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Abstract

The filtering problem for a nice class of nonlinear stochastic multivariable systems is here
considered. The state equation is an Ito bilinear stochastic differential equation, whereas the
output process is given by a linear transformation of the state powers, corrupted by multiplicative
noise. This class includes bilinear stochastic systems and, moreover, it is a generalization of the
well known “cubic sensor”, for which the nonexistence of finite-dimensional filters was proved.
The aim of this paper is to present a new approach consisting in searching for suboptimal state-
estimates instead of the conditional statistics. As a first result, a finite-dimensional optimal
linear filter for the subclass of the bilinear stochastic systems is defined. Next, the more general
problem of designing polynomial finite-dimensional filters is considered. The equations of a
finite-dimensional filter are given, producing a state-estimate which is optimal in a class of
polynomial transformations of the measurements with arbitrarily fixed degree.

Key words: square integrable martingales, wide-sense Wiener processes, stochastic bilinear
systems, cubic sensor, Kronecker algebra, Kalman-Bucy filtering, polynomial filtering, vector
Tto formula






1. Introduction

Let us consider the class of nonlinear stochastic systems defined on some probability space,
namely (2, F, P), described by the following Ito equations:

dX(t) = A(t)X (t)dt + BY(X (t),dW (t)), (1.1)
dY (t) = C(t) (X (1)) “dt + B2(X (t),dW (¢)), (1.2)

where X (t) € R"; Y(t) € R%; p € IN; X[# denotes the Kronecker power (see appendix A) of
the vector X; W (t) € IR?, is a standard Wiener process with respect to some increasing family
of o-algebras, namely {F;}; A(t),C(t) are matrices of proper dimensions; B!, B? are bilinear
forms.

We will call system (1.1), (1.2) a cubic-sensor-like system. This name reminds that, in the
scalar case, for B! = B? = dW and p = 3, system (1.1), (1.2) becomes the well known cubic
sensor [1-4].

The problem we are faced with consists in searching for finite-dimensional filters for the cubic-
sensor-like system (1.1), (1.2). We stress that, the class of systems described by (1.1), (1.2),
includes also as a particular case, for u = 1, the well known bilinear stochastic systems (BLSS)
[5-9], for which the optimal finite-dimensional filtering problem is still an interesting one.

With the name of finite-dimensional filter, we understand a stochastic differential equation in
the form

dzy = f(2¢)dt + g(z)d Yy, (1.3)

endowed with an output transformation:
Xt = h(zt)a (14)

where {z;, ¢ > 0} is some process taking values on a finite-dimensional linear space. We say
that (1.3), (1.4), is a finite-dimensional optimal filter for system (1.1), (1.2), if

X(t) = B(X(t)/F)), (1.5)

where we have denoted F} the o-algebra generated by the observations {Y (s), 0 < s < t}.

As shown in [3], for the cubic sensor an optimal finite dimensional filter in the form (1.3)
does not exists. Indeed the optimal filter is an infinite-dimensional one. Of course, from an
application point of wiew, it becomes crucial to look for finite-dimensional approximations of
the optimal filter.

This problem is considered in [4] where, an approximation of the Zakai equation for the
unnormalized conditional density is built up under the hypothesis of high signal to noise ratio.
However, this method cannot be easily generalizable to the vector case and, in any case, it
does not yield the state-estimate directly through a finite-dimensional stochastic differential
equation as (1.3), (1.4). In the same paper, a finite-dimensional filter, strongly based on the
same assumption of low noise, is defined by using the classical Kushner’s equation and an error
bound is also given. However, the error bound becomes not meaningful when the signal-to-noise
ratio (SNR) decreases. Indeed, the case of low SNR is the most meaningful from an engineering
point of view.

In this paper we will derive, as an auxiliary result, the optimal linear filtering equations for a
BLSS with linear observations corrupted by multiplicative measurement noise, which will result
in the finite-dimensional form (1.3), (1.4). We point out that in [12] the optimal linear filter is



derived in the more general setting of linear stochastic equations driven by wide-sense Wiener
(WSW) processes, resulting in a Kalman-Bucy scheme. Then, the optimal linear filter is defined
for a scalar BLSS by representing the bilinear form as a WSW process. We will follow the same
basic methodology in deriving the optimal linear filter for a vector BLSS.

Given the situation above described, that is nonexistence or unknowledge of the finite-
dimensional optimal filter for system (1.1), (1.2), it is of a great interest from an application
point of view to search for suboptimal filters showing a better performance with respect to the
linear one.

This suboptimal approach has been recently developed for discrete-time systems in [10-11]
where a general polynomial filter of any arbitrarily fixed degree is defined for linear non-Gaussian
systems [10] and bilinear systems [11]. The polynomial filter is able to produce recursively, the
optimal state-estimate in a class of polynomials of all the currently available measurements
including the linear transformations. For this reason, in a non-Gaussian setting, it represents an
improvement of the classical Kalman filtering. Indeed, many numerical simulations have shown
that the improvement in performance may be very large especially when noises distributions are
very far from Gaussianity.

In this paper we will adopt an extension of this suboptimal approach to continuous time
processes which will allow us to define a finite-dimensional filter in the form (1.3), (1.4), pro-
ducing the optimal state-estimate in a suitably defined class of polynomial transformations of
the measurements.

The program of the polynomial filtering methodology consists essentially in the following three
steps:

i) definition of a class of polynomial estimators;

i1) the problem of finding the optimal filter for the cubic-sensor-like system in the above class
of polynomial estimators is reduced to an optimal linear filtering problem for a suitable
augmented system. The augmented system will result in a linear SDE with WSW diffusions.
In particular the state of the augmented system (augmented state) contains the original
state, its Kronecker powers and also Kronecker products with the observation process. The
output of the augmented state (augmented observation) contains the original output process
together with its Kronecker powers up to a fixed degree.

ii1) Application of a Kalman-Bucy scheme to the augmented system. This will give us the
required polynomial filter.

The paper is organized as follows.

§2 deals with point i). In §3 the overall setup of the problem is presented. §4,5,6 are concerned
with some preliminary results. In particular, in §4 a method for transforming a vector BLSS
in a linear system with WSW diffusions is presented. In §5 a vector Ito’s formula is defined,
by using the Kronecker formalism. In §6 a general formula, defining the stochastic differential
of the Kronecker power of some process, solution of a bilinear SDE, is found. In §7 point i3) is
treated. Finally, in §8 the complete solution of the problem is presented, resulting in a system
of equations which define a polynomial filter (of an arbitrarily fixed degree) for the cubic-sensor-
like system. In §9 the above theory is specialized for the classical scalar cubic sensor. Two
Appendices are included in order to make more readable the paper.



2. Suboptimal filtering

This section is devoted to the definition of the class of estimators considered in this paper.
First of all, let us recall some results about linear filtering [12] which will be widely used in the
following.

Let I an interval (bounded or not) in the real line and consider a family {&;, ¢t € I} of L2
random variables valued on some finite dimensional euclidean space. For ¢ € I, let us define the
subspace L4(¢) C L? linearly spanned by {£,, s <t} as the L?-closure of the set £}(¢):

LS el HEN 3, ot €1, 1 <. <ty <t
J
3 matrices My, , ..., My;, 3 a vector b, such that A = Z M, &, + b}.
i=1

Let I1(-/L£:(£)) denote the orthogonal projection operator onto L;(£). Then, for any given L?
random variable 1 we can define the optimal linear estimate of n given {&,, s < t} as II(n/L4(£)).
Now, suppose there exists an integer v such that

E(||&]?) < +o00, Vtel.

then, we can give the following definition.

Definition 2.1. We call v-th degree polynomial estimate of n given {{;, s < t} the random
variable H(n/Pt(y) (€)), where
v A v

P 2 L)

and £ is the process:
¢l
glv=1l
5(1/) E

¢
1

From Definition 2.1 we see that H(n/Pt(V)) is the mean square optimal estimate of 7 among
all estimates, namely A, that are either in the form:

k
A= Ml o,
ij=1

forsucha k € IN, tq,...,t, € I, t; <... <y, for such a vector b and matrices M, ;, i,7 =1,...,k,
or are mean square limits of these. It includes the linear estimates and moreover:

€ c P (e), w1
so that, for the polynomial estimates: 7(*) = H(n/Pt(V) (€)), Hv+Y = H(n/Pt('/H) (€)) it results

E(|n = 3“2 < E(lln — 7™ |1?), Vv >1



that is, the estimation quality is not decreasing for increasing v.

Now, the aim of this paper can be expressed in a more precise manner as follows: for any
given v find a finite-dimensional filter in the form (1.3), (1.4), such that X (¢) agrees with the
optimal v-th degree polynomial estimate of the state of the cubic-sensor-like system (1.1), (1.2).
Such a filter will be referred in the following as v-th degree polynomial filter.

A crucial topic involved in the derivation of the polynomial filter is the linear estimation of
stochastic processes generated by linear models driven by WSW processes, which we briefly
describe below (see [12, ch. 15] for a detailed discussion with proofs).

Let W@W(¢) e R!, i = 1,...,m, be mutually uncorrelated WSW processes. Let us consider the
following linear stochastic system:

dX (t) = A(t) X (t)dt + i B;(t)dw W (1), X(0) = X;
' (2.1)
dY (t) = t)dt + ZD (t)dW @ (¢

where t € [0 ty], X(t) € R", Y(¢) € RY, A(t),C(t), B;(t), D;(t), i = 1,...,m, are suitably
dimensioned matrices, X is a square integrable random vector. Model (2.1) can be interpreted
as a continuous-time linear non-Gaussian system. We can consider the processes X,Y evolving
in suitable L? spaces of square integrable random vectors. Let us denote with X (t) the optimal
linear estimate of X (t), that is X (t) = II(X (¢)/£:(Y)). Then the following system of equations
can be easily derived from [12, Th. 15.3]

+ (zm:Bi(t)D )T + P(t )(i >_1(dY(t) —omX(t)dt),

dP(t) “
= AWP(1) + PHAWMT + ; D;(t)D;(t)T
(S BwDaT + Pyc) (S D7) (S BD0T + RcwT)

(2.2)
where P(t) represents the filtering error covariance matrix. Note that in equations (2.2) the
nonsingularity of the matrix function >, D;(¢)D;(t)” over the time interval [0 #,/] is required.

As we will see in a next section, the class of the BLSS’s can be represented in the form (2.1).
Then, equations (2.2) will allow us to obtain the optimal linear filter for a BLSS. This is a
crucial point in the methodology here described, in that the way to derive the polynomial filter

equations will consist in reduce the original problem to a linear filtering problem for a suitably
defined BLSS.



3. The system to be filtered

Let T =10t,], (,F, P) be a probability triple and {F;}, t € T, be a family of non decreasing
sub o-algebras of . Moreover let (W (t), F;) be an IRP-valued standard Wiener process, u > 1 a
given integer, and X € IR" an Fy-measurable random variable such that there exists an integer
v > 1 for which:

B(|IX[2) < +oo.

For the random variable X we suppose to know the moments m:

¥
m 2 B, =1, 20 (3.1)
Let us consider the stochastic system:
dX(t) = A(t) X (t)dt + H (t)u(t)dt + 2”: (BrX(t) + Fr)dWy(2), (3.2)
k=1
dy (t) = C(t) (X ()" dt + Ep: (DX (t) + Gr) dWi (1), (3.3)

k=1

where A(t) € R™ ", C(t) € R>™ | H(t) € R™™, B, € R"", F, € R", D; € R,
Gr € RY, for k = 1,...,p, Wi(t) denotes the k-th component of the standard Wiener process
W (t) € RP, u(t) € R™ is a deterministic input. Eq. (3.2) is endowed with the initial condition
X (0) = X. In the following we shall denote with I, a = 0,1,..., the @ X « identity matrix; we
conventionally assume Iy = 1. We make the following assumption on system (3.2), (3.3):

Assumption 3.1. There exists a k, 1 < k < p, such that the matriz DIED;;T s monsingular.

Remark 3.2. Assumption 3.1 implies that we can assume, without loss of generality, that there
exists a k, 1 < k < p, such that

D; = [I, 0]. (3.4)
Indeed, let &k such that D,;D% is nonsingular, and define the matrix 7' € IR"*" as:
_ | P&
[k

where R € IR™~9*™ is choosen such that the whole T results in a nonsingular matrix. It is easy
to verify that DT~ = [I, 0]. Hence, we can always modify system (3.2), (3.3), by using T as a
matrix performing a change of coordinates in the state space, and assure that the representation
(3.4) holds for at least one k € {1,...,p}.

The problem we are faced with, consists in finding a finite-dimensional filter in the form (1.3),
(1.4), such that:

X(t) =n(x@)/P (). (3.5)
where the space Pt(y) (Y) is given by definition 2.1.

As above mentioned (see point 4i) in the introduction) we will prove that there exists a
BLSS for which the optimal linear filtering problem is equivalent to the original polynomial
filtering problem for system (3.2), (3.3). At this purpose, in the next two sections we state some
preliminary results. The first one concernes the definition of the optimal linear filter for a BLSS.



4. Optimal linear filtering for BLSS’s

Let us consider system (3.2), (3.3), with p = 1 (hence, a BLSS). Moreover let Wx(t) the
covariance matrix of the state process: Ux(t) = E((X(t) — E(X(t))(X () — E(X(¢)))T). The
problem of finding a finite-dimensional optimal linear filter for the BLSS (3.2), (3.3) was up
to now unsolved in the general case [12]. In this section, we give a solution of this problem,
in that we will prove the existence of a linear stochastic system with WSW diffusions, which
is equivalent to the original BLSS (3.2), (3.3). Indeed, a version of the classical Kalman-Bucy
theory [19], solves the optimal linear filtering problem in this case.

Let M € R**“ a symmetric positive semidefinite matrix, such that rank(M) = p < a. As
well known, there exists a full rank matrix N € R**” such that NNT = M. We will use the
following notation:

MG AN,

that is a “rectangular square root” of the matrix M. Note that, by definition, the matrix
T . .
M1/ M(H/2) i nonsingular.

Theorem 4.1. Let us consider the system (3.2), (3.3), with u = 1. Suppose that the matriz
U x (t) is nonsingular for any t € T. Let us consider, for k =1, ...,p, the integers p < n, o < q
such that:

Pk érank{Bk . \Ifx(t) ' BkT},

VteT. (4.1)
O énmk{Dk WU (t) - DkT}a
Then there exists the following representation:
2p
dX (t) = A(®)X (t)dt + H(t)u(t) + > Br(t)dWi (1), Xo=X (4.2)
k=1
2p
dY (t) = C(#)X (t)dt + Y Dg(t)dWy (). (4.3)
k=1

where, for k=1,...,p: Bi(t) € R"*?* and Dy (t) € R™ " are given by

()

AOE (Bk U (1) - BkT) : (4.4)

Du(t) 2 (Dk ST (t) DkT) . (4.5)
fork=p+1,..,2p:

Bi(t) £ By_pE(X () + Fy_p, (4.6)

Di(t) 2 Dy, E(X () + Gr—p. (4.7)

For i = 1,2, the set {Wk,,’, k=1,..,2p} is a set of 2p mutually uncorrelated standard WSW
processes. In particular, for k =1,....p, Wi 1(t) € R?*, Wy, o(t) € R?*; for k =p+1,....2p:

Wi (t) = Wi a(t) = Wi_p(t), (4-9)



Proof. For k =1,...,p, let us define the processes Wk,l, Wk,z as

t

Wi (t ()T Bi(7)) ™ By(r) By (X (1) — E(X(1)))dWi(r), (4.10)

Wi ot (1) Dy(r)) ™' Dip(r) T Dy (X (1) — B(X (7)) dWi (), (4.11)

c\c\

where By, Dy, are given by (4.4), (4.5). Let us show that W;m', 1 = 1,2, are standard WSW
processes. As a matter of fact, using well known properties of the Ito integral and (4.4), it
results, for s < ¢:

E(Wia(t)Wea(s))
:/0 (Bi(1) T By(1)) " By(r)T - (BkWX(T))BI?)Bk(T)(Bk(T)TBk(T))_ dr

= /0S (Bk(T)TBk(T))_IBk(T)T(Bk(T)Bk(T)T) -Bk(T)(Bk(T)TBk(T))_ dr

Similarly, taking again an s < ¢, it can be proved that

E(Wio()Wia(s)") = 1, - s,

and hence, since the Wiener’s process components Wi, ..., W, are mutually independent, we
have that, for 1 = 1,2, {sz, k=1,..,p} is a family of mutually independent (vector) WSW
processes with identity covariance.

Now let us show that, for £ = 1,...,p, (almost surely):

By (t)dWi 1 (t) = Bi (X (t) — E(X(t))) dWi(t), (4.12)
Dy, (t)dWy 2(t) = Dy, (X (t) — B(X (t)))dWi (). (4.13)
From the hypotheses it results well defined the symmetric positive-definite matrix (¢)/2.

Hence, for any y(t) € IR" we can define y(f) € IR" such that y(¢f) = W, (¢)y(t). Next, let
us consider the decomposition §(t) = 71 (t) + y=2(t), where

5i(t) € R(Ux(M2BY), o) € {R(Ux()'2B])} =N (BUx()Y?),  (414)

where N (M), R(M) denote the null-space and the range respectively of a matrix M. Using
(4.14) and choosing a Z(t) such that §;(t) = Ux(t)'/2B,z(t), we have

Byy(t) = BrUx (8)5(t) = BrUx ()21 (t) = By Ux (t) B 2(t) = By (1) By (1) T 2(t),

where the definition of By(t), given by (4.4) has been used. From the above it follows that for
any y(t) € R" there exists a z(t) € IR’* (indeed z(t) = By(t)7 z(t)) such that

Byy(t) = By (t)z(t), VteT. (4.15)



10.

Equality (4.15) implies that, for any y(¢) we have

-1

Bo(t) (B Bu) B Buy(t) = Be(t)(Bu)™Bu9) Bl Bu(0)=()

By, (t)z(t) = By(t),

from which, using the definition of Wj ; given by (4.10) equality (4.12) follows. A similar
argument can be used to prove (4.13).

Finally, by adding and subtracting the state-expectation E(X(t)), in the bilinear forms of
(3.2), (3.3) and taking into account of (4.12), (4.13), we obtain the representation (4.2), (4.3).
The thesis follows as soon as it is proven that, for i = 1,2, Wy i(t) (p+1 < k' < 2p) is
uncorrelated with Wy ;(t) (1 < k" < p). As a matter of fact, from (4.9), for p+1 < k' < 2p,
k" #£ k' — p:

EWpr1()Wi 1 (1)) = B(Wer 1 () Wi —p()T) = 0,

and, for k" = k' — p:
E(Wku,l(t)ka,l(t)T) = E(Wku,l(t)Wku(t)T)

:E</0 (Bir (7)T By (1)) ™ B ()T By (X (7) —E(X(T)))dwk,,(T)./o de,,(T)>
N /0 E((Byr (1) Bior(r)) ™ Byon(1)7 B (X (7) = E(X (7)) )dr = 0.

Similarly, it is possible to show that E(Wk//g(t)Wk/’g(t)T) =0forp+1<Kk <2p.1

Remark 4.2. Although Theorem 4.1 is stated for a BLSS, nevertheless the hypothesis 4 = 1
in (3.3) is not essential. Indeed, the Theorem gives a way to transform a bilinear form of X and
of a Wiener process into a linear form of a WSW process. Hence, for y > 1 we would obtain the
same representation (4.2), (4.3), where in (4.3) we should replace X (t) with X (¢)l.

In the following theorem it will be given a sufficient condition which guarantees the non
singularity of ® x(¢). Let us consider a time-invariant version of the BLSS given by (3.2), (3.3)
with y = 1:

dX (t) = AX(t)dt + Hu(t)dt + zp: By X(H)dWy(t) + FAN(t), X(to)=X  (4.16)
k=1

dY (t) = CX (t)dt + zp: Dy X (£)dWi(t) + GAN (t), (4.17)
k=1

where ¢y € IR is an “initial time”, and we have introduced another Wiener process (N (t), F)
uncorrelated with W. We suppose that the system (4.16), (4.17) is well defined over the time
interval [ty oo).

Theorem 4.3. Let the matriz Ux (ty) be nonsingular (or the pair (A, F) of the state equation

(4.16) be controllable), then the state-covariance matriz Vx (t) is non singular for any t > tq,
(t>0).
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Proof. The following equation is easily recognized to hold for ¥ x (#):

p t
\I/X(t) :eA(t—to)\IjX(tU)eA (t—to)_l_Z/ eA(t—T)BkE(X(T)X(T)T)BgeA (t—T)dT
k=1%o
) ) (4.18)
+ / (A7) p T AT (t=7) g

to

The thesis follows by noting that the three terms in the right hand side of (4.18) are at least sym-
metric nonnegative definite and in particular, the nonsingularity of ¢x (o) and the hypothesis
of controllability imply the positive definiteness of the first and the third term respectively. i

Remark 4.4. Note that, when theorem 4.3 holds with #; < 0, it results that, for any finite
time-interval T C [tgp + oo) the state-covariance has the property: Ux(t) > a- I, Vt € T (I
denotes the identity) for some real number o > 0, (it is unifomly nonsingular in T').

Now, we can state the following theorem, which defines the optimal linear filter for a
BLSS.

Theorem 4.5. Let be given the time-invariant BLSS as defined in equations (4.16), (4.17). Let
the hypotheses of theorem 4.3 be satisfied. Moreover, let us suppose that

rank(Dy) = q for such a k,or rank(G) = q. (4.28)

Then, with reference to the notations of §2, the optimal linear estimate of the state process X,
namely X, and the error covariance

satisfy the following system of equations:

dm(t)

g = Am(t) + Hu(t), m(0) = m, (4.19)
p
d\IIT);(ﬂ = AUx (t) + Ux (AT + > BpUx()B] + FF"
k=1
p —
+3 " Bem(t)m(t)"BL,  Ux(0) = Uy, (4.20)
k=1
3
i (Be-wx®-BI) ", 1<k<p
Be®) =4 By_ym(1), p+1<k<2p (4.21)
F(t), k=2 +1
()
) (Dx-wx(t)-DT) ™, 1<k<p
D) =3 Dy_ymi(t), p+1<k<2p (422)
G(t), E=2p+1
2p+1 ~ R
R(t)=Y_ Di(t)D;(t)" (4.23)
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% = AP(t) + P(t)AT + R(t)
- (Qf B, () Di(1)T + P(t)OT>R(t)_1 ( 2p§ Bi()Di(0)T + P(t)CT)T, (4.24)
P(0) = \Ifle - (4.25)
dX (t) = AX (t)dt + (2p+1 Bi(t)D;(t)T + P(t)CT)R(t)—l(dY(t) — CX(t)dt),  (4.26)
X(0) = m, - (4.27)

Proof. (4.19) readily derives by taking the expectations of both sides of (4.16). Moreover
(4.20) is easily obtained by differentiating eq. (4.18). From Theorem 4.3 and Remark 4.4 ¥ x (%)
is uniformly nonsingular in 7. Then, we can apply theorem 4.1 in order to put system (4.16),
(4.17), in the form of a linear stochastic system with suitable WSW state and output diffusions,
deriving from eq.ns (4.2), (4.3). Note that, such an equivalent system is a time-varying one even
if it is derived from the time-invariant BLSS (4.16), (4.17). Now from (4.22), (4.23) it results:

p p
R(t)2S " DyUx(t)DE + Y Dem(t)m(t) DI + GGT
k=1 k=1

which is uniformly nonsingular in 7', by the hypothesis (4.28) (and possibly by the uniform
nonsingularity of Ux(¢)). The thesis easily derives from an application of [12, Th.15.3] to the
representation (4.2), (4.3). 11

5. The vector Ito formula in the Kronecker formalism

In this section, by using a formalism derived from the Kronecker algebra, we present a new
version of the Ito formula which has, with respect to the classical formulation, the advantage of
being much more compact and will allow us to calculate, for a given stochastic process ¢, the
stochastic differential of the process ¢, where [h] is any integer Kronecker power.

Let # € R™ and F be any C? function in R™*?, we introduce the matrix (d/dz) ® F(z),
having dimensions m x (n - p), defined as

d

A [OF (z) OF (z)
%@)F(x)—[ S o ] (5.1)
where the operator d/dz is given by
d AT 0 0
%_[%...E] (5.2)

Note that in (5.1) the rules defining the Kroneker product between matrices (see definition A.1)
are formally satisfied, provided that the “multiplication” between the differential operator 9/0z;
and a matrix function F(z) is conventionally defined as

0 _ 0F(x)
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where the right hand side has the usual meaning. Similarly, we can define the operator:

| =

Jdap®
r  dr Lox? 0z,010 = 022

n

=

Also in this case the composition rule of the Kronecker product is satisfied, but the “multipli-
cation” between the differential operators d/0z; and 9/0z; had to be interpreted as resulting
in the differential operator 92 /0z;0z;. In general, we will adopt the convention: the multiplica-
tion between a differential operator and a function F' results in a function (the derivative of F')
whereas the multiplication between two differential operators results in a differential operator
(the second order differential operator). Obviously, this convention could be generalized in order
to give a precise meaning to the quantity:

for any integer h > 0. However, in this paper we are concerned at most with second order
derivatives.

It is easy to recognize that, for any matrix, namely M, and for any pair of differentiable
matrix functions, namely V' (z) and W (x), having suitable dimensions, it results

% ® (V(z) ® W(z)) = (% ® V(a:)) QW(z) + V(r) ® (% ® W(a:)). (5.3)
% ® (MW (z)) = M(% ® W(x)). (5.4)

Moreover, the following “associative” property holds:

d d d d d d
— R —QQF =—Q — F = — —QF )
dr ® dr ® F(z) (dm ® dm) ® F(z) dr ® (dm ® (ac))

Using the above notation, we can prove the following lemma, which will be very useful in the
following sections.

Lemma 5.1. For any integer h > 1 and x € IR", it results

d
— @zl =Uh1, @ [P1) (5.5)
dz
and for any h > 1:
i®i®$[hlzoh(12®x[h—2]) (5.6)
dr ~ dx nan ' '

where the matrices CL , u,v € IN, are the commutation matrices defined by theorem A.3. and

u,?

h—1
Uk 2 ( Yol wi.® Inf>,
7=0

h—1h-2
OZ é Z Z(C,Z:nh—l—‘r ® In")(In 02 C,Z—;nh—2—s ® In)

7=0 s=0
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Proof. According to definition (5.1) and using (3.3), we have

ha i (h] — i (h—11y = (p—1] d (p—1]
Q dx®$ d$®(a:®x )=1,Qz +x®(dw®x ), (5.7)
that is

Q"=I, sV 4tzeQ"V, (5.8)
from which, using theorem A.3, we obtain

h—1

d

d—®3:[h]— g -1 e I, @l E nnh (I, @ P17 @ gl
=0

from which (5.5) follows, taking into account the property (A.3c).
Similarly, by exploiting (5.3), (5.5) and (A.3c) it results

PN ((hch hoier ® Inf)(ln ® x“"”))
dz ~ n,n

_}pJ.CT 7 d I [h—1]

_7Z=:U( nph-1-r & "T)<%®(n®m )>

- o7 I,)(1 4 @ zlh=1

-l 01 (16 (£ 04)

_ hz_:l(gg’nh” & L) (I ® ((}fqﬁnh“ ® Ins ) (I, @ 2"~2)) )
7=0 5=0

h—1h—-2

) e ,®Inf)(ln ((Cnnh e ® I, )(In®gg[h_2]))>

7=0 s=0
h—1h-2

= s 0 1) (1 @ (OF o @ 1,0)) (L @ (1 @2 ),

7=0 s=0

so that the proof is completed. i

Now, we are able to rewrite the vector valued version of the Ito formula in the Kronecker
formalism.

Theorem 5.2. Let (X4, F;) be a vector continuous semimartingale in R™ described by the Ito’s
stochastic differential:
dXt e dﬁt + th, (59)

where (B, Fi) is an a.s. continuous bounded variation process and (M, Fy) is a square integrable
martingale. Let

F:R" - RP,

be a continuous function endowed with the first and second derivatives. Then the process Z; =
F(X}) is a square integrable semimartingale, whose differential is given by
d

d 1/d
= (Lorw)_axs (ko dor) i
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with (th)[Q] denoting the associate quadratic variation process whose arguments are

d < My, My >,

(th)[Q] _ d<M1.7M2 >t

, (5.11)
d< Mna Mn >¢
with obvious meaning of symbols [12-14].

Proof. . Formula (5.11) can be directly verified by using Ito formula in the scalar case (see
for instance [13, Th. 4.2.1]) and taking into account the definition of the differential operator
d/dz. i

6. Stochastic differential for the Kronecker power of a BLSS solution

Using the Ito formula, in the version given by Theorem 5.2, we can now prove the following
Theorem, which defines the stochastic differential for the power process of the solution of a
bilinear SDE. This will be the fundamental tool in the derivation of the augmented system.

Theorem 6.1. Let ¢(t) € R? the process defined by the following SDE:
P
d(t) = (T()p(t) +7(£)dt + > (Orp(t) + xx)dWi (1), (6.1)
k=1
where, T(t),0, € R, y(t), xx € R%. Then, defining
A ? 2 A ? A ? 2
0,23 00, ®2Y (@rex+txi®6r). ®= X, (6.2)
k=1 k=1 k=1
it results, for i > 2:
. . . . p . .
dgl(t) = (M (D)@ () + M (1)) + MFGE 2 (1) e+ (GR it (1) +G il =1 (1)) dWi (0),
k=1
where 1
M (t) = Ug(T(t) @ Igiv) + 503(@2 ® Igi-2)
. 1 .
M () = Ug(y(t) ® Lyi+) + 504(P1 @ Tgi2)

1 .
./\/IZ2 = 502(@0 ® Idif2)
Gri =Ui(0 ® Igi-1)
Gr.i = Ug(xr ® Igi-1)

Proof. By using property (A.3c) the following formula is easily recognized to hold for any
k=01, 7=12..,%cR", McR™>

(I @ YUY My™ = (M @ 1,5 )L, (6.3)
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Let us apply Theorem 5.2 for X = ¢, F(¢) = ¢l, df = (T'¢ + v)dt and dM = dA, where A is
the martingale:

At)é/o Z Or(T)B(7) + X1 (7)) AWy ().

k=1
Using formulas (5.5), (5.6), it results (understanding time dependencies):
. . . 1 . .
del’! = U (1 @ =) (Tpdt + vdt + dA) + 5Ol ® Pli=2)(dA) B (6.4)
By exploiting the definition (5.11) it results
(dA)? = (D2 + @1¢ + Do) dt, (6.5)

where @5, &1, ®( are given by (6.2). By subsituting (6.5) in (6.4) and using formula (6.3), the
thesis follows. il

7. The augmented system

Let us return to consider the cubic-sensor-like system (3.2), (3.3). In this section, by means of a
repeated application of Theorem 6.1, we will show that the process (X,Y’), and its powers up to
a certain degree, represents a solution of suitably defined bilinear SDE. The latter will be next
transformed into a linear system with WSW diffusions, generating the powers of the observation
Y up to the required degree (the augmented system).
First of all, we define the process X, as
ey
X2l
X, (t) 2 .() : (7.1)

X[ﬁ] ()

and call it the extended state process. By using Theorem 6.1 for ¢ = X (t), we can derive a SDE
for the processes X, i =2, ...,v

dx(t) = (M) X (¢) + M} (&) XE=(t) + M2XE=A(1))dt

zp: G XU (@) + GEXT=Y (1)) dw, (¢), (7.2)
where = .
M?(t) = Ul (A(t) ® Iyi-1) + 50; (T ® I,i-2)
M}(t) = U, (H#)u(t) @ Lyi-1) + %0;(\1/1 ® Ii-2)
(7.3)

1 .
Mz'2 = EO; (\IIO 039 Ini—2)
Ggﬂ' = U%(Bk ® Ini—l)

Gri = Up(Fi ® L),
and WUy, Uy, U, are given by

p » »
,2Y B, v, 2N BieFR +F.eBy). w2y EP
k=1 k=1 k=1
By aggregating eq (3.2) and eq. (7.2) for i = 2,...,v, rewriting eq (3.3) so to enhance the
dependance of X., we can write the equations of an extended system as stated in the following
proposition.
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Proposition 7.1. The processes X, and Y defined in (7.1), (3.3) are the state and output
processes respectively, of the following bilinear stochastic differential system (extended system):

dX,(t) = (A(t) X, (t) ))dt + Z ek Xe(t) + Br) AWy (t)
dY (t) = C.( dt-l—z Do i X (t) + Gi) dWy(t)
where _ -
A(t) 0 0
My(t) M3(t)
Ac() = | M2 M) MO(t) N
. . . 0
L 0 M Mi(t) M) ]
By 0 0 H(]@g(t) F,
Gra Gio ’ 0
Bek— ’ ) O[(t): 0 ) ﬁk_ )
o .. ¢, @, 0 0
Ct)=[0 ... 0 C(#)]; Derp=[Dr 0 ... 0]. (7.4)

The block-entries of matrices A.(t), Be are defined in (7.3).

The definition of the extended system allows us to write the observed process Y as the output
of a bilinear system instead of the originary nonlinear system (3.2), (3.3). However, the extended
state process, as is defined in (7.1), collects all the products between powered components of
the originary state X (up to the p-th degree). This implies the presence of redundant scalar
equations in the vector extended system defined in Proposition 3.1. This in turn implies the
following;:

a) The dimension of the extended system is uselessly great;

b) some non-degeneracy conditions involved in the filtering problem are not satisfyied (this
point will be more clear later).

Nevertheless it is possible to overcome these troubles by writing down the equations of a new
reduced extended system, as explained below.

Let z € R? and h a positive integer. We recall that, the following relations hold, linking
together the reduced h-th Kroneker power of x [11], [16], namely z};) and the (ordinary) h-th
Kronecker power z[:

g = Tizp:  zp) = Thelh, (7.5)

where T and T} are suitably dimensioned transformation matrices [11].
Now, let us define the vector Xér)(t) as:
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then the following relations are easily recognized to hold:

XM(t) = RX.(t);  Xc(t) = RX (1), (7.7)
where
I, 0 ... 0 I, 0 ... 0
A0 T2 : . g2 0 T2 :
. | T R T

The above defined process X éT) agree with the extended state process X., but the redundancy
contained therein is eliminated. Using relations (7.7) and the extended system equations we
obtain the following reduced extended system

dX{(t) = (RA(t)R) X ) (t) + Ra(t))dt + §p j ((RBex R)X " (t) + RBy,) AWy (1)
k=1
(7.8)

dY (t) = (C.(t)R) X" (t)dt + zp: (De ks X (t) + Gi) dWy(2).
k=1

Now, let us define the process Z:

Z(t) &

Y (t) ] |

Pealt) (7.9)

and let § = dim(Z). Moreover let us define the augmented process:
(7.10)

We can derive a SDE for the process Z in the following way. First of all note that, from (7.8),
7 satisfies the following SDE:

dZ(t) = (A Z(t) + a(t))dt + > (BrZ(t) + Br) dWi (t), (7.11)
k=1
where
a0 C.®R] - ..al 0 7 =af0 Dex ] - [G
Aw = 0 RAe(t)R]’ = Ra(t)]’ B2 0 RBE,:R}’ b = [Rﬁkk}' (7.12)

Next, by applying Theorem 6.1 to the process Z, it results for i = 2, ..., v:

dz(t) = (L) 20 (t) + LY () 20 (¢) + L2 Z12)(t) ) dt + zp: (V0,21 (1) + Vi, ZE=1(t)) aw (2),
k=1
(7.13)
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where
LO(t) = UL(A(t) @ Igi-1) + %og(\ig ® I5i-2) (7.14)
Lit) = U (&) © Iyir) + %og(\ifl ® Iyi2) (7.15)
L? = %og(@o ® Isi-2) (7.16)
V0, = Ui(By, ® I5i-1) (7.17)
Viei = Uj (B ® I5i-1), (7.18)

and 0o, Uy, Ty are given by
P P
23[2] ‘i’1éZBk®5k+ﬁk®Bk Ty éZB[z]-
k=1 k=1
Observing that, from (7.5) we have
720 =TizZy,  Zy =Tiz",
and using (7.13), we can state the following proposition.

Proposition 7.2. The process Z defined in (7.10) satisfies the following bilinear SDE,

dZ(t) = (A()Z(t) + U(t) dt+z BrZ(t) + Vi) dWi(t), (7.19)
k=1
where
[ A(t) 0 0 N
. t
L) TRLY()T? 0 O‘L(z)
2
Aty =| L3 TiLy()Ty T{L(TY : , Uy =10 |,
| 0 TYL2Ty=2 TYLL()TY™ TYLO(4)T 0
5 (7.20)
© By 0 0 i
Vi, TRVE,T : o
By=| 0 TPVE T} TPVE,TP , Ve=1| . |. (121
: . . " 3 0
| 0 YV, Ty~ TYvR Ty |

The block matrices in (7.20), (7.21) are given by (7.14)-(7.18) and (7.12), the matrices T',T",
are the reduction matrices defined in (7.5).

Now, we can use Theorem 4.1 in order to rewrite the bilinear SDE (7.19) in the form of a linear
SDE with WSW diffusion term. The underlying hypothesis is that the covariance matrix of the
process Z defined in (7.10), namely ®z(¢), is uniformly nonsingular over 7. There are many
ways to assure this, starting from some suitable, non restrictive, hypothesis on the originary
system. As a matter of fact, since we are here concerned with a finite interval T, it is easy to
recognize that the uniform nonsingularity of ®;(¢) is assured as soos as it is assumed that the
covariance of the initial original state X (0) is positive definite. Henceforth, we will understand
the uniform nonsingularity in T' of ® z ().
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Proposition 7.3. Let p, k = 1,...,p, be the ranks of the matrices By, given in (7.19). Then
the process Z satisfies the following SDFE,

dZ(t) = (A()Z(t) +U(t))dt + zp: By, (t)dWy(t), (7.22)
k=1

where Wi, k =1,....,2p are independent standard WSW processes, Wi € RP*, for k = 1,...,p,
Wiy, =Wr eR, fork=p+1,...,2p, and

B2 Bidz®B)) 1<k<p (7.23)
Bk—pmz (t) + Vk—pa D + 1 S k S 2p

with m, = E(Z).

In order to write down the equations of the augmented system we need to split out the vector
SDE (7.19) into two SDE’s: one for the observed components of Z and the other one for the
remaining entries.

From the definition (7.9) we see that the components of the vector Z are of the form:

Xi XYY, (7.24)

where X;,Y; denote the Ith component of vectors X,Y respectively, and 0 < 45,7, < v for
l=1,..,n,r=1,..,q Y, 4 <v, >!_, j- <v. The observed components are those of the

form (7.24) with i; = ... =4,, = 0. Denote by Y the vector of all such components:
Y
ya |
Vi

Moreover, let us denote by &y the (0,1)-matrix such that

YV=&2Z. (7.25)
It is easy to recognize that:
E 0 ... 0
2
g,= |0 & , (7.26)
0 ... 0 &

where the diagonal blocks & , j=1,...,v are defined as:
& 717 = Vi) (7.27)

and have the expressions ‘ o
& =1, 0T}, (7.28)
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where Tg is the expansion matrix defined in (7.5). Let us denote with X' the aggregate vector
of all the components in Z which are not components of ). Then it results well defined the
(0, 1)-matrix £x such that

X=ExZ. (7.29)

A simple way to compute .y is just to remove from the identity matrix, I_, withd, = dim(Z2),
(note that I;_ includes all the rows of £y) all those rows which are rows of £y.
From the above the aggregate matrix Z:

72 [2’(] : (7.30)

results to be invertible. Let us consider the matrices Z1, 75 such that

Z=T1Y+1IX. (7.31)
Note that, from (7.25), (7.29), and because of the invertibility of the matrix Z, it results that
the matrices Z1,Z, defined in (7.31) are obtained by means of a suitable partition of the matrix

I = [T, To).
Using (7.25), (7.29), (7.31) and eq. (7.19) we can now state the following proposition.

Proposition 7.4. The processes X, Y defined in (7.29) and (7.25) satisfy the following pair of
SDE’s (augmented system):

dX (t) = (A1 (6)V(t) + A2 (t) X (t) + Uy (t))dt + zp: B} (t)dWy(t), (7.32)
k=1
dY(t) = (CL()V(t) + Co(t) X (t) + Ua(t))dt + Y Dy (t)dWi(t), (7.33)
k=1

where

Ai(t) = Ex ATy, As(t) = ExAt)Ty, Us(t) = ExU(t), Bi(t) = ExBy(t), (734)
: .

Ci(t) = Ey AT, Co(t) = Ey AT, Us(t) = EyU(E), Di(t) = EyBi(h),

A, By, U, are the matriz coefficients of eq. (7.22), the matrices Ex, €y, T, Is, are defined by
means of eq.ns (7.25), (7.29), (7.31), and {Wy, k = 1,...,2p} is a set of mutually uncorrelated
standard WSW processes.
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8. Polynomial filter equations

Proposition 7.4 states that the augmented observation process ) defined in (7.25), can be gen-
erated as the output process of the augmented representation (7.32), (7.33). This implies that
the problem of finding the v-th degree polynomial filter for the original system (3.2), (3.3) is
now reduced to an optimal linear filtering problem for the linear system (7.32), (7.33). Indeed,
by denoting with X (¢) the optimal linear estimate given {),, s < t} of the augmented state
X (t), we have (see §2):

(1) = H(X(t) /.ct(y)).

On the other hand, from definition 2.1 and taking into account the structure of the augmented

observation ), it results £()) = t(")(Y), where Y is the original observation process given by
(3.3). Hence we have

&) =m(x()/P (7))

and, as we will see later, we can get X (t) (which is given by (3.5)) by extracting a suitable
subvector in X ().

In [12] the optimal linear filter is defined for the class of linear stochastic systems whose noise
terms are represented by WSW processes. System (7.32), (7.33), comes within this class of
systems, and we can use here the same approach as in [12] in order to obtain the optimal linear
filter with respect to the augmented observation process ) (and, hence the optimal v-th degree
polynomial filter with respect to the original observed process Y). In order to do this, first of
all we state the following theorem, whose proof is given in Appendix B, showing the uniform
nonsingularity in T' of the output-noise covariance of system (7.32), (7.33), namely

R(H) 2> DEHDL(H)T. (8.1)
k=1

Indeed, the uniform nonsingularity of (8.1) is required, in order to apply the Kalman-Bucy
scheme to system (7.32), (7.33).

Theorem 8.1. The noise covariance matrixz function of the augmented measurement equation
(7.33), given by (8.1), is uniformly nonsingular over T.

Proof. See Appendix B. 11

Now, we can prove the main Theorem, defining the v-th degree polynomial filter for system
(3.2), (3.3). We remind readers that, py is the dimension of the WSW process W, when k =
1,...p, and for k = p+1,...,2p, Wy = Wi € IR. Let us denote with ~ the dimension of the
augmented process Z. Moreover, we shall denote with cov(x,n) the cross-covariance between
two random variables y, 7. Finally, we shall denote with M T the Moore-Penrose pseudoinverse
of the square matrix M.

Theorem 8.2. The v-th order polynomial filter for system (3.2), (3.3) is described by the fol-
lowing system of equations:
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0,0 = 3 (Bu)Ps1(1,0) + B, (84)
k=1
Hi(t) = U2(A() © 1), Halt) = U2U() ® I,), Halt) = %ogap(t), (8.5)
T~ 3001 + Haltm, (1) + H (1), (5.6
Bi(t) = (Bkst_l(l“(t) mZ(t)[z])BT>(%) 1<k<p, (8.7)
J(t) = Z Ex (Br(t)Bi ()T + By (t) By, (t)T) €T, (88)
k=1
R(t) = Z Ey (Br(t)Bi(t)™ + Bi(t)Be (1)) £, (8.9)
k=1
0(t) = 3 x (Bu(t)Bu(t)” + Bu(t) Bu()T) €L, (8.10)
k=1
PO — 4tyPU) + P AT + Q).
— (T +POC (TR (T () + PE)C(H)T) T, (8.11)
dX(t) = (A1(HV(H) + Ax(1) X (t) + ())dt+( (t) + P(t)C2(t)T)R(t)
: (dy( ) = (CL()V(E) + Ca(t) X (1) + U (1))t ), (8.12)
X(t) = T, X(t), (8.13)

where T, is the operator extracting the first n entries of a vector, the matrices A(t),U(t),
A (t), Aa(t), B1(t), Ba(t),Us(t),Ua(t) are defined in (7.22) and (7.34), the matrices By are de-
fined in (7.21), pr = rank(By), and eqns (8.2), (8.4), (8.11), (8.12), are endowed with the initial
conditions:
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Proof. Eqns. (8.7)-(8.11), easily derives from an application of [12, Th. 15.3] to the repre-
sentation (4.2), (4.3). In particular eq. (8.7) immediately derives from (7.23), as soon as it is
noticed that ®z(t) = st~ (T'(t) — m,, (+)!), where

It 2 E(2()?) = st (E(Z(t)Z(t)T)>. (8.14)

Taking the expectations of both sides of (7.22) we obtain eq. (8.2). In order to obtain an ODE
for the vector function I'(¢), let us apply the vector Ito formula, as is given by Theorem 5.2, to
the eq. (7.22), by setting

X, = Z(1), ﬁtz/o( (NZ(r) +U(r))dr, M, = /Zsk AW (7
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and using Lemma 3.2 for h = 2 and n = ~, it results (time dependencies are skipped for
convenience):

1 2
azl? — UZ(L, ® 2)dZ + 505 (th)[ !

2p (8.15)
1 L.
@ﬂ ® 2)AZ + U2(I, ﬂ0ﬁ+§@wMy”+§¢mu®zmek
k=1

Now, taking into account (7.23) and the definition of the associate quadratic variation process,
given by (5.11), we have:

y4 D
()P =57 B2 + 3 (Bym, + Vi) P aw,) P
k=1 k=1
P o p 8.16
= 3" BPlst(d < Wi, W > ) (Bym, + Vi) Plat (8.16)
k=1 k=1
= Qdt,

where €2, has the expression (8.4). Moreover, using formula (6.3) with suitable substitution of
symbols, the following equalities are recognized to hold:

(I, 2)AZ = (A )21 (8.17)
L,®2U=URI)Z. '
By substituting (8.17) and (8.16) in (8.15), and taking the expectation we obtain the ODE (8.6).

The so obtained estimate X, is the optimal one among all the linear transformation of the
augmented observation process {)s, s <t} and hence it is the v-th degree polynomial estimate
of the augmented state X;. In order to obtain the analogous estimate of the state X; of the
original system (3.2), (3.3), first of all note that, because X, is the L2-projection of X; onto the
closed subspace linearly spanned by {),, s < t}, we have that each entry of X, agree with the
L2-projection (onto the same subspace) of the corresponding entry in X;. Now, by definition,
X (t), includes the components of the original state X;. From (7.6), (7.9), (7.10) and by the
definition of the extracting operator £y, it results that these components are placed in the
first n entries of the vector X. Hence, X(t) can be obtained simply by extracting the first n
components of X, that is eq. (8.13). 1
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9. An example of application: the scalar cubic sensor

As a simple example of application, in this section we derive the equations of the quadratic
filter (that is the filter producing the polynomial state-estimate in the sense of Definition 2.1
with v = 2) for the scalar cubic sensor. As was pointed out in the introduction, for this class
of systems a finite-dimensional optimal filter does not exists. Nevertheless, it is possible to
use the methodology described in the previous sections in order to obtain optimal polynomial
state-estimates of an arbitrarily fixed degree (of course, provided the existence of the moments
of the involved processes up to a suitable order). The equation of the cubic sensor are the
following;:

dz(t) = dW (¢), (9.1)
dy(t) = z3(t)dt + dV (t),

where ¢ € T, all the processes z,y, W,V are IR-valued, W,V are independent standard Wiener
processes, and z(0) and y(0) are standard Gaussian random variables. We will show that
the quadratic filter for system (9.1), (9.2), is well defined, in that the output covariance R(t)
appearing in the polynomial filter equations (eq.(8.9)), results to be uniformly nonsingular in
T. Note that, this is not a consequence of Theorem 8.1. Indeed, Theorem 8.1 holds under
the Assumption 3.1 which is not verified by eq. (9.2). Nevertheless, Theorem 8.1 gives only a
sufficient condition for the uniform nonsingularity of R(t).

In order to compute the augmented system equations, let us consider the cubic sensor equa-
tions (9.1), (9.2), and compute, using the standard scalar Tto formula, the differential of the
squared output process y(t)?:

dy(t)? = 2y(t)x(t)3dt + 2y(t)dV (t) + dt. (9.3)

In order to compute the stochastic differential of the product y(¢)z(¢)3, let us define the process

A |z(t)
t) = :
“() [y(t)]
and apply Theorem 5.2 with

Y= p= s M= | Y 2= PGew) =y

where A, is some suitably defined matrix. It results
dy(t)z(t)®) = z(t)%dt + 3y(t)z(t)dt + 2(t)*dV (t) + 3z(t)>y(t)dW (¢). (9.4)

In a similar way, let us calculate the differentials dz(¢)?, i = 2, ..., 6 and d(y(t)z(t)?), d(y(t)z(t)).
It results

dz®(t) = 6x(t)°dW (t) + 12z(t)*dt,
dz®(t) = 5z(t)*dW (t) + 102(t)3dt,
dz(t) = 4z (t)2dW (t) + 62:(t)?dt,
dx(t)® = 3z(t)2dW (t) + 3x(t)dt, (9.5)
dx(t)? = 2x(t)dW (t) + dt,
2 5

dt + y(t)dt + x(t)2dV (t) + 2y(t) = (t)dW (t),
Ydt + y(t)dt + z(t)2dV () + y(t)dW (t).
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Now let us define the augmented observation process {)(¢)} and the augmented state process
{X(0)} as
A
V(&) =ly(t) y(1)*]7;
A
X (1) Zly(t) 2(t) 2(t)* 2(0)° ()" 2(1)* 2(1)° y(O)= () y(Oz()” y()a(1)*]T
then, from (9.1)-(9.5), it follows that the processes {X'(¢)}, {V(¢)} can be represented as the
state and output processes of the following stochastic augmented bilinear model:
dX(t) = AX(t)dt + bydt + B1 X (t)dW (t) + B2 X (t)dV () + bodW (1),

dY(t) = CX(t)dt + bzdt + Bz X (t)dV (t) + bsdV (1) (6.6)

where by, b, b3, by are suitably defined constant vectors and A, By, Bs, B3, C are suitably defined
constant matrices. Now, we can apply Theorem 4.1 in order to put the bilinear system (9.6) in
the form of a linear stochastic system with WSW diffusions:

dX(t) = AX(t)dt + bydt + BrdW (&) + B E(X (t))dW (t) 4 B2dV (1)
+ BLE(X())dV (t) + bodW (),
dY(t) = CX(t)dt + bsdt + BsdV (t) + BsE(X (t))dV (t) 4 bsdV (1), (9.8)

(9.7)

where, for i =1,2,3:
- (3)
B = (Bwx(Bl) ",

[N

where Wy (t) is the covariance of X(t).
In order to show the existence of the quadratic filter we have only to show that the covariance
of the output noise of eq. (9.8), namely £(t):

(1) = BadV7 (1) + (BsB(X (1)) + bs ) dV (1),
is uniformly nonsingular over 7. To this purpose, first of all note that:
83:[0 000 O00O0O00O0 0]_ b4:[1'_
1000 0O0O0OOUO O’ 0]”
from which one has:

0 0
0 E(y(t) - E(y(t)))?

Hence, the covariance of £(t), namely W¢(t), is given by

1 By
Pelt) = [Ew(t)) E(y(t)?)] ’

By (1) BT = [ ] By E(X(£)) + bs = ! ]

whose determinant is equal to E(y(t) — E(y(t)))z, that is the variance of the process y(¢). From
the system equations (9.1), (9.2) and using (9.3)-(9.5), we can easily see that E(y(t)) = 0 and
E(y(t)?) is an increasing function of . Hence, since E(y(0)?) = 1 by the hypothesis, we have
that the variance of the process y(t) is greater than one, for all ¢ € T'. This proves the uniform
nonsingularity of W¢(¢) in T and hence the existence of a finite-dimensional quadratic filter for
scalar cubic sensor.
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10. Conclusions

Eqns. (8.2)-(8.13) define a finite-dimensional filter for the cubic-sensor-like system (3.2), (3.3)
which is optimal in the class of all the estimates which can be written either as a finite lin-
ear combination of Kronecker powers of the currently available measurements, or as a mean
square limit of these. We have called polynomial estimates this kind of estimates. Even if the
considered class does not includes all the polynomials, however it includes the linear estimates
and, moreover, it defines a not decreasing sequence of spaces for increasing polynomial degree.
This implies that the polynomial filter had to improve the estimation performance for increasing
polynomial degree.

We underline that the proposed filter is finite-dimensional; indeed, this is an important feature
because, for the considered class of systems, the optimal filter is necessarily infinite-dimensional
(as shown in [3]). Of course, it is always possible to approximate the optimal filter (for instance,
by applying a finite-elements method to the Zakai equation, as shown in [15]) with an arbitrary
approximation degree. However, the more accurate the approximation level is chosen, the heav-
ier the computational burden of the algorithm is. The computational effort is prohibitive even
for small approximation degrees. Moreover, it has no sense, within this approach, to use a large
approximation degree in order to make really implementable the filtering algorithm. Counter-
wise, our suboptimal approach allows to get meaningful estimates also for small polynomial
degrees, which does not present difficult implementation problems.

As an auxiliary result we have obtained in §2, the equations of the optimal linear filter for
a BLSS. We highlight that, this result is interesting by itself, in that it was up to now known
only for the scalar case. The main tool is given by Theorem 4.1, stating the existence of a
linear representation for a general vector BLLSS. The optimal linear filter is then obtained by an
application of a classical Kalman-Bucy scheme. Nevertheless, in the framework of this paper,
the main purpose of Theorem 4.1 remains its application to the bilinear SDE (7.19), which
allows us to obtain the linear representation (7.22).

Theorem 8.1 states that the output noise covariance of the augmented system is uniformly
nonsingular, as it is required by the Kalman-Bucy scheme, provided that the output noise
covariance of the originary system (3.2), (3.3) is nonsingular. The proof is presented in Appendix
B.

We stress that, due to the well known approximation capabilities of the polynomial functions,
with the aim to define better and better implementable approximation schemes of the optimal
filter, the use of polynomial estimators appears to be very promising.

APPENDIX A
Kronecker Algebra

Throughout this paper, we have widely used Kronecker algebra [16]. Here, for the sake of
completeness, we recall some definitions and properties on this subject.

Definition A.1. Let M and N be matrices of dimension r X s and p X g respectively. Then
the Kronecker product M ® N is defined as the (r - p) x (s ¢) matrix

where the m;; are the entries of M.
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Of course this kind of product is not commutative.
Definition A.2. Let M be the r X s matrix
M=[m;y mo ... ms], (A.1)
where m; denotes i-th column of M, then the stack of M is the r - s vector
stM)=[mT my ... mg]". (A.2)
Observe that a vector as in (A.2) can be reduced to a matrix M as in (A.1) by considering

the inverse operation of the stack denoted by st~!. With reference to the Kronecker product
and the stack operation, the following properties hold [16]:

(A+B)®@(C+D)=A0C+A®D

+B®C+B®D, (A.30a)
A®(B®C)=(A®B)®C, (A.3b)
(A-C)® (B-D)=(A® B) - (C® D), (A.3¢)
(A® B)T =AT @ BT, (A.3d)
st(A-B-C)=(CT ® A) - st(B), (A.3e)
u®v=st(v-ul), (A.3f)

tr(A® B) =tr(A) - tr(B), (A.39)

where A, B,C, D are suitably dimensioned matrices, u,v are vectors and ¢r(M) denotes the
trace of a square matrix M. The Kronecker power of the matrix M is defined as:

MO =1
MM =M M U=MP-UeoM, n>0.

As an easy consequence of (A.3b) and (A.3g) it follows
tr(Ah) = (tr(A))h. (A.3h)
It is easy to verify that for u € R", v € IR®, the i-th entry of u ® v is given by

1—1
s

(u®0); = Uy - Uy l:[ ]-I—l, m=i—1]s+1 (A.4)

where [-] and |- |s; denote integer part and s-modulo respectively. Even if the Kronecker product
is not commutative, the following property holds [10], [11], [17].

Theorem A.3. For any given pair of matrices A € IR"**, B € R™*™, we have
BR®A=C!,(A®B)C; (A.5)

where the commutation matriz C,, , is the (u-v) X (u-v) matriz such that its (h,1) entry is given
by:

{Cuwltng = { 1, ifl=(h—=1)u+ ([=2] +1); i6)

0, otherwise.
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Observe that Cy; = 1, hence in the vector case when a € R" and b € IR", (A.5) becomes

b®a=C/ (a®b). (A.7)

Corollary A.4. For any given matrices A, B,C, D, having dimensions ng X m4, ng X mp,
ne X mg, np X mp respectively, denoted with I(l) the identity matriz in R! we have

A®BRC®D = (I(na) ®Cl

ncnp,MB

J(A®C®D®B)(I(ma) ® Congmpomy) -

Proof. See [11]. 1

APPENDIX B

In this Appendix, the proof of theorem 8.1 is presented. We need to state in advance some
preliminary definitions and lemmas.
Let ¢ and j two positive integers.

Definition B.1. Let 7,5 € {1,2,...,67}. The pair (r,s) is said to be (4, j)-redundant ((,5)-R
for short) if Vx € R, it results (x[j])r = (m[j])s, where (x[j])l denotes the [-th entry of the
vector zU/l. Otherwise, the pair (r, s) is said to be (4, j)-nonredundant ((d,5)-NR for short).

Remark B.3. Let z € IR®. For some s,7 € {1,2,...,67} let us consider the multiindexes :
51,..,8; and rq,...,7; in {1,...,0} defined by the identities:

(39 = 50y mayy (7)) = By

Then, we immediately realize that (r,s) is (d,7)-R if and only if there exists a permutation of
indexes transforming sq,..., s; in r1,...,r; (and vice versa).

Remark B.4. Tt is easy to verify that the (4, j)-R condition defines an equivalence relation in the
set {1,2,...,07}. We shall denote with p(s;d, 5) the equivalence class generated by s € {1,...,07}
via the (4, 7)-R relation:

p(s:6,7) 2 {7" EIN : 1<r <, (s,7)is (5,j)—R}. (B.1)

We shall denote with d,; the number of equivalence classes of the (4, j)-R relation, partitioning
the set {1,2,...,07}. Moreover, we introduce the sets p'(s;6, ), p"(s;0,7) C p(s;6,4) defined

as:
T -O 8 g N
P(&éd)—{ZEP@ﬁJ)/[dfl]—[m_J}a (B.2)
N A . .
p"(530,4) = p(s;0,5) \ p'(s;0. 5), (B-3)
where we have used in (B.2) the notation [ - | to indicate the integer part. The above defined

sets have the following meaning. Let x € IR’ and note that:
T - w[j_l]
x2 . x[j_l]

2l = . , (B.4)

25 - 2l
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where every subvector ;' has dimension 67~'. By setting I = [s/6?'] and observing in
(B.4) the structure of zl/, we realize that the set defined in (B.2) is composed with the integers
i such that (7,s) is (d,7)-R and (as[j])i € z;zV~1. Counterwise, the set defined in (B.3) is
composed with the integers i such that (i,s) is (0, 7)-R and (x[j])z. does not belong to z;zl 1.
Let us denote by |ni|,, the remainder of the integer division ny/ny. Then, again from (B.4), it
is easily recognized that:

(@) = my(aV) e 2y (B.5)
Remark B.5. Note that the number §;, agree with the number of entries of z(;}, for x € RO.

Lemma B.6. Letr,s € {1,...,0°~1} such that (r,s) is (0, j—1)-R. Then, for anyl=10,1,...,6—
1, the pair (r + 16771, s +16771) is (6,5)-R. Counterwise, if r,s € {1,...,6’} are (6,7)-R and

r' = s with
1A T 1A S
"= [53’—1}’ 5= [53’—1}'

Then, denoting r" = |r|si-1, 8" =|s|si-1, it results that (r",s") is (8,7 —1)-R.

Proof. From the Definition B.1 it results:
(as[j_l])r = (x[j_l])s, vz € R°. (B.6)
From (B.4) we see that:

(a0) s = (7Y L (@) = (el

and hence, from (B.6),

(x[a])HW_1 — (x[J])sHM—l‘
Counterwise, if r, s € {1,...,67} are (§,5)-R then, taking into account of (B.5), we have:
(x[j])r =T, (zz[j_l])r” =14 (g:[j_l])s,, = (w[j])s, Vz € R°. (B.7)
Since, by hypothesis, 7’ = s’, eq. (B.7) implies that (x[j_l])r,, = (x[j_l])s,,. [ |
Let Z C IN and n € IN. In the following, we will use the notation Z — n to indicate the

translated set:
IT-n=1{i/i€N, 3’ €Z, such that i =i —n}. (B.8)

Lemma B.7. Suppose that

[5;’_1] 1<, (B.9)

Then, for any q < § — 1 it results
1(. N o Jj—1, - 7—1
p(s,é,j)—p(s—l—qé :67j)_q5 )

where p' is the set defined in (B.2)

Proof. Tt sufficies to show that for any r € {1,...,67} such that [r/67~1] = | and such that
(T’S) is (6a])_NR ((57])_R)’ the pair (7" + q(sj_las + qé‘j—l) is (57])_NR ((6a])_R)

Suppose first that (r, s) is (d,7)-NR. Let z € R’ and z = zU]. From the stucture (B.4) of the
vector z and taking into account of (B.9), we see that: z,, 2. € z; . zl=11. Hence, since (s,r) is
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(0,7)-NR, we have that, there exist integers hy,...,hs and h',...,hs, hi+...+hs = hi+ ...+ hf =
j — 1 such that it results

Zs = Xy -xi“ ---x?‘s,
o m (B.10)
Since z, # z, it follows that
x’fl---a:g‘s#a:}f/l---x(;%. (B.11)
Again, looking in (B.4), we readily realize that:
Zstqsi-1 = Titq " gh .. -:I:Z‘S, (B.12)
and , .
Zpqsi-1 = Tipq fE’fl . -a:?‘s, (B.13)

and hence, taking into account of (B.11), it follows that z, | ,5i-1 # 2, 44si-1, that is (s+¢é/ =1, r+
g6~ 1) is (4, 4)-NR.

Next, suppose that (r, s) is (4, j)-R. Then, z,, 2z, € ;- 2V~Y, 2z, = 2. and by (B.10) it follows
that h; = h}, i = 1,...,4. This in turn implies, taking into account of (B.12), (B.13), that
Zspqsi-1 = Zpyqsi—1, that is (s +qd? =1 r +¢6771) is (6,7)-R.

Lemma B.8. Let (r,s) be a (0,7)-R pair, such that

[&T—l} =k [&L_l} =m, l<m<3d (B.14)

Then, for any q < 6 — 1 the pair (r + g6~ s + qd7~1) is (8,5)-NR.

Proof. As in the proof of Lemma B.7 it is readily verified that, for some integers hy, ..., hs
such that hy + ... + hg = 7 — 1, it results:

Zr:$l‘l‘§l1"'$lhl"'$hm"'$g§. (B].5)

m

Since z; = 2, eq. (B.15) implies that:

ZS:wm.x?l...$?l+1...x?nm_l. .w?é
Hence we have:
— h h h hs _ Zr
Zrgqsi=t = Tigq Ty Ty T T = Tite
_ h hi+1 B —1 hs _ Zs
ZS+q6j71_l‘m+q'l‘11”'$ll wmm ...xéé_xm_'_qw

m

From which, since z, = z, and [ # m, it follows that 2,51 # 251 45i-1. B

Let us consider the output process Y of system (3.2), (3.3), and the extended state process X,
defined in (7.1). We remind that g and § are the dimensions of the vectors Y and Z = [YT XT|T
respectively. Note that the components of ZU! can be divided into two groups: the one including
monomials composed only with components of the vector Y, and the other one including the
remaining monomials. We shall call the components belonging to the former group the Y-
monomials

Let us consider the extraction matrix £y defined in (7.25), and recall that the diagonal blocks
Eg,, j =1,...,v, appearing there, are such that eq. (7.27) holds. According to the above defined
notation (see Remark B.5), we shall denote by ¢; the dimension of the vector Y[;. Finally, let

us consider the reduction matrix Tg defined in (7.5), and the matrix U] defined in (5.5). We
can prove the following Lemma.
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Lemma B.9. There ezists a full (row) rank matriz, namely Lg, having dimensions q; x g6 ™!,
such that S '
Ul = (I} 0],
Proof. Using (7.27) and property (5.4) we have:

. d d d
&)( © Zi) = — © &2 = — 8V

B.16)
g 0 0 (
=7 ax) @Y= g7 @Y )
On the other hand, by (7.5), (5.3), and using formula (5.5):
e (L gzy) =6l (L oiizi) = el Tivi(1y @ 201
y(d_Z® [j]>—y(d_z®5 >—y5 i1 ® )
=&TIUL |1 - .
y+rsrs |: 0 I(;_q®Z[J—1]:|

Using (B.16) , (B.17), and defining Lg as the matrix composed by the first g6’ ~! columns of
ELTIUY, it results:

; I, ® zZU-1] 0
ad
[ov @Yy 0]=[L; 5][ S Iy, Zb-1]"
from which it follows that S = 0 and
d , ,
— @Yy = L}(I, ® V1), (B.18)

dy

Let V = (d/dY) ® Y};). Note that the components of the matrix V are either zero or they are
monomials of j — 1-th degree. It results that V has linearly independent rows (in the sense of
linear independence of monomial functions). As a matter of fact, any row is different from zero
and cannot exist two (nonzero) similar monomials on the same column, because Y;; has not
repeated entries. Hence, Lg, necessarily, has linearly independent rows. Indeed, suppose there
exists u # 0 such that uTLg =0, then we would have u”V =0, VY € IRY, a contradiction. i

Lemma B.10. Let s € {1,...,q6" "} and denote with \;, i = 1,...,q6? =1, the i-th column of the
matriz L}. The following properties holds:
A) Vi€ {1,..,q0"1}, \; has zero entries, but possibly one, nonnegative;
B) the set: {\;/ i € p'(s;0,7)}, with p'(s;d,7) given by (B.2), is a set of linearly dependent
vectors;
C) if the s-th component of ZU is not a Y -monomial then X\, = 0.

Proof. Let us define | and r as

E [ 5 } AN (B.19)
Consider again the relation (B.18):

d 9 2 : -
= OV =[aw il - oy, Y] =Li(I,® 2V 7). (B-20)
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From (B.20) it results

9 (1) li—1
a—YlY[j]:L()Z[J N (B.21)
where N
LO S Ngonsiier Ag—nsi-tez - Ngio1].

Now, from (B.21) we see that each component of (0/0Y;)Y};; is either equal to zero or it is
equal (unless an integer positive coefficient) to some component of Zli=1, Let h be the position
of a nonzero entry of (9/0Y;)Y};, and let r € {1,..,67°7'} be a position for which it appears
(unless a coefficient, and possibly repeated) in ZU~1. Then it results that the h-th row of L has,
possibly, nonzero (hence positive) elements in the set p(r;d,7 — 1). Indeed, this set of positions
is determined by the position (r) of the component to be extracted in ZV~=!, endowed with all
its (0,7 — 1)-R positions.

Let i € {1,...,167=1} such that A(1—1)si—1+i has a nonzero component, namely the h-th. Then
(}\(l_l)(sjfl_l_i)k =0for k=1,..,¢; and k # h. As a matter of fact, if (}\(l_l)(;jfl_'_i)k # 0, and
k # h, then some monomial, equal to the i-th, would be taken in Z~! and hence we would
have two equal components in (0/0Y;)Y};], which is impossible because Y}, has no redundancies.
This proves the part A) of the Lemma.

From the above it follows that all the columns: {Ag_1)5i-144, ¢ € p(r;d,7 — 1)}, have zero
entries, but possibly one, placed in the same position h for any i € p(r;d,7 — 1). Hence, they
constitute a set of linearly dependent vectors. The part B) of the Theorem follows as soon as it
is noticed that, using Lemma B.6 and taking into account of (B.19), it results {\;_1)5i-144, @ €
,O(’F,é,_] - 1)} = {>‘Za (RS pl(s,é’])}

Finally, in order to prove part C) note that, since [ < g (and hence, by recalling the structure
of Z, given by (7.9), it results Z; = Y;) we have that the s-th component of ZU! is in the form:
YlZ{“ ---Zg”, where the powers hy, ..., hs are such that hy + ... + hs = j — 1, and it is not a
Y-monomial by the hypothesis. Hence the monomial Z{“ e Zg” is not a Y-monomial of Zl/—1]
and then it cannot belong to the left hand side of (B.21). This in turn implies, again by (B.21),
that the r-th column of L(®) (that is the s-th column of L}, because /,r are defined by (B.19)
must be zero. I

Before proving Theorem 8.1, we need to give the following definition

Definition B.11. We define the (0, 7)-Kronecker space, namely K (4, ) as the following sub-
space of RY:

K (6,7) = span ({z e R” / 3z € R? such that z = x[j]}> .

Proof of Theorem 8.1. By exploiting the definition of Dj given in (7.34), and the definition
of By, given by (7.23), we can rewrite the matrix R(¢), defined in (8.1), as

R(t) = Z gykabz(t)ngg; + Z Ey (Bkmz (t) + Vk) (Bkmz (t) + Vk)ng; (B.22)
k=1 k=1

We will prove the theorem by showing that for some k£ = 1,...,p the matrix EyBk(DZBkTEJT; is
uniformly nonsingular or (which is the same because ®z(¢) is uniformly nonsingular over T')
that £y By is a full (row) rank matrix for some £.
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In order to verify this, first of all note that, from the Assumption 3.1, Remark 3.2, and the
definition of the matrix D, ; given in (7.4), it results that there exists a k such that rank(D, ;) =
q, (we remind reader that ¢ is the dimension of the originary observation Y'). More exactly, from
(7.4), we have:

D,y =1[I, 0] (B.23)

For such a k, let us show that:
rank(EyBy) =q+ @+ ... + qu, (B.24)

that is, it is a full (row) rank matrix (remind that ¢; is the dimension of Y};1). From the definition
of By, and &£y, given in (7.21) and (7.26) respectively, using (7.17) and taking into account the
block triangular structure of By, it results that condition (B.24) is equivalent to:

mnk(é’)l,é,;) =q, (B.25)
rank (E,T{U} (By ® I5i-1)T]) = qj, Vj=2,..,v. (B.26)

Now, from (7.28) we see that 5)1) e R, 5)1) = [I, 0]. Hence, by the definition of By, given in

(7.12), and taking into account of (B.23), it results EJIJB,; = [0 I, 0], and hence condition (B.25)
is verified.

It remains to prove (B.26). In order to do this, first of all note that, from the definition of By,
given in (7.12), and taking into account of (B.23), we can consider the following partition of the

matrix By ® Is5i-1:

~ M
BI;: ®I5j—1 = |:M;:| ) (B27)

where M; has dimensions ¢6?~! x §7 and has the following structure:
My =10 I,i-+ 0], (B.28)

where the first null-block has dimensions g6’ =1 x ¢d’~!. Using Lemma B.9, and (B.27), we

have
M,

LTIV (By ® Iy )TI = (L3 0] [ MJ T9 = LM, T (B.29)

Now, note that the range of the expansion matrix Tg is equal to the Kronecker space K (d,7) (we
remind that Tg performs the operation Zl! = TgZ[j]). Then, by (B.29), we have that (B.26)
is implied by the following condition: the operator Lf;Ml : RY — R%, restricted to K (6, j) is
surjective. ‘

Let y € RY, we will prove that there exists a z € K(4, ) such that y = L{M;z. For, by
Lemma B.9, rank(Lf;) = g, then there exist g; indexes: 1 <'iy,4s,...,74; < g67~1, such that the

columns A;;, A;,, ..., A;,  (A; denotes as usual the i-th column of Lg) are linearly independent.

’qu

For every iy, s = 1,...,q;, let us consider the sets p'(is; 6, j) C p(is; d, j) defined in (B.2). Let us
define )\;, as

D IR (B.30)
1€p" (i530,7)
From Lemma B.10 part A) and B), we have that the set {\;,, s =1,...,q;} is a set of linearly
independent vectors, hence there exist real numbers: «;,, aj,, ..., Qg s such that

Yy = O‘il)‘h + ...+ Oél'qj >\i (B.31)

a; "
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Now, let us show that the elements of the set {is + qd/~' s = 1,...,¢;} are pairwise (4, j)-NR.
At this purpose, for any pair (i,,i5), r # s, r,s = 1,...,q;, we can distinguish the following two

cases:
i)
i || s
Si—1| = |5i-1|"
In this case, since A;, and \;, are linearly independent, it follows that (i,,is) is (0, j)-NR.
Indeed, if (i,,is) were (4,7)-R, then Lemma B.10 part B) would imply that X; and A;,
are linearly dependent vectors. Hence, since (i,,is) is (d,7)-NR, Lemma B.7 implies that
(ir + g0~ ,is +qd771) is (4, 7)-NR.

A
.=

! 24 (B.32)

. Tg
o[
In this case, if (i,,15) is (d, )-R then Lemma B.8 directly implies the same conclusion of 7).
Else, if (i,,i,) is (4, §)-NR, then we can show that (i, +¢d’~1,i, 4+ ¢d’~1) is again (6, j)-NR.
For, let hy,...,hs, B, ...,k such that by + ...+ hs = h} + ...+ h5 =3 — 1 and

(ZU]) = Zy 2 gl
“ B.33
(Zm> — 2,22, (B.33)

1s

where 7., ¢/, are given by (B.32). Since A;_ and A, are linearly independent (hence nonzero),
Lemma B.10 part C) implies that both the monomials in (B.33) are Y-monomials. If
(i, + 6771 iy + qd7 1) were (4, j)-R we should have

h}

h1 hs __ th
ZigwqZit o 250 = ZigpgZyt 0 2

5

which is possible if and only if

— B _ !
hip+q =i 1g =1, higrq = hipyg +1,

/ . N . (B34)
hi =h; Yi#i,.+q,i, +q.

Now, i, < g, then we have that Z; , and Z;; , are not components of the vector Y,

hence condition (B.34) can be verified if and only if both the monomials in (B.33) are not
Y -monomials, a contradiction.

Since the elements of the set {is +¢d?~!, s =1,...q;} are pairwise (4, j)-NR, we have that
plis +q87158,5) N plir +q67116,5) =0, Vr,s=1,...q;, v #s. (B.35)
From (B.35) it results well defined the following vector z € R

a;,, ifl € p(is +q67714,7)
— ) s y Us B.36
“ { 0, otherwise. ( )

Noting that, by construction, z € K (4, j), the Theorem is proven as soon as it is shown that
y = L} M,z with y given by (B.31).
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For, let 2/ = M;z. By the structure of the matrix M; (B.28), it follows that:

/ a;., ifl€plis+qd=1;6,5) —qd~!
— s 1 B.
“ { 0, otherwise, (B.37)

where the definition of translated set, given by (B.8), has been used. Observing (B.37), (B.31)
and the definition of the A;,’s (B.30), we see that the equality y = L}2’, and hence the Theorem,
is implied by the condition

o= > Xi, Vs=1,..,q;. (B.38)

i€p' (i5;6,5) i€p(is+qdi—1;6,5)—qé7 -1
Now, from Lemma B.7 we have p'(is;6,5) = p'(is + qd7~1;6,5) — ¢67~1, moreover, by (B.3)
plis + g0 6,5) = p'(is + g0 6,5) U p"(is + g0 7136, 5),

hence, (B.38) becomes:

iEp”(is+q5]‘71 ;67.7')_‘16].71

which is implied by ‘ ‘
Ni=0, Viep'(is+qd"16,5) —qo L. (B.39)

In order to prove (B.39), first of all note that by Lemma B.8, for any i € p (i,+qd?~1; 6, j) —qd? !
we must have that (i,4,) is (d,5)-NR and such that (i + g6’ 1,4, + ¢67~1) is (6, 5)-R. Now, let
hi,...,hs, hY,...,hs such that by + ...+ hs =hi + ...+ hl =j — 1 and

(Z[J'])' — Zi,Z{ll ...Zglé

, , (B.40)
i h h
(Z[J])i — Zz';Z11 ...Z(Sé’
with i’ = [i/6771], i, = [is/07~1]. Since (i + qd7~1,is + qd'~1) is (4, 7)-R it results
Loyl 215 = Zy a2 2,
which in turn implies the following condition
hz" = h,’LI — ]., hz" == h;; + ].,
+q +q s+q s+q (B41)

hi =h. Vi#i +q,i +q.

Since i', 1 < q, Zyr4q and Zj 44 are not components of the vector Y. Hence, condition (B.41)

implies that both the monomials in (B.40) are not Y-monomials. In particular, since (Z[j])i is
not a Y-monomial, Lemma B.10 part C) gives A; = 0, that is (B.39).
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