim that {yi}K — z for 1 < j < 7, which would contradict (26).
This claim clearly holds for j = 1. Suppose this claim holds for some 1 < j < 7. Arguing as in
the proof of Proposition 4.2, we have {||dJ, — d||}x — 0. This together With (22) and ||d] |=1

for all k € K implies that {yk + akdk}K — Z. Then, using the fact y],* Le Py:[yk + akdj] and
Assumption C, we have that

j+1 +1
I = il = | = wh + o)) + oddl | < nz 9i(yi, + o d)]+ + ol i

for all k¥ € K sufficiently large, where > 0. Since {gl(yk —|— a{cdj)}K — ¢;(%) <0 for all i, the
right-hand side tends to zero as k — oo, k € K. Thus, {||yi ™" —yl|}x — 0 and so {yk+ tk — .
The claim then follows by induction.

To prove assertion (iv), notice that d] € le (yk) and the definition of @j, in Step 2.2 imply
either &j = oo or the existence of an index i ¢ I}, = I(xy; ;) such that

gi(ut) + a1 Vi) dl = 0.
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Then, solving for ak and using 0 < Vg;(y )Td] < Yk, yields

a, = —gWl)/(Veg ) d)

—g; () /e
(—gi(ze) + gi(ar) — g W)/
(e + g5 (x1) — gi (L)) / ks

v

Y

where the last inequality follows from i ¢ I(xy;e€x) and the definition of I(xy;ex). B

Proposition 5.2. Under Assumptions A, B, C, if {x} is the sequence produced by Algorithm
1, then {xy} is bounded and there exists at least one cluster point which is a stationary point of
problem (1).

Proof. Let {e} and {(yi, di,dk, ak,ak,dk,d )1<]<m} be sequences produced by Algorithm 1
corresponding to {xy}. By Proposition 5.1, {z} is well defined and bounded. We claim that

klim er = 0. (27)

We argue this by contradiction. Suppose that (27) is false. Since the sequence {e;} is not
increasing, then there exists an index k£ and a scalar ¢* > 0 such that

€ =€ Vk > k. (28)

This implies, by the instructions of Steps 2.5 and 2.6, that for each k > k there is some jj, such
that

ai’“ = d{f. (29)

Moreover, assertion (iv) of Proposition 5.1 implies

af > (o= awas laitl) ol ) /o

=1,...,

Since {rx} is uniformly bounded so that, by assertion (iii) of Proposition 5.1, limy_.q ozk =
limy oo [l — yi¥|| = 0, then (28) and (29) and boundedness of {z} would yield in the limit
that 0 > €*/supy~ v > 0, an obvious contradiction.

By (27), there exists an infinite & C {0,1,...} such that €, < € for all k € K. Then, for
k € K, the instructions of the algorithm imply that 7 = ry, i.e., all directions of the set Dy are
investigated at iteration k, and di > 0, di >0 for j =1,...,7r. Using this together with Steps
2.2 and 2.3 of the algorithm and assertion (iii) of Proposition 5.1, we see that condition (b) of
Proposition 4.2 holds for the subsequences {z;}x and {(yé)1<J<rk}K, and the subsequence of
scalars {(5k)1<]<m}K defined by setting £k = mln{ak, o /w} if an Expansion Step is performed
in generating o, (w is the parameter from the Expansion Step) and otherwise setting §k = a.
Also, since the sets Dy, satisfy Assumption 1, (27) implies that condition (a) of Proposition 4.2
holds. Then, Proposition 4.2 yields that any cluster point of {x}}k is a stationary point of (1). i
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6. Feasible Descent Method: II

In this section, we describe our second method for solving (1). It uses Dy, satisfying Assumption
2 and, under Assumptions A, B, C, all cluster points of the generated iterates are stationary
points of (1). This method is somewhat more complicated than Algorithm 1, however.

Algorithm 2

Parameters. 2o € F, a9 > 0,7 >0, 6, € (0,1), € > 0.
Step 0. Set £ =0.

Step 1. (Computation of reference search directions)
Choose a set of directions Dy, = {d},...,d;*} satisfying Assumption 2.
Let I} D -+ D IP* (py > 1) be the distinct elements of I(zy;€), 0 < € < €*.

Step 2. (Minimization on the cone{Dy})

Step 2.1. (Initialization)
Set j=1,p=1,q=1, yi:xk, di:dk-
Step 2.2. (Computation of the initial stepsize)
Set M7 = {i € IV : Vg;(x1)Tdl <0} and d], = PTI;’S’Q i[5
Compute the maximum stepsize o’zi such that
9 (yl) + dngi(yi)TdZ < 0 for all 1.
Set ¢&j, = min{ay, & } and g, € Prlyj, + di.d}).
Step 2.3. (Test on the search direction)
If di > 0 and f(gji) < f(yi) — 7(&{%)2, compute O‘Z; and yi“ by

the Ezpansion Step(a},, &, Ui, vy, d%; o, yiﬂ) and set &fjl = al;
otherwise set o, = 0, yiﬂ =yi, dfjl =010,

Step 2.4 (Test on the minimization on the cone{Dy})
Ich{csédZ and p < pg,set j=j5+1, p=p+1 and go to Step 2.2;
otherwise if g < rp,set j=7+1,p=1,¢g=¢q+ 1 and go to Step 2.2;
otherwise go to Step 3.
Step 3. (Main iteration)
Find xp41 € F such that f(zg41) < f(yi“)

Set g1 = dfjl, 7y =J, k=k+1, and go to Step 1.

Note 3. Notice that d} € Tl,f’q () for all p and ¢. Thus, if g1, ..., g, are affine, then cii, = d{;

and yi—i—dicﬁ% € F for all j and k, so 7 = r and the projection operations in Algorithm 2 would
be redundant. If F is convex, then the projection mapping Pr[-] (using 2-norm) is single-valued.
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Also, like Algorithm 1, in Step 2.3 and in the Expansion Step, the quadratic function ~(-)? can
be replaced by any “forcing function” ¢(-) as discussed in Note 2

Note 4. The sets [ é D -+ D I of Step 1 can be determined by ordering the distinct values of
gi(zy), i =1,...,m, that exceed —¢* in ascending order and setting I}, = I(zy;€}), where €} is
the pth value in this ordering. If g;(z)) < —€* for all 4, then py = 1 and Ili = (.

Note 5. In Step 2.2, we can alternatively replace I}’? in the projection operation by the simpler
index set ¥, and the main convergence result (Proposition 6.2) would still hold. However, since

dz need not belong to Tflf (), it is no longer true that the projection operations would be
redundant if ¢1, ..., g,, are affine.

The next two propositions establish the convergence properties of Algorithm 2 under Assump-
tions A, B, C. These properties are stronger than those for Algorithm 1.

Proposition 6.1. Let {z}, {(d})i<q<r, } and {(yi,o?i,di,@i,ai,cf{;)lgjgk} be sequences pro-
duced by Algorithm 2. Then, under Assumptions A, B, C, we have:

(i) {xk} is well defined;
(11) {zx} is bounded and every cluster point belongs to F;

(iii) we have

lim max {ai} =0,
k—o00 1< <7

lim max {O‘k} 0,
k—o00 1<) <ty

: il .
dm s o =2 =0
(iv) o’zi > (€ — maxj—1,..m \g,(yk) — gi(zk)|) /v whenever d] € Tfk(yk) for some € > 0, where

Vi = MaX|<j<f, MAXi—1,.. m !ng(yk)Td]! and Ij, = I(ka €).

Proof. The proof is nearly identical to the proof of Proposition 5.1. i

Proposition 6.2. Under Assumptions A, B, C, if {x} is a sequence produced by Algorithm 2,
then {xy} is bounded and every cluster point is a stationary point of problem (1).

Proof. Let {(d})i1<q<r,} and {(yi,o?i,dk,ak,ak,dk)quk} be sequences produced by Algo-
rithm 2 corresponding to {xj}. By Proposition 6.1, {z}} is well defined and bounded. Let z be
any cluster point of {x}. Then, there is an inﬁnite K C{0,1,...} such that

Kl

lim T =
k—oo,ke K
Let € € (0,min{€, e*}] and Ji, k € K, be defined as in Proposition 4.1, with € defined as in
Proposition 2.1(i). Since I(zy) C I(zk;€) C I(xg;€*) for each k, we see from Step 1 that there
exists 1 < pp < pg such that I,’Z’“ = I(xg;€). For each k € K and q € Ji, we have that
Vgi(zy)Tdl <0 for all i € I(xy;e) = IL*, so

IPR9 = 7% = I(zp5€).
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We also have from the rule for incrementing p in Step 2.4 that either chcq = d] for some j, and

some p < Py or else chj = PTIM [dZ] for some j, and p = p. In the former case, since

a (")
k . . i
D% > IPM9 = I(xy; €) so that Typa (W3") € Tr(aye)(y2"), we obtain from the definition of d; that

A =P

) q
le (kaQ) [dk]’ (30)

where we set Iy = I(x;€). In the latter case, we have Il = I?*9 = I}, and (30) again holds.
Since (30) implies dlq € Ty, (") for all ¢ € Ji, and k € K, assertion (iv) of Proposition 6.1
implies

ay > (e - max |gi(y!) — gz‘(wk)|> /-

=1,..

Then, assertion (iii) of Proposition 6.1 and boundedness of {x;} imply there exists an index k
such that for all k > k, k € K, we have

ai/w < di and o?i < o’zi
for each q € Ji and j = j, (w is the parameter from the Expansion Step). Then, the construction
of ¢ in Step 2.3 implies, for each ¢ € Ji, and j = jg, either
o, >0 and  f(w]) > f(yh) — (g /w)’
if an Expansion Step is performed in generating ai, where wi € Pf[yi + (ai / w)cii], or otherwise
61 >0 and  f(7) > f(y]) —(6})".

Setting §£ = ai Jw in the first case and setting {i = oﬂ; in the second case, this together with
(30) and assertion (iii) of Proposition 6.1 implies that condition (b) of Proposition 4.2 holds for
the subsequences {z)}x and {(y,')qes, 1k, and the subsequence of scalars {(£]%)4es, i defined
as above. Also, since the sets Dy, satisfy Assumption 2, condition (a) of Proposition 4.2 holds.
Then, Proposition 4.2 yields that z is a stationary point of (1). i

7. Preliminary Computational Results

In order to gain some understanding of the practical performance of the proposed methods,
we have implemented in Fortran Algorithm 2 for the linearly constrained case and have con-
ducted tests on some problems from the Hock-Schittkowski collection [7, 8]. We describe the
implementation details and the computational results below.

Choice of parameters

After some tuning, we settled on the following choice of parameters in Algorithm 2:
ao =1, v =1075, 6, = 0.5, € =1073, w = 0.5.

+1 . . . .
In Step 3, we set zp11 = yf , 1.e., no scheme for accelerating convergence is exploited.

Choice of the directions
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We generate the set D as described in Proposition 3.2. In particular, we perform a QR-
factorization of Ay, namely

A = [V Zk]l}zk]’

where Y} and Z;, have orthonormal columns, the columns of Y}, form an orthonormal basis for
the range of A; and the columns of Z; form an orthonormal basis for the null space of Az.
Under the assumptions of Proposition 3.2, Ry is nonsingular. Then, we use as the set of search
directions Dy, the columns (normalized to have unit length) of the following n x 2n matrix

[Zk —Zr Yi(Rp)™! —Yk(Rk)_l]-

Stopping criterion

We use a stopping criterion of ‘
q} <107
 ax {ag} <

This criterion is reasonable since {xp} — = and {maxlgjggn{di}} — 0 imply (via the in-
structions of Algorithm 2 and Note 3) that (14) holds for some infinite K C {0,1,...}, where
o(-) = v(-)* and & equals either &fjl Jw or &j,. This in turn implies (8), so that upon stopping,
max;ec s, {min{O7 Vf (xk)Tdi}} would be near zero and zj would be an approximate stationary
point.

In the following table we report the computational results obtained with the above implemen-
tation. We denote by n the number of variables, by lin. the number of linear constraints, by box
the number of box constraints, by NF' the number of function evaluations required to satisfy
the stopping criterion, and by Ay the difference between the best f-value found and the optimal
f-value.

n | lin. | box | NF | Af
HS21 [ 2] 1 4 | 26 0
HS24 [ 2| 3 2 14 0
HS36 | 3| 1 5 12 0
HS37 [ 3| 2 6 | 136 0
HS76 [4] 3 | 4 || 57 | 1073
HS224 | 2| 4 | 4 [ 67 [ 10710
HS232 | 2| 3 2 13 0
HS250 | 3| 2 6 11 0
HS251 | 3| 1 6 || 122 ] 1077
HS331 [ 2] 1 3 | 57 0
HS340 | 3| 1 1 || 116 | 1079
HS354 | 4] 1 4 | 190 0

We have used as starting points those proposed in [7] and [8], except for the problems HS21
and HS340, where the given starting points are not feasible. In these last cases we have used
xo = (2,—1) and xp = (0.1,0.1,0.1) respectively.

From the results reported in the table, we see that the implemented method has been able to
find a very good approximation of the optimal solution within an acceptable number of function
evaluations. Although our computational experiment is rather limited and the test problems are
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small-hence no definite conclusion can be drawn, the results seem to indicate that the proposed
approach could form the basis for practical objective-derivative-free methods. In particular,
the efficiency of the method could be improved by incorporating interpolation techniques in
producing the new point at Step 3, thus accelerating the convergence of the method.
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