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Abstract

In this work we propose a new approach to solve the regulator problem when the process
is a linear discrete time dynamical systems with non-Gaussian state and output noises. It
generalizes previous results concerning quadratic optimal regulator problem [1]. An optimal
recursive control law is achieved for systems with partial state information and when a quadratic
cost function is considered. Numerical simulations show the high performances of the proposed
method with respect to the classical linear regulation techniques.

Key words: discrete-time systems, Kronecker algebra, LQG optimal control, Kalman filter,
nonlinear filtering, separation principle, stochastic control, non-Gaussian systems.



1. Introduction

In this paper the optimal regulator problem for linear stochastic non-Gaussian discrete time
systems, with partial state informations, is treated. A quadratic performance index is considered.
In a considerable number of technical areas, the widely used Gaussian assumption must be
removed to obtain a more realistic statistical description. As shown in various papers (e.g.
[2] and [3]) increasing attention has been paid to non-Gaussian systems in control engineering,
where both parameter and state estimation problems are important in designing feedback control
laws. Non-Gaussian problems often arise in digital communications when the noise interference
includes noise components that are essentially non-Gaussian (this is a common situation below
100 MHZ) [4]. Neglecting these components is a major source of error in communication system
design.

Many papers have appeared which consider the optimal control problem (in particular the
optimal regulator problem) of linear systems when the performance criterion is a quadratic
form in the state and control. This problem has been extensively studied by control engineers,
scientists and mathematicians. In literature there are many papers that deal with the case of
deterministic systems (see, for example, [5-9]). For stochastic systems, some authors assume
that only partial informations about the noises statistics are known (minimax [9,10,11] or Hoo
[12] approaches). Other authors, on the contrary, assume that the noises statistics are Gaussian
(LQG control problem [13-17]). For stochastic systems with incomplete state observation, this
problem presented itself as a control and filtering simultaneous problem. The separation principle
[18] states, in this case, an important decoupling result between the two problems of filtering
and stochastic control.

The purpose of this paper is to present a new algoritm to solve the optimal stochastic regulator
problem for non-Gaussian systems with incomplete state observation (i.e. only noisy state
observation are available) when a quadratic index is considered. The resulting solution is given
by the same feedback control law as in the linear optimal regulator [19,20] and a filtering stage
given by the optimal polynomial filter [21]. We, therefore, will prove also an extension of the
separation principle which is valid for non-Gaussian control systems when a suitable class of
sub-optimal state estimator (with respect to the conditional expectation) is considered.

In the following first section the precise statement and formulation of the problem are given.
Then, we recall the optimal solution of the problem with Gaussian state and output noises
[19,20] which represents a sub-optimal linear solution in the non-Gaussian case.

The main result of the paper is given in section 3 in which the optimal polynomial regulator
for a linear discrete-time non-Gaussian system is given. In section 4, some numerical examples
of application are presented, showing high performance of the proposed polynomial optimal
control with respect to the linear one. An appendix is included where the main definitions and
properties about Kronecker algebra are reported together with some new results. The paper
ends with a concluding remark in section ©.



2. Problem formulation and preliminaries

Let us consider the control problem relative to the class of stochastic discrete-time linear systems
described by the following equations:

2(k + 1) = A(R)a(k) + B(k)u(k) + F(k)Nj, +d(k), =(0) =2 (2.1)
y(k) = C(k)z(k) + G(k) Ny

i

with the corresponding quadratic criterion:
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7 = LB MSIEN) + Y T RQ() + o MRGD L (23
k=0
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where |, for any k,
z(k) e R", y(k) € RY wu(k) e R", d(k) € R"

The noise Ny forms a sequence of non-Gaussian random vector variables whose all moments up
to the 2v-th order are known:

E(Ny) =0, ’ (2.4)
BN =0y, =232 (2.5)

Without less of generality, let us assume the following equality:
st Wy, = E(Ny - NI) =1 (2.6)

The sequence { Ny} forms with the initia: state random vector T a family of independent random
variables. The initial state  is endowed too with statistical moments, namely

mo, (2.7)
Uy 1=2,3,..,20.

3

E(z)
E((Z — mo)™)

We assume independence of the state noise F(k)Np with respect to the measurement noise
G(k)Ny, therefore the relation F(k)G({)T = 0, Vk,Vj, is verified. Moreover the covariance
matrix G(k)G (k)T is assumed full rank. The forcing term d(k) is assumed to be known at any
time k.

The cost index weight matricies are such that:

S(N) e R™™, Q(k) e R™", R(k) € R,

where R(k) is assumed to be positive definite, whereas the matrices Q(k) and S(NN) are at least

nonnegative definite.



Remark 2.1. Note that in order to synthetize the optimal control it is sufficient to cons.der
d(k) = 0 in that any deterministic forcing term contributes to the cost index as an additive

constant.

If we assume { N} to be a sequence of Gaussian random variables, problem (2.1)-(2.3) becomes
the well known classical LQG regulator problem. The cost-minimizing controller 4(k) (i.e. the
output feedback optimal control) has been shown to be in this case [19,20]:

a(k) = —M (k)i (k/k — 1), (29)

if only incomplete, noise-corrupted measurements are available and are processed by the appro-
priate Kalman filter [22]. If perfect knowledge of the state vector is assumed available at each
sample time, the state feedback optimal controller has the same gain sequence {M(k)} as in
the previous case and this is also equal to the associated optimal deterministic controller one
(certainty equivalence applies [19]). For all three cases, these gains can be generated from the
solution of the backward Riccati recursive equations:

M(k) = R(k) ' B)TPy(k + DI + B(R)R(k) " B(k)" Pe(k + 1)) A(k), (2.10)
P.(k) = A(R)T Pk + DI + B(k)R(k) " B(k)T Po(k + 1)] T A(k) + Q(k), (2.11)
P.(N) = S(N). (2.12)

For the Kalman predictor part, we have:

#(k/k —1) = Ak — Da(k — 1/k —2) + A(k — DK (k — 1)
ylk —1) = C(k)a(k — 1/k — 2)] + B(k)a(k — 1) +d(k - 1), (2.1

K (k) = P(k)C(h)T[G(R)G(R)T] 7 (2.1
P(k) = [I + H(k - 1)C(k)T[GR)GE)T] I CR)ITTH (k= 1), (2.15
(2.1

H(k - 1) = A()P(k — 1)AK)T + F(k)F (k)T

It is well known that the control (2.10)-(2.16) represents the optimal solution for our problem
(2.1)-(2.3) (i.e. non-Gaussian case) if we seek the solution among all linear output transforma- -~
tions. This is, therefore, a sub-optimal solution for the problem we treat.

In the following, for any given sequence of random veciors {w(l)} in IR, we will use the short
notation wy to indicate the aggregate vector generated by w(j), y < k, namely:

wy = {w(j), 0<7 <k} (2.17)

Moreover, the set of all random variables defined as affine transformations of wy in IR® will be

indicated
L(wg, R {u cR®:u=1+ Lwy,

L:R*+HD 5 RS 1€ R}

By the use of this notation, the feedback control (2.9)-(2.16) (LQG) is exactly the element of
the admissible set

(2.18)

U = L{yy_1,RP) (2.19)

which minimizes the index (2.3) with constraints (2.1), (2.2). From the classical theory of
Kalman filtering, it is well known that #(k/k — 1), as given by (2.13), is precisely the orthogonal
projection of the state z(k) on U4?, that is

@(k/k — 1) = H{z(k)/U") (2.20)



where I1(v/S) denotes the orthogonal projection operator of the vector v on the affine subspace
S, which is well defined when ||v]| < co. In the non-Gaussian case this solution, in many cases,
is not satisfactory in that the relevant index assumes a value too much far from the optimal one.
In order to improve such solution is therefore necessary to enlarge the admissible set (2.19). The
idea is to consider also polynomial transformation of the measurements.

Definition 2.2. For any integer v > 1, the admissible set of order v is defined as
U= Ll RY) (2.21)
where yy_, is generated by the sequence
ok
v’ (j) = y‘ :('/) . =01,k -1, (2.22)
y()

in which y(4) denotes the i-th Kronecker power (see Appendix).
Remark 2.3. From the previous definition it readily results

Urcurc..cur. (2.23)
For the following we need to use the property

Lemma 2.4. Let wq(j), 5 =0,1,...k — 1, be any given deterministic sequence in R". Then,
defining w,(7) = w(j) — wa(j), w(j) as in (2.17), and

s ws™(j) ‘
o= | (224)
wl(5)
we have
Clw!_y ) = L{dy_, RY). (2.25)
Proof. Let uy € L{w}_,,IR*). Then there exists a vector dy and iaatrices B such that
k-1 v
up = dg + Z Z ﬁjJ -7.1)[”(7)
j=0I=1
Moreover, because w(j) = wq(j) + w,(4), we have, using “Newton formula” (see appendix),
k=1 v
up = dy +ZZ/8]Z wd ’}‘ws(])}m
7=0 [l=1
k-1 v
=di+ 3> B S -l ) @ i)
7=0 l=1 m=0
S [Lﬂ” M-l () @ T i ()
J=0m=1 I=m

= JA- + i Z Bj,m 'U)gn}(j)'

7=0m=1



Then uy € L(w]_;,R*).
Viceversa, let uy € L(w}_;,1R?), then

k-1 v

Up = (ik -+ E }: Bj,l ' w.[s” (.7)

§=01=1

Because w,(j) = w(j) — wq(j), by following the same process as before, it follows
ug € L(wy_,,IR?). B

Lemma 2.5. Let {V(j)} be any deterministic sequence in IR™,
7,1/ —

Ty, =T
7 -

. Then, defining wy as in (2.17), we have:

[,(U);C, IRQ) = [:('U)k — Vi, IRQ) (2.26)

Proof. 1t is immediate from the definition (2.18).

We conclude this section by recalling [21] the following lemma, whose proof can be find in
[21] for the time invariant case, which will result useful in the next section. In the sequel we
will denote with M. f (1) the binomial matrices (see appendix) highlighting the dependence by the

dimension I of the vectors, and the symbol I; ; will denote the identity in RY.

Lemma 2.6. Let, on the same probability space, {z(k), k > 0} and {N(k), k& > 0} be random
sequences in IR™ and R? respectively, such that ¥k N(k) is independent by {z(k), 2(7),N(j), J <
k}. Moreover let us assume

w(k) = T(k)z(k) + U (k)N (k) (2.27)

where w(k) € RY and T'(k), ¥(k) are subsequently dimensioned deterministic matrices. Con-
sider the Kronecker powers of w(k) and z(k) up to the v-th order aggregated in the vectors

w(k) 2(k)
wiy— | 0| gy |70
W (k) (k)
and
k) 0 0 U(k)E(N(K)
Ok) = Oz,1(k)  TE(k) O \I/{Q](k)E‘(N[Q}(k)) |
Ouslk) Ouall) . rl(r) \Ir["}(k)E:(N[u] (k))
where
Oui(k) = Mi_ () (@0 (k) @ TV (k) (B(VI=(k)) @ Ios) (2.28)

then there ezists the representation

W(k) = OK)Z(k) + T (k) + N (k) (2.29)



where
]7,1(6)
ha(k
Ny =| . ) (2.30)
h. (k)
and

11
hi(k) = 3 M () (PR © ri”(k-»( (NE=8(k) — BIVEU(R) © za,z)zmm),
=0

moreover {N(k)} is a zero mean white sequence, such that Vk N (k) is uncorrelated with
{Z(9), 7 <k}, with covariance S(k) such that its (r,s)-block is given by

&

T
8,5 = Elhs(BYh, (k)")
1

|
s

= MTNI(,Y)(\IJ[T-*”(]@) ® r[l](k)) csth <(]513_m ® Cg,\_,,am ® Ia,)

T
laz

i

0

m

o

(2.31)
. <<E(N{s+7'—m~-l](k)) . E(N[9~m](k)> ® E(Nh_l](k)))

® Cpam ® zmz) B <z“‘“"]<k>>> (@l (k) @ T (k)T (ME_ ()T,

provided that there exist finite all the moments involved.

3. Main result

For the following we need to consider the state z(k) of the stochastic system (2.1) as the sum
of z, (k) and zn(k), respectively the input and the state-noise dependent part of z(k), namely

ey (k + 1) = A(k)zy (k) + Bk)u(k),
ey(k+1) = Ak)zn (k) + F(E) Ny, (3.2)

with

z,(0) = ¥, 1 =my (3.3)

and z 5 (0) be described by its first 2 moments, that is:

E(zn(0) =0 (3.4)
Ei(0) = Upy, i=2,..,20. (3.5)

Moreover, let us define the stochastic part of the output process by
yn (k) = y(k) = C(k)zu (k). (3.6)

A simple use of lemma 2.4 and lemma 2.5 allows to state the following result.



Proposition 3.1. The polynomial optimal control of (2.1)-(2.5) u(k) belongs to the set

L(Yep-1,RP) (3.7)

where

YD) ~ GBS |
v.() = | ¥G) - GRPFIEW) | (3.8)

Proof. By definition, the polynomial optimal control belongs to
L(yy1,IR?) (3.9)
therefore the proposition is proved taking into account definition (3.6) of yn (k) and lemmas 2.4
and 2.5 that implies the equivalence of the set (3.9) with the set (3.7). &
We have only to stress that z,, (k) depends on the past values of the input up to time (k — 2)
which we assume to be known thanks to the “optimality principle”. Now, the key to solve the
optimal polynomial control problem is given by the property assured by the following theorem.

Theorem 3.2. The sequence Y (k) 1s generated by the following stochastic “cztended system”:

X,k +1) = A(R)Xe (k) + B(k)u(k)

4+ Dofelk) +do(k), X.(0) =X, (3.10)
Y (k) = C(k) X (k) + ge(k), (3.11)
with
z,, (k)
Xe(k) = T%}(A) , (3.12)
o)
F(k)E(Nk[)Q]
N2 5
ay=| T f”Nk ', (3.13)
F(R BN
filk) [ g1(k)
L folk k
fe(k) = f?é ) , ge(k) = gQ? , (3.14)



10.

where, fori=1,... v,

i—1

The coefficients matrices are given by:

FA(K)
0
AR) = |
0
0
0
ey = |
L0
with

0
A(k)

H,q (k)

3

0

Hu,’Z(k>

0 Hy. (k) AP(k) 0

Hy (k) AFI(E) ]

Lu,u~1 (k)

D~ |

0
I

|

<

cl(k)

= [0 Cv’(k)]»

H, (k) = My () (FE0 (k) © AD(R) (BEVE) @ L)

Ly (k)

= M?

1

(@G k) ® cl(k)) (E(N}f‘l]

) ® Lt,l) .

The noises sequences { fo(k)}, {ge(k)} are zero mean white sequences such that:

E(fe(k)ge(5)") =0,

Moreover, defining

prs

l,m

k4.

(]“> = Si-—l ‘((]'n,,s~-m @ Cgr"l,'n,m ® I”lsl)

® Cl,nm ® ]n,l> ’ E(

t+m]

),

(3.16)

(3.17)

(3.18)

(3.19)
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its auto-covariance and cross-covariance matrices are give by:

B(fe(k)fe(k)") = Uy, (k), (3.20)
Elge(k)ge(K)T) = W, (k), (3.21)
E(fo(k)ge(k)") = T (k), (3.22)

with
\ 1 s

r—1
[\I!fe (k”r,s = Z
1=0

1
F[T“‘l}(]g) ® A»U](}V))Plrﬂsl(k)
=0 m=0

(F{s——ﬂ‘t}(k)®/l[7n](k)) (]W: m( ))T7

-1 &—

LRQINEDY
1=0

(@) (G (k) © G (k) P (K)
=0 m=0

(GEmE) © CIM )T (M (9)) 7

(T (k)]s = }_: i M’ ~U(k) ® AU(R) P2 (k)

1s
=0 m=0

(G (k) @ CIM ()T (M, ()T,

in which

Proof. The proof is readily obtained by using lemma 2.6. §
Finally, we can state the main theorem of this paper which states the algorithm for the solution

of the polynomial optimal regulator for the system (2.1),(2.2).

Theorem 3.3. The optimal polynomial regulator for the system (2.1)-(2.2) is given by the
equations

(k) = -R(A) 'B(k)T Pu(k + D) + B(k)R(E) ' B(k)T P.(k + 1)}

k)z(k/k —1), (3.23)
P.(k) = A(k)TPC(lc + DI + BE)R(E) "' B(R)TPe(k + 1)) A(k) + Q(k), (3.24)
P,(N) = S(N), (3.25)
@(k/k —1) = zy (k) + an(k/k - 1), (3.26)
[y(k) = C(k)zu(k)] — C(k)2N (k/k — )

(k) — Ck) e ()P — Gk Py o — CR) Pz (k- 1)

(k) = C(k)z, (k)] — G (k)P Uy 5 — Lap (K)En (k/k = 1)
volk) = ~C (k)P [;3}(&//» - 1) . (3.27)

.

(k) — CR)z () = G, = SVF Lya(k)al (k/k = 1)
—C()Mal(k/k - 1)




(k+‘l)-A(k) W (k) + B(k)a(k), 2,(0) = E(z(0)), (3.28)
v (k+ 1/k) = AR (/% = 1) + AR K (R)vo (k) (3.29)
sk + 1/k) = 1( )@kl — 1) + AP (k) Ko (B)vo(k) + FE (k)T 2, (3.30)
20+ 1/k) = Haa (B)aw (b/k — 1) + AR RS (kg — 1) + FE () Ty s

+ [H1 (k) K (k) + AP (k) K () ]vo (k), (3.31)

-2 ,,\

;;, k+1/k) = EHV, ;BN (k/k — 1) + AV ()2l (kb — 1) + PPN (k) Ty,

g.)

v—2
+ | > Hyulk) k) + AP RV K (k) [ v, (k), (3.32)
17=1
Kl( )
K.(k) = ( ) = P (k)CT (k)Y (k), (3.33)
\KV
Po(k+1) = [T+ H (K)CE (k)P (k4 1)Cr (k)] Hae (k) (3.34)
\I}ar (0 st™ 1(\115“3) C S‘(fwl(\l’w!,ﬂ.l)
stH UL )T (B0 o (P0))a,
P0) = [st <: )] ( (:))2,2 ) ( (:))2, | (3.35)
(st (Wowr)]T (B2 oo (Pr(0))uw
(])7‘(0))2‘2 = St—l(\llzr.A) - \yz 2 \‘-[/3'12) (330)
(P’I‘(O))Q,l' = Stwl(glﬂf,l/:LQ) \I}'I 2 \I/g: v (33?)
(P’I‘(O>)l/,2 :v{sltﬂl(\ym,u»&ﬂ) - \1173 2" \I/ 1/] ‘7 (338)
(PT(O))V,I/ = Stﬂl(g}z 21/) - \I/.r v ‘I’Z 73] (339)
Ho(k) = Ay (k) Pr (k)AL (k) + g (k), (3.40)
where .
A(k) 0 0
Hyq(ky ARNR) ... . 0
Ar(k) = : : : : : ’ (3.41)
H,,,Q(k) Hu,;ug) N f{,,,,,,;l(k) A{“i(k)
Ck) 0 0
Loi(k) CB(k) ... 0
Co(k) = 2’f< ) :( ) | | ] (3.42)
Lua(k) Lyo(k) .. Lyw—(k) ety )

Proof. The polynomial optimal control for (2.1)-(2.3) is given by the best linear stochastic
control of the extended system (3.10),(3.11) endowed with the index
N-1
= LE(XT(N)SN)X(N) + 30 (KT R Qe ()Xo () + T R(u() ), (343

k=0
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where :

S(N) S(N) 0 0 ... 0

S(N) S(N) 0 0 0

] 0 0 00 0
Se(N) =1 ¢ 0 0 0 0
0 0 0 0 0

Q) Q) 0 0 0

Q) Q) 0 0 0

0 0 0 0 0

Qelk) =1 ¢ 0 0 0 0|
0 0 00 .. 0)

This statement will be understanded as soun as it is observed that the state of the extended
system contains the state of the original system and that the cost criterion (3.43) is the same
of (2.3). Then, the optimal linear control for the extended system which is polynomial with
respect to the observation is also the optimal polynomial one for the original system.

We need to show that the equations (3.23)-(3.42) correspond to the optimal linear control
for the extended system (3.10)-(3.11) endoved with the cost criterion (3.43). This result can
be achieved by applying the algorithm given by equations (2.10)-(2.16) to the extended model
(3.10)-(3.11). &

4. Simulation examples

Numerical simulations have been performed for two examples in order to test the effectiveness of
the proposed algorithm for the solution of the stochastic non-Gaussian regulator problem. These
examples show the considerable improvement of the resulting feedback control performances by
using as filter stage a polynomial predictor instead of the linear (Kalman) one. The improvement
of the ; rocess state estimate quality obviously implies a better regulator performance. In a first
set of plots, we will show the behaviour of the estimator adopted in the respective proof (state and
state prediction plots over 50 steps). It can be seen that the polynomial estimator considerably
improves the linear one. In the subsequent plots the process state behaviours obtained by the
linear regulator and by the polynomial regulator for each state component are shown. In order
that it is possible to compare the results of the two methods, numerical simulations have been
performed in the same statistical hypothesis and in correspondence of the same noises realization
in both linear and polynomial cases. It can be clearly seen that the state evolution of the process
is closer to zero if we apply the polynomial optimal control law instead of the linear one. By
growing the adopted polynomial estimate order, the control system capability to lead the state
of the process toward values that are near to zero becomes more evident. We would like to stress
that this improvement is already clear if we make a comparison between the state behaviour of
the cubic optimal regulator and the quadratic one. It is reasonable to think that the solution of
the proposed algorithm (that is a sub-optimal solution) tends, for high values of the polynomial
regulator order, to the optimal solution of the non-Gaussian regulator problem. Simulations of
higher then the third order polynomial regulators should require a more sophisticated numerical
implementation, which is not the aim of this paper.
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In both of the examples, we consider the control problem for the following class of linear,
discrete-time, detectable and stabilizable systems in which the state and the output noises are
non-Gaussian:

z(k+1) = Az(k) + Bu(k) + FNy, =(0)=12 (4.1)
y(k) = Cz(k) + G Ng, (4.2)
where, for all k, we have:

z(k) e R?, yk) e RY, wu(k)e R

In the first example it is assumed

Ax(o‘ge‘s ~01,05>’ B:G) F=(r o) (4.3)
c=(10), G=[(0 1 @)

with

P = (2) Gy =(5). (4.4)

We consider the cost criterion belonging to the class of the quadratic functions in the state and
control vectors defined as:

N1
J = —;‘E{;L'T(N)SIK.N) + Z (:LT(]&)QfEU‘/) -+ ?,LT(/&:)RU(R))}, (45)
k=0

where the following weight matrices have been chosen:
5 =Q= I, R=01 (4.6)

{FNi} and {G N}, the state and measure noises sequences respectively, are independent, zero-
mean random sequences. The N probability distribution is shown in Table I where the same
distribution for both the noise components is assumed and in which results 7 = (11/2)Y2.

Table 1
(Np )1 ~10/5 | 1/5 0 (Nk)2 -10/7 | 1/6 0
PlNoa) | 120 | 172 [9/20 | | pl(Ve)o] | 1/20 | 1/2 [ 9/20

In the proposed examples it is assumed z,(0) to be a zero-mean random variable, independent
of the noise sequence and which have the probability distribution given in the following Table
1T

Table II

(@s(0)r | 2 | -1 (2:(0))2 | 2 | -1
pl(zs(0)a] | 1/3 ] 2/3 pl(zs(0))2) | 1/3 | 2/3

The steady-state estimate error covariance matrices have been calculated for the extended
system, by solving the Riccati equations 3.34-3.40, in the linear, quadratic and cubic regulator




algorithm. They contain, in the first two elements of the main diagona., the steady-state predic-
tion estimate error covariance of each component of the state of the original system: (Ug’,i)]wg,
where the subscript ¢ = 1,2, ..., v represents the regulator order. The following values have been
obtained, for the linear, quadratic and cubic case:
2 —
(o7 1)1 = 2.0388,

(021)2 = 2.2198;
(02 )1 = 1.0160,
(02 5)2 = 1.5994;
(023)1 = 0.9744,
(023)2 = 1.5736

The estimate error variance values decrease, as expected, by growing the integer 7. We have a
notable improvement of the quadratic regulator values with respect to the linear ones. A further
remarkable improvement is indeed obtained with the cubic control. Tle percentage reduction
values therefore result:

(02,5~ 024)/0%,) - 100 = ~27.95%

(62502 1)/02,) - 100 = —29.11%.
The numerical simulations issues confirm the polynomial optimal regulator high performances,
with respect to the linear one, as expected from the a priori above shown results. The optimal
linear, quadratic and cubic algorithms have been implemented. The results are displayed in
Figs. 1-10 for 50 iterations. Figs. 1, 2 show respectively the first and the second conponent
of the evolution of the true state and its prediction obtained by means of the linear optimal
regulator algorithm. Figs. 3, 4 and Figs. 5, 6 show the analogous results obtained by means of
the quadratic and cubic optimal regulator algorithms respectively. By comparing the polynomial
regulator plots with the linear regulator ones, it is clearly seen that the polynomial filter, which
utilizes greater statistical informations on the stochastics processes involved than the linear one,
follows the true state evolution better than the linear filter. This is, as expected, more evident
in the comparison between the linear and cubic plots.

Figs. 7-10 reproduce the sequences of the true state realizations. In particular, Figs. 7, 8
show, for 50 iterations, the behaviours of the system state for linear and quadratic regulation
system whereas Figs. 9, 10 show the analogous time evolution for linear and cubic regulator. It
can be clearly seen that the system state evolution is closer to zero if we apply the quadratic
optimal control law instead of the linear one and that we have a further remarkable improvement
by means the cubic controller.

The best performances obtained by means of the new approach to the LQ non-Gaussian
regulator problem may be remarked also in a quantitative way. The cost criterion (4.5)-(4.6)
has, as a matter of fact, been calculated in the various simulation proofs. In the proposed
example the index values result:

J1 = 38.2705;
Jo = 25.9492;
Jy = 25.3888.
For the quadratic and cubic algorithms respectively, the percentage reduction of the cost criterion
is therefore given by:
((J1 = J2)/Jq) - 100 = 32.19%

((Jy - J3)/Jy) - 100 = 33.66%.
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state: first component
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time

FI1G. 7. State first compoﬁent on N = 50 steps: optimal linear regulator (dashed line) and
optimal quadratic requlator (solid line).

state: second component
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FIG. 8. State second component on N = 50 steps: optimal linear regulator (dashed line) and
optimal quadratic regulator (solid line).
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FIG. 9. State first component on N = 50 steps: optimal linear regulator (dashed line) and
optimal cubic requlator (solid line).

state: second component

FIG. 10. State second component on N = 50 steps: optimal linear regulator (dashed line) and
optimal cubic requlator (solid line).



21.

In order to test further on the proposed method, numerical simulations have been performed
for another example in which an unstable dynamics of the process and a signal-noise ratio
decidedly lower than the first example one are considered. So we will see the algorithm issues
in a more unfavourable case. The second example data are the following:

0 1 0 ; .
A‘“<*o.909 1.910)’ B“(l)’ r=(r to) (4.7)

c=(1 0. 6=[(0 &)

with

0
Fl:(l)’ Gy =(80). (4.8)
We will again consider the cost index (4.5)-(4.6) and the same probability distributions for the
stochastic variables involved as in Table I and Table II.

The steady-state values of the state prediction error variance for respectively linear, quadratic
and cubic controller are shown below:

(021)1 = 599.06,
(021)2 = 660.93;
(02,); = 438.91,
(02,)2 = 488.16;
(02 4)1 = 365.17,
(02 5)2 = 410.18.

The reduction of the error variance for the quadratic case with respect to the linear one has been
computed equal to 26.14%. The reduction for the cubic regulator with respect to the linear one
is equal to 37.94%.

By comparing Figs. 11-12 with Figs. 13-14 and with Figs. 15-16, it can clearly seen (more
clearly in this case than in the previous example) the lack of statistical informations that are
utilized by the linear regulator with respect to the polynomial one. The notable effectiveness
of the method even in this example results particularly clear from Figs. 17-20 which allow us
to make a comparison between the performances of the linear regulator and the polynomial
regulator ones respectively of the second and third order.

In the second example the cost criterion values for the three simulations respectively are the
following:

Ji = 4.9249 - 10%;
Jp = 1.1901 - 10%;
Ja = 7.1131 - 10°.

The notable cost reduction we obtain in this case is given by:

((Jy = J2)/J1) - 100 = 75.84%
((Jy = J3)/J1) - 100 = 85.56%.
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Concluding remarks

In this paper we have defined the polynomial optimal algorithm of order v for the solution of
the linear quadratic non-Gaussian stochastic regulator problem. The main assumption is the
knowledge of the first 2 moments for the observation and state noises. It has been proved
also in this case the validity of the separation principle. Some numerical examples show the

effectiveness of the method.

APPENDIX A
The Kronecker algebra.

Definition A.1. Let M and N be matrices of dimensions r x s and p x g respectively, then the
Kronecker product M @ N is defined as the (r - p) x (s - g) matrix

meaaN o e N

where the m,; are the entries of M. Of course this kind of product is not commutative.

Definition A.2. Let M be the r x s matrix
M=[mi my ... my) (A1)

where m, denotes i-th column of M, then the stack of M is the r - s vector

my
iy
st\M) = - (A.2)

Mg

Observe that a vector as in (A.2) can be reduced to a matrix M as in (A.1) by considering
the inverse operation of the stack denoted by st~!. We refer to [23] for the main properties of
the Kronecker product and stack operation. It is easy to verify that for u € R", v € IR’ the

i-th entry of u ® v is given by
1

(U®V); =up Vm; = V{—;—-—} +1, m=li—1;+1 (A.3)

where ] and |- | denote integer part and s-modulo respectively. Moreover, the Kronecker power

of M is defined as
M =1¢eR,

MU = e mt-1 >

Even if the Kronecker product is not commutative in general, the following result holds [24]
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Theorem A.3. For any given pair of matrices A € R™™**, B € R™™™, we have
B®A=Cl (A®B)Csm (A.4)

where Cr n, Cs m are suitable 0 — 1 matrices.

It is possible to show that C,, , is the (u-v) x (u - v) matrix such that its (h,l) entry is given

by:
1

h—
(Cunbns = L, ifl=(h-1])u+ <[T} + 1>; (A.5)

1 0, otherwise.

Observe that C;; = 1, hence in the vector case when a € R™ and b € IR", (A.4) becomes
b®a::03:n(a®b). (A.6)

Moreover, in the vector case the commutation matrices satisfy also the following recursive for-

mula.

Lemma A.4. For any a,b € R" and for any | =1,2..., let G = Cg:,nl so that

M@ a=Gabl), “ (A7)

then the sequence {G)} satisfies the following equations

G =Cr (A.8)
Gi=1L®G.) (Gi®-1), [>1 (A.9)

. . B . “ nt
where 1. is the identity matriz in IR™ .

Proof. Equation (A.6) assures the existence of the G;’s and implies (A.8). Moreover, using
the associative property of the Kronecker product an .l recalling the identity

(A-CY® (B D)y=(A®B) (C®D)
with A = [, we have

MWea=bablUga
=0 (Gi-r(a @ o))
=(L ®Gi-1) - (b®@a®bl™Y)
=(I & Gi1) - <(G1(a @b) @ buﬂ})
(L &G (G1& 1) (a@b)

then, equation (A.9) follows immediately by using (A.7).
We can also find a binomial formula for the Kronecker power which generalizes the classical

Newton one.
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Theorem A.5. For any integer h > 0 the matriz coefficients of the following binomial power
Y g 2 . .

Sformula:

(a + D) }jﬂ/ kg pli-kl) (A.10)
]._..

constitute a set of matrices {M§, ..., M]'} such that
Ml =M} =1, (A.11)
MhM=M!T L)+ (M ©L) (L1 ®Ghey), 1Si<h-1 (A.12)
where Gy and I; are as in lemma A.4.

Proof. Equation (A.11) is obviously true for any h. :
We will prove the (A.12) by induction for h > 2. For h = 2 it results

(a + b)m —d? +a@b+b®a+ bl (4.13)
=a? + (I, + G1)(a @ b) + b2
where (A.7) has been used. Moreover using (A.12) we obtain
ME=(MleL)+ (M;@L)(I®Gy) =1+ LG = >+ G

so that the matrix coefficient of a®b in (A.10) (which is equal to Io + G'1 by (A.13)) agrees with
the matrix M? computed by using (A.12). Now suppose that (A.12) is true for h > 2 then we
will prove that it is true for A + 1. We have :

(a+ )" = (o + 0)" @ (a +b)

h
= <Z MHaF @ b(h"k])> ® (a+b)
k=0

h
- <(]\/f;€' ® ]1> . (a[k] ® b{h.—#c] ® (L) + (M}iz ® ]1) . (a[k] ® b[h—%—l»k])>
k=0
-3 (Wt o1 (a6 (1o 07))
k=0

+(MP® ) ((Lm ® Z)[]I'H'k)))

h
=S (M@ 1) (It ® Gy - (alF @bl H)
k=0

+ Z ]\4 ® ]l {k] ®b[h+l—k])

hence, taking into account (A.10), we have
MM = (M@ 1) + (M @1 (1jm1 ®Ghyay) 1<7<h

B
As far as the eigenvalues of a matrix obtained by Kronecker product of two square matrices

is concerned, the following theorem has been proved [23].
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Theorem A.6. The eigenvalues of the matriz A ® B, where A € R" ¢ B € R™ are A\ju;,
where \; are the A eigenvalues and p; the B ones.
The relevant eigenvectors are given by:

w{Py )
ASIE)
Zzij =

»mggﬂﬁ_

where zg)i, k=1,2,..,n, are the components of the eigenvector D of A, whereas y\9) is an
eigenvector of B.

From the theorem A.6 it follows that the eigenvalues of a matrix AWM b € IN, are given by
/\5’11 : /\f‘j S )\f’n”, where i1, ...,4, € {1,...,n}, the non-negative integers hy,..., h,, are such that
hi+ ...+ hy=hand A, ,..,\;, are the eigenvalues of the matrix A e If R
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