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Abstra
tIn some tumours, the viable 
ells grow around blood vessels forming 
ylindri
al stru
tures 
alledtumour 
ords, whi
h are surrounded by regions of ne
rosis. In the present paper we proposea mathemati
al model for the 
ell kineti
s in a tumour 
ord at the stationary state. Bothproliferating 
ells and quies
ent 
ells are 
onsidered, and the proliferating 
ell population isstru
tured by age. Cell migration towards 
ord periphery is a

ounted for from a 
ontinuumviewpoint. The age distribution of proliferating 
ells, the fra
tion of 
ells in S phase, the growthfra
tion and the velo
ity along the 
ord radius are 
omputed. The predi
tions of the model are
ompared to literature data obtained from two experimental rat hepatomas. The model wasused to 
ompute the pro�le of the oxygen tension within the 
ord. Possible modi�
ations andextensions are also presented.Key words: Cell kineti
s, age-stru
tured populations, solid tumours, tumour vas
ularization,oxygenation.





3.1. Introdu
tionIn the growth of solid tumours an initial avas
ular phase is followed by the development, whi
h isstimulated by fa
tors released by the tumour itself (Folkman, 1985), of a vas
ular network insidethe tumour, supplying oxygen and nutrients ne
essary for the further growth of the tumour mass(Chaplain, 1997). This phase is 
alled the vas
ular phase of the tumour growth. As the sizebe
omes larger, the tumour vas
ulature appears to be inadequate (Warren, 1979) to supply allthe tumour 
ells, so that the 
ells most remote from vessels undergo ne
rosis. Large regions ofne
rosis have indeed been eviden
ed by many histologi
al studies (Thomlinson and Gray, 1955;Folkman, 1974).In most neoplasti
 tissues, the 
omplex and irregular stru
ture of the tumour vas
ular sys-tem makes it diÆ
ult to study the relationship between vas
ulature and 
ell proliferation and,ultimately, between vas
ulature and tumour growth. However, in some tumours, the tumour ar-
hite
ture shows a 
ertain degree of regularity. Malignant 
ells proliferate around fairly straightblood vessels, forming 
ylindri
al arrangements of viable tumour 
ells named tumour 
ords (Tan-no
k, 1968; Hirst and Denekamp, 1979; Hirst et al., 1982; Moore et al., 1984; Moore et al., 1985;Falkvoll, 1990; Hirst et al., 1991). Oxygen tension and the 
on
entration of nutrients, su
has glu
ose, de
ay radially within the 
ord and, when they fall below some 
riti
al values, 
elldeath o

urs, so the 
ords are surrounded by regions of ne
rosis. The mean thi
kness of the
ords (i.e., the distan
e between the vessel wall and the �rst layer of ne
roti
 
ells) in di�erenttumours has been found to be 60{120 �m, whereas the mean radius of the 
entral vessel hasbeen found to be 10{40 �m. The de
reasing value along the 
ord radius of the fra
tion of 
ellsin S phase, whi
h is given by the labelling index measured a short time after a pulse inje
tionof tritiated thymidine, shows that 
ell proliferation within the 
ord slows down moving towardsthe periphery (Tanno
k, 1968; Hirst and Denekamp, 1979; Moore et al., 1984). This slowingdown of the proliferation 
ould be related to the de
rease of the 
on
entration of some 
riti
al
hemi
al(s).The 
ord is a dynami
 stru
ture, be
ause 
ells 
ontinuously proliferate within the 
ord. Cellsare pushed by dividing 
ells and migrate outwards, and eventually move into the ne
roti
 zone.Eviden
e of this migration was obtained by measuring the time 
ourse of the labelling index of
ells in the most external region of the 
ord (Tanno
k, 1968; Hirst and Denekamp, 1979; Hirstet al., 1982; Moore et al., 1984). Of 
ourse, a fra
tion of the dividing 
ells also 
ontributes tothe longitudinal growth of the 
ord, but longitudinal growth appears to be a slower phenomenon(Tanno
k, 1968), possibly related to the growth of new vessels, and is negle
ted in the presentwork.In the present paper, following a suggestion given in M
Elwain and Pettet (1993), we proposea mathemati
al model for the 
ell kineti
s in a tumour 
ord in the stationary state, when the 
ordhas attained its maximal radius 
ompatible with the supply of vital substan
es from the 
entralvessel, and the stru
ture of the 
ell population be
omes time-invariant. Both proliferating 
ellsand quies
ent 
ells are 
onsidered, and 
ell migration towards 
ord periphery is a

ounted forfrom a 
ontinuum viewpoint in a simple geometry. Model predi
tions about the stru
ture of the
ell population within the 
ord and the 
ell migration are 
ompared to data obtained from twoexperimental rat hepatomas (Moore et al., 1984). The model, by yielding a better knowledge ofthe stru
ture of the 
ell population, 
ould be used to improve the 
omputation of the pro�le ofoxygen tension within the 
ord. An example of this 
omputation is given. Possible modi�
ationsand extensions of the model are also presented.



4.2. AssumptionsLet us 
onsider a tumour 
ord around a blood vessel of radius r0. The tumour 
ord has 
ylindri
alsymmetry, and r will denote the radial position within the 
ord, as shown in Fig. 1. Changes ofvariables along the axial dire
tion are negle
ted.

Fig. 1. S
hemati
 representation of a tumour 
ord.Experimental data on the expression of proliferation markers (Danova et al., 1990) suggestthe presen
e of quies
ent (out-of-
y
le) 
ells in tumours. Thus we 
onsider the population ofviable tumour 
ells in the 
ord as 
omposed by proliferating (P) 
ells and quies
ent (Q) 
ells.The population of the 
y
ling 
ells will be stru
tured by age, and will be des
ribed by the 
elldensity with respe
t to age and volume n(a; r; t), n(a; r; t) da being the number of 
ells with agebetween a and a+da in the unit volume at position r and time t. Q 
ells are des
ribed by thedensity nQ(r; t), whi
h gives the number of quies
ent 
ells in the unit volume at position r andtime t. The distin
tion between P and Q 
ells and the 
onsideration of the age of P 
ells areimportant be
ause the response of tumour 
ells to treatment usually di�ers a

ording to their
y
ling or quies
ent status and a

ording to the 
ell 
y
le phase.In this paper we assume a very simpli�ed 
ell 
y
le stru
ture (see Fig. 2) in whi
h the di�erentenvironmental 
onditions within the 
ord are assumed to a�e
t only the transition to quies
en
e.The variability of phase transit times is disregarded, so all proliferating 
ells traverse the 
y
le inthe same time T
 and the 
ell age a, 
ounted from 
ell entry into G1, is su
h that 0�a�T
. The
ells that are born at position r and time t may enter the 
y
le with probability �(r; t) or be
omequies
ent with probability 1��(r; t); there is no re
ruitment of quies
ent 
ells into the 
y
le.The dependen
e of � on r and t re
e
ts the dependen
e of 
ell de
y
ling on the 
on
entration ofoxigen and/or nutrients within the 
ord. The observed de
rease of proliferation along the 
ordradius will be a

ounted for by de
reasing the value of � with r. Cell death within the 
ord isnegle
ted and ne
rosis may o

ur only outside the 
ord.Cell 
uxes within the 
ord are assumed to be radially dire
ted, and there is no 
ell 
ux a
rossthe vessel wall. We assume that 
ell 
uxes 
an be des
ribed by a single velo
ity �eld u(r; t),
ommon to all the 
ells, independently of 
ell age and proliferating or quies
ent status. Thismeans that 
ells are assumed to behave as a single "
ellular 
uid", and that 
ell motions ofdi�usion type are ex
luded. The assumption of absen
e of di�usion 
an however be relaxed, aswill be seen in se
tion 6. The produ
t of u(r; t) times the number of 
ells per unit volume gives



5.the 
ell 
ux per unit area in the dire
tion of r in
reasing, a
ross a 
ylindri
al surfa
e of radius r.Sin
e the velo
ity �eld is spe
i�ed by a s
alar �eld, the 
onservation laws will lead to a purelykinemati
 approa
h (Gandar et al., 1990).Histologi
al observations of tumour 
ords show that the tumour 
ells are rather 
losely pa
kedwithin the 
ord, thus suggesting that the 
ell volume density (i.e., the volume o

upied by 
ellsper unit volume) 
ould be 
onstant along the 
ord radius and near to the unity. The assumptionof 
onstant 
ell volume density has been made in various mathemati
al models of multi
ellularspheroids and prevas
ular tumours (see e.g Greenspan, 1972; M
Elwain and Ponzo, 1977; Adamand Maggelakis, 1990). Measurements of the number of 
ells per unit volume in histologi
alse
tions of tumour 
ords pointed out that this density remains rather un
hanged from the innerto the outer regions of the 
ord (Moore et al., 1984; Moore et al., 1985), so that we will assumehere 
onstant the total 
ell density, and will dis
uss in se
tion 6 the assumption of 
onstant 
ellvolume density. Note that, sin
e the 
ells have di�erent volumes a

ording to their age or totheir being quies
ent, the mean volume of the 
ells may 
hange with r, so that the 
ell volumedensity is not ne
essarily proportional to the total 
ell density.

Fig. 2. Blo
k diagram of the 
ell population model. For the symbols see the text.3. Stationary stru
ture of the 
ell population in the 
ordThe �rst formulation of a population model with spatial dependen
e and stru
tured by age
an be found in Gurtin 1973. Following Gurtin (1973) and Gurtin and M
Camy (1977), anda

ording to the assumed 
ell 
y
le stru
ture, the 
onservation equations for the 
ell densitiesin the 
ord 
an be written as �n�t + �n�a + 1r ��r (run) = 0 (1)n(0; r; t) = 2�(r; t)n(T
; r; t) (2)�nQ�t + 1r ��r (runQ) = 2(1� �(r; t))n(T
; r; t) : (3)



6. In this paper, our interest is fo
ussed on the stationary state, i.e. the state in whi
h the radiusof the 
ord, R, is 
onstant with time, and all the variables are time-invariant: n(a; r; t)=n(a; r),a2 [0; T
℄, r2 (r0; R), and similarly for nQ, u, and � (with 0<�(r)�1). We noti
e that all theavailable experimental data are likely to refer to 
ords in this state.From the 
onservation laws, we have that at the stationary state the fun
tions n, nQ and umust satisfy the following equations: �n�a + 1r ��r (run) = 0 (4)n(0; r) = 2�(r)n(T
; r) (5)1r ddr (runQ) = 2(1� �(r))n(T
; r) : (6)It is rather easy to see that the s
alar velo
ity �eld u and the 
ell densities n and nQ are notindependent fun
tions, and that both u and nQ 
an be 
omputed from n. Under the assumptionof 
onstant total 
ell density along the radius, the following expression for u 
an be obtained.By integrating Eq. (4) with respe
t to age and taking into a

ount (5) and (6), we have thatthe total 
ell density nC(r): nC(r) = Z T
0 n(a; r) da+ nQ(r) (7)will satisfy the equation 1r ddr (runC) = n(T
; r): (8)Assuming nC(r)= �nC , the 
ell densities 
an be normalized to this 
onstant value. Let �(a; r)=n(a; r)=�nC and fQ(r) = nQ(r)=�nC . Sin
e there is no 
ell 
ux a
ross the vessel wall, and thusu(r0) = 0, from (8) it must be ru(r) = Z rr0 z�(T
; z) dz: (9)We note that the value of u at r=R, multiplied by the total 
ell density, would give the 
ux of
ells per unit area entering the ne
roti
 region, that is the number of 
ells that die in the unittime from a segment of 
ord having an outer surfa
e of unit area.Taking into a

ount Eq. (9), � and fQ will satisfy the following equations:���a + 1r ��r �Z rr0 z�(T
; z) dz � �� = 0 (10)�(0; r) = 2�(r)�(T
; r) (11)and 1r ddr �Z rr0 z�(T
; z) dz � fQ� = 2(1 � �(r))�(T
; r): (12)The fun
tions fP (r)=R T
0 �(a; r) da and fQ(r) are the fra
tions of 
y
ling 
ells (i.e. the growthfra
tion) and, respe
tively, of quies
ent 
ells at position r. Note that � and fQ are independentof the measurement unit of r.



7.A solution (�, fQ) of Eqs. (10)-(12) having physi
al meaning is bounded, with �(a; r) � 0 andfQ(r) � 0, and su
h that fP (r)+fQ(r) = 1 (there always exists the trivial solution �(a; r) = 0,fQ(r) = 1). Noting preliminarly that Eq. (10) is independent of Eq. (12), we observe that, ifEq. (10) has a solution bounded and positive, Eq. (12) will have only one bounded and non-negative solution given by fQ(r) = 2 R rr0 z(1 � �(z))�(T
; z) dzR rr0 z�(T
; z) dz : (13)Moreover, if � > 0 and fQ � 0 are bounded solutions of Eqs. (10)-(12), then it is fP (r)+fQ(r)=1.In fa
t, sin
e the fun
tion fP (r)+fQ(r) must satisfy the equation1r ddr (ru(fP + fQ)) = �(T
; r) ;and Eq. (9) holds, fP+fQ will have the general form:fP (r) + fQ(r) = 
R rr0 z�(T
; z) dz + R rr0 z�(T
; z) dzR rr0 z�(T
; z) dzand then the only bounded solution is fP (r)+fQ(r)=1.A nontrivial solution of Eqs. (10)-(12) is easily found for �(r) 
onstant and equal to �, 1=2<��1. It 
an be veri�ed that in this 
ase (10) has the positive solution, that does not depend onr, given by �(a; r) = 2� ln(2�)T
 exp(� ln(2�)T
 a) (14)and, from (13) it is fQ(r)=2(1��).For �(r) not 
onstant, a proof of the existen
e and uniqueness of a nontrivial solution ofEqs. (10)-(12) is not yet available (the problem is under study). However, a numeri
al solutionof these equation 
an be obtained. We preliminarly observe that, if there exists �(a; r) boundedand regular enough, by de�ning �0(a)=limr!r0 �(a; r) and rewriting Eq. (10) as���a + �(T
; r)� + �1r Z rr0 z�(T
; z) dz����r = 0we have limr!r0 ���a = ��0(T
)�0(a)and then d�0da = ��0(T
)�0(a): (15)Moreover, from (11) it is �0(0) = 2�(r0)�0(T
); (16)where �(r0) = limr!r0 �(r). Let g0 = �0(T
). All the solutions of equations (15)-(16) are givenby �0(a) = 2�(r0)g0 exp(�g0a)



8.where g0 is su
h that g0 = 2�(r0)g0 exp(�g0T
):The above equation has always the root g0 = 0 that gives �0(a) = 0 for every a. This is theunique solution when �(r0)=0 or �(r0)=1=2. Otherwise, there exists also the rootg0 = ln(2�(r0))T
that gives therefore �0(a) = 2�(r0) ln(2�(r0))T
 exp(� ln(2�(r0))T
 a): (17)It is �0(a) > 0 when 1=2 < �(r0) � 1, and thus the 
ondition �(r0) > 1=2 is ne
essary (andsuÆ
ient) for the non-zero �0(a) to be positive. This 
ondition appears to be biologi
allymeaningful, sin
e it states that there exists a portion of the 
ord (at least near the vessel) inwhi
h the 
ell division originates a number of proliferating 
ells greater than the number ofquies
ent 
ells.Equation (10) was solved numeri
ally by means of a �nite di�eren
e s
heme that utilizesthe 
ondition given by Eq. (17), and an iterative pro
edure was used to satisfy the boundary
ondition (11). Figure 3 shows the pro�le of the age density fun
tion � at three di�erent radialpositions for typi
al values of the 
ell 
y
le time and of the parameters of the 
ord (see the�gure legend). The re
y
ling probability �(r) was assumed to de
rease linearly from �(r0)=1 to�(R)=0:2 to simulate the worsening of the environmental 
onditions when moving towards theperiphery of the 
ord. Note that the integral of �(a; r), i.e. the fra
tion of P 
ells at r, de
reasesas the radial distan
e in
reases. Figure 4 shows the pattern of the velo
ity u 
omputed in thesame 
onditions.
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tion �(a; r) at various radial distan
es from the axis of the vessel: r=1:5(
ontinuous line), r=3:5 (dashed line), r=5:5 (dotted line). Cord parameters: r0 =1, R=7.Radial distan
es are normalized to r0. Cell 
y
le time: 30 h. �(r) de
reases linearly from 1 to0.2.
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ity u(r) within the 
ord. The parameters are as in Fig. 3 and r0=20�m.4. Comparison with labelling experimentsThe main experimental te
hnique used to investigate the 
ell kineti
s in tumour 
ords wasbased on the in
orporation of tritiated thymidine, a radioa
tively labelled DNA-pre
ursor, intothe DNA synthesizing 
ells. After a short infusion of tritiated thymidine, that approximatelyperforms as a pulse labelling, the fra
tion of labelled 
ells (LI, labelling index) gives the fra
tionof 
ells in S phase. In our model, the 
ells in S phase are those having age between TG1 andTG1+TS , where TG1 and TS represent the duration of G1 and S phase, respe
tively. The labellingindex of 
ells at position r is then given byLI(r) = Z TG1+TSTG1 �(a; r) da : (18)The value of LI at di�erent distan
es from the 
entral vessel has been measured with a goodresolution by Moore et al. (1984) in the 
ords of two rat hepatomas. For these two tumoursthe authors also gave the mean values of 
ord and vessel radius and the durations of 
ell 
y
lephases. By using these values and adjusting the form of the fun
tion �(r) we were able toobtain a reasonable �tting of experimental data, see Fig. 5, ex
ept that for the inner regions ofhepatoma 3924A. This dis
repan
y is likely to be 
aused by a de
rease of the 
y
le time of 
ellswhen moving from the outer to the inner zones of the 
ord, whereas the published value of T
is an average for the overall tumour.An important measurement is the time evolution of the LI at a given spatial position. Theexperimental results indi
ate that the LI of the outer zone of the 
ord in
reases up to the valuefound initially in the inner zone. The time required for this in
rease has been taken as anestimate of the transit time of a 
ell 
ohort a
ross the 
ord (Tanno
k, 1968; Hirst et al., 1982;Moore et al., 1984). We have 
omputed the time 
ourse of LI after a tritiated thymidine pulse,assuming that at t=0 all the DNA-synthesizing 
ells be
ome immediately labelled and that the
ells born from labelled 
ells remain dete
table as labelled. This last assumption is reasonablefor 2-3 
ell divisions. Let �l(a; r; t) be the age density fun
tion of labelled P 
ells and f lQ(r; t) the
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ir
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tions: 
ontinuous lines. Cordparameters of 3924A: r0 = 22�m, R = 140�m, T
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 = 17:2 h, TS = 6:6 h, TG2M = 3:8 h; �(r) was assumed equal to 0:85=(1 + 4[(r �r0)=(R � r0)℄2).fra
tion of labelled Q 
ells, at position r and time t after the pulse. In a 
ord at the stationarystate, by writing the 
onservation laws, we have that these fra
tions obey for t�0 the equations:��l�t + ��l�a + 1r ��r (ru�l) = 0 (19)�l(0; r; t) = 2�(r)�l(T
; r; t) (20)�l(a; r; 0) = �S(a)�(a; r) (21)�f lQ�t + 1r ��r (runlQ) = 2(1� �(r))�l(T
; r; t) (22)f lQ(r; 0) = 0 (23)where �S(a)=1 for TG1�a�TG1+TS and zero elsewhere, �(a; r) is the stationary age-densityfun
tion of (labelled and unlabelled) P 
ells, solution of Eq. (10), and u(r) is given by Eq. (9).The initial 
ondition (21) expresses the fa
t that, immediately after the pulse, only S-phase 
ellsare labelled.The labelling index at position r and time t is given byLI(r; t) = Z T
0 �l(a; r; t) da + f lQ(r; t) ; (24)and obviously LI(r; 0) is equal to the LI(r) as given by (18). By integrating Eq. (19) withrespe
t to age, and taking into a

ount (20)-(23), we obtain for LI(r; t) the following equation:�LI�t + 1r ��r (ruLI) = �l(T
; r; t) (25)
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ell of age T
 at position r and time t is labelled if and only if its age at t=0 (orthe age of one of its progenitors, if t > T
) was between TG1 and TG1+TS, i.e. the 
ell (or itsprogenitor) was in S phase at t=0. Thus it is�l(T
; r; t) = �l(t)�(T
; r) (27)where �l(t) = � 1; if t 2 (TG2M + kT
; TG2M + TS + kT
); k = 0; 1; � � �0; elsewhere.We have 
omputed the solution of Eqs. (25)-(26), taking into a

ount (27), by means of a �nitedi�eren
e s
heme that uses the values of � and u 
omputed for the 
ord at the stationary state.Using the parameters reported by Moore et al. (1984) for the hepatoma 3924A, and thefun
tion �(r) sele
ted in order to �t the LI data of Fig. 5, the time 
ourses of LI at variousdistan
es from the 
entral vessel were 
omputed. Figure 6 shows the experimental data of thetime behaviour of LI measured by Moore et al. (1984) in two 20�m-wide zones of the 
ord,and the model predi
tions 
omputed at the radial distan
es whi
h are 
entral for the two zones.The model predi
ts the overall in
reasing trend of LI in the outer zone, as experimentallyobserved. Less su

essful is the predi
tion of the model for the inner zone, where the 
omputedbehaviour exhibits marked os
illations and generally higher values. The introdu
tion of 
ell-to-
ell variability of 
y
le phase transit times 
ould, however, dampen the os
illations. In parti
ular,we predi
t that the LI of the outer zone rea
hes the initial value of the inner zone in about two
y
le times, although the 
omputed velo
ity u is always smaller than 1�m/h. This indi
atesthat the values of the migration velo
ity given in Tanno
k (1968), Hirst et al. (1982), and Mooreet al. (1984) 
ould be markedly overestimated.



12.5. Oxygen tension pro�leThe pro�le of oxygen tension along the 
ord radius has been 
omputed by various authors(Thomlinson and Gray, 1955; Tanno
k, 1968; Moore et al., 1984; Moore et al., 1985) on the basisof a simple di�usion model (see also Vaupel, 1979), assuming a 
onstant oxygen 
onsumptionrate per unit volume. The de
ay of oxygen tension along the 
ord radius 
ould be important fordetermining the overall radiosensitivity of the 
ord. It is well-known indeed that hypoxi
 
ellsare less radiosensitive than well oxygenated 
ells (Tanno
k, 1972; Alper, 1979).Our model 
ould be useful for re�ning the 
omputation of this pro�le be
ause it 
ould yielda more a

urate des
ription of the oxygen 
onsumption rate by taking into a

ount the possibledi�eren
es in 
onsumption between proliferating and quies
ent 
ells (Bredel-Geissler et al., 1992).As an example of this appli
ation, starting from the measured values of 
ord radius and vesselradius, we 
omputed the pro�le of oxygen 
on
entration and its value in the 
entral vessel forthe 
ords of the two rat hepatomas 3924A and H-4-II-E (Moore et al., 1984).If axial 
hanges of O2 
on
entration are negle
ted, for the oxygen 
on
entration �(r), thefollowing equation 
an be written:DO2r ddr �rd�dr � = A(r; �) r0<r<R (28)with the boundary 
onditions �d�dr ����r=r0 = kDO2 (�B��(r0)) (29)d�dr ����r=R = 0 (30)�(R) = �d; (31)where A is the 
onsumption rate per unit volume, DO2 is the di�usion 
oeÆ
ient, k is thepermeability 
oeÆ
ient of the vessel wall, �B is the oxygen 
on
entration in blood, and �d thevalue of the oxygen 
on
entration at the boundary with the ne
roti
 region. The 
ase withA = 
onst, �d = 0 and with the boundary 
ondition �(r0) = �B was 
onsidered in Tanno
k(1968), Moore et al. (1984), and Moore et al., (1985). We have assumed that oxygen 
onsump-tion de
reases with O2 
on
entration a

ording to a Mi
haelis-Menten law (with 
onstant KM )(Cas
iari et al., 1992), and that the 
onsumption of quies
ent 
ells, AQ, is smaller than the
onsumption of proliferating 
ells, AP . Thus the 
onsumption rate 
an be represented by thefollowing expression: A(r; �) = �AP fP (r) +AQ(1� fP (r))� �(r)KM + �(r) ; (32)where the growth fra
tion fP (r) is given by the solution �(a; r) of Eqs. (10)-(12). Given the
ord radius R, and �xing a value for �d, equation (28) 
an be integrated ba
kward starting from
onditions (30) and (31). Condition (29) then yields �B .Figure 7 shows the 
omputed oxygen tension pro�les for the hepatomas 
onsidered, assumingfor r0 and R the experimental values, and for the other parameters the following values foundin Vaupel (1979) and Cas
iari et al. (1992): AP = 3:2mlO2=100ml �min, AQ = AP =4, KM =
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Fig. 7. Computed oxygen tension pro�les for the 
ords of 3924A and H-4-II-E hepatomas. Theparameter values are reported in the text.4:55�10�6 M,DO2 = 1:75�10�5 
m2=se
 and �d=2mmHg. The ratio k=DO2 was approximatedas the inverse of the thi
kness of the vessel wall and assumed equal to 0:25�m�1. As already
omputed by Moore et al. (1984), the oxygen tension in the blood vessel of the tumour H-4-II-E appears mu
h smaller than in the other hepatoma. Using the Alper's formula for relativeradiosensitivity (Alper, 1979), assuming that the ratio of the sensitivity of well oxygenated 
ellsto the sensitivity of anoxi
 
ells is equal to 2.75 and that the sensitivity halves at an O2 tensionof 7.5 mmHg, the relative radiosensitivity averaged on the 3924A 
ord was 1.66, whereas for H-4-II-E was 1.50. This result is in qualitative agreement with the response of the two hepatomasto radiations. To obtain realisti
 predi
tions, however, the values of the parameters used inEqs. (28)-(32) should be assessed for the parti
ular tumours 
onsidered, so that the pre
eding
al
ulations have been presented only for illustrative purposes.6. Possible variations in model equationsIn this se
tion we examine the 
onsequen
es on model formulation of two variations in the basi
assumptions of se
tion 2.First, we 
onsider the e�e
t of assuming 
onstant in the 
ord the 
ell volume density, insteadof the number of 
ells per unit volume. Let �(r) be the 
ell volume density at the stationarystate. It is �(r) = Z T
0 v(a)n(a; r) da + v(0)nQ(r) (33)where v(a) is the volume of a 
ell of age a, with v(T
)=2v(0). The volume of quies
ent 
ells isassumed equal to v(0). The physi
al meaning of � implies that it must be �� 1, and the ratio�(r)=nC(r) gives the mean volume of 
ells at position r. Multiplying Eq. (4) by v(a), integratingwith respe
t to age and taking into a

ount 
ondition (5), we obtain1r ddr �ruZ T
0 v(a)n(a; r) da� = Z T
0 dvdan(a; r) da� (1� �(r))v(T
)n(T
; r) :



14.Adding the above equation to Eq. (6) multiplied by v(0), the following equation for �(r) 
an bewritten: 1r ddr �ru�� = Z T
0 dvdan(a; r) da : (34)By assuming �(r) 
onstant and equal to ��, from (34) it isru(r) = 1�� Z rr0 z Z T
0 dvdan(a; z) da dz : (35)In the simple 
ase of v(a)=v0+(v0=T
)a, Eq. (35) be
omesru(r) = v0��T
 Z rr0 z Z T
0 n(a; z) da dz ; (36)showing the dependen
e of u on the number of proliferating 
ells per unit volume. Equations(35) or (36) should be substituted to Eq. (9) in Eqs. (4)-(6) in order to 
ompute the 
ell densitiesn(a; r) and nQ(r). Note that, in the 
ase of 
ell volume linearly in
reasing with age, the mean
ell volume of proliferating 
ells is equal to v0(1+<a>=T
), where <a> is the mean 
ell age. It
an be easily seen that the mean 
ell volume in the 
ord will be always between v0 and v0= ln 2,and thus the ratio of mean 
ell volume between inner and outer regions 
annot ex
eed 1= ln 2.This fa
t suggests that the assumptions of 
onstant 
ell volume density and 
onstant number of
ells per unit volume 
ould lead in many 
ases to similar results, despite the di�erent expressionsof the velo
ity �eld.We now 
onsider the presen
e of some degree of random rearrangement of 
ells within the
ord. Experiments of internalization of mi
rospheres or labelled 
ells into multi
ellular spheroids(Dorie et al., 1982; 1986) showed that the movement of the 
ell 
ohort towards the 
enter of thespheroid was a

ompanied by spatial spreading, so suggesting the presen
e of some degree ofdi�usion. The presen
e of di�usion was taken into a

ount by M
Elwain and Pettet (1993) ina mathemati
al model of this phenomenon. To in
orporate the possibility of di�usive motionswithin the 
ord, we 
an assume that the 
ux of proliferating 
ells of age a per unit area, in thedire
tion of r in
reasing a
ross a 
ylindri
al surfa
e of radius r, is given by �D�n(a; r)=�r +u(r)n(a; r) and the 
ux of quies
ent 
ells by �DdnQ(r)=dr + u(r)nQ(r), D being the di�usion
oeÆ
ient. The 
onservation equations now be
ome:�n�a + 1r ��r (r[�D�n�r + un℄) = 0 (37)n(0; r) = 2�(r)n(T
; r) (38)1r ddr (r[�D�nQ(r)�r + unQ℄) = 2(1 � �(r))n(T
; r); (39)and the 
ondition of no 
ell 
ux a
ross the vessel wall readslimr!r0(�D�n�r + un) = 0limr!r0(�DdnQdr + unQ) = 0 :



15.From Eqs. (37)-(39) we have that the total 
ell density nC , as given by (7), will satisfy theequation 1r ddr (r[�D�nC(r)�r + unC ℄) = n(T
; r) : (40)Assuming nC(r) 
onstant and equal to �nC , the no 
ux 
onditions at r=r0 imply that u(r0)=0and thus, after introdu
ing the normalized densities �(a; r) and fQ(r) as in se
tion 3, we havefrom (40) ru(r) = Z rr0 z�(T
; z) dz :Therefore, � and fQ will satisfy the equations���a + 1r ��r �Z rr0 z�(T
; z) dz � �� = 1r ��r (rD���r ) (41)�(0; r) = 2�(r)�(T
; r) (42)and 1r ddr �Z rr0 z�(T
; z) dz � fQ� = 2(1 � �(r))�(T
; r) + 1r ddr (rDdfQdr ) : (43)Note that, in this 
ase, the migration of di�erent 
ell subpopulations is no longer des
ribed by aunique velo
ity �eld. At a given radial position, the ratio between 
ell 
ux and 
ell density 
anbe di�erent for proliferating and quies
ent 
ells, and, within P 
ells, is also depending on age.7. Con
luding remarksIn this paper we have proposed a model whi
h des
ribes the age stru
ture of the 
ell popula-tion, and its spatial dependen
e, in a tumour 
ord at the stationary state. Cell migration wasa

ounted for in a very simpli�ed way, 
onsidering the 
ell population as a single 
ontinuousmedium. Cell motions in the dire
tion of the axis of the 
entral vessel were disregarded, so thata s
alar �eld of radial velo
ity was 
onsidered. The kinemati
s was thus spe
i�ed by the lawsof 
onservation of the number of 
ells. Cell motions of di�usive type were not 
onsidered here,but a suggestion as how to write the basi
 equations in the presen
e of some extent of di�usionis given in se
tion 6. However, it appears diÆ
ult to assess the a
tual importan
e of di�usionin a tumour 
ord.The 
ell 
y
le stru
ture that was assumed does not allow for 
ell-to-
ell variability of phasetransit times (and then of 
y
le time) and for variations of 
y
le duration a

ording to thespatial position of the 
ell. Although some experimental results seem to indi
ate a rather
onstant 
y
le transit time along the 
ord radius (Tanno
k, 1968), it appears indeed very likely(Hirst and Denekamp, 1979, Hirst et al., 1982) that 
ells slow their progression in the 
y
le asthey move towards the periphery of the 
ord, where the environmental 
onditions are worsening.Distributed 
ell 
y
le transit times and 
hanges of these times with the radial position 
ould bea

ounted for by 
onsidering an age-stru
tured model with mitoti
 rate depending on age andposition. In a simple view, the variability of the 
ell 
y
le 
ould be restri
ted to G1 phase, assuggested by some experimental eviden
es. It is expe
ted that the 
onsideration of more realisti

ell 
y
le stru
tures 
ould improve the model predi
tions of the data obtained by labellingexperiments.



16.In the present model we disregarded 
ell death by apoptosis within the 
ord and assumed nore
ruitment of quies
ent 
ells into the 
y
le. Both these phenomena 
an be easily in
orporated inmodel equations by introdu
ing appropriate rate 
onstants. However, the presen
e of apoptosisand of the re
ruitment of quies
ent 
ells was not 
onsidered in the present work sin
e they seemmainly important when modelling the response to therapy.Despite the above mentioned limitations, the model appears to 
apture the essential featuresof the proliferative behaviour of the tumour 
ords. The model 
ould be useful to improve the
omputation of the oxygen tension pro�le along the 
ord radius (or the pro�le of the 
on
entra-tion of other substrates, as glu
ose), provided that the value of a 
ertain number of parametersbe estimated with reasonable a

ura
y. A pre
ise determination of the oxygenation status of tu-mour 
ells is important to evaluate the responsiveness of the 
ord to radiation. It is known thattumour 
ords, after a single dose of radio or 
hemotherapy, undergo a shrinkage of the radiusfollowed by a possible regrowth (Moore et al., 1980; 1983). In these phenomena the di�erentsus
eptibility of proliferating and quies
ent 
ells to the therapeuti
 agent, the 
ell motility andthe reentry into the 
y
le of quies
ent 
ells 
an play an important role. Although the presentwork was 
on�ned to the study of the stationary state, it 
an be seen as the �rst step towardsthe modelling of the dynami
s of 
orded tumours during therapy.Referen
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