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AbstractWe investigate the complexity of the h-colouring problem, and, more generally, of the H-colouring problem, restricted to graphs of bounded degree. While the general problems arealmost always NP -complete, we present some surprising polynomial algorithms for several ofthese restricted colouring problems. We also give a number of NP -completeness results, andpose some open problems. One of these may be viewed as the complement of an algorithmicversion of the theorem of Brooks.





3.1. IntroductionLet k be a positive integer; graph G is k-bounded if all degrees in G are at most equal to k.Colouring of k-bounded graphs is addressed by the well known theorem of Brooks, which assertsthat, for k � 3, each k-bounded graph, di�erent from Kk+1, is k-colourable. This fact leads toa trivial polynomial algorithm for 3-colourability of 3-bounded graphs: a graph is 3-colourableunless it is isomorphic to a K4 (an easy check), in which case it is not 3-colourable. Since testing2-colourability is polynomial (for all graphs), the h-colouring problem for 3-bounded graphs ispolynomial for any h.On the other hand, for 4-bounded graphs, while it is still true that Brooks' theorem guarantees4-colourability (except for K5), not all h-colourability problems are trivial. In fact, we have thefollowing observation:Theorem 1.1. Deciding whether a given 4-bounded graph is 3-colourable is NP -complete.Proof. The class of 4-bounded graphs contains all line graphs of 3-regular graphs. Holyerproved that deciding whether a 3-regular graph has a proper 3-edge colouring is NP -complete.The complexity of more general notions of colouring has been subject of much recent interest[2, 4, 6, 5]. Let H be a �xed graph; an H-colouring of G is a mapping c : V (G)! V (H) whichpreserves adjacency, i.e., such that gg0 2 E(G) implies c(g)c(g0) 2 E(H). An H-colouring of G isalso called a homomorphism of G to H. The H-colouring problem asks whether a given graph Gis H-colourable. This is a generalization of the usual h-colouring problem, since a Kh-colouringof G corresponds to an h-colouring ofG. However, it turns out that this generalization introducesessentially no new polynomial cases - other than modi�cations of the usual 2-colouring problem:It is proved in [4] that H-colouring is NP -complete unless H is bipartite. On the other hand,the H-colouring problem for directed graphs, exhibits interesting duality properties and resultingpolynomial algorithms [5].Our interest in studying the complexity of the H-colouring problem was motivated by thefollowing result of H�aggkvist and Hell [3]:Theorem 1.2. For every connected graph A there exists a graph U [A] with the following prop-erty: a k-bounded graph G is U [A]-colourable if and only if A is not G-colourable.Since A is �xed, there is a polynomial time algorithm to test whether A is G-colourable:There are only polynomially many (in terms of the size of G) mappings from A to G, and wecan quickly test each of them to see if it is a G-colouring of A. (The fastest known algorithmto check for the existence of �xed subgraphs is due to Ne�set�ril and Poljak [7] and is based onmatrix multiplication).Thus, for each connected graph A, there exists a polynomial time algorithm to check whethera k-bounded graph G is U [A]-colourable. Hence, many nontrivial H-colouring problems fork-bounded graphs are polynomial time solvable.2. Polynomial casesWe now return to considering the graphs U [A]. For simplicity we shall consider only cubic graphsin this section. Moreover, we shall take A = K3. Note that saying that K3 is not G-colourable



4.is equivalent to saying that G is triangle free, since triangles can be mapped only to trianglesunder a homomorphism. Thus Theorem 1.2 says that a cubic graph G is U [K3]-colourable ifand only if G is triangle free.We now describe a general construction that may be used to de�ne U [K3]. Let X be any set.We de�ne a graph UX as follows:- The vertices of UX are ordered pairs (x; T ) where T is a 3-element subset of X and x =2 T ;- Two vertices (x; T ) and (x0; T 0) are adjacent if and only if T \ T 0 = ; and x 2 T 0; x0 2 T .(We note this construction is related to the symmetric line graphs of oriented hypergraphs asstudied by Ausiello et al [1].)We now claim that when X has at least 22 elements, then UX can be chosen to be U [K3].In other words, every triangle free cubic graph G admits a UX -colouring. Indeed, suppose thatG is triangle free and cubic. Then it is easy to see that the graph G3 constructed from G bymaking adjacent all vertices at distance less than or equal to 3 has maximum degree 21. Hence,by Brooks' theorem, it admits an jXj-colouring, say c. We assign to each vertex v 2 V ofcolour i, the image (i; fj; k; lg) where j; k; l are the three (distinct) colours of the neighboursof v in G. We shall show that this mapping preserves adjacency. Let xy be an edge of G andlet i; j be the colours of x; y, respectively, in c. Their images are (i; fj; k; lg) and (j; fi; p; rg)and they are adjacent in UX ; in fact, there are 4 distinct neighbors of x and y, since G istriangle free, and they all receive di�erent colours in c since their distances are at most 3. Thus,fj; k; lg \ fi; p; rg = ;. Observe that we have not only found that an UX -colouring exists, butwe have actually constructed it (in polynomial time).We shall show now that the graphs UX tend to have high chromatic numbers.Theorem 2.1. 1. For every k there exists X such that the chromatic number of UX is atleast k.2. For every X with at least 15 elements the chromatic number of UX is at least 4.Proof. Suppose X = f1; : : : ; ng.Part 1. Consider the following graph SX : the vertices of SX are all 3-element subsets of X,and two such subsets, say fx1; x2; x3g with x1 < x2 < x3, and fy1; y2; y3g with y1 < y2 < y3,are adjacent if x2 = y1 and x3 = y2. This is a variant of a general construction of type graphsde�ned in [8]. Note that SX is a directed graph but we will also call SX its underlying undirectedgraph. It follows from the Ramsey theorem for partition of triples that the chromatic numberof SX may be arbitrarly large if n is large.We now claim that SX is isomorphic to a subgraph of some UX0where X 0 contains X. Letf be a bijection from the set of all 3-element subsets of X to a set Y disjoint from X andlet X 0 = X [ Y . Now, for fx1; x2; x3g 2 V (SX) with x1 < x2 < x3, we let g(x1; x2; x3) =(x2; fx1; x3; f(x1; x2; x3)g) 2 V (UX0). It is easy to see that g is an injective homomorphism fromV (SX) to V (UX0), i.e. SX is isomorphic to a subgraph of UX0 , and hence, the chromatic numberof UX0 is at least as large as the chromatic number of SX . (In fact, it is easy to see g is anisomorphism onto an induced subgraph of UX0).Part 2. Suppose that UX has a proper 3-colouring c : V (UX) ! f1; 2; 3g. Consider a 4-element subset M of X, say M = fx1; x2; x3; x4g, and the four vertices of UX corresponding



5.to M , namely (x1; fx2; x3; x4g), (x2; fx1; x3; x4g), (x3; fx1; x2; x4g) and (x4; fx1; x2; x3g). The3-coloring c assigns the same colour to some two of these vertices. We let c(M) be such a colour.Next consider the set Z consisting of the ordered pairs (A;M) where M is a 4-element subsetof X and A is a 2-element subset ofM , say a1, a2, such tha c(a1;M�a1) = c(a2;M�a2) = c(M).Each M admits at least one A such that (A;M) 2 Z by the de�nition of c(M). Thus Z has atleast �n4� elements.We now claim that each A can occur in at most n� 3 elements (A;M) of Z. In fact, considertwo elements (A;M) and )(A;M 0) of Z and assume that A = fa1; a2g, M = fa1; a2; u; vgand M 0 = fa1; a2; x; yg. Then c(a1; fa2; u; vg) = c(M) = c(a2; fa1; x; yg) and hence cannot beadjacent in UX . Therefore fu; vg \ fx; yg 6= ;. Thus the set of 2-element subsets B of X � Asuch that (A;A [ B) 2 Z has the property that any two subsets B intersect, and hence has atmost n� 3 elements. Hence, Z contains at most �n2�(n� 3) elements.We conclude that �n4� � jZj � �n2�(n� 3) and then n � 14.According to the above theorem, the only known triangle free nonbipartite graphsH, for whichwe have a polynomial time solvable H-colouring problem for cubic graphs, namely H = UX andjXj = 22, have chromatic number greater than 3. This motivates the conjecture in the lastsection of the paper.3. NP -complete casesIn this section, we show that for several families of triangle free nonbipartite graphs H, theH-colouring problem for 3-bounded graphs is NP -complete.Let us start by considering the C2k+1-colouring problem. We prove that this problem isNP -complete for the class of 3-bounded graphs.We reduce a graph G into a graph G� of degree at most three as follows: we replace each vertexx of degree t inG with t odd cycles Cj = fvj1; : : : ; vj2k+1g (numbered clockwise), j = 1; : : : t, in G�such that each edge ej 2 �(x) is incident to vj1, and moreover vj2vj3 = vj+12k vj+12k+1, for j = 1; : : : ; t.Then:Theorem 3.1. G is C2k+1-colourable if and only if G� is C2k+1-colourable.Proof. It su�ces to observe that any valid colouring of G� assigns the same colour to thevertices vj1, j = 1; : : : ; t. Hence, any valid colouring of G� leads to a valid colouring of G andviceversa.Since the C2k+1-colouring problem is NP -complete for graphs with no degree constraints [4],the NP -completeness of our problem follows.More generally, we can prove NP -complete every H-colouring problem where the graph Hhas odd girth 2k + 1, every vertex belongs to a C2k+1 and no two copies of C2k+1 share morethan one edge. For simplicity we describe this result in the case k = 2:Theorem 3.2. Let H be a triangle free graph in which each vertex belongs to a pentagon, and inwhich no two pentagons share more than one edge. Then the H-colouring problem for 3-boundedgraphs is NP -complete.
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1 2 tProof. Given a graph G = G0 with n vertices and no degree bound (i.e., n-bounded), weconstruct in polynomial time a sequence G0; G1; : : : ; Gl of graphs such that Gl is 3-bounded andG! H if and only if Gl ! H.Suppose Gi has already been constructed, and suppose it is k-bounded. Then Gi+1 is con-structed by replacing each vertex v of Gi with a gadget �(v) as follows: the edges at each vare partitioned into t = dpke groups of size approximately pk and each group is made incidentwith a separate vertex of �(v) as suggested by the �gure.Observe that:i) Gi+1 is 2 + dpke-bounded;ii) jV (Gi+1)j = jV (Gi)j(3 + 2dpke);iii) Gi+1 ! H if and only if Gi ! H.The �rst two items follow immediately from the construction of Gi+1. We will now prove(iii). Suppose �rst that Gi is H-colourable and let c(v) be the colour of a vertex v of Gi.Since each vertex of H belongs to a pentagon, we have that c(v) belongs to a pentagon, sayfc(v) = a; b; c; d; eg. Then we may colour �(v) as follows: all vertices aj , j = 1; : : : ; dpke, receivethe colour c(v) = a, all vertices bj receive colour b and so on. It is easy to see that this inducesan H-colouring of Gi+1.Let us suppose conversely that Gi+1 is H-colourable. We claim that all vertices aj, for any j,have the same colour in any H-colouring. In fact, since H is triangle free, each pentagon of Gi+1maps into a pentagon of H and if two aj 's were di�erent then their corresponding pentagonsin �(v) would be mapped into two di�erent pentagons of H sharing two consecutive edges,contradicting the assumption. Hence, any H-colouring of Gi+1 may be easily transformed intoan H-colouring of Gi.What remains to show is that the construction converges to a 3-bounded graph in a numberof steps which is polynomial in n. Consider the recurrence relation:q0 = nqi+1 = 2 + dpqieWhile qi is not too small (qi > 50, say) this recurrence is decreasing like n 12i , i.e., quite fast. Infact, after O(loglogn) steps we have qi = O(1). When qi becomes smaller than 6, the in
uence
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dof the addition of 2 and of the ceiling a�ects the situation, and in fact 2 + dp5e = 5. However,for 6-bounded (and hence also 5-bounded) graphs the construction yields a 4-bounded graphGl�1.Finally, we construct Gl from Gl�1 as follows:It is easy to verify that Gl is 3-bounded and that Gl�1 ! H if and only if Gl ! H.Thus, the above construction provides a reduction from a graph G = G0 to a graph Gl whichis 3-bounded and such that G! H if and only if Gl ! H. It can be accomplished in polynomialtime (in n) since there are O(loglogn) intermediate graphs and the total number of vertices ofGl is only O(n1+ 12+ 14+:::) = O(n2). Since the H-colouring problem is NP -complete for generalgraphs unless H is bipartite [4], the theorem follows.Note that, in the above theorem, H may have arbitrary large chromatic number. As a conse-quence of the above construction we can prove that, for any integeres k; g, there exists a graphHk, with �(Hk) = k, such that Hk-colourability is NP -complete for cubic graphs of girth g.4. ConclusionsWe have investigated the computational complexity of the H-colouring problem for the classof 3-bounded graphs. From our results, some questions arise naturally. In particular, as aconsequence of Theorem 2.1, we know that the only triangle free nonbipartite graphs H forwhich we have a polynomial time solvable H-colouring problem for cubic graphs, namely thegraphs H = UX with jXj � 22, have chromatic number greater than 3. Since graphs H withchromatic number 3, and which contain triangles, have polynomial time solvable H-colouringproblems for cubic graphs (by virtue of Brooks' theorem), we can ask whether all problems of thistype, which are not solvable by Brooks' theorem techniques, are in fact NP -complete. As shownin Section 3, several classes of triangle free graphs H for which the corresponding H-colouringproblem for 3-bounded graphs is NP -complete exist. Perhaps the simplest unsolved case notcovered by Theorem 3.2 is the Petersen graph; we conjecture that this is also an NP-completecase. The results of this paper suggest the following conjecture:
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