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AbstractIn this paper we investigate the relations between the polyhedron described by the inequalitiesof a block structured problem and the polyhedra described by the inequalities of its blocks.We identify certain classes of block structured problems for which zero lifting on facet inducinginequalities of the single blocks preserves the facet inducing property in the complete problem.Some applications are discussed.Key words: Integer Programming; Block structured problems; Lifting procedures





3.1. IntroductionIn this paper we consider block structured problems and discuss some conditions to lift thefacet inducing inequalities of the polyhedra described by the solutions of the single blocks toinequalities that induce facets also for the complete problem.We show the existence of block structured problems for which facet inducing inequalities of thepolyhedron of a block can be lifted to facet inducing inequalities for the complete problems usingzero coe�cients for the variables in the other blocks. This is not true in general, as shown bythe simple example at the end of this section.In the next sections we give some su�cient conditions to characterize problems where all nontrivial facet inducing inequalities for the polyhedra described by the single blocks maintainthat property for the block structured problem with disjoint variable constraints. For brevity,hereafter we call a polyhedron described by the convex hull of solutions of a block structuredformulation a block structured polyhedron.Example 1.1. Let n � 4 be even and e 2 Rn be the vector with all entries equal to one; de�nea set of points S as x1 2 S � f0; 1gn , eTx1 = n=2 or eTx1 = n=2 + 1;and let Q = conv(S)be the polyhedron de�ned by the convex hull of points in S.Consider the following matrix: A = � In=2 Jn=2Jn=2 In=2 �where In=2 is the identity matrix of order n=2 and Jn=2 is the square matrix of order n=2 withall entries equal to 1. Let d = (n=2)2 � 1, one can verify that the following matrix is the inverseof the previous one: 1d � dIn=2 � (n=2)Jn=2 Jn=2Jn=2 dIn=2 � (n=2)Jn=2 � :Therefore, the points described by the rows of A are a�nely indepedent roots of the inequalityeTx1 � n=2+1. As eTx1 � n=2+1 is trivially valid for Q and has n roots a�nely independent,then it is a facet inducing inequality for Q.Now, consider the polyhedron P de�ned as the convex hull of pairs of disjoint points in the setS, that is P = convf(x1; x2) : x1; x2 2 S; x1 + x2 � eg:Hence, all facet inducing inequalities for the polyhedron Q are valid inequalities for P , and wecan give an integer programming formulation for P considering the block structured system ofinequalities given by the facet inducing inequalities for Q on both the variable vectors x1 andx2, plus the disjoint variable constraints x1 + x2 � e:



4. Ax1 � bAx2 � bx1 + x2 � ex1 ; x2 2 f0; 1gn;where Axi � b describes all the facets of Q.The question that may arise is: when a facet inducing inequality for Q is also facet inducing forP ? Clearly this is false for inequalities x1j � 1 for all j, as they are dominated by the disjunctionconditions x1j + x2j � 1. Moreover, consider other facet inducing inequalities for Q: inequalityeTx1 � n=2 + 1, for instance, is not facet inducing for P , as there are no pairs of disjoint pointsx1; x2 2 S with n=2 + 1 entries equal to 1 in vector x1. Thus, that inequality does not de�neeven a proper face of P .Conversely, eTx1 � n=2 is facet inducing for Q and also for P .Thus, the above described block structured polyhedron presents certain facet inducing inequali-ties of the single blocks that cannot be lifted with zero coe�cients to facet inducing inequalitiesof the whole polyhedron, and others that can. This concludes the example.2. Lifting theoremsConsider the polyhedron P de�ned by the convex hull of all the f0; 1g solutions of the followingblock structured system: A1x1 � b1A2x2 � b2. . . Akxk � bkx1 + x2 � � � + xk � exi 2 f0; 1gn 8 i = 1; : : : ; k:Let Pi = convfxi : Aixi � bi; xi 2 f0; 1gng be the convex hull of the solutions of the ith blockof inequalities. In the following, we de�ne a class of block structured polyhedra that show anappealing behaviour in lifting the facet de�ning inequalities of the polyhedra Pi.De�nition 2.1. Let CA be the class of block structured polyhedra for which the following condi-tions are veri�ed by each polyhedron Pi:xi = ej 2 Pi 8 j = 1; : : : ; n; (1)xi = 0 2 Pi; (2)where ej are the vectors of the canonical base of Rn , and 0 is the zero vector in Rn .Note that if P 2 CA, then all polyhedra Pi are full dimensional.Theorem 2.1. Let P be a block structured polyhedron belonging to class CA. If �xh � �0 is afacet inducing inequality for Ph and it is not equivalent to the inequalities xhj � 1, then �xh � �0is also facet inducing for P .



5.Proof. Without loss of generality we suppose h = 1; to simplify the notation, we drop the indexh when appropriate.Let �x1; �x2; : : : ; �xn be n a�nely independent solutions in P1 such that ��xt = �0 for allt = 1; : : : ; n.First, we note that for each index j = 1; : : : ; n, there exists at least a solution �xt with the jthcomponent (�xt)j = 0; otherwise, all the solutions �x1; �x2; : : : ; �xn would satisfy the inequalityx1j � 1 at equality, and the facet inducing inequality �x1 � �0 would be equivalent to x1j � 1,contradicting the hypothesis of the theorem.Second, we prove that �x1 � �0 is facet inducing for P by sequentially lifting the variables ofthe other blocks. Let xij be the variable to lift. Inequality �x1 � �0 is facet inducing for theface of P where all the variables in the blocks 2; : : : ; k are constrained to be zero. So we haveto lift xij on the polyhedron P with the condition xij = 1.The lifting coe�cient is found by applying the procedure for sequential lifting (see e.g. [10], [11],[9]). Let �ij be the optimal value of the following problem:�ij = max�x1(x1; x2; : : : ; xk) 2 P 0xij = 1; (3)where P 0 is the projection of P obtained by setting to zero all non lifted variables except xij.The lifting coe�cient for xij is equal to �ij = �0 � �ij .As P 2 CA, xi = ej is a feasible solution for Pi, and it satis�es the constraint xij = 1. Hencethere exists a solution x1 = �xt with (�xt)j = 0, and so completing with zeroes for the alreadylifted variables, x1 is feasible for the lifting problem and �ij = ��xt = �0, i.e. �ij = 0.By induction on the variables to lift we get that the lifting coe�cients �ij = 0 for all j = 1; : : : ; n,and for all i = 2; : : : ; k, and therefore �x1 � �0 is facet inducing for P .From the above proof, it is easy to see that conditions (1) and (2) are very strong and are usedonly partially. Indeed, the essential requirement is that a solution with xij = 1 is disjoint witha solution �xt and that it can be completed for the variables already lifted. We can thus enlargeclass CA by the following:De�nition 2.2. Let CB be the class of block structured polyhedra for which the following condi-tion is veri�ed: for all variable indeces j = 1; : : : ; n, for all pairs of blocks i; h = 1; : : : ; k, andfor all solutions xh 2 Ph such that xhj = 0, there exists a solution (x1; x2; : : : ; xk) 2 P such thatxij = 1.Note that if P 2 CB , then the polyhedra Pi may not have full dimension.With some trivial changes we extend the results of theorem 2.1 to the larger class of blockstructured polyhedra CB . Indeed, in the proof of theorem 2.1, we substitute the solution xi = ejcoming from (1), with the solution xi coming from de�nition of class CB ; we then consider xhequal to the same solution �xt chosen in the proof and �nally complete the solution for the alreadylifted variables with the values of the solution (x1; x2; : : : ; xk) 2 P in the de�nition of class CB.Note that, in theorem 2.1 we have excluded the case of the inequality xhj � 1, as this inequalityis dominated by the condition of disjunction on the variables. We can state a similar result alsofor these inequalities.



6.Theorem 2.2. Let P be a block structured polyhedron belonging to class CB. If, for a block h,xhj � 1 is facet inducing for Ph, then Pki=1 xij � 1 is facet inducing for P .Proof. Without loss of generality we can suppose h = 1. The proof is again by sequential liftingand induction on the variables to lift.Consider the following two cases:a) lifting xij with i 6= 1;b) lifting xij0 with i 6= 1 and j0 6= j.In both cases the inequality obtained after s steps of lifting is facet inducing on the projectionof the polyhedron on xij0 = 0 for all not yet lifted variables, and so the lifting procedure is equalto the one described in the proof of theorem 2.1, with objective function equal toPl2S xlj whereS is the set of indeces l such that xlj has already been lifted. Moreover, �0 = 1.In case (a), we can choose a solution x with xij = 1 (it must exist as P 2 CB); the optimum ofthe lifting problem is then zero and the lifting coe�cient is equal to �ij = �0 � �ij = 1� 0 = 1.In case (b), we can choose a solution x with xij0 = 1 and x1j = 1, as they are not restricted bydisjunction constraints, so we get �ij0 = 1 and �ij = 1� 1 = 0.2.1. ExtentionsThe results derived in the previous section can be generalized to cases where the constraintsjoining the blocks are somewhat more general than the disjunction conditions on all the variables.Consider, for instance, the case where the constraints linking the blocks are generalized upperbounds: kXi=1 xij � uj 8 j = 1; : : : ; n:To extend theorem 2.1, we have to lift the variables of the other blocks for all the values theymay assume, that is, the values from 1 to the corresponding uj.Now theorem 2.1 can be reformulated for general integer programming problems with generalizedupper bound constraints as follows:Theorem 2.3. Let P be a block structured polyhedron belonging to class CA. If �xh � �0 is afacet inducing inequality for Ph, and the following conditions hold:a) �xh � �0 is not equivalent to an inequality xhj � rj with rj � uj,b) �xh � �0 has no roots with xhj > uj,then �xh � �0 is also facet inducing for P .The proof is very similar to the one for binary variables, but the lifting procedure needs somechanges (see [11]). The lifting coe�cient is now de�ned as�ij = min1�r�uj �0 � �ij(r)r ;



7.where �ij(r) is de�ned as �ij(r) = max�x1(x1; x2; : : : ; xk) 2 P 0xij = r:Note that, when r = 1, �ij(r) is equal to �ij of problem (3). As a consequence of the new liftingprocedure, conditions (a) and (b) imply that not all tight solutions for inequality �xh � �0 havexhj = uj , and therefore �ij = 0 since �ij(r) = �0 for r = 1.Theorem 2.3 can be proved also for polyhedra in the larger class CB , once the following slightmodi�cation is considered.Modi�cation of class CB:for all variable indeces j = 1; : : : ; n, for all pairs of blocks i; h = 1; : : : ; k, and for all solutionsxh 2 Ph such that xhj < uj, there exists a solution (x1; x2; : : : ; xk) 2 P such that xij � 1.Both theorems 2.1 and 2.3 consider problems where all non trivial facet inducing inequalitiesfor the single blocks are lifted to facets of the complete polyhedron. In the previous sectionwe presented a simple example of a problem where some inequalities cannot be lifted to facetinducing inequalities for the block structured polyhedron, and others can. Such cases can bedealt by considering in the de�nition of class CB only solutions xh which are tight for a speci�cfacet inducing inequality �xh � �0.3. ApplicationsIn this section we discuss some block structured problems where the single blocks are knownproblems whose polyhedral structure has been extensively studied in the literature. We showthat the polyhedra of these problems belong to class CB or CA and therefore facet inducinginequalities for the single blocks also de�ne facets for the complete problem.3.1. The Disjoint Perfect Matchings ProblemConsider the following problem: given a graph G with an even number of nodes, �nd k dis-joint perfect matchings minimizing a linear function on the edges of G. This problem can beformulated using a system with k blocks, where each block is described by the inequalities ofthe perfect matching polytope. Note that the block formulation allows to express di�erent edgecosts in di�erent blocks.If we restrict the problem using the same cost vector on each block and consider k = 2, theDisjoint Perfect Matchings Problem consists in �nding a minimum cost cover of the nodes withcycles of even length. Papadimitriou proved that the problem of determining whether a graphcontains a perfect binary 2-matching with no polygon of size 5 or less is NP-complete (seeTheorem 5.1 in [1]). Using the same proof we can also derive that the problem of determiningwhether a graph contains a cover of the nodes with cycles of even lenghts is NP-complete. Thusthe Disjoint Perfect Matchings Problem is NP-hard even when k = 2.Another proof of NP-completeness is by reduction of the Edge Coloring Problem: let G be agraph of maximum degree k, we can reduce the Edge Coloring Problem to �nd k minimumdisjoint perfect matchings on the complete graph K with the same number of nodes (if it is odd,add an isolated node in G). Edge costs are �1 for edges in G and 0 for edges in K nG. Clearly



8.G is k edge colorable if and only if there exist k disjoint perfect matchings of value �m in K,where m is the number of edges in G; otherwise G is k+1 edge colorable (see Vizing's theoremin [4]). The NP-completeness of the Edge Coloring Problem has been shown in [6]. As the EdgeColoring Problem is NP-complete for k-regular graphs so it is the k Disjoint Perfect MathingsProblem.The polyhedron associated to the disjoint perfect matchings is in CB, assuming the graph G iscomplete. A problem on a generic graph G can be looked at as a problem on the complete graphK2n with the same number of nodes and large weights on the edges of K2n that are not in G.To verify that the polyhedron de�ned by the convex hull of the solutions of the problem ongraph K2n belongs to CB , it is su�cient to show that: if there exist in K2n k disjoint perfectmatchings (i.e. the feasible solution set is not empty), then for each edge there exists a perfectmatching containing that edge. This is obviously true since K2n is symmetric.As the Disjoint Perferct Matchings Problem is in CB, one can thus apply the facet inducinginequalities of the single Perfect Matching Problem (e.g. [2]).3.2. The Peripatetic Salesman ProblemGiven a set of n cities, �nd k edge-disjoint TSP tours minimizing a linear function. As for theprevious problem, the costs may di�er if edges are chosen for di�erent tours. This problem ismodeled by a system with k blocks, where each block is described by a formulation of the TSPproblem. Clearly, this problem is NP-hard, since it is so when k = 1.For an introduction to the Peripatetic Salesman Problem we refer to [8].Also the polyhedron of this problem is in CB , as the problem is completely symmetric and foreach edge there exists a TSP tour containing it; moreover, it can be completed with k � 1edge-disjoint TSP tours, provided that k disjoint tours exist in the complete graph Kn.As the Peripatetic Salesman Problem is in CB , one can thus apply the facet inducing inequalitiesof the single TSP (e.g. [7]).3.3. The Multiple Knapsack ProblemConsider a set of k knapsacks and a set of n items. Each knapsack has a capacity bi fori = 1; : : : ; k. For every knapsack i, each item j has a weight aij > 0 and a bene�t cij . Theproblem is to maximize the total bene�t respecting the knapsack constraints, and assigning eachitem to at most one of the knapsacks. The block formulation of the problem is presented below:max kXi=1 nXj=1 cijxijnXj=1 aijxij � bi 8 i = 1; : : : ; kkXi=1 xij � 1 8 j = 1; : : : ; nxij 2 f0; 1g 8 i = 1; : : : ; k 8 j = 1; : : : ; n:The polyhedral structure of the Multiple Knapsack Problem has been extensively studied in[5] and [3]. We can see that the resulting polyhedron is in CA, provided that the solutionwith no elements and the solutions with a single element selected are feasible for all knapsacksubproblems. Otherwise, if an element j cannot be selected for a certain block i (i.e. aij > bi),



9.then each facet inducing inequality �xh � �0 de�ned on the variables of another block h canbe tightened by adding xij. This case can be ignored as the variable xij is always zero and canbe dropped from the problem. Equivalent results for the Multiple Knapsack Problem are alsoobtained in [5].As a last remark, note that class CA contains all block structured polyhedra where the feasiblesolutions of each block of the formulation can be described by a system of independent sets(e.g.[9]).References[1] G. Cornu�ejols and W. Pulleyblank, \A Matching Problem with Side Conditions", DiscreteMathematics 29, (1980), 135-159.[2] J. Edmonds and W.R. Pulleyblank, \Facets of 1-Matching Polyhedra", in \HypergraphSeminar", C. Berge and D. Ray-Chaudhuri, eds., Springer, (1974), 214-242.[3] C.E. Ferreira, A. Martin, and R. Weismantel, \Solving Multiple Knapsack Problems byCutting Planes", Siam Journal on Optimization 6, (1996), 858-877.[4] S.Fiorini and R.J. Wilson, \Edge-colourings of Graphs", Research Notes in Mathematics16, Res. Notes in Math. 16, (1997), Pitman, London.[5] E.S. Gottlieb and M.R. Rao, \The Generalized Assignment Problem: Valid Inequalitiesand Facets", Mathematical Programming 46, (1990), 31-52.[6] I. Hoyler, \The NP-completeness of Edge-Coloring", Siam Journal on Computing 10, (1981),718-720.[7] M. J�unger, G. Reinelt, and G. Rinaldi, \The Traveling Salesman Problem", in \NetworksModels", M.O. Ball, T.L. Magnanti, C.L. Monma, and G.L. Nemhauser, eds. vol. 7 seriesof Handbook in Operational Research and Management Science, chap. 4, 225-330, North-Holland, Amsterdam.[8] J. Krarup, \The Peripatetic Salesman Problem and some related unsolved problems", in\Combinatorial Programming, Methods and Applications", B. Roy, ed. , Reidel, Dordrecht,The Netherlands (1975), 173-178.[9] G.L. Nemhauser and L.A. Wolsey, \Integer and Combinatorial Programming", Wiley, NewYork (1988).[10] M.W. Padberg, \On the Facial Structure of Set Packing Polyhedra," Mathematical Pro-gramming 5, (1973), 199-215.[11] L.A. Wolsey, \Facets and Strong Valid Inequalities for Integer Programs", Operations Re-search 24, (1976), 367-372.


